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MUC LUC
HE THONG DE KIEM TRA KIEN THUC MON TOAN LGP 9|  TRANG
TRUONG THPT CHUYEN KHTN - HA NOI Pé | Dépén
Dé kiém tra kién thic mén Todn I8p 9 nam 2020 (Vong 1 - Dgt 1) 2 15
Dé kiém tra kién thic mén Todn I8p 9 nam 2020 (Vong 2 — Dat 1) 3 18
Dé kiém tra ki€n thic mén Todn I18p 9 nam 2021 (Vong 1 - Bat 1) 4 21
Dé kiém tra kién thic mén Todn I8p 9 nam 2021 (Vong 2 - Dat 1) 5 24
Dé kiém tra kién thic mén Todn I8p 9 nam 2023 (Vong 1 - gt 1) 6 27
Dé kiém tra ki€n thic mén Todn I18p 9 nam 2023 (Vong 2 - Bat 1) 7 30
Dé kiém tra kién thic mén Todn I8p 9 nam 2023 (Vong 1 - Dgt 2) 8 33
Dé kiém tra kién thic mén Todn I8p 9 nam 2023 (Vong 2 — Dat 2) 9 36
Dé kiém tra ki€n thic mén Todn I18p 9 nam 2023 (Vong 1 - Dat 3) 10 40
Dé kiém tra kién thic mén Todn I8p 9 nam 2023 (Vong 2 — Dat 3) 11 44
Dé kiém tra kién thic mén Todn I8p 9 nam 2024 (Vong 1 - gt 1) 12 48
Dé kiém tra ki€n thic mén Todn I18p 9 nam 2024 (Vong 2 - Bat 1) 13 51
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Pot 1)
Ngay 04 thang 01 nam 2020
Thoi gian lam bai: 120 phut

Ciul (3 diém).
1) Gia st phwong trinh x* —2x+a =0 v&i a 1a s6 thyc c6 2 nghiém x,x, .
Chirng minh rang (4x, —x7 +x;) 1a s6 nguyén
2) Giai hé phwong trinh
{ X +y +x+y=4

(x+y+1)(5+2xy+x+y)=27.

Cau II (3 diém).

X +1

1) Tim x, ynguyén théa man: y =—;
x +1

2) Véi a,b,cla d6 dai cac canh ciia mot tam giac, chirng minh rang:

a(a=b) b(b-c) clc-a)’

*+b’+c’2ab+b :
a’+b’+c* 2ab+bc+ca+ 2(c+b) +2(c+a) 2(a+b)

Cau III (3 diém). Cho tam giac ABC vuodng tai 4.Dwng hinh vuéng MNPQ sao cho M,N lan lwot
thudc cac canh 4B, AC, con P,Q thudc canh BC.

1) Chitng minh rang BQ.CP = MN".
2) Goi giao diém ctia BN va MQ1a E.Chirng minh rang PE //CM .

3) Puong tron (O) ngoai tiép hinh vudng MNPQ cat NB, MC theo thit tw tai K, L (K #N,L= M), OK
cat PLtai S, CM cat NP tai F.Ching minh rang: ZKSE = ZLSF

CaulV (1 diém). Véi —1<x<1, a,,a,,a, > 1. Chlrng minh rang:

(a1 + x)(a2 + x)(a3 + x) < 4(a1a2a3 + x)
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 05 thang 01 nam 2020
Thoi gian 1am bai: 150 phat

Ciul (3 diém)
1) Chirng minh rang:
S=1"-2"+3" -4 +5 —...—2018 +2019° =2039190
2) Giai phwong trinh:
342V1-x? + 21— x =x+5+2/x+1
Cau II (3 diém)
1) Tim tt ca cac cdp s6 (m,n) nguyén dwong thoa man:
n'+505=m’

2) Tim gia tri nhé nhat cia ham so:

Y =9x? +6x+2 +3x2 —2x+2
CAu III (3 diém) Cho tam giac ABC nhon, khong cin, néi tiép trong dwdng tron (0) H 1a truc tam
tam giac ABC. M latrung diém BC. N d6i xtng M véiqua O.

1) Pwong thang qua 4 vudng goc véi AN cat dudong thiang qua B vudng géc véi BC tai P. CP cat
AH tai Q.Ching minh rang dién tich tam gidc ABC gip doi dién tich tam giac OBC.

2) Goi giao diém khac N ctia AN véi dwong tron dwong kinh MN 1a K. L d6i xrng véi K qua O.
Chirng minh rdng LH va AP citnhautai G trén (O).

3) Goi J 1a trwc tAm tam gidc OBC . Chitng minh rang JH di qua diém ddi xirng ciia G qua BC.
Cau IV (1 diém) C6 thé chia tap hop M ={1,2,3,4,...,20 } thanh c4c tap hop con khdng giao nhau doi

moOt sao cho mdi tAp hop con ton tai mot sd bang téng cac s6 con lai ctia n6 hay khong?
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Pot 1)
Ngay 27 thang 03 nam 2021
Thaoi gian 1am bai: 120 phat

Caul (3 diém).

1) Giai phwong trinh
8x” +x’ =3x" +4x+2
2) Giai hé phwong trinh

(x+y)(x+1)(y+1):8
{7)/3 + 6xy(x+2y) =25
Cau II (3 diém).
1) Tim x, y nguyén khong am thoa man:
(x—i—y)(x3 +1):)c4 +3
2)V6i 0<a<b<2,b+2a>2ab,tim gia tri I|&n nhit cda:
M =a* +b*
Cau 111 (3 diém). Cho tam gidc 4BC ndi tiép dwong tron (O). Cac diém E, F 1an lwot thude cic canh
CA, AB sao cho néu dudng tron ngoai ti€p tam gidc AEF cat (O) tai Gkhac 4 thi G ndm trén cung
4B khéng chtra C cia (0).

1) Chitng minh rang hai tam gidc GEC va GFB dong dang.
2) Goi AD1a dwongkinh ctia (O). GD cit dwdng tron ngoai tiép tam gidc GEF tai K khac G. Ching

: s EF 4K
minh rang —=——.
BC AD
2 o , : ), , _ . GE KE
3) Gia st trung tryc cua EF di qua trung diém ctia BC . Chirng minh rang — = X

Cau IV (1 diém). Chung ta thém diu "+ "hodc "-"vao diy cac so 1,2,3,...,2005 sao cho tong dai s6 cua
day nhin dwoc la khong &m. Tim gia tri nhé nhat ctia cac téng dai s6 nhan dworc.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 28 thang 03 nam 2021
Thoi gian 1am bai: 150 phat

Caul (3 diém).

1) Giai hé phwong trinh

X' +y =2
x8(1+x2)+y8(1+y2):4

2) Chiéng minh rang 7.5" +12.6" chia hét cho 19 véi moi n nguyén dwong.
Cau I (3 diém).

1) Tim x, y,znguyén duong théa man

x+y+l=xyz.
2) Véi x,y,z>0théa man xy+ yz +zx =1, tim gia tri 1&n nhat cta biéu thirc
_l—x2 +1—y2 N o
1+x* 1+y* f1422

Cau 111 (3 diém). Cho tam gidc ABC c6 dwdng tron ndi tiép (/)tiép xdc v6i cac canh BC,CA4, AB lan
lwot tai cac diém D, E, F. Cac duwong thang B, IC theo thit tw cat tai EFtaiM,N.

1) Chirng minh rang tir gidAc BCMN ndi tiép.

2) Giao diém ctia hai dwong thdng DM, DN v6i (1)1a Q, P khac D. Chitng minh rdng PQ|| BC

3) Goi giao diém ctiaCP va BQla J.Goi K la hinh chiéu vudng géc ciia Dtrén EF. Chirng minh
rang DJ va AK cat nhau trén dwdng tron ngoai ti€p tam gidc 4BC.

Cau IV (1 diém). Cho ddy s6 thuc x,,x,,...,x, thudc doan [-1,1].

Hay tim gia tri nh6 nhdtctia S= > xx,.

1<i<j<n
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Pot 1)
Ngay 18 thang 02 nam 2023
Thaoi gian 1am bai: 120 phat
Ciul (3 diém).
1) Giai hé phwong trinh
xX+y+xy=3
X+ +12(x+y):26
2) Giai phwong trinh
x+5+33x+5=8x".
CAu II (3 diém).
1) Tim x, y nguyén théa man
(x+y)(x2 +x+2):x+3
2) V6i a,b,c>0,théamin 2+ a + b+ c = abc, tim gia tri nh6 nhit caa biéu thirc
a+b+c
ab+bc+ca

M=

Cau III (3 diém). Cho tam gidc ABC nhon véi 4B < AC . Phan gidc ZBAC cat BC tai D.Trén trung
truc AD14y diém K sao cho KD | BC.

1) Chng minh rang ZKAB =90 — ZACB
2) Goi J 1a hinh chiéu vudng géc cia D1én KB.Chirng minh rang t& gidc 4/DC noi tiép
3) Pwong tron ngoai ti€p tam gidc JBC cat KC tai L khacC . Chitng minh rang DL 1 KC.

Cau IV (1 diém). Hinh chi nhat 4BCD c6 chiéu dai cic canh 4B = DC =4cm,AD = CB =5cm.Cho 9
diém phan biét d6i mot bén trong hinh cht nhat. Chirng minh rang c6 ton tai mot tam giac c6 3 dinh
thudc tAp M gdm 4 dinh A4, B,C, Dva 9 diém trong phan biét, c6 dién tich nhé hon hoic bang 1cm”.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 6



CLB Toan bdi duéng MathExpress | & | www.mathexpress.vn

TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toin (Vong 2- Dot 1)
Ngay 19 thang 02 nam 2023
Thoi gian 1am bai: 150 phat
Cau I (3 diém).
1) Giai hé phwong trinh
(x+2y)(2y+ 1)(x +1)+ 2xy =20
(3 +xy)(2xy+ 2y+x) =20
2) Giai phwong trinh

V2x=1+~42-x =2+|x~1].

Cau II (3 diém).
1) Tim x, y nguyén dwong théa man
3x° +8x+29 = y(2x + y).
2) Véi x,y,z >0, tim gia tri nho nhat cda biéu thic

M=%/1+x+%/l+y+€/1+z—%/1+x+y+z

Cau I11 (3 di€m). Cho hinh vudng ABCD ndi tiép duwong tron (O). Piém P di chuyén trén cung nhé
AD . Goi giao diém cia PBva PCvéi ADlan lwotla M va N; giao diém cia PBva ACla Q; giao
diém cta PCva BDIa R.
1) Chiétng minh rang MR L NO.
2) Chirng minh rang hai tam giac 4AMQva DRN dong dang.
3) Goi S 1a hinh chiéu vuéng goc cia QO 1én AB; goi T la hinh chiéu vudng géc ctia R1én CD; I la
giao diém clia QR va ST . Chitng minh rang dwong thing PIludn di qua di€ém c6 dinh khi P thay
doi.

Cau IV (1 diém). Xét 20s6 1< q, <a, <a, <...< a,, <70 nguyén dwong.

Chirng minh ring trong cc sé hiéu a, —a, (1<k < j <20)c6 it nhit 4 s6 bang nhau.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 7



CLB Toan bdi duéng MathExpress | & | www.mathexpress.vn

TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 1- Dot 2)
Ngay 18 thang 03 nam 2023
Thaoi gian 1am bai: 120 phat

Ciul (3 diém).
1) Giadi phwong trinh 7x+6vx+2 +2=27x" +16x +4 + 3y 7x +2.

2) Giai hé phwong trinh {xy(Zx - y) - .
8x’ =1’ =x"y*+6
CAu II (3 diém).
1) Tim céac cdp s6 nguyén dwong x, y thod man
¥’y +4=4x"+y* +3x+3y.

2) Vi cac s6 thue dwong a va b, tim gia tri I¢n nhit ctia biéu thirc

a+3b 3a+b

P= + '
J2a% +2ab+50* 54 +2ab +2b*

Cau 111 (3 diém). Cho tam gidc 4BC nhon noi ti€p trong dwong tron (O). P 1a mot di€ém ndm trong
tam gidc ABC sao cho £PBA= /PCA. Trén cic canh CA4, AB lan lwot 1dy cac diém E, F sao cho
AEPF 1a mét hinh binh hanh.

1) Chitng minh rang hai tam gidc PFB va PEC dong dang.

2) Goi giao diém ctia dwong thang EF véi dwong tron (O) 1a X, Y. Ching minh rang
EX.EY =FX.FY.

3) Goi AZ la dwong kinh ctia (O). Chitng minh rang P 1a tryec tAm tam giac XYZ.
Cau IV (1 diém). Cho céc s6 thuc dwong a, b, c. Chitng minh rang

a b c a+b+c 5
+ + + >=
b+c c+a a+b \/3(a2+b2+cz) 2
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 2)
Ngay 19 thang 03 nam 2023
Thoi gian 1am bai: 150 phat

1) Giai phwong trinh 3x* +3x =(3x—1)Vx* +3x +2

1y’ =1dx—y-11
2) Giai hé phwong trinh Ty Y
3x* = y* =14x+y-13

Cau II.
1) Tim cac s6 nguyén to p,q sao cho 4p+qva 9p+qla cac binh phwong ctia s6 tw nhién.

2) V&i cac s6 thue dwong a,b c6 tong bang 1, tim gia tri nhé nhit cla

P:\/ l-a +\/ 1-b
1+7a 1+7b
Cau I11. Cho hinh thang cadn 4BCD c6 AB//CD va DA= AB=BC.(K) la dwongtrondiqua 4 va B

dong thoi tiép xtic AD va BC. P 1a mot diém thudc (K) va nam trong hinh thang. Gia stt P4, PB lan
lwot cat canh CD tai E,F.Gia st BE, AF theo thit tw cit AD,BC tai M,N.

1) Chitng minh rang ba tam gidc PAB,CBF va DEA dong dang.
2) Chirng minh rang NF.ME = NA.MB
3) Chitng minh rang PM = PN

Cau IV. Cho n 1a s6 nguyén dwong. Xét 2n+1 s6 nguyén dwong phan biét c6 tong nhé hon
(n+1)(3x+1). Chitng minh rdng trong 2n+1 s6 nguyén duwong dwoc xét trén, ton tai hai s6 c6 téng la
2n+1.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Dot 3)
Ngay 15 thang 04 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).

)c3+8y3 =9

1) Giai hé ph trinh .
) Giai hé phwong trin {(x+2y)(6xy+1):21

2) Giai phwong trinh 3x+2+/4x+5 =1+4+/x+3.
CAu II (3 diém).

1) V6i a,b,c 1a nhitng s6 nguyén thod man «’ +5° = 29¢° + 30. Chirng minh rang a+b+c chia hét cho
30.

2) Véi a,b,c >1, chitng minh ring Va—1+~+b—-1++/c—-1< \/a(bc+l).

Cau 11 (3 diém). Cho hinh binh hanh 4BCD. Gia stt P 1a diém nam trong hinh binh hanh sao cho
APB+CPD =180°.

1) Chitng minh rang dwong tron ngoai ti€p tam giac APB va CPD c6 ban kinh bang nhau

2) Chirng minh rang diy cung chung ctia dwong tron ngoai tiép tam gidc PAB va PCD vudng goc BC.
3) Chirng minh rang hai tam gidc PAB va PCD c6 cung truc tAm.

Cau IV (1 diém). Tim pnguyén t6 sao cho p”>— p+1 1alap phwong clia s6 nguyén dwong.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 3)
Ngay 16 thang 04 nam 2023
Thoi gian 1am bai: 150 phat

CauI (3 diém).
x+y+xy=3
3

1) Giai hé phwong trinh | |
V' +10x+13y+2=26x

2x

V2x -1

2) Giai phwong trinh Vx +v2-x =

Cau I (3 diém).
1) Tim x, y nguyén dwong théa man 9* -7 =2
Jab—1 ~Jbc—1 ~ea—1 a+b+c
+ + <

b+c c+a a+b 4
Cau II (3 diém). Cho tam giac ABC nhon cé dwong cao BE, CF (E, F lan lwot thudéc canh C4, AB)
va M la trung diém cua BC. Goi (K) va (L) lan lwot la dwong tron noi ti€p cac tam giac MFB va
MCE.
1) Chtng minh ring BKF — CLE = ACB — ABC

2) Véi a, b, ¢ 21, chieng minh rang

. \ R, MK BF
2) Goi R, va R, lanluwotla ban kinh cta (K) va (L) Ching minh rang % =—+—

R, ML CE
3) Chitng minh rang MH va hai ti€p tuyén chung cta (K) va (L) dong quy.
Cau IV (1 diém). Gia st tai moi diém ctia mot ngi gidc ta viét mot sd nguyén sao cho téng cac s6 1a
dwong. Néu 3 dinh lién tiép viét cac sb x, y, z va y <0 ta thay thé 3 s6 nay b&icacsé x+y,—y, z+y
twong &wng. Nhung phép bién d6i nhw viy dwoc thwe hién néu it nhat mot trong 5 s6 1a 4m. Hbi qua
trinh nhw trén cé két thic sau mot s6 hiru han buéc?
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toin (Vong 1- Pot 1)
Ngay 20 thang 01 nam 2024
Thaoi gian 1am bai: 120 phat
Cau I (3,0 diém).
1) Giai phwong trinh 2x4++/3x+1=2+2+2—x.
x+y)x+1)(y+1)=8
2) Giai hé phwong trinh ( ; y)( )(y )
¥ +17 = 6x(x+2).

Cau II (3,0 diém).

2
1) Tim x, y nguyén thod man y = x3 +1.
x +1
4 4 4
2.Véi a,b,c € R, chitng minh rang a* +%+% >6 %ZH—C] .

Cau 111 (3,0 diém).

Cho tam gidc nhon ABC ndi tiép trong duwong tron (O). Cac diém E va F lan lwot ndm trén cac canh CA
va AB sao cho EF songsong véi BC. Cac dwong thang BE va CF theo thi tw cat cic tiép tuyén tai C va
B cua (O) lan lwot tai K va L.

1) Puong thang qua B va song song véi AC theo thit tw cdt KC va K4 tai X va Y. Chirng minh rang hai
tam gidc XBC va BCA d6ng dang.

2) Puong thang qua C song song véi AB theo thir tw cit LB va LA lanlwottai Z va T. Chirng minh

3) Puong thang qua E song song véi AB lan lwot cat AK va AL tai M va N. Puong thing qua F song
song v&i AC lan luot cat AK va AL tai P va Q. Chirng minh rang b6én diém M, N, P va Q cung thudc
mot dudng tron.

Cau IV (1,0 diém). V&i a,b,c >0 thod man a+ b+ c+ 2 = abc. Chitng minh rang
(a+1)(b+1)(c+1)>27.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 12



CLB Toan bdi duéng MathExpress | & | www.mathexpress.vn

TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 21 thang 01 nam 2024
Thoi gian 1am bai: 150 phat
Cau I (3,0 diém).
(x+29) (3 +1)+(y+2x)=3(y* +2)
(y+2x)(x2 —|—1> = x—|—2y—|—3x2

2) Giai phwong trinh Yx+iB3-2x=1+42—x.

1) Giai hé phwong trinh

Cau II (3,0 diém).

1) V6i p,q,r,s lanhitng s6 nguyén t0 thodmin 5< p<g<r<s< p-+10.

Chirng minh rang téng cta 4 sd nguyén td chia hét cho 60.

2.Véi a,b,c >0 thod man a+b+c=1. Tim gia tri nho nhit caa biéu thirc
a’ b’ c

= + +
a+b b+t CH+d

CAu III (3,0 diém). Cho tam gidc ABC nhon dwong cao BE, CF catnhautai H (E,F 1anlwotnam trén
cac canh CA, AB). Goi M latrung diém BC. Goi K la hinh chiéu cia H trén AM .

1) Chitng minh rang b6n diém B,C,K,H cung thudc mot duwong tron.

2) Goi (J) va (L) 1an lwot 1a duwong tron ngoai tiép cc tam gidc MBF va MCE. Chirng minh rang (J) va
(L) cung di qua K.

3) Goi P 1a diém ddi xtirng ctia 4 qua BC. Chirng minh rang phan giac cac goc BPC va JML déng quy vai
JL.

Cau IV (1,0 diém). V&6i x, y, zla nhirng s6 nguyén dwong thod man x+ y+z =100. Tim gia tri nhé nhit
ctia biéu thirc P=x!y!z!.

(Trong d6 x!=x(x—1)(x—2)..2x1)
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HUGONG DAN GIAI PE THI TH(Y CHUYEN KHTN
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Pot 1)
Ngay 04 thang 01 nam 2020
Thoi gian lam bai: 120 phut

Ciul (3 diém).

1) Gia st phwong trinh x* —2x+a =0 v&i a 1a s6 thyc c6 2 nghiém x,x, .
Chirng minh rang (4x, —x7 +x;) 1a s6 nguyén

2) Giai hé phwong trinh

X +y +x+y=4
(x+y+1)(5+2xy+x+y)=27.

Lo giai
1) 4x, —x° +x," =(x, +x)(x, —x, ) +4x,

Theo dinh Iy Viet: x, +x, =2 = 4x, —x” +x,” =2(x, —x, )+ 4x, =2(x, +x, ) =4

¥ +y +x+y=4
(x+y+1)(5+2xy+x+y):27

:>(x+y+1)(x2+y2+1+2xy+2x+2y)=27

+y=2
<:>(x+y+l)3:27:>{x 7 Sx=y=1
xy=1
Cau II (3 diém).

41

xt+1

1) Tim x, y nguyén théa man: y =

2) Véi a,b,cla d6 dai cac canh ciia mot tam giac, chirng minh rang:

a(a=b) b(b-¢)’ c(c-ay

+b’+c’2ab+b .
a’+b*+c’* 2ab+bc+ca+ 2(c+b) +2(c+a) 2(a+b)

Loi giai
X +1

1) y= 7 1:>x4+1‘x3+l:>x4+l‘x4+x:x4+l+x—l
X +

Taco: x' +1x-1=x' +1|¥ ~1=x' +1-2=x" +1[2= 2" +1e{1;2}

Tw x4+1=1:(x:0,y=1),x4+1=2:>(x=1,y=1),(x=—1,y=0)
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2) Ta cé (1—05)(41—1))2 >0 (0<a<l1) suyra a’ +b* 22ab+a(a-b)’
Voi 0<a, B,y <1 tacéd b>+c* 22bc+ B(b—c) ; ¢* +a’ 22ca+7/(c—a)2

Cong 3 bit ding thirc = a® + b + ¢ 2ab+bc+ca+%(a—b)2 +§(b—c)2 +%(c—a)2

Vi a,b,c la d6 dai 3 canh tam giac, chon a = a , B= b , Y= ¢
c+b c+a a+b

Ta thu dwgc bat dang thirc cAn chirng minh.

Cau III (3 diém). Cho tam giac ABC vuodng tai 4.Dwng hinh vuéng MNPQ sao cho M,N lan lwot
thudc cac canh 4B, AC, con P,Q thudc canh BC.

1) Chitng minh rang BQ.CP = MN".
2) Goi giao diém ctia BN va MQ1a E.Chirng minh rang PE //CM .

3) buong tron (O) ngoai tiép hinh vudng MNPQ cat NB,MC theo thit tw taiK ,L (K = N,L# M), OK
cat PLtai S, CM cat NP tai F.Ching minh rang: ZKSE = ZLSF

Lo gii
A
M N
T
F
L
E
K
B 0 P C

1) Ta dé thdy hai tam giadc vudéng OMB va PNC dong dang. Nén BO.CP = OM .NP = MN’

EM MN _CP _CP
EQ OB MN PQ

2) Str dung cau 1) va dinh ly Thales, ta co6:
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Suyra PE||CM .
3) Twong tw cAu 2) thi OF || BN nén dé suy ra FN = EQ,FP = EM
Do dé: EK.EN = EM .FP=FLFM

EK_FM _FM PO_CM BP

Ta thu dworc: = = . = .
FL EN PQ EN C(CQ BN

Goi BN cat CM tai T . Dé thay ti gidc SKTL ndi tiép dwong tron dwong kinh ST
Do d6 ZKTS = Z/KLP= /KNP = /BNP nén hai tam gidc vuébng PBN va KST dong dang.
Twong tw hai tam gidc vuébng QCM va LST dong dang

T dOC_MEZES_K SK(z)
CO BN SL ST SL

Tir (1)va (2), ta suy ra % = i—]z, hay hai tam giac vuéng KESva LFS dong dang
Vay /KSE = /LSF .
CaulV (1 diém). Véi —1<x<1, a,,a,,a, > 1. Chlrng minh rang:
(a1 + x) (a2 + x)(a3 + x) < 4((11(12013 + x)
Loi gidi

Ta chirng minh :

= x’ +(al +a2—2)x—ala2 <0

Véi -1<x<1, a,a, >1tacd (al;xJ(%;xJS a1a22+x

Vé trai <1+(a,+a,-2)x-aa, =—(a,-1)(a, —1)<0( ding)

(vi|x|£l) Vi a,a,21)

Suy ra (al +xj(a2 +xj(a3 +xj (ala2 +xj[a3 +XJS[ala2% +x]
2 2 2

= (a,+x)(a,+x)(a;+x)<4(aa,a, +x) (dpcm)
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 05 thang 01 nam 2020
Thoi gian 1am bai: 150 phat

Caul (3 diém)
1) Chitng minh rang: S =1 -2 +3’ 4> +5* —...—2018> +2019° = 2039190
2) Giai phwong trinh: 3+231-x> +2J1—-x = x+5+2V/x+1
Loi giai
1) Ta 6 cong thic: 2) Tacé: 3+2V1—x* +21—x = x+5+24x +1
(n+1) —n2=2n+1=(n+1)+n
S3+2V1-x + 21— x + 2Ux+ 1 =x+5+4/x +1
Suy ra: 2 2
S =17 +(3 ~22)+(5* —47) +...+(2019° ~2018°) & (Vi—x +dxrt+1) =(Vr+1+2)

SVl—x+Jx+1+1=/x+1+2

S=1+2+3+4+5+...+2018+2019

2019.2020 S Nl-x =1
§ == =203919 - o0
Vay x=0.

Vay S =2039190.

Cau II (3 diém)

1) Tim tét & cac cdp s8 (m,n) nguyén dwong thoéa man: nl+ 505 = m’

2) Tim gi4 tri nhé nhét cdia ham s8: y =+/9x> + 6x +2 + 3x* —2x +2
Lo gidi
1) Ta c6: 1!+ 505 =506 ; 2!+ 505 =509 ; 3+ 505 =511 déu khdong la binh phwong
414505 =529=23"; 514+ 505=625=25"; 6!+505=1225=35"
= C6 3 nghiém la: (4;23),(5;25),(6;35)
74505 =5545 ; 91+ 505 = 363385 déu khong la binh phwong vi khong chia hét cho 25
84505 =40825=25.1633 khong la binh phwong vi 1633 khéng la binh phwong
Xét n>10 =10! c6 hai s6 0 tin cung = 10+505 c6 2 sb6 tin cungla 05
= n” +505 chia hét cho 5, khong chia hét cho 25 = Khong 1a binh phuwong
Vay céc cdp s6 thoa man 1a (4;23),(5;25),(6:35).
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2) Ta co: y:\/9x2+6x+2 +34x2 = 2x+2

:>y=\/(3x+1)2 +12 +\/(3—3x)2 +32 >4+ 42 =42

“«__n

Diu “="xay rakhi: 3x+1=1-x=x=0

Vay GTNN ctia ham s6 da cho 1a 44/2 khi x=0.
Cau III (3 diém) Cho tam giac ABC nhon, khong cén, ndi tiép trong dwong tron (0) H la tryc tam
tam giac ABC. M latrung diém BC. N d6i xirng M véiqua O.

1) Pwong thang qua 4 vudng goc véi AN cat duwdng thing qua B vudng géc véi BC tai P. CP cat
AH tai Q.Ching minh rang dién tich tam gidc ABC gip doi dién tich tam giac OBC.

2) Goi giao diém khac N ctia AN véi dwong tron dwong kinh MN 1a K. L d6i xtrng véi K qua O.
Chtng minh ring LH va AP citnhautai G trén (O).

3) Goi J 1a trwc tAm tam gidc OBC. Chitng minh rang JH di qua diém d6i xitng cia G qua BC.

R 1) Goi giao diém ctia AH véi BC 1a D, AX 1a dwong kinh cta
J (0), AC cat BP tai R
Dé thiy cac tam gidc ABR va XBC c6 canh twong (rng vudng
goc nén trung tuyén twong rng vuéng goéc
N Cé XM latrung tuyén cia tam giac XBC
P Lai do tinh d6i xtrng nén XM //AN 1 AP
G Do vdy AP latrung tuyén ctia tam giac
g Khi d6 P la trung diém BR
L = Q latrung diém 4D
Vay S, pc = 2SAQBC'
c 2) Goi giao diém ctia XM vé6i (0) 1a G khac X
Y = AG L XM //AN L AP
X = A4,P,G thang hang (1)
Do tinh chit d6i xing nén XL //AK // XM
= Lnam trén XM = L,H,G thang hang (2)
T (1), (2) tasuyra LH va AP catnhautai G thudc (0)
3) Goi T d6i xirng véi J qua BC
Do J la truc tam tam giac OBC
T Nén 7B,TC tiép xic (0) = TGB = XGC
Goi Y 1a giao diém ctia GT véi (O)
= XY //BC = D la trung diém cta YH
= GT di qua diém d6i xtrng cua H qua BC
Lay d6i xtirng qua BC thi JH phai di qua diém d6i xirng cia G
qua BC.
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Cau IV (1 diém) C6 thé chia tap hop M ={1,2,3,4,...,20 } thanh c4c tap hop con khong giao nhau doi
moOt sao cho mdi tAp hop con ton tai mot sd bang téng cac s6 con lai ctia n6 hay khong?

Lo giai

C6 thé chia thanh 6 tip con nhu sau:

{20;14;6},{19;12;7},{18;10;8},{17;13;4},{16;11;5},{15;9;1;2;3}
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Pot 1)
Ngay 27 thang 03 nam 2021
Thoi gian lam bai: 120 phut

Caul (3 diém).

1) Giai phwong trinh 8x° +x° =3x" +4x+2
(x+y)(x+l)(y+l):8
7y* +6xy(x+2y)=25

2) Giai hé phwong trinh {
Loi gidi
1) Ta cé: 8x” +x° =3x° +4x+2<:>(2x3)9 +2x  =(x+1) +x+1

c>2x3—x+1<:>2x3—x—1=()<:>(x—1)(2x2+2x+1):O:x:1
Vay x=1.
2) Ta co: x3+8y3+6xy(x+2y):x3+y3+1+3(x+y)(y+1)(x+1)

<:>(x+2y)3=(x+y+1)3<:>y=1:>(x+1)2=4:>Bj1_3
Vay x=1;y=1va x=-3;y=1.
Cau II (3 diém).
1) Tim x, ynguyén khéng 4m théa man: (x+y)(x3+l)=x4+3
2) V6i 0<a<b<2, b+2a>2ab,tim gia tri 16n nhat cha: M =a* +b*
Lo gii

43 x(x3+1)+3—x 3—x
= =X+

3 = 3 = x3+1|3—x
x +1 x  +1 x +1

1) x+y=
Suy ra: x*+1[27 —x’ =28 —(x' +1) = x*+1]28 (chiy x*+121)
= x’+1€{1,2,4,7,14,28}
Khi dé:
e X+1=1 = (x=0,y=3)

e X+1=2 = (x=1Ly=1)

e x +1=4 (loai)
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e x' +1=7 (loai)

e x +1=14 (loai)

e X +1=28 :(x:3,y=3)
4 4

2)Tacé 17=1*+2* =a4(%+z—4j+(b4—a4).%

4

1 2
- - 4
= 17 >2a". a b +(b4—a4).z—422a4+b4—a4=a4+b4

Cau 111 (3 diém). Cho tam gidc 4BC ndi tiép dwdng tron (O). Cac diém E, F 1an lwot thude cic canh
CA, AB sao cho néu duong tron ngoai tiép tam gidc AEF cat (O) tai G khac 4 thi G nam trén cung
AB khéng chira C cia (0).

1) Chirng minh rang hai tam gidc GEC va GFB dong dang.
2) Goi AD1a dwdngkinh cta (O). GD cat dwdng tron ngoai tiép tam gidc GEF tai K khac G .

. EF AK
Ching minh rang —=——.
BC 4D
2 ) : h @ J _ . GE KE
3) Gia st trung truc cua EF di qua trung diém ctia BC . Chirng minh rang —=——.
GF KF
Loi giai
']/"’f, —_HK\\
FING \
4 ;
i E
A\
F |
K |
; |
r
B \ o /’, C

N

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 22



CLB Toan bdi duéng MathExpress | , |www.mathexpress.vn

1) Tir cAc goc ndi ti€p bang nhau LGEC = LGFA va /GCA= ZGBA
Tasuyra AGEC ~ AGFB (g.8).
2) AGEC ~ AGFB suyra AGFE ~ AGBC (c.g.c)
Ta dé thdy ZAGK = ZAGD =90'nén AK la dwdng kinh ctia dwong tron (GEF)
Ty 1&é ddng dang bang ty 1é ban kinh (hay dwdng kinh ) cia dwdng tron ngoai tiép twong rng nén
EF AK
BC AD’
3) Goi M la trung diém BC thi ME = MF .Lay N d6ixtrng Equa M = FN 1 FE.
= /BFN = ZKFE (gbc c6 canh twong &rng vudng goc).
Do tinh d6i xrng nén BN ||CE 1. KE = /BNF = Z/KEF (gbc c6 canh twong (rng vudéng goc)
= AKEF ~ ABNF (g.g). Tir 1) ta co6:

KE BN EC GE
KF BF FB GF

Cau IV (1 diém). Chung ta thém diu "+ "hodc "-"vao diy cac so 1,2,3,...,2005 sao cho tong dai s6 cua
day nhan dwoc 1a khong 4m. Tim gia tri nho nhit cta cac tong dai s6 nhan dworc.

Loi gidi
Tacd 1+2+3+...2005=2005.1003 la so 1é.

Moi lan d6i d4u téng thay d6i mot lwong chdn (bang 2)

= Téng dai s6 khong thay ddi tinh chit chdn 1é = Moi tong dai s 1a s8 18.

Téng dai s8 1+(2~3—4+5)+(6—7—8+9)+...+ (2002 — 2003 — 2004 + 2005) =1 14 56 1& nhé nhit.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 28 thang 03 nam 2021
Thoi gian 1am bai: 150 phut

Caul (3 diém).

X +yt =2

1) Giai hé phwong trinh
) Y g {x8(1+x2)+yg(l+yz)=4
2) Chirng minh rang 7.5" +12.6" chia hét cho 19 véi moi n nguyén dwong.

Lo gii

2, 2\ NP RY
1) Ta c6 BDT: x8+y822(x ery j =2;x1°+y‘°22[x ery ] 5

:>x8(1+x2)+y8(1+y2)24.D§ngth1’rcxéyra khi x* =y* =1.

2)Tac6 7.5 =7(19+6)" =7.6" (mod 19)
= 7.5 +12.6" =7.6" +12.6" =19.6" (mod 19) (dpcm)
Cau II (3 diém).
1) Tim x, y,z nguyén dwong théa man
x+y+l=xyz.

2) Véi x,y,z>0thdéamin xy+ yz +zx =1, tim gia tri 1ém nhat cia biéu thirc
1-x> 1-y° V2
= -+ -+ :
I+x° 1+y \/1+ZZ

Loi giai

1) Vivaitro cia x, y nhw nhau trong phwong trinh, ta c6 thé gid st 1<x<y
+Néux=y=2y+1=yz=y’[2y+1=)° 4y2—1=>y2‘1:>y:1;z=3
Paps6: x=y=1,z=3

+ Néu x<y=>2y+1>x+y-|—1>xyz:2y2xyz¢x2§2ixz€{l;2}

Xét trweong hop
TH1: xz=1=x=z=1= y+2=z (loai)

TH2: xz=2
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x=1
+ { =y H2=2p = y=2=(x6152) = (2;2)
z =

x=2
+ { { :>y+3:2y:>y:3:>(x;y;z):(2;3;1)
z =

2 2
2) Tirdidukién xy+ yz + zx =1, ta c6 cong thire > 4+ 12— 2z(1+ )
l+x° 1+y \/(1+x2)(1+y2)(1+22)
2 2
o= 2x N 2y N 2z(1+xy)

(x+y)(x+z) (y+2)(y+x) (x+y)(y+z)(x+2)
= (z+y)(l+x2):x2(y+z)+y2(z+x)+z(l+xy)
= y+z:y2(z+x)+z(1+xy)
= y=y"(z+x)+xyz

= l=xy+ yz+zx (dung)

1 2 2

Vi ME S N e N
\/(a+x2)(1+y2) I+x™ 1+y" J1+2°
20+2) = ta cin CMR 24+2) <22

S P<
e VI+ 22 NIEYS

= (1+z) <2(1+2’) = 1+2” 22z (dlng)

Pmax = 2\/5

Cau 111 (3 diém). Cho tam gidc ABC c6 dwdng tron ndi tiép (7)tiép xdc v6i cac canh BC,CA, AB lan
lwot tai cAc diém D, E, F. Cac dwong thang IB, IC theo thir tw cat tai EFtaiM, N .
1) Chirng minh rang ti gidc BCMN ndi tiép.
2) Giao diém cta hai dwong thdng DM, DN véi (1)1a Q, P khac D. Chirng minh rang PQ || BC
3) Goi giao diém ctiaCP va BQla J.Goi K la hinh chiéu vudng géc ciia Dtrén EF. Chirng minh
rang DJ va AK cat nhau trén dwong tron ngoai ti€p tam gidc ABC.
Lo gidi
1) T cac goc ndi ti€p bang nhau LGEC = LGFA va £LGCA= ZGBA

Ta suy ra AGEC ~ AGFB (g.g).
2) AGEC ~ AGFB suy ra AGFE ~ AGBC (c.g.c)

Ta dé thdy ZAGK = ZAGD =90"nén AK la dwong kinh ctia dwong tron (GEF)
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Ty 1é ddng dang bang ty 1& ban kinh (hay dwong kinh ) clia dwdng tron ngoai tiép twong tng nén
EF  AK

BC AD'
4 /" S
AR \
.'// ; ™
G E
\
I|l \
F |
K |
; |
{
B ol
\,\ M .
D
N

3) Goi M 1a trung diém BC thi ME = MF . Ly N d6i x¢tng Equa M = FN 1 FE.
= /BFN = ZKFE (gbc c6 canh twong trng vuong goc).
Do tinh doi xtrng nén BN || CE L. KE = /BNF = ZKEF (gbc c6 canh twong rng vudng goc)

KE BN EC _GE
KF BF FB GF

= AKEF ~ ABNF (g.g). Tir 1) ta co:

Cau IV (1 diém). Cho ddy s8 thuc x,,x,,...,x, thudc doan [-1,1].

Hay tim gia tri nho nhat caa S = Z XX -

I<i<j<n
Loi giai
Tacdé 1+2+3+...2005=2005.1003 la sd lé.
Moi lan d6i d4u téng thay d6i mot lwong chdn (bang 2)
= Téng dai s6 khong thay ddi tinh chat chdn 1é = Moi tong dai s6 1 s6 18.

Téng dai s6 1+(2—3—4+5)+(6—7—8+9)+...+(2002—2003—2004+2005):1 la s6 1é nhé nhat.
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TRUONG PAI HOC KHOA HOC T NHIEN

PE KIEM TRA KIEN TH(’C LOP 9
TRUONG THPT CHUYEN KHTN

Mon: Toan (Vong 1- Pot 1)
Ngay 18 thang 02 nam 2023
Thoi gian lam bai: 120 phut
Ciul (3 diém).
1) Giai hé phwong trinh
x+y+xy=3
X+ +12(x+y):26
2) Giai phwong trinh

X+5+33x+5=8x",
Loi gidi
=3
R "
X +y +12(x+y)=26
(*) © X+’ +1+3(x+p)(x+1)(y+1)=27 (vi (x+1)(y+1)=4)

& (x+y+1) =27 @{iy:yl:z@x:y:l
2) x+5+3Br+5=8x < 3x+5+i/m=(2x)3 +2x
Néu ¥3x+5>2x = V&trai > V& phai(loai)
Néu ¥3x+5<2x = V&trai < V& phai(loai)
Suyra Y3x+5=2x < 8x’~3x-5=0 < (x—l)(8x3 +8x+5):O
Vay x =1
Cau II (3 diém).
1) Tim x, y nguyén théa man
(x+y)(x2+x+2)=x+3
2) Véi a,b,c>0,théamin 2+ a+ b+ c = abc, tim gia tri nhoé nhit cua biéu thirc
a+b +c
ab+bc+ca

M =
Lo gii

1) (x+y)(x2+x+2)=x+3

x+3
> xty=———-€Z :>x2+x+2|x+3
X +x+2
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:>x2+x+2‘x2—9:(x2+x+2)—(x+3)—8:>x2+x+2|8
Vix’+x+2>1 = x’+x+2e€{2,4,8}
e X +x+2=2=x=0(oai), x=-1,y=2
e X +x+2=4=x=1,y=0, x=-2(loai)
e X’ +x+2=8= x=2(loai), x=-3,y=3
1 1

2) biéukién < ! + + =1
l+a 1+b6 1l+c

2
Ta co (a+b+c)2 <(ﬁa\/l+a +ﬁb\/l+b + \/llJr_cc\/ch

N — (a3+b3+c3+a2+b2+c2)
l+a 1+b 1l+c
<::>2(ab+bc+ca)£a3+b3+c3 =M>2

Véy Mmin :2'

Cau 11 (3 diém). Cho tam gidc ABC nhonvédi AB < AC . Phan gidc ZBAC cat BC tai D. Trén trung
truc AD14y diém K sao cho KD | BC.

1) Chirng minh rang ZKAB =90° — ZACB
2) Goi J1a hinh chiéu vudng géc ctia D1én KB.Chirng minh rang t gidc 4JDC ndi tiép
3) Pwong tron ngoai ti€p tam gidc JBC cat KC tai L khacC . Chitng minh rang DL 1 KC.

Lo gii

1) (1 diém) Ta c6 bién déi goc:
/KAB = /DAB + ZKAD = Z/DAC + Z/KDA= /DAC = AZDC - 90’
=180 - ZACB—-90° =90° — ZACB
2) (1 diém) Ap dung hé thitc lwong trong tam giac vudng thi K4”> = KD = KJ .KB.
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Két hop ciu 1) tasuy ra ZKJA=/KAB=90"— ZACB

Tt d6 LAJD + LACB = (90° - 4ACB)+90° — /ACB =180"

Ta suy ra tir gidc 4JDC ndi tiép.

3) (1 diém) Goi L 1a hinh chiéu vudng géc cia D1én KC.
Chtrng minh twong tw ciu 2) thi ti gidc 4L DB ndi tiép
T d6 ta thu dwgc ZBJC =90° + £DJC =90° + /DAB=90° + /DLB = /BLC
Ta suy ra ti gidc BCLJ ndi tiép
= L la giao diém (khac C) cta LC va dwong tron ngoai tiép tam giac JBC
Hay L =L.Twdé DL L KC.

Cau IV (1 diém). Hinh chit nhat 4BCD c6 chiéu dai cac canh 4B = DC =4cm,AD = CB =5cm.Cho 9
diém phan biét ddi mot bén trong hinh chit nhat. Chirng minh rang c6 ton tai mot tam giac c6 3 dinh
thudc tAp M gdm 4 dinh A4, B,C, Dva 9 diém trong phan biét, c6 dién tich nhé hon hoic bang 1cm”.

Lo gidi

Lay 1 diém cung véi 4 dinh 4, B,C, D tao dwoc 4 tam giac

Moi lan 14y thém 1 dinh thi s tam gi4c ting 2 (trong 2 tredomg hop)

Suy ra s0 tam giac bang 4 + 8.2 = 20.Dién tich hinh chit nhat 4BCD bang 5.4 = 20cm’

2
Ocm

2
=lcem

s 2
= Dién tich trung binh bang

—> ¢4 ton tai 1 tam giac dién tich nhé hon dién tich trung binh bang (dpcm).
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9

TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 19 thang 02 nam 2023

Thoi gian 1am bai: 150 phut

Caul (3 diém).

1) Giai hé phwong trinh
(x+2y)(2y+ 1)(x +1)+ 2xy =20
(3 +xy)(2xy+ 2y+x) =20

2) Giai phwong trinh
V2x=1+~42-x =2+|x~1].
Loi gidi
" (x+2y)(2y+1)(x+l)+2xy:20
(3+xy)(2xy+2y+x)=20
(x+2y+1)(2xy+2y+x)=20
=
(3+xy)(2xy+2y+x):20
=x+2y=2+xy < (x=2)(y-1)=0

2) Taco \2x-1 S¥=x (dang thirc khi x =1), suy ra:

2 2
Vé'tréiﬁx+\/2—x2g\/x—2+,/2_xzsz %:2
V& phai >2.Suyra V& trai < V& phai, dang thirc xdyra < x =1

Cau II (3 diém).
1) Tim x, y nguyén duwong théa man
3x° +8x+29:y(2x+y).
2) Véi x,y,z >0, tim gia tri nho nhat cda biéu thic
M=N+x+31+y+q+z-3Yl+x+y+z

Loi gidi
1) 3x2+8x+29=y(2x+y).
o 40 +8x+29=(x+y) = 4x* +8x+29=d*(acZ")
= (2x+a)(2x—a)+(2x+a)+(2x—a)+4—4+29=0
& (2x+a+2)(2x—a+2)=-25= 2x+a+2[25
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. 2x+a+2=25
Vi2x+a+2>9=> =>4x+4=24=>x=5
2x—a+2=-1

= (y+5) =13"= y=8.
Vay x=5,y=8.

2) Tachitng minh két qua J/1+x+31+y >1+3/l+x+y
=N (\3/1+x+3 1+y—1)3 >l+x+y < 3(i/1+x+3/1+y)(%/1+y—1)(%/1+x—1)20

Suyra M>1+31+x+y+1+z-3l+x+y+z

S1+1+3l+x+y+z-Yl+x+y+z=2=M,, (y=2=0)

Céu I11 (3 diém). Cho hinh vudng ABCD ndi tiép dwong tron (O). Piém P di chuyén trén cung nhé
AD. Goi giao diém cua PBva PCv6i ADlan lwotla M va N; giao diém ctia PBva ACla Q; giao
diém cta PCva BDIa R.

1) Chirng minh rang MR 1 NOQ.

2) Chirng minh rang hai tam gidc AMQva DRN ddng dang.

3) Goi S 1a hinh chiéu vuéng géc cia QO 1én AB; goi T la hinh chiéu vudng géc ctia R1én CD; I la

giao diém cia QR va ST . Ching minh rang dwong thang PI1ludn di qua diém c6 dinh khi P thay

doi.
Loi gidi
A s B
M
P 0
J
N
0 X
(3
D T c

1) (1,5 diém) Tac6 £LMPR =45 = ZMDR (Do cung chin mot phan tw dwong tron)
= T& gidc PMDR noi ti€p = ZRMD = ZRPD =45 = ZCAD hay MR || AC
Chrng minh twong tw ON || BD.Ma AC L BD,tasuyra MR 1L NQ.

2) (1 diém) Ta dé thdy LQAM =45 = Z/RDN
Mat khac st dung géc c6 dinh & trong dwdng tron, ta c6
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samo=L a8+ =180 LD = /NRD.
2 2 2 2
Tl d6 hai tam gidc AMQva DRN dong dang (g.g).
3) (0,5 diém) Twr ciu 2), AAMQ«x»ADRN va ANRD«>AMNP (do t& gidc PMDR noi tiép tir cdu 1) ta

c6 bién déi ty s6 A9 _AQ ND _OM PN (1)
RD ND RD RN PM

Dé thdy cac tam gidc 4SQ va DTR vudng cAn = A0 _ /250 _50 _10 (2)
RD ~2RT RT IR
Tw (1),(2) ,tasuyra Qﬂﬁ =1= PI,ON,MR dbng quy tai J

Ciing theo ciu 1) dé thdy tam gidc JMN vudng can tai J

Dwng tam giac XBC vuong can tai X ra ngoai hinh vuong

= APBC U X ~ APMN U J (do hai tam gidc PBC va PMN doéng dang)
Khi d6 P,J, X thang hang. Vay PI di qua X c8 dinh.

Cau IV (1 diém). Xét 20 s6 1< q, <a, < a, <...< a,, <70 nguyén dwong.

Chirng minh ring trong cc s hiéu a, —a, (1<k < j <20)c6 it nhit 4 s8 bang nhau.

Loi gidi

Xét 19 s6 nguyén dwong a,, —a,,, @,y — g, Ay — Ay7 -y Ay — 4, -

Gia str phan chirng khong c6 4 s6 nao bang nhau

Ta ki hiéuva xép thrtw 19s6dola 1<h <b, <...<b,

Tir gia thiét phan chitng = trong dy sd trén khong c6 4 s6 lién tiép bang nhau

Suyra: 1<h <b,<b, = 2<b,<b;,<bh,3<b,<b,<bh,, 4<b,<b,<Dh,
5<b,<b,<bs, 65b,<b,<b,, 7<Dh,

Suyra (b +b, +b,+...+b,)23(1+2+3+4+5+6)+7=70 (1)

Mitkhac b, +b, +b, +...+ by =a,, —a, <69 (2)

Tir (1),(2) = Mau thuin = dpcm
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 1- Dot 2)
Ngay 18 thang 03 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).
1) Giadi phwong trinh 7x+6vx+2 +2=27x" +16x +4 + 3y 7x +2.

xy(2x—y)=1

2) Giai hé phwong trinh .
8x’ =1’ =x"y*+6

Lo gii

1) bidu kién xz—%. Pit a=7x+2,b=+x+2 (a;6>0).

Phuong trinh d3 cho tré thanh a® +6b =2ab +3a < (a—3)(a—2b)=0.

Truong hop 1: a=3=+7x+2 =3 < x=1 (thod man).

Truwong hop 2: a=2b=+/7x+2 =2Jx+2 < x=2 (thoa min).

Vay tap nghiém cia phwong trinhla S = {1;2}.

2
2) Taco 8x3—y3—6xy(2x—y)=(xy)2 hay (2x—y)3=(2 ! j =2x-y=I.
xX=y

=1

Thé vao hé, ta cé {)20; - = (xy)e {(1;1);(—%;—2)}
Cau II (3 diém).
1) Tim cac cidp sO nguyén duwong x, y thod man
¥’y +4=4x"+y* +3x+3y.
2) Vi cac s6 thue dwong a va b, tim gia tri I¢n nhit cia biéu thirc

a+3b 3a+b
+

p= .
V2% +2ab+5b*  5a% +2ab +2b*

Loi gidi
1) Taco (xy+2)2 =(2x+y)2 +3x+3y.

Ma x, ye N* nén (2x+y)2 <(2x+y)2+3x+3y<(2x+y)2+4(2x+y)+4.
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Tw do, ta co (2x+y)2<(2x+y)2+3x+3y<(2x+y+2)2:>xy+2:2x+y+l

< (x-1)(y-2)=1=(xy)=(23) (thod man).

2)Tacé a® +b* > 2ab nén <230 Satb a3 Satb
Ja’ +4ab+4b>  N4a’ +4ab+b> a+2b 2a+b
_p_atb ,_avb :4—(a+b)( t 1 j$4—(a+b)- 8
a+2b 2a+b a+2b 2a+b 3a+3b 3

max

Vay P :g khi a=5.

CAu 111 (3 diém). Cho tam gidc 4BC nhon noi tiép trong dwong tron (O). P 1a mot di€ém ndm trong
tam giac ABC sao cho £ZPBA= ZPCA. Trén cac canh CA4, AB lan lwot 1ay cac diém E, F sao cho
AEPF 1a m6t hinh binh hanh.

1) Chitng minh rang hai tam gidc PFB va PEC déng dang.

2) Goi giao diém ctia dwong thang EF véi dwong tron (O) 1a X, Y. Chirng minh rang
EX.EY =FX.FY.

3) Goi AZ la dwong kinh ctia (O). Chirng minh rang P 1a trwc tAm tam gidc XYZ.

Lo gii

Z

1) Tt gia thiét LPBA=/PCA vatlr AEPF la hinh binh hanh, ta suy ra Z/PFB = /BAC = ZPEC. Tt
d6 hai tam giac PFB va PEC d6ng dang.
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2) T hai tam giac PFB va PEC dong dang, ta suy ra PE.BF = CE.PF hay FAFB=EC.EA (do
PE =FA, PF = EA).

Twr d6 theo tinh chat day cung cat nhau, suy ra FX.FY = EX.EY.
3) Goi R la ban kinh ctia (O) thi FX.FY =R’ -OF” va EX.EY =R* - OE".

Két hop ciu 2, ta suy ra OF = OF. Mit khac OX =0Y. Viy EF va XY c6 cung trung diém. Lai tir Z4
la dwdng kinh cua (O) ngoai tiép tam giac XYZ, P lai d6i xitng véi A qua trung diém XY (clingla
trung diém EF ) nén P la truc tAm tam giac XYZ.

Cau IV (1 diém). Cho cac s thwc dwong a, b, c. Chitng minh rang

a b c a+b+c 5
+ + + >,
b+c c+a a+b \/3(a2+b2+cz) 2
Loi giai
, a b c a’ b? c?
Ta co + + = + +
b+c c+a a+b ab+ca bc+ab ab+bc
+b+c) 24 b+ 2424t
> (a c) = @ b te =1+= trongdox—MZI.
2(ab+bc+ca) 2 ab+bc+ca ab+bc+ca

. a+b+c
Ma / >— / 1] 35N
\/3(a2 +b* +*) x 2 2x

1 1 " N :
Dodé P> % +E(x+—j > % Ta c6 diéu phai chirng minh.
X

Diu "="xdyrakhi a=b=c.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 2)
Ngay 19 thang 03 nam 2023
Thoi gian 1am bai: 150 phat

1) Giai phwong trinh 3x* +3x =(3x—1)Vx* +3x +2

1y’ =1dx—y-11
2) Giai hé phwong trinh Ty Y
3x* = y* =14x+y-13

Lo gii

1) bieu kién x>0 hodc x<-3.Tac6d x* +3x—(3x—1)Vx’ +3x+2x* -2=0
Hay (V¥ +3x)2 —(Bx=1)x? +3x +(2x-2)(x+1) =0
Hay (\/x2 +3x—(2x—2))(\/x2 +3x—(x+1))=0

TH1:AJx? +3x =2x—2 <> x> +3x = 4x> —8x + 4 véi x21:>3x2—11x+4=0:x=%\/ﬁ+%
TH2: N +3x=x+1lo XX +3x=x"+2x+1 vOoi x>0= x=1

¥ +y =14x-y-11

2) Tacod
9x” —3y” =42x+3y -39

Trir 2 phwong trinh theo vé ta c6 x° +y° —9x*> +3y° = —28x -4y +28 hay

X} —9x? +28x =30+’ +3)> +4y+2=0 hay (y+1) +(y+1)=(3-x) +(3-x).

Twrdésuyra y+1=3—-x hay x+y=2

Thé y =2-x vao phwong trinh thit hai ctia hé ta c6 3x* —(2-x)’ =14x+2-x-13 hay 2x* ~9x+7=0
7 3

ttr d6 ta dwgce cac nghiém (1;1),(5;—Ej

Cau II.
1) Tim cac s6 nguyén to p,q sao cho 4p+qva 9p+qla cac binh phwong ctia sé tw nhién.

2) V&i cac s6 thue dwong a,b c6 tong bang 1, tim gia tri nhé nhit cla

P:\/l—a +\/l—b
1+7a 1+7b
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Lo gii

dp+q=x’

1)giésfr{ (x,yeN)

Ip+q=)’
Khi @6 (y—x)(y+x)=5p.Dothdy p,g>2 nén x>3,y>4 néntacé 2 TH:

y—x=1

THI:{ x=$. Khi d6 4q:4(x2 —4p)=(25p—1)(p—l). Dé thdy p,q 1&1a hai s6 chdn ma

y+x=5p
25p—-1<p—-1tasuyra 25p—-1=2p,p—1=2 tathudwoc p=3,4=37
—x=5 _
THZ:{y "7 = 0= 222 Khi db 49 =4(x* ~4p) =(p~1)(p~25). Gii tuwong ty nhur trén ta c6
y+x=p 2
p-1=2¢;p-25=2= p=27,1=13 loai vi p khéng nguyén t6.

2)Tac()P:\/ a +\/ b
a+8b b+8a

2@ b ) Jab _ a b \/ab(a+8b)(b+8a)
a+8b b+8a  [(a+8b)(b+8a) a+8b b+8a (a+8b)(b+8a)

=P

Ma \/(a+8b)(b+8a) > ab +8vba =9ab

a b 18ab _8a’+20ab+8b" _ 4

a+8b+b+8a+(a+8b)(b+8a) 84’ +65ab+8b 9

Suyra P’ >

min

D4u bang xay ra khi a:b:%.Véy P. =1

Cau I11. Cho hinh thang cdn 4ABCD c6 AB//CD va DA=AB=BC.(K) ladwongtrondiqua 4 va B
dong thoi tiép xtic AD va BC. P 1a mot diém thudc (K) va nam trong hinh thang. Gia stt P4, PB lan
lwot cat canh CD tai E,F.Gia stt BE, AF theo thir tw cat AD,BC tai M,N.

1) Chitng minh rang ba tam gidc PAB,CBF va DEA dong dang.
2) Chitrng minh rang NF.ME = NA.MB
3) Chitng minh rang PM = PN

Lo gii
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N

1) Ta c6 cac gdc tao béi tiép tuyén va goc so le trong bang nhau PAB = 1@,@ = BFC suy ra
APAB«» ACBF , twong tw APAB <« ADEA

2) Tr AD = AB = BC, cac tam giac dong dang cau 1) va dinh i Thales ta c6 bién dai ty s

NF _FC_FC_PB  MB_AB_AD _PB

NA AB BC PA ME DE DE PA

Tw dé NE = MB hay NF.ME = NA.MB
NA ME

3) Goi phan gi4c ngoai tai dinh P cla tam gidc PAB cit AB tai G, 4p dung ciu 2) va tinh chit dwong
A s ., GB PB NF MB
phan gidc,tac6 —=—=—=—+
GA PA NA ME
Theo dinh ly Thales déo, ta suy ra FB// NG va AE// MG . Tiép tuc ap dung dinh ly Thales ta lai c6

GM _GM AE BF _GB PA AB _PA GB _,

GN AE BF GN AB PB'GA PB GA
DPang thitc cudi do tinh chit dwong phan gidc. Vay suy ra GM = GN.
Vi PG 1a phan gidc ngoai nén cac goc lo se trong bang nhau PGM = EPG = BPG = PGN

Tt d6 AGPM = AGPN(c.g.c) suyra PM = PN
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Cau IV. Cho n 1a s6 nguyén dwong. Xét 2n+1 s6 nguyén dwong phén biét cé tong nho hon
(n+1)(3x+1). Chirng minh rang trong 2n+1 s6 nguyén dwong dwoc xét trén, ton tai hai s6 c6 téng la
2n+1.

Loi gidi

Gia st cac s6 nguyén dwong db la g, <a, <..a,,,,. Do cac s0 nguyén dwong phan biét nén q, >2,a, >2...

Néu a,, 22n+1khido a,,,22n+2,...,a,, 6 23x+1

n(n+1) (5n+2)(n+1)

Suyra g +..+a,21+..+n= Va a,, +..+a,, >(2n+1)+..+@n+1) =

n+l

n(n+1) N (5n+2)(n+1)

=(n+1DBn+1) mau
5 5 (n+1)( )

Khi d6 téng cacséla S=(a,+..+a,)+(a,., +...+4a,,,)=>

n+l
thuan véi gai thiét.

Dodé a,,, <2n,khidon+ 1s6 a,,a,,...,a,,, thudcntip hop {l;2n},{2;2n—1},...{n;n+1} nén theo

n+l

nguyén li Dirichlet, ton tai 2 s6 thudc cung 1 tp, tirc 1a chiing c6 tong 2n + 1.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: To4n (Vong 1- Dot 3)
Ngay 15 thang 04 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).

)c3+8y3 =9

1) Giai hé ph trinh .
) Giai hé phwong trin {(x+2y)(6xy+1):21

2) Giai phwong trinh 3x+2v4x+5 =1+ 4x+3.

Lo gidi

1) Cong 2 phwong trinh thu dwoc (x+2y) +(x+2y) =30.
bat 1 = x+2y. Khi d6 phwong trinh tré thanh

X+2y=3=>x=3-2y

£ +1-30=0< (1-3)(£ +3t+10)=0 < ¢ =3 thu dwoc {
xy=1

—

y=Lx=1
:>y(3—2y):1<:>2y2—3y+1=02> 1
y=—;x=2
2
2) Phwong trinh twong dwong véi 4x+6+2+/4x+5=x+7+4/x+3

<:>(«/4x+5 +1)2 =(M+2)2 o J4x+5 =\/x+3 +1

SA4x+5=x+4+2Ux+3 = 24/x+3=3x+1 (xZ—%j

Binh phwong 2 v€ = 4(x+3)=9x" +6x+1< 9x’ +2x—11=0< x =1 (thod min) hodc x = —% (loai)

Cau II (3 diém).

1) V6i a,b,c 1a nhitng s6 nguyén thod man «’ +5° = 29¢° + 30. Chirng minh rang a+b+c chia hét cho
30.

2) Véi a,b,c>1, chitng minh ring Va—1++b—-1++/c—1 S\/a(bc+l).
Loi giai
1) Taco n’ —n=n(n—1)(n+1)(n2+1)

6|n(n—1)(n+1)=6|n’ —n.Ta chitng minh 5|n’ —n
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n=5k=5|n"-n
n=5k+1=5|n-1=5|n’-n

n=5+4=5\n-1=5|n"-n

n="5k+2=5|n’ +1=(5k+2)" +1=25k> + 20k +5= n’ —n chia hét cho 5

n=5k+3=5n* +1=(5k+3)" +1=25k> +30k+10=5|n" —n
Tém laitac6 30|n° —n

Tacé @’ +b° +c” =30c¢’ +30 chia hét cho 30

Tacod a’ +b° +¢ =(a5—a)+(b5—b)+(c5—c)+(a+b+c)
Vi30|a’—a;30(b°-b;30|c’—c=30|a+b+c (dpcm)
2)Taco (Vo—1+ve1) <(b-1+1)(1+c-1)=bhe

= Vb-1+Je—-1<be (1)

Ta can phai CMR \/E+\/E£\/m

Tac6 (Voe+va—1) <(1+a1)(be+1)

= Jbe +ya—1< Ja(be+1) (2)

Tw (1) va (2)= dpcm

1) Tacd n’ —n=n(n-1)(n+1)(n*+1)
6|n(n—1)(n+1)=6|n’ —n.Ta chitng minh 5|n’ —n
n=5k=5|n"-n

n=5+1=5|n-1=5|n’-n

n=5k+4=5/n-1=5|n"-n

n=5k+2=5|n* +1=(5k+2)’ +1=25k> +20k +5= n° —n chia hét cho 5

n=5k+3=5n* +1=(5k+3)" +1=25k> +30k+10=5|n" —n
Tém laitac6 30|n° —n

Tacod a’ +b° +¢’ =30¢” +30 chia hét cho 30
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Tacé o’ +b° +¢° =(a5—a)+(b5—b)+(c5—c)+(a+b+c)
Vi30|a’—a;30(b°-b;30|c’—c=30|a+b+c (dpcm)
2)Taco (Vo—1+ve1) <(b-1+1)(1+c-1)=bhe

= Vb—1+Je—-1<be (1)

Ta can phai CMR \/E+\/E£\/m

Tac6 (Voe +va—1) <(1+a1)(be+1)
= ~/bc +\/ES,/a(bc+l) (2)

T (1) va (2)= dpcm

CAu 11 (3 diém). Cho hinh binh hanh ABCD. Gia stt P 1a diém nam trong hinh binh hanh sao cho
APB+CPD =180°.

1) Chitng minh rang dwong tron ngoai ti€p tam gidc A4PB va CPD c6 ban kinh bang nhau

2) Chirng minh rang day cung chung ctia dwong tron ngoai ti€p tam giac PAB va PCD vudng goc BC.
3) Chitng minh rang hai tam gidc PAB va PCD c6 cung truc tAm.

Lo gii

1) (1 diém)

Goi (K) va (L) 1a dwdng tron ngoai tiép tam gidc PAB va tam giac PCD.
Tir APB+CPD =180°. ta c6 thé gia st APB <90° thi CPD > 90°.

Khi d6 AKB =24PB =2(180°~CPD) =360°~2CPD~CLD..

Két hgp 4B =CD, ta suy ra hai tam gidc cAn 4KB va CLD bang nhau (g.c.g)

2) (1 diém)
€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 42




CLB Toan bdi duéng MathExpress | : |www.mathexpress.vn

Goi M,N latrung diém 4B va CD

T hai tam gidc cAn AKB va CLD bang nhau & ciu 1) suy ra KM song song va bang LN

= KL// MN //BC. D& thiy day cung chung ctia (K) va (L) vudng géc KL nén diy cung chung d6
vuong géc BC.

3) (1 diém) Goi H 1a trwc tAm tam gidc PAB thi PH //KM va PH =2KM.

Theo ciu 2), KM song song vabang LN nén PH//LN va PH =2LN

Ta suy ra H la tryc tam tam giac PCD (do CPD >90° thi P va H cung phia CD).

CAu IV (1 diém). Tim pnguyén td sao cho p* — p+1 1a1ap phwong cta s6 nguyén dwong.
Loi gidi

Tw gid thiétsuyra p° —p+1=b'=b <p’<p’=b<p

Néu p=2= p*— p+1=3 (loai)

p=3=p'—p+1=7 (loai)

= p lasé nguyén to >5

=b>21=b>2

+Taco p(p-1)=b"-1=(b-1)(b* +b+1)
Vib<p=p|b-1=b>+b+1 chiahétcho p=>b’+b+1=kp
= p(p-1)=(b-1)kp=k(b-1)=p-1 (suyra k=2 vib<p)
+Taco b’ +b+1=k(k(b-1)+1)=kb+k—k’
Vik-k’-1<0=>b"+b<k’b

Hién nhién suyra b’ +b-1=k’b+k—k*-2=k*(b—1)+k—-2
Vik22=b +b-12k*(b-1)

)
FVibs2mpil<t< Tl _piny 3 pis

=k*=b+2=b"+b+1=(b+2)(b—-1)+k=b"+b-2+k =k =3

7+7-1

=>b+2=9=b=T=p= 19

Vay p=19.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 3)
Ngay 16 thang 04 nam 2023
Thoi gian 1am bai: 150 phut

Cau I (3 diém).
x+y+xy=3

1) Gidi hé phwong trinh
) P 8 {y3+10x+13y+2=26x3

o 2x
2) Gidi phwong trinh \/; +42—-x=
) p g N, h T

Loi giai

1) Hé phwong trinh twong dwong véi:

{(x+1)(y+1)—4

X+ +1412(x+ y)+x+y+1=27x" +3x (2)

(2) = 2+ y +143(x+ ) (x+1)(y+1) +(x+ y +1)=(3x) +3x
<:>(x+y+1)3 +(x+y+1)=(3x)3 +3x

Néu x+ y+1>3x suy ra vé trai > vé phai (loai)
x+ y+1<3x suy raveé trai < vé phai (loai)

2x—y=1=y=2x-1
Suyra x+ y+1=3x, thu dwoc:

x+y+xy=3

x =1\ =1
<:>2x2+2x:4<:>x2+x=2:>[ A

=2 Wy =—5

2) Ta co: Jx+2-x<2 HTH =2 (Pang thirc twong dwong véi x >1)

’—2x—1£2x_21+1=x:> AT

N2x—1 V2x -1

Suy ra: vé trai < vé phai (dang thirc xay ra khi x=1)

CAu II (3 diém).
1) Tim x, y nguyén dwong théa man 9* -7 =2
Jab—1 ~Jbc—1 ~ea—1 a+b+c
+ + <
b+c c+a a+b 4

2) Véi a, b, ¢ 21, chieng minh rang

Lo gii
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(x+1)(y+1)=4

1) Hé phwong trinh twong dwong voi:
X+ +1+l2(x+y)+x+y+l:27x3 +3x (2)

(2) = X+ y +143(x+ ) (x+1)(y+1)+(x+ y +1)=(3x) +3x
<:>(x+y+l)3+(x+y+l)=(3x)3+3x

Néu x + y+1>3x suy ra vé trai > vé phai (loai)
x+ y+1<3x suy raveé trai < vé phai (loai)

2x—y=1=>y=2x-1
Suy ra x+ y+1=3x, thu duoc:
x+y+xy=3

5 5 x=1 ;y=1
S22 +2x=4x +x=2=>
x=-2 ;y=-5

2) Ta co: Jx+2-x<2 HTH =2 (Pang thirc twong dwong véi x >1)

\/2x—13$:x:> A P S

\V2x -1 V2x -1

Suy ra: vé trai < vé phai (dang thirc xay ra khi x=1)

Cau II (3 diém). Cho tam gidc ABC nhon cé dwong cao BE, CF (E, F lan lwot thudc canh C4, 4AB)
va M latrung di€ém cia BC. Goi (K) va (L) lan lwot la dwong tron nodi ti€p cac tam giac MFB va
MCE.

1) Chitng minh rang BKF — CLE = ACB — ABC

2) Goi R, va R, lan lwotla ban kinh cta (K) va (L) Chirng minh rang R—Kz@ﬁ
R, ML CE

3) Chitng minh rang MH va hai ti€p tuyén chung cta (K) va (L) dong quy.

Lo gii
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1) (1,5 diém) Dé thdy cac tam giac MBF va MCE cantai M.
Vay BMF =2.BCF = 2.(900—@??).

Tir d6 BKE =90° + 2ME

=180°— ABC. Twong tw CLE =180°— ACB

— e~~~ -

Tw dé BKF —CLE = ACB - ABC.

2) (1 diém) Dé thay (K) tiép xic BF taitrung diém Q cta BF, (L) ti€p xuc CE tai trung diém R

cia CE . Theo tinh chit phan gidc, ta c6 LR o CH . Twong tw Ko _BF
LM CM CB KM  BC

Teeds e - KO _MK BE
R, LR ML CE

3) (0,5 diém) Ky hiéu d (X, Y, Z) lakhoang cach tir X t&i dwong thing diqua Y va Z

PK MK BE
PL ML CE

Goi P la giao hai tiép tuyén chung trong cuia (K) va (L) . Dé thiy

_ d(P.MK) SMPK/MK_PK(BE PL)ZBE_FQ_d(H,MK)

Tw do = = . = =
d(P,ML) Sy /ML PL\CE PK) CE ER d(H,ML)

Tir ding thitc trén ta két hop dnh ly Thales ddo dé suyra M, P, H thing hang

Cau IV (1 diém). Gia st tai moi diém cia mot ngi gidc ta viét mot sd nguyén sao cho téng cac s6 1a
dwong. Néu 3 dinh lién ti€p viét cic sb x, y, z va y <0 tathay thé 3 s6 nay b&icacsé x+y,—y, z+y
twong rng. Nhwng phép bién d6i nhw viy dwgc thwe hién néu it nhat mot trong 5 s6 1a Am. Hoi qua
trinh nhw trén cé két thiic sau mot s hiru han buwédc?

Loi gidi
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5 5
Xét I(al,az,a3,a4,a5) = Za,.z +Z(ai +a,, )2.
1 1

(Chuy: a, = a, trong cong thirc).

Gia st a, <0, ta thwc hién phép bién déi va tinh

I(a,+a,,~a,,a,+ay,a,,a)=(a, +a,) +a? +(a, +a,) +al +a +a! +a
+(a,+a, +a,) +(a, +a;) +(a; +a,+a,)

=t vai+alvaival+(a,+a,) +(a,+ay) +(ay+a,) +(a, +a) +(a+a)

+2a,(a,+a,)+2a,(a, +a5)+2a;

=1(a,,a,,a5,a,,a;)+2a,| a,+a, +a,+as +a, | (theo gia thiét).
—

<0 >0

Suy ra sau moi phép bién ddi thi / gidm thuc su.

Do d6 sau mot s6 hitu han bwéc phép bién doi phai két thuc.
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TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toin (Vong 1- Pot 1)
Ngay 20 thang 01 nam 2024
Thoi gian lam bai: 120 phut
Cau I (3,0 diém).
1) Gidi phwong trinh 2x++/3x+1=242+2—x.
x+y)x+1){y+1)=8
2) Giai hé phurong trinh ( , y)( )(y )
¥ +17 = 6x(x+2).
Lo gidi
1) biéu kién: —% <x<2

Phwong trinh twong duwong voi 4x+2+/3x+1=4+44VJ2—x
S3x+14+23x+14+1=2—x+4J2—x+4

<:>(\/3x—i—1—|—1)2 =(V2—x +2)2 e Brrl+l=v2—x+2
S3x+1=3—x42V2—x+14x—2=272—x & 2x—1=+/2—x [xzé]

S4x° —4x+1=2—x4x" —3x—1=0< x=1 (thod min) hoic xz—% (loai)

Vay PT c6 nghiém duy nhatla x=1.
(x+y)(x+1)(y+1)=8

2) Hé phwong trinh twong dwong véi
X4y 1424 =x"+6x(x+2)+8

[(x+y)(x+l)(y+l)8 @[(x—ky)(x—kl) y+1)=8
xS—i—y3—i—l-I—?a(x—i—y)(x+l)(y—i—l):()c—|-2)3 ()c-i—y—i—l)3=()c—i—2)3
@{<x+1)2:4@ izl—3

y=1 " '

Vay HPT c6 tap nghiém1a (x;y) € {(1;1);(—3;1)}
Cau II (3,0 diém).
x*+1
X410
bt ! [a +b+c ]4

1) Tim x, y nguyén thod man y =

2.V6i a,b,c € R, chitng minh rang a* + —+-—2>6
8 27 6

Lo gii
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2
1) y= x311 :>x3—|—1‘x2—|—1:>x3+1‘x3+1+(x—1):>x3+1‘x—1
X

3

:>x3+1‘(x—1)<x2—|—x—|—l):x3—1:x
Suyra x’ +1e{tL+2}= (x;y)E{(O;l);(l;l)}

+1—2;»x3+1\2

4
] taco

4 4 4
2) Ap dung bat ding thirc £ +b +tc 2[a+b+c

4

b b
4 4 4 a+—+— 4 4
VT:a4+[é] +[2] L5272 +3[£] 26[Lb+0]
2 2 27 3 3 6

Cau 111 (3,0 diém).

Cho tam gidc nhon ABC ndi tiép trong duwong tron (O). Cac diém E va F lan lwot ndm trén cac canh CA
va AB sao cho EF songsong védi BC. Cac dwong thang BE va CF theo thir tw cat cac tiép tuyén tai C va
B cta (O) lanlwot tai K va L.

1) Puong thang qua B va song song véi AC theo thir tw cdt KC va KA tai X va Y. Chirng minh rang hai
tam gidc XBC va BCA do6ng dang.

2) Puong thang qua C song song véi AB theo thir tw cit LB va LA 1anlwottai Z va T. Chirng minh

3) Puong thing qua E song song véi AB 1an lwot cat 4K va AL tai M va N. Puong thing qua F song
song v&i AC lan lwot cit AK va AL tai P va Q. Ching minh rang bén diém M, N, P va Q cung thudc
mot dwong tron.

Lo gidi

1) D& thdy XBC = ACB (do BX // AC) v XCB = BAC (do CX 1 tiép tuyén caa (O)).

Vay AXBC«» ABCA (g.g)

2) Twong tw cau 1) ta c6 AZCB <« ACBA. Tl cac tam giac dong dang d6 ta c6 BC* = XB.CA va

BC? = ZC.AB. Tir day ta c6 R 45 40
ZC AC AE
3) Tircau 2) tasuyra BX.EA= ZC.FA
Theo dinh ly Thales ta cé £4 = Y va 4 = & dodé BY.EC = BX.EA=ZC.AF = FB.CT
EC BX FB (CZ
Tw day ta thu dwoc 14 = B = AB
CT EC AC

Két hop véi YBA = TCA ta suy ra ABYA«~» ACTA (c.ge)

T d6 ta c6 ANE =T =Y = APF
Suy ra tx giAc MNPQ noi tiép.
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Cau IV (1,0 diém). V&i a,b,c >0 thod man a + b+ c+ 2 = abc. Chitng minh rang
(a+1)(b+1)(c+1)>27.

Loi giai

bat x=a+1,y=b+1,z=c+1

biéu kién a+b+c+2:abc(i)x-l—y-i-z—l:(x—l)(y—l)(z—l) =xyz—(xy+yz+zx)+x—|—y+z—1
S XY+ yz+zx=xyz

Suy ra xyz >33 (xyz)2 & xyz>27 < (a+1)(b+1)(c+1)>27 (dpcm)

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 50



CLB Toan bdi duéng MathExpress | “ | www.mathexpress.vn

TRUONG PAI HOC KHOA HOC T NHIEN PE KIEM TRA KIEN TH(C LOP 9
TRUONG THPT CHUYEN KHTN Mén: Toan (Vong 2- Dot 1)
Ngay 21 thang 01 nam 2024
Thoi gian 1am bai: 150 phat
Cau I (3,0 diém).
(x+29) (3 +1)+(y+2x)=3(y* +2)
(y+2x)(x2 —|—1> = x—|—2y—|—3x2

2) Giai phwong trinh Yx+iB3-2x=1+42—x.

Lo gii

1) Giai hé phwong trinh |

(x+2y-3)(y* +1)=3—(y +2x)
1) Hé phuong trinh twong duwong véi
(y—|—2x—3)<x2—|—1):(x+2y)—3
Gidstt x+2y >3= (x+2y— 3)(x +1>>O:>y—|—2x<3:> y+2x-3) (x +1>§O:>x+2y§3

+2y=3 =1
x+2y @{x

Vay ta thu dwoc
y+2x=3 y=1

2) Tacéo

a’ +b*+¢? [a—}—b—l—c}2 at+b'+c! [az~|—b2—l—c2
> = >

2 b 4
> a+b+c
3 3 3 4

3

4
4 4 4 4 4 4
Suy ra Ya+3b+3c §a+b+c:>\/;+\/3+\/zg4a+b+c 0
3 3 3 3
Ap dung (1) ta c6
Yatdb+4b _ Ja+2b p+ye+de _ [o+2c Yet¥atia _ [e+2a
3 R 3 ~p 3 3 V3

Cong 3 bat ding thirc :>(‘/E+<‘/E+(‘/Z§4{/a-22b +db—g2c +</c-;2a

Suyra Yx+¥x +3B-2x <P+ 2—x+1eYx+4B-2x <2 —x +1

“u__»”

Diu“="xayra & x=3-2x< x=1

Cau II (3,0 diém).

1) Véi p,q,r,s lanhirng s6 nguyén té thod min 5< p<g<r<s< p+10.

Chirng minh rang téng cua 4 s6 nguyén td chia hét cho 60.

2.V6i a,b,c >0 thod man a+ b+ c=1. Tim gia tri nhé nhit cta biéu thic
a’ b’ c’

= + +
a+b b+t A+t

Loi giai
1) 4 s6 nguyén td trong khoang 5< p, s < p+10 chicéthéla4sétrong5sd p,p+2,p+4,p+6,p+8
. Viy chung ta phai bo di mot s
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Khong thé bd p,p+2,p+6, p+8 bdivikhibd sé nay thi trong 4 s6 con lai ¢6 3 s6 1€ lién ti€p ma mot
trong 3 s6 nay phai c6 1 s chia hét cho 3 nén khéng l1a s6 nguyén to.
Vay phai bo 3|p+4.
Trong 5 s6 1é lién tiép phai c6 1 s6 chiahétcho 5 = Sé nay phadila p+4=5|p+4=15|p+4
Suyratacé p+q+s+r=p+p+2+p+6+p+8=4(p+4)
:60|p—|—q—|—s—|—r (dpcm)
3 3 3
a b c a+b+c
2 2+ 2 2+ 2 2 2
a+b" b +c c +a 2
3 3 3
b c a+b+c
& —a+ —b+ —c>—
a’+b° b +c? ct +a 2
ab’ bc? ca’ a+b+c
& + + <
a+b> b+ C+ad 2
ab’ ab> b
S S5 7T
a +b" " 2ab 2

2) Ta chirng minh

—(a—l—b—l—c)

Tacod a* +b*>2ab <

“__n

:>M§é+§—|—% (dpecm) = M, =—.Dau“= xéyrakhia:b:c:%

1
2 2
CAu III (3,0 diém). Cho tam gidc ABC nhon dwong cao BE, CF catnhautai H (E,F 1anlwotnam trén
cac canh CA, AB). Goi M la trung diém BC. Goi K 1a hinh chiéu cia H trén AM .
1) Chirng minh rang bén diém B,C,K,H cung thudc mot dwong tron.
2) Goi (J) va (L) lan lwot 1a dwong tron ngoai tiép cac tam gidc MBF va MCE. Chirtng minh ring (J) va
(L) cung di qua K.
3) Goi P 1a diém d6i xirng ciia 4 qua BC. Chirng minh rang phan giac cac goc BPC va JML déng quy voi
JL.
Loi gidi
1) (1,5 diém) Lay D d6i xing véi 4 qua M
Dé thdy 4BDC 1a hinh binh hanh do d6 CD// AB | CH
Suy ra C nam trén dwong tron dwong kinh HD.
Twong tw B cling nam trén dwong tron dwong kinh HAD.
Vay cac diém B,C,K déu nam trén duong tron dwong kinh HD.
2) (1 diém) Goi giao diém ctia AH va BC la N
Tir HKM =90° d& thdy HKMN noi tiép. Pong théi HECN ciing ni tiép
Suyra AK.AM = AH.AN = AE.AC
Tlr d6 KMCE noi tiép. Twong tw KMBF' ciing ndi tiép
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3) (0,5 diém) Goi S 1a trung di€ém cung BC chtra H cta (BHC). Goi I 1a giao diém ctia phén giac JML
véoi JL.

Ta s& chitng minh P,/,S thing hang, khi d6 P/ 1a phan giac BPC

That vay, tlr cac tam gidc MBF va MCE cantai M déthdy MJ 1. BF 1 HC va ML | CE 1 HB.

Ta suy ra phan giac JML va phan giac ngoai BHC vuong goc, hay MI | HS

Kéthop HK | MK tasuyra IMK = KHS = KHT —90° = (180"—1?57)—90": 90° — KSM

V6i ST 1a dwong kinh cia (BHC). Vi AIKM cén tai I nén KIM = 180°—2IMK = 2KSM

Tl diy két hop véi IK = IM , ta suy ra I 1a tAm ngoai ti€p cla tam giac MKS . Ttr d6 v&i cac chu y
MI /| HT (do cungvudng géc véi HS ) va HP// ST, ta c6 bién d6i goc nhw sau;

—— e S . e .

IST = ISM = IMS = HTS = PHT = PST.
Tir d6 suy ra S,/, P thang hang. Ta hoan thanh loi giai.

Cau IV (1,0 diém). V&i x, y, zla nhitng s6 nguyén dwong thod man x+ y+z =100. Tim gia tri nhé nhit
cda biéu thiec P=x!y!z!.

(Trong d6 x!=x(x—1)(x—2)..2x1)

Lo gii
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Giastr x, +y, +2z, =100 , x, —y, >2

Ta di chitng minh x,!y,!z,! khong la nhé nhat.

Tadat x, =x,—1;y, =y, +1;z =2,

Tacod x, + y,+2z =100 vata chitng minh x,!y, !z, !> x !y !z!

x> (% =) (v + 1)1 x, >y +16 x,— y, > 1= x—y >2 (ding)
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