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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Giadi phuong trinh x? —x+2 =23/x* —x+1.
2) Gidi hé phudng trinh {xz “yiexy=1
3x+y=y>+3
Cau ll.
1) Tim chif s6 tan cuing clia s6 13" +6° + 2009%°%,
2) Véi a, b la nhitng chir sé thuc dugng, tim gid tri nhé nhat cua biéu thdc
B a+b
Ja(4a+5b)+/b(4b+5a)
Cau lIl. Cho hinh thoi ABCD. Goi H la giao diém cla hai dudng chéo AC va BD. Biét rang bdn
kinh dudng tron ngoai tiép tam gidc ABC bang a va ban kinh dudng tron ngoai tiép tam gidc
ABD bang b.

. AH a
1) Chdng minh rang — =—.
) g 98578

2) Tinh dién tich hinh thoi ABCD theo cdéc ban kinh a, b.
Cau IV. V4di a, b, ¢ la nhitng s8 thuc duong, chiting minh rang
a’ b* c’ at+b+c
+ + >
J3a? +8b% +1d4ab 3b? +8c? +14bc  +/3c? +8a’ +14ca D
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
M6n: TOAN (VONG 2)
| DECHINH THUC | Thai gian lam bai: 150 phat

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Giai phudng trinh 14+/x + 35 + 6vx + 1 = 84 ++/x? + 36x + 35.

3 2n-1 n’

.+ = véi moi n nguyén dudng.
4+1% 443 4+(2n—1)4 4n* +1 ' oY .

2) Chiing minh rang

Caulll.

1) Tim s6 nguyén dudng n sao cho tdt cd cacsdé n+1,n+5n+7,n+13,n+17,n+25, n+37 déu
Ia nguyén té.

2) M3i lan cho phép thay thé c3p s6 (a;b) thudc tap hop M= {{16;2};(4;32);(6:62);(78;8)} biing
c3p sb (a+c;b+d) trong dé c3p sé c;d) cling thudc M. Héi sau mét s6 hitu han Ian thay thé ta
c6 thé nhén dugc tap hdp céc cip s6 M, = {(2018;702);(844;2104);(1056;2176);(2240;912)}
hay khong?

Céu lll. Cho dutng tron (O) va (O') cit nhau tai hai diém A va B. Trén dudng thing AB ta Idy
mdt diém M bat ky sao cho diém A nam trong doan BM (M # A) . TU diém M ké tdi dusng tron
(O’) céc tiép tuyén MC va MD (C va D I3 céc ti€p diém, C nam ngoai (O)). Dusng thang AC
c3t 1an th hai dudng tron (O) tai diém P va dudng thang AD cat lan thd hai dudng tron (O) tai
Q. Buotng thang CD cat PQ tai K.

1) Ching minh rang hai tam gidc BCD va BPQ ddng dang.

2) Chdng minh rang khi M thay ddi thi dudng tron ngoai tiép tam gidc KCP ludn di qua diém cé

dinh.

Cau IV. Gid s x, y, z la nhitng s& thuc thod man diéu kién 0<x,y,z<2 va x+y+z=3. Tim gid

tri nhd nhat va 18n nhat cda biéu thic M = x* +y* + z* +12(1—x)(1—y)(1—z).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x* +8y% +12xy =23

2

1) Gidi hé phuadng trinh 5
X +y =2

2) Gidi phuong trinh V2x+1 +3v4x? —2x +1=3++/8x> +1.
Caul ll.

1) Tim t4t ca cdc sé nguyén khéng 4m (x;y) thod man dang thic
(1+x2)(1+y2)+4xy+2(x+y)(1+xy) =25.

2) V38i mbi sb thuc a, ta goi phan nguyén cla s6 a |a s6 nguyén I8n nhat khong vugt qud a va ky

2
hiéu la [a]. Chdng minh rang véi moi n nguyén dudng ta ludn cé i+L+w =
1223 " n(n+1)

Cau lIl. Cho dudng tron (O) véi dudng kinh AB = 2R. Trén dudng thang tiép xuc véi dudng tron
(O) tai A taldy diém C sao cho ACB =30°. Goi H la giao diém th( hai cia dudng thang BC vdi
dudng tron (O)

1) Tinh @6 dai dudng thang AC, BC va khodng céch tir A dén dudng thang BC theo R.

2) V&i mbi diém M trén doan thang AC, dudng thdng BM c3t dudng tron (O tai diém N (khic B).
Ching minh rang bén diém C, M, N, H nam trén cung mét dudng tron va tdm dudng tron dé lubn
chay trén mét dudng thang c6 dinh khi M thay d6i trén doan thang AC.

Cau IV. Vdi a, b la cdc s6 thuc thod man ddng thic (1+a)(1+b) = % hay tim gid tri nhd nhat cla

bidu thic P=+1+a* +V1+b* .
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Gidi phuong trinh Jx+3++/3x+1 =4,
o . 5x° +2y° +2xy = 26
2) Giai hé phuadng trinh .
3x+(2x+y)(x-y)=11
Cau ll.
1) Tim tat ca cdc s6 nguyén dusng n dé n?> +391 13 sé chinh phudng.
2) Gid s(f x, y, z la nhitng s6 thuc duong théa man diéu kién x+y+z=1.

Jxy +z /2% + 2y 51
1+\/;
Cau lll. Cho tam gidc ABC cd ba géc nhon va M la diém nam trong tam gidc. Ki hiéu H |a hinh
chiéu cda M trén canh BC va P, Q, E, F 1an lugt Ia hinh chiéu cta H trén cdc dudng thang MB,
MC, AB, AC. Gia st bon diém P, Q, E, F thang hang.
1) Chiing minh rang M 1a truc tdm cla tam gidc ABC.
2) Chiing minh rang BEFC 13 t gidc ndi tiép.
Cau IV. Trong day s6 gom 2010 s6 thuc khdc 0 dugc sép xép theo thif ty a,, a,, as, ..., a,,,, ta

Ching minh rang:

ddnh dau tat cd cdc s6 dudng va tat ca cdc s ma tdng clia nd véi mot s6 lién ti€p lién ngay sau nd
13 mét s6 duong. Chiing minh rang néu trong day sé da cho cé it nhat mot s6 dudng thi téng cla

tat cd cdc s6 dudc danh dau |a mét sé duong.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 6



CLB Toan béi duéng MathExpress | “|www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Caull.
x=1)y* +x+y =3

1) Giai hé phugng trinh ( X .
(y-2)x +y=x+1

2) Gidi phugng trinh x+§ X +7

X x+1

Cau Il
1) Chidng minh rang khéng tén tai cdc bd ba s6 nguyén (x;y;z) thda man dang thic:
x*+y*=7z* +5.
2) Tim tat cd cdc cap s6 nguyén (x;y) thda man dang thic (x+1)4 —(x—l)4 =
Cau lll. Cho hinh binh hanh ABCD véi BAD < 90°. Duding phan gidc clia BCD cit dudng tron ngoai
ti€p tam gidc BCD tai O khdc C. Ké dutng thang d di qua A va vubng géc véi CO. Dutng thang
d 1an lugt cat cdc dusng thang CB, CD tai E, F.
1) Chiing minh rang AOBE = AODC.
2) Ching minh rang O la tdm dudng tron ngoai ti€p tam gidc CEF.
3) Goi giao diém cta OC va BD la [, chdng minh rang IB.BE.EI =ID.DF.FI.
Cau IV. V@i x; y la nhitng s6 thuc dudng, tim gid tri nhd nhat cda biéu thic

3 3
P:\/ 3x 3+ 4y 3°
X H8YT Ay 4 (x+y)
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Gidi phuong trinh (M—&)(ﬂ . 1) _1,

L a L Xyt =2xy
2) Gidi hé phudng trinh b 5
(x+y)(l—xy) =4x%y

Caul ll.

1) V3i mdi s6 thuc a ta goi phan nguyén cla a la s6 nguyén I6n nhat khéng vuct qud a va ky

2
hiéu la [a]. Chdng minh rang véi moi sé nguyén duang n, biéu thic n+{,3/n—21—7 +§} khong

biéu dién dudc dudi dang Iap phudng cliia mét s6 nguyén duong.
2) V@i x, y, z la céc sd thuc dudng thoa man dang thuc xy +yz + zx =b5.
3x+3y+2z

\/G(xz +5) +\/6(y2 +5) 2+

Cau lll. Cho hinh thang ABCD vdi BC song song AD. Cac géc BAD va CDA I3 cic g6c nhon. Hai
dudng chéo AC va BD catnhautai |. P 1a diém béat ky trén doan thdng BC (P khéng trung vdéi
B; C). Gid sir dudng tron ngoai tiép tam gidc BIP cat doan thang PA tai M khic P va dudng tron

Tim gid tri nhé nhat cta biéu thic P =

ngoai ti€p tam gidc CIP c3t doan thang PD tai N khac P.

1) Chiing minh rang ndm diém A, M, I, N, D cung nam trén mdt dudng tron. Goi dudng tron nay |a
(K):

2) Gid sir cdc dudng thang BM va CN c3t nhau tai Q, chiing minh rang Q cling ndm trén dudng
tron (K)

3) Trong trudng hop P, |, Q thang hang, chiing minh rang % =g.

Cau IV. Gid st A la mdt tdp con cla tdp cdc s6 tu nhién N. Tdp A cd phan tl nhd nhatla 1, phan
t’ 18n nhat 1a 100 va mdi x thudc A (x;tl) ludn tén tai a; b cling thuéc A saocho x=a+b (a

c6 thé bang b). Hay tim mét tdp A cd s6 phan ti nho nhat.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Gidi phudng trinh /x +9 +2012+/x+6 =2012 + (x+9)(x+6).

2 2 _
2) Giai ha phudng tinh 1% TV F2Y =4
2x+y+xy=4

Caulll.

1) Tim t4t ca cdc cap sé nguyén (x;y) thda man dang thic
(x+y+1)(xy +x+y)=5+2(x+y).
2) Gié sif (x;y) 1a cac s8 thuc dudng théa man didu kién (&+1)(J§+1) > 4. Tim gid tri nho nhat

2 2

cta bidu thie P=2 4+ Y.

y X

Cau lIl. Cho tam gidc nhon ABC ndi tiép dudng tron tdm O. Goi M |a mét diém trén cung nho BC (M
khac B; C va AM khéng diqua O). Gid st P 1a mét diém thudc doan thdng AM sao cho dudng tron
dudng kinh MP cat cung nhé BC tai diém N khac M.

1) Goi D la diém d6i xing véi diém M qua O. Chdng minh rang ba diém N, P, D thang hang.

2) Budng tron dudng kinh MP cat MD tai diém Q khdc M. Ching minh rang P 1a tdm dudng tron
ndi ti€p tam gidc AQN.

Cau IV. Gid s a, b, ¢ |a cdc s6 thuc duong thdaman a<b<3;c>b+1;a+b>c. Tim gid tri nhd

2ab+a+b+c(ab—l)

nhat cda biéu thic Q = (a+1)(b+1)(c+l) .
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xy(x+y):2

1) Gidi hé phudng trinh )
{9xy(3x - y) +6=26x>-2y°

2) Giai phudng trinh (m—z)(\/ﬁ+ 2) ~ 2x.

Caulll.

1) Tim hai chif s6 tin cling cla s6 A =41 4 572012,

2) Tim gid tri I8n nhat cha ham sé y = 3V2x—1 + x3/5 - 4x2, Vdi %g X S%.

Céu lll. Cho tam gidc nhon ABC (AB > AC) néi ti€p dung tron (0). Gid sit M, N 13 hai diém
thudc cung nhd BC sao cho MN song song véi BC va tia AN nam gitra hai tia AM, AB. Goi P Ia
hinh chiéu vuéng gdéc cla diém C trén AN va Q la hinh chiéu vudng géc cha diém M trén AB.

1) Gid sir CP c&t QM tai diém T. Ching minh T nam trén dung trdn (O).

2) Goi giao diém cia NQ va (O) la R khdc N. Gid sir AM cat PQ tai S. Chiing minh rang bén
diém A, R, Q, S cung thubéc mdt dudng tron.

Cau IV. V&i mbi s6 n nguyén I8n han hoac bang 2 cé dinh, xét céc tdp n sé thuc ddi mot khdc
nhau X = {xl; Xy oo xn}. Ki hiéu C(X) la s6 cdc gid tri khdc nhau cla téng x, +X; (1 <i<j< n).

Tim gid tri I6n nhét va gid tri nhé nhat cta C(X).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| DECHINH THUC | Thai gian lam bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.
1) Gidi phuong trinh vV3x+1 ++/2-x =3.
1 1 9
x+y+—+—=§
ae A R Xy
2) Giadi hé phudng trinh
) S p g 3( 1) 1
S| X+— |=Xxy+—
y Xy

Caul ll.
1) Cho céc s6 thuc a, b, c # 0 théa man (a + b)(b+ c)(c + a) = 8abc. Chiing minh rang

a N b N c :§+ ab N bc N ca
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)'

2) C6 bao nhiéu s6 nguyén dudng cd 5 chir sé abcde sao cho ﬂ—(10d+e) chia hét cho 1017

Cau lIl. Cho tam gidc nhon ABC nbdi ti€ép dudng tron (O) vdi AB < AC. Butng phan gidc cla
BAC ct (O) tai diém D khac A. Goi M 12 trung diém ctia AD va E [ diém di xting véi D qua

tAdm O. Gia s dudng tron ngoai ti€p tam gidc ABM cat doan thang AC tai diém F khic A.

1) Chiing minh rang tam gidc BDM va tam gidc BCF déng dang.

2) Ching minh rang EF vudng géc véi AC.

Cau IV. Gid s a, b, ¢, d |a céc sb thuc dudng thda man diéu kién abc +bcd +cda+dab=1. Tim

gid tri nhé nhat cla biéu thic P = 4(a3 +b’ +c3)+9d3.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| DECHINH THUC | Thai gian lam bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3 3 _
1) Gidi hé phudng trinh X 7Y =1HY=x+xy
Ixy+y—x=7

2) Gidi phuong tAnh x+3+v1-x? = 3Jx+1 +V1-x.
Cau ll.
1) Tim céc cdp s8 nguyén (x;y) théa man 5x* +8y? =20412.
2) Véi (x;y) 13 cdc sb thuc dudng thda man x+y <1, tim gid tri nhé nhat cda biéu thuc
p- (l%)ﬁ
Cau Ill. Cho tam gidc nhon ABC ndi ti€p dutng tron (O) cd truc tdm H. Goi P la diém ndm trén
dudng tron ngoai ti€p tam gidc HBC (P khdc B, C va H) va nam trong tam gidc ABC. PB cat
(0) tai M khdc B, PC c3t (O) tai N khac C. BM c3t AC tai E, CN c3t AB tai F. Dudng tron
ngoai ti€p tam gidc AME va dudng tron ngoai tiép tam gidc ANF c3t nhau tai Q khic A.
1) Chidng minh rang ba diém M, N, Q thang hang.
2) Gid st AP la phén gidc MAN. Chidng minh rang khi dé PQ di qua trung diém clta BC.
Cau IV. Gid sir day s6 thuc cé thif tu x, <x, <...<x,,, thda man cdc diéu kién x, +x, +...+ X5, =0

2013. Chuing minh rang x,,, —X, > 286133'

VA x|+ ey o g =
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian lam bai: 150 pht

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . 1) Gidi phuong trinh (\/1+x +\/1—x)(2+2 1—x2)= 8.

Zoxy+y’ =1
2) Gigi hé phuong tinh YTV =%
X +xy+2y- =4
Cau ll. 1) Gid st X, y, z la ba s6 dudng thoa man diéu kién x+y +z = xyz.
2y 3z xyz(5x+4y+3z)

Ching minh rang:

+ + .
1+x* 1+y* 1427 (x+y)(y+z)(z+x)

2) Tim nghiém nguyén cta phudng trinh: x%y? (x+y)+x+y+3+xy.

Cau lll. Cho tam gidc ABC nhon véi AB<BC. Goi D la diém thudc canh BC sao cho AD |a phén

gidc cla BAC. Dudng thing qua C song song vdi AD cat trung truc cla AC tai E. BDudng thing
gua B song song vdi AD c3t trung truc cla AB tai F.

1) Chiing minh tam gidc ABF déng dang vdi tam gidc ACE.

2) Chidng minh rang cdc dusng thang BE, CF, AD déng quy tai mét diém, goi diém dé la G.

3) Dudng thang qua G song song véi AE cat dudng thdng BF tai Q. BDudng thang QE c3t dudng
tron ngoai ti€p tam gidc GEC tai P khdc E. Chdng minh rang cdc diém A, P, G, Q, F cung thudc
mot dudng tron.

Cau IV. Gid s a, b, ¢ la céc s6 thuc duong théa man dang thdc ab +bc +ca=1.

Chdng minh ring 2abc(a +b+c) Sg+a4b2 +b*c? + c*a’.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 13



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

n 2 < X f 2y° 4y* 8y*
Cau l. 1) Gid su x, y la nhitng s6 thuc dudng théa man: 14 + Zy >+ 4y yiaa 8y =4
X+y x+y° x'+y' x -y

Chdng minh rang: by = 4x.
2x* =3y’ +xy =12
2) Gidi hé phuong trinh rEe
6x+xy=12+6y+y°x
Cau ll. 1) Cho x, y la nhitng s8 nguyén I8n hon 1 sao cho 4x’y* —7x+7y la s8 chinh phuong.
Chung minh rang: x =y.
2) Gid st x, y |3 nhitng s6 thuc khong 4m thda man: x° +y® + xy = x* + y%. Tim gid tri I8n nhat va
l+\/; N 2+\/;
2+\/; 1+\/;

Cau lll. Cho tam gidc ABC ndi tiép dudng tron (O) va diém P nam trong tam gidc thda man

nhod nhat cla biéu thdc: P =

PB =PC. D Ia diém thuéc canh BC (D khdc B va D khdc C) sao cho P nam trong dudng tron
ngoai tiép tam gidc DAB va dudng tron ngoai ti€p tam gidc DAC. Dudng thang PB cat dudng
tron ngoai ti€p tam gidc DAB tai E khdc B. Budng thang PC cat dudng tron ngoai ti€p tam gidc
DAC tai F khac C.

1) Chiing minh rang bén diém A, E, P, F cung thudc mét dudng tron.

2) Gia st dudng thang AD cat dudng tron (O) tai Q khdc A, dudng thang AF cit dudng thang
QC tai L. Chiing minh rang tam gidc ABE déng dang véi tam gidc CLF.

3) Goi K |a giao diém cla dudng thang AE va dudng thang QB.

— e~ -

Chdng minh rang: QKL +PAB = QLK +PAC.

Cau IV. Cho tdp hdp A gbm 31 phéan tr va ddy gdbm m tip hgp cla A thda man déng thdi cac
diéu kién sau:

i) MGi tdp hgp thudc day cé it nhat hai phan tu.

i) Néu hai tap hdp thudc day cé chung nhau it nhat hai phan td thi s6 phan tir cta hai tip hgp nay
khdac nhau.

Ching minh rang: m<900.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 14



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gid st a; b 1a hai s6 thuc phan biét thda man a* +3a=b*+3b=2.
a) Chiing minh rang a+b =-3.
b) Chiing minh ring a® +b® = —45.
R . 2x+ 3y =bxy
2) Giai hé phuadng trinh .
{4x2 +y? =5xy?
Cau Il. 1) Tim céc sé nguyén (x;y) khéng nhé haon 2 sao cho xy —1 chia hét cho (x—l)(y—l).
2) V@i x; y la nhitng s& thuc théda man d3ng thic x?y? +2y +1=0. Tim gid tri I6n nhat va nhd nhat
Xy
3y+1°
Cau lIl. Cho tam gidc nhon ABC khéng can c6 tAm dudng tron ndi tiép la diém |. Dudng thang Al
c3t BC tai D. Goi E, F 1an lugt |a cdc diém d6i xiing ctia D qua IC, IB.
1) Chiing minh rang EF song song véi BC.
2) Goi M, N, J 1an lugt |a trung diém cdc doan thang DE, DF, EF. BDudng tron ngoai ti€p tam gidc
AEM c3t dudng tron ngoai ti€p tam gidc AFN tai P khdc A. Chdng minh rang bén diém M, N, P,
J cung nam trén mét dudng tron.
3) Chiing minh rang ba diém A, J, P thang hang.
Cau IV.

cUa biéu thic P =

1) Cho bang 6 vuéng 2015x2015. Ki hiéu 6 (i;j) la 6 & hang thu i, 11316 [10
cot th j. Ta viét cdc s6 nguyén duong tu 1 dén 2015 vao céc 6 cla

bang theo quy tic sau: 21519

i) S6 1 dugc viét vao 6 (1;1). 4|8

i) Néu s6 k dudc viét vao 6 (i;j) (i > 1) thi s6 k+1 dudc viét vao 6 7

(i-1j+1).

iii) Néu s6 k dudc viét vao 6 (1;j) thi s8 k+1 dudc viét vao 6 (j+1;1) Hinh 1

(xem hinh 1).

Khi @6 s6 2015 dugc viét vao 6 (m;n).

Hay xac dinh m va n.

2) Gid s a, b, ¢ 1a céc s6 thuc duong thda man ab + bc + ca+ abc < 4.

Ching minh rdng a’ +b* +c*+a+b+c> 2(ab+bc+ca).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a, b, c 1a cdc s6 thda man
(3a+3b+3c)3 = 24+(33+b—c)3 +(3b+c—a)3 +(3c+a—b)3.
Chiing minh réing (a+2b)(b+2c)(c+2a)=1.

2x+2y+xy=5

2) Gidi hé phudng trinh .
) > PhLeNg {27(x+y)+y3+7=26x3+27x2+9x

Caull. 1) Tim sé tu nhién n d€ n+5 va n+30 13 s6 chinh phuong (s6 chinh phudng la binh phucng
cha mbt s6 nguyén).
2) Tim (x;y) nguyén théa mén déng thic 1+ Jx+y+3=x+4ly.
3) Gid st x; y; z la cdc s6 thuc I18n hon 2. Tim gid tri nho nhat cda biéu thuc:
X y z
) \/y+z—4 " Jz+x-4 +\/x+y—4‘
Cau lll. Cho tam gidc ABC nhon khéng can véi AB< AC. Goi M |3 trung diém cla doan thang
BC. Goi H la hinh chiéu vuéng géc cGa B trén doan AM. Trén tia ddi cGa tia AM |4y diém N sao
cho AN =2MH.
1) Chidng minh rang BN = AC.
2) Goi Q la diém dadi xiing véi A qua N.Dudng thang AC cat BQ tai D. Chdng minh rang bén

P

diém B, D, N, C cluing thuéc mét dudng tron, goi dusng tron nay la (O)

3) Dudng tron ngoai ti€p tam gidc AQD cat (O) tai G va D. Ching minh rang NG song song
véi BC.

Cau IV. Ky hiéu S la tdp hgp gom 2015 diém phén biét trén mot mat phang. Gia sur tat ca céc
diém cda S khéng cung nam trén mot dudng thang. Chidng minh rang cdé it nhat 2015 dudng

thdng phan biét ma mbi dudng thang di qua it nhat hai diém cla S.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x3+y? +xy(x+y)=4
(xy+1)(x2 +y2) =4

2) Giai phudng trinh V7x+2 -5 —x = 8"5_3.

Cau |. 1) Gidi hé phuadng trinh

Cau ll. 1) Tim tat cd céc gid tri cGa m sao cho tén tai cap sé nguyén (x;y) thda man hé phuong
. 2+mxy? =3m
trin {2 +m(x2 + y2) =6m
2) V4i x, y la nhitng s6 thuc thda man cdc diéu kién 0 <x <y <2; 2x+y > 2xy.
Tim gid tri I6n nhat cua biéu thic P = x? (x2 + 1) +y? (y2 +1).
Cau lIl. Cho tam gidc ABC nhon ndi tiép dudng tron (O) véi AB < AC. Phén gidc cla BAC cét
BC tai D va cat dudng tron (O) tai E khdc A. M |a trung diém cla doan thang AD. Dudng thang
BM cat dudng tron (O) tai P khdc B. Gid s cdc dudng thdng EP va AC cat nhau tai N.
1) Chiing minh rang t& gidc APNM ndi tiép va N la trung diém cta doan thang AC.
2) Gia st dudng tron (K) ngoai tiép tam gidc EMN cat dusng thang AC tai Q khdc N. Chidng minh
rang B va Q d6i xing nhau qua AE.
3) Gid st dudng tron (K) cit dudng thdng BM tai M. Chdng minh ring RA vuéng géc RC.
Cau IV. S6 nguyén a dudgc goi la s6 “dep” néu véi moi cdch sdp xép theo thd tu tly y cda 100 so

X

1,2, 3,..., 100 ludn ton tai 10 s6 hang lién ti€p cé téng I6n hon hodc bang a. Tim s6 “dep” I16n

nhét.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x> +4y* =5
4x% +8xy? +5x+10y =1

3
2) Gidi phudng trinh v5x? + 6x + =6L21X—+4X.
5x° +6x+6

Cau |. 1) Gidi hé phuadng trinh {

. Y .- . N , o x*-1 y*-1
Cau ll. 1) V@i x, y la nhitng s6 nguyén thoa man dang thuc > = 3

Ching minh x*> —y*:40.

2) Tim t&t ca céc cdp s6 nguyén (xy) thda man ddng thic sau x* +2x* = y°.

Cau lIl. Cho hinh vuéng ABCD néi ti€p dudng tron (O) P 13 diém thudéc cung nhé AD cla dudng
tron (O) va P khac A, D. Céc dudng thang PB, PC lan lugt cat AD tai M, N. Budng trung truc
clla AM c3t dudng thang AC, PB lan lugt tai E, K. Budng trung truc DN c3t cdc dudng thang
BD, PC Ian Iugt tai F, L.

1) Chiing minh rang ba diém K, O, L thang hang.

2) Ching minh dudng thang PO di qua trung diém cla EF.

3) Gid st dudng thang EK c3t dudng thang FL va AC c3t nhau tai T. BDudng thang ST cat céc
dudng thang PB, PC lan lugt tai U va V. Chldng minh rang bén diém K, L, V, U clung thudc mét
dudng tron.

Cau IV. Chiing minh rang vdi moi s6 tu nhién n > 3 lubn ton tai cdch xép bé n s6 1,2, 3, ..., n

\ A ~ x'+x /. . N ? ~ . . AN . .
thanh b s6 x,, X,, X,, ..., X, sao cho x # > k vdi moi bd chi s8 (:;);k) ma l<i<j<k<n.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

x> +y?—xy=1
Cu l. 1) Gidi hé phuong tinh {© * 7 77V =7,
X+ Xy =2y

2) Giai phudng tAnh 2 (x-+1)vx+1 =(vx+1 +\/1—x)(2—\/1_x2 )

Cau ll. 1) Chdng minh rang khdéng tén tai cdc sé nguyén x, y thoa man dang thic
12x? +26xy +15y% = 4617.

2) Vi a, b Ia céc sb thuc dusng. Tim gid tri I6n nhat cla biéu thic

Cau I1l. Cho hinh thoi ABCD c¢é BAD < 90°. Dudng tron tdm | ndi ti€p tam gidc ABD ti€p xuc Vdi
BD va BA lan lugt tai J va L. Trén dutng thang LJ |4y diém K sao cho BK song song ID.

1) Chiing minh rang CBK = ABI.

2) Chiing minh rang KC LKB.

3) Chiing minh rang bdn diém C, K, | ,L cung nam trén mét dudng tron.

Cau IV. Tim tdp hdp s8 nguyén dudng n sao cho ton tai mét cdch sdp xép céc s6 1;2;3;...;n thanh

a,;a,;a,;..;a_ ma khi chia céc s6 a,;a,a,;a,a,a,;..;a,a,...a_ cho n ta dugc cdc s6 du d6i mot khdc

nhau.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gidi hé phudng trinh (<Y =VX+3Y
x> +y’ +xy=3
2) Vdi a, b la céc sé thuc duong théda man ab+a+b =1. Chdng minh rang:
a b l+ab

1+a° +1+b2 z\/2(1+az)(1+bz)'

Cau ll. 1) Gid sif p va q la céc s6 nguyén t6 thda man dang thuc p(p—l) =q(q2 —1).

a) Chiing minh rang ton tai s8 nguyén dudng k sao cho p-1=kq, g -1 =kp.
b) Tim tat cd cdc s6 nguyén td p, q thda man ddng thic p(p—l) B q(q2 —1).
2) Vi a, b, ¢ la céc s6 thuc dudng thoa man ab +bc + ca + abc = 2. Tim gid tri I6n nhat cla biéu

a+1l b+1 c+1

+ + .
a’+2a+2 b*+2b+2 c*+2c+2
Cau lIl. Cho tam gidc ABC nhon véi AB<AC. Goi E, F lan luct la trung diém cta CA, AB.

—

Dudng trung truc clia EF cat BC tai D. Gid st P nam trong EAF va nam ngoai tam gidc AEF

sao cho PEC = DEF va PEB = DFE. Dudng thang PA cat dudng tron ngoai tiép tam gidc PEF tai
Q khac P.

1) Chiing minh rang E/Q\F _ BAC +EDF.

2) Tiép tuyén tai P clda dusng tron ngoai tiép tam gidc PEF cit CA, AB lan lugt tai M, N. Chidng
minh rang bén diém C, M, B, N cung nam trén mét dudng tron. Goi dudng tron nay la dudng tron
(K)-

3) Chiing minh rang dudng tron (K) tiép xuc vdi dudng tron ngai tiép tam gidc AEF.

thic M=

Cau IV. Cho n la s8 nguyén dudng véi n > 5. Xét da gidc 16i n canh. Ngudi ta mudn ké mdét sd
dudng chéo cla da gidc ma cdc dudng chéo nay chia da gidc thanh didng k mién, méi mién la mot
ngl gidc 16i (hai mién bat ki khéng cd diém chung trong).

1) Chidng minh rang ta cd thé thuc hién dugc véi n=2018, k=672.

2) V8i n=2017, k=672 ta cé thé thuc hién dudc khdng? Hay gidi thich.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh x? —x + 24 +1 = 24/x + 1.
2 :1

2) Gidi hé phudng trinh 1Y 7Y =T .

x> +2y° +2xy =4 +x

Cau Il. 1) Tim t4t cd céc cap s6 nguyén (x;y) thda man (x+y)(3x+2y)2 =2x+y-1.

2) V4i a, b 1a cdc s6 thuc duong thay ddi thdoa man Va+2b =2+ \/g

a b

Tim gid tri nhd nhat cha biéu thic M = + .
\/a+2b \/b+2a

Cau lll. Cho tam gidc ABC cé dudng tron ndi tiép (l) tiép xudc véi céc canh BC, CA, AB lan luct
tai cdc diém D, E, F. Goi K |a hinh chiéu vuéng géc cia B trén dudng thdng DE va M la trung
diém cla doan thang DF.

1) Chiing minh rang hai tam gidc BKM va DEF déng dang vdi nhau.

2) Goi L 1a hinh chiéu cla vudng gdc cla C trén dudng thdng DF va N la trung diém cla doan
thang DE. Chdng minh rang hai dudng thang MK va NL song song vdi nhau.

3) Goi J, X lan lugt la trung diém clha cdc doan thang KL va ID. Ching minh rang dudng thing
JX vudng géc véi dusng thang EF.

Cau IV. Trén mat phang cho hai diém P va Q phan biét. Xét 10 dudng thdng ndm trong mat
ph3ng trén thda man céc tinh chat sau:

i) Khdng cé hai dudng thang nao song song hoac trung nhau.

ii) M&i dudng thang di qua P hodc Q, khéng cé dudng thing nao diquacad P va Q.

H&i 10 dudng thang trén cé thé chia mat phang thanh t6i da bao nhiéu mién? Hay giai thich.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xy(x+y)=2
x3 +y? 4 x%y° +7(x+1)(y+1):31'

2) Gidi phuong trinh 9+ 3,/x(3-2x) = 74/x +5v3-2x.

Cau ll. 1) Cho x, y la céc s6 nguyén sao cho x* —2xy —y?; xy —2y? —x déu chia hét cho 5.

Cau l. 1) Gidi hé phuadng trinh {

Ching minh 2x? +y? + 2x +y cling chia hét cho 5.
2)Cho a,, a,, ..., a, la cdc s6 nguyén thda médn: 1<a, <a,....<a,, <50, a, +a, +....+a,, =100.

Chuiing minh rang tir céc s da cho c6 thé chon dugc mot vai s cé téng la 50.

Cau Ill. Cho ngii gidc 16i ABCDE néi tiép (O) cé CD//BE . Hai dudng chéo CE va BD c3at nhau tai

P. Diém M thubc BE sao cho MAB = PAE . Diém K thudéc AC sao cho MK song song AD, diém
L thudc dudng thdng AD sao cho ML// AC. Budng tron ngoai ti€p tam gidc KBC cat BD, CE tai

Q va S (Q khdc B, S khac C).

1) Chiing minh 3 diém K, M, Q thang hang.

2) Dudng tron ngoai ti€p tam gidc LDE cat BD, CE tai T va R (T khdc D, R khéc E). Ching
minh M, S, Q, R, T cung thudéc mot dudng tron.

3) Chiing minh dudng tron ngoai tiép tam gidc PQR tiép xuc (O)

Cau IV. Cho a, b, ¢ la céc s6 thuc dudng.

Ching minh rang ,/ 20 +,/ be [ L + ! jSZ.
atb Vb+c \JVa+b +b+c
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh —22X*2 . 226+ 5 = 3% + 30.
Vx?+30
X’ +y?=2

2) Gidi hé phuang trinh {(x+2y)(2+3y2 +4xy) _o7

Cau Il. 1) Tim t4t ca cdc cap s6 nguyén thda man: (xz — X+ 1)(y2 + xy) =3x-1.
2) V@i x, y la céc s6 thuc thay ddithdaman 1<y <2 va xy+2>2y.

x> +4

vi+l

Tim gid tri nhd nhat cha biéu thiic M =

Céu lII. Cho hinh vudng ABCD, dudng tron (O) ni tiép hinh vudng ti€p xdc véi céc canh AB, AD
tai hai diém E, F. Goi G |3 giao diém cdc dudng thang CE va BF.

1) Chiing minh rang ndm diém A, F, O, G, E cung nam trén mot dudng tron.

2) Goi giao diém clha dudng thang FB va dudng tron la M (M # F). Chdng minh rang M 1a trung
diém cua doan thing BG.

3) Chdng minh rang truc tdm cha tam gidc GAF nam trén dudng tron (O)

Cau IV. Cho x, Y, z |a céc sb thuc ducng thda man xy +yz+xz =1.

1 " 1
1+y? 1+Z7°

I 2 -
Vi4x2  l+y? J1+22

7, . & 2
Chung minh rang: >—
9 g 1+x° 3
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x* +y*+4xy =8
(x+y)(x2+xy+2)=8'
N27 + X% + X _ V27 +2x
2+\/5—(x2+x) 2++/5-2x

Cau ll. 1) Chdng minh rang véi moi sé nguyén duasng n, ta luén cé

Cau l. 1) Gidi hé phuadng trinh {

2) Gidi phudng trinh

[(27n + 5)7 + 10}7 + [(lon + 27)7 + 5}7 + [(5n + 10)7 + 27}7
chia hét cho 42.
2) V@i x, y la cdc s6 thuc dudng thay d6i thda man diéu kién 4x* + 4y? +17xy +5x+5y >1.
Tim gid tri nhd nhat cta biéu thidc: P =17x* +17y” + 16xy .
Cau lll. Cho tam gidc ABC can tai A, c6 dudng tron ndi ti€p (l) Céc diém E, F theo th( tu thudc
cdc canh CA, AB (E khdc C va A; F khdc B va A) sao cho EF tiép xdc véi dudng tron (l) tai
diém P. Goi K, L 1an lugt |a hinh chi€éu vuéng géc cla E, F trén BC. Gid s FK cat EL tai diém J.
Goi H |a hinh chiéu vuéng géc cla J trén BC.

1) Chiing minh rang HJ |a phén gidc ctia géc EHF.

N <A 7’ 2 v 7z, .7 \ 7, . S S 2
2)Kihiéu S, S, lan lugt |a dién tich cha cdc t giac BFJL va CEJK. Ching minh rang S—l = g:; .
2

3) Goi D Ia trung diém cha canh BC. Chiing minh rang ba diém P, J, D thang hang.

Cau IV. Cho M la tip tat cd 4039 sb nguyén lién tiép tr —2019 dén 2019. Chidng minh rang
trong 2021 s6 d6i mdt phan biét dudc chon bat ki tir M ludn tén tai ba s6 phan biét cé téng bang
0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x> +y>+xy=7

Cau l. 1) Gidi hé phuong trinh :
) - P o {9x3 = xy”’ +70(x—y)

2) Giai phuong trinh: 115 - x +8v2x -1 = 24 +3,/(5-x)(2x-1)
Cau Il. 1) Tim x,y nguyén dugng thda man x’y” —16xy + 99 = 9x* + 36y” + 13x + 26y
2) Véi a,b 13 nhitng s6 thuc dudng thda man 2<2a+3b<5 va 8a+12b<2a’+3b’+5ab+10
Ching minh ring: 3a +8b’ +10ab < 21.
Cau lll. Cho tam giac ABC c¢é BAC I3 g6c nhd nhat trong ba géc clia tam gidc va ndi ti€p dudng
tron (0). Diém D thubc canh BC sao cho AD la phéan gidc BAC. L&y cdc diém M, N thudc (O) sao
cho dudng thdng CM, BN clng song song vdéi dudng thang AD
1) Chiing minh rdng AM = AN
2) Goi giao diém clha dudng thang MN vdi cdc dusng thang AC, AB 1an lugt Ia E, F. Chiing minh
rang bdn diém B, C, E, F cung thudéc mot dusng tron
3) Goi P, Q theo thi tu Ia trung diém cla cdc doan thang AM, AN. Chidng minh rang cdc dudng
thang EQ,FP,AD dbng quy.
Cau IV. Véi a,b,c |1a nhitng s6 thuc dudng thda man a+b +c = 3. Chdng minh rang:

a(a+bc)”  b(b+ca) c(c+ab)

b((ab+2c)2) ’ c((bc+za)z) ’ a((ca+zb)2) =
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
(x+y)(x+1)=4

Cau . 1) Gidi hé phuadng trinh:
aul. 1) Giai he phudng trin {(y2+xy+x+y+5)(x3+y3+12V+13):243

2) Gidi phuong tinh: (x-12)" +(2x-12)" +(24-3x) =0

Cau II. 1) Tim tat ca cdc s6 nguyén duang a, b, ¢ sao cho ca ba s6 4a” + 5b;4b” +5¢;4c” +5a déu
14 binh phuang cla s6 nguyén duong.
2) TU mot bd bén sé thuc (a,b,c,d) ta xay dung bd s6 mdi (a+b,b+c,c+d,d+a) va lién tiép xay

dung céc bd s6 mdi theo quy tac trén. Chiing minh rang néu & hai thai diém khéc nhau, ta thu dudc
cung moét bd sb (cé thé khdc th tu) thi bd sé ban dau phai cé dang ( a,—a,a,—a)

Cau lll. Cho tam gidc ABC cén tai A vdi BAC < 90°. Diém E thuéc canh ACsao cho EAB <90°.
Goi P Ia giao diém cha BE vdi trung truc cha BC. Goi K |a hinh chiéu vuéng géc cha P |1én AB. Goi
Q la hinh chi€u vudng géc cla E 1&n AP. Goi giao diém cla EQ va PK la F.

1) Chidng minh rang bén diém A, E, P, F cung thuéc moét dudng tron.

2) Goi giao diém cla KQ va PE Ia L. Ching minh LA vudng géc LE.

3) Goi giao diém clha FL va AB 1a S. Goi giao diém cla KE va AL |1a T. Lay R l|a diém d6i xdng véi
A qua L. Chdng minh rang dugng tron ngoai tiép tam gidc AST va dudng tron ngoai tiép tam gidc
BPR tiép xuc vdi nhau.

Cau IV. Vdi a, b, c la nhitng sé thuc dudng théa man a+b+c=3.

2
Ching minh rang: 3 1+l+1—1 +12i+3 i+£+i .
a b c abc bc ca ab

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 26



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Gidi phuong trinh 13v5—x +18Vx+8 =61+ x+3,/(5-x)(x+8).
x'+y*+6x°y* =1 (1)
. .
x(x+y) =X-Yy (2)
Cau lll. Tim s6 nguyén dugng n nhd nhat, biét rang khi chia n cho 7,9, 11, 13 dudc céc sé du
tusng Ungla 3,4,5,6.

Cau Il. Gidi hé phuadng trinh:

Cau IV. Cho tam gidc nhon ABC c6 diém P nam trong tam gidc (P khéng nam trén céc canh).
Goi J,K,L 1an lugt la tdm dudng tron ndi tiép céc tam gidc PBC, PCA, PAB.

1. Ching minh rang BJC + CKA + ALB = 450°.

2. Gid sir PB=PC va PC <PA . Goi X,Y,Z lan lugt Ia hinh chiéu vuéng gdc clha J,K,L trén céc
canh BC,CA, AB. Dung hinh binh hanh XYWZ. Chiing minh W nam trén phan gidc BAC.
CauV.Chotip A= {1; 2; 3;...;2021}. Tim s nguyén dudng k 18n nhat (k > 2) sao cho ta cd thé

chon dudc k s phén biét tir tdp A ma téng clha hai s6 phan biét bat ky trong k sé dudc chon

khdéng chia hét cho hiéu cla ching.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Céu l. 1) Vdi a, b, ¢ la cdc s6 thyc théa man a+b+c#0 va (a+b)(b+c)(c+a)=1.

a b l+abc+abl@a+b+c)
2 T - 2 '
a’(a+b+c)+1+abc b*(a+b+c)+1+abc (a+b+c)

Chdng minh rang

x? +4y? +4xy +2x*y? =11

2) Gidi hé phuadng trinh: )
3xy(x+2y)+3l =9x +18y +13xy

Cau ll. 1) Tim x,y nguyén dudng théa man 3*+29=2".
2) V@i a,b,c |a cdc sé thuc dudng théa man diéu kién Z(a +b +c)+ ab+bc+ca=9.

a+1 b+1 c+1

Tim gid tri I6n nhat cta biéu thic M= — +— +— .
a“+10a+21 b +10b+21 c“+10c+21

Cau lll. Cho hinh thoi ABCD ¢ BAD nhon cé dudng tron néi tiép (0). Céc diém M, N lan lugt
thudc cdc canh CB, CD sao cho MN ti€p xtc (O) tai P va tam gidc CMN khéng can. MN 1an lugt
cit AB, AD tai E, F. Goi K, L 1an lugt |a truc tAm cdc tam gidc BME, DNF .

1) Chiing minh OP di qua trung diém | cta KL.

2) Goi H la truc tdm tam gidc CMN. Chdng minh O NEF = —l.
CH 2MN 2
3) Goi EK, FL lan lugt cdt BD tai S,T. NS cat MT tai Q. Dudng tron ndi tiép tam gidc CMN tiép

xic MN vdi tai G. Ching minh PQ song song véi GH.

r .2 2 N ~ ~ 2 ~ a a a
Cau IV. Gid s a,,a,,.....a,y,, la nhiing s6 thyc théa man ——+ ——+..... +—22—=0
+a; 1+a; 1+a5,,
, N, T A a 2a ka 2k +1
Chdng minh rang ton tai sé nguyén k(l <k< 2021) sao cho |——+—%+..... =<
l+a; 1l+a; 1+a; 8
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

6(xy +5)+x’y +5x* =42
x3 +5x%y + 6x +30y =42

2) Giai phudng trinh : (ﬁJﬁ/ﬁ)(Z + 313/(x+6)(3—x)) =24.

Cau ll. 1) Tim tat cd cdc cdp s6 nguyén (x,y) thoa man dang thuc :

Cau l. 1) Gidi hé phuadng trinh {

25y +354x + 60 = 36x% + 305y +(5y —6x)

2) Trén ban c6 8 hdp rdng (trong céc hép khdng cd vién bi nao). Ngusi ta thuc hién cdc 1an thém
bi vao cac hdp theo quy tic sau : mdi lan ta chon ra 4 hdép bat ky va bd vao hdp 1 vién, mbt hdp 2
vién, hai hép con lai mdi hdp 3 vién. Héi s6 1an thém bi it nhat cé thé dé nhan dudc s8 bi 6 8 hdp
trén 13 s8 tu nhién lién tiép?

Céu lII. Cho hinh chif nhat ABCD (AB < AD)ndi ti€p duting tron (O). Trén canh AD I8y hai diém

E va F (E,F khéng triing véi A,D)sao cho E ndm giifa A va F, d6ng thdi ABE + DCF :%Eﬁ

1) Ching minh rang BE va CF c3t nhau tai mét diém nam trén duting tron (O)
2) Budng thing qua O song song vdéi BC cat BE,CF theo th( tu tai M,N.

Ching minh rang DTJ/HXDT\H%K@TD =180°

3) Dung hinh chit nhdt MNPQ sao cho NQ song song vdi BD, déng thdi MP song song véi AC.
Chdng minh rang dudng tron ngoai ti€p hinh chir nhat MNPQ tiép xdc véi dudng tron (O)
Cau IV. Cho a,b,cla nhitng sé thuc ducng.

2a +a+b 6a+2c 4a+3b+c> 32a

Chdng minh rang + + > .
a+b a+c 3b+c b+c 2a+b+c
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a,b,cla nhitng s6 thuc duong théa man diéu kién l+%+1:1. Chdng minh rang
a c

1( 1,1 1 J: abc
2la+bc b+ca c+ab (a+bc)(b+ca)(c+ab)

2x* +3xy+y’> =6
3x+2y+1=2y2x+y+6

Cau Il. 1) Tim t4t cd cdc cap s6 nguyén duong (x;y) théa méan dang thuc

2) Gidi hé phuadng trinh {

(x+y)(5x+ y)3 +xy® = (5x+ y)3 +x%y° +xy*
2) Véi a,b,c la nhitng s8 thuc duong théa man céc diéu kién sau

c<b<a<3b’+2a<10;b’+2a+2c<14

{(a2 +1)(b* +1)+4ab <22’ +2b° +2a+2b’

Tim gid tri 16n nhat cla biéu thic: P = 4a* +b* +2b” + 4c°.

Cau lll. Cho tam gidc ABC nhon, khdng cén, ndi tiép dudng tron (O). Diém P nam trong tam gidc
ABC. Goi E, F 1an lugt |a hinh chiéu vudng géc cla P trén cdc canh CA, CB. Gid st gidc BCEF
ndi ti€p trong dudng tron (K)

1) Chdng minh rang AP vudng géc véi BC

2) Chdng minh rang AP =20K

3) Dudng thang qua P vudng gdéc véi AP cat dudng tron tai hai diém Q, R. Ching minh rang
dudng tron tAm Abdn kinh AP tiép xuc véi dudng tron ngoai tiép AKQR.

Cau IV. Cho céc diém A A,,....,A, theo thi t nam trén moét dudng thang sao cho dd dai cac
doan A A, bang k (dan vi dai), vdi k =1,2,...,29. Ta t6 mau méi doan thang A/A,,...,A, A, bdi 1

k 29" 30
trong 3 mau (mdi doan dudc t6 bdi ding 1 mau). Chdng minh rang véi moi cdch t6 mau,, ta ludén

k+1

chon dudc hai s6 nguyén dudng 1 < j<i<29sao cho hai doan AA . va A/A,,, dugc t6 cling mau

va i — jla binh phuang clia s6 nguyén duang.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Giai phudng trinh: Vx? + 6x+2023 +/x + 3 = V/x? + 5x + 2025 ++/5.
X+06y|(3x+2y)=12

2) Gidi hé phudng trinh: (x+6y)(3x+2v) .

2x% +6y° +15x%y +19y*x + x + 6y =12

Cau ll. 1) Gid st n 13 s6 nguyén sao cho 3n® —=1011 chia hét cho 1008. Chitng minh réng n—1
chia hét cho 48.
2) V4i a, b, ¢ 1a céc s6 dudng thod man diéu kién ab + bc + ca=1.
. 1 1 1
Chidng minh rang: | 1+ 1+ 1+ >4,
d 9 ( 1+a2j( 1+b2][ 1+c2j
Cau lIl. Cho hai dudng tron (O) va (O') ¢6 dinh cdt nhau tai A va B sao cho O nam ngoai (O')

va O' nam ngoai (O) Trén dudng tron (O) |&y diém P di chuyén sao cho P ndm trong dudng
tron (0'). Budng thing AP cit (O') tai C khéc A.

1) Chiing minh rang hai tam gidc OBP va O'BC dbéng dang.

2) Goi Q la giao diém cla hai dudng thang OP va O'C. Ching minh rang 6!??3 + ABP = 90°.

3) L4y diém D thudc (O) sao cho AD vuéng géc O'C. Ching minh rang trung diém clia doan
thdng DQ luén nam trén mdt dudng tron cd dinh khi P thay déi.

Cau IV. Gid st A 1a tdp hdp con cla tdp hgp gom 30 s8 tu nhién dau tién {0;1;2; 3;...;29} sao cho
véi k nguyén bat ky, a, b € A batky (cé thé a =b) thi a + b + 30k khdng la tich cha hai s6 nguyén
lién ti€p. Ching minh rdng s6 phan tu cda tap hgp A nhé hon hodc bang 10.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| PE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Giai phuong trinh: 2x +1+2/4x? +6x = 44/5x - x°
xy(x + y) =30
x> +y? =30+ m
Céu II. 1) Tim t&t ¢4 céc cdp s6 nguyén dudng (x; y) thda mén:
4+ (1+3)(1477)=2°(3' +7" +2)
2) V4i x, y, z la nhitng sé thuc dudng, tim gid tri nhd nhat cda biéu thuc:

2) Gidi hé phuadng trinh: {

xM—x®+3 vy -y +3 2" -z°+3
X2y +zx+zy YZP XYy +xZ  Z°X° +yZ+yx
Cau ll. Cho tam gidc ABC nhon véi AB <AC ndi tiép trong dudng tron (O) cé tiép tuyén tai A
cla (O) cdt BC 8 T saocho TB>BC. Goi P va E lan lugt la trung diém cGa TA va TC.
1) Chiing minh rang t gidc APEB ndi tiép.
2) Goi giao diém thd hai cia AE vdi (O) la F. Lay G thubc (O) sao cho FG song song véi AC.

M =

Ching minh rang ATG = TAF.

3) Goi H la truc tdm cla tam gidc ABC, D la giao diém cla AH va BC. M la trung diém cta BC.
K d&i xiing véi A qua BC. N thudc dudng thang AM sao cho KN song song véi HM. Ly S thubc
BC sao cho NS L NK.Dung R thudc tia AK sao cho AR-AH = AD?. Q |a diém sao cho PQ L AS
va SQ L AO. Chiing minh rdng diém ddi xing cla A qua QR thubc dudng tron dudng kinh DN .
Cau IV. Viét mot tram s6 nguyén duong dau tién 1, 2, 3,..., 100 vao mdt badng 6 vudng kich thudc
10 x 10 mébt cdch tuy y sao cho méi 6 dudgc viét ding s8. Chirng minh rdng ton tai hai 6 ké nhau (
2 6 cd canh chung) ma hai sé viét & hai 6 nay cd hiéu I8n han hodc bang 10.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. 1) Gidi phuong trinh x? —x+2 = 24/x* —=x +1.
2\ 2 + — 1
2) Gidi hé phuong tanh {* Y 7Y 74
3x+y=y*+3
Li gidi
1) Diéu kién xac dinh: x e R.

2
X2 -x+2=2Yx*—-x+1 o x* —x+1-24x*—x+1 +1=0<:>(\/x2—x+1—1) =0
=0
<:>\/x2—x+1=1<:>x(x—1)=0<:>[>< i

X

Vay tap nghiém cla phuong trinh la S = {0;1}.

x2—yi4+xy=1 yi=1-x*-xy y2=1-x*-xy
2) R

=
3x+y =y’ +3 x*+xy—-3x-y+2=0

2 {X:Z—y o

0

e T

y?+2y-3=0 {le
= .

1

5

x=1 =4 L
x=2-y X;
y’-y=0 {X=
y

Vay hé phuadng trinh c¢é 3 nghiém Ia (x;y) € {(1; 0);(1; 1);(5;—3)}.
Cau ll. 1) Tim chif s6 tan cung cla s6 13" +6° +2009%°%,
2) Vi a, b 1a nhitng chir sé thuc dudng, tim gid tri nhd nhat cla biéu thic

a+b

" Ja(4a+5b) + [b(4b+5a)

L&i gidi

1) Ta 6 13° = (13') .13 =3 (mod 10):6° = 6 (mod 10);2009™* = (2009
13" +6° +2009°” =3+6+9 =8 (mod 10).

Suy ra 132 +6° +2009%°% ¢4 tan cung |3 8.

2) Ap dung BDT Cosi cho 2 s6 dudng 9a va 4a+5b ta cé 1/9a(4a+5b) <

)2008

.2009=9 (mod 10);

9a+4a+5b 13a+5b

2 2
< 9o+ 4b+5a _ 13b+5a'
2 2

Ap dung BDT Cbsi cho 2 s6 dudng 9b va 4b+55 ta ¢ 1/9b(4b+5a)
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S P> 3(a+b) L GTNN P b3 L khi b.
uy ra _m—g nén clia ang § Il a=
2

Cau lIl. Cho hinh thoi ABCD. Goi H la giao diém cda hai dudng chéo AC va BD. Biét rang ban
kinh dudng tron ngoai tiép tam gidc ABC bang a va bdn kinh dudng tron ngoai tiép tam gidc
ABD bang b.

AH a
1) Ching minh rang — = —.
) g 98075

2) Tinh dién tich hinh thoi ABCD theo céc ban kinh a, b.
L&i gidi

1) Tam gidc BKO, ddng dang vdi tam gidc O,KA nén L -—L -—L_—tanB,.

Ma tanB, =$ nén Zzgg

2) Theo chiing minh trén, ta cé HB = E.HA.
a

2
Trong tam gidc vuéng BO,H ta cé BH? + O,H* = 0,B” nén b—z.AH2 +(b—AH)2 =b?
a
b2 b?
— AH? +b®> —2bAH+ AH? =b*> & — AH? - 2bAH+ AH* =0
a a’

2 2 2
=2 AH-2b+AH-= 0 (a”+b”)AH=2a’b < AH=—22D _ gy 220"
a’ a“+b a“+b

8a’b’
(a2 +b2)2

Cau IV. Vdi a, b, ¢ 1a nhitng s6 thuc dudng, chithg minh rang

Vay S =2.AHBH =

ABCD

a’ b? c? Jatb+c

+ + >
V332 +8b2 +14ab  /3b? +8c? +14bc  +/3c? +8a% +14ca 5

Lai giai

4a+6b

Ta c6 v3a? +8b? +14ab = \/(3a+2b)(a+4b) < —2a+3b:

4b +6¢ —2b+3c

J3b? +8c +14ch = \/(3b+ 2¢)(b+4c) <
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4c+6a

J3c? +8a% +14ac = \/(3c+2a)(c+ 4a) < =2c+3a.

aZ b2 CZ N a2 b2 C2

+ + > + + .
J3a? +8b2 +14ab  /3b?+8c? +14bc  3c?+8a?+14ca 2a+3b 2b+3c 2c+3a

(a+b+c)2 1 . o )
>—————=—(a+b-+c) (diéu phai chiing minh).
ba+bb+bc b

D&u "=" xay ra khikhi a=b=c.

Tacéd P=
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
M6n: TOAN (VONG 2)
| DE CHINH THUC | Thai gian [am bai: 150 phit

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . 1) Gidi phuadng trinh 14+/x+35 +6yx +1 = 84 ++/x* + 36x + 35.

_ 2
4+ 3 4-l-...+ 2n-1 yil 2
4+1% 443 4+(2n—1) 4n° +1

vdi moi h nguyén dudng.

2) Chiing minh rang

Lai gidi
1) Diéu kién xac dinh: x > —1.
. |Wx+35=a
bat
Vx+1=b

14a+6b—84—ab=O<:>(a—6)(14—b)=O<:>[

(a >0;b> O), phuang trinh trd thanh

-6 -1
@ {x (thoa man).

S
b=14 x =195
Vay phuadng trinh cé tap nghiémla S = {1;195}.

2) Dung phudng phap quy nap toan hoc.

2

e V@in=1 didng. Gid sirding vdi n=k,tacé S, = . ta phai chiing minh ding vdi

k?+1
o (k+1)
n=k+1,nghiala S, =——7-—.
4(k+1) +1
2
XétSk+1=SK+2(k+1)_14<:> (k+12 _ ,;z +2(k+1)—14
4+(2k+1)" 4(k+1) +1 4k” +1 4+(2k+1)
(k+1)’ K 2k+1
a(k+1) +1 4K +1 4y (2k+1)"
(k+1) 2 (k+1)2(4k2+1)—k2[4(k+1)2+1)}
Tacé ! — = .
a(k+1) +1 4K +1 4(kr 1) 1)k 1)
4K 48K +4K% + kP +2k+1 -4k -8k® —4k® —k*  2k+1

— (diéu phai chiing minh).

16k* +32k® +24k? + 8k +5 _4+(2k+1)

Cau ll. 1) Tim s& nguyén dudng n sao chotdtcad cdcsé n+1,n+5 n+7,n+13,n+17,n+25,
n+37 déu la nguyén té.
2) Mébi 1an cho phép thay thé cap s6 (a;b) thudc tdp hgp M = {{16;2};(4;32);(6;62);(78;8)} bang

c3p sb (a +cb+ d) trong dé c3p s6 (c;d) cling thuéc M. Hdi sau mdt sé hitu han Ian thay thé ta
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c6 thé nhan dugc tap hop céc cdp s6 M, ={(2018,702);(844;2104);(1056;2176);(2240;912)}

hay khong?

L&i giai

1) V38i n <6 khdng cd s6 nao thod man.

V3Ei n=6 thod man.

V&i n>6,n cd dang ne {7k 7k +1;7k + 27k + 3; 7k + 4;7k + 5,7k + 6} (k c N*).

n=7k thin+7:7.
e n=7k+1 thin+13:7.
e n=7k+2 thin+5:7.
e n=7k+3 thin+25:7.
e n=7k+4 thin+17:7.
e n=7k+5 thi n+37:7.
e n=7k+6 thi n+1:7.
V4y chi cé duy nhat n =6 thod man dé bai.
2) Tathdy a—b:7; (a+c)—(b+d)=[(a—b)+(c—d)]s7.
Ma 2014 -844 =1170 khdéng chia hét cho 7 nén sau mdt s6 hiru han 1an thay thé ta khdng thé
nhan dudgc tap hgp céc cip s6 M, = {(2018;702);(844;2104);(1056;2176);(2240;912)}.

Céu lll. Cho duting tron (O) va (O') cit nhau tai hai diém A va B. Trén dutng thing AB ta ldy
mot diém M bat ky sao cho diém A nam trong doan BM (M A A) . TU diém M ké t8i dusng tron
(O’) céc tiép tuyén MC va MD (C va D la céc tiép diém, C nam ngoai (O)). Pusng thang AC
cat 1an th hai dutng tron (O) tai diém P va dudng thdng AD cat 1an th hai dudng tron (O) tai
Q. Busng thang CD c3t PQ tai K.

1) Chiing minh rang hai tam gidc BCD va BPQ déng dang.

2) Chdng minh rang khi M thay ddi thi dudng tron ngoai tié€p tam gidc KCP ludn di qua diém cé
dinh.

Lgi giai
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Q
1) Tacé DCB =DAB (cung chan cung BD); DAB = 6}3\8 (cung chan cung BQ)
—DCB=QPB. (1)

Lai cé ﬁz% (cung bu vdi [TAE); EATQ =l§35 (cung chan cung PQ)
—DBC=PBQ. (2

Tir (1) va (2) suy ra ABCD«>ABPQ (g.9).

2) Theo chiing minh trén thi DCB = CTP\B nén t gidc KPCB néi ti€p nén dudng tron ngoai ti€p
tam gidc KCP luén di qua diém B cd dinh khi M thay déi.
Cau IV. Gid sU x, y, z la nhitng s& thuc thod man diéu kién 0<x,y,z<2 va x+y+z=3. Tim gid

tri nhé nhat va I8n nhat cda biéu thic M = x* +y* + z* +12(1—x)(1—y)(1—z).

Lgi giai

Pitl-x=al-y=b;1-z=c thi a+b+c=0 nén a>+b>+c®>=3abc va -1<a;b;c<1.

M=(1-a)" +(1-b)' +(1-c)' +12abc
=a4+b4+c4—4(a3+b3+c3—3abc)+6(a2+b2+c2)—4(a+b+c)+3
=a4+b4+c4+6(a2+b2+c2)+3.

Ap dung BDT Bunhiacopsky cho 2 day a; b;c va 1;1;1 ta cé 3(a2 +b? +c2)2(a+b+c)2 =0

Do dé a’ +b*+c?>0. Ddu "=" xdy ra khi a=b=c=0.

Ap dung BDT Bunhiacopsky cho 2 day a; b% c? va 1;1;1 ta cé

3(a4+b4+c4)2(a2+b2+c2)2=O

Do dé a* +b* +c* >0. Ddu "=" xdyrakhia=b=c=0.

Vdy M>3 hay GTNN cla M bang 3 khia=b=c=0<x=y=z=1.

M3t khéc a* +b? +¢? :(1—x)2+(1—y)2+(1—z)2 :3—2(x+y+z)+x2+y2+z2 =x2+y?+2°-3.
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Gidsir 0<x<y<z<2;tacé x2+y2+22—3=(x+y)2—2xy+zz—3(3—z)z+zz—3=222—62+6.
3 3

x2+y2+22—3=222—62+6=2(z—§j +§S2 Vi0<z<2suyraa’+b*+c?<2.

Ta cé a’; b%; c? GI:O;].] nén a* +b* +c* <a’+b’+c’suyra M£7(az+b2+c2)+3£17.

Vay GTLN cla M bang 17 khi (a;b;c) = (—1;0;1) va cac hoan vi hay (x;y;z) = (0;1;2) va cac hodn

Vi.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TY

HA NOI _ NHIEN
NAM HOC 2010 - 2011
[ BE CHINH THUC | Mén: TOAN (VONG 1)

Thai gian lam bai: 150 phat
(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x* +8y% +12xy =23

2

Cau |. 1) Gidi hé phuadng trinh 5
X +y =2

2) Gidi phuong trinh v2x+1 +3v4x? =2x +1=3++/8x + 1.
Lai giai

1) Cbéng hai vé cta hé ta dudgc (2x+3y)2 =25 2x+3y =45

_x:yzl
7
X=—
13
{2x+3y:5 17
x> +y* =2 Y=13
= Y S 13 .
{2x+3y:—5 x=y=-1
2 2
X‘+ys=2 x:—l
13
__v
13
7 17 7 17
Vay hé phuadng trinh cé nghiém la ( x; L1)(-L-1); ——= ;| ——;——|}.
ay hé phuadng trinh cé nghiém a(xy)e{( )( )(13 13]( 13 13}}
A A 1
2) Diéu kién xZ—E.
x=0
\/2x+1=a(320) b=1= 1
bat , ta ¢6 phudng trinh (1—b)(a—3) =0 X==
4x* -2x+1=b(b>0) 2

Vay phuadng trinh cé tap nghiém la S = {0;%;4}.

Cau Il. 1) Tim t4t ca cdc sé nguyén khéng 4m (x;y) thod man dang thuc
(1+x2)(1+y2)+4xy+2(x+y)(1+xy) =25,
2) V38i mbi s6 thuc a, ta goi phdn nguyén cla s6 a la sé nguyén I8n nhat khéng vudt qud a va ky

7 n4n+l|

. 3
hiéu la | a|. Chdng minh rang véi moi n nguyén dudong ta lubncd | —+—+...——————
ula [a] E g gty g L.z 23" "n(n+1)

Lai giai

1) Tacé (1+x2)(1+y2)+4xy+2(x+y)(1+xy)=25<:>(xy+1)2+2(><+V)(1+><V)+(><+Y)2 =25
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<::>(xy+1+x+y)2 :25<::>(x+1)(y+1)2 =25.
Vi x, y khéng am nén (x+1)(y+1)=5 tacé (x;y) € {(0;4);(4;0)}.

LK rk+l K k+1 k1 . 1 1 .

2) Xet k(k+1) _k(k+1)+k(k+1)_k+1+k_1 k+1+k(kEN)'
Thay k 1an lugt tir 1 dén n, ta cé

3 7 n?+n+1

—t—t.—

12 23 " n(n+1)

Céu lIl. Cho duting tron (O) vdi duting kinh AB =2R. Trén dudng thing ti€p xtc vdi duting tron

= n+1—L —ln+—2|=n (diéu phai chitng minh).
n+1 n+1

(O) tai A talay diém C sao cho ACB = 30°. Goi H la giao diém th( hai cia dusng thang BC véi
dudng tron (O)

1) Tinh @6 dai dusng thang AC, BC va khodng cich tir A dén dudng thang BC theo R.

2) V38i mbi diém M trén doan thdng AC, dudng thdng BM cat dudng tron (O tai diém N (khdc B).

Chidng minh rang bdn diém C, M, N, H nam trén cung mdt dudng tron va tdm dudng tron dé ludn
chay trén mét dudng thang c6 dinh khi M thay ddi trén doan thdng AC.

L&i gidi
C
iy
.
M \\H'
I e
.// Hﬁ.\_&\x\q‘.’ : S
7 A
s k™
f‘l // - H‘m\ \\ \‘
IHI.-' # \ W
\_\‘\ \
4 0 B
—— AC —— AB AB

=4R,

1) Ta cé cotACB =" < AC = AB.cot30° = 24/3R; sinACB = 2= = BC = —
AB BC sin30°

12= 12+ 12_ 12+ 12= 12:AH:R\/§.

AH?  AB2 AC? 12R? 4R’ 3R

2) Tacd ACB = HAB (cung phu Vvdi 6_41\—4).

M3 HAB = HNB (cung bang % s6 do cung HB); HBN = ACB.
TU d6 t gidc CMNH néi tiép. TAm dudng tron ndi tiép CMNH thudc trung truc cia HC c¢é dinh.

Cau IV. Véi a, b 1a céc s6 thuc thod man dang thuc (1+a)(1+b) =%, hay tim gid tri nhd nhat cha

bidu thic P =v1+a* +1+b*.
L&i gidi
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Ap dung bat dang thdc BunhiacSpxki cho hai bd sé (a2 +1) va (L,4), tacd
2
17(a* +1) 2 (a? +4) o Jat 1224
o)) -

Ap dung bat dadng thiic Bunhiacépxki cho hai bd s6 (bz;l) va (1;4), ta cé

D&u "=" xay ra khi a :%.

2
17(b4 +1)2(b2 +4)2 ot 12214 payroe x3y ra khi b=l
17 2
2 2
Suyra P> M.
17
Mat khdc tir gid thiét, tacé a+b+ab = %
a’ +12 a
4
Lai 4p dung bat d3ng thic Cési ta cd: {b? +% >b
2 2
a“+b > ab
2
<:>§(a2+b2)+12(a+b+ab)=5@a2+b2 -1
2 2 4 2
Dau " =" xay ra khi a=b=%.
l+8 J17
Dods P>2 V7
17 2
A 2 & \/ﬁ .
Vay GTNN cua P bdng - khia=b==.
-------------------------------- [
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . 1) Gidi phuadng trinh Ix+3++/3x+1=4.
5x% + 2y’ +2xy =26

2) Gidi hé phuadng trinh {3x+(2x+y)(x—y) 11

Lai gidi
A a 1
1) Diéu kién: x > ~3

V@i x =1 la nghiém cla phuadng trinh.
V@i x >1 vé trdi I6n han 4. Phudng trinh v6 nghiém.
V@i x < 1, vé trdi nhd hon 4. Phudng trinh vd nghiém.
Vay nghiém cla phuadng trinh la x =1.
5x* +2y* +2xy = 26 5x’ +2y* +2xy =26
) {3><+(2><+V)(><—V)=11.<:> {3x+2x2 —2xy +xy—y? =11

= 5x% +2y? +2xy+2(2x2 +3x-y? —xy):48

5x° +2y° +2xy =26
2x° +3x—y? —xy =11

X=2
&SI +6x-48=0< 8.
X=——
3
_1
Véi x=2, tacé: 2.22+3.2—y2—2y =11 y?+2y-3=0<| © .
y=-

2
Vi x=—§, ta cé 2(—%} +3(—§j—y2 +§y:11<:>y2 _§V+A;)_3:0 (v nghiém).

Véy nghiém ctia hé phuong trinh Ia (x;y) {(2;1);(2;—3)}.

Cau Il. 1) Tim tat ca céc s6 nguyén dudng n dé n” +391 I3 s8 chinh phuong.
2) Gid sU x, y, z la nhitng sé thuc duong théa man diéu kién x+y+z=1.

XY +Z +1/2X + 2y? 51
1+\/§

Chdng minh rang:

L& gidi
1) Gia st n”* +391 =2a” véi a nguyén dudng.
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n+a=1 n=-195
i n-a=-391 a=196
Taco (n—a)(n+a):—391<:> IS .
n+a=391 n=195
n-a=-1 a=196

Vay s6 nguyén duong n thoéa man dé baila 195.

5 , XY +Z 42X +2y° \/XV+Z(X+y+Z)+x+y
) Tacéd >
1+\/; 1+\/;

(x+z)(y+z)+x+y> Xy +Z+x+y _

> >
l+\/E 1+\/E

Dau"=" xdyrakhi x=y=z=

1.

1
3
Cau lll. Cho tam gidc ABC c6 ba géc nhon va M |a diém nam trong tam gidc. Ki hiéu H 1a hinh
chiéu cia M trén canh BC va P, Q, E, F Ian Iugt |a hinh chi€u ctia H trén céc dudng thang MB,
MC, AB, AC. Gid st bén diém P, Q, E, F thdng hang.

1) Chiing minh rdng M la truc tdm cla tam gidc ABC.

2) Ching minh rang BEFC 13 t& gidc ndi tiép.

L&i giai

Ma l:l; 26\1 (cung phu vdi CTH\C) va l:l\l =C/?\1 nén CM//EH = CM 1L AB tudng tu BM 1L AC.

Vay M la truc tam cla tam gidc ABC.

2) Tacéd EBH = HPF (cung bu vdi l—ﬁ); HPF = PFA = EBH = PFA.

VAay t gidc BEFC ndi tiép.

Cau IV. Trong day s6 gom 2010 s6 thuc khdc O dudc sap xép theo thi tu a,, a,, a,, ..., a,,,, ta
ddnh dau tat cd cdc s6 ducng va tat ca cdc s6 ma téng cha né véi mét s6 lién tiép lién ngay sau né
13 mét s6 duong. Chiing minh rang néu trong day sé da cho cé it nhat mot s6 dudng thi téng cla
tat cd cdc s6 dudc danh dau |a mét s6é duong.

L&i gidi
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Sé céc s6 dude danh dau > 1.

Néu tat ca cdc s8 dudc ddnh du Ia s6 dudng ta cd diéu phai chiing minh.

Néu cdc s6 ddnh ddu cé s6 am gid sif la a, this6 a_, la s6 dudng cling dugc danh dau va
a_+a_ ., >0, moisd am déu cé sb cd tong duadng, cac cap s nay khéng trung nhau.
Véy téng céc sé dudc danh dau la duong.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

—_
X
|
=
~—~—
<
N
+
X
+
<
|
w

Cau l. 1) Gidi hé phuadng trinh {

2
2) Giai phudng trinh 1/><+§= X+7
X 2(x+1)

L&i gidi

1) Ta o6 {(x—l)yz+x+y:3®{(x—l)y2+(x—1):2—y (x—l)(y2+1):2—y

(y—2)x2+(y—2)=x—1<:> (y—2)(x2+1):x—1~
. Néux>1th‘|(x—1)(y2+1)>0 nén2-y>0sy<2.

(y—2)x2+y=x+1

M3t khdc x >1 thi (y—2)(x2+1)>0:>y>2.
Do d6 hé phuong trinh vo nghiém véi x > 1.

e Néu x<1 thi (x—l)(y2+1)<0 nén2—-y<0sy>2.
Mat khdc x <1 thi (y—2)(x2+1)<0:>y<2.

Do d6 hé phuang trinh vé nghiém véi x < 1.
e NEux=1thiy=2.
Vay hé phuadng trinh ¢ nghiém duy nhéat (x;y) = (1;2).

2) Diéu kién x > 0.

Phudng trinh tusng dudng vdi 2(x + 1)1 fx +E =x*+7.
X

Chia hai vé cho x =0, ta dugc

2(1+1),fx+§:x+Z<:>(x+§]—2[1+lj,/x+§+£=0@(1/x+§—2J[4/x+§—3]=0.
X X X X X X X X X X

/ =1
Trudng hgp 1: x+§=2<:)x+§=4:x2—4x+3=0<:{>< 3 (thod man).
X X X=

Trudng hgp 2: 1/x+E :z:>x+§:i2:>x3+3x—4:0<:>x:l (thod man).
X X X X

Vay tap nghiém cla phuong trinh la S = {1;3}.

Cau ll. 1) Chdng minh rang khéng toén tai cdc bd ba sé nguyén (x;y;z) thda man dang thuc:

x*+y* =7z +5.

2) Tim t4t ca cdc cap s6 nguyén (x;y) thda man dang thuc (x+1)4 —(x—l)4 =y
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Li giai
1) Gia sUr ton tai cdc s6 nguyén x, y, z théaman x* +y* =7z +5 o x* +y* +z* =8z* +5.
. . o {x4+y4+z450,1,2,3(mod8)
Tacd a” =0 hoac 1 (mod 8) v8i moi sd nguyén a = .
8z* +5="5 (mod 8)

Vay khéng ton tai (x; y;z) thda man dang thuec.
2) Phudng trinh tuong duong vdi 8x> + 8x = y°.

e Né&u x>1 thi 8x® <8x®+8x < (2x+1)3 = (2x)3 <y?< (2x+1)3 (mau thudn vi y nguyén).

e NéEux<-1va (x;y) la nghiém thi (—x;—y) cling la nghiém. Ma —x >1 nén mau thuan.

e Néu x=0=y=0 (thod man).
Vay phuang trinh c6 nghiém nguyén duy nhét Ia (x;y) = (0;0).
Cau I1l. Cho hinh binh hanh ABCD véi BAD < 90°. Pusng phan gidc cla BCD cit dudng tron ngoai
tiép tam gidc BCD tai O khdc C. Ké dudng thang d di qua A va vudng géc véi CO. Dudng thang
d 1an lugt cit cdc dusng thang CB, CD tai E, F.
1) Chidng minh rang AOBE = AODC.
2) Ching minh rang O 13 tAm dudng tron ngoai tiép tam gidc CEF.
3) Goi giao diém cha OC va BD la I, chdtng minh rang IB.BE.El = ID.DF.FI.
Li giai
1) T’ gidc OBCD néi tiép va CO Ia phan gidc BCD nén
OBD =0CD =OCB =0DB,
Suy ra tam gidc OBD cén tai O, do d6 OB=0D. (1)

T& gidc OBCD nbi ti€p nén ODC = OBE (ciing bl Vi
0BC). (2)

Trong tam gidc CEF cé CO viua la dudng cao vlua la
dudng phéan gidc nén tam gidc CEF cén tai C.

Do AB//CF = XETB:,H:E:E/ATB, suy ra tam gidc ABE
can tai B nén BE=BA=CD.  (3)

Tir (1),(2) va (3), suy ra AOBE = AODC (c.g.c).

2) Tu AOBE =AODC = OE =0C.

Ma CO la dudng cao tam gidc can CEF, suy ra OE =OF.

TU d6 OE = OF = 0OC, vay O la tdm dudng tron ngoai tiép tam gidc CEF.

3) Theo trén, ta c6 BE=CD ma CE=CF= BC=DF.

Ta cé Cl la dusng phan giac lif) nén B =§ =E = IB.BE =ID.DF.
ID CD BE

Ma CO la trung truc EF va | e CO, suyra IE = IF.

TU hai dang thic trén, suy ra IB.BE.EI = ID.DF.FI.
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Cau IV. Vdi x; y la nhitng s8 thuc duong, tim gid tri nhd nhat cla biéu thic

3 3
Pz\/ 3x 3+ 4y 3°
x> +8y y3+(x+y)
Lai giai

x> x?
Ta chdng minh > . 1
9 x> +8y®  x*+2y? ( )

3 4
X X
>

x*+8y” (x2 +2V2)

Ta cé: (1) = ~ o (x2 +2y? )2 > x(x3 + 8y3) o 4x*y? +4y* > 8xy?

< AxPy? +4y* —8xy® > 0 < 4y? (x2 —2xy + VZ) >0 < 4y’ (X —Y)2 >0 (dung).
3 2

Ta chiing minh 14 > Y 2
a chiing min EN Y (2)

Ta cé: (2)<:> v’ = v - <:>(x2 +2y2)2 Zy[y?’ +(x+y)3}
y3+(x+y) (x2+2y2)

3

=3 (x2 +2y2)2 —y* > y(x+y)3 =3 (x2 +y2)(x2 +3y2) > y(x+y)
Lai cé: x? +y? 2%(x+y)2 va x> +3y? =x% +y? +2y° > 2xy + > =2y(x+y)
= (x2 +y2)(x2 +3y2) 2%(x+y)2.2y(x+y) = y(x+y)3 = (2) dung.

T (1) va (2), suyra P>1.

D&u " =" xay ra khiva chi khi x =y.
Vay GTNN cla P bang 1 khi x=y.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Giai phuong trinh (m —&)(\/E+ 1) -1,

A Xyt =20y
2) Gidi hé phudng trinh Y -
(x+y)(1 —xy) =4x°y
LaGi gidi
1) Diéu kién xdc dinh: 0 <x <1.

(\/E—&)(\/En)zlgﬁ(@u):l@?{m“):mﬂ&
Néu 0<x<1 thi 3(\/§+1)>3 va x4+ 3 ++/x <4 +4/1=3.

Do d6 phuadng trinh vé nghiém véi 0<x<1.

V4di x =1 la nghiém cla phuadng trinh.

Vay phuong trinh da cho cé nghiém duy nhat x=1.
2) Xét x =y =0 la nghiém cla hé phudng trinh.
Xét x#0, y #0 hé phudng trinh tuong dudng vdi

X1 i 1 = x1 i 4l ><1 i 1 1 2
[—+—J(1+—j:4 (—+—](2+—j:8 —+—j{—2+—2+—]=8
Xy xy Xy xy X Y)\X y Xy
iz+i2=2 i+i:2 i:l

% x>y Xy
& = = Sx=y=1

3

1 1 1 1 1 1 1 1

—+=| =8 —+—== —+—==

Xy Xy 2 Xy

2
Vay hé phuadng trinh cé hai nghiém la (x;y) € {(0;0);(1;1)}.

2

Cau Il. 1) V38i mbi s6 thuc a ta goi phan nguyén cla a la sé nguyén I8n nhat khéng vuct qud a va

2
ky hiéu la [a]. Chdng minh rang vdéi moi sé nguyén dudng n, biéu thuc n+hn—% +%} khdéng
biéu dién dudc dudi dang Iap phudng cliia mét s6 nguyén duong.
2) VGi x, y, z la céc s6 thuc duong théa man dang thic xy +yz+zx =b5.
3x+3y+2z

\/6(x2 +5) +\/6(y2 +5) VI
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Lai giai

1) BDat K= ,?’/n—i+l .Vin>1 nén K>1.
27 3
3 3
Tacd Ks,3fn—i+l<K+l<:> K—l Sn—i< K+3
27 3 3 27 3
B 4

<:>K3+§£n+K2 <K3+2K2+%K+%<:>K3 <n+K? <(K+1)3.

2
Suyra n+K? = nJ{?/n—% +%:l khéng biéu dién dudc dudi dang Iap phudng cla mét s6 nguyén

duagng.
2) Tacé \/G(XZ +5) +\/6(y2 +5) +NZ2+5 = \/6(x+y)(x+z) +\/6(y+z)(y+x) +\/(z+x)(z+y)

. 3(x+y)+2(x+z)+3(x+y)+2(y+z)+(z+x)+(z+y) _9x+9y+62 =§(3x+3y+22).
2 2 2 2 2
3x+3y+2z

\/6(x2 +5) +\/6(y2 +5) V245

Diu "=" xadyrakhi x=y=1,2z=2.

2
Suyra P= >—.
Y 3

Vay GTNN cla P bang % khix=y=12z=2.

Cau lll. Cho hinh thang ABCD vdi BC song song AD. Céc gdc BAD va CDA la cic gdc nhon. Hai
dudng chéo AC va BD citnhautai |. P |a diém bat ky trén doan thang BC (P khéng trung vdi
B; C). Gia s dudng tron ngoai ti€p tam gidc BIP cat doan thang PA tai M khdc P va dudng tron
ngoai ti€ép tam gidc CIP cit doan thang PD tai N khac P.
1) Chiing minh rang nam diém A, M, I, N, D cung nam trén mdt dudng tron. Goi dudng tron nay |a
(K)-
2) Gia sl cdc dudng thang BM va CN cat nhau tai Q, chiing minh rang Q cling nam trén dudng
tron (K)

PB BD

3) Trong trudng hdp P, |, Q thang hang, ching minh rang — = —-.
) g g hap Q g hang g 9 5C=CA

L&i gidi
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1) T& gidc BPIM nditiép va AD//BC, suy ra MAD = BPM = BIM
nén t gidc AMID néi tiép.

Tuong tu td gidc DNIA ndi tiép.

Vay céc diém A, M, |, N, D thuéc mdt dusng tron (K)

2) Do cdc t¢ gidc BPIM va CPIN ndi tiép nén ta cé 4
6[\7! _BPI = E\Nl suy ra t gidc MINQ ndi tiép.

Ma M,|,Ne (K) suy ra t& gidc MINQ ndi ti€p dudng tron (K)
Véay Q thubc dudng tron (K)

3) Khi P, I, Q thdng hang, két hdp véi Q thudc dudng tron (K)

ta c6 AIQ = PIC (d6i dinh); PIC = PNC (do tf gidc NIPC noi

tiép).

PNC = QND (d6i dinh); QND = QID (do ttf gidc INDQ ndi tiép).

Suy ra Kl(\Q = 6’5 = 1Q la phan gidc DIA nén IP I3 phéan giac BIC.
PB 1B ID IB+ID BD _PB BD

Dodé —=—=—= =—=>—=—
pPC IC IA IC+IA AC PC CA

Cau IV. Gid st A la mot tip con cla tip cdc sé tu nhién N. Tdp A cé phan t&f nhd nhat 1a 1, phan

t 16n nhét Ia 100 va mdi x thudc A (x 1) lubn tén tai a; b ciing thuéc A sao cho x=a+b (a

c6 thé bang b). Hay tim mot tdp A c6 s phan t nhd nhét.

Lai giai
Gid sif A c¢é n s6, ching ta xép chiing theo thi tu 1 =x, <x, <x, <..<x_=100. (1)
Suy ra véi mdi k € {1;2;3;..;n -1} ta cé x,,, =X +X; <X, +x, =2x, Véi 1<i, j<k. (2)

Ap dung két qua (2) tathu dugc x, <1+1=2;x, <2+2=4;x, <8 x, <16; x; <32; x, <64.
Suy ra tdp A phai cé it nhat 8 phéan t.

+) Gid st n=8= x, =100.

Vi x, +x,<32+64 =96 = x, =2x, = x, =50.

Vi X, +x,<16+32=48= x, =2x = x, = 25.

Vi x, +x, <8+16=24<25= x, =2x, = X, =2—25 (mé&u thuan).

+) n=9 ta cd tap {1;2;3;5;10;20;25;50;100} théa man yéu ciu bai toan .
Vay n=9.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gidi phudng trinh Vx+9 +2012Vx+6 =2012 + (x+9)(x+6).

2) Giai hé phudng trinh {xz tyi+2y=4
2x+y+xy=4

Li giai

1) Diéu kién x > —6.

Ta c6 V/x+9 +2012v/x+6 = 2012 +,(x+9)(x +6)

PN (ﬁ—2012)(ﬁ—1)=0

Jx+9-2012=0 |+/x+9=2012 {x=4048l35
fg = = .
Jx+6-1=0 Jx+6 =1 x=-5

Vay tap nghiém cla phuong trinh la S = {—5;4048135}.

2
2) Ta 6 {X2+V2+2V:4@ Xy +1) =5 .
2x+y+xy =4 x(y+1)+x+(y+1)=5
Pt uz><+(erl):>x2+(y+1)2=(x+y+1)2—2x(y+1)=u2—2v.
) v=x(y+1)
{U:B
Ta cé hé phuong trinh {uz _ZV:5<:> v=2 )
u+v=>5 u=-5
{v=10
x=y=1

= x+y+1=3
Trudng hgp 1: {u 3 :{ Y
v

x(y+1)=2<:> {x:é

u=-5 {x+y+1:—5

= vO nghiém).
v=10 x(y+l)=10( ghiem)

Trudng hgp 2: {
Vay hé phuang trinh ¢é hai nghiém (x;y) e {(1;1);(2;0)}.
Céu II. 1) Tim t4t ¢4 céc c3p s6 nguyén (x;y) thda méan déng thic

(x+y+1)(xy+x+y)=5+2(x+y).
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2) Gia s (x;y) 13 céc s6 thuc dudng thoa man diéu kién (\/;+1)(\/;+1) > 4. Tim gid tri nhd nhat

2 2
cta bidu thie P =2+ Y.
y X

Lai giai
1) Tacé (x+y+1)(xy+x+y):5+2(x+y)
<:>(x+y+1)(xy+x+y):2(x+y+1)+3

<:>(x+y+1)(xy+x+y—2):3

4

= x+y+1 la udccaa 3.

(vG6 nghiém).

1=1 =0
Trudng hgp 1: {x+y+ @{x+y

Xy+x+y—-2=3 xy =5

S x=y=-1.

1=-1 =-2
Trudng hgp 2: {x Ty & {XJFV

Xy+Xx+y—-2=-3 xy =1

o x=y=1

xy =1

1=3 =2
Trudng hgp 3: Xy & xry
xy+x+y-2=1

(v6 nghiém).

1=-3 =-4
Trudng hdp 4: {x A IS {x+ 4

Xy+x+y—-2=-1 xy =5

Vay phudng trinh cé hai nghiém nguyén la (x;y) € {(_1;_1);(1;1)}_
2) Tacé (\/;+1)(\/;+1)24<:>\/;+\/;+\/;23.

Ap dung bt diing thic Csi, ta ¢ 3 </xy +/x +4fy < xty x+1 y+l

2 2 2

=>X+y =2

2 2

Lai cé: x—+y22x va y—+x22y.
y X

2 2

Suy ra P:X—+y—2x+y22.
y

X
Vay gid tri nhd nhatclda P la 2 khi x=y =1.

Cau lll. Cho tam gidc nhon ABC ndi ti€p dudng tron tdm O. Goi M |la mot diém trén cung nhd BC (M
khdc B; C va AM khéng diqua O). Gid st P la mdt diém thudc doan thdng AM sao cho dudng tron
dudng kinh MP cat cung nhd BC tai diém N khdc M.

1) Goi D la diém d6i xing vdéi diém M qua O. Chiing minh rang ba diém N, P, D thdng hang.

2) Dudng tron dusng kinh MP cat MD tai diém Q khdc M. Chdng minh rang P la tAm dudng tron

ndi ti€p tam gidc AQN.
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Lai giai

D

\ A
O¢
/Q
B&WC

M N
1) Vi MP la dudng kinh suy ra PN L MN. (1)
Vi MD 13 dudng kinh suy ra DN L MN. (2)
TU (1) va (2) suy ra N, P, D thang hang.
2) Tt gidc APQD nbitiép (do PQD = MAD = 90°) nén PAQ = PDQ = NDM. (3)
Xét (0), ta c6 NDM = NAM. (4)
Tu (3) va (4) suy ra !{ATQ = w = AP la phan gidc ctia géc I\TA\B (*)

Xét (O) tacé KI\WD =m.

Xét dutng tron dudng kinh MP cd6 6!\_/1\!3 = Q/I\FD = A/I\FD = Q/I\WD

— NP I3 phan gidc cia ANQ. (**)

TU (*) va (**), suy ra P la tdm dung trdn ni tiép tam gidc ANQ.

Cau IV. Gid s a, b, ¢ 1a cdc s6 thuc duong thdoa man a<b<3;c>b+1;a+b>c. Tim gid tri nhd

2ab+a+b+c(ab—l)

nhéat cda biéu thic Q = (a+1)(b+1)(c+l) .

Lai giai
(abc+ab+ac+a)+(abc+bc+ba+b)—(abc+ca+cb+c)

Taco Q= (a+1)(b+1)(c+1)

:a(b+1)(c+1)+b(c+1)(a+1)—c(a+1)(b+l): a_ b ¢ .
(a+1)(b+1)(c+1) a+l b+1 c+1
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b C 1 2 3 5
+ - > + - =—.
a+l b+1 c+1 1+2 1+2 1+3 12
Bat dang thuc trén tusng ducng vdéi

Ta chdng minh rang

e iy ey
- (3_C)[4(C1+1) _ 3(b1+1)]+[(3_C)+(b_2)}{3(b1+1) - 2(11+a)]

[(3-0)+(b-2)+(e-1)] 5770

2(1+a)
N 3b-4c-1
Vic>3,0<b<c nén (3_C)'12(b+1)(c+1)20' (1)
Vib+1<c 0<a<b nén (b+1—c).ﬁzo. (2)
+1)(a+
Via+b>c 0<a nén (a+b—c).2(1 1)20. (3)
a+

Tur (1),(2) va (3), suy ra diéu phai ching minh.

Vay gid tri nhd nhatcda Q 1a % khia=1b=2c¢c=3.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
xy(x + y) =2

Cau l. 1) Gidi hé phuadng trinh )
{9xy(3x - y) +6=26x°-2y°

2) Giai phugng trinh (m—z)(\/ﬂ+ 2) - 2x.

L&i giai
xy(x+y)=2 xXy(x+y)=2
1) Tacé ( ) & ( )
9xy(3x—y)+6 =26x> -2y x> +y?+6=27x>-y? —9xy(3x—y)
xy(x+y)=2 xy(x+y)=2 xy(x+y)=2
At 3 At 3 3 g
x* +y? +3xy(x+y)=(3x-y) (x+y) =(3x-v) X+y=3x-y
Xy(x+y)=2
& y( y) Sx=y=1.
X=y
Vay hé phuadng trinh cé nghiém duy nhat (x;y) = (1;1).
2) Diéu kién -4 < x < 4.
Phuadng trinh da cho tudng dudng vdi ;(\/4—x +2) = 2X.
Nx+4+2
Véi x =0 la nghiém.
Giai \/4—x+2=2(\/x+4 +2).
bat U=~x+4,v=-4-x (u, vZO) ta thu dudgc
v=2u+2 ) uo2
, B :>u2+(2u+2) =850 +8u-4=0< 5 .
u’+v*: = B
u=-2
Viu>0 nén u=3:>v=£:x=—% (thod man).
5 5 25
N \ / A A \ 96
Vay phudng trinh cé tap nghiémla S=<0; e[
Cau Il. 1) Tim hai chir s6 tan cling clia s6 A = 41'% + 57712,
J5

2) Tim gid tri I6n nhat clia ham s8 y = 3v2x -1 + xy/5—-4x?, véi §< 37.

L& gidi
1) Ta c6 41% =(40+1)° = 40% +80+1=81 (mod 100)
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— 41* =81% (mod 100) =(802 +160+1)561 (mod 100)

= 41°=61.41 (mod 100) =60.40+100+1 (mod 100) =1 (mod 100)
= (41%)" =41 =1 (mod 100) = 41" =41 (mod 100).

Lai c6 57* =1 (mod 100) =572 =(57*)" =1 (mod 100).

Suyra A=411% 157212 Z 41 +1 (mod 100).
Vay 2 chirsé cudiclng cla A la 42.

2) Tap xac dinh l£xs—5.
2 2
% x*+5-4x* 5-3x2 — . 2x-1+1 3(x* +1)
Tacéx 5—4XZS 5 = 5 vé3 2x_1S3T:3XST

Co6ng hai bat ddng thic trén ta thu dugc y = 3v2x -1 + x5 - 4x* < 4.
Va8y GTLN clGa y bang 4 khi x =1.
Céu lll. Cho tam gidc nhon ABC (AB > AC) nbi tiép duting tron (O). Gid st M, N Ia hai diém

thudc cung nhd BC sao cho MN song song véi BC va tia AN ndm gilra hai tia AM, AB. Goi P I3
hinh chiéu vuéng géc cla diém C trén AN va Q 13 hinh chiéu vuéng géc cla diém M trén AB.
1) Gid st CP cit QM tai diém T. Chdng minh T ndm trén dudng tron (O)

2) Goi giao diém cia NQ va (O) la R khdc N. Gid s AM cat PQ tai S. Chiing minh rang bén
diém A, R, Q, S cung thubéc mdt dudng tron.

L&i gii

1) Vi TPA = 'FC-)TA =90° nén t& gidc TAPQ ndi tiép.

Do d6 MTC = Q/ﬁ:' = 6A\P (do t& gidc TAPQ nbi tiép) = BAN = MAC (do MN//BC), suy ra t gidc
MTAC noitiép,suyra T e (O)

2) Tt gidc TAPQ néi tiép ta c6 PQA = PTA = CTA = ABC = PQ//BC //MN.
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T 46 QSA = NMA. (1)
Ma td gidc AMNR ndi tiép, suy ra ARN + AMN = 180°. (2)

Tir (1) va (2), suy ra QRA+QSA =180° =Ti gidc ARQS nai tiép, ta cé diéu phai chiing minh.
Cau IV. V3i mbi s6 n nguyén I18n hon hodc bang 2 cd dinh, xét cdc tdp n s6 thuc ddi mot khdc
nhau X = {xl; Xy o xn}. Ki hiéu C(X) la s8 cdc gid tri khdc nhau clia tdng x, +x; (1<i<j<n).
Tim gid tri I6n nhat va gid tri nho nhat cla C(X).

Lai giai

Gid sif cdc s6 cla tap hop X dudc sap theo thif tu (ddnh s6 lai) la x, <x, <..<X .

Tacd X, +X, <X, +X; <. <X +X <X, +X <X;+X <..<X  +X, suyrad6ivdimottap n séthuc
phan biét bat ky ta ludn cé it nhat (n —1) + (n - 2) =2n -3 gid tri phén biét clia cdc téng x; +x,.
Vay C(X)22n-3.

Xéttap X, ={1;2;..;n}, khi d6 véimoi 1<i<j<n thi x +x, =i+ je{3;4;..;2n-1]

:>C(X)=2n—3.

1

Vay [C(X)] =2n-3.

min

S6 cac téng x. +X; (1Si<j§n) bang
Xét tap X, ={2;22;...;2”}, véimoi 1<i<j<n thi x +x,=2"+2.

Gidsirtontai 1<r<s<n:x +x =x+x, =2 +2°=2'+2

2|2 n(n-1)

=2 (14277)=2(142")= 2|2 =r=i=s=j=C(X,)=—
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gidi phudng trinh v/3x+1 ++2—-x = 3.

11 9
Xty t—to==
2) Giai hé phudng trinh v

L&i gidi
1) Diéu kién: —%gx <2.

Phuong trinh d4 cho tudng dudng véi 2x+3+2/(3x+1)(2—x) =9

> 3—x>0 p x=1
SA-3x"+5x4+2=3-x & ) 5 S4x"-1lx+7=0& 7.
—3x"+5x+2=x"—6x+9 x:Z
Dai chiéu vdi diéu kién ta duge dudc nghiém: x=1; x:%.
1 1 9
X+—|+|y+— :E
A \ /. 'x
2) Hé phuadng trinh tudng ducng vdi .
1 3 1 1 1
—F—lx+t—|=[{x+—|ly+—|—2
4 2 y y x
1
U=x+—
Pat z
v=y+—
X
9
u+v:2 U:E—I/l
Hé phuong trinh tré thanh - - 2 S1g 3y 9 )
—+Zu=uv— S =ul=—u
4+2u Uy —2 i 5 [2 :
1 3
9 3u 9u 9 3) T
Suyra ~+—="—-vweu -3ut-=0c|lu—~| =0= 2 & Y
4 2 2 4 1
3y 1
1=>2 3 =l=x==
& Xyt 2 :>—y:3x:>x:%:>y+—=3 @y2—3y+2—0:>y - 2.
xy+1=3x y=2=x=1

Hé phudng trinh ¢4 nghiém (x; y)z[%; 1], (1; 2).
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Cau ll. 1) Cho cdc sé thuc a, b, c # 0 thda man (a+b)(b+c)(c+a) =8abc. Chiing minh rang

a N b N c :§+ ab N bc N ca
at+tb b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)'

2) Cé bao nhiéu sd nguyén dudng cd 5 chif sé6 abcde sao cho ﬂ—(10d+e) chia hét cho 1017

Lai giai
1) Bang thidc can chdng minh tuong ducng véi

a [ b ]+ b [ _c } c [ o a ]_E

a+b b+c) b+c ct+a) c+a a+b) 4

N ac n ba n cb
(a+b)(b+c) (b+c)(c+a) (c+a)(a+D)

_3
4

@ac(a+C)+ba<b+a)+cb(c+b):%(a+b)(b+0)(c+a)
& ac(a+c)+ba(b+a)+cb(c+b) = 6abe
& ac(a+c)+b*(a+c)+ (ba® +abe)+ b + abe = 8abe
& (a-+c)(ac+b + ab+ be) = 8abe
& (a+c)(c+b)(b+a)=8abc (diéu phai ching minh).

2). Ta c6 abede = abc00 + de = abc-100 + de = abe (101 1)+ de = abe - 101 — abe + de

Suy ra abcde chia hét cho 101 < abc —de = abc — (10d +e) chia hét cho 101.

Tacd 101m<99999 = m< 99999 = 990+i.
101 101
Vay s6 ¢4 5 chi s6 18n nhat chia hét cho 101 13 990.101.
9999

=99,

Tacdd 101n<9999 = n <
101

Vay s6 cé 5 chir s6 nhd nhat chia hét cho 101 13 101.100.

Sé cdc s6 ¢ 5 chir s6 théa man yéu cau cla bai todn 1a 990-100+1 =891.

Vay c6 891 sb thod man yéu cau bai todn.

Cau lll. Cho tam gidc nhon ABC néi ti€p dusng tron (O) véi AB < AC. Budng phan gidc cla

BAC cét (0) tai diém D khdc A. Goi M Ia trung diém clia AD va E I3 diém d6i xing véi D qua
tdm O. Gia s dudng tron ngoai ti€p tam gidc ABM cat doan thdng AC tai diém F khdc A.

1) Chiing minh rang tam gidc BDM va tam gidc BCF déng dang.

2) Ching minh rang EF vudng géc véi AC.

Lgi giai
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D
1) Ta c6 BDM = BCF (1) va BMA =BFA suy ra 180°~BMA = 180° - BFA hay BMD = BFC. (2)
Tir (1) va (2) suy ra ABDMe>ABCF (g.9).

2) Tu AD la phan giac BAC suy ra DB=DC. v

Vay DE vubng géc véi BC tai trung diém N cua BC.

DM BD
CF BC.
DA _2DM _2BD CD _DE

Vay ta cd bién ddi sau — = (3)
CF CF BC CN CE

Talaicé ADE = FCE. (4)

Theo ching minh trén, ta c6 ABDM« ABCF =

Tu (3) va (4) suy ra AEAD«» AEFC = EFC = EAD = 90°.
Vay EF L AC.
Cau IV. Gid s a, b, ¢, d 1a céc s6 thuc dudng thda man diéu kién abc+bcd + cda+dab=1. Tim

gid tri nhé nhat cua biéu thic P = 4(a3 +b3 +c3)+9d3.

Li giai

Vdi a la s6 thuc duang ta cé
d a@ b’ dab d3 b* dbc d3 ¢ @ _dca a®+b*+c® _abc
e + + + > ; > )
3 32° 3° 2] 3a 3a° e} 3a 3¢ o 3a? a’

Cdng vé véi vé 4 bat dang thdc trén ta thu duqc

2 1 1
d3+(3053 3a2J(a +b3+c) ?(abc+bcd+cda+dab).

1 :£c>2+a:£a3<:>4a3—3a:6.
3¢° 3a 9 3

Tatim a >0 sao cho

ol L] 3 xat]-3 xit]s e x o126 1120,
2 x*) 2 x) 2 X
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Ta c6 nghiém dudng 13 x =36 +/35, x =36 -35 = a =

V@i a xac dinh nhu trén ta thu dugc d® +g(a3 +b3 +c3) >

%(%/6+\/£+%/6—\/£j.
1

<:>9d3+4(a3+b3+c3)2% 30

“ [%/6+\/£+3/6—\/£j2.

1

Dang thidc xay ra khi a=b=c=i/ @ ;d=i/
a+3

36

a’® +3a?

Véy gid trinhéd nhat cda P la

(3/6+\/£+§/6—
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3 3 B
Cau l. 1) Gidi hé phuong trinh | Y =1HY =X+,
7xy+y-x=7

2) Gidi phuong trinh x+3 +v1—x? = 3x+1 + 1 - x.

Lai giai

1) Cong V& vdi v& cla hai phudng trinh, ta dudc x> +y* +6xy =8
<:>x3+y3+(—2)3—3xy(—2)=0<:>(x+y—2)(x2+y2+4—xy+2x+2y)=0.

Ta cé x* +y? +(—2)2 > xy+(—2y) +(—2x) . Dang thdc xay ra khi va chi khi x=y =-2.

Suyra x> +y* +4—-xy+2x+2y=0< x=y =-2 (loai i khdng thod man 7xy +y—x=7).

_x=y:1

Vay hé phuadng trinh cé hai nghiém la (x;y) € {(11)(%%}}

2) Diéu kién -1 <x<1.

Tacd x+3+v1-x? =3x+1+/1-x
<:>2+(\/E)2+ﬁ=\/x+1+\/1—x+2\/x+1
<:>(\/x+1+\/1—x)+2\/x+1 =2+\/x+1(\/x+1 +\/1—x)

& (Vx+1+41-x-2)(Vx+1-1)=0.

Trudng hop 1: x+l+l-x=22+21-x* =4 1-x2 =1 <= x=0.

Trudng hdp 2: Vx+1-1=0<+Vx+1=1< x=0.
Vay tap nghiém cla phudng trinh la S = {0}

Cau ll. 1) Tim cdc cap s nguyén (x;y) théa man 5x* + 8y* =20412.

2) Véi (x;y) |a cdc sé thuc dudng thda man x+y <1, tim gid tri nhé nhat cda biéu thic

P= [l+1]4/1+x2y2.

Xy
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Lai giai
1) Nhan xét: Néu a, b 1a cdc s6 nguyén thda man a’ +b*:3 thi a, b:3.
That vay, vi @°> =0 hodc 1 (mod 3); b> =0 hodc 1 (mod 3).

a’=0 (mod 3)

b? 2 0 (mod 3)<:> a, b:3.

Do dé dé a’ +b* =0 (mod 3) thi {

Tacé 5x2 +8y” =20412 < (6><2 ¥ 9y2)—(><2 n yz) -28.9°
x:3x1

y =3y,
Thay vao phudng trinh ta dugdc 5.9x7 +8.9y? =28.9° < bx? + 8y’ =28.9%.

A A Z Xl = 3X2 4
Lap luan tuong ty, ta cé VGi x,, Y, € Z.
y, =3,
Thay vao phudng trinh ta dudc 5.9x2 +8.9y3 = 28.9° < 5x2 +8y> = 28.9.
A A Z xz = 3x3 %
Lap luan tudng tu, ta cé VGi X, Y, € Z.
Y, = 3V3

Thay vao phudng trinh ta dudc 5.9x2 + 8.9y’ = 28.9 & 5x; + 8y’ = 28.
Suy ra y3 £%<22 =y e{O;l}.

Néu y2=0=x? = 2—58 (loai).

x =154

y =427

Vay phudng trinh &3 cho c¢é 4 nghiém nguyén |3 (x;y) c {(—54;—27);(—54;27);(54;—27);(54;27)}.

2)Tacd Pzi.xll+x2y2 =2 xy+i.

Xy Xy

2
Pat t=xy < “alt) Sl.
' 2 4

Néu y§=1:>x§=4<:>{

Ta thu dudc gz\/t+%=\/16t+%—15t z\/zx/ﬁ—%zg:Pz\/ﬁ.

D4u " =" xay ra khi va chi khi x=y :%.

Vay GTNN cta P bing V17 khi x=y =%.

Céu lII. Cho tam gidc nhon ABC ndi tiép dudng tron (O) ¢ tryc tdm H. Goi P la diém nam trén
dudng tron ngoai tiép tam gidc HBC (P khac B, C va H) va ndm trong tam gidc ABC. PB cat
(O) tai M khdc B, PC cat (O) tai N khdc C. BM c3t AC tai E, CN cat AB tai F. Dudng tron

ngoai tiép tam gidc AME va dudng tron ngoai ti€p tam gidc ANF cat nhau tai Q khac A.
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1) Chdng minh rang ba diém M, N, Q thang hang.
2) Gid sir AP la phan giac MAN. Chuiing minh rang khi dé PQ di qua trung diém cda BC.
Li gidi

e el Ve e —

M3t khdc ti cdc t gidc AQFN, AQEM néi tiép ta cé6 MQN = MQA + NQA = MEA + NFA = 180°.
Vay 3 diém M, N, Q thang hang.

2) Ta cd céc gbce ndi tiép bang nhau A/FTQ = A/NTQ — ANM = ABM suy ra FQ//BE.

Tusng tu EQ//CF.

TU d6 t gidc EQFP Ia hinh binh hanh

— e~

= QAN =QFP = QEP = QAM hay AQ la phén giac MAN.
Néu AP la phén gidc MAN th) A, P, Q th3ng hang.

— =~

TU d6 néu PQ giao BC tai K thi KAC = QAC = QME = NMB = PCK.
Vay AAKC » ACKP = KC? = KP.KA.

Tuong tu, ta chiing minh dudc KB? = KP.KA.

Suy ra KB=KC hay K la trung diém BC. TU dé, ta c6 diéu phai chiing minh.

Cau IV. Gid su day s6 thuc cé thif ty x, < x, <...<x,,, thda man cac diéu kién x, +X, +...+ X5, =0
2013

va ‘xl‘+‘x2‘+...+‘xlgz‘ =2013. Chidng minh rang x,,, — X, ZW'
Li giai

L d ? \ ? ~ \
Gid sUr k la chi s6 ma X, X, <L <X, <0< X S S X,

Ky hiéu S™=x, +x,+..+4x, va S =X, +X_,+..+Xg,.
S +S5 =0 2013

Theo bai ra, ta cd =S =-S ="
S*—-S =2013 2
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Do x, <x, <..<Xg, suyra S >kx,, S* <(192-k)x

S S’ S’ S’

192

=SX S—=——= X 22— X 2 ————
YTk k LTk T T 192k
st s 2013 2013 2013.192
DX, X 2T t+—= + = .
192-k  k 2(192-k) 2k 2k(192-k)
2
192 —k)+k 2
Ta c6 2k(192-k) <2 ( Jok | 192 = x, - x, > 2013192 2013
2 2 1922 96
o . 2013 2013
Dau "=" xay rakhi x, =x, =...=Xg, = EETYR Va Xy, = Xgg = = X, =19—2.
-------------------------------- ]
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . 1) Gidi phuong trinh (\/1+x +\/1—x)(2+2 1—x2)= 8.

x> —xy+y>=1
2) Gigi hé phuong tinh YTV =%

X +xy+2y° =4
L3i gidi

1) Diéu kién: -1 <x<1.

Tacé (\/l+x+\/1—x)2 =2+2V1-x°.
3
Do d6 phuadng trinh da cho tuong dudng vdi (\/1+x+\/1—x) =8 Vl+x+Vl-x=2

©2+2V1-X =4 o1-¥ =1 X =0 x=0e[-11].
Vay phuong trinh d3 cho cé nghiém duy nhat x=0.
2) TU hé phudng trinh, ta cé:
4(x2—xy+y2)=x2+xy+2y2 < 3x% —Bxy + 3y? =0<:>(x—y)(3x—2y)=0.
Véi x—y =0 hay x =y, thay vao phugng trinh th nhat ctia hé phugng trinh ta cé

X -x*+x’ =1 x=+1.

V@i 3x—-2y =0 hay y = gx , thay vao phuong trinh th nhat cla hé phuang trinh ta cd:

x2—§x2+gx2 :1<:>x:ii:>y ii.
214 NN
2 3 2 3
Vay hé phuadng trinh cé 4 nghiém la: (x;y ) e<(1;1);(-1;-1 ;(—;—J;[——;——J .
by B G 7
Cau ll. 1) Gid s x, v, Zz la ba s6 dudng thda man diéu kién x+y +z = xyz.

2y 3z xyz(5x+4y+3z)

Ching minh rang:

+l+y2 +1+zz (x+y)(y+z)(z+x)'

1+x°

2) Tim nghiém nguyén cta phudng trinh: x%y? (x + y) +X+Y+3+xy.
Lai giai
l)Pata= .
z

TU gid thiét ta cd ab+bc+ca=1.
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2b 3c 5bc+4ca+3ab

Do dé, dang thiic can chiing minh tusng ducng vdi:

11a? 14D 1+ (a+b)(b+c)(c+a)

a 2b 3c 5bc +4ca+3ab
= + + =

(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) (a+b)(b+c)(c+a)

< a(b + c) + 2b(c + a) + 3c(a + b)5bc +4ca+3ab (lubn ding)
Vay dang thic dudc chiing minh.

v+3

2) Bdt u=x+vy, v =xy phudng trinh da cho trd thanh: vViu+u=3+v < u= R
ve+

Dox;yeZ nénuveZ suyra v’+1 lAudccla v+3=Vv*+1 I3 udccia v -9 =V’ +1 |a udc
clia V> +1-10= v’ +1 I3 udc cta 10.

Lan lugt xét cdc udc nguyén clha 10 dé xdc dinh v, u réi tim nghiém nguyén duong x, y tuong ung,
th lai v8i phudng trinh ban dau.

Vay phudng trinh cé ba nghiém nguyén dudng la: (x;y) € {(0;3);(3;0);(1;1)}.

Cau lll. Cho tam gidgc ABC nhon véi AB<BC. Goi D la diém thudc canh BC sao cho AD la phan
gidc cla BAC. Dudng thang qua C song song véi AD cat trung truc cia AC tai E. Dudng thing
qua B song song véi AD cat trung truc cla AB tai F.

1) Chiing minh tam gidc ABF déng dang véi tam gidc ACE.

2) Chiing minh rang cdc dudng thang BE, CF, AD déng quy tai mét diém, goi diém dé la G.

3) Budng thang qua G song song véi AE cat dudng thang BF tai Q. Budng thdng QE cat dutng
tron ngoai ti€p tam gidc GEC tai P khdc E. Chdng minh rang céc diém A, P, G, Q, F cung thudc
mdt dudng tron.

Lai gidi

1) Ta c6 AABF va AACE déng dang do ching lan lugt cén tai F, E va FBA =BAD =DAC =ECA.
2) Goi G la giao diém cta BE va CF.
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Tacézizﬁzﬁz%:DGﬂBF.
GC CE AC DC

M3t khdc DA//BF suyra A, D, G thang hang, suy ra diéu phai chdng minh.

— — e~ — e~~~

3) Ta cé BQG = QGA = GAE = GAC + CAE = GAB + BAF = GAF suy ra AGQF la td gidc néi tiép.

M3t khdc (51—36 _GCE = (ﬁ nén QGPF I3 t gidc ndi tiép.
Cau IV. Gid s a, b, ¢ 1a céc s6 thuc duong thoa man dang thdc ab +bc +ca=1.
Chiing minh ring 2abc(a +b+c) £g+a4b2 +b*c? +c*a’.
Lai giai
Ap dung BDT Cauchy ta cé:
a*b? +labc2 +lca > a’bg;
3 9
4 2 1 2 1 2
b*c” +=bca® + —ab > b“ca;
3 9
c*a’ Jrlcab2 + lbc > c’ab.
3 9
Cdng theo tung V& cla ba BDT trén thay ab + bc + ca = 1 vao va rit gon ta dugc:

zabc(a+b+c) <a'b? +b*c? +cta? 4+ 1. (1)
3 9

Tacd abc(a+b+c) = ab.ca+bc.ab+ca.bc sl(ab+bc+ca)2 =1:>£abc(a+b+c)si
3 3 3 9

Cdng theo tung V& (1) va (2) ta cé dpcm.

V3

D3ng thic xay ra <:>a=b=c=?.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551

(2

70



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Pl -2 ? \ ~ ~ 2 ~ 2 2 4 4 8 4
Cau l. 1) Gid su x, y la nhitng s6 thuc dudng théa man: 14 + Zy >+ 4y yiaa 8y =4
X+y x+y° x'+y' x -y

Chdng minh rang: by = 4x.

2%% —3y? +xy =12
2) Gidi hé phuong trinh <% ~> T .
6x +x°y =12 + 6y + y°x

Lai giai

1) D& thay dang thic sau ddng véi Ya=+b.
b b _ -2 b b 2%
a+b a—-b 22 _p?’ 4 a+b a—b g2 _p?

Do d6 ddng thidc da cho tuong duong vdi

y 2y vy 2yt vt 20 8y° _
> 203 o a At a s st st
A S A C b el oyt P =yt) Ay
oY —4ey=—ax—4y o 5y=4x, diéu phai ching minh.
x—y

(x - y)(2x + Sy) =12

2) Hé da cho tuang duc off ;
) He da cho ng nav I{6(x—y)+xy(x—y):12

x—y=0 .
Suyra (x—v)(2x+3y)=(x—vy)(6 loai).
L R O R P
, =3
Tac6 2x+3y=(6+xy) & (x—3)(y—2)=0e| .
y:
+ Vi x =3, thay vao phuong trinh d4u cla hé ta ¢
=-1
18-3y2 +3y=12o"
vy =1ze)
+ V4i y=2, thay vao phudng trinh dau cutia hé ta ¢
2 X=3
2x°+2x—-12=12 & .
x=—4

Vay hé cé nghiém (x; v)=(3; —1),(3;2), (—4; 2).

Cau ll. 1) Cho x, y la nhitng s8 nguyén I8n hon 1 sao cho 4x’y* —7x+7y |a s8 chinh phuong.
Chung minh rang: x =y.

2) Gid st x, y la nhitng s6 thuc khéng 4m thda man: x° +y® + xy = x* + y*. Tim gid tri I8n nhat va
1+4/x  2+4/x

2+\/; ’ 1+\/;.

nhd nhat cla biéu thic: P =

Lai giai
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1) Do x; y la céc s6 nguyén I6n hon 1 nén x; y>2
= —dxy+1<-7x+7y<4xy+1

= 4x2y2 —4xy+1< 4xzy2 —7x+7y< 4x2y2 +4xy +1
= (2xy—1)2 <4x*y? —7x+7y< (ny —|—1)2.
Ma 4x*y* —7x+7y 13 s6 chinh phudng va 1< 2xy—1<2xy+1;
nén ta cé 4x*y? —7x+7y:(2xy)2 & x =y, diéu phai ching minh.
2) Tacd x3+y3:x2+y2—xy
@(x+y)(x2+y2—xy):x2+y2—xy @(x+y—1)(x2+y2—xy):0

@xz—kyz—xy:O@x:y:O.
x+y—1=0 x+y=1
+V6ix:y=0:>P=§
+Véi x+y=1=0<x; y<1,
suy ra P<1+\/_ 2441 =4, D3u “=" xay ra khi va chikhi x=1; y=0.
240 1440
P> 1440 2+\/_ 4 , D&u “=" xdy ra khiva chikhi x=0; y=1.
ST 1T

Vay P

 w=4ex=Ly=0va P, :§@XZO; y=1.

Céu lIl. Cho tam gidc ABC ngi ti€p duting trdn (O) va diém P n&m trong tam gidc thda man

PB =PC. D la diém thubc canh BC (D khdc B va D khdc C) sao cho P ndam trong dudng tron
ngoai tiép tam gidc DAB va dudng tron ngoai ti€p tam gidc DAC. Budng thang PB cat dudng
tron ngoai ti€p tam gidc DAB tai E khac B. Dudng thidng PC cat dudng tron ngoai ti€p tam gidc
DAC tai F khac C.

1) Chiing minh rang bén diém A, E, P, F cung thuéc mdt dudng tron.

2) Gid st dudng thing AD cit dudng tron (O) tai Q khdc A, dudng thdng AF cit dudng thing
QC tai L. Ching minh rang tam gidc ABE déng dang vdi tam gidc CLF.

3) Goi K la giao diém cla dudng thdng AE va dudng thang QB.

— -

Ching minh rang: QKL + PAB = QLK +PAC.
Lgi giai
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K

1) Ta cé AFC + AEB= ADC + ADB =180° suy ra td gidc AEPF ndi tiép.
2) T t& gidc AEPF nditiép, suy ra AEB=LFC (1).
Ta lai ¢6 FCL=FCB + BCL = PBC + BAQ = DAE + BAQ = BAE (2).
TU (1) va (2), suy ra AFCL«»AEAB.
FC

3) TU AFCL > AEAB, suy ra %=E hay FL.EA=FC.EB (3).

Chung minh tuong tu EK.FA=FC.EB (4).
K
Tu (3) va (4), FL.EEA=EKFA hay —=—, EF //KL.
(3) va (4), suy ra ay = suyra /

—_— —

Talai céd QLK = ALK — ALQ = AFE— ABE = APE— ABE=PAB.
Tuong tu ta cé Q/\KL:FAE 3
Suy ra §\ﬂ+@:®<+lﬁ.
Cau IV. Cho tdp hgp A gom 31 phan tif va ddy gém m tdp hgp cla A thda méan déng thai céc
diéu kién sau:
i) Mi tdp hgp thudc day cé it nhat hai phan tu.
ii) Néu hai tdp hdp thudc day cd chung nhau it nhat hai phan ti thi sé phan tir cda hai tdp hop nay
khdac nhau.
Ching minh rdng: m<900.
Lai giai
TU gid thiét dé thdy m tap con thudc day la phan biét.
31.30

Vi A ¢cé 31 phan tlir nén s tdp con cé ding 2 phan tr cda A Ia . Ky hiéu a, (2£k£31)

\ ~ e N e 7’ A ? % ~ ~
la s6 cac tap c6 dung k phan td, nam trong day da cho, suyra m=a, +a, +...+a,,.
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kik—-1
Xét mdt tAp hgp cb k phan t suy ra s6 cdc tap con cé 2 phan tlr cla tap dé |a ( > )

k. (k-1
= a, tdp nay sé c6 a,. ( ) tép con 2 phan tl. Ma theo gid thiét véi 2 phan tir bat ky cia A thi
chiing khdng thé déng thdi thudc 2 tdp cd k phan ti cha day

= C4c tdp con 2 phan ti ndi trén la phan biét.

k(k_l)ak < 31-30 =a, §31.30.#
2 k(k—1)

11 1
=, +ay+ Ay <3130 =+ — - ——
20 31— [1.2 2.3 30.31

Suy ra

—_—

;sm§31.30[1—%+1_1+...+i_ 1 ]

2 3 30 31
Vay m<99 (diéu phai ching minh).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Cau l. 1) Gid st a; b 1a hai s6 thuc phan biét thda man a* +3a=b*+3b=2.
a) Chiing minh rang a+b =-3.
b) Chiing minh ring a® +b® = —45.

e . 2x + 3y =bxy
2) Giai hé phuagng trinh . -
4x° +y° =bxy
Lgi gidi
1) Gid s a; b 13 hai s8 thuc phén biét thda man.
243h=2 —b=
SR = —b* +3(a—b)=0 & (a—b)(a+b)+3(a—b)=0 & (a—b)(a+b+3)=0 & |° =00,
b* +3a=2 a+b=-3

b) V&i a+b=—3 = (a+b) =27 & a> + b +3ab(a+b) =27 & a> + b> —9ab= —27
S @ 430+ 07 +3b=45 (a+b) —2ab+3(a+b)=4sab=-2.

Vay @’ +b° =—45.
2) Tathay x—y =0 la nghiém clGa phuadng trinh.
Néu y =0, nhan hai vé cla phudng trinh véi y, ta dugc

{2xy +3y* =5xy° - {Zx + 3y =5xy - {Zx + 3y =5xy )4 {Zx + 3y =5xy

4x* +y* =5xy’ 4 +y* =5xy>  |2¥" —xy—y’ =0 |4x* +y’ =51y’
2x + 3y = 5xy
Sx=y=1
2x + 3y = 5xy 2x + 3y = 5xy (x—y)zo
-~ -~ =~ .
(x—y)(2x+y):0 (x—y)(2x+y):0 2x + 3y =5xy 2 4
(2x+y)=0 ~T5Ys

Cau ll. 1) Tim cdc s6 nguyén (x;y) khéng nho hon 2 sao cho xy —1 chia hét cho (x—l)(y—l).
2) V3i x; vy 1a nhitng s8 thuc thda man ddng thic x’y” +2y +1=0. Tim gid tri I6n nhat va nhd nhat

Xy

cla biéu thic P = )
3y+1

L&i gidi

1) Tacé xy—lf(x—l)(y—l),suy raxy—lixy+l—-x—y.

Ma xy+1—x—y§xy+1—x—y:>(x—1)+(y—1)f(x—l)(y—l).
Suyrax—1:y—1vay—1l:x—1,nén x=y

¥ ~1i(x—1) tacé x+1ix—1,suyra 2ix—1,nén x=2 hodc x=3.

2.2
2) Tacd x2y2+2y+1:0<:>2y:_x2y2_1<:>y:L_1
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= Xy _ xy - -
P—3(_xzy2_1)+2_<_3x2y2_1) < 3Px Y —|—2xy_|_P_0

Tacd A=4—12P%.

1 1
Phudng trinh cé nghiém khi A>0 < 4—-12P* >0 — 1<\/—P<1<:>—<P§— P<——
NN NS

\/é\/ Maxpzﬁ@x:_% va yz_z_
’ 3 21 6

Cau lll. Cho tam gidc nhon ABC khéng cén cé tdm dudng tron ndi ti€p la diém |. Dudng thang Al
cat BC tai D. Goi E, F lan lugt la cédc diém déi xiing cua D qua IC, IB.

1) Chiing minh rdng EF song song véi BC.

2) Goi M, N, J 1an lugt |a trung diém cdc doan thang DE, DF, EF. Budng tron ngoai ti€p tam gidc
AEM c3t dudng tron ngoai ti€p tam gidc AFN tai P khdc A. Chiing minh rang bon diém M, N, P,
J cung nam trén mét dudng tron.

3) Chdng minh rang ba diém A, J, P thang hang.

A
\v

B D c

1) Tacd AD la phén gidc = — BD @i ma ABED; ACDF la tam gidc cén:E:ﬁﬁ BC|| FE.
DC AC CF AC

Lai giai

2) Ta 6 BC||EF = EFD = EDB=BED.
Ma APM =180° — AEM = BED = APM = DEF .

. A = U N

Tuong tu: DFE = APN = APN + APM = DFE + FED = MPN.

M3 MJN = MDN = EDF = MJN + MPN =180° = MPNJ ndi tiép.
3)Tacd APM = DEF v3 ]/P]\\/I:]T\IZ\\/I:]/EA\/Iél/PZ\\/I:ﬁA\/I, suy ra 3 diém A; P; | thadng hang.

Cau IV.

1) Cho bang 6 vuéng 2015x2015. Ki hiéu 6 (i;j) 1a 6 & hang tht i, ‘1= 18 |18
cdt thd j. Ta viét cdc s6 nguyén duong tir 1 dén 2015 vao céc 6 cla

bang theo quy t3c sau: 21519

i) S6 1 dugc viét vao 6 (1;1). 4|8

ii) Néu s6 k dudc viét vao 6 (i;j) (i>1) thi s8 k+1 dugc viét vao 6 7

(i-1j+1).

iii) Néu s6 k dudc viét vao 6 (1;j) thi s8 k+1 dudgc viét vao 6 (j+1;1) Hinh 1

(xem hinh 1).
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Khi d4 s6 2015 dudgc viét vao 6 (m;n).

Hay xdc dinh m va n.

2) Gid s a, b, ¢ la cdc s6 thuc duong théda man ab +bc + ca + abc < 4.

Ching minh ring a? +b?>+c*+a+b+c> 2(ab+bc+ca).

Li giai

1) Theo dé bai, cdc sd nguyén dudng dudc sap xép theo tirng hang chéo cla bang: Hang chéo thd
nhat cd 1 s8, hang chéo th hai cd 2 s6.......

_1 ) _
k(k2 )<x§k(k2+ )é 1+\/21+8x§k<1+\/;+8x

—1++/1+8x
2

Gid sir s6 x nam & hang chéo th k thi ta cé:

=k=

~1++1+82015| _

Apdung x=2015 ta cé k:| 5 |_

S6 dau tién 8 hang chéo tht k=63 la @74—1954.

Nhu vay s6 2015 ndm & vi tri thd 20151954 +1=62 cla hang chéo thd 63 (vi tri dp chdét).

Toa dd cliand a (2,62).

2) Ap dung bat ddng thdc Cosi cho 4 sé ta cé
42abc+ab—|—bc+ac24m:12abc:a—|—b+cz3%233 a*b*c? .

BDT tuong ducng a* +b° +c* + 3Ya’b’c* >2(ab+bc+ac) (1).

Pat Yt =5 =y, Y =2 (x; y,'z>0)<:>x3—|—y3—|—z3—|—3xy222\/x3'y3 INETS +2\/z3y3 .

Ap dung bat ding thic Schur bac 3: x° +y° +2° +3xyz > xy(x +y) + yz(y +z) + xz(x + 2)

e x(x+y)(x—z)+y(y—x)(y—z)+z(z—x)(z—y) >0 véi moi s& thuc khdng dm x; y; z .
Chdng minh bat dang thdc trén nhu sau:

Do vai trd x; y; z nhu nhau, gid s x>y >z = z(z—x)(z—y)>0.

Taxét x(x—z)—y(y—z)=x"—xz+yz—y’ =(x—y)(x+y—2) >0
#x(x—z)(x—y)—y(y—z)(x—y)20@x(x—z)(x—y)—ky(y—z)(y—x)20

= x(x—y)(x—2z)+y(y—x)(y—2)+2(z—x)(z—y) >0 (diéu phai ching minh).

Tacé 2*+y° +2° +3xyz > xy(x+y)+ yz(y +z)+ xz(x + 2) 22\/x3y3 +2y2%%° —1—2\/23y3 .

Dau " =" xay ra khi "N
x=1y;z=0

=sa=b=c=1.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a, b, c 1a cdc s6 thda man
(3a+3b+3c)3 = 24+(33+b—c)3 +(3b+c—a)3 +(3c+a—b)3.
Chiing minh réing (a+2b)(b+2c)(c+2a)=1.

. R 2x+2y+xy=5
2) Gidi hé phudng trinh 5 5 5 .
27(x+y)+y’ +7 =26x° +27x" + 9x
Lai giai
3a+b—c=x
1) Bat {3b+c—a=y.
3c+a—-b=z

Tac6 (3a+3b+3c) =24+ (3a+b—c) +(38b+c—a) +(3c+a—b) & (x+y+z) =24+2° +y° +2°
@(x—i—y—i—z)3 :24+(x+y+z)3—3(x+y)(y+z)(x+z) @24—3(x+y)(y+z)(x+z):0
& 24 —3(2a+4b)(2b+ac)(2c +4a) =0 < 24 —24(a+2b)(b+2c)(c+2a) =0 < (a+2b)(b+2c)(c +2a) =1.

L [2x+2y+xy=5 (x+2)(y+2)=9
2) Taco 5 o ass ) \ , ,
27(x+y)+y +7=26x"+27x" +9x 27(x+y)+y +7=26x>4+27x> +9x

&y +° +743(x+y)(x+2)(y +2) =27x° +27x° +9x
oy +2° +843ay(x+y)+12(x+y)+6(x+y) =(3x+1)
s(xry+2) =Bx+1) 3 x+y+2=3x+1

x=1=y=1
1=2 2)(2x+1)= .
Sy+1=2x = (x+2)(2x+1)=9= x:_giy:_s

Vay hé phucng trinh ¢é nghiém Ia (x; y)=(1; 1), [—%; —8].

Caull. 1) Tim sé tu nhién n d€ n+5 va n+30 la s chinh phuang (s8 chinh phuang la binh phudng
cha mbt s6 nguyén).

2) Tim (x;y) nguyén thda man dang thic 1+ \/m = \/;+\/;

3) Gid st x; y; z la cdc s6 thuc 18n hon 2. Tim gid tri nhé nhat cha biéu thic:

B X N y N z
\/y+z—4 Vz+x-4 \/x+y—4~

P

Lai giai
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n+5=x?

30 2(xyeNﬁ<¢f—w5:%¢ﬂy—@@+x%425w>gyeNﬁ
n+30=y

1) Dat {

y+x=25 x=12"
Thay vao ta tinh dudc n =139 thod man.

2) Ta thay 1+«/x+y+3:\/;+\/; va x,y e N=>x, y la s6 chinh phusng = /x+y + 3; \/;;\/;eN.
bat \/§=a,\/§=b, \/x+y+3=c(a, b,ceN)

Laicd y—x<y+x nén {y—le @{y:l?;

at+tb=c+1 b .
a =c+
= x+y:a2+b2:>{cz 2 b2_3:>(a+b—1)z—az—b2=3 &2a+2b+—2ab=-3
x+y+3=c’ ;

a=2 x=4
=
L:3 {y:9

a=23 x=9
=
tzz {y:4

Cau Ill. Cho tam gidc ABC nhon khéng can véi AB< AC. Goi M |3 trung diém cta doan thing

Sa-1)(b-1)=2=

BC. Goi H la hinh chiéu vuéng géc cha B trén doan AM. Trén tia ddi cGa tia AM |4y diém N sao
cho AN =2MH.

1) Chiing minh rang BN = AC.

2) Goi Q la diém d8i xiing véi A qua N. Dudng thang AC cat BQ tai D. Chdng minh rang bén
diém B, D, N, C cung thuéc mét dudng tron,goi dudng tron nay la (O)

3) Dudng tron ngoai ti€ép tam gidc AQD cat (O) tai G va D. Ching minh rang NG song song
véi BC.

Lgi giai
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1) Goi P la diém d6i xiing cha A qua M

= HP = HM + MB=2HM + AH = HN

= H la trung diém cta NP .

Ma BH L NP, suy ra tam gidc APNB can tai B=BN =BP.

Mac khdc lai ¢ M la trung diém clda BC; AP . Do dé td gidc ACPB la hinh binh hanh, suy ra
AC=BP= AC=BN.

2) Do t gidc ACPB 13 hinh binh hanh, suy ra PAC = APB.

Ma tam gidac APBN cén tai B — APB= ANB = ANB = PAC

= CAN = BNQ

Tacd AC=NB; NQ= AN

=ABNQ —ACAN = NBD = NCD = N;B; C; D cung thudéc mot dusng tron C; G la giao dié’m(DQG) vGi
(DBC), suy ra CAG=BQG .

3) Ta c6 CAG=BQG.
M2 GBO = GCA =AGBQ oaGCA = 24 _GQ [ G4 GO,

AC OB NB NC
v3 BNC = BDC = AGQ =ANBC oAGAQ :
= GQA=NCB = NCB=GDC = GC=NB= NG| BC.
Cau IV. Ky hiéu S 13 tdp hgp gdm 2015 diém phén biét trén mot mat phang. Gia sur tat ca céc
diém cla S khéng cung nam trén moét dudng thang. Chiing minh rang cé it nhat 2015 dudng
thdng phan biét ma mdi dudng thang di qua it nhat hai diém cla S.
Lai giai
Gid sUr trén mat phang cé n diém thang hang thi ton tai moét dudng thang.
Theo bai ra cdc diém da cho khdng cung nam trén mét dudng thang nén ton tai it nhat mét diém
khéng clng nam trén dudng thang dé ndi diém dé véi n—1 diém da cho ta dugc n—1 dudng thang
véi dudng thang di qua n—1 diém ta dudc n dudng thang, thay n=2015 thi tén tai it nhat 2015
dudng thang.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

x3+y3+xy(x+y)=4
(xy+1)(x2 +y2)=4

2) Giai phudng trinh V7x+2 -5 —x = 8"5_3.

Cau |. 1) Gidi hé phuadng trinh

L&i giai
1) Hé phuadng trinh d3 cho la hé phudng trinh déi xiing dang 1, do dd ta cd thé si dung phép dat
an phu S =x+vy;P =xy. Tuy nhién dé don gidn hda ta can bién ddi hé phudng trinh trudc.Bién déi
tuang duadng hé phuadng trinh ta dudc
ey eny(xey) =4 [(o) =3 cry) ey (xy) =4
(xy+ 1)(><2 + yz) _4 7 (xy +1)[(x+ y)2 —2XV} =4
(X+V)3—2XV(X+V)=4 (x+y)3—2xy(x+y):4
S &
(XV + 1)[(X + V)2 —ZXV} =4 (xy + 1)(>< + y)2 - 2xy(xy + 1) =4
Dén day ta cd thé sir dung phép dat an phu, tuy nhién dé y dén vé phai hai phuong trinh ta |y
hiéu theo V& cla hai phuong trinh cGa hé thi dugc
(x+y)3 —2xy(x+y) =(xy+1)(x+y)2 —2xy(xy+1)
<:>(x+y)z(x+y—xy—1)—2xy(x+y—xy—1): 0
= (x+y—xy—1)[(x+y)2 —2xy} =0

_xy-1=0 “1)(y-1)=0 |*71 ey
@[x+y xy <:>{(x 1)(y 1) 0<:> y=1 - x=Ly=1

2 _ 2 2 —v =
(x+y) =2xy=0 |xX*+y*=0 xoy—0 LX=VY 0

Thay vao hé phuong trinh da cho ta dugc (x;y) = (1;1) la nghiém cda hé.
2) Diéu kién xac dinh cha phuong trinh |a _72 <x<b5.

D3t V7x+2 = a5 - x =b(a20;b20) . Khi dé ta cé a®> —b?> =8x-3.

Nhu vy phudng trinh da cho dudc viét lai thanh
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2 2 -b
a—b=a b <:>(a—b) 1_a+b =0 @
5 5 a+b=5

+ V4i a =b ta co phuang trinh J7x+2 =+/5-x :>x=§

+ V4i a+b =5 ta cd phudng trinh J7x+2+/5-x=5 hay ta dudc

7x+2+5-x+2V7x+2J5-x =25 < +/33x—-7x* +10 =9-3x
{9—3x20 <3

& 5 5, & 5 &S x=1
33x - 7x +10=(9—3x) 16x> -87x+71=0

Két hgp vdi diéu kién xdc dinh ta dudc tap nghiém cla phuong trinh 13 S = {%;l}

Cau ll. 1) Tim tat cd céc gid tri cGa m sao cho tén tai cap sé nguyén (x;y) thda man hé phuong

2+mxy? =3m
trinh . .
2+m(x +y )=6m

2) Véi x, y la nhitng s6 thuc thda man cdc diéu kién 0 <x <y <2; 2x+y >2xy.
Tim gid tri I6n nhat cda biéu thic P = x? (x2 + 1) +y? (y2 +1).
Li gidi
1) Lay hiéu theo vé& hai phudng trinh clia hé ta dugc m(xy2 - x? —y2) =-3m.
+ Néu m =0, ta thdy hé phuong trinh vé nghiém.
+ Néu m = 0, khi d4 tir phucong trinh ta dugc
xy? — x> —y? :—3<:>y2(x—1)—(x2 —1):—2
<:>(y2—x—1)(x—1):—2@(yz—x—l)(l—x):Z

Do (x;y) nhan xac gia tri nguyén nén ta xét cac trudng hgp sau

1-x=1 =0
+ Trudng hgp 1. Véi < X & X , hé phudng trinh khdng cé nghiém nguyén.
y —x-1=2 y =3

. o ll-x=-1 x=2 x=2
+Trudng hgp . VGi | | SR &
y--x-1=-2 y =1 +1

y:
+Trudng hgp 1. V4i 1 9 &
y ' -x-1=1 y =1 y==1

l-x=-2 x=3
+ Trudng hop 1. Vi { X 1o 1 <:>{ 2 _ g hé phudng trinh khéng c6é nghiém nguyén.
y'-x-1=-1 "y

Vay phudng trinh trén cé cac nghiém nguyén la (x;y) = (—1;—1),(—1;1),(2;—1),(2;1).
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Thay céc nghiém trén vao hé phuadng trinh da cho ta tim dudc m = l;m =2 thda man.
A 1 2 ~ A N a e z
Vay me 5;2 thoa man yéu cau bai toan.

2) TU gia thiét 2x +y > 2xy ta dudc l+g > 2. Ap dung bat ddng thic a* +b? 2%(a+b)2 ta cé
%

y
2
LAyt 2y 1 4,05, 4
XZ y2 2 X y XZ y2 XZ y2
2
HoéntoéntUdngtt_ftadUcSci4+§21(i2+i2 22:%22—@
xt oyt 2\ x% y X y
A . x* 2 2 , 4x
DoO<x<y<2néntacd|l-— (y —4)£O:>y SA4+Xx——r.
y y
N e ~ /. l 4
T do két hgp véi — 22— ta dugc
X y
2 2
V2£4+x2—4>: :>x2+y2£4+2x2—4>; :4+x2(2—izj§4+x2.i2:5
y y X
4 4
Hoan toan tudng tu ta cling cé (l—x—Aj(y4 —16) <0=y*<16+x* - 16? .
y y
TU d6 két hgp véi i4 > 2—% ta dudc
X y
4 4
v <164 xt — Bty <164 2x - 1O :16+x4(2-§Js16+x4.i4=17
y y X

Do vay P:xz(x2 +1)+y2(y2 +1)=x4 +y*+x? +y? <17 +5=22. Dau bang x4y ra khi va chi khi
x=1y=2.
Vay gid tri I6n nhat cha P 1a 22, dat dugc tai x =1,y =2.

Céu lIl. Cho tam gidc ABC nhon néi tiép dudng tron (O) véi AB< AC. Phén gidc cla BAC cét
BC tai D va cat dudng tron (O) tai E khdc A. M la trung diém cla doan thdng AD. Budng thang
BM c3t dutng tron (O) tai P khdc B. Gid st céc dudng thing EP va AC cét nhau tai N.

1) Chiing minh rang t& gidc APNM ndi tiép va N 1a trung diém cla doan thang AC.

2) Gid sir dudng tron (K) ngoai tiép tam gidc EMN cat dudng thang AC tai Q khdc N. Ching minh
rang B va Q d6i xing nhau qua AE.

3) Gia s dudng tron (K) cat dudng thang BM tai M. Chidng minh rang RA vudng géc RC.

Li giai

1) Chiing minh rang t gidc APNM ndi tiép va N |a trung diém cda doan thang AC.
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Do AE la phan gidc cla géc BAC nén ta c6 E I3 diém
chinh gilra cung BC.

Tir d6 ta dudc AMP = ANP nén t gidc AMNP noi
tiép dudng tron.

Do d6 APM=ANM. Lai cé APM=ACB nén suy ra
ANM = ACB.

TU d6 ddn dé&n MN dong song véi BC, ma M la trung

diém AD nén suy ra N Ia trung diém AC
2) Gia sir dudng tron (K) ngoai tiép tam gidc EMN cat
dudng thang AC tai Q khdc N. Chidng minh Bva Q
déi xitng nhau qua AE.
Khdng mat tinh t8ng quét ta gid s&r Q nam gitra N va C(cdc truong hdp con lai chiing minh tuong
tu).
Do t& gidc EMNQ ndi tiép nén I\XE\Q —MNA . M3 ta c6 MNA = ACB va ACB = AEB nén ta suy ra
dugc KE\Q — AEB. Lai cé BAE = CAE va AE chung nén suy ra AABE = AACE.
Do d6 AB=AG va EB=EQ nén AE la dudng trung truc cdia BQ, suy ra Q va B déi xditing nhau qua
dudng thang AE.

3) Gia s’ dudng tron (K) cat dudng thang BM tai M. Chidng minh rang RA vuéng géc RC

T gidc ERMN ndi ti€p dudng tron nén ta cé ENR = EMR = AMP.

Lai co ENC = ANP = AMP nén ta dudgc ERN =ENC.

g — s

Ta c6 REN =PMN = PAN = PEC v& REN = CEN
Két hgp vdi canh NE chung ta suy ra dudgc AREN = ACEN

Suy ra RN=NC=NA nén RN = %AC, diéu nay dan dén tam gidc RAC vudng tai R hay ta dudc

RA vudng géc véi RC.

Cau IV. S8 nguyén a dudc goi la s8 “dep” néu véi moi cdch s3p xép theo thd tu tlly y cdia 100 s6
1,2, 3,.., 100 ludn tén tai 10 s8 hang lién ti€p c6 téng I8n hon hodc bang a. Tim s8 “dep” 18n
nhat.

Lai giai
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(1 + 100)100

Téng cta 100 sé cla day sb |a =5050. Chia 100 s6 thanh 10 bd sé gom 10 s8 lién

ti€p thi trung binh t6ng cda 10 bd s nay la 505. Khi dé tén tai it nhat mdt bd sé ma téng 10 sé dé
I8n hon hodc bang 505. Ta sé chidng minh a I8n nhat chia cé thé bang 505 bang céch cdch chon ra
vi du ma téng 10 sd lién tiép b4t ky nhd hon hodc bang 505, khi dé moi sé a I8n han 505 déu khéng
thda man.

Théat vay, xét cdch s3p xép sau 100,1,99,2,98,3,...,51,50 (chia thanh céc cdp cé téng bang
101, viét s6 I8n ding trudc roi xép cdc cap canh nhau theo thd tu gidm dan cda s6 16n hon). Néu
10 s6 lién tiép gdm 5 cap s nhu vy thi tdng 10 s6 nay Ia 505. Néu khéng 10 s6 gdm s8 d4u nhd
hon trong mét cdp va két thic 1a s6 16n hon trong mét cap khdc. Céc sé nay thudc sdu cap khic
nhau 13 x,101 —x,x—1,102 -x,...,x—4,105-x va 10 sé dudc chon |a cdc sé dudc chon |a céc sb
101-x dén x-5 (trong day trén ). Dé thady téng 10 sé lién tiép bat ky déu khdng vudt qué 505.
Vay a=505.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

x> +4y* =5
4x% +8xy? +5x+10y =1

3
2) Gidi phudng trinh v5x? + 6x + _ 64X +ax

Cau |. 1) Gidi hé phuadng trinh {

5x? +6x+6
L&i giai
1) Bién ddi tucsng duong hé phudng trinh ta cé
x?+4y* =5 (x+2y)2—4xy=5 (x+2y)2—4xy=5
, R & &
4x*+8xy" +5x+10y =1 |4xy(x+2y)+5(x+2y)=1 |(4xy+5)(x+2y)=1

Pat a=x+2y;b =4xy, khi d6 hé phuong trinh trén trd thanh

a’-b=5 b=a’-5 b=a’-5 b=a’-5 =4
P 2 = 3 = 3 =
ab+5a=1 a(a —5)+Sa:1 2® _Ba+5a=1  |a*=1 a=1

x=-1y=1
N e e N N x+2y:1
Tu dé ta cé hé phudng trinh & i .
xy:—]_ >(=2;y:—E

Vay hé phuadng trinh da cho cé cdc nghiém la (x;y) = (—1;1)(2;—%}.

2) D& thdy 5x* +6x+5>5x% +6x+5=2x" +2+3(x+1)2 >0 vdi moi x. Do d6 diéu kién xdc dinh
cla phudng trinh la x e R. Phuadng trinh da cho dudc viét lai thanh

VBx? +6x+5(5x +6x +5+1) = (4x) +4x
Dat a=+/5x> +6x+5;b = 4x(a > O). Khi @6 phuong trinh trén dudc viét lai thanh
a(a’+1)=b’+b < (a-b)(a’ +ab+b’+1)=0<a=b
TU d6 ta dudc V5x° +6x+5 = 4x, phudng trinh tuong duong vdi

x>0 x>0
= Sx=1
5x’ +6x+5=16x" 11x* -6x-5=0

Vay phuong trinh d3 cho cé nghiém duy nhatla x=1.
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A 4 N ~ ~ A 2 ~ 2 p x2 _1 Yz _1
Cau ll. 1) V@i x, y la nhirng s6 nguyén thoa man dang thic > = 3

Ching minh x*> —y?:40.
2) Tim t4t ca cdc cap s6 nguyén (x;y) thda man ddng thic sau x* +2x? = y°.
Lgi giai

x*-1 y*-1

e R .2 e _ 2_ _ 2_ 2_ 2_
1) Bién dbi gia thiét > T3 <:>3(x 1)—2(y 1)<:>3x 2y- =1

Vi s6 chinh phudng chia 5 du 0 hodc 1 hodc 4, ma 3x* —2y* =1 nén x* va y? chia cho 5 cd cung
s6 du 1, tir d6 ta dugc x> —y*:5
Vi s8 chinh phugng chia 8 du 0 hodc 1 hodc 4, ma 3x? —2y? =1 nén x* va y? chia cho 8 cé cling
s6 du 1, tir d6 ta dudc x> —y°:8
Do 5 va 8 nguyén t6 cing nhau nén ta dudc x* —y?:40
2) Tacd x* +2x2 =y? <:>x“+2><2+1:y3+1<:>(x2+1)2 :(y+1)(y2 —y+1).
Goi d=(y+1;y2 —y+1). Khi @4 ta cé (y+1)2§d va y* —y +1:d nén ta dudc
(y+1)2 —(y2 —y+1)§d = 3yid

Do d |a nguyén td nén ta cé hai trudng hgp

. 2 . A 20 . - A N A 7 N ~
+ Khi 3:d ta dudc (x2 +1) =(y+1)(y2 —y+1):9 nén (x2 +1) 9= x*+1:3.Diéunayvdlyvisd
chinh phuong chia cho 3 khéng thé cd s6 du la 2.
+ Khi 3:d ta dudc y:d, két hgp vdi y+1:d tasuyradugcd=1.
Do d4 (y+1;y2—y+1):1.
Khi @6 do (y+1)(y2 —y+1) la s6 chinh phudng nénta d3t y+1=a*y?-y+1=b? trongdéa, b la
céc s6 nguyén dudng va (a;b) =1. T d6 ta dudc

b? = (2’ —1)2—(a2 ~1) < 4b’ =4a* 122" +12 < (2b-2a” +3)(2b+2a° +3) =3

2 2 2 2 A z Z \

Vi (Zb) > (Za —3) = 2b > 2a° — 3 nén ta xét cac trucéng hgp sau

2b-2a*+3=1

=
2b+2a*-3=3

+ Truong hap 1. VGi {
a =

b=1
{ 5 hé khong cé nghiém nguyén.

2b-2a*+3=3 b=1 =1 +1=1
+ Trudng hap 2. Véi{ ar { @{a {y

2 _ < 2 _ _ =
2b+2a*-3=1 [a’=1 |b=1
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Th lai vao phuong trinh ban dau ta thdy thda man. Vay phudng trinh ¢é nghiém duy nhét 13 (0;0)

Céu lII. Cho hinh vudng ABCD néi ti€p duting trdn (O). P 1a diém thudc cung nhd AD clia dudng
tron (O) va P khdc A, D. Cdc dudng thdng PB, PC lan lugt cdt AD tai M, N. Budng trung truc
cla AM c3t dudng thdng AC, PB lan lugt tai E, K. Budng trung truc DN cat cdc dudng thing
BD, PC lan lugt tai F, L.

1) Chidng minh rang ba diém K, O, L thdng hang.

2) Chiing minh dudng thang PO di qua trung diém cla EF.

3) Gid s dusng thang EK cat dusng thang FL va AC cat nhau tai T. Dudng thdng ST cat céc
dusng thang PB, PC Ian lugt tai U va V. Chiing minh rang bdn diém K, L, V, U cung thudéc mot
duang tron.

Li giai

B
h)
V H T
U
K I 0
F
E R

P
1) Chidng minh rang ba diém K, O, L thang hang.

Ta cé KA =KM suy ra tam gidc AKM cén. Do d6 ta dudc KAM = K/MTA\

Ma ta lai cé KMA +KBA = 90° va KAB+KAM = 90° nén suy ra KAB = KBA hay tam gidac AKB can
ta K. Do d6 ta dugc KA =KB =KM.

Lai c6 OB =0D nén OK la dudng trung binh cGa tam gidc DKM, suy ra OK // MD.

Chdng minh tuong tu ta c¢é OL la dutng trung binh clia tam gidc NCA, suy ra OL // AD
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Theo tién d@é Gclit thi ba diém K, O, L thdng hang.

2) Ching minh dudng thdng PO di qua trung diém cuta EF

Ta cd E thudc dudng trung truc AM va EAM = 45° nén tam gidc EAM vubng can.

Do d6 suy ra ME vudng gdc vdéi AC. Hoan toan tudng tu ta cling cé NF vudng gdc véi BD.

Ta cé MN song song vdi BC nén theo dinh Ii Talet ta cé kB :E.
MB NC

Ha PX vudng géc véi AC va PY vubng gdc vdi BD, khi d6 ta cé PX, EM, BO cung song song Vdi

nhau.
Do d6 ta dugc &zﬁ
EO PM
Lai cé PY, FN, CO cung song song vd&i nhau nén ta ciling cé % =%.

TU d6 dan dén % :% nén suy ra XY va EF song song vdi nhau.

Ta c6 PXO = PYO = XOY =90° nén t(f gidc PXOY I3 hinh chif nhat, do d6 PO di qua trung diém
cha XY. Do XY song song véi EF nén PO di qua trung diém cua EF.

3) Gia st dusng thang EK c3t dudng thdng FL va AC cat nhau tai T. Pudng thang ST cat céc
dudng thang PB, PC Ian lugt tai U va V. Chitng minh rang bdn diém K, L, V, U cung thuéc mét
dudng tron.

Ta ¢6 LK song song véi AD nén LK vudng géc vdi ES. Do dé KOA = OAD = 45° nén KEO = 45°.
M3 ta c6 EOS = 90° nén OK I3 phan gidc clia géc EOS.

Suy ra tam gidc EOS cén nén ta cé KS =KE, suy ra KL |a dudng trung truc clia ES hay E va S déi
xng véi nhau qua KL. Hoan toan tuong tu ta cd F va T déi xding qua KL.

Tif d6 ta dudc AEOF = ASOT nén EFO = STO.

Goi giao diém cdia OP va EF 1a |, ta cé | 1a trung diém cua EF.

Do tam gidc OEF cdnnéntacé IO=IE=IE.

Suy ra tam gidc IOF cén nén IOF =IFO = OTS.

M3 IOE +IOF =EOF = 90° nén IOE +OTS = 90°.

Goi giao diém clia OP va ST la H nén ta c6TOH = IOE , suy ra TOH+HTO = 90°.

T d6 suy ra THO = 90° hay PO vudng géc véi ST.
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Ta c6 PLF = PCD va PCD = PBD =BPO nén PLF = PBO = PVH.
Lai ¢ PH vudng gdc véi UV nén VPH +HVP = 90°.
Ma ta lai ¢ PLF +PLK = PLK =90° nén PLK = HVP .

TU dd suy ra PLK = UVP hay t gidc KLUV ndi ti€p dudng tron.
Cau IV. Chiing minh rang vdi moi s6 tu nhién n > 3 lubn ton tai cdch xép bé n s6 1,2, 3, ..., n

. A X +X
thanh b6 s6 x,, x,, X, ..., X_ sao cho X; #— k

vdi moi bd chi s6 (i;j;k) mal<i<j<k<n.
Li giai

a.+a

Day a,,a,,a,,...a, chiéu dai s>3 tlyy dudc goi la day “t6t” néu a, = ~——

véi moi chi sé (i, j, k)
thdaman (1<i<j<k<s).

Néu ddya,,a,,a,,....a, la day tét thi day 2a,,2a,,2a,,..,2a_va ddy 2a, -1,2a,-1,2a,-1,..,2a_-1
cling la day tét.

TU nhan xét trén ta suy ra néu day x,,x,,X,,...X_ la ddy tétclacdcsb 1,2,3,..,s (s=3) thi dady
2X,,2%,,2X;,.., 2%, 2%, —1,2x, —1,..,2x_—1la ddy t6t cla cdc s6 1, 2, 3, ..., 2s (chd y rang

2x, +2x -1
2

+) (1,3, 2) laday tét ciacédcsé 1, 2, 3.

khdéng la s6 nguyén).

+) V&i n > 31udn ton tai k dé 3.2 < n < 3.2%. Theo nhan xét trén, ta xay dung dudc day tét tif cac
day tét tif cdc sb 1, 2, 3.,..., 3.2° sau dé ta bd di cdc s6 n+1,n+2,n+3,....,3.2“ching ta nhan dugc
day tét tir céc s6 1, 2, 3, ..., n (trén day tét ta bd di cdc s6 hang bat ki thi day con lai van |a day t6t).
Cach khac:

V@i n =3 ta cé céch sdp xép 1, 3, 2.

Ta chidng minh rang néu bai todn didng vdéi n sé didng vdi 2n.

That vay, gid st ta cé céch xap x€p diing vdi n thi céch sap xép d6 cé dang x,,x,,x,,X,,...x_ thda

X'.-i-Xk

mén vdimoi 1<i<j<k<ntacd x, # . Ta chiing minh tén tai ddy 2n théa man dé bai .

Xét day sau 2x,,2x,,2x,,...2x_, 2x, —1,2x, —1,2x, —1,..,2x_—1, ddy s6 gobm tat ca cdc sb tif 1 dén

2n. Xét a < b bat ky cung thubc day

+ Néu a, b khdc tinh chan 1é thi a-;_b khéng thubc day (thda man)
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+ Néu a, b cling tinh chan 1é thi ? thudc day

Néu a, b cing chan (trudng hgp a, b cung 1é ching minh tudng tu')

Trudng hgp 1. Khi a;b 1 thi 2

erb khéng thé nam gilta a, b do cdch x4y dung day (thda man)

a+b

Trudng hop 2. Khi chan.

a+b

ca s . ~ s b e ~
Gia sU rang ndm gilfa a, b trong day khi dé a=2x,b = 2xk,% = 2xj véi i < j<k suyraday
ban dau x,,x,.X,,...Xx_ la cdch sdp x€p khéng thda man dé bai (mau thuan )

a+b

Vay diéu gia s la sai nén khéng nam gilra a va b trong day.

Vay véi moi trudng hop trung binh céng cla a, b khdng thé nam gitra a, b suy ra da xay dung dudgc
cdch x&p théa man cho trudng hdp 2n. Nhu vay da chiing minh dudc rang néu bai todn ding vdéi n
thi ddng vdi 2n.

M3t khdc bai todn ddng vdi n thi ding véi n—1. Nén theo nguyén Ii quy nap ta cé diéu phai ching

minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

x> +y?—xy=1
Cu l. 1) Gidi hé phuong tinh {© * 7 77V =7,
X+ Xy =2y

2) Gidi phuong tinh 2(x +1)vx+1 =(Jx+1 +\/1—x)(2—ﬁ).
L& gidi
1) Phudng trinh th( nhat cta hé dudc viét lai thanh xy = x? +y? —1. Thé vao phudng trinh thi hai
cla hé ta dugc
x+x(x2+y2—l):2y3 S x+x+xy? —x=2y P @ x* +xy*-2y* =0

S X -y +xy?—y? :0<:>(x—y)(x2+xy+y2)+y2(x—y):0

~ ) 2\ x—y=0 X
<:>(x y)(x + Xy + 2y )—O<:> x2+xy+2y2=0®[x

D& thay x =y =0 khéng thda man phudng trinh th nhat cda hé.
Do dé tif x = y thay vao phudng trinh thi nhat clahétadudc x> =1 o x=+1=>x=y ==+1.
Vay hé phuadng trinh da cho cé cdc nghiém la (x;y) ~ (1;1),(—1;—1).
2) Diéu kién xac dinh cha phuong trinh 13 -1 <x<1.
Bién d6i tusng dusng phuong trinh ta dudc
2(x+1)Wx+1 :(\/x+1+\/1—x)(2—\/m)
& 2x LV FL =20+ L+ 231 x -y (x4 1) (L=x) (1= %) (L +x)
& 2(x+1)Wx+1 =2Vx+ 1+ 2V1—x —(x+1)x~1 ~(1-x)v/x+1
<:>(x+1)(x/x+1 +\/1—x)=2\/1—x

Pat a=\/x+1;b=\/1—x(a20;b20),khi détacd a®+b*=2.

a’+b*=2

Phuang trinh trén dudc viét lai thanh a’ (a+b) = 2b. Tir d6 ta cé he phuong trinh { *(a+b)=2b
a(a+ =

+ Xét trudng hdp b =0, hé phudng trinh trén vo nghiém.

+ Xét trudng hop b =0, khi dé phuong trinh th nhat cla hé tusng dudng véi b(a2 +b2) =2b.
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b(a2 +b2)=2b 2%b+b? = 2b
Khi d6 ta cé hé hugng trinh 2SS

a’(a+b)=2b a+ab=2b

TU détadudec a’b+b*=a*+a’b=2b=2a*=b’>=a=b.

Thay vao phudng trinh th nhat ctia hé va chi y dén diéu kiénta dudc a’ =1<a=1=a=b=1.
TUr d6 ta duge Vx+1 =+1-x =1 < x =0, théa man diéu kién xéc dinh.

Vay phuadng trinh cé nghiém duy nhat1a x=0.

Cau ll. 1) Chdng minh rang khéng tén tai cdc sé nguyén x, y thoa man dang thic

12x* +26xy +15y* = 4617.

2) Vi a, b 1a céc s6 thuc duong. Tim gid tri I8n nhat cha biéu thic

M=(a+b){ L +Lj—i.

a’+b b’*+a

Li giai
1) Trudc hét ta chiing minh bd dé: Véi moi s6 nguyén té ¢ dang p = 4k + 3 thi ta ludn cé

) a:p
a2 +b*ipe {bfp(a'be Z)

That vay, ta xét hai trudng hgp sau
+ Trudng hop 1. NEu mét trong hai s6 a va b chia hét cho p thi ta suy ra diéu can chiing minh.

+ Trudng hop 2. Néu c3 hai sé a va b cung khéng chia hét cho p. Khi dé ta cé (a;p) = (b;p) =1.

= a4k+2 +b4k+2 = z(modp)

afth= 1(modp) a¥id = 1(modp)
Theo dinh If Fecmat ta cé

b= 1(modp) = b**? = l(modp)

2k+1 2k+1
M3t khdc ta cé a* 2 + b*+? = (az) +(b2) chia hét cho a* +b? nén chia hét cho p.

TU d6 suy ra 2 chia hét cho p, ma p 1a s8 nguyén té nén ta dudc p = 2. Diéu nay mau thuan vip la
s6 nguyén té |é.

Nhu vay trusng hdp 2 khéng xay ra hay bé dé dudc ching minh.

Trd lai bai todn. Do 4617 chia hét cho 19 nén 12x* + 26xy +15y*:19 hay ta dudc

12x* —12xy +15y” + 38xy 19 < 12x* —12xy + 15y*:19
<:>3(4><2 —4xy+5y2)519<:>4x2 —4xy +5y?i19

=3 (4x2 —4xy + y2)+4y2 19 < (2x —y)2 +(2y)2 ‘19

Do 19 la s6 nguyén t8 cé dang 4k + 3 nén dp dung bd dé trén ta suy ra dugc
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2x-y:19 3x—-2y:19 3x:19 x:19
2y:19 2y:19 2y:19 y:19

TU d6 ta dudc 4x? —4xy +5y?:19%. Diéu nay dan dén mau thudn vi 4617 khéng chia hét cho 19°.
Vay khéng tén tai cdp s6 nguyén (x;y) théa mén yéu cdu bai todn.

2) Ap dung bat ddng thic Bunhiacopxki ta cé

(2’ +b)(%+bj >(a+b) (b’ +a)(%+aj >(a+b)’

1 1

“ib bl
Tir d6 ta duge 272 <a.3+b _b
a’+b a+b'b*+a a+b

+a

. Do dé suy ra

1+b 1+a a+b+l+l
(a+b) ! 1 |_3a+b a+b_a ",b 2 _b
a’+b a+b®) a’+b b’+a a+b a+b a+b
11
3 M<a+b+g+g 1_ab(a+b)+a+b—(a+b)_ab(a+b)_1
wramM=s—" " "5 (a+b)ab —ab(a+b)_

Vay gid tri lén nhatctaMla 1, dat dudc tai a=b=1.

Cau IIl. Cho hinh thoi ABCD c¢é BAD < 90°. Dudtng tron tdm | ndi tiép tam gidc ABD tiép xuc vdi
BD va BA Ian lugt tai J va L. Trén dudng thang L |18y diém K sao cho BK song song ID.

1) Chiing minh rang CBK = ABI.
2) Chitng minh rang KC LKB.

3) Chiing minh rang bdn diém C, K, | ,L cung nam trén mét dudng tron.

L& gidi
1) Chiding minh rang CBK = ABI. B
Tacé L
CBK = CBD-KBD:ABl= ABD—-IBD.Lai A ARt c
c6 ABD =CBD. Mat khac do ID song
K
song v3i BK nén ta cé IBD = IDB = DBK. D

Tu &6 suy ra CBK = ABI
2) Ching minh rang KC LKB.
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D& thdy KIC = LJI. Lai c6 UL = IBJ = LBI. K&t hdp véi CBK = ABI ta dudc CBK = CJK nén tdf gidc
BCKJ néi tiép duding tron. Do dé BJC = BKC = 90° hay KC LKB.

3) Chdng minh rang bén diém C, K, | ,L cung nam trén mot dudng tron.

Tam gidc IJL can tai | nén ta cé IL=1L=IBJ. M3 ta c6 IBJ = JBK nén ILJ = JBK

M3t khdc do t gidc BCKJ ndi tiép dudng tron nén JBK = JCK.

TU dé ta dudc ILJ=JBK = JCK nén suy ra t gidc CKIL ndi tiép dudng tron.

Cau IV. Tim t4p hdp s6 nguyén dudng n sao cho tdn tai mdt cdch sdp xép cdc s6 1;2;3;..;n thanh

a,;a,;a,;..;a, ma khi chia céc s6 a,;a,a,;a,a,a,;..;a,a,...a_cho nta dugc cic s6 du d6i mot khdc

nhau.

Lai giai

Trudc hét ta chiing minh bé dé: V3i hop s6 n > 4 ta lubn cé (n—l)!fn.

Thét vdy, do n la hdp s6 va n >4 nén ta viét dugc n=a.b trong d6 a,b e N;1 <a,b <n.Khidd ta

suy ra dudc 2<a,b<n-1.TUu d6 dé thay ta luén cé (n—l)!in.
Trd lai bai todn. Tathdy a, =n vinéu a_#n thi a, =n(i € [l;n—lj).

. 7 7 al‘az"'a;gn . A N A = 4 e 2 . 2 ] 7
Khi @6 ta co ., diéu nay mau thuan vdgi gia thiét cda bai toan.

a,.a,..a,:n

Dovdy a, =n.Gid s nlahdp s6 va n> 4, khi dé theo b6 détacé a,.a,..a, , = (n—l)!in

Mat khdc theo baira ta lai ¢ a,.a,..a,:n. Nhuvay a .a,..a , va a,.a,..a in cb clng s6 du khi chia
cho n. Diéu nay méau thuan vdi gia thiét cta bai toan.
Tuddsuyran<4.Madonlahdpsdnéntadugcn=4.

Ta thdy vdi n=4 thibd s6 1;3;2;4 viét dugc day s6 1;1.3;1.3.2,1.3.2.4 chia cho 4 ¢4 s6 du lan
luct Ia 1;3;2;0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cu I. 1) Gidi hé phuong tinh XY =VX+3Y
x> +y’ +xy=3
2) Vi a, b la céc sé thuc dugng thda man ab +a+b =1. Chling minh rang:
a b l+ab

1+a? +1+b2 :\/2(1+az)(1+bz)‘

Lgi giai
x+y)2=x+3y
1) Hé phuadng trinh tudng duong vdi
(x+y) =3+xy
7 7 \ X=3
Dodotacoperdngtrlnhx+3y=3+xy<:>(x—3)(y—1)=0<:{ )
y_—_
svei X3 x=3 hé phugng trinh vé nghié
i S , hé ng trinh v6 nghiém.
x>+y*+xy=3 |y’ +3y+6=0 @ . gns
V6 LY oY @xl,yl'
x> +y*+xy=3 x*+x-2=0 |x=-2y=1

Vay hé phuadng trinh da cho cé nghiém la (x;y) = (1;1).
2. Vi a, b la céc sé thuc dudng thda man ab+a+b =1. Chiing minh rang:

a N b _ l+ab
1+a> 1+b° \/2(1+32)(1+b2)

Céch 1. Do ab+a+b =1 nén ta dugc
az+1=a2+ab+a+b=(a+b)(a+1);b2+1=b2+ab+a+b=(a+b)(b+1)

D3ng thic can chiing minh tusng dudng Vdi
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a N b _ 1+ab
(a+b)(a+1) (at+b)(b+1)  H(aib) (ar1)(b+1)
- a(b+l) b( ) 1+ab
(2+b)(a+1)(b+1)  D(asp) (ar1)(b+1)

<:>(a+1)(b+l)= 2(a+1)(b+1) <:>(a+l)(b+1):2<:>ab+a+b:1
Do dang thic cudi cung ludn ding nén d3ng thic can chiing minh ddng.
a(b® +1)+b(a’+1) 1+ab

(a® +1)(b* +1) ‘Jz(am)(bm)‘

Ma ta cd a(b2 + 1)+ b(a2 + 1) = (a + b)(ab + 1) nén d3ng thuc trén tuong dudng vdi

Céch 2. Bang thidc can ching minh tuong ducng vdi

at+h _i@2(3+b)2 :(a2+1)(b2+1)<:>a2+b2+4ab:a2b2+1

Je1)(br+1) 2
<:>(a+b)2 =(ab—1)2 < at+b=ab-1l<ab+a+b=1
Do d3ng thidc cudi cung ludn didng nén dang thiic can chiing minh ddng.
Cau ll. 1) Gid st p va q la céc s6é nguyén t6 thdoa man dang thuc p(p—l) =q(q2 —1).
a) Chiing minh rang ton tai s8 nguyén dudng k sao cho p-1=kq, g -1 =kp.
b) Tim tat cd cdc s6 nguyén td p, q thda man dang thic p(p—l) = q(q2 —1).
2) Véi a, b, ¢ la céc s6 thuc dudng thoa man ab + bc + ca + abc = 2. Tim gid tri I6n nhat cla biéu

a+1l b+1 c+1
+ L ]
a’+2a+2 b>+2b+2 c*+2c+2

thic M=
Lai giai

1. Gid s p va q la cdc s6 nguyén t6 thda man dang thuc p(p—l) = q(q2 —1).
a) Chiing minh rang tén tai s6 nguyén dudng k sao cho p—-1=kaq,q° -1 =kp.

p=gq=0

L diéu nay vo If Vi p, q la cdc s6 nguyén td.
p=qg=

Néu p =q thita cd p—1=q2—1:>[

Do vy p # q, khi d@6 do p va q |a cdc s6 nguyén t8 nén p—1:q va q° -1:p.
Nhu vay tén tai cdc s6 nguyén dusng m, n théa man p—1=maq;q° —1 =np, thay vao dang thic da

. o . -1=k
cho ta dugc m=n. Do vay ton tai s6 nguyén dudng k sao cho {pz g

9 -1l=kp

b) Tim tat ca cdc s6 nguyén t6 p, g thda man dang thuc p(p—l) = q(q2 —1).
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Thé p=kq+1 vao hé thic g° -1 =kp ta dugc q° -1 =k(kq+1) < g* —k’g—k-1=0.

Xem phuong trinh |a phudng trinh bac hai an q, khi d6 dé phudng trinh cé nghiém nguyén duong
thi

A=k +4(k+1) =k* + 4k + 4 phai |a s6 chinh phudng.

2

Ta cé k* <k4+4k+4<(k2+2)2 nén ta dudc A:(k2+1)

T d6 ta dudc k4+4k+4=(k2+1)2<:>k=k2<:>k=1.

Thay vao hé thiic d3 cho ta dudc > —q-2=0<=q=2=p=3.

VAy cdc s6é p =3;9=2 la cdc sd nguyén t6 can tim.

2.Vdia, b, c la céc s6 thuc dugng théa man ab + bc + ca+abc = 2. Tim gid tri I6n nh&t cla biéu
thic

a+1l b+1 c+1
= + +
a’+2a+2 b*>+2b+2 c*+2c+2

Bién d6i gia thiét ab + bc +ca +abc =2 ta dudc

(l+a)(1+b)(l+c):(1+a)+(1+b)+(1+c)

1 " 1
Tira)(1+b) (1+a)(1+c) (1+b)(1+c)
. 1 1 1 s
Pat x= Y= 1Z= , khi d6 ta thu dudc xy +yz+zx=1.
l+a 1+b l+c
Biéu thic M dudc viét lai thanh
1 1 1
a+1l b+1 c+1 x y z
= —+ =—+ > = + 1 + 1
(a+1) 1 (b+1) +1 (c+l) +1 ?Jrl 7Jrl 272+1
X Y z

X2+l Y24l 22+l

Péytacd x*+1=x" +xy+yz+zx=(x+y)(x+z). Ap dung tudng tu ta dudc

M:(x+y)x(x+z)+(y+z)y(x+y)+(x+z)z(y+z)
:x(y+z)+y(z+x)+z(x+y): 2(xy +yz+2x) _ 2
(x+y)(y+z)(z+x) (x+y)(y+z)(z+x) (x+y)(y+z)(z+x)

Ta ching minh dudc 9(x+y)(y+z)(z+x) > 8(x+y+z)(xy+yz+2x).
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Vi (x+y+z)2 23(xy+yz+zx):3 nén x+y+z£\/§. Nén ta dugc

V< 2 _ 9 343

9
< =
Sfcryrz)iyrvzrax) Axrvez) as

33

VAy gid tri I6n nhat cha M 13 T,da dudc tai x:y:z:iaa:b:c:\/g—l.

V3

Cau Ill. Cho tam gidc ABC nhon véi AB<AC. Goi E, F lan lugt Ia trung diém clia CA, AB.

Pudng trung truc clia EF cat BC tai D. Gid si P nam trong EAF v nim ngoai tam gidc AEF

sao cho PEC = DEF va PEB = DFE. DPusng thang PA cat dudng tron ngoai tiép tam gidc PEF tai
Q khéc P.

1) Chiing minh rang E/Q\F _ BAC +EDF.

2) Tiép tuyén tai P cla dudng tron ngoai tiép tam gidc PEF cit CA, AB lan lugt tai M, N. Chidng
minh rang bén diém C, M, B, N cung nam trén mdt dudng tron. Goi dudng tron nay la dudng tron
(K)-

3) Ching minh réing dung tron (K) tiép xtic véi dudng tron ngai tiép tam gidc AEF.

Lgi giai

N - Hinh 2

Hinh 1

1) Chiing minh rang E/Q\F _ BAC +EDF.
Vit gidc PEQF néi tiép dudng tron nén ta cé

— e~ e~ e _——

:@Z5+ﬁig+GZb+ﬁig:éZE+ﬁﬁ
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2) Tiép tuyén tai P clia dudng tron ngoai ti€p tam gidc PEF cat CA, AB lan lugt tai M, N. Chiing
minh rang bdn diém C, M, B, N cung na trén mét dudng tron. Goi dudng tron nay la dudng tron
(K).
Khéng mat tinh téng quét ta gid sir M nam gilra A, C va N nam trén tia déi cla tia BA (cdc trudng
hdp con lai chiing minh tudng tu). Khi d6 ta cé

MNB =180° - NPF — PFN = 180° — PEF — DFE

~180° - DEC - DEF =180° - CEF = AEF = ACB

Do d6 t gidc NCMB néi tiép dudng tron (K).
3) Chiing minh rang dudng tron (K) ti€p xUc véi dusng tron ngai ti€p tam gidc AEF.
Ta c6 nhan xét: PAB =DAC. That vdy, goi X, Y, Z Ian ludt I diém di xtng véi P qua EF, AE, AF
thi tur gia thiét PEC = DEF suy ra DEY = 65( ma ta cé EX =EY nén DX =DY . Tudng tu thi ta cé
DX =DZ nén DX =DY = XZ, la cé AY = AP = AZ ta dugc DAZ = DAY . Két hgp tinh d6i xdng ta
dudc PAB =DAC.
Pudng tron ngoai tiép tam gidc PEM c3t dudng tron ngoai tiép tam gidc AEF tai R khac E.
Tathdy RPN =REM =RFA nén t(f gidc PRFN ndi tiép dudng tron. Lai do td gidc BNCM nai tiép

— | el . .

dudng tron nén BAC =180° — NBC =180° — CMN = AMN..

Tir g4y ta thu dugc ARE = AFE = ABC = AMN = 180° — PRE nén ba diém A, R, P thiing hang.

Goi giao diém cla EF va AD I3 |, theo tinh chat dudng trung binh thi | 1a trung diém cda AD.

Ta lai c6 AEl = ARF, két hdp Vi nhan xét ta dugc AAEI o> AARF .

TU d6 ra suy ra dugc AAED «» AARB. Ta thu dugc

— — e~ e~~~ -

TU d6 t& gidc NMRB néi tiép dudng tron hay nam diém M, N, R, B, C cung ndm trén dudng tron

(K).

Lai c6 ERM =EPM =EFP =EFR + RFP = RAE + RNM.
Vay dudng tron ngoai tiép tam gidc REF va duding tron (K) ti€p xtc nhau tai R.

Cau IV. Cho n la s6 nguyén duong vdi n > 5. Xét da gidc 16i n canh. Ngudi ta muén ké mét s6
dudng chéo cla da gidc ma cdc dudng chéo nay chia da gidc thanh didng k mién, mdi mién la mot
ngl gidc 16i (hai mién bat ki khéng cé diém chung trong).
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1) Chidng minh rang ta cd thé thuc hién dudc véi n=2018, k=672.

2) Vi n=2017,k =672 ta cé thé thuc hién dudc khdng? Hay giai thich.
Lgi giai

1) Chiing minh rang ta cd thé thuc hién dudc véi n=2018,k =672.

Ki'hiéu da giac 2018 canh la A AJA,..A

2018

da gidc A/AJA,..A, ., dudc chia thanh 672 ngii gidc 16i gom:

AA A A LA

20157 "1 "2015° "2016" "2017" "2018

AAAAAGAAAA A AA LA A0 A

17727 37 4" 507 17 5T 6T 7 17 '2012° '2013° 2014

2) V8i n=2017,k =672 ta cé thé thuc hién dudc khéng? Hay gidi thich.
Gid s ta cé thé chia da gidc 16i 2017 canh thanh 672 ngi gidc 16i bang cdc dudng chéo cla nd.
Goi p la s8 giao diém cla cdc dudng chéo nam trong da gidc. Do mdi dinh cta ngl gidc 16i 13 13
dinh cta da gidc da cho hodc la mét trong p giao diém cla cdc dudng chéo nén téng sé gdéc cac
ngl gidc nay la

p.360° +(2017-2)180° = (2p —2015)180°
M3t khdc s6 ngli gidc 16i 13 672, m&i ngii gidc 16i cé téng s8 géc & dinh 1a 3.180° nén tng s6 géc

clia cac ngli gidc 16i 13 672.3.180°.
Tl d6 ta dugc (2p—2015)180° =672.3.180° < p =%, Vo Iy.

Vay ta khdng thé thuc hién dudc véi n=2017,k =672.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 101



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Giai phudng thinh x2 —x + 2vx* +1 = 24/x + 1.

2 :1
2) Gidi hé phudng trinh 1Y 7Y =T .
x> +2y° +2xy =4 +x

Lai giai

1) Diéu kién xdc dinh cta phuong trinh 13 x > -1. D&y ring x> —x+1>0.

bat a=+x+1:b=vx?—x+1 (aZO;b>O).

Khi @6 phuang trinh da cho dugc viét lai thanh b® —1+2ab =2a < (b—1)(b+1+2a)=0
Do a>0;b>0 néntacd b+1+2a>0.Khidétl phuong trinh trén ta dudc b=1.

Do dé ta cé phuang trinh X2—X+1=1<:>X2—X=0<:>X€{0;1}.

K&t hdp vdi diéu kién xac dinh ta dudc tdp nghiém cha phuong trinh 1a S = {0;1} )

, 2xy +2y2 =242
2) Heé phudng trinh d4 cho dudc viét lai thanh { <7 <Y =%
X“+2y +2xy =4 +x

Cdng theo V& hai phuong trinh cla hé phuang trinh trén ra thu dudc
2 2 2 2
xX°+4y +4xy=6+x+2y<:>(x+2y) =x+2y+6<:>(x+2y) —(x+2y)—6=0

x+2y—-3=0 {X:B—Zy
=

<:>(x+2y—3)(x+2y+2)=0<:{ x=-2y_2

x+2y+2=0
+ Thé x =3 -2y vao phudng trinh th nhat clia hé da cho ta dudc

y(3—2y)+y2 :y+1<::>y2—2y+1:0<:>(y—1)2 =0coy=1
Tu dé tudng Ung ta dudc x =1.

+ Thé x =-2y —2 vao phudng trinh th nhat clia hé da cho ta dudc

y(-2y-2)+y’ :y+1<:>y2+3y+1:0<:>ye{_3;\/§;_3;\/g}
TU d6 vai y:_?’;\/g ta dugc x=1+\/g va Vi y:_?’-‘z_\/g ta dudc x=1—\/§
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Vay hé phudng trinh cé cdc nghiém (x;y) = (1;1),(1+\/g; —3;\@},(1_\/& —3;\/5].
Cau Il. 1) Tim tat ca cdc cdp s6 nguyén (x;y) thda man (X+V)(3x+2y)2 oty o1,

2) Vi a, b 1a cdc s6 thuc duong thay ddi thdoa man Va+2b =2+ \/g

a N b
x/a+2b \/b+2a.

Tim gid tri nhd nhét clia biéu thic M =

L&i gidi

1) D&y réing 2x+y = (3x+2y)—(x+y) nén phuong trinh da cho dudc viét lai thanh
(x+y)(3x+2y) =(3x+2y)—(x+y)-1

D3t a=x+y;b=3x+2y.Khidétacé ab’ =b—a—-1 hay a(b2 +1)=b—1.

Tir d6 suy ra b1 chia hét cho b +1. Do d6 ta dudc b® +1—(b—1)(b+1) chia hét cho b’ +1 hay

2 chia hét cho b”+1.Suy ra b* +1€{1;2} nén be{-1;0;1}.

+Vdi b=-1 tadugc a=-1, khi dé ta dugc (xy)=(1;-2).

+Vdi b=0 tadugc a=-1, khi d6 ta dugc (xy)=(2-3).

+Vdi b =1 ta dugc a=0, khi d6 ta dugc (x;y)=(L-1).

Vay céc cap s6 nguyén (x;y) =(1,-2),(1,-2),(2-3) thoa man yéu cau bai toan.

2) Ta sé ching minh M > 2 véi ddu dang thdc xay ra chang han khi a=b = 3.

b bv/3b N 26736 bV3b

Jo+2a \/3b(b+2a) “3b+b+2a a+2b

That vy, dp dung bat dang thiic AM — GM ta cé

a +b\/£ -
Ja+2b a+2b

Nhu vy ta can chi ra dudc

D3t x =+a+2b;y = \/g(x >0;y > 0). Khi d6 gid thiét dugc viét lai thanh x—y = 2.

Cling tUr trén ta cé b = 3y*;a = x* —6y . Bat d3ng thlc can chiing minh trén dudc viét lai thanh

2 2 3 2 2 3
ﬂ-i-gLZZZQﬂ-FgLZZX—V.
X X X X

Bién d6i tusng ducng bat dang thic trén ta dudc
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x(x2 —6y2)+9y3 > xz(x—y) o xP —6bxy” +9y°® > x* —x%y
<97 —6xy?+xy >0 <= y(9y2 —6xy+x2)2 0= y(3y—x)2 >0

Bat dang thuc cudi cung trén ludn diung. Vay bai todn dudc gidi quyét hoan toan.
Cau lll. Cho tam gidc ABC cé dudng tron ndi tiép (l) tiép xudc véi céc canh BC, CA, AB lan lugt
tai cdc diém D, E, F. Goi K |a hinh chiéu vuéng géc cha B trén dudng thang DE va M |a trung
diém cla doan thang DF.

1) Chiing minh rang hai tam gidc BKM va DEF déng dang vdi nhau.
2) Goi L 1a hinh chiéu cla vudng gdc cla C trén dudng thdng DF va N la trung diém cla doan
thang DE. Chlng minh rang hai dusng thang MK va NL song song vdi nhau.
3) Goi J, X lan lugt la trung diém clha cdc doan thang KL va ID. Ching minh rang dudng thing
JX vudng géc véi dusng thang EF.
L&i giai

1) Budng tron (l) noi ti€p tam gidc ABC nén A

ta c¢é BD va BF |a céc tiép tuyén. Do d4 BI 13

dudng trung truc cla doan thang DF nén Bl

E
vudng gdc vdéi DF tai M. TU d6 BMDK ndi tié€p E
dudng tron, do dé BMK = BDK = CDE. Cing
do CE I3 ti€p tuyén vdi dudng tron (l) tai E

B C

nén ta c6 CDE=DFE . Tu d6 suy ra e
— R - J
BMK =DFE . Mat khidc BKM=BDM =DEF ™

nén hai tam gidc BKM va DEF déng dang.
2) Ta cd cdc ti gidc BKMD va CLDN néi tiép dudng tron nén suy ra DMK = DBK vi DCN =DLN.

Mat khdc do BK song song véi CN nén ta cd DBK = DCN. Tir d6 suy ra DMK =DLN nén MK song

song véi LN.

3) Ta c6 DMK =DCN = 90° — CDN = 90° — DFE = 90° ~DMN, do d6 KMN =90°. Do viy td gidc

KMNL I3 hinh thang vuéng. Ta c6J la trung diém cla KL nén J nam trén dudng trung truc cha doan

thang MN hay JM = JN. Mat khdc XM = XN = %ID nén suy ra X nam trén dudng trung truc cia MN.

Do dd XJ vubng gdéc vdi MN. Trong tam gidc DEF thi MN la dudng trung binh nén ta cé MN song

song V@i EF. Do dé suy ra JX vubng gdc véi EF

€9 | www.facebook.com/mathexpress.vn |1900 633551 104



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Cau IV. Trén mat phang cho hai diém P va Q phan biét. Xét 10 dudng thdng ndm trong mat
ph3ng trén thda man céc tinh chat sau:

i) Khéng cé hai dudng thang nao song song hoac trung nhau.

ii) M&i dudng thang di qua P hodc Q, khéng cé dudng thing nao diquacad P va Q.

H&i 10 dudng thang trén cé thé chia mat phang thanh t8i da bao nhiéu mién? Hay giai thich.

L&i giai

Goi m, n theo thr tu 13 s8 dudng thang di qua P va Q. Goi S s6 mién dudc tao thanh. Do méi dusng
thang chi di qua diém P hac diém Q nén ta cd m+n=10. Ta xét cdc trudng hgdp sau.

+ Trudng hdp 1. Néu m=0 hodc n=0, chdng han m=0 thi tat cd 10 dudng thdng da cho cung
déng quy tai P. Khi dé dé thay sé mién dudc tao ra trén mat phdng 1a 20. Do déta cé S=20.

+ Trudng hdp 2.Néu m>0 va n>0,khidéd m>1 va n>1.TU mat phang da cho vdi hai diém P va
Q ta vé thém m dudng thang di qua diém P, s6 mién dudc tao thanh la 2m.

Lan luct vé thém cdc dudng thing di qua diém Q. Khi vé dudng thdng dau tién thi dudng
th3ng nay cdt m dudng thdng di qua P tai m diém phan biét, m diém phan biét nay chia dudng thang
vUa vé thanh m +1 phan. Néi cdch khac thi dudng thdng vira vé di qua (vi thé chia ddi) ding m+1
mién trong 2m mién dudc tao ra. Do d6 Iic nay s6 mién dugc tao ra la 2m+(m+1).

Ké tUr dudng thdng th( hai dén dudng thdng thd n di qua diém Q thi mdi dudng sé cat m
dudng thang phan biét di qua diém P tai m diém phan biét khdc Q. Céc diém phéan biét d4 cung véi
diém Q chia dudng thang vira vé thanh m + 2 phan. Do dé mdi |an vé dudng thing thi s mién tang

thém m+ 2. Do dd sé mién dudc tao ra tif cdc dudng con lai di qua Q 1a (n—l)(m+2).

Nhu vay ta cé S:2m+(m+1)+(n—1)(m+2):mn+2m+2n—1:mn+2(m+n)—1:mn+19.

Ap dung bat ding thi'c AM — GM ta c6 mn < %(m+n)2 =%.100 =25.

TU dd ta dudc S<25+19 =44. D3u bang xay ra khiva chikhi m=n=5.
Vay s6 mién dudc tao ra tdi da la 44 khi s6 dudng thang di qua P 13 5 va s8 dudng thang di qua Q
la 5.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xy(x+y)=2
x3 +y? 4 x%y° +7(x+1)(y+1):31'

2) Gidi phuong trinh 9+ 3,/x(3-2x) = 74/x +5v3-2x.

L&i gidi

Cau l. 1) Gidi hé phuadng trinh {

xy(x+y):2

1) Ta cé hé phuang trinh: < (X+y)(x2_xy+y2)+(xy)3 +7(X+V+XY+1)=31
xy(x+y)=2

e 3 o o) <7y a3

ab=2

Dat a=x+y;b = xythi hé trén trg thanh:
? v =y Thine fren e than {a(az—Bb)+b3+7(a+b+l)=3l

ab=2
=93 3 _
a’-3ab+b*+7(a+b+1)=31

!

a+b)[(a+b)2—3ab}—3ab+7(a+b+l):31

(
<:>(a+b)3—3ab(a+b)—3ab+7(a+b)—24=0
= (a+b) ~6a+b)~32+7(a+b)-24=0
o (a+b) +(a+b)-30=0

<:>(a+b)3—27+(a+b)=3
<:>(a+b—3)[(a+b)2+3(a+b)+10}:0

:>a+b=3(do (a+b)2+3(a+b)+10>0)

:[a+b:3:>{a:2(do a’ =(x+y)2 > 4xy = 4b)

ab=2 b=1
{x+y:2

= =>x=y=1
xy =1

Vay hé cé nghiém duy nhéat (x;y) = (1;1)

2) Diéu kién xdc dinh: 0 <x < g
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bata= \/;,b =4/3-2x (a,b > 0). Khi dé phudng trinh tuang duang vdi:

9+3ab=7a+5b
{2az+b2:3

< 2a°+2ab-4a+ab+b*-2b—-3a-3b+6=0

& 2afa+b-2)+b(a+b-2)-3(a+b-2)=0

& (a+b-2)(2a+b-3)=0
la+b=2=b=2-a=9+3a2-2a)=2a+10
2a+b=3=b=3-2a=9+3a(3-2a)=7a+5(3-2a)

(3a-1)(a-1)=0 21 1
(a )(a ) @a—gzx—g (tm)

(3_1)2:() a=l=x=1  (tm)

=2a’+b*’+6+3ab=7a+5b

<~

Vay phudng trinh trén cé tdp nghiém S = {%1}

Cau ll. 1) Cho x, y la cdc s6 nguyén sao cho x* —2xy —y?; xy —2y” —x déu chia hét cho 5.
Ching minh 2x? +y? + 2x +y ciling chia hét cho 5.
2) Cho a,, a,, ..., a, la cdc s6 nguyén théa man: 1<a, <a,....<a,, <50, a, +a, +....+a,, =100.
Ching minh rang tir cdc s8 da cho cé thé chon dugc mét vai s6 ¢é téng la 50.
Lgi giai
1) Ta cé:(x2 —2xy—y)+(xy—2y2 —x)zx2 —xy —2y* —x
=x° +xy—(2xy+y2)—(x+y) =(x+y)(x—2y—1).
Lai cé: x* —2xy —y,xy —2y* —x chia hét cho 5
= (x+y)(x -2y —1)chia hét cho 5
TH1: Néu x+y chia hét cho5 thi y = -x(mod5)
=0=x’-2xy-y=x>+2x"+x= x(3x + 1)(mod5), do vay x chia hét cho 5 hodc chia 5 du 3.
+)Néu x chia hét cho 5 thi y cling vy, bai todn dudc chiing minh
+)Néu x chia cho 5 du 3 thiy chia 5 du 2, thi
2x* +y? +2x+y =2.9+4+2.3=30=0(mod5)
Ta cling cé diéu phai chiing minh.
TH2) Néu x —2y —1 chia hét cho 5 thi x =2y +1(mod5)

=0=x" —2><y—ys(2y+1)2 —2y(y+1)—y:y+1(mod5)

Do dé y chia 5 du 4 va xcling chia 5 du 4 nén:

2x* +y? +2x+y =2.16 +16+2.4 +4 =60 = 0(mod5)

Vy ta ¢ diéu phai chiing minh.

2) Néutontai n:1<n<50:a, +a, +....+a, =50thi két ludn bai todn hi€u nhién
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Xét:lﬁns49:{ ro

Trudnghdp l:a , =2=a +a,+...+a, =49

2
Diéu nay vé ly nén:

n>25=49=a +a,+..+a 2na, 2253 = a<2=a=1

>3

n+l —

Trudng hop 2: a

a ,+ta g+ +a50:100—(al+az+ ..... +a

n+3
=49>(49-n)a,, >(49-n)3=>n=>33

:492(al+a2+....+316)+(a17+ ..... +an)216+(n—16)al7216+17al7
=>a,<2=a,=1=a =a
Néu a, 6 <18d3t a, +a, +...+a, , =50+k(k>1)

—18>a >(50+k)—49=k+1

n+l —

=>k<1/=a _, +...+a , =50

Néua , >19

:492(49—n a,., 2(49—n)19—>n247
=a, =a,=..=a, =

Vinéu a >2:>(a1+a2+ ....... +a44)+(a + e, +an)244+(n—44)a45244+(47—44).2>49Dét

45 —

a,,=50-k(0<k<31l)=a, +...+a +a,, =50(do a =...=a =1)

i

VAay ta cd diéu phai chiing minh.
Céu IIl. Cho ngii gidc 16i ABCDE néi ti€p (0) c6 CD//BE . Hai dudng chéo CE va BD cdt nhau tai

P. Diém M thubc BE sao cho MAB = PAE . Diém K thudc AC sao cho MK song song AD, diém
L thubc dudng thang AD sao cho ML// AC. Budng trdn ngoai ti€p tam gidc KBC cit BD, CE tai

Q va S (Q khac B, S khdac C).

1) Chiing minh 3 diém K, M, Q thang hang.

2) Dudng tron ngoai ti€p tam gidc LDE cat BD, CE tai T va R (T khdc D, R khac E). Ching
minh M, S, Q, R, T cuing thuéc mdt dudng tron.

3) Chiing minh dudng tron ngoai ti€p tam gidc PQR tiép xuc (O)

Lai giai
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1) Do cdc t gidc BCKQ va BCDA ndi tiép nén: C/KT) = (I/QB —-CAD = KQ// AD.
M3t khdc MK// AD nén K, M, Q thang hang.
2) Chidng minh tudng tu ta cé: R, M, L thang hang.

MQ//AD nén F\’/I\/E) —RLD = ETD =t gidc RTMQ ndi tiép.

Ching minh tudng tu RMSQ ndi ti€p do d4: M, S, Q, R, T cuing thuéc mét dudng tron.

3) B6 dé: Cho tam gidc ABC, M nam trén d//BC |y E khdc M trén d, AM cat BC tai |. Dudng qua
M song song véi AB cat BE tail, khidé lIJ// AE.

Chung minh MJ cat AE, AC tai S va T, ME cat AC tai G.

Ta cé MG//BC suyra %:E ME c3t AB tai P ta cé: @ZEZEZ%:%AE//U
Ml GC M) PB GC MiI

Quay trd lai bai toan:

AM c3t BC, (O) tai | va J khdc A. Ap dung b6 dé ta cé: IR// AE, IQ// AB.

Do d6 IRE = AEC = AJC = RIIC I3 tif gidc ndi tiép .

Ching minh tudng tu ta cé DQI 1a t gidc ndi tiép

Do d6: RJI+1Q+RPD = 2PCD + CPD = 180° nén RPQJ ndi tiép. Ké tiép tuyén Jx cda (0).

— e~~~ —

Tacéd: xJR=xJA-RJA=ADJ-PDC = ADP +MAC = ADP + PAD = APB
— PEJ = MAC = PED
Suy ra: Jx tiép xuc vdi (PQR)hay ta thu dugc: (PQR)tiép xuc véi (O)

Vy ta ¢ diéu phai chiing minh.
Cau IV. Cho a, b, ¢ 1a céc s6 thuc dudng.

Chdng minh rang ,f ab +,/ be [ ! + ! ]<2
atb \Vb+c J(Ja+b +b+c)

Lai giai

Ap dung BDT Cauchy-Schwarz ta cé:
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ab bc 1 1 ab bc 1 1
+ + < 2. + .12 +
a+b \b+c J\\Ja+b +b+c a+b b+c a+b b+c
a c b b a c b b
=2 + + < + + +
a+b b+c)la+b b+c a+b b+c a+b b+c

a b c b
= + + + =2
at+b a+b b+c b+c

Véy ta cé diéu phai chding minh

D3u "=" x3dy rakhivachikhia=b=c.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh —22X*2 . 226+ 5 = 3% + 30.
Vx?+30
X’ +y?=2

2) Gidi hé phuang trinh {(x+2y)(2+3y2 +4xy) _o7

Lgi gidi
A1 ea 5
1) Diéu kién x> ——.
26

D3t a=+/26x+5 va b=vx"+30 (a20,b>0).

Phugng trinh trd thanh

§+2a=3b<:>(a—b)(a+3b)=0<:>a=b<:>\/26x+5:\/x2+30 = 3%

x =25
Vay tap nghiém cda phuong trinh la S = {1;25}.

2) Thay 2 = x* +y* vao phuagng trinh thi 2 ta dugc (x + 2y)(x2 +y? +3y* + 4xy) =27

<::>(x+2y)3 =27 < x=3-2y.

: y=1l=>x=1
Thay vao phuadng trinh th nhat ta dudc (3—2y) +y' =0 7
y=—=>x==
5 5

Vay hé phudng trinh cé 2 nghiém 13 S = {(1;1);@; j}

Cau Il. 1) Tim t4t ca cdc cap s6 nguyén thda man: (x2 — X+ 1)(y2 + xy) =3x-1.

ol

2) V@i x, y la céc s6 thuc thay ddithdaman 1<y <2 va xy+2>2y.

x> +4

Tim gid tri nhd nhat cla biéu thic M = ——.
y +1

L&i giai
1) T bidu thic (x2 -><+1)(y2 +xy) =3x -1 tanhan thdy 3x -1 phai chia hét cho (x2 —x+1).
Tacd (3x-1)(3x-2)=9x* —9x+2 = 9(><2 —x+1)—7 cling phai chia hét cho (x2 —x+1).

2_x11=1
Suy ra 7 chia hét cho (x2 —x+1): XX .
x*-x+1=7
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Tim dudc x {0;1;—2;3}, thay vao tim dudc v.
Phuadng trinh ¢é 3 nghiém la (x;y) € {(1;1);(1;—2);(—2;1)}.
2) TU gid thiét xy +2>2y = 4xy +8>8y.
M3 ta lai cd 4x* +y? > 4xy
= 4x° +y* +8>4xy +8>8y
= 4(x* +4)28y+8-y’

= 4(x* +4)=4(y* +1)+(5y+2)(2-y) 2 4(y* +1)

2
X" +4
= >

=M 1.

yi+1
Diu"="xdyrakhix=1vay=2.
VAy GTNN cla M bang 1 khi x=1 va y=2.
Cau lll. Cho hinh vuéng ABCD, dudng tron (O) ndi ti€p hinh vudng tiép xlc véi cdc canh AB, AD
tai hai diém E, F. Goi G |a giao diém cdc dudng thang CE va BF.
1) Chiing minh rang nam diém A, F, O, G, E cung nam trén mét dudng tron.
2) Goi giao diém clha dudng thang FB va dudng tron la M (M # F). Chdng minh rang M 1a trung
diém clia doan thang BG.
3) Chiing minh rang truc tdm cda tam gidc GAF nam trén dudng tron (O)

Lai giai

Cc

D
1) Do dudng tron (O) ndi tiép hinh vudng ABCD nén E va F 1a trung diém cdc canh AB va AD

— AABF = ABCE = EBG =BCG = BCG = 90°
=4 diém A, E, G, F cung nam trén mot dusng tron.
Ma A E, O, F cling ndm trén mét dudng tron = A, E, G, O, F cuing nam trén mét dudng tron.

2) Tacé AB la ti€p tuyén cla dudng tron (O) nén EFM = BEM.
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Lai c6 EAG = EFG (cung chan cung EG) nén EAG = EFG = EM// AG.
Ma E 13 trung diém cla AB =M Ia trung diém clha BG.
Cau IV. Cho x, y, z la cdc s6 thuc dusng thda man xy +yz+xz =1.

3
Ching minh rang: 1+1x2 +1+1y2 +1+122 2%[\/11;2 +\/11y2 +\/1ftzzj )
Li gidi
Ta cé:1+x2=xy+yz+xz+x2=(x+y)(x+z);
1+y2=xy+yz+xz+y2=(x+y)(y+z);
1+22:xy+yz+xz+zz:(z+y)(x+z).

2(x+y+z)
(x+y)(v+2z)(z+x)

Suy ra (VT) =

2
, X y z X y z
Ta co: + + <(x+y+z + +
[\/1+x2 J1+y? \/1+22] ey )(1“‘2 1+y? 1+Z2J

RO ST e v

x+y)(x+2) (x+y)(y+z) (z+y)(x+z) x+y)(y+2z)(z+x)
i 4(x+y+z) x y z
Do @6 (VP) = .
0 dé (VP) 3(X+V)(V+Z)(Z+X)(\/1+x2+\/1+y2+\/1+ZZJ
~ 2 7, 2, \ x y Z 3
Bat dang thdc tré thanh \/1+x2 +\/1er2 +\/1+22 SE.

Ta cé: X - a <1(

1+ \/(x+y)(x+z) 2

X X j; y y _l( y .Y j;
X+y X+z \/1+y2 \/(x+y)(y+z) 2{x+y y+z

z z <l( z z j
J1+22 \/(x+z)(y+z)_2 X+z y+z
= SR NS
Vitx® 1+y? 1+7°

Diu "=" xayrakhi x=y=z=-—"—.

3
S_
2
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x* +y*+4xy =8
(x+y)(x2+xy+2)=8'

V27 +x*+x 27 +2x

2+\/5—(x2+x) S 2+45-2¢

Cau l. 1) Gidi hé phuadng trinh {

2) Gidi phudng trinh

Lai giai
e es 3x% +y? + dxy =8 o (x+y)(3x+y)=8
(x+y)(x2+xy+2):8 (

Do phudng trinh thd nhat nén x+y = 0 do dd ta két hdp hai phudng trinh lai ta ¢

x+y)(x2+xy+2):8'

=1
X2 1xy+2=3x+y < (x-1)(x+y-2)=0e| ¥ ¢
2=y e feet)xry-2)-0m| T
N 2 y:]'
Truéng hdp 1: x=1=3+y +4y=8< K,
Y Z&

Trudng hdp 2: x =2 —y thay vao phuong trinh th nhat ta cé —4(y—1) =0oy=1.
Vay hé da cho cd hai cap nghiém (x;y) la (1;1);(1;—5).

2) Diéu kién: xsg;x2+x$5.

Dita=,5-(x*+x) va b=v5-2x(a, b>0).

_ A2 _ k2
Tacé \/32 ik _ \/32 b . (1)
2+a 2+b
Tathdy, néu a>b>0 thi ¥32-a? <v32-b% va 5 < 5 tdcla VT < VP, mau thuan.
a+ +

Tuong tu vdi a < b cling mau thuan. Do d4 a = b, tdc l1a phudng trinh ban dau tusng ducng vdi

5—(x2 +x)=5—2x<:>[x (thod man).
=0

Vay phuadng trinh cé hai nghiém x=1, x=0.

Cau Il. 1) Chdng minh rang véi moi sé nguyén dudng n, ta luén cé
7 7 7
[(27n +5) + 10} + [(mn +27) + 5} + [(Sn +10) + 27}

chia hét cho 42.
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2) V3i x, y la cdc s6 thuc dudng thay d6i thda man diéu kién 4x* +4y? +17xy +5x+5y >1.
Tim gid tri nhé nhat cla bidu thic: P =17x* +17y* + 16xy .

Lgi giai

1) Trudc hét ta chiing minh ring x’ = x (mod 42), VxeZ. (1)

That véy, ta cé x” —x = x(x—-1)(x +1)(x4 +x2 4+ 1).

Dé thay x(x—l)(x+1) la tich 3 s6 nguyén lién ti€p nén né chia hét cho 6.

Theo dinh I Gle thi x” —x =0 (mod 7), ¥x € Z , tiic Ia x” —x chia hét cho 7.

Vay x’ —x chia hét cho BCNN(6;7) =42.Kh3ng dinh (1) dudc ching minh.
T d6 [(27n +5) + 10}7 + [(IOn +27) + 5}7 + [(Bn +10) + 27}7

= (27n+5) +10+(10n+27)’ +5+(5n+10) +27(mod42)
E27n+5+10+10n+27+5+5n+10+27(mod42)
=42(n+1)(mod42)
=0(mod42).

TU d6 ta c6 khang dinh cla bai todn.

—

y , pr 1 , g X+V)2 a’ 5 ’
2) Bat a=x+vy.SU dung bat dang thiic AM-GM, ta cé xy < 7 =Zhay §a+1 >2.

Tu dé, ta cé aZ%(\E—l).

2
Suyra P=17x2 +17y? +16xy = 17a% —18xy > 173’ —%az 22(\/5—1) —6-442.

Dau " =" xay ra khi va chi khi x:yz%.

Cau lll. Cho tam gidc ABC cén tai A, cé dudng tron ndi tiép (l) Céc diém E, F theo thi tu thubc
céc canh CA, AB (E khdc C va A; F khdc B va A) sao cho EF tiép xuc véi dudng tron (l) tai
diém P. Goi K, L 1an lugt Ia hinh chiéu vuéng gdc cla E, F trén BC. Gid s FK cat EL tai diém J.
Goi H 13 hinh chiéu vuéng géc cla J trén BC.
1) Ching minh rang HJ la phan gidc cta géc EHF.

i_ BF?

2) Kifhiéu S,, S, lan lugt la dién tich cla cac t gidc BFJL va CEJK. Ching minh rang s T
2

3) Goi D Ia trung diém cha canh BC. Chiing minh rang ba diém P, J, D thang hang.
Lai giai

1) S&r dung dinh Ii Talet trong tam gidc LKE véi JH//EK, ta cé % =%.
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S dung dinh Ii Talet trong tam gidc JHE vdéi FL//EK, ta cung cé %:%
Dods Fo-LtH.
EK HK

Hai tam gidc FLH va EKH cé FLH = EKH = 90° v %zh—i nén AFLH« AEKH

— LFH = KEH.
Mat khdc, ta lai cé LFH = FHJ (so le trong) va KEH = EHJ (so le trong).
Do dé HJ la phan gidc clia géc EHF.

2) Do HI//FL nén S_, =S,,,,- Suy ra S, =Sgr +Seiy = Sary- (1)

BFIL = BFL FLH BFH
Chiing minh tudng tu, ta cung ¢ S, =S, - (2)
Theo chiing minh cau 1, AFLH» AEKH nén FHB = FHL = EHK = EHC .

Hai tam gidc FHB va EHC c¢é FBH = ECH va FHB = ECH nén déng dang vdi nhau.

S 2
Suy ra —FBH = BF2 .
SECH CE
’ S S 2
Ta két hgp (1) va (2) ta thu dugc -1 = —FBH — BFZ )
SZ SECH CE
Diéu phai chiing minh.
A
F = \
T N
J
C
T T Hp K

M

3) Khéng mat tinh téng quat, ta cé thé gid sir P nam cung phia véi B so véi AD nhu hinh vé &
trén. Goi M la giao diém cla PJ va EK.

Ap dung dinh I Menelaus cho tam gidc KFE vdi cat tuyén MJP , ta cé %EJ_F:
ME PF JK
Ma hai tam gidc BFH va CEH déng dang vdi nhau cé FL va EK |a hai dung cao tugng ing nén
JE_FL BF
JK EK CE’
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Suy ra %E%:l (3)
ME PF CE

DE chiing minh ba diém P, J, D thang hang, ta chi can chiing minh M, D, J thdng hang.
Theo dinh If Menelaus ddo dp dung cho tam gidc LKE , diéu nay tuong duong vdi ta phai chiing

minh MK JE DL _
ME JL DK
Lai 6 JE_EK CE va DL DL DC DB AF AC1 AF
JLFL BF °DK DB DKDC AB AE AE’
Do dé, chi can chiing minh % CE £:1. (4)
ME BF AE
Két hap (3) (4) ta dua bai todn vé chiing minh =— CE AF PE BF.
BF AE PF CE
AF PF BF?
ay —.—=——. 5
Y AE PE CE? (5)

Goi T, N Ian lugt Ia tiép diém cda dudng tron (1) véi AB, AC.
D3t a=AB=AC, x=BD=CD, y=PF=TF, z=PE=EN.

x(x+y)(x+z) (6)

x* —yz

Ta sé ching minh a =

That vay, st dung dinh If cosin trong cac tam gidac ABC va AEF, ta co
AE? + AF? —EF? _ AB’ + AC* -BC?

2CcosA= =
AE.AF AB.AC

Suv ra (a—x—y)z+(a—x—z)2—(y+z)2 _232—4x2
Y (a—x—y)(a—x—z) ¥ B

P A e
== -

NN , vz _ﬁ

Tu’daV, ta co az_(2X+y+Z)a+(x+y)(x+Z) - 32 )

Hay (x2—yz)a2—x2(2x+y+z)a+x2(x+y)(x+z)=O.

Nhu thé, ta cé (a—x)[(x2 —yz)a—x(x+ y)(x+z)] =0.

Do a>x nén (6) dudc chiing minh, S dung (6) vlra chiing minh ta cé

x(x+y)(x+2) )
AF PF a-x-yy  x-yz . Vy (x+y) BF
E'ﬁ_a—x—z';_x(xw)(x—z) ;_(X_‘_Z)Z_CEZ'
v —x—-2

Dang thuc (5) dugc chiing minh. Ta ¢ diéu phai ching minh.
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Cau IV. Cho M la tip tat cd 4039 sb nguyén lién tiép tir —2019 dén 2019. Chidng minh rang
trong 2021 s6 ddi mét phan biét dudgc chon bat ki tir M ludn ton tai ba s6 phén biét cé téng bang
0.

Lgi giai

batM = {xlx € Z,‘x‘ <2n- 1}. Ta ching minh ménh dé téng quét: Trong 2n+1 s6 phén biét ti tap
hgp M_, luén tén tai ba s6 phan biét cd téng bang 0. Ta chiing minh bang phudng phdp phan
chiing. Gid st ton tai s6 nguyén dudng n sao cho thé chon ra 2n+1 s6 phan biét tif tap hop M,
ma trong dd khdng cé ba s6 phén biét nao cd téng bang 0. Goi n 1a s6 nho nhat ¢é tinh chat nhu
vay. Khidé n>1 (vivéi n=1 thi ménh dé ding). Vi n |a s6 nhd nhat lam cho ménh dé khéng
ding nén ménh dé ding vdi n—1. Néu trong cdc s6 dudc chon cé it nhat 2n—1 s6 thudéc M_, thi
do ménh dé ding véi n—1, sé ton tai ba s6 phén biét trong cdc s6 dugc chon cé téng bang 0.
Mau thudn. Vay cé t6i da 2n-2 s6 dudc chon thubc M, . Suy ra trong bén s6
-2n+2,-2n+1,2n-2,2n-1, ¢é it nhat ba s8 dugc chon. Suy ra 0 khdng dudc chon.

e NE&u cd hai s6 cha cidp (—2n +1,2n —1) dugc chon. Chia tap M_ \{—Zn +1,2n —1,0} thanh
2n—2 cap (1;2n — 2),(2;2n — 3),...,(—1;—2n + 2),...,(—n + 1,—n) ta thdy tUr mdi cap ta chi
chon dudc t6i da mot s8. Suy ra chi 18y dugc t6i da 2 +2n—2 =2n s6. M3u thuan.

e N&u chi céd mét s6 cla cap (—2n+1,2n—1) dugc chon thi theo I luan & trén, cap
(—2n+2,2n—2) dudc chon. Khéng mat tinh téng quét ta gid s&r 2n—1 dudc chon con
1 —2n khdéng dugc chon. Ldc nay chia cdc phan t con lai thanh 2n -5 cap
(1;2n—3),(2;2n—4),...,(n—2;n),(—2;—2n+3,...,(—n+3;—n—1), mbt bd ba s6
(—n +2,-n+ 1,—n) va mOt phan tr1é cap la n—1. TU mdi cap ta 18y dudc téi da mot s8, tir bd

ba s6 ta cling |8y dudc t6i da mot sé. Tu dé ta 18y dudc téida 3+2n—-5+1+1=2n s6. M3u
thuan.
Vay trong moi trudng hgp déu dan dén mau thuin, tdc diéu gid s sai. Ménh dé dudc chiing minh.
Ap dung ménh dé cho n=1010 ta cé diéu phai chtng minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x> +y?+xy=7

Cau l. 1) Gidi hé phuong trinh :
) - P o {9x3 = xy? +70(x—y)

2) Gidi phudng trinh: 1135 - x +8v2x -1 =24 +3,/(5-x)(2x -1)
L&i gidi
3x* =7

7
L, Xzi\g(ve) nghiém), do d6 x =y

1) Néu x =y, hé phuadng trinh trd thanh
8 = x=0

Nhan ca hai vé cta phuong trinh (1)vdi x—y = O ta cé:

(1) (x=y) (X +y* +xy)=7(x-y) & x*=y* =7(x-y) < 10(x* —y* | = 70(x - y)
Thé vao phudng trinh (2)ta c6:

(2) & 9% =xy? +1O(x3 —y3)<:>x3 +xy’—10y* =0
s oa[ L0 6

Tacé: (3) < x=2y

y=1=x=2

Thé vao phudng trinh (1) ta cé: 4y* +y* +2y° =7 < 7y’ =7 <
y=-1l=>x=-2

(4)<:>x2+2xy+y2+4y2 =O<:>(x+2y)2+4y2 =0
2y =0
<:>(x+2y)2+(2y)2=0<:>{>;10y < x =y = 0(ktm)

Vay nghiém cula hé phuadng trinh Ia (x;y) € {(2;1);(—2;—1)}

2) 115 -x +8V2x -1 =24+3/(5-x)(2x-1)  (*)

5-x>0 1

DKXD: =
{2x—1 >0 2
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11a+8b=24+3ab (1)

Khi d6 ta cé:
2a°+b° =9 (2

Gidi phudng trinh (1)ta c6: (1) <> 11a—3ab=24-8b < a(11-3b)=24-8b(¥)

V4i 11—3b=0<:>b=%:>

—_

24-8b 8b-24 8b -
a= = , Thay a=——
11-3b 3b-11 3b-11

2
(2)@2[§E:ﬁj +b*=9

4 vao (Z)ta dugc:

*) < 0a= —% (Vo ly)=b= %khéng la nghiém cda phuadng trinh (¥)

o 2(64b2 —384b+ 576) +b? (9|o2 —66b+ 121) = 9(9|o2 —66b + 121)

< 128b° —768b+1152 +9b* —66b° +121b> —81b? +594b 1089 = 0
& 9b* —66b> +168b> —~174b+63 =0 < 3b* —22b> +56b> —58b+21=0
o (b—l)(3b3 ~19b% + 37b—21) =0 (b-1)(b-1)(b-3)(3b-7)=0

b-1=0 b=1 V2x-1=1 2x-1=1
S| b-3=0 ©|b=3<|Vv2x-1=3<|(2x-1=9 <

3b-7=0 1\, _7 x1=. |2x.1=-2

- 3 L 3 L 9

Vay phudng trinh cé tdp nghiém S = {1;§;5}

x =1(tm)
x = 5(tm)

X = g(tm)
L 9

Cau ll. 1) Tim x,y nguyén dudng thda man x’*y? —16xy + 99 = 9x* + 36y” + 13x + 26y

2) V&i a,b 1a nhitng s6 thuc dudng thda man 2<2a+3b<5 va 8a+12b<2a’ +3b* +5ab+10

Ching minh ring: 3a* +8b% +10ab < 21.
Lai giai
x*y? —16xy + 99 = 9x* + 36y” +13x + 26y
1) & x*y? +20xy + 99 = 9x* + 36xy + 36y° + 13x + 26y
& (xPy? +20xy +100) -1 = (3x +2y) 13(x +2y)(*)
x+2y=ala>0
xy +10=b(b>10)
:>(*)<:>b2 -1=9a"+13a

< 932 +2.3a.2+@—@—b2 -1

6 36 36

36
RN (18a —6b+ 13)(18a +6b +13) =133 (1)

Talaicé: a,b>0=18a+6b+13>18a-6b+13>0
Laicé 133=133.1=19.7

2
@(3a+%j _b? =@@(18a+13)2 ~362 =133
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(b=11
18a+6b+13=0 18a+6b=120 ||, _3 (™
18a-6b+13=1 18a—6b=-12

( )C> < a—B
18a+6b+13=19 18a+6b =32 "6 am)
18a-6b+13=7 18a—6b=-6 b__25

18
X+2y =3 x=3-2y X=3-2y x=3-2y
= = = =

xy+10=11 xy =1 y(3—2y)=1 2y’ -3y+1=0

x=3-2y

- x=3-2y - 1(kt ) x =1(tm)
=—(ktm

(2y-1)(y-1)=0"1]|Y "2 y = 1(tm)

y=1
Véy phudng trinh cé nghiém (x;y) = (1;1)
2) (2) < 8a+12b<(2a+3b)(a+b)+10<5(a+b)+10

< 3a+7b<10.Matkhdc 2a+3b<5b
Dudodndiu "="xdyra < a=b=1

Ta cé: 3a° +8b? +10ab = (3a + 4b).(a +2b)
()

) e (A+B)
Ap dung bat dang thic AB < 7 , ta cé:

211 [3(30+ 40)] 7+ 26)] 122072 41%0)

(16a +26b)’

=21.(I)< = (8a+13b)’

Ta biéu dién 8a+13btheo 3a+7b va 2a+3bbang cidch dong nhat hé s6
Xét 8a+13b=x(3a+7b)+y(2a+3b)

© 8a+13b=(3x+2y).a+(7x+3y)b
2

{3><+2y=8 L
f f— 1

7x+3y =13 7

5

2 17 * (2 17 Y
:21.(1)3(8a+13b)2{g.(3a+7b)+€.(2a+3b)} s(g.10+?.5j =212
:>(l)£21.

Diu"="xdyra <a=b=1
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Cau lll. Cho tam gidc ABCcé BAC I3 g6c nhd nhat trong ba gdéc cda tam gidc va ndi ti€p dudng
tron (O). Biém D thudc canh BC sao cho ADIa phan gidc BAC. L3y cédc diém M,Nthudc (O) sao
cho dudng thdng CM,BN cung song song vdi dudng thdng AD

1) Chiing minh rang AM = AN

2) Goi giao diém clha dudng thdng MN véi cdc dudng thang AC,AB |an lugt la E,F. Chdng minh
rang bdn diém B,C,E,F clung thudc mét dusng tron

3) Goi P,Q theo th{ tu la trung diém cla cdc doan thang AM,AN. Chdng minh rang cdc dudng

thang EQ,FP,AD déng quy.

L&i giai

1) Ching minh rang AM = AN

Ta cé: NBA = DAB (so le trong do BN/ /AD)

DAB = [ﬁ\C(gt);D/AE — ACM (so le trong do CM//AD)

— NBA = MCA = sdAN = sdAM (trong mét dudng tron, hai géc ndi ti€p bang nhau thi chan hai
cung bang nhau).

Vay AM = AN (trong mét dudng tron, hai ddy bang nhau cang hai cung bang nhau)

2) Ching minh riang 4 diém B,C,E,F cung thudc mdt dudng tron.

Ta c6: AEF = %(sdﬂH sdad) (96c c6 dinh & bén trong dudng tron)

- %(sdm + sdad) = %sdl\_(\? — ABC (96c nbi tiép bang nla sd do cung bi chan)

Vay t gidc BCEF Ia t& gidc ndi tiép (tU gidc ¢ géc ngoai va géce trong tai dinh ddi dién bang nhau)
hay B,C,EF cung thuéc mot dusng tron.

3) Ching minh cic dudng thang EQ,FP, AD déng quy

Ap dung dinh ly Mé-1&-na-uyt trong tam gidc AHN, cat tuyén EKQ, ta cé:

EN KH QA EN KH

- — = =1=—.——=1(do Qlatrung diém cla AN(gt)nén QA =QN
EH KA QN = e KA (do Qla trung di a (gt) QA =QN)
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EN KA
SEN_KAG
EH KH

Goi ADPE ={K'}. Ta di chiing minh K'=K
Ap dung dinh ly Mé-18-na-uyt trong tam gidc AHM, cét tuyén PKF ta cé:
FM K'H PA 1 FM K'H

———.—=1=—.——=1(Do Platrung diém cla AM(gt) nén PA =PM)
FH K'A PM FH K'A

M _K' A(”)
FH K'H
Ta sé chiing minh EN_FM @mzﬂz FM-FH _ HM(*) (tinh chat day ti s6 bang nhau)
EH FH EN EH EN-EH HN
Vi BN//AD//CMnén dp dung dinh ly Ta — let ta cd: HM_Dbc
HN DB
DC AC HM AC
L — =——(dinh ly dug h do dé: —=——(1
aico: o8 = AB (dinh 1y ng phan giac), do OHN AB()
Xét AAEF va AABC c6: AEF = ABC(cmt),BAC chung
AC AF
AAEF ~ AABC 2
HM AF
TU (1) va (2 3
mve@=15=7¢ (3)
.. AF HF
Tiép tuc dp dung dinh ly dudng phan gidc trong tam gidc AEF ta cé =TE (4)
TU (3) va (4) tasuyra w:E,do dé ( )duac ching minh, tic la — EN FM(IH)
HN HE EH FH

. KA K'A ,
TU (l),(”) (m)suy 8 = do dé K=K

Vay EQ,FP,AD déng quy tai K
Cau IV. Véi a,b,c la nhitng sé thuc dusng thda man a+b +c =3. Ching minh rang:
a(a+bc)2 b(b+ca)2 c(c+ab)2
+ + >
b(ab+2c2) c(bc+2a2) a(ca+2b2)

Lai giai
V&i a,b,c >0,a+b+c=3tacd:
2 2 2 5 2 5 2 5 2
a(a+bc) b(b+ca) . c(c+ab) _a (a+bc) . b (b+ca) . c (c+ab)

:b(ab+2c2)+c(bc+2a2) a(ca+2b2)_ab(ab+2c2) bc(bc+2a2) ca(ca+2b2)Apdl'mg

2
2 p?2 ¢? |at+b+c
BDTa—+b—+C—zgtac6:
X y z X+y+2z

(a2 +b*+c* + 3abc)2 (az +b*+c* + 3abc)2
P> =P2>

@%b’ +b’c’ +c’a’ +2abc(a+b+c) (ab+bc+ca)2
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atb+c=p
Dat {ab+bc+ca=q,dp dung BDT Schur ta cé: 9r > p(4q —pz)
abc=r

= 9abc > 3[4(ab+bc+ca)—9] < 3abc > 4(ab+bc+ca)—9
Khi d6 ta cé:

[a? +b? + 2 +4(ab+bc+ca)—9}2
p>t .
(ab+bc+ca)
—(a+b+c)2 +2(ab+bc+ca)—9}2
pxL .
(ab+bc+ca)
[32 +2(ab+bc+ca)—9]2 4(ab+bc+ca)2
P> > =P> = 4
(ab+bc+ca) (ab+bc+ca)
Diu"="xdyra < a=b=c=1
Vay P >4 (dpcm)
-------------------------------- ] S
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
(x+y)(x+1)=4

Cau |. 1) Gidi hé phuadng trinh:
) - P & {(y2+xy+x+y+5)(x3+y3+12y+13)=243

2) Gidi phugng trinh: (x—12)" +(2x-12)" +(24-3x)" =0
Li giai
1) Thay (x+y)(x+1) =4 vao phuadng trinh (2), ta cé:
VoAXy+Xx+y+5=(x+y)ly+1D)+(x+y)(x+1)+1=(x+y)(x+y+2)+1=(x+y+1)
va X2 +y? +12y +13 =3 +y? +3(x+y)(x+ 1) (y + 1) +1=(x+y + 1)’ = (x +y + 1)> = 243
=>x+y+1=3.
=>x+y=2
Thay vao phuong trinh (1) tacé: x=y =1
2)Pat x—12=a va 2x-12=b tacé: a’ +b’ —(a+b)’ =0
= (a+b)(a° ~a’b+a’h’ —a’b’ +b*a’ —ab® +b°)~(a+b)(a+b)° = 0.
= (a+ b)(a6 —a’b+a'b?—a’b’ +b*a’ —ab® + b® —a® —6a°b —15a*b? —20a°b°® — 15a’b* — 6b%a — b6) =0
= (a+b)(-7a’b - 14a’b’ - 212’0’ ~14a’b* ~7ab® ) = 0.
= (a-+b)7ab(a* + 22’0+ 3a’b’ + 2b%a+b*) =0
— 7ab(a+ b)[(az +ab) +a%? +(b? + abﬂ -0
Tudéytasuyraa=0 hoacb=0 hoaca+b=0.
= x=12;x=6hoac x=8.
Cau II. 1) Tim t4t ca cdc s6 nguyén duang a, b, ¢ sao cho ca ba s6 4a” +5b;4b” +5¢;4c” +5a déu
I3 binh phudng cla s6 nguyén duong.
2) TU mét bd bon sb thuc (a,b,c,d) ta xdy dung bd s6 mdi (a+b,b+c,c+d,d+a) va lién ti€p xay
dung cdc bd s6 mdi theo quy tic trén. Chitng minh rang néu & hai thai diém khéc nhau, ta thu dudc
cung mét bd s6 (cd thé khdc thi tu) thi bd sé ban dau phai cé dang ( a,—a,a,—a)
Li giai
1) Khéng mat tdng quat, gid st a =max{a,b,c}. Ta cé: (2a)’ < 4a’ +5b < (2a+2)” =

16a+9 <25c—9

43> +5b=(2a+1)>.=>5b=4a+1.Tuong tuta cé: 5c>4b+1= hay a< 6 <2c.Tu

dé (2¢)* < 4c? +5a < (2c+3)? nén ta phaicé 4c* +5ac {(2c+1)2,(2c+2)2}. TU day, xét hai trudng

hdp
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- Néu 4c? +5a=(2c+1)* thi 5a=4c+1 vado a>c néntrong trudng hdp nay thi a=b=c=1

2) Gia su & thdi diém thd n ta thu dugc bd s8 (a,.b,.c,.d ) va néu dit S =a, +b, +c, +d, th
S =25
bésénén S;=0,kéo S, =0 v8imoi ne N.N&u ddt P, =a’ +b> +c2 +d’ thi

P..=2P +2(a,+c,)(b,+d )=2P +2S? =2Pvn=>1.

n+

, Nénsuyra S =2"S véi S, =a+b+c+d. Vitdn tai hai thsi diém ta thu dudc cing mot

Suy ra P, =2""P, véi moi n>2. Ciing Vi ton tai hai thdi diém thu dugc hai b s6 gidbng nhtau nén
P, =0,suyraa, =b, =c, =d, =0. Diéu dé cé nghia la bd s6 ban dau phai la (a,-a,a,—a).

Cau Ill. Cho tam gidc ABC cén tai A véi BAC < 90°. Diém E thudc canh AC sao cho EAB < 90°.
Goi P 1a giao diém cla BE vdi trung truc clia BC. Goi K a3 hinh chiéu vuéng géc cta P 1én AB. Goi
Q 13 hinh chiéu vudng gdc cta E 1én AP. Goi giao diém clia EQ va PK I3 F.

1) Chiing minh rang bén diém A, E, P, F cung thuéc mét dudng tron.

2) Goi giao diém cta KQ va PE |a L. Chiing minh LA vuéng gdc LE.

3) Goi giao diém cla FL va AB |3 S. Goi giao diém cha KE va AL 1a T. Ly R 1a diém d8i xiing vdi
A qua L. Chdng minh rang dudng tron ngoai tiép tam gidc AST va dudng tron ngoai tié€p tam gidc
BPR tiép xuc vdi nhau.

Lai giai

1) Ta c6 PAE = PAK =EFK nén t& gidc AEPF ni tiép.

2) Diém A nam trén dudng tron ngoai tiép tam gidc PEF nén theo dinh ly vé dudng thang Simson,
hinh chiéu vudng gdéc cla A trén ba canh cda tam gidc PEF thdng hang. Do K, Q |an Iugt Ia hinh
chiéu vudng géc cha A trén PF va PE, KQ cat PE tai L nén AL L PE.

3) Ta phét biéu mét b6 dé nhu sau.

B6 dé. Cho tam gidc ABC. Budng cao AD. P |a diém bat ki trén AD.BP,CP cat AC, AB |an luct tai

E, F. Khi d6 DA I3 phan gidc EDF.
Chidng minh. Qua A ké dudng song song vdéi BC, cat DE, DF tai X, Y.
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Ta cé ﬁ:E ﬂ:£ ma AE-C—D-ﬁ—l (dinh ly Céva) nén AX =AY . Lai cé6 AD L XY nén

DC EC'DB FB’ EC DB FA
AD I3 phan gidc EDF .
Trd lai bai toan:

— e~~~ -

Ta céd KLE = QLE = QAE = QAK = EFK nén t gidc ELFK ndi ti€p. Goi T' la giao cla dudng thing

qua S song song véi BCvdi AL. Tacd AT'S = APL = AKL nén tu gidc SLT'K ndi tiép.

Suy ra LKT'=LST' =LFE = LKE, suy ra K,E, T' thing hang. Tu dé T'=T.

Goi Y la hinh chiéu vudng géc cta P trén AC. BY cat (AKP) tai X, c3t AL tai T". Ta cé PY =PK
nén LP 1a phan gidc KLY.M3 BL L AT" nén theo bé dé trén, K,E, T" thang hang. Suyra T"=T.

Ta cé AXT = APY = APK = ABC = AST nén X e (AST).

— e~~~ -

PXB =PAY =PAB =PRB nén X €(BPR).
Do AXP = 90" = ATX +PBX nén ké tiép tuyén Xt cda (AST) thi Xt cling la tiép tuyén cla (BPR).
Vay (AST) tiép xidc véi (BPR) tai X.

Cau IV. Vdi a, b, c la nhitng s6 thuc dugng théa man a+b+c=3.
2
Chdng minh rang: 3 i+l+£—l +12i+3 2 £+i
a b c abc bc ca ab

Lai giai
Bai todn can chdng minh tuong ducng vdi:

2 3(a” +b* +c?
3(l+l+lJ +4> 4 + ( )+6(l+l+1]
a

a b c bc abc a b c
2 2
<3 l+l+l +4> i +3(a+b+c) <3 l+1+l +42£
a b c abc abc a b c abc

Quy déng va rdt gon ta dua vé chiing minh:

3(a2b2 +b’c? +c’a’ ) +4a°b*c® > 13abc

= 3(32b2 +b*c® +c’a® —abcla+b+ c)) > 4abc(l - abc)

< 81(a’” +b’c’ +c’a’ —abc(a+ b +c)) > 4abc((a+b +c)’ - 27abc)
Khéng mét tinh téng qudt, gid s a<b <c, ta cd céc phén tich sau:
a’b” +b’c’ +c’a® —abcla+b+c)=c’(@a—b)* +abla—c)(b—c)
(@+b+c)*—27abc=(a+b+7c)(a-b)* +(4a+4b+c)(a—c)(b—-c).
Khi d4, bai todn can chifng minh tudng dudng vdi:

81c*(a—b)* +81lab(a—c)(b—c)>4abc(a+b+7c)(a—b)* + 4abc(4a+4b+c)(a—c)(b—c).
Véi a<b<c, kéthdp a+b+c=3 tadécd 2 dénh gid sau:

81c? > 4abc(a+b+7c) va 8lab > 4abc(4a+4b +c)

K&t hgp (a—c)(b-c)>0 ta cé dpcm.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . Gidi phudng trinh 13v5—x +18vx+8 =61+x+3,/(5-x)(x+8).
L3i gidi

Céch 1. Diéu kién xac dinh: -8 <x<5.

a= \/E (a > 0)
b=+x+8 (b>0)
Phudng trinh da cho cd thé viét lai thanh:

13a+18b=a’ +2b’ +40+3ab <> (a+b)(a+2b)+40=8(a+b)+5(a+2b)

a’ +b? =13

bat: .
61+x=a’+2b*>+40

. Khi g6, ta cé:{

a+b=5

<:>(a+b—5)(a+2b—8)=0<:>L+2b:8.

Trudng hgp 1: a+b=5. Thay a=5-b vao d3ng thic a* +b* =13, ta dudc:

(5—b)2+b2 :13<:>2(b—2)(b—3):0<:{izic>[x:;4 (thda man).
= X =

Trudng hop 2: a+2b =8.Thay a=8-2b vao ddng thic a’ +b* =13, ta dugc:

(8—2b)2+b2:13<:>(b—3)(5b—17):0<:> Zii7<:> xilgg (thda man).

X =—
5 25

Vay phudng trinh d3 cho cé ba nghiém la x=1, x=-4 va x =%.
. >
Céch 2. Diéu kién xac dinh :{ & -8<x<b,

Pita=+/5-x,a20.

Phucng trinh tré thanh: 13a+18vV13-a?> =61+5-a* +3a13-a*
©313-a* (6-a)=a’~13a+66 = 9(13-a*)(6-a) = (a® +13a-66)
9(13-2a")(a” ~12a+36) =a" + 26a’ + 373" ~1716a + 4356

< 10a* -82a° +244a" ~312a+144 =0 < (a-2)(a—3)(10a° ~32a+24) =0

a=2 x=1
< la=3 | x=-4 (thoa man).

6 89

a=— X=—

. 5 L 25
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25
x'+yt+6x7yr =1 (1)

Vay phudng trinh cé tap nghiém S = {1 —4; 89}

Cau Il. Gidi hé phudng trinh: .
au idi hé phuong trin {x(x+y)4x—y (2)

Lai giai
Cach 1. Ta c6:
(x+y)4 =x" + 43y +6x°y* +4xy® +y* =x* +y* +6x°y? +4xy(x2 + yz) =1+4xy(x2 +y2)
Thay vao phuong trinh (2), ta dudgc:
x[1+4xy(x2 +y2)}=x—y<:>x+4x2y(x2+y2)=x—y
<:>4x2y(x2+y2)+y=0<:>y[4x2(x2+y2)+1J=O<:> V=0
4x2(x2+y2)+1:0
Vi 4x2(x2 +y2)+l >0 vdi moi x,y nén phudng trinh 4x2(x2 +y2)+1 =0 vé nghiém.

xt=1

\ =1
Thay y =0 vao hé phudng trinh dau, ta dudc: { . 2

x=-1"

osxt=le
x° =x

Vay tap nghiém cla hé phudng trinh la S = {(1;0),(—1;0)}.

Céch 2. Tacé: (1) < (x2 +y? )2 +4x*y? =1

g 3
Xét x =0, thay vao hé phudng trinh ta dudc: {y =1 (VO ly).

Xét x =0, chia cd hai vé cla (2)cho x ta dudc:
(x+y) =1-Y o (xeyyP =1-X
X X

S +2xy+y P =1-L o (2 +y2)? +Axty? + 2.2xy. (R +yH) =1-Y o L+ dxy. (2 +yY) =1-Y
X X

< 4xPy. (X2 +y?)+y =0, (dox=0)
<:>y[4x2(x2+y2)+1}=0<:>y:0 (Vi 4x*(x* +y?)+1>0.)

o X —1@[X_ll(tm).

1
Thay y =0 vao hé phudng trinh ban dau ta dudc: {XS
x> =X =-

Vay tap nghiém cla hé phuadng trinh la S = {(l O 0)}

Céach 3. Tu hé phuong trinh, ta cé:

x(x + y)4 = (x - y)(x4 +y* +6x2y2)

S X2 +4xYy +6xX°Y? +4x%Y? + xy* = x° + xy* +6x%y? —yx* —y° —6x%y°
& 5x'y +10x°y* +y° =0

=3 y(5x4 +10x%y% + y4) =0 (¥).
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N&u y =0 thi 5x* +10x’y? +y* > 0,Vx € R nén (¥) vd nghiém.
=1 x=1
X x=-1

4
Néu y =0 thi ta thay vao hé phuadng trinh ban dau dudc: {XS oxt=le [
X

Vay tap nghiém cla hé phudng trinh la S = {(1;0),(—1;0)}.

Cau lIl. Tim s8 nguyén duong n nhd nhat, biét rang khi chia n cho 7,9, 11, 13 dudc céc sé du
tusng Ung la 3, 4,5, 6.

Lai giai

Vi n chia 7 du 3 nén 2n chia 7 du 6.

Vi n chia 9 du 4 nén 2n chia 9 du 8.

Vi n chia 11 du 5 nén 2n chia 11 du 10.
Vi n chia 13 du 6 nén 2n chia 13 du 12.

Suy ra (2n+1) chia hétcho 7,9,11,13.
Ma n 1a s6 nguyén dudng nho nhat nén 2n+1= BCNN(7, 9,11, 13) =7.9.11.13=n=4504.

Cau IV. Cho tam gidc nhon ABC cé diém P ndm trong tam gidc (P khdng ndm trén cdc canh).

Goi J,K,L 1an lugt la tAm dudng tron ndi tiép cdc tam gidc PBC, PCA, PAB.

1. Chiing minh riing BJC + CKA + ALB = 450° .

2.Gid st PB=PC va PC <PA. Goi X,Y,Z lan lugt la hinh chiéu vuéng gdc cla J,K,L trén céc
canh BC,CA,AB. Dung hinh binh hanh XYWZ. Ching minh W nam trén phan gidc BAC.
Lai giai

1. Chidng minh rang BJC + CKA + ALB = 450°.

B/JE:90°+%ETP\C

1 — — —

Ta cé: c§<\A=9OO+EC/FA; do d6 |§C+C/4<\A+A/LT3:270°+%(BPC+CPA+APB):4500.

1/\

A/L\B=900+§APB
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2. Gid sir PB=PC va PC <PA. Goi X,Y,Z lan lugdt 13 hinh chiéu vuéng gdc cta J,K,L trén céc

canh BC,CA, AB. Dung hinh binh hanh XYWZ. Chifng minh W nam trén phan giac BAC.
Lgi gidi

Cach 1.

P 1 C
Tinh chat: Cho tam gidc ABC ¢ K la tAm dudng tron nbi tiép, cdc diém tiép xtc 1a 1,J,Y nhu hinh

AC+AP-PC

vé. Khi dé AY = >
Chung minh:
Tacé: AY =AJ, PI=PJ, CY =ClI.

, AC+AP-PC AY+CY+AJ+PJ—(PI+IC)
Ta co: > = >

Trd lai bai toan:

=AY.

Goi R,S 1an ludt 13 hinh chiéu vuéng géc cia W 1én AB,AC. Ta sé chiing minh WR=WS.
That vy, goi M la trung diém cta AC, E 1a hinh chiéu vudng géc cla Y 1én MX.

Do tam gidc BPC cén tai P nén X la trung diém cda BC, suy ra XM// AB.

Lai cé: YE//WR,YX//WZ va YX =WZ nén AYEX = AWRZ (canh huyén — géc nhon)

TU d6 ta cé: WR = YE = MY sinYME = MY sinBAC =

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 131



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

:(AY—AM)singA\C:(ACJFAzP_PC—AzcjsinB/A\C :(A"%"chsine/A\c. (1)

Chiing minh tudng tu ta cé: WS = {gjsingA\C. (2)

Do BP =CP nén tlir (1)va (2)ta c6: WR =WS. Vidy W nam trén phan gidc BAC.
Cach 2.

L4y EcAC;F e AB sao cho BE// XY,CF// XZ.
Tam gidc PBC cén tai P nén X la trung diém clia BC suy ra Y,Z la trung diém cua CE, BF.

XZ/ICF
Ta co: 4 = YW//CF, suy ra W la trung diém cla EF.
XZIIYW

AE=AC—CE=AC—2CY=AC—(AC+CP—AP)=AP—CP
AF:AB—BF:AB—ZBZ=AB—(AB+BP—AP):AP—BP ’
Ma PB =PC suy ra AE = AF nén tam gidc AEF can tai A.

TUu day ta cé:{

M3t khdc W la trung diém EF suy ra W nam trén dudng phan gidc clia géc BAC.

Cau V.Chotép A= {1; 2; 3;...;2021}. Tim s nguyén dudng k I8n nhat (k > 2) sao cho ta cé thé
chon dudgc k sé phan biét tir tdp A ma téng cla hai sé phan biét bat ky trong k s6 dudc chon
khong chia hét cho hiéu cda ching.

Lai giai

Cach 1.

tagidsla, <a,<..<a,.

D&thdy a,,—a >1Vie{l;2.;k-1]

Mat khdc néu ton tai i e {1; 2;...;k—1} saocho a_, —a =2 khidé a va a_, clng tinh chan |é nén ta
c6 a , +aa,, —a (trdivdigidthiét)trddsuyraa,, —a >3

2023

=a, 2(k—1).3+a1 >3k-2talaicé a <2021 =3k-2<2021=k< = k<674.
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Nhan xét néu cé hai s clng chia cho 3 du 2 thi téng cta chiing chia cho 3 du 1, cdn hiéu cla
chiing chia hét 3. Nén téng hai s6 nay khong chia hét cho hiéu cta ching. Céc sé thudc tdp A cé
tat cd 674 sé chia cho 3 du 2.

VAay gid tri I6n nhat cha k 1a 674.

Céch 2.

Goi B la tip con cla tdp A thdéa man hai phan ti bat ky cdia B ¢ tdng khéng chia hét cho hiéu.
Dé thay trong 3 s8 tu nhién lién ti€p ta chi cd thé chon 1 phan tf vao B. That vy vdi 3 s6
x,X+1,x+2 néu cé 2 phan ti trong B thi

x+(x+2):2x+2 chia hét cho (x+2)—x:2
x+(x+1):2x+1 chia hét cho (x+1)—x:1
(x+1)+(x+2)=2x+3 chia hét cho (x+2)—(x+l)=1

2021

VAay vdi cdch xay dung tdp B nhu vy thi s6 phan tif cia B khdng thé 18n hon [ A 1} =674

Tép B={1,4,7,..,2020} c6 674 phan tif thda man yéu cdu bai todn.
VAy gid tri I6n nhat cha k 1a 674.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a,b,cla cdc s6 thuc thdaman a+b+c=0va (a+b)(b+c)(c+a)=1.

a N b _1+abc+ab(a+b+c)'
a’(@a+b+c)+1+abc b’(@+b+c)+1+abc (@+b+c)’

Ching minh rang

x? +4y* +4xy +2x°y* =11

2) Gidi hé phuadng trinh: )
3xy(x+2y)+3l =9x +18y + 13xy

Lai giai

1) Ta cé:

az(a+b+c)+1+abc=a(a2+ab+ac)+abc+(a+b)(b+c) c+a)

:a(a2 +ab+bc+ca)+(a+b)(b+c)(c+a):a(a+b)(a+c)+(a+b)(b+c)(c+a)
=(a+b+c)(a+b)(a+c)

N , a a(b+c) a(b+c)
Tu ddé taco > = =
a (a+b+c)+1+abc (a+b+c)(a+b)(a+b)(c+a)(b+c) at+b+c

b _ bla+c)

Bién d6i tuong tu ta cé — —
b‘(a+b+c)+1+abc a+b+c

a N b _alb+c)+bla+c)
a’(@a+b+c)+1l+abc b?*(@+b+c)+1+abc a+b+c

M3t khdc tir d3ng thdc(a +b)(b +c)(c +a) + abc = (ab +bc + ca)(a +b+ c)

Suy ra 1)

Nén ta lai cé:
l+abc+abl@a+b+c)=(a@a+b)(b+c)(c+a)+abc+abla+b+c)
=(ab+bc+ca)(a+b+c)+ab(a+b+c)=(a+b+c)(2ab+bc+ca)

:(a+b+c)[a(b+c)+b(a+cﬂ
1+abc+ab(a+b+c) _ b(a+c)+alb+c)

(a+b+c)2 atb+c

a N b _1+abc+ab(a+b+c)
a’(@a+b+c)+1+abc b*(@+b+c)+1+abc (@+b+c) '

TU dé tacd (2)

Tu (1) va (2)tacod

Suy ra diéu phai chiing minh.
(x+2y)2 +2x°y* =11

2) Cach 1. Hé da cho <
3xy(x+2y)+31=9(x+2y)+13xy
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2 2: az+2b2:11 1
D3t a=x+2y,b=xy ta dugc hé mdi: {a +2b% =11 { (1)

o
3ab+31=9a+13b 3a(b—3):l3b—31(2)
Dé& thay b =3 khdng thda man phudng trinh (2).

Xétb=3:
\ \ 7 l3b_31 \ hY
Tu phugng trinh (2) tacd a= m thay vao phudng trinh (1) ta dugc:
2
13b-31 +2b? =11 & (13b-31) +18b% (b-3) = 99(b-3)’
3(b-3)
b=1 a=3b=1
4 3 2 5 7 5
< 18b* —-108b° +232b° -212b+70=0 < b:§:> azg;bzg.
b:Z a:l;b:Z
. 3 L 3 3
_{x:l
Xx+2y =3 x=3-2y v=1
Trudng hdp 1: a=3;b=1= X =17
xy =1 (3—2y)y=1
1
=3
7
7 B X+2y == X=§—2V
TruGng hdp 2: a==b== = 2SS , hé v nghiém.
B3 g2 2 ayly=2
1
1 - X + 2y == X=§—2V
Trudng hdp 3: a==b=— = S , hé v nghiém.
3 3 b - l—Zy _/
1
Vay hé cé hai cap nghiém (x;y)=(11), (x;y)=| 2;= | .
s s s i cip nohiém () = (1), () <[ 23
+4y® +4xy +2x°y* =11 *
Céch 2. X L s )
3xy(x+2y)+31 =9x+18y +13xy (*¥)

Xét phuang trinh (¥) ta cé: (x+ 2y)2 =11-2x°y?.
Xét phuang trinh (**) ta co: 3(x + Zy)(xy - 3) =13xy-31=> 9(x + 2y)2 (xy - 3)2 = (13xy - 31)2.
& —2(3xy —5)(3xy—7)(xy—l)2 =0.

Ta cd cac trudng hgp: xy:1:>3(x+2y)+31:9(x+2y)+13:>x:3—2y.
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x=1

y=1 {y=l

Khidé (3-2y)y =1« 1] (x=2-
VZE 1

V72

Th{ lai ta thdy hai cdp nghiém nay thda man hé phuong trinh.

5 7 X+2y =— X=§—2V
Xy==—=>X+2y=— = & , hé v6 nghiém.
3 k=2 2 ayly=2
1
X+2y== |X=Z-2y
1 3 A A A
Xy=—=>x+2y=== = , hé vo nghiém.
3 7 l—Zy y_Z
V=3 3 3

Cau ll. 1) Tim x,y nguyén dudng théa man 3* +29 =2",
2) VGi a,b,c la céc s6 thuc duong thoa man diéu kién Z(a +b+ c) +ab+bc+ca=9.

a+1l b+1 c+1
+ + .
a*+10a+21 b*+10b+21 c*+10c+21

Tim gié tri I6n nhat cda biéu thic M =

Lai giai

1) Xét x =1 thay vao phudng trinh ta dudc 3' +29=2" <y =5
Xét x>1 ta cé 3*chia hét cho 9

= 2Y=2(mod 9)

Dévy:

y =6k thita dugc?2’ =1 (mod 9)

y =6k +1 thita dugc2’ =2 (mod 9)

y =6k + 2 thita dugc2’ =4 (mod 9)

y =6k + 3 thi ta dugc?2’ =8 (mod 9)

y =6k +4 thita dugc2’ =7 (mod 9)

y =6k +5 thita dugc2’ =5 (mod 9)

TU d6 ta thdy dugc y =1 (mod 6)

V3i y=1 (mod 6)thi 2 =2 (mod7) = 3*=1 (mod 7)
Dévy:

x =6k thita dugc3* =1 (mod 7)

x =06k +1 thita dugc3* =3 (mod 7)

x =6k + 2 thi ta dugc3* =2 (mod 7)
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x =06k + 3 thi ta dugc3* =6 (mod 7)

X =06k +4 thita dugc3* =4 (mod 7)

x =06k +5 thita dugc3* =5 (mod 7)

TU dd ta thdy dudc x=0(mod 6) =3*=1 (mod 4) =2 =2 (mod4) =y=1 (Vb ly)

Vay c6 duy nhét cdp (x;y)=(1;5) théa méan dé bai.

2)Tacé 2(a+b+c)+ab+bc+ca=9 = (ab+a+b+1)+(bc+b+c+1)+(catc+a+1)=12
= (a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)=12

Va a2+10a+21=(a+1)2+8(a+1)+12.£)ét a+l=x;b+l=y;c+l=2z.

Khi d6: xy +yz+2zx=12.Suy ra

X y z
= + +
x*+8x+12 y*+8y+12 z*+8z+12
- X + y N z

(x+y)(x+2)+8x (y+x)(y+z)+8y (z+x)(z+y)+8z
Véi xy +yz+zx =12 :>(x+y+z)2 >3(xy+yz+2zx)=36=x+y+226.

Ap dung BDT : 1+lz
X Yy X+y

<1 X . Y = . 5
M‘4[(><+v)(><+z) 8 (v+x)(y+z) 8 (z+x)(z+v) 8}

tacd:

Rl e e

Taclingcd: 12 =xy +yz+2zx> 3%/x2y222 = %/xzyzz2 <4 = x°y?z2* <64 = xyz<8

Suy ra: (x+y)(y+z)(z+x):(x+y+z)(xy+yz+zx)—xyz26.12—8:64
:Msl.(2—4+§j=i.D5u dang thic xdyrataia=b=c=1.
4164 8) 16

Vay M :% khiva chikhia=b=c=1.

max

Cau I1l. Cho hinh thoi ABCD ¢ BAD nhon cé dudng tron ndi tiép (0). Céc diém M,N 1an lugt
thubc céc canh CB,CDsao cho MN tiép xuc (O)tai P va tam gidc CMN khéng cdn. MN |an lugt
c3t AB,ADtai E,F. Goi K,L 1an lugt |a truc tdm cdc ABME,ADNF .

1) Chiing minh OP di qua trung diém | cta KL.

2) Goi H la truc tdm tam gidc CMN. Ching minh O _EF _ —1.
CH 2MN 2

3) Goi EK, FL 1an lugt cat BD tai S,T. NS cat MT tai Q. BDudng tron ndi tiép tam gidc CMN tiép
xic MN vdi tai G. Ching minh PQ song song vdéi GH.
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Lgi giai

1) Ching minh OP di qua trung diém | cha KL:

Ta c6 K,L 1an lugt la truc tdm cdc ABME,ADNF va MN tiép xtc (O)tai P = BK//DL//OP (cung
vudng gdc vdi FE).

Trong hinh thang BDLK c¢é ddy BD c¢6 O la trung diém BD va OP//BK = OP di qua trung diém
| cta doan thing KL.

F
2) Goi H la truc tam tam giac CMN. Ching minh R _OF = —1:
CH 2MN 2

Ta cé:

+) Ol la dudng trung binh hinh thang BDLK = Ol = %(BK+DL).

+) EF =EM+MN +NF

... Ol  EF BK+DL ME+MN+NF 1(BK DL ME NF
Khi d6 — — P - =S| oI T 1 ()
CH 2MN 2CH 2MN 2\CH CH MN MN

Mat khac:

+) AMBK ~ AMCH = 2K _ MK vk — amHN = MK _ME 54 g BR _ME
CH MH MH MN CH MN

+) ANDL~ANCH:>%=&;ANLF~ANHM:>&=E.Dodéﬁzﬁ.
CH NH NH NM CH MN

Ty O EF L) 1y, O EF 1
CH 2MN 2 2 CH 2MN 2

3) Ching minh PQ song song véi GH.
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Goi Y, la giao diém clia TF va QP, Y, la giao diém cta SE va QP.
Ap dung dinh ly Menelaus cho AQMP ¢é T € QM, Y, € QP, F e MP thdng hang:

TQ M YP _ WP _TM FP )
™ FP Y,Q YQ TQ FM

Tuang tu cho APQN (SeQN, Y, eQP, EePN thang hang):
SQ EN Y,P 1 Y,P SN EP

—_— = :> = —
SN EP Y,Q Y,Q SQ EN
P_YP . IM FP _SN EP _TM SQ_EP FM

Y
Béchingminh Y, =Y, tacan ==~ hay — —= . &
YQ Y,Q TQ FM  SQ EN TQ SN EN FP

Ap dung dinh ly Menelaus cho AQMN ¢é T eQM, SeQN, X e MN (X =BD nMN) va cho ACMN
c6 BeCM, DeCN, X eMN:
™ SQ ﬁ—l ™ SQ XM,

=] S -
TQ SN XM TQ SN XN
BM DC XN BM DC XM

BC DN XM ~ BC DN XN
Suy ra: Mg:%%:w viDC = BC) (***)
TQ SN BC DN DN
¢ EP_EPPN
EN ENPN

(2)

(**)

Tac

—_ 1/\

Do EO Ia tia phén gidc clia AEN= OEN = > AEN

—_ 1/\

NO I3 tia phén gidc ciia DNE = ONE - >DNE
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- GEN + ONE - L{AEN-+ DNE) - 90° (do AE/IDN)

2
= OE L ON = EP.PN =0P? va ENPN=0ON* = EP _OP .
EN ON?

FM _OM? EP FM _OM?
.Suyra — - —=——
FP OP” EN FP ON?

Xét ACNM c6 O la tdm dudng tron bang ti€p ACNM = MON 90°—¥ = MBY)

Chung minh tugng tu, AOFM vudng tai O: — (3)

M3 MO 13 phan gidc cia BMN nén ABMO ~ AOMN (g.g) (MON =MBO, NMO = BMO)
Tudng tu ADON ~ AOMN (g.9).
BM_BO _OM_ BM BO _OM’ _ BM_OM

= ABMO ~ ADON = —= = = (do DO=BO) (4)
DO DN _ON DO DN _ ON? DN ON?
TU (3) va (4) = BM _EP FM (**%%),
DN EN FP

TU (%*) va (**¥) = (*) = Y, =Y, = PQ, TF, SE déng quy.
Tacé TF L AE (do AE//DN) va SE L AF (do AF//BM) = Y, latryctdm clia AAEF.

Ma AAEF va ACNM cé céc canh tudng U'ng song song
= HG//PY, vivaitro cia HG va PY, la nhu nhau = HG//PQ (dpcm).

n 2 a a
Cau V. Gia st a,,a,,....., a,,,; la nhiing s8 thuc théda man 1+af + 1+Za§ ot 1+2;§:21 =
X . . R 2 k
Chdng minh rang ton tai sé nguyén k(l £k£2021) sao cho =+ 822 S a"z < 2k+1
l+a; 1+a 1+a, 8
Li giai
Dat x, = i=1,..,2021
1+a
2
J l+a
Xétx‘.+£= a‘2 l=( ') :>x,.2—l
1+a 2 2(1+a?) 2
, —(1-a _
Xét x. L E l=u£0:>xi Sl. Suy ra —ESX Sl, i=1,.,2021.
2 1+a’ 2 2(1+32) 2 2 2
a a a
Vi——+—2 4 +—22 0= x +X, +ent+ X, =0
l1+a} 1+a’ 1+al,, v 2024
. x A 2 k
Gia s khong ton tai s6 nguyén k;1 <k <2021 sao cho % S+ 322 F o akz 2k+1
l+a; 1+a 1+a, 8
2 k
Ngha 12 véi moi ki1 <k <2021 taludn 6 |2+ 222y o K& | 2K+1
l+a; 1+a l+a; 8

Pat g = Yix;i=1,..,2021
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Nhan thdy g,;9,;....9,,,, ludn dong dau.
That vay, gid sirnéucé 2s6 g._,,9, (1 <i< 2021) trdi dau.

i 2(i-1)+1
Do dé i.xi‘ = ‘9,' —gH‘ =‘9.“+‘9.>1‘ > 2';1 + (’ 8)+ =é:> X, >% (mau thuan)
Nghia la g,;9,;.....;9,0,, u6n dong dau

2021
. /7 g, A X
Laico O=x, +X, +.c+ Xy, = E = # 0 (mau thuan)
i=1

Véy ta cé diéu phai chdng minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

6(xy +5)+x’y +5x* =42
x3 +5x%y + 6x +30y =42

2) Giai phudng trinh : (%/x+6 L33 —x)(2+33, /(x+6)(3—x)) _24.
L3 gidi

1) Tru vé& vdi V& cla 2 phuang trinh ta dugc :

(xzy —x° ) + (6xy - 6x) - (5x2y - 5x2) - (30x - 30) =0

Cau l. 1) Gidi hé phuadng trinh {

Tudng dudng véi (y—l)(x—S)(x2 +6) =0
Tu day suyra y=1hodc x=5
-113

Viy=1=x=1, v8i x=5thiy=——
4 Y =155

Vay hé phuong trinh cé nghiém (x:y) I (1;1),{5; —115153j

2) Dt Yx+6 =a,33-x =b. Khi dé, ta c hé phucng trinh :
{(a+b)(2+3ab) =24

. Cong hai phuadng trinh lai ta suy ra
a’+b*=9

(a+b)2+2(a+b)—33:0<:>(a+b—3)[(a+b)2+3(a+b)+11}:0
Luuy (a+b)2+3(a+b)+11>0nénta phdicéd a+b =3, kéo theo ab=2.

(ab)=(1.2)
(ab)=(
+)a=1lb=2=>x=-5
+t)a=2b=1=>x=2

Vay S ={2,-5}.

Giai ta tim dudc [ . Xét hai trudng hap:

Cau ll. 1) Tim tat cd cdc cdp s6 nguyén (x,y)théa man dang thuec:

25y? +354x + 60 = 36x* + 305y + (5y —-6x

)2022

2) Trén ban cé 8 hdp rdng (trong cac hép khdng cd vién bi nao). Ngusi ta thuc hién cdc 1an thém
bi vao cdc hdp theo quy tic sau : mbi lan ta chon ra 4 hép bat ky va bd vao hdp 1 vién, mbt hdp 2
vién, hai hép con lai mdi hdp 3 vién. Héi s6 1an thém bi it nhat cé thé dé nhin dudc s8 bi 3 8 hdp

trén 13 s8 tu nhién lién tiép?
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Lai giai

1) Phuong trinh da cho c6 thé viét lai dudi dang (5y —6x —1)(5y +6x—60) = (5y —6x

)2022

RO rang (5y —-6x-1,5y —6x) =1nén (5y —bx —1,(5y —6x)2022) =1,tur dé ta phdicé by -6x-1=+1

Xét hai truéng hop

+) Néu By —6x—1 =1thi By + 6x —60 = 2?°**. Céng lai, ta cd :

10y = 2%°2 + 62.Tuy nhién 22%%% = (24 )505 .22 =16°%.4 c6 tan clng la 4 nén 27?2 + 62 cé tan clng |a
8 khdng chia hét cho 10. Trudng hdp nay vo nghiém

+)Néu By —6x -1 =-1thi 5y +6x-60=0. TU day tim dugc y =6,x=5

Vay phuang trinh da cho c6 diing mét nghiém la (5;6)

2) Goi s8 1an thém it nhat 1a n thi cdc hdp bituosng Ung la a,a+1,a+2,....a+7

Mai lan thém tatcd la 9 binén ta cd:

a+(a+1)+(a+2)+(a+7):9n<:>8a+28=9n

Suy ra 4(2n +7)chia hét cho 9, kéo theo 2a+ 7 chia hét cho 9.

Tu dé ta phdicd 2a+7>9=n=>4.Tachling minh n=4thdéa man
Goi cdc hdp tusng Ung la 1,2,3,4,5,6,7,8 va thuc hién thém bi & cdc 1an nhu sau :
- Lan1:1,2,0,0,0,0,3,3
- Lan2:0,0,1,0,2,3,0,3
- Lan3:0,0,2,1,3,0,3,0
- Lan 4:0,0,0,3,0,3,1,2
Céu lll. Cho hinh chif nhat ABCD (AB < AD)néi tiép dudng tron (O). Trén canh ADI&y hai diém

Eva F (E,F khéng trung véi A,D)sao cho E ndm giifa A va F, déng thdsi ABE +DCF = %B/&

1) Chiing minh rang BE va CF cat nhau tai mét diém nam trén dudng tron (O)

2) Budng thang qua O song song véi BC c3t BE,CF theo th( tu tai M,N.

Chdng minh rang DAM+ ADN +%,@ =180°

3) Dung hinh chif nhdt MNPQ sao cho NQ song song véi BD, dong thdi MP song song véi AC.
Chuiing minh rang dudng tron ngoai tiép hinh chir nhat MNPQ tiép xdc vdi dusng tron (O)

Li giai
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K e
.f'---—.- .~ s
A4 2 ” E F D
/ \
|'lll : . [T lll'l
| = |
| v
LH ‘.I i
. 7 /
BN\ SX C
b\\“’M{:ﬁl{"‘ 5
T

1) Ching minh ring BE va CF c3t nhau tai mét diém nam trén dudng tron (O)
D3t BEACF =K

Goi H 13 hinh chiéu cta K trén AD.

Pévyrang KH//ABva KH//CDnéntacé:

— e~ — — — 1/\

BKC = BKH+ CKH = ABE + DCF = EBoc . Tl d6 suy ra K e (O)
2) Pudng thang qua O song song véi BC cat BE,CF theo th( tu tai M,N. Chirng minh rang

D/ATA+A/D\N+%A/OTD:180°

— e~ e~ -

Trudc hét dé y rang KMO = KBC = KAC =KAOQO ta tim dudc td gidc KAMO la t gidc ndi tiép
Chidng minh tuong tu, ta cling cé KDNO la t gidc ndi ti€ép DatAMADN =T

Khi &6 ta c6 TAC =MAO =MKO =BKC —NKO =BDC —~NDO = TDC

TuddsuyraTe (O) . Vi vy,

DAM + ADN + EAOD =180°-ATD + EAOD =180°

3) Dung hinh chir nhdt MNPQ sao cho NQ song song véi BD, déng thsi MP song song véi AC.
Ching minh rang dudng tron ngoai ti€p hinh chif nhat MNPQ tiép xtc véi dudng tron (O)

—_—

Goi MP ANQ = J.D& Y riing JMN = OCB = OBC = JNM nén JM = JN.
Nhu vy, ta quy vé chiing minh dudng tron (J;JM)tiép xuc vdi (O).Thét vay, ta can chiing minh
JM+0J=RV4i R la ban kinh cta (O)

D&t KO NBC = X.Khi dé ta cé %zﬁ.Ta thay
ON XC

AJMN ~ AOBC. Do dé, ta dudc :

KO_OM_MN_JO M _IM _JM+JO _IM+JO
KX BX BC OX OB OK OK+OX KX
Suy ra, JM+JO = OK =R.Nhu vay (MNPQ) =(J,JM)tiép xtic trong vdi (O)

Cau IV. Cho a,b,cla nhitng s8 thuc duong.
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2a +a+b 6a+2c 4a+3b+c> 32a

Chdng minh rang + + > )
a+b a+c 3b+c b+c 2a+b+c

Lai giai
Ta viét lai vé trdi dudi dang

2a (2a b+c 2(a+c)  4a 4a  3b+c  3b+c
P= + + -1+ + +

= + +
a+b \a+c a+c 3b+c 3b+c b+c 2(b+c) 2(b+c)

2a 2a 4a 4a 3b+c [brc 2(atc) 3bac
= + + + + + + + -1
atb a+tc 3b+c b+c 2(b+c) (atc 3b+c  2(b+c)

b+c 2(a+c) 3b+c
+ +
a+c 3b+c 2(b+c)

2a 2a 4a 4a 3b+c

Ap dung bat ddng thic AM—GM thi >3nén

P> + + + +2.Chuyrang:

a+b a+c 3b+c b+c 2(b+c)
2a N 2a S 8a . 43 N 3b+c S 2a va 4a 234 2a hard
a+b a+c 2a+b+c 3b+c 2(b+c) b+c b+c b+c

P> 8a +6/2a _ 8a N 12 8a P 24a 32a
~ 2a+b+c b+c 2a+b+c \/Za(b+c)_23+b+c 2a+b+c 2a+b+c

Diéu phai chiing minh
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a,b,cla nhitng sé thuc dudng thoa man diéu kién 1+%+1= 1.Chdng minh rang :
a c

1( 1,1 1 J: abc
2la+bc b+ca c+ab (a+bc)(b+ca)(c+ab)

2x° +3xy+y’ =6

3x+2y+1=22x+y+6

2) Gidi hé phuadng trinh {

Li giai

1) TU gid thiét suy ra ab+bc+ca=abc. Tacd:
1 a’ a

atbc a’+abc (a+b)(a+c)

B b 1 c
b+ca (b+c)(b+a)’c+ab B (c+a)(c+b)

Tuadng tu, ta co: . Tu dd suyra

~ a(b+c)+b(c+a) B abe .
“2ferb)brc)(cra) (arb)prefera) )
P= (abC)2 = L& (doa,b,c >0)(2)

(a+b)2(b+c)2 (c+a)2 (a+b)(b+c)(c+a)
TU (1), (2) suy ra diéu phai ching minh.
2) Diéu kién : 2x+y +6 > 0. Nhan 4 vao phudng trinh th( nhat cla hé ta cé:
4(2¢ +3xy+y*)-24=0
Phuong trinh th hai cha hé tuong duong vdi :
{3x +2y+1>0

) . Ta viét lai thanh hé mdi :
(3x+2y+1) —4(2x+y+6)=0

3x+2y+120(1)
4(2x2+3xy+y2)—24:0(2)
(3x+2y +1) —4(2x+y+6)=0(3)

L&y phudng trinh (3) trir di phuang trinh (2), vé vdi Vé, ta thu dudc :
(x—l)2 =0 x=1
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y=1
y = —4(ktm)

= 2x° +3xy +y* =6<:>y2+3y—4:0<:{

Vay (x;y) = (1;1).

Cau ll. 1) Tim tat cd céc cdp s6 nguyén duong (x;y) thda man dang thudc
(x+y)(5x+y)3 +xy® = (5x+y)3 +x%y? +xy*

2) Vi a,b,c la nhitng sé thuc dudng théa man cdc diéu kién sau

c<b<a<3b’+2a<10;b’+2a+2c<14

{(a2 +1)(b” +1)+4ab<2a’ +2b° +2a+2b’

Tim gid tri 16n nhat cla biéu thic: P = 4a* + b* + 2b” + 4c?.

L3i giai

1) Ta bién déi nhu sau:

(x +y)(5x+ y)3 +xy° = (5x+ y)3 +x%y? + xy*

<:>(x+y—1)(5><+y)3 :xy3(x+y—1)

Vi x,y 1 hai s6 nguyén duong nén x+y > 1. Do dé, ta suy ra (5x +y)’ =xy’

Do dd, ta suy ra xcling |a 1ap phudng clia mdt s& nguyén dudsng.Dat x = z°, ta cé:

(52°+y) =(2v) ©52 +y=2y & y(z-1)=52°

N&u z =1 (ktm). Xét z = 1. Khi d6, ta c6 52°i(z~1). Vi 5z° =5(modz-1) = 5iz-1

Tir day ta tim dugc z < {2;6}. Suy ra:

(zv)e{(240);(6:216) = (xv) €{(8,40);(216;216)}

2)Tacé: (a2 +1)(b2 +1)+4ab—2a(a2 +1)—2b(b2 +1)so

& (a®+1-2b)(b*+1-2a)<0=b*+1<2a

Tacé: P=(2a) +(b?+1) +(2c) ~1.Do dé:

P-76=(2a-6)(2a+6)+ (b’ —4)(b* +6)+(2c—4)(2c+4)

= (2a-b?)(2a-6)+(b* —2c+2)(2a+b* —10) +(2c +4)(2a+2c +b* ~14) <0

Do d6 P <76.Vay MaxP =76 < (a,b,c)=(3,2,2).

Cau lll. Cho tam gidc ABC nhon, khéng céan, ndi ti€p dudng tron (O). Diém P nam trong tam gidc
ABC. Goi E,F1an lugt Ia hinh chiéu vudng gdéc cla Ptrén cdc canh CA,CB. Gid st gidc BCEF
ndi ti€p trong dudng tron (K)

1) Chidng minh rang AP vudng géc véi BC

2) Ching minh rang AP =20K
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3) Budng thadng qua P vudng géc vdi AP cat dudng tron tai hai diém Q,R. Chdng minh rang
dudng tron tAm Abdn kinh AP tiép xuc véi dudng tron ngoai tiép AKQR.
L&i gidi

A

1) Ching minh rang AP vudng géc véi BC

Do t gidc BFEC néi tiép dan dén AEF = ABC

D&Y ring OAC = 90°—B d3n dén OA L EF

Ta c6 OAC =90° - AEF = PAF (do AP 1a duing kinh clia (AEF))

Do d6 dan dén PAB+B =90° = AP 1 BC
2) Ching minh rang AP =20K
Goi (AEF) c3t (O) tai diém th( hai la ). Goi S, T 1an luct la trung diém cta EC va FB, ta cé

JFB =180° - JFA =180° - JEA = JEC

Déng thdi, JBF = JCEdo d6 : AIFB «» AJEC

= AJTF > AJES(cg.c) = ZTA = ZISA

Do d@6 J,T,S, A K clung thuéc mét dusng tron

D3n dén J,P,Kthdng hang va dudng thadng nay di qua X la d&i xtng cia Aqua O

Do d6 chd y rang PECX la hinh thang vuéng ma SK Ia dudng trung binh nén dan dén K la trung
diém PX hay AP =20K

3) Pudng thang qua P vudng géc véi AP cat dudng tron tai hai di€ém Q,R. Ching minh rang
dudng tron tdm Abdn kinh AP tiép xtc véi dudng tron ngoai ti€p AKQR

Goi G ddi xitng vdéi P qua J

Ta ¢ AJP =90°dan dén AG = AP hay G thudc (AAP)

Ta cé K 1a trung diém cta PX do dé

PX.PJ =2PK.PJ = PK.2PJ = PK.PG = PQ.PR (do t gidc JRXQ ndi tiép (0))
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Suyra Ge (KQR)

Cau IV. Cho céc diém A A, ..., A, theo thf tu nam trén mét dudng thang sao cho d6 dai cac
doan A A, bang k (don vi dai), v8i k=1,2,....,29. Ta t6 mau mbi doan thdng A /A,

JALA, bGI 1

trong 3 mau (mdi doan dudc t6 bdi ding 1 mau). Chiing minh rang véi moi cach t6 mau, ta ludn

chon dugc hai s6 nguyén dudng 1< j<i<29sao cho hai doan AA | va A A, dudc té cuing mau

va i— jla binh phugng cta sé nguyén dugng.
Li giai
Goi d la mau AA

i=1..,29,d €{1;2;3}
Phan ching d. = djv‘i—j‘ la s& chinh phuong
d=#d d=d #d .d ,#d .d

|+25; i+9 v+25;
Ma trong d;;d. ,.d. .;d. . cO hai s6 bdng nhau,nén d , =d

#zd

i+16 i+25

i+16’Vi21

Khdng mat tinh tong quét, gid sir d, =1,d, =2;Cé d,, = d, =1.
* Néu d,=3=d,,=d,=d,=d 4=d,=3

d,#d,=3d,#d =d, =2

d,#d,=3d,#d,=2=d, =1

d,#d,,=2d, #d,=1=d,=3=d,,=3

d=2=d,=2d,,=3=>d,=3

i+16

Suy ra d, =d,, (mau thuan)
e Néud, =2=d,=d, =d =2
d,#d,=2d,#d =1=d,,=3=d,=d,
Suyrad,=1dod, #d,=3d,#d,=2=d,,=d,=d, =1
d,#d,d,#d,=>d,=1=d, ,#d,=1d,#d,,=2=d,=3

=d,, =d,, =d,, =d,,=3nhung do d,, =2, ta cé diéu mau thuan

12°

Vay t8n tai i, j sao cho \i—j\lé s6 chinh phuong va d, =d,
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gidi phuadng trinh: \/x2 +6x+2023 ++x+3 :\/x2 +5x+2025 +x/g.
X+6y)(3x+2y)=12
2) Gii hé phuong trink: | <+ 8Y)(3x+2Y) .
2x% +6y° +15x%y +19y*x + x + 6y =12
Li gidi
1) BKXD: x > -3.
Phuong trinh d3 cho tudgng duang vdi
(V¢ + 6x + 2023 - i + 5x + 2025 ) + (Jx + 3-+/5) =0
o A N x-2
X+ 6x + 2023 +4/x* + 5x + 2025 Vx+3++/5

0

1 1
& (x - 2) +—= _|=0
JX? + 6x + 2023 +,/x? + 5x + 2025 Vx+3++6
< x =2 (tm).
(Vi ! + ! >0
¢ +6x+2023+x* +5x+2025 Vx+3+5
Vay phuagng trinh da cho cé nghiém duy nhat x = 2.
2) (x +6y)(38x +2y)=12 (1)
2x% +6y° +15x%y +19y*x + x + 6y =12 (2)
Thé phuang trinh (1) vao (2) ta cé: 2x® + 6y> + 15x°y + 19y°x + x + 6y = (x + 6y)(3x + 2y)
Phuong trinh tusng duang vdi (x + 6y)(2x2 +3xy+y2) + (x + 6y) =(x + 6y)(3x + 2y).

)

TU phuang trinh (1) ta suy ra: x + 6y # 0. Do d6 2x* +3xy +y* +1 = 3x + 2y
Suy ra (2x+y)(x+y)+1:(x+y)+(2x+y)<:>(x+y—1)(2x+y—1):0

Xét céc trudng hap:

- Néu 2x + y =1 thay vao phuadng trinh (1) ta cé: (6—11x)(2—x) =12

Gidi phuadng trinh trén ta thu dugc x = 0 hodc x = %

TU d6 ta thu dugc hai nghiém (0, 1) va | —, ——
11 11

- Néu x + y =1 thay vao phudng trinh (1) ta cé: (1 +5y)(3 —y) =12

28 —45j

Gidi phuadng trinh trén ta thu dugc y =1 hoac y = %
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TU d6 ta thu dudc hai nghiém (0, 1) va (% gj

C3u ll. 1) Gid sif n 13 s6 nguyén sao cho 3n® —1011 chia hét cho 1008. Chiing minh ring n—1
chia hét cho 48.
2) Véi a, b, ¢ 1a céc s6é dudng thod man diéu kién ab +bc +ca=1.

X 1 1 1
Ching minh rang: | 1+ 1+ 1+ > 4.
9 9 ( l+a2j( l+b2]{ l+c2j

Lai giai
1) Ta cé: 3n° ~1011 = 3(n*~337) =1008k (ke N") nén n’ —337 = 336k, dén dén
n’-1=336(k+1),
hay
(n-1)(n* +n+1)=487(k+1)
Do n*+n+1 1as61&nén n”+n+1 khdng chia hét cho 16.
Ba&i vdy n—1 chia hét cho 16. (1)
Thém nifa, néu n=0; 2 (mod 3) on +n+l=1 (mod 3):> n-1:3
Néu n=1 (mod 3) <n-1:3
Vay n-1:3 (2)
T (1) va (2) = DPCM.
2) Bat dang thic cadn chiing minh tusng dudng vdi:
(a° +2)(b* +2)(c* +2) > 4(a* +1)(b” +1)(c* +1).
Khai trién va rdt gon, BDT nay tuang dudng vdéi: 3a’b’c? + Z(azb2 +b%c® + czaz) <4. (1)
Mat khdc, vi ab+bc+ca=1, ta co:
e a’b’+b’c®+c’a’< (ab+ b(:+ca)2 <L
(ab +bc+ ca)3 1

L4 azbzcz Lf——=—=
27 27

Do dé, VT,

<é+2 < 4. Ta cé diéu phai chiing minh.

Cau lll. Cho hai dutng tron (O) va (O') cd dinh c3t nhau tai A va B sao cho O nam ngoai (O’)
va O' nam ngoai (O) Trén dudng tron (O) |&y diém P di chuyén sao cho P nam trong dudng
tron (O').Du&jng thdng AP cat (O') tai C khdc A.

1) Chidng minh rang hai tam gidc OBP va O'BC déng dang.

2) Goi Q la giao diém cla hai dudng thang OP va O'C. Ching minh rang 6!??3 + ABP = 90°.
3) Lay diém D thudc (O) sao cho AD vuéng géc O'C. Chidng minh rang trung diém cla doan

thang DQ ludn nam trén moét dudng tron cé dinh khi P thay déi.
Li giai
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1) Ta cé: POB = 2PAB =BO'C nén hai tam gidc OBP va O'BC déng dang.
2) TU céu 1) ta thu dugc OPB=0'CB nén td gidc BPQC nbi tiép. Suy ra

1/\

Q/B\C=6P\C=A/PB=90°—§AOP=9O°—AT3TD.

3) CQ cat AD tai N. M I3 trung diém cua DQ.

Ta cé: B/Q\C _BPC =BAN nén td gidc DNQB nbi tiép.

Suy ra D/BB =90°.

Suy ra MD = MB = MQ, ta thu dugc OM L BD.

TU cau 1) ta cling cé B/O\Q =B0'Q nén t gidc BOO'Q ndi tiép (K).

Ké dusng kinh QS cla (K) thi D, S, B thang hang.

Ta cé: MK // DS nén OMK = 90°. Do 0, B, O' ¢6 dinh nén K ¢6 dinh.

Vay M chuyén ddng trén dudng tron dusng kinh OK ¢6 dinh.

Cau IV. Gid sir A 1a tdp hgp con cla tap hdp gom 30 sé tu nhién dau tién {0;1;2; 3;...;29} sao cho
vGi k nguyén bat ky, a, b € A batky (cé thé a =b) thi a + b + 30k khéng la tich cta hai s nguyén

lién tiép. Chiing minh rang sé phan ti cda tdp hdp A nhéd hon hodc bang 10.

Li giai

Nhén xét: Néu n nguyén thi n(n+1)=0, 2, 6,12, 20, 26 (mod 30).

Do dé,néuaeX={0,1,3,6,10,13,15,16,18, 21, 25, 28} thi 2a=0, 2, 6, 12, 20, 26 (mod 30).

Do dd, lubn ton tai k, n nguyén dé 2a+ 30k = n(n +1).

Vdy, tdp A khéng chira phan t nao cla tép X.

M3t khdc, néu (a, b) €{(2, 4), (5, 7),(8,12), (9, 11), (19, 23), (20, 22), (24, 26), (27, 29)} thi
a+b=0,2 6 12, 20, 26 (mod 30).

Khi d6 cling ton tai k, n nguyén dé a+b + 30k = n(n+ 1).

Nhu vay, mbi nhdm & trén cd t8i da 1 s6 thudc A. TU ddy suy ra tdp A c6 khéng qud 10 s6.

Chu y: Ta cling ¢ thé chiing minh 10 a3 s8 phan tl nhiéu nhat cd thé cha tip A. That vy, 1ay
A=1{2,5 8 11,14, 17, 20, 23, 26, 29}
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thi vdi a, b bat ki thudc A, a+b=1 (mod 3). Khi dé:
a+b+30k =0, 2,6,12, 20, 26 (mod 30).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian [am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh: 2x+ 1+ 24/4x? + 6x = 4+/5x - X2
xy(x + y) =30

x> +y* =30+3x+y+120

2) Gidi hé phuadng trinh: {
L&i giai

1) Ta cé:

2% + 1+ 24/4x? +6x = 44/5x - X2 (DK 0<x<5)

<:>x+2,/x(4x+6)+4x+6=4x+4 x—x* +5-x
<:>(\/;+M)2 =(2\/;+\/E)2

<:>\/;+\/4x+6 =2\/;+\/5—X
& A4Ax+6 :\/;+\/5—x

©4x+6=5+2,/x(5—x)
<:>4x+1=21/x(5—x)

<:>16x2+8x+1:4x(5—x)

< 20x* -12x+1=0
<:>(10x—1)(2x—1)=0

_1
10
1

X=—=

2
2) Phuong trinh th hai tugng dudng vdéi:

(x+y)3—3xy(x+y)=30+%/m
@(x+y)3+(x+y)=(x+y+l20)+m
+ Néu x+y>m thi VT > VP.
+ Néu x+y<m thi VT < VP.
Do vay x+y:m hay (x+y)3=x+y+120.
Dit t=x+y thi t3—t—120=0<:>(t—5)(t2+5t+24)=0.

X
<~

D& thdy t° +5t+24 >0 nén t=5 hay x+y =5, thay vao phuong trinh dau tién ta cé xy =6. TU
day ta tim dudc (x,y) = (2,3); (3,2) la nghiém cla hé da cho.
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Cau Il. 1) Tim t4t cd cdc cap s6 nguyén duong (x; y) thdéa man:
A+ (1+3)(1+77)=22(3' +7" +2)
2) V4i x, y, z la nhitng sé thuc dudng, tim gid tri nhd nhat cda biéu thic:

xM*—x%+3 . v -yt +3 N -z +3

M =
X2 +zx+zy  VZP4xy+xz  Z2XP+yz+yx
L&i gii
1) TU gia thiét suy ra (2* -3 —1)(2X —7 —1) =0
2=3"+1
T d6 ta c6: i
2=7"+1

Ta xét 2 trudng hap:
+) Trudng hgp 1: 2*=3"+1.Suyra 2" =1 (mod3) nén x chan.
D3t x = 2a thi 37 =(2a —1)(2a +1).
D3ndén 2°-1=3",2°+1=3"véi m<neN.
TUdé2=3"-3" =3m(3"*m—1) nén m=0,n=1.Dodé a=1 nén x=2;y=1.
+) Trusng hgp 2: 2*=7" +1
Khi @6 2" =1 (mod7). Lan lugt xét x = 3k; 3k+1; 3k +2, ta thy:

2% =1 (mod7)

2°* =2 (mod7). Do dé, x =3k (ke N).

2°%? =4 (mod7)
Khi d6, ta c6: 7" =2% —1=(t-1)(t" +t+1) véi t=2"eN".
Vit-1<t’+t+1 vacda 2 déu phailally thira cla 7, ta suy ra:
tP+t+lit-1
Dan dén 3it—1nén te{2; 4}. Tu d6, ke{L; 2}.
Thay vao ta thdy chicd k=1 thi x=3,y =1 théa man.
Vay phudng trinh cé nghiém (x, y) = (2, 1), (3, 1).
2) Ta cé: (xﬁ—l)(xs—l)zo nén x* +1>x*+x° = x" -x* +3>x%+2.
Tuadng tu vdi vy, z thi khi dé:

X2 +2 ye+2 z®+2
+ +

X2y2 +zx+2zy  VZP+xy+xzZ  Z°X° +yzZ+yx
Ap dung bat dang thi'c AM-GM 3 s8 ta cé:

_ (x8 +2)(y8+2)(28+2)

(x y2 +zx+ zy)(yzz2 + Xy + xz)(zzx2 +yz+ yx)

M >

M> 33

Ta di chiing minh M > 3 hay
(xs + 2)(y8 + 2)(28 + 2) > (xzy2 + 22X+ zy)(yzz2 + Xy + xz)(zzx2 +yz+ yx)
Ap dung bat dadng thic Cauchy-Schwart ta cé:
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(x8+1+1)(1+y8+1)2(x“+y4 +1)2

Tudng tu nhén theo V& ta suy ra dugc:

(x8 +2)(y8 +2)(28 + 2) > (x4 +y* +1)(y4 +z* +1)(z4 +x* +1)
Tiép theo lai cé:

(x“ +y* +1)(1+y“+z4)2(><2+y4 +zz)
Tuang tu nhan theo vé ta suy ra dudc:
(x4 +y* +1)(y4 +z* +1)(z4 +x* +1) > (x4 +y? +Zz)(y4 +2z° +x2)(z4 +x? +y2)

2

Lai co:

2
(x“ +y*+ zz)(y4 +7°+ xz) > (xzy2 +yz +zx)
Tudng tu nhan theo V& ta suy ra dudc:
(x4 +yi+7° )(y“ +2° + xz)(z4 +x%+ yz) > (xzy2 + 27X+ zy)(yzz2 + XY + xz)(zzx2 +yz+ yx)
K&t hgp céc BDT trén ta suy ra diéu can chiing minh.
Vay gid trinhd nhatcda M 1a 3, khi x=y=z=1.
Cau Ill. Cho tam gidc ABC nhon véi AB < AC ndi ti€p trong dudng tron (O) c6 tiép tuyén tai A
cla (O) c3t BC 3 T sao cho TB>BC. Goi P va E |an lugt Ia trung diém cda TA va TC.
1) Chiing minh rang td gidc APEB ndi tiép.
2) Goi giao diém thd hai cia AE vdi (O) la F. Ly G thubc (O) sao cho FG song song véi AC.
Chdng minh rang ATG = TAF.
3) Goi H Ia truc tdm cla tam gidc ABC, D la giao diém cdia AH va BC. M |a trung diém cda BC.
K d8i xiing véi A qua BC. N thudc dusng thdng AM sao cho KN song song véi HM . Ly S thubc
BC sao cho NS L NK.Dung R thudc tia AK sao cho AR-AH = AD?. Q |a diém sao cho PQ L AS
va SQ L AO. Chiing minh rang diém déi xiing cda A qua QR thudc dudng tron dudng kinh DN .
Li giai

1) Vi AT la tiép tuyén cua (O) nén ta dugc TA=TB-TC.

Nhu vay, ta dudc TP-TA:%TAZ :%TB-TC:TB-TE.

Do dd, t& gidc APEB la td gidc ndi tiép.

2) Vi EP la dudng trung binh ctia ATAC, AFGC |a hinh thang cén va AT la tiép tuyén cua (O)

— — e~~~ e~~~

nén ta thu dugc AEP = EAC = FAC = GCA=TAG va GAC = FCA=TAF = PAE . Nhu vay, ta dudc
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AAEP» AACG (g.g) va dan dén j—izj—g Laichldyrang AT =2A4P va AC =2EP, ta thu dugc

AE _24E 24P AT

EP AC AG AG

K&t hdp véi AEP =TAG ta thu dugc AAEP« ATAG (c.g.c).
Do d6, ATG = TAF .

|4

3) Goi AY la dudng kinh ctia (0), L va ¥, la giao clia 4Y véi OS va KN . Theo tinh chat quen
thudc ta cé M la trung diém cla HY nén theo b6 dé hinh thang ta dugc N la trung diém cla KY,
Vi SN L KY, va SD la dudng trung truc cia 4K nén S la tdm ngoai ti€p cla tam gidc 4KY,.

Vi 0S L A0 nén AY, LSL la S latdm (AKY,) nén L latrung diém AY,. Theo tinh chit dung
trung binh ta dugc DN // AO va NL// AD suy ra t gidc ADNL la hinh binh hanh.

Goi Z la giao diém cla DL va AN thita dudc Z |a trung diém cha AN va DL.

Goi 4" d8i xiing clia 4 qua R, X la giao diém clia NL véi BC, A' la giao clia AX Vvdi (R) thi

XA'L A'A" nén A' thudc dudng tron (DN).

Ap dung dinh ly Thales ta dudc: AD = AD = AH = AM = AM
AA" 2AR 24D 24Z AN

Theo dinh ly Thales d3o ta suy ra NA"//DM nén NA" 1. DA" suy ra DXNA la hinh chir nhat va
D, X, A", N thudc (DN).
Goi U,V lan lugt |a giao diém cta OS va QP véi AH ; W la giao cia 4O va BC.
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Ta cé: AQUVmAAWS(g.g) (do 2 tam gidc nay co cac cap canh tusng Ung vudng gdc).
TuV ké VG'L QS vi SQ//AT nén VG' L AT .
Vi dudng qua T vubng géc véi AS va dusng qua S vudng gdéc véi AT ddng quy tai truc tdm tam
gidc ATS trén AH nén VG' phai di qua trung diém J cua AS.
M3t khac JG'//AL (cung vudng géc véi OS nén G' la trung diém LS')
Theo tinh chat dudng trung binh cda tam gidc AANA", ADLS ta dudc G'Z//DS, RZ//NA" ma
NA"//DS nén G', Z, R thang hangva G'R LTVU .
VI AVG'U» ASLW (g.g) (VG'U =WLS =90° va VUG'=LWS) Vi LX va G'R I3 hai dudng cao
tudng Ung cula hai tam gidc nay nén tu tinh tusng (ng cla déng dang ta dudc %:%
TU déy két hop véi AQUV 2 AAWS (g.g) ta dudc AQUR«» AAWX (c.g.c) suy ra QR vudng géc véi
AX .
Vi OR 1 AA' ma R thudc dudng trung truc cla 44' nén A4 va A' ddi xiing nhau OR.
Vay diém ddi xiing cia 4 qua OR la A4' thuéc (DN).
Cau IV. Viét mot tram s6 nguyén duong dau tién 1, 2, 3,..., 100 vao mdt bang 6 vudng kich thudc
10 x 10 mébt cdch tuy y sao cho méi 6 dugc viét didng s6. Chirng minh rdng ton tai hai 6 ké nhau (
2 6 cd canh chung) ma hai sé viét & hai 6 nay cd hiéu I8n han hodc bang 10.
Lai giai
Gid st cd cdch dién s8 sao cho hai 6 ké nhau bat ki déu cd hiéu nhd hon 10. Ta 1an lugt dién céc sb
theo thdtu 1, 2, 3, ..., 100vao bang (budc thd k thi dién sé k) thi phai c6 mét thai diém dau tién
ma 10 hang/cét déu dudc dién sé.
Khéng mét tinh téng qudt, ta gid s 10 hang déu dugc dién s6 & thai diém dau tién la budc thd k.
Vi 8 thai diém nay chua hoan thanh dién sé trén cad 10 cdt, nén phai cé mét cdt chua dién sé nao.
Do dd, trén mdi hang déu phai cé 1 cdp 2 6 ké nhau ma mét 6 da dudc dién s§, mét & chua dudc
dién s6. D3t cac cdp s6 da dién va chua dién 8 mbi hang 1a (a,, b,), (a,, b, ),..., (@, by, ) .-
Kihiéu 4=maxa,i=1,2,...,10.Ta nhan xét:

b<a+10<A+10<k+10,Vi=1,2,...,10
R6 rang khi dé 10 s6 b, b,, ..., b, chicéthé nhantéida 9 gidtrila k+1,k+2,..., k+9.Diéu
nay mau thuan.
Ta cé diéu can chdng minh.
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