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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

2
=0
A - , a+b a+b b a
Cau l. Cho biéu thuc P = : - + - .

Ja+vb la-b b-iab a++ab 2
V8ia>0;b>0 va a=b.
1) Rdt gon P.
2)'I"|ma,bsaochob=(a+1)2véP=—1.
Cau Il. Cho phudng trinh x? +(m2 +1)x+m—2 =0 véi m la tham sé.

1) Chiing minh rang véi moi m phudng trinh ludn cé 2 nghiém phan biét.
2) Goi x,, x, la 2 nghiém ctia phudng trinh.

2x, -1 2x,-1 55
+ =X X +

s 2 i
1 XIXZ

Tim tat cd cdc gid tri cha m sao cho

X X

2

Cau lll. Cho tam gidc ABC ¢6 ACB =90°. M I3 diém bt ky trén AB. Goi O, O,, O, la tam céc

dudng tron ngoai tiép AABC, AMAC, AMBC.

1) Ching minh: 4 diém O,, M, O,, C cung thudc dudng tron (C)

2) Chiing minh: O ciing thugc (C).

3) Tim vi trf M dé ban kinh (C) nhd nhét.

Cau IV. Cho céc sé thuc a, b, ¢, d thod man déng thai cdc diéu kién

(i): ac—a—c=b’-2b.

(ii): bd—b—-d =c? —2c.

(iii): b, ¢ khac 1.

Chidng minh dang thic: ad+b+c=bc+a+d.

C4u V. Cho cdc s6 thuc khéng am x, vy, z d6i mot khdc nhau va thod man (z+x)(z+y) =1. Ching
1 1

minh bat d3ng thic sau 1 =+ =+ =>4,
(x-y)" (z+x) (z+v)
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho ba s6 dudng a, b, ¢ thod man b=c,va+vb =+, a+b=(\/g+\/5—\/z)2.

sr(Vo-Ve] e
b+(Vb-ve) Vb

C3u Il. 1) V8i mbi s6 dudng a thod man a° = 6(a+1).

Chidng minh dang thuc

Ching minh phudng trinh sau vé nghiém: x> +ax+a” -6 =0.

2) Tim tat c3 cdc gid tri cla a va b sao cho Z(a2 +1)(b2 +1) = (a+1)(b+1)(ab+1).

Cau lll. Ba s8 nguyén a, b, ¢ d6i mdt khdc nhau va thod man dong thai ba diéu kién

(i): @ la udc clia b +c +bc.

(ii): b la udc cla a+c+ac.

(iii): ¢ la udc clha a+b+ab.

1) Hay chi ra bd sé (a;b;c) thod man cdc diéu kién trén.

2) Ching minh rang a, b, ¢ khdng déng thdi |a s6 nguyén té.

Cau IV. Cho tam gidc ABC. Mét dudng tron (O) di qua céc diém A, B va cit cdc canh CA, CB tai
céc diém L, N tuong ing (L = A, C;N =B, C). Goi M la trung diém cta cung LN clia duting tron
(0) va M nam trong tam gidc ABC. Budng thdng AM cit céc dudng thing BL va BN tai céc
diém D va F tuong Ung, dudng thdng BM cat céc dudng thang AN va AL tai céc diém E va G
tuong Ung. Goi P la giao diém cla AN va BL.

1) Chitng minh DE // GF .

2) Néu t gidgc DEFG Ia hinh binh hanh, hdy chiing minh:

a) AALP«» AANC. b) DF L EG.

Cau V. Cho 13 diém phén biét nam trong hay trén canh clia mét tam gidc déu cé canh bang 6cm.
Chdng minh rang ludn tén tai hai diém trong s6 13 diém da cho ma khodng céch gilra ching

khéng vudt qua x/gcm.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

CAu |. Cho biéu thic A = \/ZOa +92 ++/a* +16a% +64 vi B=a* +20a° +102a? + 40a + 200.

1) Rat gon A.

2) Tima dé A+B=0.

Cau Il. Hai c6ng nhan cung lam mdt cdng viéc 18 gid xong. Néu ngudi thi nhat lam 6 gis va ngudi
thd 2 lam 12 gid thi dudgc 50% cdng viéc. Hai néu lam riéng mdi ngudi hoan thanh céng viéc
trong bao lau?

Cau lll. Cho Parabol y = x* va dugng thang (d) cé phuong trinh y =mx+1.

1) Ching minh (d) ludn c3t (P) tai hai diém phan biét A; B véi moi m.

2) Goi A(x,3y,) va B(x,:y, ). Tim gid tri I6n nhat cda M =(y, =1)(y, -1).

Cau IV. Cho tam gidc ABC véi AB=5; AC = 3v5; BC =10. Phan gidc BK cla géc ABC cat
dudng cao AH; trung tuyén AM cla tam gidc ABC tai O va T (K e AC;H,Me BC).

1) Tinh AH.
2) Tinh dién tich tam giac AOT.

Cau V. Céc s6 thuc x, y thod man dang thic (x+\/1+x2 )(y +\/1+y2 )z 1.

Chung minh x+y =0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. Céc s6 thuc x, y thod man xy # J2 va Xy # 2.
Ching minh rang biéu thic sau khéng phu thudc vao x, y .

P:( 23/§xy xy—%/i ] 2xy Xy

+ . - :

xiy2 -4 2xy+232 | xy+32 xy-2
Cau Il. 1) Cho phudng trinh x* + bx+c =0, trong d6 cdc tham s6 b va ¢ thod man dang thic
b+c=4. Tim cdc gid tri cla b va ¢ dé phudng trinh cé hai nghiém phan biét x,, x, sao cho
X, = X5 +X,.
L
3 12
R4
5

2) Gia s« (x; y;z) la mot nghiém cla hé phuadng trinh:

ot =1

10

z
4
g
3
Hay tinh gid tricia A=x+y+2z
Cau lIl. Ba s6 nguyén duong a, p, 9 théda man céc diéu kién:
(i): ap+1 chia hétcho q.
(ii): ag+1 chia hét cho p.

pPqg
grn)
Céu IV. Cho dudng tron (O) duting kinh AB va diém C thudc duting trdn (C khéng trung vdi A, B

Chung minh a >

va trung diém cung AB). Goi H |a hinh chiéu vuéng géc cla C trén AB. BDudng tron (Ol) dudng
kinh AH cit CA tai E, dutng tron (0,) dudng kinh BH cit CB tai F.

1) Chidng minh t gidc AEFB 13 t gidc ndi tiép.

2) Goi (03) |3 tAm dudng tron ngoai tiép tU gidc AEFB, D la diém ddi xiing cta C qua O. Ching
minh ba diém H, O,, D thdng hang.

3) Goi S Ia giao cua cdc dudng thang EF va AB, K |a giao diém th hai cda SC véi dusng tron (O).
Chdng minh KE vudng gdéc vdi KF.

Cau V. M6t hinh vubng cé d6 dai bang 1 dudc chia thanh 100 hinh chit nhat ¢ chu vi bang nhau
(hai hinh chir nhat bat ky khéng cé diém chung). Ki hiéu P |a chu vi ciia mdi hinh chir nhat trong
100 hinh chif nhat nay.

1) Hay chi ra mét cdch dé chia P =2,02.

2) Hay tim gid tri I6n nh&t cha P.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

4 X} —x(4x-1)-4 | 2
Cau . Cho bidu thic A=| 2| x - X 1] X ( - )4, X +29x+78
2 X +6x°—x—-6 | 3x"+12x-36

x> +1
1) Rdt gon biéu thic A.

2) Tim t4t cd céc gid tri nguyén clha x sao cho A cé gid tri nguyén.

Cau II. Cho hai dudng thing (d, ):y = (2m2 +1)x+2m—1 :(d,):y =m’x+m=2,v8i m I3 tham s8.
1) Tim toa d6 giao diém | cla (dz) va (dz) theo m.

2) Khi m thay d6i, chdng minh rang diém | luén thuéc mét dudng thang cé dinh.

Cau lll. Gid s bd ba s6 thuc (x; y; z) thoa man hé:{xy +XZ;"}7=ZV++1Z L ( )

1) Ching minh x* +y* =—z* +12z-19.

2) Tim tat cd cdc bo (x; y; z) thda man hé (1) sao cho x> +y? =17.

Cau IV. Cho hinh vudng ABCD cé dd dai canh bang a. Trong hinh vudng d6 |14y diém K sao cho
tam gidc ABK déu. Céc dudng thdng BK va AD c3t nhau tai P.

1) Tinh d6 dai doan thdng KC theo a.

a3

2) Trén doan thiang AD |3y diém | sao cho DI =5 cdc dudng thang Cl va BP cat nhau tai H.
Chung minh t& gidc CHDP néi tiép mét dudng tron.

3) Goi M va L lan lugt la trung diém cla cdc doan thang CP va KD. Chdng minh LM = %'

Céu V. Gidi phuong trinh (x* ~5x+1)(x* - 4) =6(x-1)".
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul. 1) Gid sif a va b I3 hai s6 dudng khac nhau va thda man a—b=~/1—b? —y1—a>.
Chidng minh ring a* +b* =1.

2) Chiing minh riing ¥20092 + 20092 x 2010% + 2010? 13 m&t s8 nguyén dudng.

Cau ll. Gid st bdn s6 thuc a, b, ¢, d ddi mdt khdc nhau va théa man déng thai hai diéu kién sau
(i): Phudng trinh x? —2cx—5d = 0 ¢ hai nghiém a va b.

(ii): Phuong trinh cé hai nghiém ¢ va d.

Chdng minh rang

l)a-c=c-b=d-a.

2) a+b+c+d=30.

Cau lll. Gid s&r m va n 1a nhitng s6 nguyén dudng vdi n>1. Pat S=m’n* —4m+4n.

Ching minh rang:

1) Néu m>n thi (mn2 —2)2 <n’S <m’n*.

2) Néu S 13 s6 chinh phuong thi m=n.

Cau IV. Cho tam gidc ABC véi AB> AC, AB>BC. Trén canh AB ldy céc diém M va N sao cho
BC =BM va AC =AN.

1) Chiing minh diém N nam trong doan thang BM.

2) Qua M va N ké MP song song védi BC va AQ song song vdi CA (P eCAQe CB) .

Ching minh rang CP =CQ.

3) Cho ACB =90°, CAB = 30° va AB = a. Hay tinh dién tich cta tam gidc MCN theo a.

Cau V. Trén mdét bang den ta viét ba s6 J2:2: i Ta b3t dau thuc hién mét trdo chgi nhu sau: Moi

V2

Ian chai ta xéa hai s6 nao dd trong ba s6 trén bang, gid su 1a a la b, réi viét vao hai vi tri vira xda

hai s6 mdi I3 2 , ddng thai gilr nguyén sé con lai. Nhu vy sau mdi 1an chai trén bang

R

ludn cd ba s6. Chu’ng minh rang du ta cé chai bao nhiéu 1an di chdng nifa thi trén bang khdng thé

c6 déng thdi ba s6 —= 21442

2J_
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

véi x>0,y >0, x =2y,

C4u I. Cho biéu thic A:( b A

X>+y’+y -2 4x" +4x’y +y’ -4
2y—x 2y +xy—-x* |

X2 +Y+ XY+ X
y #2—2x%.

1) Rdt gon biéu thic A.

2) Cho y =1, haytim x saocho A =%.

Cau Il. M6t nhédm cbng dan dat k& hoach san xudt 200 sdn pham. Trong 4 ngay dau ho thuc hién
ddng muc dé ra, nhitng ngay con lai ho d3 lam vugt midc mdi ngay 10 sdn pham, nén d3a hoan
thanh k& hoach sém 2 ngay. Hoi theo k& hoach mdi ngay nhédm céng dan can san xuat bao nhiéu
san pham?

Cau Ill. Cho parabol (P) 1y =x* va dudng thing (d) :y=mx-m’+3, m latham s8. Tim tat c3 cic
gid tri cia m dé dudng thang (d) c3t parabol (P) tai hai diém phan biét cé hoanh d6 x, x,. Vdi

gid tri nao clia m thi x,, x, la d6 dai cdc canh géc vudng clia mét tam gidc vudng cé d6 dai canh

huyén bang \/g

Cau IV. Cho dudng tron (O) dudong kinh AB=10. Day cung CD cula dudng tron (O) vudng gdéc vai
AB tai diém E sao cho AE =1. Céc ti€p tuyén tai B va C clia dung trdn (O) cit nhau tai K, AK va
CE cat nhau tai M.
1) Ching minh AAEC«» AOBK. Tinh BK.
2) Tinh dién tich tam gidc CKM.
Cau V. Cho hinh thoai ABCD c6BAD =120°. Céc diém M va N chay trén cac canh BC va CD
tudng Ung sao cho MAN = 30°. Chidng minh rang tdm dudng tron ngoai tiép tam gidc MAN thudc
mdét dudng thang c6 dinh.

1 1

1 1
ﬁ+ﬁ+\/§+\/2+\/§+\/€+"'+—\/ﬁ+@>4'

Cau VI. Chiing minh bat d3ng thuc
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

1 1 2
Caul.Cho a== V2 += - X%,
au O a 2 \/_+8 8

1) Chiing minh ring 4a? ++2a—+2 = 0.
2) Tinh gid tri cGa biéu thiic S =a* ++a* +a+1.

2

22Xy
. TN . X +y + =1
Cau ll. 1) Gidi hé phudng trinh X+y

JX+y =x2 -y

2) Cho hai s6 hitu ti a, b thda man ding thic a’b+ab® +2a’b* +2a+2b+1=0.

Ching minh rang 1-ab la binh phudng clia mot sé hitu ti.
CAu lIl. Tim tat cd cdc s6 nguyén t6 p cd dang p =a’ +b’ +c? vdi a, b, ¢ 13 cdc s6 nguyén dudng

théa man a* +b* +c¢* chia hét cho p.

Céu IV. Cho tam gidc ABC c6 ba géc nhon néi tiép dudng tron (0), BE va CF la cc duting cao.
Céc ti€p tuyén vdi duting tron (O) tai Bva C ctnhau tai S, céc dudng thing BC va OS cét nhau
tai M.
1) Chidng minh rang ﬁ:B—S

AE ME
2) Ching minh rang AAEM« AABS.

3) Goi N la giao diém cha AM va EF, P 13 giao diém cda AS va BC. Chiing minh rang NP L BC.
Cau V. Trong hdp ¢ chira 2011 vién bi mau (mai vién bi chi cd ddng mdt mau), trong d6 c6 655
vién bi mau dé, 655 vién bi mau xanh, 656 vién bi mau tim va 45 vién bi con lai la cac vién bién bi
mau vang hodc mau trdng (méi mau cd it nhat mét vién). Ngudi ta 18y ra tir hdp 178 vién bi bat ki.
Ching minh rang trong s6 cdc vién bi vira 18y ra, ludn cé it nhat 45 vién bi cung mau. Néu ngudi ta
chi ldy ra t hép 177 vién bi bat ki thi két ludn cla bai todn con ding khéng?
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

_ _ 2 2

Cau |. Cho bidu thic P = azh _, __a-b b | giasb>o.

Ja+b+va-b +a?-b?—a+b
1) R4t gon biéu thuc P.
2) Biét a—b =1. Tim gid tri nho nhat cha P.
Cau ll. Trén quang dudng AB dai 210km, tai cuing mét thai diém mot xe mdy khdi hanh di tu A
vé B va mot 6 td khai hanh di tir B vé A. Sau khi gdp nhau xe may di tiép 4 gid nlra thi dén B va 6
td di tiép 2 gid 15 phut nira thi dén A. Biét rang xe mdy va 6 td khdng thay ddi van t6c trén sudt
chdng dudng. Tinh van téc cha xe mdy va 6 to.
Céu lll. Trong m3t phdng toa d6 Oxy, cho parabol (P):y = -x’ va duting thang
(d):y =mx—-m-2.
a) Chdng minh rang khi m thay déi (d) ludn cat (P) tai hai diém phan biét cé hdanh dbé x; ; x;
b) Tim m dé |x, - x,| =20
Cau IV. Cho tam gidc ABC dudng tron (a)) cé tdm O tiép xuc véi céc doan thang AB, AC tudng

Ung tai K, L. Tiép tuyén (d) chia dudng tron (a)) tai E thudc cung nhé KL cat dudng thing

AL, AK tugng ung tai M, N. Budng thang KL cit OM tai P va cat ON tai Q.

1/\

1) Chting minh MON = 90° - =BAC.
2) Ching minh rang dudng thang MQ, NP va OE cung di qua mét diém.
3) Chidng minh KQ.PL =EMEN.

Cau V. Cho céc sb thuc dudng x, y thod man diéu kién x+vy = (x—y)\/xy .

Tim gid tri nhé nhat cha biéu thiic P =x+vy.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Gidi phuong trinh: \/x2 +2X+20UX° +2x -1 +2x* +4x -4 =0.
Céu II. 1) Cho céc s8 a, b, ¢ d6i mét phan biét thda man: a* (b +c)=b*(a+c)=2012.

Tinh gid tri cla biéu thic: M = c? (a + b).

2) Cho 5 s6 nguyén dudng dbi mot phan biét sao cho mbdi sé dudng trong ching khéng ¢é udc sé
nguyén t8 nao khéc 2 va 3. Ching minh rang trong 5 s6 dd tén tai 2 s6 ma tich cla chiing la mét
s6 chinh phuang.

Cau lll. Cho n s6 thuc x,, X,,..., X, véi n>3.Ki hiéu max{xl, X,, ..., X, 1a s6 18n nhat trong cac s6

20

X Xy ey X

+[x, = x|

Chdng minh rang max{xl, Xy ooy X 2

Cau IV. Trong mét I8p hoc ¢6 36 ban hoc cd nhan, dudc xép thanh 4 hang va 9 ¢t (céc hang
dugc danh sd tir 1 dén 4, céc cot duge ddnh sé tir 1 dén 9). Si'sd hoc sinh cla Idp |a 35. Sau mét
hoc ki ¢ gido chu nhiém xé&p lai chd ngdi cho cdc ban hoc sinh trong I8p. D&i véi mdi hoc sinh cla
I8p, gid s trudc khi chuyén chd, ban ngdi 8 hang thudc hang th m, cdt thd n va sau khi chuyén
chd, ban ngdi & hang thudc hang a,, cdt thit a,, ta gdn cho ban d6 s6 nguyén (a, +a,)—(m+n).
Ching minh t8ng clia 35 s8 nguyén gan vdi 35 ban hoc sinh khéng vugt qud 11.

Cau V. Cho hinh vudng ABCD ndi tiép dudng tron (O) Diém M thubc cung nhd CD cla (O) M
khdc C va D. MA cat DB, DC theo thu tu tai X, Z; MB c3t CA, CD theo th( tu tai Y, T; CX cat
DY tai K.

— -

a) Chdng minh rang: MXT = TXC, MYZ = ZYD va CKD 135°.

b) Chiing minh rang: — A KY ZT =1.
MX MY cD

c) Goi | la giao diém cla MK va CD. Chiing minh rang: XT, YZ, Ol clung di qua tdm dudng tron
ngoai tiép tam gidc KZT.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3
a—-b ]
- +2a\/g+b\/g
Cau |. 1) Cho biéu thic: Q = (\/54.\/6 Jab —a

+
3a? +3bvab ava-ba

Ching minh gia tri cia Q khong phu thudc vao a, b.

védia,b>0,a=b.

2) C4c sé thuc a, b, c thdaman a+b+c=0.
Ching minh d3ng thic: (a2 +b? +c? )2 = 2(a4 +b* + c“).
Cau Il. Cho Parabol (P): y = x> va dudng thing (d) Yy = —mx+21—2 (tham s6 m=0).
m
1) Ching minh rang véi m# 0, (d) cét (P) tai 2 diém phén biét.
2) Goi A(x.3y, ), B(x,:y,) 13 2 giao diém d6, tim gid tri nho nhd cla M=y? +y2.
Cau lll. Gid st a, b, ¢ 1a cdc s6 thuc, a #b sao cho 2 phudng trinh x* +ax+1=0, x> +bx+c=0 cé
nghiém chung va 2 phuang trinh x* + x+a =0, x* +cx+b =0 ¢ nghiém chung. Tinh a+b +c.
Cau IV. Cho tam gidc ABC khéng cén, cd ba géc nhon, ndi ti€p dudng tron (O) Cdéc dudng cao
AA, =BB, =CC, cdtnhau & H, AC, cit AC tai D va X |a giao diém th( 2 clia BD va (O).
1. Ching minh DX.DB =DC, .DA,.
2. Goi M la trung diém AC. Chdng minh DH 1L BM.

Cau V. Céc sb thuc x, y, z thoa man:

Vx+2011 +4Jy +2012 +4/2+2013 =Jy + 2011 ++/z+ 2012 ++/x + 2013
Jy +2011 +4/z+2012 +/2+2013 =2+ 2011 +/x+ 2012 ++Jy + 2013

Ching minh rdng x=y = z.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. 1) C4c sb thuc a, b, ¢ thdoa man déng thdi 2 dang thic sau:
(i): (a+b)(b+c)(c+a) =abc.
(ii): (a3 +b3)(b3 + c3)(c3 + a3) =a’bc’.

Ching minh rang abc =0.
2) Céc sé thuc dudng a, b théda man ab >2013a+2014b.

Chiing minh bt dng thiic a+b > (y2013 +J2014)2.
Cau Il. Tim tat ca céc cdp s6 hitu ty (x;y) thda man hé phugng trinh {Xa 2—2y3 B x+4y2 .

6x° —19xy +15y° =1
Cau Ill. V&i m6i s6 nguyén dudng n, ky hiéu S_ laténg clia n s6 nguyén t6 dau tién
(Sl =2,5,=2+3,5,=2 +3+5,...). Chiing minh rang trong ddy s6 S,, S,, S, ... khéng ton tai hai
s6 hang lién ti€p déu la cdc s6 chinh phuang.
Cau IV. Cho tam gidc ABC khdng cén, ndi tiép dusng tron (O) BD la dusng phan gidc cla gdéc
ABC. Budng thdng BD cat dudng tron (O) tai diém thd hai E. Dudng tron (Ol) dudng kinh DE
cat dudng tron (O) tai diém thd hai F.
1) Chiing minh rdng dudng thang déi xiing véi BF qua dudng thang BD di qua trung diém canh
AC.
2) Biét tam gidc ABC vudng tai B, BAC = 60° va bén kinh clia dudng tron (0) béng R. Hay tinh
ban kinh ctia dudng tron (O, ) bang R.
Cau V. D6 dai ba canh cla tam gidc ABC la ba sé nguyén t6. Ching minh rang dién tich cGa tam
gidc ABC khéng thé |a s6 nguyén.
Cau VI.Gid st a,, a,, ..., a,, la cdc s6 nguyén ducng I8n hon bang 2, d6i mét khac nhau va thoa
man a, +a, +..+a,, =407. Ton tai hay khéng s6 nguyén dudng n sao cho téng cdc s6 du clia cc
phép chia n cho 22s6 a,, a,, ..., a,,, 4a,, 4a,, ..., 4a,, bang 2012.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho céc sb thuc dusng a, b; a#b.

(a-b) _—byb+2ava
(\/_—\/5) +3a+3\/%:0
ava-bvb b-a '

Cau Il. Quang dusng AB dai 120km. Lic 7 gid sdng mot xe mdy di tir A dén B. Di dudc % quang

Ching minh rang

dudng, xe bi hdng phai dirng lai 10 phit dé sira réi di tiép véi van tdc kém van téc Idc dau

10km/h. Biét xe mdy dén B Itdc 11 gid 40 phut trua cing ngay. Gid st van tdc xe mdy trén %

quang dudng dau khéng ddi va van téc xe mdy trén % quang dudng con lai cling khéng ddi .Hoi

xe mdy bi hdng lic may gis?

Cau lIl. Trong mat phang toa d& Oxy, cho Parabol (P) :y = x* va dudng thang
(d) Y = —z(erl)XJrl (m I3 tham s6 ).
3 3

1) Chiing minh rang vdi méi gid tri ca m dudng thang (d) cat (P tai 2 diém phéan biét.

2) Goi x,; X, la la hoanh d6 cic giao diém (d) va (P) dat f(x) =x> +(m+1)x2 —X.

Chdng minh rang: f(xl)—f(xz) :_?l(x1 - X, )3.

Céu IV. Cho td gidc ABCD néi ti€p dudng tron (0) dudng kinh AC =2R. Goi K, M theo thi t 13
chan cdc dudng vubng géc ha tr A va C xudng BD, E |a giao diém clia AC va BD, biét K thudc
doan BE (K #B; K # E). Pusng thang di qua K song song vdi BC cat AC tai P.

1) Chiing minh t& gidc AKPD ndi ti€p dudng tron.

2) Ching minh KP L PM.

3) Biét ABD =60° va AK = x . Tinh BD theo R va x.

x(x*~56) 21x+22
4-7x x> +2

Cau V. Gidi phuadng trinh: 4.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

A L d ? \ Ve ~ Ve 2 ~ a b C \ x Z
Caul.Gidslr a, b, ¢, X, y, z la cac sb thuc khac O théa man —+—+—=0 va —+X+—:1.
X y z a b c
2 2 2
7, . & X Z
Chung minh rang —2+y—2+—2:1.
a® b° c

CAu II. Tim tat ca cdc s6 thuc X, y, z thda man x\/l—y2 yV2-22 4243 -x* =3.
2.6.10...(4n-2)

(n+ 5)(n +6)...(2n)

Cau lll. Chiing minh rang véi mbi s6 nguyén n>6 thisé a_ =1+ la mot s6

chinh phudng.
Cau IV. Cho a, b, ¢ 1a cdc s6 thuc dusng abc = 1.
1 1 1 3
+ <—.
ab+a+2 bc+b+2 ca+c+2 4
Cau V. Cho hinh vudng ABCD vditdm O. Goi M |a trung diém AB céc diém N, P thuéc BC, CD

sao cho MN// AP. Ching minh rang

Ching minh rang

1) Tam gidc BNO dbéng dang véi tam gidc DOP va NOP = 45°.

2) TAm dudng tron ngoai tiép tam gidc NOP thudc OC.

3) Ba dudng thang BD, AN, PM déng quy.

Cau VI. C6 bao nhiéu tdp hgp con A cua tap hap {1;2;3;4;...;2014} thda man diéu kién A cé it

nhat 2 phantirva néu xe A, y e A, x>y, thi Y _cA
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

e Gl
Cau I. Cho bidu thic P = 2 a véi a>0,b>0,a%b.

a  b° (a b
b? a’ \b a

1) Ching minh P :i.
ab

2) Gia s a, b thay ddi sao cho 4a +b++ab=1.Tim gid tri nho nhat cda P.

X—my=2-4m

Cau Il. Cho hé phudng trinh { véi m |a tham sé.

mx+y =3m+1
1) Gidi hé phuadng trinh khi m = 2.

2) Ching minh hé ludén cé nghiém vdi moi gid tri cla m. Gia su (xo;yo) la mot nghiém cla hé.
Chdng minh ddng thdc x> +v,’ —5(xO + yo)+ 10=0.

Cau lll. Cho a, b la céc sé thuc khic 0. Biét rang phuong trinh a(a—x)2 er(x—b)2 =0 c6 nghiém
duy nh4t. Chiing minh \a\ = \b\.

Cau IV. Cho tam gidc ABC cdé céc géc Kf—B\C; ACB nhon va BAC = 60°. Cac dudng phén gidc
trong BB,, CC, clia tam gidc ABC cdt nhau tai I.

1) Chitng minh t gidc AB,IC, ndi tiép.

2) Goi K la giao diém th( hai (khdc B) cha dusng thang BC véi dudng tron ngoai tiép tam gidc
BC,I. Chiing minh t gidc CKIB, ndi ti€p.

3) Ching minh AK L B,C,.

Cau V. Tim cdc s6 thuc khong 4m a va b théa man (az +b+%](b2 +a+%j = [23+%)[2b+%}
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul.1)Choa>0,a=1.

RUt gon biéu thiic S=\/6—4\/§.%/20+14\/§+g/(a+3)\/5—3a—1: _azt g

2) Cho x,y thdaman O0<x<1,0<y<1 va 1X

Tinh gid tri cla biu thiic P = x+y +/x* —xy +y* .

Cau Il. M6t xe tai cb chiéu rdng 2,4m va chiéu cao 2,5m mudn di qua mét cdi céng cé hinh parabol.
Biét khodng cdch gilta hai chan c6ng la 4m va khodng céch tir dinh c8ng (dinh parabol) t8i mbi chan
céng la 2J5m (b6 qua dd day cla cong)

1) Trong mat phdng toa dé Oxy, goi parabol (P) ry =ax’ véi a<O0 la hinh biéu dién cdng ma xe tai
mudn di qua. Chiing minh a=-1.

2) Héi xe tai cé thé qua cdng dudc khéng? Tai sao?

Cau lll. Cho 2 s8 nguyén a, b thda man a’ +b? +1=2(ab+a+b). Ching minh a va b la hai s8
chinh phuang lién tiép.

Cau IV. Cho tam gidc nhon ABC (AB< AC). M la trung diém cla canh BC. O la tdm cla dudng
tron ngoai tiép tam gidc. Céc dudng cao AD, BE, CF cla tam gidc ABC déng quy tai H. Céc tiép
tuyén vdi (O) tai B, C cét nhau tai S. Goi X, Y 1an Iugt la giao diém cla dutng thing EF vdi cdc
dusng thang BS, AO. Chiing minh rang:

1) MX 1 BF.

2) Hai tam gidc SMX va DHF db6ng dang.

3) E:§.
FY CD

Cau V. Trong mat phang toa d6 Oxy, cho tam gidc ABC cé cdc dinh la cdc diém nguyén (mdt diém
dudc goi la diém nguyén néu hoanh d6 va tung dd cla diém dé |a cdc s6 nguyén). Chiing minh rang

hai 1an dién tich cGa tam gidc ABC 1a m6t s6 nguyén.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . Cho biéuthic p=| ——2*a__, _ 1-2 L 1-Lvsio<a<
Vi+a-Vl-a +1-a2-1+a)\Va a

Chidng minh rang P = -1.

Cau |l. Cho parabol (P) :y = —x* va dudng thang (d) :y =2mx—1 véi m la tham sé.
1) Tim toa d6 giao diém cua (d) va (P) khi m=1.
2) Ching minh véi méi gid tri ca m thi (d) lubn cat (P) tai hai diém phan biét A, B. Goi y,, v, la

tung d6 ctia A, B. Tim m sao cho ‘yf —yf‘ - 345.

w

Cau lIl. Mbt ngudi di xe mdy tu dia diém A dén dia diém B cdch nhau 120km. VAan téc trén 2

quang dudng AB dau khéng déi, van téc trén % quang dudng AB sau bang % van t8c trén %
quang dudng AB dau. Khi dén B, ngugdi d6 nghi 30 phdt va trd lai A véi van téc I8n hon vén téc

N 3 ~ \ A FEAY 7’ . \ N\, . ~ 2 7’ ~ 7z . ~ .
trén 2 quang dudng AB d4u tién ldc di la 10km/h. Thai gian ké t ldc xuat phat tai A dén khi xe

trd vé A 1a 8,5 gid. Tinh van toc clia xe mdy trén quang dudng ngudi dé di tir B vé A?

Cau IV. Cho ba diém A, M, B phan biét, thang hang va M nam gilra A, B. Trén cung mét nlfa mat
phang bd la dudng thdng AB, dung hai tam gidc déu AMC va BMD. Goi P la giao diém clia AD
va BC.

1) Chiing minh rang AMPC va BMPD Ia céc t gidc ndi tiép.

2) Chiing minh riing +/CP.CB +vDP.DA = AB.
3) Dudng thang néi tdm cha hai dudng tron ngoai ti€p hai t gidc AMPC va BMPD cat PA, PB
tuong Ung tai E, F. Chiing minh rang td gidc CDFE |3 hinh thang.

Cau V. Cho a, b, ¢ 1a ba sé thuc khdng dm va thda man a+b+c=1.

Ching minh: v/5a+4 ++/5b+4 ++/5¢c+4 > 7.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . Chiing minh biéu thiic sau nhan gid tri nguyén duong vdéi moi gid tri nguyén duong cua n.

pzwnu(mf +\/(n—1)2+n2}/4n2+2—2m.

Cau II. 1) Tim cdc s6 nguyén dudng x, y thda man x® —y® = 95(><2 +y2).

2 2 _
2) Tim céc sé thuc x, y thda man > 4+y 4+8:4(«/x—1+«/y—1).
X y

Cau lll. Cho S 13 tip cdc s8 nguyén duong n cé dang n = x> +3y?, trong d4 x, y la cdc s8 nguyén.

Ching minh rang:
1) Néu a,beS thi abeS.

2) Néu NeS va N 1a s chdn thi N chia hét cho 4 va %ES.

Cau IV. Cho tam gidc ABC nhon cé6 AB<AC. Ké dudng cao AH va dudng tron (O) dudng kinh
AH cat céc canh AB, AC tugng Ung tai D va E. Dudng thang DE c3t dusng thang BC tai S.

1) Chidng minh rang t gidc BDEC ndi ti€ép dudng tron.

2) Chidng minh riing SB.SC = SH?.

3) Budng thang SO cat AB, AC tudng Ung tai M, N. Budng thdng DE cit HM va HN tudng Ung
tai P, Q. Chdng minh rang BP, CQ, AH déng quy.

Cau V. Gid st mbdi diém clia mat phdng dudc té bdi mét trong ba mau xanh, dd, vang. Chdng minh

rang ton tai ba diém clng mau |a ba dinh cia mét tam gidc can.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

b2
3
a-a-2b-"- _(a3+a2+ab+azb b

Cau l. Cho biéu thic P = a
a’-b’ a-b

fl b .
(1— a+a2}(a+ a+b)
va a+b=a’.

1) Chiing minh rang P =a—b.
2) Timcdcsé a vab biétP=1vaa’-b*=7.

Jvc’si a,b>0a%b

1 2

Cau . Gid st x, y la hai s6 thuc phan biét théa man ———+— = .
x*+1 y*+1 xy+1

1 1 2
5+ )
x*+1 y*+1 xy+1
Cau lll. Cho parabol (P) 1y =x* va dudng thang (d) 1y =—2ax—4a (Vi a latham sd).

Tinh gid tri biéu thic P =

N e, . oo 1
1) Tim toa d6 giao diém cla (d) va (P) khi a= >

\

2) Tim t4t c céc gid tri clia a dé dudng thing (d) cit (P) tai hai diém phén biét c hoanh d6

X,, X, théa man ‘x1‘+‘x2‘ =3.

Cau IV. Anh nam di xe dap tir A dén C. Trén quang dudng AB ban dau (B nam gilta A va C). Anh
Nam di véi van téc khdng d6i a(km/h) va thai gian di tir A dén B la 1,5 gid. Trén quang dusng BC
con lai anh Nam di chdm dan déu vdi van toc tai thoi diém t (tinh bang gid) ké tU B la

v =-8t+a (km/h). Quang dudng di dugc tir B dén thdi diém t d6 1a S = —4t” +at. Tinh quang
dusng AB biét rang dén C xe dung han va quang dudng BC dai 16km.

Céu V. Cho duting tron (O) ban kinh R ngoai tiép tam gidc ABC c6 ba géc nhon. C4c ti€p tuyén
clia dudng tron (O) tai cdc diém B, C cat nhau tai diém P. Goi D, E tudng Ung la chan dusng céc
dudng vudng gdc ké tir P xudng cac dudng thdng AB va AC va M |a trung diém canh BC.

1) Chiing minh rang MEP = MDP.

2) Gid st B, C c6 dinh va A chay trén (O) sao cho tam giac ABC |udn la tam gidc cé ba gdéc

nhon. Chiing minh dutng thang DE ludn di qua mét diém cb dinh.
3) Khi tam gidc ABC déu. Hay tinh dién tich tam gidc ADE theo R.

S 7 ~ A A > ~ A oA A X1+X2+...+X9:10
Cau VI. Cdc s6 thuc khdng am x,; x; ...; X, théa man hé diéu kién .
X, +2x, +...+9x, =18

Chuing minh rang 1.19x, +2.18x, +3.17x, +...+9.11x, > 270.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho cdc s6 duang a, b, ¢, d. Chiing minh ring trong 4 s6 a° +%+l; b2+1+%; c2+1+1;
c c c

1 1 Y4 ~ A ~ A 2
d2+—+5 c6 it nhat mot s6 khong nho hon 3.
a

2 2
CAu Il. Giai phudng trinh \/(x2+2x) +4(x+1) —\/x2+(x+1)2+(x2+x) =2017.
CAu llI. 1) Tim t4t cd cdc s6 nguyén duang a, b, ¢, d thda man a> =b>; c® =d*; a=d +98.

~ 2 7/ ~ ~ 1 1 7/ 7’ A ~
2) Tim tat cd cdc sb thuc x sao cho trong 4 so x—\/z; x* + 2\/5; X——; X+— cd dung mot s6
X X

khong phai la s6 nguyén.
Céu IV. Cho dudng tron (O) bén kinh R va mét diém M ndm ngoai (O). K& hai tiép tuyén
MA, MB tdi dudng tron (O) (A, B 1a hai tiép diém). Trén doan thdng AB Idy diém C (C khdc A, C
khdc B). Goi I; K la trung diém MA, MC. Dudng thang KA cat dudng tron (O) tai diém thd hai D.
1) Chitng minh KO* —KM? =R?.
2) Ching minh t& gidc BCDM 13 t& gidc ndi tiép.
3) Goi E la giao diém th( hai cda dudng thdng MD vdéi dudng tron (O) va N 1a trung diém KE,
dudng thang KE cat dudng tron (O) tai diém th( hai F. Chdng minh rang bdn diém I, A, N, F
clng nam trén mot dudng tron.
Cau V.
Xét hinh bén: Ta viét cdcs6 1,2, 3,4, ..., 9 vao vitricta 9
diém trong hinh vé& bén sao cho méi sd chi xuat hién ding
mot 1an va téng ba s6 trén mdt canh cla tam gidc bang
18. Hai céch viét dudc goi la nhu nhau néu b sé viét & céc
diém (A; B;C;D;E; F;G; H, K) clia mbi cdch la tring nhau.

Ha&i cé bao nhiéu cdch viét phan biét? Tai sao?
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

C4u . Cho biéu thic P = X
(x+1)Vx+1+(x-1)¥x-1 1 1
x/x—l \/x+l

1) Rdt gon biéu thic P.

2) Tim x dé P =x—1.

Cau Il. M6t nha mdy chuyén san xuat mét loai san pham. Nam 2015, nha mdy sdn xuat dudc
5000 sdn pham. Do dnh hudng cla thi trudng tiéu thu nén san lugng clia nha mdéy trong cdc nam
2016 va 2017 déu gidm. Cu thé: sb lugng san phadm nha mdy san xuat dudc trong ndm 2016
gidm x% so véi s6 lugng san phdm nha mdy san xuat dudc trong nam 2015, sé lugng san pham
nha mdy san xuat dudc trong ndm 2017 cling gidm x% so vdi sé lugng san xuat dugc ndm 2016.
Biét rang s6 lugng san phdm nha may san xuét dudc trong nam 2017 gidm 51% so vdi s6 lugng
san phdm nha mdy san xuat dudc trong nam 2015. Tim x.

C3u lll. Cho phudng trinh x> —x—-1=0. Gia st X, la mot nghiém cta phudng trinh da cho.

1) Ching minh x, > 0.

e s, x2—1
2) Tinh gid tri cda biéu thic M = Ox3 1/2x§ +3x, +2.

0

Cau IV. Cho hinh chit nhdt ABCD vdéi BC =a, AB=b. Goi M, N I14n lugt Ia trung diém cla céc
canh AB, CD. Qua diém M dung dudng thang cat dudng chéo AC cla hinh chif nhit ABCD tai
diém P va cat dudng thang BC tai diém Q sao cho B nam gilra C va Q.
1) Khi MP L AC, hay:
a) Tinh PQ theo a va b.
b) Ching minh a.BP = b.PN.
2) Chdng minh MNP =I\7N\Q (khdng nhat thiét MP va AC vubng géc véi nhau).
Cau V. Cdc s6 nguyén x, X,, X, ..., X, thda man:

(1+x1)(1+x2)...(1+x9) =(1—x1)(1—x2)...(1—x9) = X.

Tinh P = XX, X0 X
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Céu I Cho céc s8 thuc x, y khéng am théa man diéu kién (x+1)(y +1)=2.

Tinh gid tri cGa biéu thic P = \/xz +y? —\/2(x2 +l)(y2 +1) +2 +Xxy.
Cau Il. Cho céc sé thuc khéng 4m x, y, z thay ddi théa man
X’ +y?+22 + Xy’ +y?2* +2°x° =6.
Tim gid tri I6n nhat va gid tri nho nhat cda biéu thiic Q =x+y +z.
2
(a+b)

Cau lll. 1) Cho a, b la hai s6 nguyén dudng phan biét. Xét biéu thiic M= — — S
a’+ab“—a‘b-b

Chiing minh rang M khong thé nhan gid tri nguyén.

2) Cho a, b 13 hai s6 nguyén duong, dat A = (a+b)2 -2a°,B= (a +b)2 —-2b%.

Chidng minh rang A va B khéng déng thdi Ia s6 chinh phudng.

Cau IV. Cho tam gidc ABC c6 ba géc nhon, AB<AC va ndi ti€p dudng tron (O) Budng tron
ngoai tiép tam gidc BOC cat cdc dudng thang AB va AC theo thd tu tai D va E. Trén dudng
tron ngoai ti€p tam gidc BOC |ay diém P sao cho AP vudng géc véi PC. Budng thang qua B
song song véi OP c3t PC tai Q. Chdng minh rang

1) PB=PQ.

2) O la tryc tam cla tam gidac ADE.

3) PAO = QAC.

Cau V. C6 45 ngudi tham gia mot cudc hop. Quan sét sy quen thudc nhau gilfa ho, ngudi ta thay
rang: néu hai ngudi c6 s6 ngudi quen bang nhau thi lai khéng quen nhau. Goi S 1a s6 cap ngudi
quen nhau trong cuéc hop (cap ngudi quen nhau khdng ké thd tu sdp x€p gilfa hai ngudi trong
cap).

1) X4y dung vi du dé S =870.
2) Chitng minh rang S <870.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

( -1
Cau l. a) Cho a la sb thuc khdc 1 va —1. Rt gon biéu thic P = ] T
as-1 a-
(1j +3
1

b) Cho cdc sé thuc x, y, a thodn man \/x2 +W +\/y2 +€/y47 =

Chiing minh rang 3/x_2+§/y72=3/a_2.

Cau ll. Trén quang dudng dai 20km, tai cung mét thai diém, ban An di bd tir A dén B va ban
Binh di bd tlr B dé€n A. Sau 2 gig ké tU lic xuat phat, An va Binh gap nhau tai C va cung nghi lai
15 phdt (van téc cha An trén quang dudng AC khdng thay déi, van tdi cda Binh trén quang
dudng BC khoéng thay d6i). Sau khi nghi, An di ti€p dén B vdi van téc nho hon van toc cha An trén
qudng dudng AC la 1 km/h, Binh di tiép dén A vdi vén tdc I6n han van téc cla Binh trén quang
dudng BC la 1 km/h. Biét rang An dén B sdm hon so véi Binh dén A la 48 phdt. Hoi vén toc cla
An trén quang dusng AC la bao nhiéu?

Céu lll. Cho céc da thic P(x) =x* +ax+b, Q(x)=x* +cx+d vdi a, b, ¢, d la cdc s thyc..

a) Tim 4t ca cdc gid tri cda a, b dé 1 va a 1a nghiém cda phugng trinh P(x)=0.

b) Giad s phuang trinh P(x) =0 cd hai nghiém phan biét x,, x, va phudng trinh Q(x) =0 c6 hai
nghiém phan biét x_, x, sao cho P(x3)+P(x4) = Q(x1)+Q(x2).

Chuing minh rang ‘xl —xz‘ = ‘x3 —x4‘.

Cau IV. Cho dudng tron (O) ban kinh R, ngoai tiép tam gidc ABC cé ba géc nhon. Goi AA, , BB, ,
CC, la céc dudng cao cua tam gidc ABC (A, thuéc BC, B, thuéc CA, C, thuéc AB). Budng
thdng AC, cdt dudng tron (O) tai A' va C' (A, ndm gilfa A' va C,). Céc ti€p tuyén clia duting
tron (O) tai A' va C' cdtnhau tai B'.

a) Goi H la truc tdm ctia tam gidc ABC. Chiing minh rang HC,.A,.C=A,C, HB,.

b) Chidng minh rang ba diém B, B', O thdng hang.

c) Khi tam gidc ABC la tam gidc déu, hay tinh A'C' theo R.
Cau V. Cho céc sé thuc x, y thay ddi. Tim gid tri nhd nhat cda biéu thic

P=xy(x=2)(y+6)+13x* +4y* —26x+24y + 46
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Céu I Cho hai s thyc phan biét a va b thda man diéu kién a° +b* =a’b’ (ab-3).

Tinh gid tri cGa bi€éu thdc T=a+b—-ab.

CAu Il. Cho céc da thic P(x) =mx* +nx+kj, Q(x) =m, x> +n,x+k,, R(x) =m,x* +n,x +k,

véi m, n, k; 1a cac s8 thuc va m >0,i=1,2,3. Gia st phudng trinh P(x)=0 cé hai nghiém phan
biét a

a,; phudng trinh Q(x):O c6 hai nghiém phan biét b,, b, ; phudng trinh R(x):O c6 hai

1’ 2;

nghiém phan biét c , c, théda man
P(e,)+Q(c,)=P(c,)+Q(c,).
P(b,)+R(b,)=P(b,)+R(b,),
Q(al)+R(a1):Q(a2)+R(a2).

Chdng minh rang a,+a,=b +b,=c +c,.

Cau Ill. a) Tim t4t ca cdc cdp s6 nguyén (x;y) théa man x’y? —4x’y +y> +4x> -3y +1=0.

b) Cho ba s8 nguyén dudng a, b, ¢ théa man a° +b> +c* chia hét cho 14 . Chiing minh ring abc
ciling chia hétcho 14 .

Cau IV. Cho tam gidc ABC cé ba géc nhon ndi tiép dudng tron (O) va AB> AC. Goi D, E lan lugt
la chdn dudng cao cla tam gidac ABC ha tur A, B. Goi F la chdan dudng vudng gdéc ha ti B Ién
dusng thang AO.

a) Chiing minh rang B, D, E, F 13 bén dinh cia mdt hinh thang cén.

b) Chidng minh rang EF di qua trung diém cta BC.

c) Goi P la giao diém thd hai chGa dudng thang AO va dudng tron (O) M va N lan lugt |a trung
diém cla EF va CP. Tinh s6 do géc BMN.

Cau V. Chotap hgp X théa man tinh chat sau: Ton tai 2019 tdpcon A, A,,.., A cla X saocho

’ 2019
moi tap con A, A,,..., A, €6 dilng ba phén tr va hai tép A, A, déu cé dling mét phéan tir chung
vdimoi 1<i< j<2019. Chiing minh rang
a) Ton tai 4 tap hgp trong cdctaphdp A, A,...., A, ., sao cho giao clia 4 tap hgp nay cé diing mot
phan tu.
b) S6 phan ti cha X phailén hon hodc bang 4039.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

alx_ 8 J_(&—l 2
2+4x  4-x) | x-24/x +x

Céaull. ChobiéutthP:[ }vdix>0,x¢4 va x#9.

a) Rut gon biéu thuc P.

b) Tim tat ca cdc s6 thuc m sao cho bat dang thic m(\/;—3)P > x+1 didng véi moi x>9.

Cau Il. a) Trong hé truc toa dd Oxy, cho hai dudng thang (dl) 'y =5x+9 va

(dz) Yy = (m2 —4)x +3m vai m 1a tham sé. Tim tat ca cdc gid tri cla m dé hai dudng thing (dl)
va (dz) song song vdi nhau.

b) Cho phuang trinh x* —2(m—1)x+2m—5 =0 vd8i m la tham s8. Tim t4t ca céc gid tri cha m dé

phudng trinh trén cé hai nghiém thuc x ,x, théa man (xf —2mx, +2m —1)(x2 —2) <0.

c) Hai 6 t6 cung khadi hanh mét Itc trén quang dudng tir A dén B dai 120 km. Vi méi git 6 td th’
nhat chay nhanh hon 6 t6 th( hai Ia 10 km nén 6 t6 th nhat dén B trudc 6 td thd hai 13 0,4 gio.
Tinh van t8c clia mdi 6 t6, biét rang van t8c clia mdi 6 t6 1a khdng d8i trén cd quang dusng AB.
Cau Il. Bdc An muén lam mét clra s8 khudn gd, phia trén cé dang nita hinh
tron, phia dudi cé dang hinh chir nhat. Biét rang dudng kinh cda ndfa hinh
tron ciing 1a canh phia trén cla hinh chit nhat va t8ng d6 dai cac khuén gb
(cdc dudng in ddm trong hinh vé bén dudi, bd qua dé rong cta khudn gd) la
8 m. Em hay gidp bdc An tinh d6 dai cdc canh cla hinh chir nht dé clra s6
cd dién tich I8n nhét.
Cau IV. Cho dudng tron (O) va mdt diém A nam bén ngoai dudng tron. Qua A, ké tiép tuyén AB
dén duting tron (O) ( B I ti€p diém). Ké duting kinh BC clia dudng tron (O ). Trén doan CO, 1dy
diém | khdc C va D.Budng thing IA cit dudng tron (O) tai hai diém D va E (D ndm gitta A
va E ). Goi H |a trung diém cta doan DE.
a) Chiing minh rang AB-BE =BD - AE.
b) Budng thing d di qua diém E song song véi dudng thang AO cat dudng thang BC tai diém
K. Ching minh rang HK//CD.
Cau V. Tim tat cd cdc s6 thuc x,y,z véi 0 < x,y,z<1 thda man
X z 3
1+y+zx+1+zy+xy+1+x+yz - X+y+2z
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

2x® =3y* =47°
CAu |. Cho ba s6 thuc x,y,z thda man cdc diéu kién sau: %/2><2 13y 14722 =2+312 +36
xy.z>0

Tinh gid tri cGa biéu thic P :l+l+1.
X y z

Céu II. Xét phuong trinh bac 2:ax” +bx+c =0(1), trong d6 a,b,c 1a céc s6 nguyén dudng. Biét

rang cdc diéu kién sau dugc thda man: phuang trinh (1) cé nghiém; s6 a2020b chia hét cho 12 ;

s6 c® + 3 chia hét cho c+ 3. Hay tim gid tri I6n nhat cla téng a+b+c.
C4u lll. Tim s6 nguy@n a bé nhat sao cho: x* +2x* —4x+a >0 vdi moi sé thuc x.

Cau IV. Cho tam gidc ABC nhon ndi ti€p dudng tron (O) c6 AB>BC. Mét dudng tron di qua hai
dinh A,C cla tam gidc ABC |an lugt cdt cdc canh AB,BC tai hai diém K,N ( K,N khdc cdc dinh
cla tam gidac ABC ). Gid sir dudng tron (O) va dudng tron ngoai ti€p tam gidc BKN cat nhau tai
giao diém thd hai la M (M khdc B). Ching minh rang:

a) Ba dutng thang BM,KN,AC déng quy tai diém P

b) T& gidc MNCP néi tiép

c) BM* -PM? = BK.BA-PC.PA

Cau V. Cho hai s6 A,B cung c6 2020 chif s6. Biét rang: s6 A ¢ ding 1945 chit s6 khéc 0, bao
gbm 1930 chir s6 ngoai cung vé bén trdi va 15 chir sé ngoai cung vé bén phai; s6 B ¢ ding
1954 chir sé khdc 0, bao gom 1930 chir s6 ngoai cung vé bén trdi va 24 chir s6 ngoai cung vé bén
phai. Chiing minh ring UCLN (A,B) 1a mét s c6 khéng qué 1954 chi s6.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

b-a _ax/gbx/g]'(‘/g_‘/;):‘/E
NS P R S

Caul.Cho P=

Vvéi(a=>0;b>0;a#b).

a) Rdtgon P.

b) Ching minh rang P>0.

Cau Il. @) Chling minh rang: V8i moi m, it nhat mot trong hai phudng trinh sau cé nghiém:
x> =(2m+1)x+m*+3=0 (1); ¥’ -mx+4m-11=0 (2)

b) Mét tdm bién quang cdo c6 dang hinh tron tdm O, bdn kinh

bang 1,6m. Gia st hinh chir nhat ABCD ndi tiép dudng tron tdm

O bén kinh bang 1,6m sao cho BOC = 45° (Hinh bén). Ngugi ta

can son mau toan bd tdm bién quang cdo va chi sgn mot mat

nhu & hinh bén. Biét mdc chi phi son phan t6 dadm la 150 nghin

doéng/m? va phan con lai 1a 200 nghin déng/m?2. Hoi s6 tién (lam

D
tron dén dan vi nghin déng) dé son toan bd bién quang cdo bang

bao nhiéu? Cho 7 =3,14.
Céu lll. Cho 3 diém A, B, C c8 dinh sao cho A, B, C thing hang, B nim gilta A va C. Goi (d) la
dudng thang di qua C va vudng géc véi AB. Lay diém M tuyy trén(d) . Dudng thing di qua B
vudng géc véi AM cit cac duding thang AM, (d) Ian luct tai céc diém | va N. Dudng thang MB
c3t AN tai K.

a) Chiing minh rang t gidc MIKN ndi tiép.

b) Ching minh rang CM.CN = ACBC.

c) Goi Ola tdm cua dudng tron ngoai tiép tam gidc AMN. Vé hinh binh hanh MBNE. Goi H 1a
trung diém cda doan thang BE . Chiing minh rang OHvuéng géc vdi dudng thang (d) va

OH =1AB.
2
. N \ x*+y* —4x=57 (1)
Cau V. a) Giadi hé phudng trinh sau: ‘x—l‘ml +‘x—2‘2020 _1 (2)

b) Cho a va b la hai s6 hitu ti. Ch&fng minh rdng néu a2 + b3 cinglasé hirutithi a=b=0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul. Cho a =

a) Tim mot da thic bac hai Q(x) vdi hé s6 nguyén sao cho «a la nghiém cla Q(x).

b) Cho da thic P(x)=x" —x* —x+1. Tinh gid tri ca P(a).

Cau Il. Cho A,B la hai diém cd dinh nam trén dudng tron tdm O, bdn kinh R. Gid st C |a diém cd
dinh trén tia dGi cGia tia BA . M6t cat tuyén thay d8i qua C c3t dutng tron (O) tai D va E (D ndm
gilra C,E). C4c dudng tron ngoai ti€p cédc tam gidc BCD va ACE cat nhau tai giao diém th( hai M.
Biét rang bdn diém O,B,M,E tao thanh t( gidc OBME . Chiing minh rang:

a) T gidc OBME néi tiép.

b) CD.CE =CO* —R®.

c) M ludn chuyén ddng trén mét dudng tron cd dinh.

Cau Il. Tim tat cd cdc s6 nguyén dusng N sao cho N cé thé biéu dién mdt cdch dang duy nhat &
2

+y
xy +1

dang véi x,y 1a hai s6 nguyén duadng.

Cau IV. Cho a, b, ¢ 1a 3 s6 nguyén duong sao cho mdi sé trong ba s8 d4 déu biéu dién dudc & dang

Ity thifa cGa 2 vdi s6 mii tu nhién. Biét ring phudng trinh bc hai ax’* —bx+c =0 (1) ¢ hai nghiém
déu 13 s6 nguyén. Chiing minh rang hai nghiém cla phuadng trinh (1) bang nhau.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xedx+1l 1 1 ) 1
x+x -2 x-1 fx+2) x-1

a) Rut gon biéu thuc A.

véi x>0 va x=1.

Caul. Cho A:(

~ 2 Ve ~ A 1 \ ~ A
b) Tim tat cd cdc s6 nguyén x sao cho A la s6 nguyén duadng.

Cau Il. a) Trong mat phang toa d6 Oxy, hay viét phuang trinh dudng thing (d) (y =ax+b biét
dudng thang (d) di qua diém A(2,—1) va song song vdi dudng thang y = 3x +1.

b) M6t clfa hang kinh doanh dién mdy sau khi nhap vé chiéc tivi, da ban chiéc tivi dd; clra hang thu
dudc tién 13i 1a 10% cua gid nhap vé. Gia sl clra hang tiép tuc ndng gid ban chiéc tivi d6 thém 5%
cla gid da bdn, nhung bét cho khdch hang 245000 dbéng, khi dé clfa hang sé thu dudc tién 13i 1a
12% cua gid nhap vé. Tim gid tién khi nhdp vé cla chiéc tivi dd.

Cau lll. Cho tam gidc déu ABC néi ti€p dutng tron (O) diém D thudc cung nho AB ( D khac A
va B). Céc ti€p tuyén véi dudng tron (O) tai cédc diém B va C cat dudng thang AD theo thu tu
tai E va G. Goi | |3 giao diém cula hai dusng thang CE va BG.

a) Chiing minh rang hai tam gidc EBC va BCG déng dang.

b) Tinh s do géc BIC . Tl d6, hdy chiing minh rang td gidc BIDE ndi tiép.

c) Goi K la giao diém cla hai dudng thdng DI va BC. Ching minh rang BK? =KI-KD.

Cau IV. a) Tim tat ca céc sb thuc x théa man a= x++2 v b=x*+5+v2 I3 hai s6 hitu ti.

b) Cho cdc s6 thuc a,,a,,... b,.b,,...,b,,, théa man mdi phucng trinh x*> +ax+b, =0 déu cé

’ a2022’ ?72022

hai nghiém thuc phan biét x, va x. véimoi i=1,2,...,2022.

X, + X, 4+ X

Ching minh rdng sé thuc a = 2022 13 nghiém cla phuang trinh bac hai

2022
2, 9 T " pilalaco, +b1+b2+"'+b2022:
2022 2022
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. a) Khéng s dung mdy tinh, hdy tim gid tri cha biéu thic P = 3/7+5\/§ +§/7—5\/§ )

b) Cho da thic P(x) =ax” +bx+c véi a# 0. Chiing minh réng, néu da thiic P(x) nhan gia tri
nguyén vdéi mbi s8 nguyén x thi 2a, a+b, c déu la nhitng sé nguyén. Sau d4, chiing té rang néu
ba s3 2a, a+b, c 1a nhifng s8 nguyén thi P(x) cling nhan gid tri nguyén véi m&i s6 nguyén x.
Cau Il. Cho tam gidc déu ABC ngoai ti€p dudng tron (O) Cung nho OB cla dudng tron ngoai
tiép tam gidc OBC c3t duting tron (O) tai diém E. Tia BE cit dudng tron (O) tai diém thd hai F.
a) Chiing minh rang tia EO |a tia phan gidc cta géc CEF.

b) Ching minh rang t gidc ABOF ndi tiép.

c) Goi D la giao diém th( hai cia dudng thang CE va dudng tron (O) Chdng minh rang ba diém
A,F,D thang hang.

Cau lll. Cho a, b, ¢, d la céc s6 nguyén dugng thda man ab = cd . Chiing minh rang sé

N =a%% + b9 +c***? + d*°*? la hgp s6.

Cau IV.

Ta viét mudi s 0,1,2,...,9 vao mudi 6 tron trong

hinh bén dudi, mbi s6 dudc viét ding mét 1an. Sau

dd, ta tinh tdng cha ba sé trén mdi doan thang dé

nhan dugc sdu téng. C6 hay khéng mot céch viét

mudi s8 nhu thé sao cho sdu tdng nhén dudc la e
&,

bang nhau?

Cau V. a) Trong mat phang cho nam diém sao cho khdng cé ba diém nao thang hang. Ching
minh rang ton tai it nhat mét tam gidc tu cé céc dinh dudc 1ay tir nam diém d3 cho.

b) Trong mat phang cho 2022 diém sao cho khdng cé ba diém nao thang hang. Chiing minh rang
tén tai it nhat 2018 tam gidc tU ma mdi tam gidc tu d6 cé cédc dinh dugc 14y tir 2022 diém da cho.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

X’ +8Jx  2x+x  16-4x »
x—20x+4  JIx  Ix+2
b) M6t khay nudc cé nhiét d6 125°F khi bt ddu cho vao ta d4. G trong ta dd, ci sau méi gid, nhiét
do khay nudc lai giam di 20%. Hdi sau bao nhiéu giG, nhiét do khay nudc chi con la 64°F?

Cau I. a) Rat gon biéu thic A= x> 0.

Cau Il. a) Cho phudng trinh: x* —(2m—1)x —(m2 + 1) =0. (1)

Chdng minh rang v3éi moi gid tri cia m, phuang trinh (1) ludn cé hai nghiém x,, x,. Tim hé thdc

lién hé gilra x,, x, sao cho hé thic dé khong phu thuéc vao m.
b) Cho Parabol (P):y =ax* (a#0) diqua A[—l;%} Tim toa d6 diém M trén Parabol (P) sao cho

khodng céch tir M dén truc tung gap hai lan khoang cach tir M dén truc hoanh.

Cau IIl. Cho hinh binh hanh ABCD cé ABC = 120°, BC = 2AB. Dung dudng tron tdm O dudng
kinh AC. Goi E, F 1an lugt |a giao diém th( hai cha AB, AD vdi dudng tron (O) Pusng thang EF
I&n lugt c3t cdc dusng thdng BC, BD tai H, S. Chiing minh:

a) Tam gidc ABD la tam gidc vudng.

b) T& gidc OBEH la td gidc nbi tiép.

c) SC la tiép tuyén cla dudng tron (O)

2
Cau IV. Cé hay khéng cdc s6 nguyén a, b sao cho (a +b\/2023) =2024 +2023+20237

CAu V. Trén bang ta viét da thuc: P(x) =ax’+bx+c (a # O).
P(x+1)+P(x—1)
2
Pl(x+1)+Pl(x—1)
2

Ta viét da thic méi: P, (x) =

réi xod da thic P(x).

Ta viét da thic mdi: P, (x) =

roi xod da thic Pl(x).

Ta ti€p tuc lam thé nhiéu lan.
Ching minh rang néu c lam nhu vy nhiéu 1an thi dén mot Idc nao dé ta nhin dugc mét da thic

khong cé nghiém.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Cau I. a) Chiing minh rang tich cta bén s6 nguyén lién ti€p cong vdi 1 la binh phuang cia mot sd
nguyén.
. R . . s a . 2xy —x=10
b) Tim céc cap s6 nguyén (x;y) la nghiém cua hé phuagng trinh: 4 .
X+y+xy=11

Cau ll. a) Cho a, b 1a céc s6 thuc khdng dm, c la sé thuc dudng thda man dang thuc:

f—\/a+b—c=\/5+\/z.
Chuing minh ring Ya+3b -3c=3Ya+b-c.
V3+4+a

b) Tim cdc s6 nguyén dudng a va b sao cho ——~= la s8 h{tu ti.

5 +Vo

Cau lll. Cho tam gidc ABC. Budng tron (l) ndi ti€p tam gidc ABC |an lugt ti€p xuc cdc canh

BC, CA, AB tai céc diém D, E, G. Hai dudng thang DE, DG 1an lugt cat dudng phan gidc ngoai
clia g6éc BAC tai M, N. Hai dusng thang MG, NE c3t nhau tai diém P. Chiing minh:

a) EG//MN.

b) Diém P nam trén dudng tron (l)

Cau IV. Bay luc gidc déu dudc sdp x&p va td mau bang 2 mau trdng, den nhu Hinh 1. Méi 1an cho
phép chon ra mét luc gidc déu, d6i mau cla luc gidc dd va cla tat ca céc luc gidc déu cé chung
canh vdéi luc gidc d6 (trang thanh den hodc den thanh trang). Chiing minh rang du cé thuc hién
céch trén bao nhiéu lan di nifa cling khéng thé nhdn dudc céc luc gidc déu dudc td mau nhu &
Hinh 2.

02023

Cau V. Chiing minh rang tén tai mot sé nguyén duong n>1 sao cho tng t4t c3 cic s6

nguyén t8 nhd han n 1a mét sé nguyén t6 cung nhau véi n.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

atb__ b a J_ (Jg_\/g)z
a-b b-+ab a+ab 2 '

Cau 1. Cho biéu thic P =212 (

Va+ib'

Véia>0;b>0 va a=b.
1) Rdt gon P.
2) Tim a, b sao cho b:(a+1)2 va P=-1.

Lai giai
S S SN U
Va+b | (Na—b)Na +b) b(Na-b) Va(a-b) 2
p__ath _(a+b)\/E+bx/;(\/;+\/3)+a\/E(\/Z—\/b—)J_‘\/;—\/5‘
Va+b (a —b)a +b)Jab 2
p__a+h _(a\/E+b\/E+ab+bJ2)+a\/%—abJ_W\/3\
Va+b’ Na —\b)a +b)ab 2
p__atb 2\Jab(a+b) j‘x/zx/ﬂ
Ja++b \ Na—b)Na +b)ab 2
o _atb_ (ab)arVbyab_ o
Ja+b 2\ab(a+b) 2
P:J;_@_\&—\E\
2 2
Néu a>b >0 thi P:\/;;\/E—\/;;\/Zzo
Né&u 0 < a < b thi P=\/Z;\/B—\/E;\/Z=\/Z—\/Z

2.KhiP=-1thia<b
P=va-+b=va-la+l|=-1=Va(l-Va)=0
Viia>0=>a=1;p=4

Cau Il. Cho phudng trinh x2+(m2+1)x+m—2:0 véi m |3 tham sé.
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1) Chiing minh rang véi moi m phuang trinh ludn cé 2 nghiém phén biét.
2) Goi x,, x, la 2 nghiém ctia phudng trinh.
2x1—1+2x2—1: 55

X1X2 +—.

X2 X X%,

Tim tat ca cdc gid tri cia m sao cho

LaGi giai
1.Tnh A=(m2+ 1)2-4m-2)=m*+2m?+ 1-4m+ 8 = (m2- 1)2+ 2m - 1)2+ 7 >0 Vvéi Vm
Vi A>0védi YV m nén phudng trinh luén c6 2 nghiém phan biét.

X, +x, =—(m* +1)
2. Vi A>0vdi V mtheo vi-ét ta cé:

XX, =m—2
TU GT tacéd
2x,—1 2x,-1 55

NN = XX, +—— < 2(x7 +x3) = (x, +x,) —x'x; =55

Xy X X1 Xy

< 2(x, +x,)" —4dx,x, —(x, +x,)—x/x; =55

< 2m* +1) —4(m=2)+(m*> +1)—(m—2)* =55

o2mt+Am* +2-4m+8+m’ +1—-m’ +4m—4 =55

o2mt+4m* —48=0 < (m* —4)(m* +6) =0

Vi m*>+6>0 véimoi mnén m?>=4 suy ra m=2 (Loai).

Vay m = -2.

Cau Ill. Cho tam gidc ABC cé ACB =90°. M 13 diém bat ky trén AB. Goi O, O,, O, latam cdc

dudng tron ngoai tiép AABC, AMAC, AMBC.

1) Ching minh: 4 diém O,, M, O,, C cung thudc dudng tron (C)
2) Chiing minh: O ciing thuoc (C)

3) Tim vi trf M d& bdn kinh (C) nhd nhét.

Lai giai

o1

1) Ta cd theo tinh chat quan hé gilra géc ndi ti€p va gdéc 6 tdm cung chdn mdt cung thi
COM=CBA=COM=2CAB nén COM+COM=2CBA +2CAB =180°.
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Vay 4 diém C, O,, M, O, cling thuéc dudng tron (C)
2) Tacd COM 13 gdc ngoai clia tam giac can CBO nén COM = CBO +OCB = 2CBO = @ nén O
cling thudc dudng tron (C)

L —

3) Ta c6 0,00, =90° nén O,C O, =90° nén 0,0, la dutng kinh clia dudng tron (C) dé ban kinh
dudng tron (C) nhé nhat thi 0,0, nhd nhét goi |, K la trung diém BC, CA ta cé tam gidc O,CO,
0,0, 0,C AB
= >

i . ., A ———21=00, 21K =—
dong dang vdi tam gidc ICK (g.g) nén IK IC 2 2

min(0,0, ) =K = AB hi 0, = 1,0, = K; khi d6 M trung vdi chan dudng cao ké tir C ti AB.
2

Cau IV. Cho céc s6 thuc a, b, ¢, d thod man déng thai céc diéu kién

(i) ac—a-c=b*-2b.

(i): bd—b—d=c? - 2c.

(iii): b, ¢ khdc 1.

Chung minh dang thdc: ad +b+c =bc+a+d.

Lai giai
ac—a—c:b2—2b<:>ac—a—c+1:b2—2b+1<:>(a—1)(c—1):(b—1)2. (1)
bd-b-d=c?~2c e bd-b-d+1=c*~2c+1e (c-1) =(b-1)(d-1). (2)
Vib - 1,c-1khdc0nénlay (1) chia (2) ta dudc

a-1 :%©(a—l)(d—1)=(c_l)(b_l)

c—1
<ad—-a-d+1=bc—b-c+1< ad+b+c=bc+a+d;(dpcm)

Cau V. Cho céc sé thuc khédng 4m x, y, z d6i mdt khdc nhau va thod man (z + x)(z + y) =1. Chuing

minh bat d3ng thic sau 1 =+ L ~+ ! =>4,
(x-y)" (z+x) (z+v)
Li gidi
1 . 2
Tu GT ta cd WZ(Z“‘J’) ;mz(ﬁx)
1 1 1

VT +(Z+y)2+(z+x)2

= + + =
(x=») (+x)° (z+))° (x-y)

VT:%JF[(ZW) —(z+x)]+2(z+y)(z+x)=;2+(x—y)2+2
(x—y) (x—y)
Ap dungBDT A+B 22V AB tacs
1 1 | 1
;T 7t 2= 2
(x=y) (z+x) (z+y) (x-y)

+(x—y)2+222\/ ! 2.(x—y)2+2:4
(x=»)
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Y -y’

x—y==1

Dau "=" Xéy ra khi {(Z+y)(z+x):1
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

2
Ciu I. Cho ba s8 dudng a, b, ¢ thod man b =c, va ++b =+/c, a+b=(\/5+x/5—\/5) .

a+(\/g—\/g)2 _ \/;_\/E.
b+(Vb-ve) Vb

Chidng minh dang thuc

Li giai
a+b=Ra+vb-c) o a+b=a+b+c+2ab—2Jac - 2bc
& ¢ =2Jac +24be —2\Jab
Tacs a+(\/5—\/2)2:a+a—2\/g+c(*)
b+(b—-~c)Y b+b-2bc+c
Thay ¢ = 2vac + 23/be —2Jab vio (%)
a+(Na-~e) a+a-2ac+e  2a+2b-2b+2ac +23be —24ab - 2Jac
b+(Nb—-ec)Y b+b-2Jbc+c 2a+2b—2a+2ac +2bc —2Jab —2+/bc
_(a+b)—b+~lbc—Jab  (Na+b—=~Jc)? ~b(b—~c +a)
Tacd  (a+b)-a+vac—~ab (Na+\b—Jey ~Ja(a—-c+b)
:(JZNZ—%)(\/Z—JE):\/Z—JZ,(dpcm)
(Va +b~Ne)b-Ne) b’

Cau II. 1) V38i méi s6 dudng a thod man a’ =6(a+1).

Chiing minh phudng trinh sau v6 nghiém: x> +ax+a’> -6 =0.

2) Tim t&t ca cdc gid tricta a va b sao cho Z(a2 + 1)(b2 + 1) = (a +1)(b+ 1)(ab + 1).
L&i giai

1) Dé phuang trinh vé nghiém thi A <O.

Tacé A=a’-4(a’ —6)=24-3a".

TU gia thiét ta cé a’ = bla+]) thay vio A =24-3a" :M:6—%(*)
Ta chiing minh 0 < a< 3 tu gid thiét
a—6a-6=0=a’-3a>+3a>-9a+3a-9=-3

< (a-3)a* +3a+3)=-3

Tacé a®+3a+3>0 vdimoianén a—3<0 suyra a<3 nén %>%=3.
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K&t hdp vdi (¥) ta cé A :6—§<O.
a

Suy ra phudng trinh x> +ax+a* —6=0 v nghiém
2) Ap dung b4t ddng thidc BunhiacSpky cho 2 day mdi day 2

Véi (a;l) Va3 (1;1) ta cé 2(a2 +1)2(a+1)2. D&u " =" xay ra khi a=1.

Vi (b;1) va (1;1) ta cé 2(|o2 +1) > (b+1)2. D&u "=" xayrakhi b=1.

Véi (1) va (bi1) ta (a +1)(b2 +1) > (ab+1)2. D3u "=" xayrakhia=b=1.

Suy ra 4(a2 +1)2 (b2 +1)2 > (a+1)2 (b+1) (ab+1) (a2 +1)(b2 +1) >(a+1)(b+1)(ab+1).

Dau "=" xayrakhia=b=1.

Cau lIl. Ba s8 nguyén a, b, ¢ dbi mdt khdc nhau va thod man déng thai ba diéu kién

(i): @ la udc cla b+c+bc.

(ii): b la udc cla a+c+ac.

(iii): ¢ laudcclia a+b+ab.

1) Hay chi ra bd s& (a;b;c) thod man cdc diéu kién trén.

2) Ching minh rang a, b, ¢ khéng déng thdi la s6 nguyén t8.

Lai gidi

1) B6 s6 (a;b;c) = (1;3;7).

2) Gid s a, b, ¢ 1a s8 nguyén t6.

TU gia thiét, ta c6 (b+c+bc)+a(1+b+c)=(a+b+c+ab+bc+ac)§a;
(a+c+ac)+b(1+a+c):(a+b+c+ab+bc+ac)3b;
(a+b+ab)+c(1+a+b)=(a+b+c+ab+bc+ac)5c

Suy ra (a+b+c+ab+ac+bc) chia hét cho a, b, c.

Tacéd (a+1)(b+1)+(a+1)(c+1)+(c+1)(b+1):ab+a+b+1+ac+a+c+1+bc+c+b+1

= (2a+2b+2c+ab+bc+ac)+3 =3 (mod (a,b,c)).

Ma (b+1)(c+1):b+c+bc+1zl (mod a) nén

(a+1)(b+1)+(a+1)(c+1)=(a+1)(b+c+2)=2(mod a)

=b+c=a (mod a).

Ma theo gid thiét (b+c+bc) =0 (mod a), bc=0 (mod a) hay bc:a.

M3 a,b,c nguyén t6, suy ra vo ly.

Suy ra a, b, c khéng déng thdi l1a s8 nguyén té.

Cau IV. Cho tam gidc ABC. Mét dudng tron (O) di qua céc diém A, B va c3t cdc canh CA, CB tai

céc diém L, N tuong ung (L A, C;N=B, C). Goi M la trung diém clia cung LN cuta dudng tron

(O) va M nam trong tam gidc ABC. Budng thdng AM cat cdc dudng thdng BL va BN tai cic
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diém D va F tuong Ung, dudng thdng BM cat cdc dudng thang AN va AL tai cdc diém E va G
tuong Ung. Goi P |a giao diém cla AN va BL.

1) Ching minh DE // GF .

2) Néu t gidc DEFG 1a hinh binh hanh, hdy ching minh:

a) AALP» AANC. b) DF 1 EG.

L&i gidi

1) Xét t’ gidc ADEB cé DAE = DBE nén tit gidc ADEB nbi tiép.
Suy ra EDM = ABG (cung bu vdi A/D\E). (1)

Xét tt gidc AGFB c6 GAF = GBF nén td gidc AGFB néi tiép.
Suy ra KF\G = ,HB\G (2)

Tu (1) va (2) suy ra EDM = AFG.

M3 hai géc nay & vi tri so le trong nén DE // GF.

2) Vi tu giac DEFG Ia hinh binh hanh nén ME =MG.

Xét A AEG c6 AM vlra la phan gidc via |a trung tuyén nén AM L EG hay DF L EG.

Vi DF L EG = AMB = 90° suy ra AB la dudng kinh ctia dugng tron (O)

Khi d6 ALP = ANC = 90° nén A ALP ddng dang véi AANC (g.g) (dpcm).

Cau V. Cho 13 diém phén biét nam trong hay trén canh clia mét tam gidc déu cé canh bang 6cm.
Chdng minh rang ludn tén tai hai diém trong s6 13 diém da cho ma khodng céch gilra ching
khong vugt qua J3cem.

Li giai
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B M C
Goi M, N, P |a trung diém 3 canh BC, AC, AB néi M, N, P chia tam gidc ABC thanh 3 tam gidc
déu bang nhau cé canh la 1,5cm.
Goi O latdmcla 1 A d6 gid s tam giac APN.

N&i O véi trung diém ba canh A APN ta dudc 3t gidc bang nhau goi mét trong 3 td gidc dd 1a
AIOK thi A ABC dudc chia thanh 12 t gidc bang t gidc AIOK (nhu hinh vé).

V3

Xét 1 gidc AIOK 6 Al= AK =IK=1,5cm; 10 = OK = =~cm; AO =+/3cm.

Vicé 13 diém 12 td gidc nén theo nguyén tic Dirichlet ton tai it nhat 2 diém thudc 1 t gidc
khodng céch gilta 2 diém nay khéng vudt qud AO = J3 (cm) (dpcm).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

C4u |. Cho biéu thic A = \/20a +92++a* +16a’ +64 va B=a*+20a° +102a” + 40a+200.
1) Rut gon A.

2)Tim a dé A+B=0.

L&i giai

1) Tacé A= \/20a+92+\/a4 +16a2 +64 = \/20a+92 +ﬁ/(a2 +8)2

= A=1Ja? +20a+100 =/(a+10) =|a+10.

2) B=(a* +20a’ +10a* )+ 2(a® +20a+100) = a* (a+10) +2(a+10)" =(a+10)’ (a*+2).

A=]a+10/20;B=(a+10) (a®+2)20= A+B>0.

D3u " =" xay ra khi a=-10.

Cau Il. Hai cdng nhan cuing lam mot céng viéc 18 gid xong.Néu ngudi thd nhat lam 6 gid va ngudi
thd 2 lam 12 gi6 thi dude 50% cdng viéc. Hoi néu lam riéng méi ngudi hoan thanh cong viéc trong
bao lau?

Li giai

Goi thdi gian ngudi thd nhat lam mdt minh xong cd cdng viéc 1a x (gid). Diéu kién x >18.

Goi thdi gian nguai th( hai lam mét minh xong cd cdng viéc la y (gid). Diéu kién y > 18.

1 gi¥ ngudi thd nhat lam dudc il (cong viéc); 1 giG ngudi thi hai lam dugc 1 (cong viéc).
X y

1 gi¢ ca hai ngudi lam dudc 1 (cébng viéc) ta cé l+l = L (1)
18 x y 18
\, Z, ~ \ o\ \ N\, 7, \ -\ \ A A A 6 12 1
Ngudi thd nhat lam 6 giG va nguai thi 2 lam 12 gid thi dugc 50% cong viéc nén —+— =5 (2)
Xy
11 1 11 1 1 1
x'y 18 |x'y 18 _|x 36  [x=36
TU(1)va(2tacdhe { % ¥V T Y 2O L UX = .
12 1 1 2 1 1 1 y =36
X y 2 x y 12 y 36

Vay moi doi doi la riéng 36 gid xong.

Céu lll. Cho Parabol y = x* va dudng thing (d) cd phudng trinh y = mx+1.
1) Ching minh (d) ludn cat (P) tai hai diém phan biét A; B véi moi m.

2) Goi A(xl;yl) va B(xz;yz). Tim gid tri I6n nhat cda M = (yl —1)(y2 —1).

L&i gidi
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1) Xét phuang trinh hoanh dé giao diém clda dudng thang (d) va Parabol (P) la
X' =mx+1lex*-mx-1=0. (1)

Phuong trinh (1) cé A=m?+4 >0 véi moi m nén phudng trinh (1) lubn cé hai nghiém phan biét
vdi moi m
= (d) lubn cat (P) tai hai diém phan biét A; B véi moi m.
2) Theo dinh Iy Vi-ét, ta cd {xl T =m

XX, =-1
Tacé M= (y1 —1)(y2 —1) = (mxl +1—1)(mx2 +1—1) =m’x,x, =-m’ <0.
Vay GTLN cGa M bang 0 khi m=0.
Cau IV. Cho tam giac ABC véi AB=5; AC = 3V5; BC =10. Phan gidc BK cua géc ABC cat

dudng cao AH; trung tuyén AM cla tam gidc ABC taiOva T (K eAC;H,Me BC).

1) Tinh AH.

2) Tinh dién tich tam gidc AOT.
LGi giai

A
K
i
O
B H M C

1) it CH=x thi BH=10—-x.
AH? = AB? —BH? = 25— x

Ap dung dinh If Pitago cho tam gidc vudng ABH; ACH ta cé .
AH? = A%C —HC =45-(10-x)’

Ta cé 25—x2:45—(10—x)2c>25—x2 =45 — 100+ 20x —x*
< 20x=80 & x=4 nén AH=3.

¢ , g . ., AO AB 5 AO 5 5 10 1 15
2)Apdungtlnhchatphang|acm=ﬁ=23m=§; AOB:§SAHB:?;SABT:§SABM:T;
15 10 5
Spor = Sasr ~Sa08 = 43 = 12 (dvdt).

Cau V. Céc s6 thuc x, y thod man d3ng thuc (x+m)(y+m) =1.
Chung minh x+y =0.

Li giai

Tacd (x+m)(y+ 1+y2) x—m)

<:>—(y+\/m): X — 1+x2). (1)

Tuong tu —(x+m)=(y—m). (2)

—_
Il
—_—
X
I

=
+
X
N
S~
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Coéng (1) va (2) tacéd-y—1+y? —x—V1+x* =x—-V1+x2 +y—+1+y?

S -y-x=x+y<=x+y=0.
Vay x+y =0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. C4c s6 thuc x, y thod man xy # J2 va Xy # 2.
Ching minh rang biéu thic sau khéng phu thudc vao x, y .

P:( 2\/_xy Xy — \/—] 2xy Xy
\/— 2xy+2\/_ xy+\/_ Xy — \/—

Lgi gidi
p_ 2\/_xy Xy — \/_ 2xy Xy
\/_ 2xy+2\/— xy+\/_ Xy — \/—
p_ 2\/_xy xy—é/z 2xy  xy
(xy+\/—)(xy \/—) (xy+3/§) xy+3/§ xy—3/§
P=4§/§xy+x2y2—23/§xy+i/z 2xy Xy (XV’H/_) Xy Xy

2(xy+32)(xv -32) 2 xy-2 (xv+32)(xv-32) xy+32 xy-32

C3u Il. 1) Cho phudng trinh x> +bx+c =0, trong d6 cdc tham s b va ¢ thod man ding thic
b+c=4. Tim céc gid tricla b va ¢ dé phudng trinh cé hai nghiém phan biét x,, x, sao cho

X, = X5 +X,.
R, Y _Z2_
2) Gid st (xy;z) la mét nghiém cda hé phuang trinh: 3 12 4
X ¥,z
ATNITR AT |
10 5 3
Hay tinh gid triclia A=x+y +2z.
L&i gidi
1) Theo gia thiét ta cé
A=b’>-4c>0
A=b2—4C>O 2 c> A:b2—4c>0
A=b?—4c>0 X +4
%% QP X, X, =X, =X, =4 ><1‘:xz 1 b+c=4
b+c=4 EUR N PN 2 e dxx, =c
XX, =¢C X,.X, =C
X,.X, =C 1%2 «+d
) X, =X +X, X, +4 2 — =X +X,
X =X+ X%, o _1=X2+x2 x,—1
2
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2
A=b%—4c>0 A=b’-4c>0 A=b"-4c>0
b=-8
b+c=4 b+c=4
IS IS =12
)(1_)(2 =C Xl.X2 =C 6
Po2x,-4=0 |(x —2)( 2 _2x +2):o %
2 2 - 2 2 2 X2:2

X 'y z

=
2) 3 12 4
X, Y. Z_4

1
4 -3z=12
<:>{ Xry=sz 7(x+y+z):42<:>A:6.

=
3x+6y+10z=30

10 5 3
Cau Ill. Ba s8 nguyén dudng a, p, g thda man cdc diéu kién:
(i): ap+1 chia hétcho q.
(ii): ag+1 chia hét cho p.

Ching minh a>—P9
2(p+q)
Lai giai
Xét pg =1 ta cd diéu phai chiing minh.
Xét pq >1. Khi dé (ap+l)(aq+1)§pq<:>azpq+ap+aq+1§pq<:>a(p+q)+l§pq<:>a2 pq—l.
p+q

Xét hiéu pa-1__pa _ pP4-1 >0 (Vi pg>1)nén a>—Pd

p+a 2(p+q) 2(p+q) 2(p+q)

Céu IV. Cho dudng tron (O) dudng kinh AB va diém C thudc duting tron (C khéng triing véi A, B
va trung diém cung AB). Goi H |a hinh chiéu vuéng gdc cla C trén AB. Dudng tron (Ol) dudng
kinh AH cdt CA tai E, dutng tron (O, ) dudng kinh BH cét CB tai F.

1) Chiing minh t gidc AEFB la t gidc ndi tiép.

2) Goi (03) I3 tAm dudng tron ngoai ti€p t gidc AEFB, D |a diém déi xing cha C qua O. Ching
minh ba diém H, O,, D thdng hang.

3) Goi S Ia giao cua cdc dudng thang EF va AB, K |a giao diém th hai cda SC véi dusng tron (O).
Chidng minh KE vudng géc véi KF.

LGi gidi

1) Ta cé t’ gidc CEHF la hinh chir nhat.
Ta c6 CFE = EAB (cung bang (j—l\E) nén th gidc AEFB ndi tiép.
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2) Ké trung truc EF cdt HD tai O, chiing minh O, la tdm dudng tron ngoai tiép t gidc AEFB.
Chiing minh dudc CD L EF trong tam gidc CHD c6 10, la dudng trung binh nén 0,0 L AB.
Ma OA=0B nén 0,0 latrung truc ciia AB nén O, la tam dudng tron ngoai tiép t gidc AEFB
hay H, O,, D thang hang.

3) BFS = BKS (cung bu E/FTB) nén t gidc BFKS ndi tiép suy ra FKS = FBA.

Ma FBA = CEF nén FKS = CEF = Tu gidc CEFK noi tiép suy ra EKF = ECF = 90° hay FK vubéng
g6c vdi EK.

Cau V. Mbt hinh vubng cé db dai bang 1 dudc chia thanh 100 hinh chlr nh4t cé chu vi bang nhau
(hai hinh chir nhat bat ky khong cé diém chung). Ki hiéu P |a chu vi cia mdi hinh chir nhat trong
100 hinh chif nhat nay.

1) Hay chi ra mét céch dé chia P =2,02.

2) Hay tim gid tri I6n nh&t cha P.

Lai giai

1) Céch chia 1 canh thanh 100 phan bang nhau qua céc diém chia ké cdc dudng thang song song
canh kia ta dugc 100 hinh vudng cé chu vi bang nhau khi d6 P =2,02.

2) Chia 1 canh thanh x phan bang nhau canh con lai la y phan bang nhau (x, ye N*).

Ta cé xy =100. Goi kich thudc mdi hinh chif nhat1a a, b thi a :l, b :l.
X oy
2(x+
Khi @6 P =2 = (x+v) X2V, P 16n nhét khi (x+vy) 6n nhat.
Xy Xy 50

Ma (xy)e {(1;100);(2;50);(4;25);(5;20);(10;10)} chi ¢ cap (1;100) thoa man.
Khi @6 P(max) =2,02.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . Cho bidu thic A :F—(x“ X +1].x3 _X(4X_1)_4] X" +29x+78
2 x*+1) x"+6x°-x-6 | 3x*+12x-36
1) Rdt gon biéu thic A.
2) Tim t4t cd céc gid tri nguyén clha x sao cho A cé gid tri nguyén.
Lgi gidi
1) Diéu kién x#-26;-6; -3; -1;1; 2.
3x-6

Dép sé: A= )
2x+6

2) Bign d6i 2A =3— >
X+ 3

> nguyén
x+3 '

Véay A nguyén khi
Dép s6: x € {-2;-4;0,-8,12;-18}.

Céu II. Cho hai dudng thang (d,):y = (Zm2 +1)x+2m—1 ;(d,):y =m’x+m—2,véi m la tham s8.

1) Tim toa d6 giao diém | cla (d2) va (dz) theo m.
2) Khi m thay d6i, chding minh rang diém | luén thuéc mét dudng thang cé dinh.
Li giai

1) PT hoanh db giao diém cla dyva d- I3 (2m2 ¥ 1)x+ 2m—1=m’x+m-2.

2
'I"lmduqcl—m;rl; 3m2+m 2.
m-+1 m-+1

Y, :(2m2 +1)x1 +2m-1

=y, =-X —3.

2) Gia sffl(xl;yl),ta cé:{ Vi +m—2
1= 1 -

Suy ra | thudc dudng thdng cé dinh cé phuong trinh y = —x —3.
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Cau lll. Gid sir b ba s6 thuc (x; y; z) thda man hé_:{xy +Xzz+f7=zv++1; . (1)
1) Chiing minh x* +y? = -z +12z-19.

2) Tim tat cd cdc bo (x; y; z) thda man hé (1) sao cho x* +y? =17.

Lgi giai

A AY x_y:Z_l
1) Hé phuong trinh (I) &
JHep 9 () {xy=—z2+7z—10.

Suyra x> +y® = (x —y)2 +2xy = (2—1)2 + 2(—22 +7z—10) =-z*+12z-19 (diéu phai chiing minh).
2) TU x* +y? =17 = z =6. Thay vao hé phudng trinh (l) tim dudc (x;y) = (4;—1);(x;y) = (1;—4).
Vay (xy;iz)=(4:-1,6); (xy;z) = (L,-4:6).

Cau IV. Cho hinh vudng ABCD cé dd dai canh bang a. Trong hinh vudng dé 1ay diém K sao cho
tam gidc ABK déu. Céc dudng thdng BK va AD c3t nhau tai P.

1) Tinh dd dai doan thdng KC theo a.

a3

2) Trén doan thiang AD |3y diém | sao cho DI o’ ¥ cdc dudng thang Cl va BP cat nhau tai H.
Chdng minh t& gidc CHDP ndi ti€p mdt dudng tron.

3) Goi M va L lan lugt la trung diém cla cdc doan thang CP va KD. Ching minh LM = %.

L&i gidi
B E C
LI
H
M
A I D P

BE:"’“/§

1) Ké KE vudéng géc vdi BC, khi dé KE = %, > >

Tir d6 KC = ay2—+/3.
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2a

NE]

2) Trong tam gidc vuong CDI cé Cl = — 2Dl nén DCl = 30°,

M3t khdc HPD —90° - ABP = 30°.
Suy ra td gidc CHDP néi tiép (dpcm).

3) L&y trung diém L’ cha doan KC. Do tam gidc CKD cén tai K va M |13 trung diém cta CP suy ra L
va L' déi xitng nhau qua KM nén LM =L"'M.

Do L'M la dudng trung binh ctia tam gidc CKP nén L'M :% :% (diéu phai chdng minh).

Cau V. Gidi phuong trinh (x2 —Bx+ 1)(x2 —4) = 6(x —1)2.
L&i gii
Bién déi phudng trinh vé dang (xz —4)2 —5(><2 —4)(x—1)—6(x —1)2 =0.

Vi x = 1 khdng phai la nghiém cla phudng trinh nén x =1 .

2 4V 2
Khi @6 PT da cho tudng dudng vdi(x 14] —5(" 14J—6 -0.
X — X—

2

t=-1

it t =2
t=6.

X_

. Phucng trinh trén tré thanh t* -5t-6=0 < [

Vay tap nghiém cla phudng trinh la S = {3+\/7;3—\/7;_1 +2“21 ;_1_2"21}_
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gid sif a va b la hai s8 dudng khdc nhau va théa man a—-b = J1-b? —1-a2.
Chidng minh ring a* +b* =1.

2) Chiing minh riing ¥2009? + 20092 x 2010% + 2010% I3 mét s& nguyén dudng.

L3 gidi

1) T gid thiét, tacd a++v1-a? =b++1-b? = av1-a% =by/1-b?

=a’ -a*=b>-b* :(az—bz)(a2+b2—1)=0.

Vi @ —b® #0 (gid thiét a =b) nén a’ +b* =1.
2) Bata = 2009, ta cé
2 2 2 2 2, .2 2 2 2, .2(.2 2
2009° +2009%.2010% +2010” =a’ +a’(a+1) +(a+1) =a’ +a (a +2a+1)+(a+1)
=a“+2a2(a+1)+(a+l)2 =(a2+a+1)2.
Vay bai todn dudc ching minh.
Cau Il. Gid s bon sé thuc a, b, ¢, d déi mét khdc nhau va théa man déng thdi hai diéu kién sau
(i): Phuong trinh x> —2cx —5d = 0 ¢é hai nghiém a va b.
(ii): Phuong trinh cé hai nghiém ¢ va d.
Ching minh rang
l)a-c=c-b=d-a.
2) a+b+c+d=30.

Lgi gidi
at+tb=2c (1)
o . |ab=-5d (2
1) Theo dinh Ii Vi-ét, ta cé:
c+d=2a (3)
cd=-5b  (4)

Tu(l)va(3)suyraa—-c=c-b=d-a (dpcm).
2)Pata-c=c-b=d-a=mthic=a-mb=c-m=a-2m;d=a+m.

Dodd a+b+c+d=4a-2m;d=a+m.

TU (2), (4) suy ra a> —2am=-5a—-5m;a*> —m? = -5a+10m.

TU d6, thu dudc m? —2am = —15m.

Doa#c nén m=0 suyra m-2a=-15.

Suyra a+b+c+d=30 (diéu phai chiing minh).

C3u lll. Gid s&r m va n 13 nhitng s nguyén dudng véi n > 1. Bit S=m’n’ —4m+4n.
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Ching minh rang:
1) Néu m>n thi (mn2 —2)2 <n’S <m’n*.
2) Néu S 13 s6 chinh phuong thi m=n.
Lai giai
2
1) Tacé (mn®-2) <n’S<n*>1<n>1 (ding)
nS? <m’n* & m > n(ddng theo gia thiét).
2) Giad st m # n, xét hai trudng hgp
V4im > n, theo 1) va do S |a s6 chinh phudng suy ra n°S = (mn2 —1)2 = 4n® =2mn* +1 (sai)
V3i m < n khi dé
Néu m>2thin>2=2mn>4m= (mn)2 <S< (mn+1)2 (mAu thudn véi S 1a sé chinh phuong).
Néu m =1 thi
Véin > 2 thi (n+1)2 <S< (n+2)2 (mau thudn véi S Ia s6 chinh phuong).
Véin =2thi S = 8 khdng phai la sé chinh phuong
Vay phdi cé m=n.
Cau IV. Cho tam gidc ABC vdi AB > AC, AB>BC. Trén canh AB |3y cdc diém M va N sao cho

BC =BM va AC = AN.
1) Chiing minh diém N nam trong doan thdng BM.

2) Qua M va N ké MP song song vdi BC va AQ song song véi CA (P eCAQe CB) )
Chdng minh rang CP = CQ.

3) Cho ACB =90°, CAB =30° v AB =a. Hay tinh dién tich cia tam gidc MCN theo a.
Lgi gidi

A M qQ R N B
1) Tu CA+CB>AB = AN+BM> AN +BN = BM > BN (dpcm).
2) Do tam gidc CBM can tai B nén BCM = BMC.
M3 PMC = BMC (so le trong) nén PMC = BMC.
Tuong tu Q/N\C = A/I\E suy ra céc diém P,,Q, doi xng véi diém P, Q qua cdc dudng thang CM va
CN déu thuéc ABva CP =CP,,CQ =CQ,.
TU ACPM = ACPM; ACQN = ACQ,N=> /CP,M = Z/CPM, /CQN = Z/CQ,N.
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Mat khdc ACPM = ACQN (cung bl véi géc ZACB)
— /CPM=/CQ,N nén CP, =CQ, = CP =CQ.

3)
c
P
h
Q
A M H N B

Tacé CB:BM:g,CA:ANzga

a[ ngaJ_(ﬁl)a.

=>MN=BM-BN=—|a-
2 2

AC _aV3 (3—\’3) y
Goi h la khodng céch tir C dén AB thi h= — =S5, =—F—7a".
2 4

Cau V. Trén moét bang den ta viét ba s6 J2: 2 i Ta bat dau thuc hién mét trd chai nhu sau: Mbi

N

Ian chai ta xéa hai s6 nao dd trong ba s trén bang, gid st 1a a la b, réi viét vao hai vi tri vira xda
P . 1)
hai s6 mdi Ia \/— \/_

ludn cd ba s6. Chidng minh rang du ta cd choi bao nhiéu l1an di chang nira thi trén bang khéng thé

, ddéng thdi gilr nguyén sé con lai. Nhu vay sau mbi 1an chdi trén bang

cé dong thdi ba s6 L; J2: 1442,

22

Lai giai

2
2 2 a+b § ‘a_b‘ A = \ ~ N z. X2 .
Do a“ +b” = + nén tong binh phudng ba s6 khong thay dbi sau maéi lan chdi.

V2 V2

Téng binh phudng ba s6 ban dau la %

Téng binh phugng ba s6 L; J2:1442 1 %+2\/§.

22

Nhu vay, khéng bao gid cé thé xuat hién dong thdi ba s6 i\/_; \/E; 1++/2.
2N2
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

B 2,2 _ 4 2 2
Cau I. Cho biéu thc A:(X Y X EY *Yy 2}:4" XYY A i x50,y >0, x £ 2y,

2y —x  2y? +xy —X* X2 +y+ Xy +X
y #2—2x%.

1) Rdt gon biéu thic A.
2) Cho y =1, hdy tim x saocho A =%.
L&i gidi

x+1

A= (2y—x)(2x2+y+2).

2)Véiy =1 thi A:§c>4x3—8x2+11x—7:0<:>x:1.

Cau Il. M6t nhém cdng dan dat k& hoach sdn xuat 200 san pham. Trong 4 ngay dau ho thuc hién
ding muc dé ra, nhitng ngay con lai ho da lam vugt mdc mdi ngay 10 sdn pham, nén d3 hoan
thanh k& hoach sém 2 ngay. Hoi theo k& hoach mbi ngay nhdm céng dan can sdn xuat bao nhiéu
san phdm?

Li giai

Goi nang suat du kién 1a x san phdm mai ngéy(x € N*). Thai gian hoan thanh theo k& hoach |a

@. Bén ngay dau ho lam dudc 4x san phdm.Trong nhitng ngay sau nang suat l1a x + 10 san
X

pham mdi ngay. S6 ngay hoan thanh s8 san pham con lai Ié&_lgx.Theo bai ra ta cé
X+
200 200-4x
X x+10

Vay theo k& hoach mdi ngay nhém céng nhan can san xuat 20 san pham.

1442 x=20 (doxeN*).

Cau lll. Cho parabol (P) 1y =x* va dudng thang (d) :y=mx-m’+3, m |atham s6. Tim t4t ca céc
gid tri cla m dé dudng thang (d) c3t parabol (P) tai hai diém phan biét cé hoanh d6 x,, x,. Vdi

gia tri nao cia m thi x,, x, la d6 dai cdc canh géc vuéng cla mot tam gidc vudng cé d6 dai canh

huyén bang \/%

Lai giai
Phuong trinh hoanh dd giao diém gilra parabol (P) va dudng thang (d) 13
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x> =mx-m*+3 < x*-mx+m’-3=0 (1)
Budng thing (d) cit parabol (P) tai hai diém phan biét khi va chi khi phuong trinh (1) c6 hai

nghiém phan biét © A=12-3m* >0 -2<m< 2.

-2<m<?2
x>0 X, +X,=m>0 -
Tac6y x>0 <45 x.x,=m*-3>0 @m:\/;.
5 5
2 2 _ 2 2
Xy % ) (X1+X2) —2X1x2=§

Cau IV. Cho dudng tron (O) dudng kinh AB=10. Day cung CD cula dudng tron (O) vudng gdéc vai
AB tai diém E sao cho AE =1. Céc ti€p tuyén tai B va C cua dudng tron (O) cat nhau tai K, AK va
CE c3t nhautai M.

1) Ching minh AAEC«» AOBK. Tinh BK.

2) Tinh dién tich tam gidc CKM.

Lai giai

Trong tam gidc vudng CEO cé CE =+/CO? —-OE? =3.

Do C/A\E=K/OTB:%C/O\B vi CEA = KBO = 90° nén AAEC < AOBK.

Suy ra KB =% = KB= proB =15.
CE AE AE
2) Do ME//BK nén %zﬁzMEz BK-AE =§:>CM=CE—ME=§.
BK AB AB 2 2
A 1 27
Véy Sq, =5 CMBE = (dvdt).
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Cau V. Cho hinh thoai ABCD c6 BAD =120°. Céc diém M va N chay trén cac canh BC va CD
tuang Ung sao cho MAN = 30°. Chiing minh rdng tdm dudng tron ngoai tiép tam gidc MAN thubc
mét dudng thing cé dinh.

L&i gidi

M

D N C
Goi O la tdm clia dudng tron ngoai tiép tam gidc MAN.
Ta c6 MON = 2MAN = 60% OM = ON nén OMN = ONM = 60°.
Do MON +MCN = 180° nén tf gidc OMCN néi tiép, tir 46 OCN = OMN = 60° .

—,  120°

Ma ACN = =60°.

Suy ra A, O, C thdng hang. Vay O thudc dudng thang AC c6 dinh.
1 1

1 1
\/I+\/§+\/§+\/Z+\/§+\/g+m+—x/%+@>4.

Cau VI. Chiing minh bat d3ng thuc

Lgi giai

1 1 1 1 1 1
L= + +t S, = + tot————.
vz Badd 780 2 eNs a5 B0+ Bl
Khidé, tacé S, +S, =+/81-+1=8.

1 1
Lai c6: V2k —v2k -1 = > =v2k+1-+2k k>1).
' V2k +v2k-1 N2k ++2k+1 ( )

Dovay S, >S,nén S, > 4.

D5t S
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

1 2
Caul. Cho a= 4= N2
au O a= 2 \/_ 8 8

1) Chiing minh ring 4a? ++2a—+2 = 0.

2) Tinh gid tri cla biéu thiic S=a’ +V/a* +a+1.
L&i gidi

1) TU gid thiét suyraa >0 va

\/__1\/\/? (+gJ2:%(\/§+%J:>4az+\/§a—\/§=0 (1)

N ) \/E(l—a)
2)Tu (1) suyra a :T
2
=S=a’+ (-2) +a+1=a2+a+3=ﬁ(1_a)+(a+3)ﬁ:ﬁ.
8 22 4 1
x> +y?+ Y _q
Cau Il. 1) Gidi hé phudng trinh X+y

JXx+y =x’ -y
2) Cho hai s6 hitu ti a, b thda man ding thic a’b+ab® +2a’b* +2a+2b+1=0.
Chidng minh rang 1 —ab la binh phudng cia mdt sé hitu ti.

Lai gidi
1) DK x +y > 0. Ta ¢6 PT thd nhat cta hé tudng dudng vdi
2xy(x+y-1
(x+y)2—1+2xy[ —1j=0<:>(x+y+1)(x+y_1)_ v(x+y )=0
Xty X+y

<:>(x+y—1)(x2+y2+x+y)=0c>x+y=1 (do x2+y2+x+y>0).

2

, =1 =1 =-2
Két hgp vdi phuang trinh thd hai cla hé ta cé: {x+y 1 S {x hoac {X
x> —y = .
2) Tacé a’b+ab®+2a’b* +2a+2b+1=0
oab(a+b) +2(a+b)+1=0« (ab-1)(a+b) +(a+b+c) =0 (1)

2
a+b+lJ (diéu phai chdng minh).

TU (1) suyra a+b=0va 1—ab:(
a+b

Cau Il Tim t4t ca cdc s6 nguyén t8 p cé dang p =a” +b* +c” véi a, b, ¢ la cic s6 nguyén dudng

théa man a* +b* +c* chia hét cho p.
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Lgi giai

Gidsla>b>c.Tacda® +b* +c* = (a2 +b* +c2)2 —Z(azb2 +b’c? +c2a2).

Vi p |3 s6 nguyén t6 va p >3, suy ra a* +b* + ¢ chia hét cho p khi va chi a’b? +b?c® + c%a?khi chia
hét cho p hay a’b? +c? (32 +b2)3p s abr-ctpe (ab—cz)(ab+c2)3p.
Dop=a’+b’+c?>ab+c?>ab-c?>0vaplasdnguyéntdnénab-c?=0=a=b=c
=p=3a’=a=b=c=1vap=3.

Cau IV. Cho tam gidc ABC cé ba géc nhon ndi tiép dudng tron (O) BE va CF la cac dudng cao.
Céc ti€p tuyén véi dudng tron (O) tai Bva C catnhautai S, cdc dusng thang BC va OS cat nhau

tai M.
AB BS

1) Chdng minh rang — = —.
) Ching °AE ME

2) Ching minh rang AAEM«> AABS.
3) Goi N |a giao diém cha AM va EF, P |a giao diém cla AS va BC. Chiing minh rang NP L. BC.

Lai giai

A
E
N
UO
F
B P\ M c
S

— = — . AB BS
1) Do BAE = SBM va AEB =BMS =90° nén AAEB«» ABMS suy ra E:W

AB_BS
AE ME
2) Tam gidc BME cén tai M nén MEB = MBE.

SBM + ABE =BAE + ABE (2)

Lai c6 SBM+ ABE = BAE + ABE = 90° = AEB = SBA = AEM
TU (1) va (2) suy ra AAEM«>AABS.

Ma BM = ME nén
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3) TU két qua cdu 2 ta cé BAP = EAN. M3 ABP = AEN (cung bu V@i aE\F) nén AAEN« AABP,
suy ra A—:E (3)

Vi AMAE «»ASAB (cdu 2) va tudng tu ta c6 AMAF «»ASAC nén AME = A/S\B AMF = ASC

EMF = BSC = SBP = MEN (do hai tam gidc can cd hai géc & dinh bang nhau).
Suy ra AEMNVJABSP:&:M (4)
PS PS

TU (3) va (4) suy ra %z%: NP //MS ma MS L BC nén NP L BC.

Cau V. Trong hép cé chira 2011 vién bi mau (mdi vién bi chi cd ding mdt mau), trong dé cé 655
vién bi mau do, 655 vién bi mau xanh, 656 vién bi mau tim va 45 vién bi con lai la cac vién bién bi
mau vang hodc mau trang (moi mau cd it nhat mét vién). Ngudi ta 1y ra tir hép 178 vién bi bat ki.
Chdng minh rang trong sé céc vién bi vua ldy ra, luén cd it nhat 45 vién bi cung mau. Néu ngudi ta
chi Iy ra tir hdp 177 vién bi bat ki thi két ludn cla bai todn con ding khéng?

Li giai

Né&u ta chon ra 44 bi mau dd, 44 bi mau xanh, 44 bi mau tim va 45 bi mau vang hodac trdng (mbi
mau cd it nhat 1 vién) thi téng s6 bi ldy ra la 44 + 44 + 44 + 45 = 177 vién bi.

Do d6 khéng cd 45 bi nao cung mau. Vay bai todn khéng didng néu ta chi ldy ra 177 vién bi

Néu 14y ra 178 vién bi thi s6 bi mau trdng va vang cdé téi da la 45, nhu vay van con lai it nhat 178 -
45 = 133 bi ¢ mau dé hoac mau xanh hodc mau tim.

A Id . o ~ A . A \ \ Y&s ~ 1 3 - A .
Theo nguyén Ii Dirichlet sé ton tai mét mau ma cé it nhat {T} +1=45vién bi.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

_ _ 2 2
Cau I. Cho bidu thiic P = a=b a—b (a +hb ]vdia>b>0.
Ja+b++a-b \/az—bz—a+b \/az—b2

1) R4t gon biéu thuc P.
2) Biét a—b =1. Tim gid tri nho nhat cha P.
L3 gidi
a-b a-b a’+b?
1) P= +
[\/a+b+\/a—b \/az—bz—a+bJ(\/a2—b2J

P a-b . a-b (a2+b2 J

Ja+b++a-b \/a—b(\/a+b—\/a—b) Ja? - b?

(ab)(\/a+b\/ab)+(ab)(\/a+b+\/a—b)[ 22 4 2 J
P:

\/a—b(\/a+b+\/a—b)(\/a+b—\/a—b) \a? —b?

p 2(a—b)\/a+b[a2+b2] a’ +b?

2bva-b (Va2 -b? b
2) Tua-b=1=a=b+1.

2
Khi d6 p:%=>zb2+(2—la)b+1=o (1).

Coi (1) la phudng trinh bac hai cta b.
Tacd A=(2-P)*-8=P>-4P-4.

P22+2\/§

DEcS b, thh A>0=>P?-4P-4>0=> .
P<2-22

Do P>0=>P>2+2v2 => P(min) = 2+2+2.

_(2-2-242
Khidéb:_(z_P): ( ):Q:a
4 4 2

_2+\/§
==

Cau ll. Trén quang dudng AB dai 210km, tai cung mét thai diém mot xe mdy khdi hanh di tr A
vé B va mot 6 td khdi hanh di tir B vé A. Sau khi gdp nhau xe may di tiép 4 gis nlra thi dén B va 6
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t6 di ti€p 2 gid 15 phut nira thi dén A. Biét rang xe may va 6 td khéng thay d6i van t6c trén sudt
chdng dudng. Tinh van téc cha xe mdy va 6 to.
LaGi giai
Goi van toc clia xe mdy la x(km/h) va vén téc cta 6 t6 la y(km/h)
Diéu kién y > x > 0. (*)
D6i 2 gis 15 phit = 2l _3 gig
4 477

X ~ Ve \ 9 \ Ve \
Cho gap nhau céch A la Zy(km) va cach B la 4x.
Vi quang dudng AB bang 210km, nén ta c6 phuang trinh : %y+4x =210 (1)

o o s " . 210, .,
Thai gian xe may di tu A dén B la ——(gig).

X

Thisi gian 6t6 di tif B dén A 13 222 (gid).
y

Thai gian 6td di tir B dén A nhanh han thdi gian xe mdy di tir A dén B 13 4—% :£ (gid).

Vay ta cé phudng trinh : 210 210 _7 (2)
X y 4
gy+4x:210
Tu (1) va (2) ta cé hé phang trinh 210 210 _Z.
X y 4

=30

Gidihé ratadudc 1~ " (thod man).
40

Vay van téc clia xe may la 30(km/h) va van téc cta 6 té la 40(km/h).
Cau lIl. Trong mat phang toa d& Oxy, cho parabol (P) 1y = —x* va dudng thing
(d):y =mx—-m-2.
a) Chdng minh rang khi m thay déi (d) ludn cat (P) tai hai diém phan biét cé hdanh db xi ; x;
b) Tim m dé |x, —x,| =20

LaGi giai
a) Hoanh d6 giao diém cha dudng thang (d) va Parabol (P) Ia nghiém cla phuadng trinh

—x? :mx—m—2<:>x2+mx—(m+2)=0.
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C6 A=m’+4(m+2)=m’ +4m+8=(m+2) +4>0 vdi moi m
= Phuadng trinh ¢cé hai nghiém phéan biét

= Pudng thang (d) cat Parabol (P) tai hai diém phan biét cé hanh d6 x,; x,.

., , X +x
b) Theo viét ta cé
D

1X2 -

pé ‘x —xz‘zma ‘xl—xz‘z =20<:>(x1 —x2)2 =20<:>(x1 +x2)2 —4x,x, =20.

1
Thay vao ta ¢6 (-m)’ ~4(-m-2)=20=m’ +4m-12=0 c6 A'=16>0.

Vay phuadng trinh cé hai nghiém m, =2 va m, = -6.

Vay v6i m =2 hodc m=-6 thi thod man diéu kién bai toan.

Cau IV. Cho tam gidc ABC dudng tron (a)) cd tdm O tiép xuc véi céc doan thang AB, AC tudng
Ung tai K, L. Tiép tuyén (d) chia dudng tron (a)) tai E thudc cung nhé KL cat dudng thing

AL, AK tucng Ung tai M, N. Budng thang KL cdt OM tai P va cit ON tai Q.
1) Chdng minh MON =90°—%I§A\C.

2) Chiing minh rang dudng thang MQ, NP va OE clung di qua mot diém.
3) Chidng minh KQ.PL =EMEN.

Lai giai

A M L C
1) Do tinh chat hai ti€p tuyén cdt nhau nén ta cé 6\1 = 6\2; 6\3 = 6; (1)

Td gidc ALOK c6 AKO +ALO = 90°+90° = 180°.
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Suyra B/A\C+K/O\L:180":>B/A\C+(/)\1 +C/)\2 +(/)\3+C/)\4:180":>%B/A\C+%(E)\1 +(/)\2+(/)\3 +(/):):90°

(2)

Tu (1) va (2) suy ra %B/A\C+((/); +(/)\3) =90°.
Hay %BTA\C+ MON = 90° = MON = 90° —%B/A\C (diéu phai chdng minh).

2) Tacéd LAl = é; = l%; = T gidc OKEB ndi tiép.

M3t khdc OKNE néi tiép dusng tron duedng kinh ON

= Nam diém O, K, N, E, P cung nam trén dudng tron dudng kinh ON
— NPO = 90° (96c nbi tiép chan nira ddng tron)

= NP LOM (1)

Chdng minh tuong ty, ta c6: MQ L ON va OE L MN.

Suy ra ba ddng cao MQ, NP va OE cda tam gidc OMN dbéng quy.

3) Tu cau 2, suy ra KQ=QE va PL =PE.

T gidc ONEP ndi tidp = QNE = EPM;

Tt gidc OMEQ ndi tiép = NQE = PEM.

NE EQ
S ANQE« APEM (g. — =—=EMEN=EQEP.
uy ra ANQ (g g) = EP - EM = Q

Do d4: KQ.PL =EMEN (diéu phai chdng minh).

C4u V. Cho cdc s8 thuc dudng x, y thoa man diéu kién x+y = (x—y)\/;.
Tim gid tri nhd nhat cha biéu thic P =x+y.

Lgi giai

Vi x,y>0 ma x+y=(x—y)\/E:>x>y.

C3 hai vé& déu duong, binh phuong hai vé ta cé:
2 2 2 2
(x+y) =xv(x=y)" = (x+y) =xv| (x+y) = 4xv .
D3t xy =X, thay P=x+y tacé P? = X(P? - 4X) < 4X* -P?X +P? = 0.
Coi day la phuang trinh bac haiclla X = A=P* -16P* =P? (PZ - 16).

Dé& c6 nghiém X, thi A>0=>P >4 (do P >0)=minP =4.
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X=Ei=2 {w=2 {x=2+J§ ‘,{x=2—J§
= =

hoac .
x+y=4 |y=2-42  |y=2+2

x=2+\/§
y=2-2

Do x>y nén{

VéyGTNNcOanéng4khi{ -

y=2-2

0 | www.facebook.com/mathexpress.vn (O ]1900 633551



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Gidi phuong trinh: \/x2 +2X+20UX? +2x -1 + 2x* +4x -4 =0.
Lai giai
Phugng trinh da cho tudng dudng vdi

\/(mf +2(x? +2x-1)-2=0.

t=-1
Dit t=vx*+2x-1(t20) ,tacé 2t +t-1=0<> 1.
t==
2
(1
Vi t>0 nén t=1:x2+2x—1=l<:> 2
2 4 5
X=—=
2

Cau ll. 1) Cho céc s6 a, b, ¢ d6i mét phan biét théa man: a° (b+c) =b’ (a+c) =2012.

Tinh gid tri cGa biéu thiic: M =c? (a + b).

2) Cho 5 sé nguyén dudng déi mot phan biét sao cho mdi sé dudng trong ching khéng cé udc sé
nguyén t8 nao khéc 2 va 3. Ching minh rang trong 5 s6 dd tén tai 2 s6 ma tich cla chiing la mét
s8 chinh phuang.

Li giai

1) Tu az(b+c)=b2(c+a)3ab+bc+ca=0 (do a;tb)

= (b—c)(ab+bc+ca) =0=b’a+b’c—bc’ —ac*=0.

Vay M=c?(a+b)=b*(c+a)=2012.

2) Goi céc s6 da cho la a, (1 <i<5).. Biéu dién a, =2%.3", vdia, B 1a cdc s6 ty nhién.

Xét ndm cdp 36(05‘.,/3,.) (1 <i< 5) : mb&i cap rai vao mot trong bén trudng hap (chan, chin), (chin,
1&), (I&, chan), (I&, 1é). Theo nguyén I Dirichlet, ton tai hai cap (ai,ﬂ,.)vé(aj,ﬂj) (i # j) cung thudc
mot trudng hgp. Khi d6 «, +a, B, + j;1a nhiing s8 chan, suy ra a.a; la mot s chinh phuang.

Cau lll. Cho n s6 thuc x,, X,,..., X, Véi n>3.Ki hiéu max{xl, X,, .., X_ |a s6 18n nhat trong cdc s6
X

X o X

10 Ko e nt

1 H X 1 2
Chung minh rang max{xl, Xy ooy X 2

Lai giai
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) o x+y+‘x—y‘ ,

Ap dung nhan xét max{x,y} :#, tacd

X1+---+Xn+‘x1_x2 X =X . _(xl+x2+‘x1—x2‘)+...+(xn+x1+‘xn—x1‘)

n 2n 2n
max{xl,x2}+...+max {xn,xl}
= Smax{xl,....,x }
n
n
Dang thic xay ra chang han khi x, =x, =...=x .

Cau IV. Trong mét I18p hoc cé 36 ban hoc cd nhan, dugc xép thanh 4 hang va 9 c¢bt (cdc hang
dudc ddnh s8 tir 1 dén 4, cdc cdt duge danh s6 tlr 1 dén 9). ST sd hoc sinh cla I18p la 35. Sau mét
hoc ki ¢ gido chu nhiém x&p lai chd ngdi cho cdc ban hoc sinh trong I8p. D&i véi mdi hoc sinh cla
I8p, gid sur trudc khi chuyén chd, ban ngdi 8 hang thudc hang thl m, cdt thd n va sau khi chuyén
ch6, ban ngdi & hang thuéc hang a_, cét thdr a_, ta gan cho ban d6 s6 nguyén (am +an)—(m+n).
Ching minh t8ng clia 35 s8 nguyén gan vdi 35 ban hoc sinh khéng vugt qud 11.

Lai giai

B6 sung mét hoc sinh “dac biét” H ngdi vao ban con tréng. Sau khi chuyén chd 35 hoc sinh cla 18p,
ta cling chuyén hoc sinh H sang ngéi 8 ban tréng méi. Gan cho H mét s6 nguyén theo quy tic nhu
ddi vdi cdc hoc sinh khdc. V&i 36 hoc sinh nay (sau khi da bé sung H), thi viéc chuyén ché chi la mot
hodn vi (i,j) (1 <i<4;1<j< 9)ca’c vi tri cho nhau.

Do d6 t8ng cla tat ca cdc chi sé hang va chi s6 cdt (ng véi 36 hoc sinh trudc khi chuyén chd va sau
khi chuyén ché la nhu nhau. Diéu dd cé nghia la téng s6 céc s8 dudc gdn cho 36 hoc sinh 1a bang
0. Vay téng céc s6 dudc gan cho 35 hoc sinh cla I8p 1a —h, vdi h |a s6 dudc gan cho hoc sinh H. Rd
rang h > (1+1)—(4 +9) =-11. Do d4 téng cdc s6 dudc gan cho 35 hoc sinh cla I8p la khéng vuot
quda 11.

Cau V. Cho hinh vuéng ABCD néi tiép dudng tron (O) Diém M thubc cung nhd CD cua (O) M
khdc C va D. MA c3at DB, DC theo thd tu tai X, Z; MB cat CA, CD theothdtutai Y, T; CX cat

DY tai K.

a) Chiing minh rang: I\TX\T T/X\C I\YY\Z Z/Y\D va CKD 135°.

b) Chiing minh rang: — KX KY ZT =1.

MX MY CD
c) Goi | la giao diém clia MK va CD. Ching minh rang: XT, YZ, Ol cung di qua tdm dudng tron
ngoai tiép tam gidc KZT.
L&i giai
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a) Do X/D\sz/f\ﬁ'(: 45°) nén t’ gidgc XDMT ndi ti€p ma DMT = 90° nén DXT = 90°.

Tam gidc AXC va XO la phén giadc trong va XO L XT nén XT la phéan gidc ngoai.

Vay MXT = TXC; MYZ = ZYD.

K& ME 1 CD, E €(0). CX c8t AD tai V, DE cit AB tai L.

D& thdy DZ =DV, DZ = AL nén DV = AL. Do d6 CV LDL. Tudng tu DY L CE .
Do vy CKD = XKY = 180° - 45° = 135°

—

b) Ta c6KMX = DAM = DBM = YMO.
M3 t gidc MXOC ndi tiép nén MXK = MOY.

Vay AMXK«» AMOY . Suy ra ﬁzm=Q(do YZ [/ OZ).
MX CO CD

Ky TC
Tuong ty —=——.
MY CD

, KX KY ZT ZD+TC+ZT
Dod6 —+—+—=——"—"—=1.
MX MY CD CD

c)GQiXTmYZ:l.TheodjnhIfThaIestacéEzmzﬁzﬁzl.
IC MB AB CD CO

M3t khdc TJ//CO nén |, ), O thang hang. Vay XT, YZ, Ol déng quy.

GoiEMAB=H thi =L _MI_M K
IO IC MB MH IE

JK T
Vay JK//OE. S — ==
W VT 0E T10 " oc
Vi OE =0C nén JK =JT =JZ. Do dé J la tdm dudng tron ngoai ti€p tam gidc KZT.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3
a-b ]
+2ava+bvb
Cau I. 1) Cho biéu thic: Q = (\/EWE Jab-a

+
3a’ +3bvab ava—ba
Chuing minh gid tri cia Q khéng phu thudc vao a, b.
2) Céc sé thuc a, b, c thdaman a+b+c=0.

véia,b>0,a#b.

Ching minh d3ng thuc: (a2 +b? +c2)2 = 2(a4 +b* +c4).
Lai giai

I 3 bt - L R R ()

+ =
3a? +3byab ava-bya 3a? +3byab Ja (a-b)

_aJa-bvb-3avb+3bva+2avatbyb 1 3afa-3ab+3bva 1
3a% +3bv/ab Ja+b 3a’+3bvab  a++b

B 3\/g(a—\/£+b) ) 1 B 1 . 1 _d
“3Va[Vab)(aVab+b) vaivb Jaivb aivb

2)Tacéd a* +b* +c* = (a2 +b’ +c2)2 —Z(azb2 +b’c? +c2a2) (*)

a’+b?+c?

Tu a+b+c=0,tacd ab+bc+ca= >

(32 +b% + cz)2

2

a’+b*+c?

2
] o Z(azb2 +b%c? + czaz) =
2

& a’b? +b%c? + c%a? +2abc(a+b+c) :(

Thay vao (*) ta cé diéu phai chdng minh.

Cau Il. Cho Parabol (P): y = x* va dudng thang (d) Ty =—-mx+ 21 > (tham s6 m=0).
m

1) Ching minh rang véi m# 0, (d) cat (P) tai 2 diém phén biét.

2) Goi A(x.3y, ), B(x,:y, ) 1a 2 giao diém d6, tim gid tri nho nhd cla M=y? +y2.

L&i gidi

> =0cé A=m2+%>0,
m m

1) Phuong trinh hoanh d6 giao diém cla (d) va (P) la x* + mx —

m = 0, suy ra diéu cin chidng minh.
2) Do A(xl;yl),B(xz;yz) e(P) nén
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2 2 4 4 _ 2 2_ 202 4 1 . 1 _\/_
Yy +Y, =X X = (xl+x2) 2%, X, 2X;X; =m +2—4+222 m .F+2— 2+2.
m

m

Vay min(yf+y§)=2+\/§ khi mzi%.

Cau lll. Gid str a, b, ¢ 1a cdc s6 thuc, a #b sao cho 2 phudng trinh x* +ax+1=0, x> +bx+c=0 cé
nghiém chung va 2 phuang trinh x* + x+a =0, x* +cx+b =0 ¢ nghiém chung. Tinh a+b +c.

LaGi gidi

Gid st x, la nghiém chung cua hai phudng trinh x* +ax+1=0 (1); x* +bx+c=0 (2) (doa=b)
x, la nghiém chung cla hai phudng trinh x> +x+a=0 (3); x’+cx+b=0 (4)

c-1 a-b
, xz =
a-b c-1
Theo dinh Ii Viét suy ra x, la nghiém cta phugng trinh (1)

Do a#b tim dugc x, = =x,x, =1

2 1=0
Dods {2 "7 Y (a-1)(x, 1) =0.
x5 +x,+a=0
Néu a =1, thay vao phugng trinh (1) dugc x* +x+1 =0, phudng trinh nay vé nghiém (loai).
4 PN z \ \ 2+a = 0
Véi x, =1, thay vao cac phuadng trinh (3) va (4) ta dugc =a+b+c=-3.
1+b+c=0

Vdy a+b+c=-3.

Cau IV. Cho tam gidc ABC khéng cén, cd ba géc nhon, ndi ti€p dudng tron (O) Cdéc dudng cao
AA, =BB, =CC, cdtnhau & H, AC, cat AC tai D va X la giao di€ém th(f 2 ctia BD va (O)

1. Ching minh DX.DB =DC, .DA,.

2. Goi M la trung diém AC. Chiing minh DH 1L BM.
Lai giai

1) Do B, X, A, C € (O) nén DXDB=DADC.
Déthay A, C,, A, C thudc dudng tron dusng kinh AC nén DADC =DC,.DA,.
Suy ra DX.DB=DC, DA,.
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2) TU 1) suy ra X thudc dudng tron ngoai ti€p tam gidc BA,C, dudng kinh BH nén HX L XB.
Goi XH m(O) =K thi BK la dudng kinh ctia dusng tron (O) nén KC L BC.
Ma AA, LBC suyra KC//AA,. Tuang tu KA//CC,.
Do dé t gidc CKAH la hinh binh hanh, suy ra M, H, K, X thdng hang.
Vay H la truc tdm tam gidc BDM, suy ra DH 1 BM.
Cau V. Cdc s6 thuc x, y, z thda man:
{\/x+2011 +4Jy +2012 +42+2013 =y + 2011 ++/z+ 2012 ++/x + 2013

Jy +2011 +4/z+2012 +/2+2013 =2+ 2011 +/x+2012 +4Jy + 2013
Ching minhrdng x =y = z.
L&i gidi
Diéu kién x>-2011,y >-2011, z>-2011.

Khéng gidam téng quét gid sir x = max{x,y,z}.

Ta c6 Vx+2013 —+/x +2012 +/x +2012 —+/x + 2011 = /y + 2012 —\Jy + 2011

+VJz+2013 —/z+2012
- 1 N 1 ~ 1
Vx+2013 +4/x+2012  y/x+2012 +4/x+2011 4y +2012 +y+2011
1
+ 1).
VJZz+2013 ++/2+2012 1)
Do x>y, x>z nén VT(l)sVP(l).Déng thdc xay ra khi x=y = z.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. 1) C4c sb thuc a, b, ¢ thdoa man déng thdi 2 dang thic sau:
(i): (a+b)(b+c)(c+a) = abc.

(ii): (a3 +b3)(b3 + c3)(c3 + a3) =a’h’c’.

Chdng minh rang abc=0.

2) Céc sé thuc dudng a, b théda man ab >2013a+2014b.

2
Chiing minh b3t dSing thic a+b > (J2013 +J2014) .
L& gidi
1) TUi) vaii) suy ra abc(a2 —ab+b2)(b2 —bc+c2)(c2 —ca +a2) =a’bc’.
Né&u abc # 0thi suy ra (a2 —ab+ bz)(b2 —bc+ cz)(c2 —ac+ az) =a’b’c’ (1)
Lai cé (a2 —ab+ bz)(b2 —bc+ cz)(c2 —ac+ az) > ‘abecha‘ =a’b’c?
K&t hap vdi (1) suyra a=b=c, do dé 8a® =0 < a=0 < abc =0, mau thudn vdi abc = 0.
Vay abc =0.

2) Tu gid thiétsuyra 1> 2013 + 2014 =a+b>2013+ 20;33 + 2014b +2014
a a
2
> 2013+2\/2013‘3'.2014b +2014 = (J2013 +J2014) .
a

Cau Il. Tim tat ca céc cdp s6 hitu ty (x;y) thda man hé phudng trinh {Xa 2—2y3 B x+4y2 )
6x° —19xy +15y° =1

Lgi giai

V@i x = 0 thi hé phudng trinh v6 nghiém.

< (1-28)=1+4t

Véi x#0, dat y = tx(t e Q), hé phuong trinh trg thanh< (156 -19t6) -1
X - +9)=

1+4t 1
1-2t> 15t°-19t+6
Dodd x=12=y=+1.

Vay (xy) < {(21)(-21).
Cau Ill. V&i m6i s6 nguyén dudng n, ky hiéu S_ laténg clia n s6 nguyén t6 dau tién

(Sl =2,5,=2+3,5,=2 +3+5,...). Chiing minh rang trong ddy s6 S,, S,, S, ... khéng ton tai hai

Suy ra @(2’(—1)(31’(2—15t—5)=0<:>t:%(dote@).

s6 hang lién ti€p déu la cdc s6 chinh phuang.
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Lai giai

Ki hiéu p_ la s6 nguyén t6 thu n.

,=k*;S_ =P kleN"
VIS, =55,=10,5, =17 nén m> 4.

Tacép, =S, -S,., =(-k)(I+k).

GidstontaimeN" ma S__

I-k=1

Suy ra .
Y {l+k:pm

2
Do dé pm:21—1:2\/§—1:>8m:(pm7+1j. (1)

Dom>4 nén S_ £(1+3+5+7+...+pm)+2—1—9

2 2
=12-0%+22-12+3%2-22 +...+Hpm2+1j —(p'"z_lj ]—8

2 2
1 1 i
(Pt l ) g [Pt Mauthusdn véi (1).
2 2

Cau IV. Cho tam gidc ABC khdng cén, ndi tiép dudng tron (O) BD la dudng phan gidc cua gdéc
ABC. Buting thing BD cit dudng tron (O) tai diém th( hai E. Budng tron (O, ) dudng kinh DE

ct dudng tron (O) tai diém thit hai F.

1) Chiing minh rang dudng thang déi xing véi BF qua dudng thdng BD di qua trung diém canh

AC.

2) Biét tam gidc ABC vudng tai B, BAC = 60° va ban kinh cda dudng tron (O) bang R. Hay tinh

ban kinh cla dudng tron (Ol) bang R.

L&i gidi
G
B
0
Dy \M
A
¥ g

1) Goi G=DF 1 (0) thi GE la dung kinh cda (O).

Ta c6 EA = EC. Goi M la trung diém cta AC suyra G, M, O, E thdng hang.
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Do d6 ZGBE =90°, ma ZGMD = 90° nén t gidc BDMG néi tiép dudng tron dudng kinh GD.

Ta cé MBD =DGM = FGE =FBE. Suy ra BF va BM d8i xiing nhau qua BD.
2) Khi ABC = 90°, BAC = 60° thi AB = R, BC =R+/3, AC = 2R.

Theo tinh chat phan gidc — DA _ AB 1

= DC =+/3DA.
DC BC f va

DA:(JE—l)R; DM:R—DA=(2—\/§)R
Két hgp véi DA+DC =2R suy ra )
DE = ME? + MD? = 24/2-+/3R

Vay ban kinh dusng tron (Ol) bing 2v2-+/3R.

Cau V. D6 dai ba canh cla tam gidc ABC la ba sé nguyén t6. Chiing minh rdng dién tich cta tam
gidc ABC khoéng thé Ia s6 nguyén.

L&i giai

Gid s a, b, ¢ 1a cdc s6 nguyén t6 va la dd dai cdc canh cla tam gidc ABC.
Pat P, S thd tu la chu vi, dién tich cta tam giac ABC.

Ta c6 165° =P(P—2a)(P-2b)(P-2c). (1)

Gidsir'S lasétunhién. TU (1) suyra P=a+b+c laséchan.

Néu a, b, c cé mét s6 chdn va hai s8 18, gid st a chdn thi a = 2.

Néu b=c thi o—c[>2=a,v8ly

Néub=c thi S*=b’-1=(b-S)(b+S)=1. (2)

Béng thic (2) khéng xdy ra vi b, S 1a céc s6 ty nhién.

Cau VI Gidstr a,, a

12 727 ll

1a cdc s8 nguyén dudng I18n han bang 2, d6i mdt khac nhau va thda
man a, +a, +..+a,, =407. Tén tai hay khdong sé nguyén dusng n sao cho téng cédc s6 du cla céc

phép chia n cho 22 s a 4a,, 4a,, .., 4a,, bang 2012.

1 2’ i’ 11’
Lgi giai

Gia s ton tai s6 nguyén duong n thda man dé bai, ta ludn cé téng céc sé du trong phép chia n
cho a,, a,, ..., a,, khdng thé vugt qud 407 -11 =396; cho cdc s6 4a,,4a

1 oy

4a,, khong vugt qua
1’ 2’ o 11’4a 4a 4 11

khong thé vugt qud 396 + 1617 = 2013. K&t hgp véi gid thiét téng cdc s6 du bang 2012, suy ra
khi chia n cho 22 sé trén thi cé 21 phép chia cd s6 du I6n nhat va mdt phép chia cé s6 du nhd hon

PR

4.407 - 11 = 1617. Suy ra téng céc s6 du trong phép chia n cho cédc sé a

s8 chia 2 dan vi.

Do d6 ton tai k sao cho a,,4a, thda man diéu kién trén. Khi dé mot trong haisé n + 1; n + 2
chia hét cho a,, s6 con lai chia hét cho 4a,. Suy ra UCLN (n+1;n+ 2) >a, >2,diéu nay khong
ding. Vay khdng tén tai n thda man dé ra.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho céc sb thuc dusng a, b; a#b.

(a-b) _—byb+2ava
(\/_—\/5) +3a+3\/£:0
ava-bvb b-a '

Ching minh rang

L3 gidi

=B b i2aVa

(Va-b) ,3a+3Vab
ava-bb b-a

Ja-b) (va++b)

SROEERD ~byb +2ava

(o b 3a(a +b)

D

_a a+3a\/g+3b\/g+b\/g+23\/;_ 3\/5
(\/g—\/g)(a+\/£+b) Ja-+b

_3ava+3avb +3bva-3ava-3avb -3bVa
(Jg—\/g)(a+ ab +b)

Q=

=0 (diéu phai chitng minh).

Cau Il. Quang dudng AB dai 120km. Lic 7 gis sdng mdt xe mdy di tir A dén B. Di dudc % quang
dudng, xe bi hdng phai dirng lai 10 phut dé sira réi di ti€p vai van téc kém van téc lic dau
3

10km/h. Biét xe mdy dén B Itdc 11 gid 40 pht trua cing ngay. Gid st van tdc xe mdy trén 2

quang dudng dau khéng ddi va van téc xe mdy trén % quang dudng con lai cling khéng ddi .Hoi

xe mdy bi hdng lic may gig?
Lgi giai

Goi van téc trén % quang dudng ban dau la x (km/h) (x > 10).

Thi van téc trén % quang dudng sau la x-10 (km/h).
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Thai gian di trén % quang dudng ban d4u I3 20 (gig).
X
i oA 1 ~ . . 30, .,
Thai gian di trén 2 quang dudng sau la — (gid).
X

Vi thai gian di cd 2 quang duong la 11 gis 40 phut -7 gid — 10 phut =% (9ig).

Ta cé phuadng trinh:

90 30 9 180(x-10)  60x 9x(x—10)
x x-10 2 2x(x-10) 2x(x-10) 2x(x-10)

< 240x —1800 =9x* —90x <> 9x* —330x +1800 = 0.

Gidi ra x =30 thda man diéu kién. Thdi gian di trén % quang dudng ban dau % =3 (gid).
Vay xe hdng luc 10 gis.
Cau lIl. Trong mat phang toa d& Oxy, cho Parabol (P) :y =x* va dudng thdng
(d) Yy = —g(m+l)x+l (m |a tham s6 ).
3
1) Chidng minh rang véi mdi gid tri cila m dudng thang ( ) ( ) tai 2 diém phéan biét.
2) Goi x,; x, la la hoanh d6 cac giao diém (d) va (P) dat f( ) X +(m+1)x2 - X.
Chdng minh rang: f(xl)—f(xz) :_?l(xl - X, )3.

L&i giai
2

y =X
7 A hY y:x
1) Xét hé phuang trinh L’_ 2(2+1)x+%<:>{3x2 +2(m+1)x—1=0 (1)

Phugng trinh (1) cd hé sé a va c trdi ddu nén ludn cé 2 nghiém phan biét moi m nén (P) va (d)

ludn cat nhau tai 2 diém phan biét véi moi m.

—2(m+1)
X, +X, =——F—=
2) Theo Viét 3 PN

= 2[1‘(x1)—f(x2 )] = —[(xl —xz)(xl2 +x,% = 2X,X, )}
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= Z[f(xl)—f(xz)} =—(x1 —x2)3.

Vay £(x,)-f(x) === (x,x,)’"

Cau IV. Cho t& gidc ABCD néi ti€p dudng tron (O) duong kinh AC =2R. Goi K, M theo thd tu la
chan cdc dusng vubng géc ha tr A va C xudng BD, E |a giao diém cla AC va BD, biét K thudc
doan BE (K #B; K # E). Dudng thing di qua K song song vdi BC cat AC tai P.

1) Chiing minh t gidc AKPD ndi ti€p dudng tron.

2) Chiing minh KP L PM.

3) Biét ABD =60° va AK = x . Tinh BD theo R va x.

Li giai

D
1) Tacé PAD = PKD (cung bang Cﬁ) nén t gidc AKPD ndi tiép.
2) Vit gidc AKPD ndi tiép nén APD = AKD = 90° = DPC = DMC = 90°
= MDCP Ia t( gidc ndi tiép = MPD =MCD.
Ma MCD = ACB (cung phu véi 2 géc bang nhau la MDC = A/C\B) béb MPD = ACB.
Lai cd APK = ACB (@éng vi ) nén MPD = APK.
Mat khac MPD +MPE = 90° = APK +MPE = 90° suy ra KP 1L PM.
3) Tacé AD=R\3.
Ap dung dinh ly Pytago vao tam gidc vubng AKD vudng tai K, ta dudc KD = m

Xét tam gidc BAK vuong tai K cé ABK = 60° = BK = AK.cot ABK = %
3

Véy BD = BK +KD = = +~/3R? —x? (ddn vi db dai).

V3

x(x*> —56
Cau V. Gidi phuong trinh: ( ) 21x+22

4.
4-7x x3+2
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L3i gidi

Diéu kién xac dinh: x;t;; x %32,

Pit4-7x=b;x’+2=g3; (a;b;tO).

s {x3—56x=x3+2+8(4—7x)—34=a+8b—34
21x+24 =-3(4-7x)+34=32-3b

a+8b-34 34-3b

Ta ¢ phudng trinh =4 < a’+8ab—-34a-34b+3b* =4ab

a
@(a+b)(a+3b—34)=o@[a+b=0 .
a+3b=34
xX=2
Véia+b=0 tacéd x° ~7x+6=0 < (x-1)(x-2)(x+3) =0 < | x=-3 (thod man).
x=1
x=-1

Véia+3b=34 tacd x* -21x+20=0 < (><+ 1)(x+4)(x—5) =0 < | x=-4 (thod man).

x=5
Vay tép nghiém cda phudng trinh la S = {—4;—3;—1;1;2;5}.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. Gid s a, b, ¢, x, y, z 1a cdc s6 thuc khdc 0 théda man 3+9+£=O va XY Z g
X y z a b c
Ching minh ring X+ Y+ Z 1
(ng minh rang a_2+b_2+c_2_ .
L&i gidi
X y z xyz2 x>y Z Xy yz Xz
Tach: —+—+—=1l|—+-+—| =l —+—=+—+2| —+—+—|=1
a b c a c a®> b ¢ ab bc ac
2 2 2
<:>X__‘_y__‘_z__‘_2 CXy +ayz + bxz 1 (*)
a® b° ¢ abc
TUE+E+E=O<:>ayZ+bXZ+CXy=O<:>ayz+bxz+cxy=0thayvéo (*),taduqc
X y z Xyz
2 2 2
x: y° oz
a—2+§+c—2=1.

CAu II. Tim tat ca céc s6 thuc x, y, z thda man x\/l—y2 +yN2-722 +23-x* =3,

Li gidi
Diéu kién xdac dinh ‘x‘ <A/3; M <1, ‘z‘ <2.
3 2 2
Ap dung bat dang thiic AB < ta cé
2.1 .2 2 2 2 3
x\/l—y2+y\/2—zz+2\/3—x2£x tl-y Y +§ z L,z +2 X _3
x=4/1-y? x2+y?=1 x*=1 x=1
Dau"="xayrakhily=v2-z2> oy’ +z2° =2y’ =0=1y=0 .

SR I > ZZ+x*=3 |Z°=2 z=+2
Vay cap s6 (x;y;z) thoa man I3 (x;y;z) = (1;0;\/5).

2.6.10...(4n—2)

(n+ 5)(n +6)...(2n)

Cau lll. Ching minh rang véi méi sé nguyén n>6 thisé a =1+ la mbt s6
chinh phudng.

Lgi giai

2[1.35.(2n-1)](n+4)!  2%(n+4)!

(2n)! =1+ 2.4.6..2n

Tacé:a =1+
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2“.1.2.3...n(n + 1)(n + 2)(n + 3)(n + 4)

2".1.23.4.n
Vi n nguyén nén a_la sé chinh phuong.

=1+ =1+(n+1)(n+2)(n+3)(n+4)=(n2+5n+5)2.

Cau IV. Cho a, b, ¢ 1a céc s6 thuc dusng abc = 1.

. . N 1 1 1 3
Chdng minh rang + <=,
ab+a+2 bc+b+2 ca+c+2 4
Lgi gidi
bat a_5 b:x, =—,taco
y z X
1 1 1 vz ZX Xy
= + + = + +
ab+a+2 bc+b+2 ca+c+2 Xy+xz+2yz Xy+YyzZ+2XZ XzZ+yz+2xy
o3-p=1-—Y2 92 g X
Xy + Xz +2yz Xy +yzZ+2xz XZ+YyzZ+2xy

1 1 1
©3-P=(xy+yz+xz) + +
XY +XZ+2yZ Xy+YzZ+2XZ XZ+yz+2xy

9 9
(xy+yz+xz) ==
4xy +4yz+4xz 4
p<c3 2.3
4 4
. s XY+ YZ+2XZ =Xy +2yZ 4+ XZ =2XY +YZ + XZ
Dau " =" xay ra khi 1 o x=y=z=1.
Xyz =

Cau V. Cho hinh vuéng ABCD vdéi tdm O. Goi M la trung diém AB céc diém N, P thuéc BC, CD
sao cho MN// AP. Chiing minh ring

1) Tam gidc BNO dbéng dang véi tam gidc DOP va NOP = 45°.

2) TAm dudng tron ngoai tiép tam gidc NOP thubc OC.

3) Ba dudng thang BD, AN, PM déng quy.

L&i giai
1) D5t AB=a, ta cé6 AC =BD = av2. A M B
Ta cé AP//MN va BN//AD = DAP = MNB

2
— AADPoANBM = BM _BN _ pnpp-2

DP  AD 2" Q
) l
M3 OB.OD = % nén OB.OD =BN.DP 0
K
oD DP

=N "08 = ABNO< ADOP (c.g.c) N
— BON =0PD
— NOP =180° —-BON - POD D P C

—180°—OPD - POD = ODP = 45°.
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2) Theo chiing minh trén, ta c6 ABNO«» ADOP = ON = o8 = @

OP DP DP
Ma ODP = NOP = 45° nén ADOP < AONP (c.g.c) = DOP = ONP
= DO |3 ti€p tuyén cha dudng tron ngoai tiép tam gidc OPN.
Mat khdc OD L OC nén tdm dudng tron ngoai ti€p tam gidc OPN thudc OC.
3) Goi giao diém cha BD vdi MN va AP lan lugtla Q va K.
QM:BM;QZDF’:QM:E:Q_M:%. (1)
QN BN KA AD QN KA KP KA
Gid st MP c3t AN tai | va KI cat MN tai H.

HM HN (2)

Ap dung dinh Ii Thales, ta c6 — = —.
PK KA

Ap dung tinh chat tia phan gidc, ta ¢

TU (1) va (2) suy ra %:%QQEH'

V4y ba dudng thang BD, PM, AN déng quy.
Cau VI. Cé bao nhiéu tdp hgp con A cua tap hap {1;2;3;4;...;2014} thda man diéu kién A cé it

2
nhat 2 phantirva néu xe A, y e A, x>y, thi Y _cA
X—-y

Lai giai
V4i mbi tép A Ia tap con cda S ={1;2;3;..;2014} théa méan dé bai, goi a va b 1an lugt I3 phan tir
nhod nhat va 18n nhat cda A (a, beS, a< b).

Ta ching minh b < 2a, that vay, gid si b > 2a.
2

e A.

Theo gia thiét ¢ = —
b-a
2 2

> <— =a, mau thuan vdi a la phan t& nhd nhat cha A.
-a a

a

Mab>2a=>b-a>a>0=c=

Vay b < 2a.
Goi d 13 phan tif I16n nhat cta tip B = A\{b}.
2

b-d

Ta ching minh b > 2d. Thit vy gid s b < 2d, theo gid thiétthi d<b=e= e A

2

Ma b < 2d nén O<b—d<d:e>%=d.

2

SuyraeeA nhunge¢gB=e=b=> =b=>d? =b? —bd = 5d? = 4b? — 4bd + d? =(2b—d)2

(m&u thudn vi VP 13 s6 chinh phuang, VT khdng la sé chinh phudng).

Vidy b>2d = 2d<b<2a=d<a.

Ma a<d (a va d 1an lugt |a phan t& nhd nhat va I6n nhat cia B) nén a=d = b = 2a.
Vay A= {a;2a}.

Kiém tra lai ta thdy A thda man dé bai.
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ViaeS va2aeS nén 2<2a<2014 =1<a<1007.

Vay s6 tdp con A théa man dé baila 1007 tép.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

e Gl
Cau I. Cho bidu thic P = 2 a véi a>0,b>0,a%b.

a  b° (a b
b? a’ \b a

1) Ching minh P :i.
ab

2) Gia s a, b thay d&i sao cho 4a+b++ab=1.Tim gid tri nho nhat cda P.
Lai giai

1 1Y) a’? b* ab)a-b)

a B ab ab ab )\ ab

a

b
i+ﬁ_ a,b g +b4 ~ a3b+ab3
b2 aZ b a aZbZ aZbZ a2b2 aZbZ

(az b2 +ab](a—b)2 (a® ~b)(a-b)
b

B ab a’b? B PERE VL
© a'+b*—a’b-ab’? _(33—b3)(a—b)_ab
a’b? a2b?
1
Viy P=—.
Yy =b
2) Ap dung BDT Cosi cho hai s6 dudng 4a va b ta cé:
da+b>2\4ab =4ab = 1=4a+b++/ab >5vab < abs%<:>0<ab£%:>P:ib225.
a
5 1
b=4a>0 = 10
D&u bang xay ra khi = b=4a>0 10,
4atb+ab=1 |l0a=1 b2
5
VéyminP=25<:>a=i,b=z.
10 5
X—my=2-4m

vdi m la tham sé.

Cau Il. Cho hé phuong trinh
mx+y =3m+1

1) Gidi hé phuadng trinh khi m = 2.

2) Chiing minh hé ludn c6 nghiém vdéi moi gia tri cia m. Gia s« (xo;yo) la mot nghiém cda hé.

Chdng minh ddng thdc x> +vy,’ —5(xO + yo)+ 10=0.
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Lai giai
1) Thay m =2, hé phudng trinh da cho trd thanh:

19 8
x-2y=—6 [2x—4y=-12 [-By=-19 |Y™ 7§ =5
xty=7 |2x+y=7 |2xty=7 = 19 _° 19"
X+y = y= Y= 2+ =27 |y=

Vay hé phuong trinh d3 cho ¢ nghiém duy nhat (g%]

, [ x—-my=2-4m X=my+2—-4m
2) Ta cé:
mx+y=3m+1  |m(my+2-4m)+y=3m+1
x:my+2_4m X=my+2-4m (1)
2 2 = 2 2 :
my+2m-4m°+y=3m+1 (m +1)y:m+1+4m (2)
Phuong trinh (2) |a phudng trinh bdc nhat 8ny cé hé s8 a=m? +1 =0, Ym nén phudng trinh (2)
2
c6 nghiém duy nhat y :m+12—+4m’ vm
m°+1

m? +m+4m®+2(m? +1)-4m(m? +1 2 _
Thay vao (1) ta dugdc: x=my +2—-4m= ( ) ( ):3m 3m+2

m’ +1 m’ +1
2 2
Do d4: V m, hé phudng trinh da cho cé nghiém duy nhat (xo;yo) = 3m 23m+2;m+12+4m .
m-+1 m-+1

x —my =2-4m |m(y,—4)=x,-2
Vi (xo;yo) la nghiém clia hé phudng trinh da cho nén{ o ~MYo <:>{ ( 0 ) 0

mx, +Y,=3m+1 " |1-y,=m(x,-3)
Xét m=0= x, =2 va y, =1. Khidé (*) ding.
Xét m=0. Tacé: m(yO —4)(1—y0) — m(x0 —2)(xO —3) < -y, +5y, -4 =x,"-5x,+6
<:>x02+y02—5(x0+y0)+10:0.
Vay dang thic can chiing minh ddng véi moi m.
Cau lll. Cho a, b la céc sé thuc khic 0. Biét rang phuong trinh a(a—x)2 +b(x—b)2 =0 c6 nghiém
duy nhét. Chidng minh ‘a‘ = ‘b‘
Lgi giai
Phuong trinh da cho tudng duang vdi
a(x2—2ax+a2)+b(x2 —2bx+b2)=0<:>ax2—2a2x+a3+bx2—2b2x+b3 =0
& (a+b)x? —2x(a2 +b2)+a3 +b®=0.
eXéta+b =0 b=-a, phudng trinh (1) trd thanh:
—2x(a2 +az)+a3—a3 =0 4a’x=0=x=0 (do a;tO).

Do @6 véi a+b =0 thi (1) c6 nghiém duy nhét x =0.
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o Xét a+b#0. Khi dd (1) Ia phuong trinh bac hai dn x.

Phuang trinh (1) c6 nghiém duy nhat khi va chi khi

A=(a?+b?) ~(a+b)(a® +b*) =0 & a* +2a%? +b* —(a* +ab® +a%b+b*) =0

o 2a’b’—ab’-a’b=0< -abla-b)’=0<=a=b (do ab # 0)

Két luan: Phugng trinh da cho c6 nghiém duy nhét khi va chi khi b = +a < [a| =|b|-

Cau IV. Cho tam gidc ABC cd6 céc géc A/B\C; ACB nhon va BAC = 60°. Cac dudng phén gidc
trong BB,, CC, cuia tam gidc ABC cdt nhau tai I.

1) Chiing minh t gidc AB,IC, ndi tiép.

2) Goi K la giao diém th( hai (khdc B) cha dusng thang BC véi dudng tron ngoai tiép tam gidc
BC,I. Chiing minh t gidc CKIB, ndi ti€p.

3) Ching minh AK L B,C,.

Lai giai

1) Ta c6 B,IC, =BIC (hai g6c déi dinh);

§IE=180°—I§E—IEI\3:180°—%—%=180°—wzl80°—%=120°

= B,IC, + BAC =120° +60° = 180°.

Ma hai géc nay la hai géc d6i nhau cuia t gidc AC,IB, nén tf gidc AC,IB, la td gidc ndi tiép.

2) Vit gide BC,IK la td gidc ndi tiép (gid thiét) nén BKI = A/C\ll (96c trong va gdéc ngoai dinh ddi
dién). (1)

Vit gidc AC,IB, la t gidc ndi tiép (chiing minh trén) nén A/C\ll = |§1T: (g6c trong va géc ngoai
dinh @i dién). (2)

Tir (1) va (2) suy ra 1B,C = BKI = 180° — CKI = IB,C + CKl = 180°.

Day la hai gdéc d6i cta t gidc CKIB, nén t gidc nay la td gidc ndi tiép.

3) Vi BCIK I3 tif gidc néi tiép nén BKC, = BIC, =180° - BIC = 60°
= CKC, =180°-BKC, =120° = CKC, + CAC, =180°.
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Suy ra tf gidc ACKC la tf gidc ndi tiép
= C/lKTA = C:C?A (hai géc ndi ti€p cung chan cung C A)

—_—

= C,AK =C,CK (hai géc ndi ti€p cting chan cung C K).

M3t khdc CC, I3 phén gidc C (gia thiét) nén C,CK = C,CA = C KA = C,AK.

Suy ra tam gidc C,AK cantai C, = C,A=CK. (3)

Tuong tu ta cé: BJA=BK. (4)

TU (3) va (4) suy ra C,B, la trung tryc ctia doan thdng AK = AK L B,C, (diéu phai chiing minh).

C4u V. Tim cdc s6 thuc khong am a va b théa man (az +b+%](b2 +a+%j = (23+%][2b+%].
Lai giai
1Y 1
Vdéi moi x, y khdng am, ta cé: [X_EJ >0 X v > X. (*)
,« ) C s e 1
Dau " =" xay ra khi va chi khi x =§.

TU (x—y)2 >0 X’ —2xy+y° 20 X* +2xy +y? 24xyc>(x+y)2 > 4xy. (**)

D4u "="xdyra x=y.

a2+b+§= a2+l +b+12a+b+l>0

. .. . 4 4 2 2

Ap dung BBT (*) vé8i Xx=a va x =b ta dudc N ¥ 1 1

b>’+a+>=|b’+= |[+a+=>b+a+=>0
4 4 2 2

2
= az+b+E b2+a+§ > a+b+l ) (1)
4 4 2

Ap dung BDT (* *) ta dudc:
2 2 2
atb+s| =|la+l| +lb+l] [2alas | b+l]=(2a41 | 20+1] (2)
2 4 4 4 4 2 2
TU (1) va (2) ta suy ra: a2+b+E b2+a+§ = 2a+l 2b+l .
4 4 2 2
D&u bang xay ra khi va chi khi a=b =%.

Vdy a=b :% la gid tri can tim.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 87



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul.1)Choa>0,a=1.

RGt gon biéu thitc S =6 - 442120 +14v2 +§f(a+3)va-3a-1: _a-l )
2(#5—1)
2) Cho x,y thdaman O0<x<1,0<y<1 va S A
1-x 1-y
Tinh gid tri cla biu thiic P = x+y +/x* —xy +y* .
L&i gidi
1) Ta cé S:\/6—4\/§.3/20+14\/§+3/(a+3)\/5—3a—1: . a-11 )
2(6—1)
:(2—6)(2+J§)+(J5—1):Lﬁ+1=2+2:4.
2(\/5—1)

X y 1+ 3xy
2)Tacol_x+ﬁ=1<:>2(x+y)=l+3xy<:>x+y: >
Thayx+y=1+3xy,tacé

P=x+y++/x>—xy+y?

=xX+y+ (x+y)2—3xy=

2 2
1+3xy+ 1+ 3xy _3Xy=1+3xy+ 1-3xy :1+3xy+|1—3xy|
2 2 2 2 2 | 2 |

Néu xy>% thi P =2.

Néu xy <% thi P = 3xy.

Cau |l. Mot xe tdi cd chiéu rong 2,4m va chiéu cao 2,5m mudn di qua mét céi cong cé hinh parabol.
Biét khodng cdch gilra hai chdn cng |a 4m va khodng céch tir dinh cdng (dinh parabol) t8i mbi chan
cong la 25 m (bd qua d6 day cda céng)

1) Trong mat phang toa d6 Oxy, goi parabol (P) :y =ax’ vdi a<0 I3 hinh biéu dién c6ng ma xe tai
mudn di qua. Chiing minh a=-1.

2) Hoi xe tai ¢ thé qua cong dudc khéng? Tai sao?

Lgi gidi
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1) Ap dung dinh ly Pytago ta cé M =4.

Thay x = 2, ta dudc 4:‘x‘.4 suyraa=-1=y=—x°

2) Thay x=1,2 tacd y=1,44.

Khodng cdch con lai 4-1,44 = 2,56 vay 6 t6 di qua dudgc.

Cau lll. Cho 2 s8 nguyén a, b thda man a2+b2+1=2(ab+a+b). Ching minh a va b la hai s8
chinh phuong lién tiép.

L&i giai

Ta cé a’ +b*+1=2(ab+a+b) < a’ +b’ +1—2ab+23—2b:4a<:>(a—b+1)2 =4a I3 s8 chinh
phuong suy ra a 1a sé chinh phudng a=x? (x 13 s& nguyén).

Suyra (Xz—b-‘rl)z = 4x* <:>x2—b+1=2xc>b=(x—1)2.

VAy a va b la hai s chinh phuadng lién tiép.

Cau IV. Cho tam gidc nhon ABC (AB< AC). M la trung diém cla canh BC. O Ia tdm clia dudng
tron ngoai tiép tam gidc. Cic dudng cao AD, BE, CF cla tam gidc ABC déng quy tai H. Céc tiép
tuyén vdéi (O) tai B, C cat nhau tai S. Goi X, Y l1an lugt |a giao diém cla dudng thing EF véi céc
dudng thang BS, AO. Chiing minh rang:

1) MX L BF.

2) Hai tam gidc SMX va DHF dbéng dang.

5 EF_BC
Fy CD
Lgi giai

1) Ta cé BE, CF, AD la ba dudng cao.
Suy ra céc t’ gidc BFHD, BFEC, BFEC ndi tép

— ACB = XFB = FBX (cung chan cung AB, géc trong bang gdc ngoai déi dién).
Tam gidc BXF cén suy ra XF = XB.
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Vi M la trung diém cha BC nén FM la trung tuyén suy ra FM = MB.
Vay XM la trung truc BF hay MX L BF.
2) Xét hai tam gidc FHD va tam gidc XMS.
Ta c6 DFH = SXM (Vi cing phu véi hai géc bang nhau);
FDH = FBH = BSM (cung phu véi hai géc bang nhau).
Vay hai tam gidc SMX va DHF déng dang.
3) Ta chidng minh dudc tam gidc AFE déng dang tam gidc ACB va tam gidc AFY déng dang tam
giac ADC suy ra EF =£.
Fy CD
Cau V. Trong mat phang toa d6 Oxy, cho tam gidc ABC cé cdc dinh la cdc diém nguyén (mdt diém
dugc goi la diém nguyén néu hoanh d6 va tung do cla diém dé la cédc s6 nguyén). Chiing minh rang

hai 1an dién tich cGa tam gidc ABC 1a m6t s6 nguyén.

Lai giai
B
T
S C
R A
o P D N

bat A(xz;yz); B(x3;y3); C(xl;yl) thi P cé hoanh d6 la x,; D cé hoanh d6 x,, N cé hoanh d6 la
X, R cédtungdd y,,S cdtungddlay,, T cédtungddlay,..

1 1 1
SABC = SCBNP _SABND _SADPC :E(Va o yz)(x3 _x1)_§(y3 +V2)(X3 _xz)_z(yz +y1)(xz _xl)

1
= E(y3x3 TVYX) TYOX FYOX T VX TV X, VXS T YOX, TV X, FYLX Y X ylxl)

1 1 L
B E(_V3X1 —Y X TY3X, +y2X1) :Exl (y2 —y1)+§V3 (X2 _Xl)
:>2$ABC= X, (yz _y1)+y3 (XZ _Xl)'

Vi cdc toa db |a cdc s6 nguyén vay dién tich hai lan dién tich tam gidc ABC 13 s6 nguyén.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau . Cho biéuthic p=| ——2*a__, _ 1-2 L 1-Ylvsio<a<
Vi+a-Vl-a +1-a2-1+a)\Va a

Chdng minh rang P = -1.

Lai giai

Diéu kién xdac dinh cda biéu thic O<a<1

)

_\/1+a—\/1—a J1-a2-1+a

\/E l1-a —
_\/1+a—\/1—a+\/(1_a)(1+a [V __J
__\/1+a—\/1—a \/(14_3)_\/1_3 a a
:M+ﬂ'~/(l—a)(1+a)—1_mwg‘—(m_@)z

Vi+a-+1-a a J1ra-+1-a 2a
_(\/1+a—\/1—e;l(\/l+a+\/l—a) _ _zzaa A

Vay P = -1 hay bai todn dudc chiing minh.

Cau Il. Cho parabol (P) :y =—x* va dudng thing (d) 1y =2mx—1 véi m la tham sé6.

1) Tim toa d6 giao diém cla (d) va (P) khi m=1.

2) Chiing minh véi mé&i gid tri cia m thi (d) luén c3t (P) tai hai diém phén biét A, B. Goi y,, y, la
tung d6 cta A, B. Tim m sao cho ‘ ‘ 3\/_

L&i giai

1) Goi (xo,yo) |a toa dd giao diém cla d va (P) khi m =1 . Khi dé ta cé hé phuong trinh sau:

2 __ __
{yo— %o :x02+2x0—1=0:> 1+\/— Yo 3+242
Yo =2%, -1 L=-1- 2 yo=-3-22

Vay toa db giao diém cta d va (P) khi m =113 (—1+J§;—3 + 2\/5) va (—1—\/5;—3 —2\/5)

2) Goi (x,.Y, ) la toa d6 giao diém cdia d va (P). Tudng ty ta c6 x,” +2mx, —-1=0
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Phudng trinh trén 13 phuong trinh bac hai cé A =4m? +4 >0 véi moi m nén phudng trinh ludn cé
2 nghiém phan biét hay d ludn ct (P) tai hai diém phén biét A va B.

Goi x,,x, la hoanh d6 cla A va B. Theo hé thic Viét ta cé x, +x, = —2m;x x, = -1

=2mx, -1
Tacé Y1 g
y, =2mx, -1

Sy 12, 345 & m, 1) (2, 1|35 e {2 [, +2,)1]

2N ‘4m(xf —><§)[m(xl +x2)—1]‘ = ‘4m(2m2 +1)(><1 —xz)

= 4(2m2 + 1)‘m(x1 -x, )‘

Ta tinh ‘xl —xz‘ = \/(xl —xz)2 = \/(xl +x2)2 —4x,x, = Nam? + 4 = 23m? +1
Khi @6 ‘ylz —yzz‘ -3/5 = 8(2m2 +1)x/m2 +1 ‘m‘ Binh phuadng hai vé ta cé
v -y, =45 16(4m* +4m’ +1)(4m* + 4m® ) = 45

Dat 4m* +4m” =t > 0 .Khi d6 phuong trinh trén trd thanh 16t +16t-45=0<t :%(v‘. t>0)

Suyra 16m* +16m’-5=0 < m’ =%<:>m=i%
1
Vay véi m= +§ ta dugc ‘ -y, ‘ 3\/_
Cau Il. Mét ngudi di xe mdy tU dia diém A dén dia diém B cdch nhau 120km. Van téc trén %

quang dusng AB dau khéng déi, van téc trén % quang dudng AB sau bang % van téc trén 3

IN

quang dudng AB dau. Khi dén B, ngudi dé nghi 30 phut va tré lai A vdi van téc I8n hon van téc
trén % quang dudng AB dau tién ldc di la 10km/h. Thai gian ké tir ldc xuat phét tai A dén khi xe

trd vé A 1a 8,5 gid. Tinh van toc cla xe mdy trén quang dudng ngudi dé di tur B vé A?
Li giai

Goi x la van t6c xe mdy da di trén % quang dusng AB sau (x > O)

Van t6c xe mdy di trén % quang dudng AB d4u 1a 2x. Van téc xe may di ti B tréd vé A 1a 2x+10

TacophUdngtrmh@ 30,120 1 17,45,30, 080 g & (x-15)(8x+25)=0
2x  x 2x+10 2 2 X X x+5

Vi 8x+25>0 tadudc x—15=0 hay x=15.
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Vay van t6c xe mdy di tu B vé A la 2x+10 =40 (km/h).

Cau IV. Cho ba diém A, M, B phan biét, thang hang va M nam gilra A, B. Trén cung mét nlfa mat
phang bg 1a dudng thdng AB, dung hai tam gidc déu AMC va BMD. Goi P |a giao diém cha AD
va BC.

1) Chiing minh rang AMPC va BMPD |a céc td gidc ndi tiép.

2) Chiing minh ring CP.CB +~/DP.DA = AB.

3) Dudng thang néi tdm clha hai dudng tron ngoai ti€p hai t gidc AMPC va BMPD cat PA, PB
tuong Ung tai E, F. Chdng minh rang t& gidc CDFE 1a hinh thang.

Li giai

1) Ta c6 AM = CM;MD = MB; AMD = CMB

Suyra ACMB = AAMD = BCM = DAM;:MBC = MDA

Suy ra td gidc CPMA va t gidc MPDB néi tiép

2) Vi MPB = MDB = CMA = 60°. Suy ra 180° — CMA = 180° - BPM = CPM = CMB lai c6 BCM

chung nén AMPC «» ABMC suy ra CP.CB=CM?

Chuing minh tugng tu ta c6 DP.DA = AM? . Khi d6 \/CP.CB ++DP.DA =AM +/CM? = AB
3) D& chiing minh dudc CDFE Ia hinh thang ta cadn chiing minh dugc CE song song vdéi DF. Dé y ta
thay EF la truc d6i xing clla PM. Ma do ta d3 ¢é APM = BPM = 60° nén ta d& dang suy ra dudc

PEMF Ia hinh thoi. Ma theo dinh ly Talets ta cé E= AM h AE _MF

ay = .
AP AB AC MD

Mat khac ta lai cé CAE =PMD nén tam gidc ACE dbng dang véi tam gidc MDF.

Do d6 CFM = CEA , tUr day ta suy ra DF son song vdi CE.
Vay CEDF la hinh thang.
Cau V. Cho a, b, ¢ la ba sé thuc khong d&m vathdaman a+b+c =1.

Ching minh: v5a+4 ++/5b+4 +~/5¢c+4 > 7.
Lai giai
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TU gid thiéttacé 0<a,b,c<1=a’ <a;b’ <b;c® <c.Tu d4 ta dugc

Jba+4 =+atdat+d>al+4a+4=a+2
VBb+4 =b+4b+4 >\b*+4b+4 =b+2

V5c+4 =+Jc+dc+a4 > +4c+4=c+2

Céng theo V& cic bat ddng thuc trén ta dudc v5a+4 +v5b+4 +y/5c+4 >a+b+c+6=7

Vay bai todn dudc chiing minh. Dang thdc xay ra tai a=1;b =c =0 va cdc hodn vi.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. Chdng minh biéu thdc sau nhan gid tri nguyén duong vdi moi gid tri nguyén dudng cda n.

P:[\/n2+(n+l)2 +\/(n—1)2+n2}/4n2+2—2m.

Li giai
Bién ddi cdc biéu thic trong can thic ta dudc

A2 +2-24an* +1 =407 +2— 2\/(2n2 + 1)2 _4n?

:2n2+2n+1—2\/(2n2+1—2n)(2n2+l+2n)+2n2—2n+1

2
=(\/2n2+2n+1—\/2n2—2n+1)

T d6 ta duoe \An? +2 —2v4n* +1 =v2n? +2n+1 —27 —2n+1 . Do &6
P:(\/nz +(n+1)2 +\/(n—1)2 +n2]\/4n2 +2-2V4n" +1

=(\/2n2 +2n+1 +2n2 —2n+1)(\/2n2 +2n+1—~2n? —2n+1)

=(2n* +2n+1-2n" +2n-1) = 4n
Vay P nhén gid tri nguyén dudng véi n la s6 nguyén duong.

Cau . 1) Tim cdc s6 nguyén dudng x, y théa man x® —y® = 95(x2 +y2).

A, 2
2) Tim céc sé thuc x, y thda man > 4+y 4+8:4(\/><—1+ y—l).
X y

L&i giai

1) B4t d=(x,y) khi dé x=da;y =db véi a,beN" va (ab)=1.

Va phuong trinh trd thanh d(a—b)(a2 +ab+b2) = 95(a2 +b2)

Vi (@ +b2 a2 +ab+b?) =1 nén a®+ab+b® = (a—b) —3ab I3 udc ctia 95="5.19,, udc nay chia 3 du
1 hodic 0 va I6n hon 1 nén chi cé thé I3 19, nhu vay (a—b)2 —~3ab=19

a-b=1 {a:G x =195

&
ab=6 b=2 y =130
Vay cdp sé nguyén dugng thda man bai toan Ia (x;y) = (195;130)

Ttrdétaduqc{ :>d=65:{
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2) TU hé thidc bai todn cho ta cb diéu kién xdc dinh 1a x> 1;y > 1. Hé thlc d3 cho cd chita cd bién &
mau va chifa cd can thic bic hai, do d6 dé tim dugc cdc x, y thda man ta sé bién d6i hé thic da

cho vé dang t8ng céc binh phudng. Ta ¢é

X2‘4+V2;4+8=4(\/x—1+w/y-1)

X
- X =4 Axyx-1 +4+y2—4_4\/y—1 1420
X X y 14
@%(xz —4+4Xx/x—1+4x)+%(y2—4+4y\/y—1 +4y):0
<:>l(x—2x/><—1)2+l(y—2\/y—1)2 =0
X y

R e I R B o =

Th lai ta thay (x;y) = (2;2) théa man yéu cau bai todn.

Cau ll. Cho S |2 tip cdc s6 nguyén dudng n cé dang n = x* + 3y?, trong dé x, y |a cdc s6 nguyén.
Chdng minh rang:
1) Néu a,beS thi abeS.

2) Néu NeS va N 1a s chdn thi N chia hét cho 4 va %ES.
Lai giai
1) Tacd a,beS nén a=m”+3n° va b=p? +3qg° véim, n, p, q la cdc s6 nguyén. Khi d6 ta cé
ab= (m2 + 3n2)(p2 + 3q2) =m?’p? +3n’p? + 3m’q® + 9n’q?
= (mzp2 +6mnpq + 9n’q” ) + 3(m2q2 —-2mnpq + nzpz)
= (mp + nq)2 + 3(mq - np)2
Dovay abeS.
2) Do NeS néntacé N=x*+3y” véix, yla cdc s6 nguyén va do N |3 s6 chdn nén x, y cé cling
tinh chan 1é. Ta xét cc truong hgp sau
+ Xét trudng hdp x va y déu la s6 chan. Khi dé dé thay N chia hét cho 4.
. .., N > N
bat x=2a;y:2b(a,beZ), khi @6 Z:a +3b” nén ZeS.
+ Xét truting hgp x va y déu la s6 Ié. Khi d6 ddt x =2a+ 1y =2b+1(abeZ)
Tacé N=x?+3y? =(2a+1) +3(2b+1) =4a® +4a+12b” +12b+4 nén N chia hét cho 4.

M3t khdc do x, y 1a cdc s6 18 nén x*> —y?:8 nén x—3y:4 hodc x+3y:4.

2 2
Véi x—3y:4 ta dudc N_[x=3v] 5[V pen Nes
4 4 4 4
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Véi x+3yi4 ta dudc ﬂ:(x_3yj2 +3[ﬂ]2 nen Nes.
4 4 4 4
Vay bai todn dudgc ching minh.
Céu IV. Cho tam gidc ABC nhon c6 AB<AC. Ké dudng cao AH va dudng tron (O) dudng kinh
AH cédt cdc canh AB, AC tudng Ung tai D va E. Dudng thang DE cat dusng thang BC tai S.
1) Chiing minh rang t gidc BDEC ndi tiép dudng tron.
2) Chidng minh riing SB.SC = SH?.
3) Budng thang SO cit AB, AC tudng Ung tai M, N. Budng thdng DE cit HM va HN tudng Ung
tai P, Q. Chdng minh rang BP, CQ, AH déng quy.
Lai giai
1) Chidng minh rang t gidc BDEC ndi tiép dudng tron.
Ta c6 AED = AHD (cung chan cung AD) A
va AHD = ABH (cung phu D/I-EB). Do dé
suy ra AED =DBC nén t( gidc BDEC
ndi ti€p dudng tron. I

2) Chding minh ring SB.SC = SH?. \ 5

Xét hai tam gidc SBD va tam gidc SEC

c6 DSB chung va DBS = DEC (vita

gidc BDEC ndi tiép)
TU d6 suy ra tam gidc SBD déng dang vdi tam gidc SEC. Do d6 ta dugec SB.SC = SD.SE
Xét tam gidc SBH va tam gidc SEH cé DSH chung va SHD = SEH (cung chdn cung DH) nén suy
ra tam gidc SHD ddng dang tam gidc SEH. Do &6 ta dugc SH* = SD.SE
Két hdp céc két qua trén ta dudc SB.SC = SH?
3) Budng thang SO cdt AB, AC tudng Ung tai M, N. Budng thidng DE cidt HM va HN tuong Ung tai
P, Q. Chdng minh rang BP, CQ, AH déng quy

Ké dudng thdng HM’ song song véi AC (M’ thudc AB) va dudng thang HN’ song song vdi AB (N’
thudc AC). Khi d6 ta c6 AM’HN’ 13 hinh binh hanh. Suy ra M’, O, N’ thang hang. Ap dung dinh Iy

Menelaus vao tam gidc ABC véi ba diém S, D, E thdng hang ta cé SB EC AD _ 1

SC EA DB
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. . ,EC HC* , DB HB* , SB HC? HA? SB HC?
Matalaicé — = va — = nén ta dugc —. . =1l=>—. =
EA HA? DA HA? SC HA? HB? SC HB?
Ap dung dinh ly Talets ta cé HE = AM' 5 HC _CN nén suy ra SB AM' CN' _ 1

a—-= . —=

HB MB " HB AN’ SC BM' AN’
TU d6 suy ra ba diém S, M’,N’ thang hang, do d4 M trung vdi M’ va N trung véi N'. Tir d4 ta cé
AMHN I3 hinh binh hanh nén ta dudc PHE = HEC = 90° do dé PHE = HDB = 90°

M3 PEH = DHB nén DBH = E/PI\—| do dé t gidc BDPH néi tiép. Suy ra ta dudc BPH = 90° hay BP
vuong géc AC. Chidng minh tuadng tu CQ vubng géc AB.
Trong tam gidc ABC cd cdc dudng cao la AH, BP, CQ nén AH, BP, CQ déng quy.
Cau V. Gid st mbi diém cha mat phdng dudc té bdi mét trong ba mau xanh, dd, vang. Chdng minh
rang ton tai ba diém cling mau |a ba dinh cia mét tam gidc can.
Lai giai

Ta xét mot dudng tron tam C . Trén dudng tron

(C) 1dy ra hai ngd gidc déu A,AAA A, va p DS

17727 '3 4" 5

B.B.B.B,B. . Giad sir C dudc t6 mau xanh. Khi dé

172737475"

néu trong 10 diém A A_A.A A.BB.B.B,B. cé

1" '2° '3" 4" 57172737475
hai diém dudc t6 xanh thita cé diéu phaiching Al A

minh. Xét trong trudng hdp 10 diém chi cé

N ~ A . Vd . ~ B
nhiéu 1 diém dugc t6 xanh khi d6 trong hai ngt & B

A AA A.va BB.B.B,B, ton tai mot

gidc AAAA A, .B,B.B,B,
ngl gidc khéng cé diém dudgc td xanh.

Gid sif ngii gidc B,B,B,B,B, khong cé diém xanh khi d6 ton tai 3 dinh trong ngii gidc déu nay dudc

t6 cung mau.

Véy ta cé diéu phai chding minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

CAu . Cho biéu thic P = a —

1 b a’-b a-b
1-, =+ (a+ a+b
a a
va a+b % a’

1) Chiing minh rang P =a—b.

2) Timcdcsé a vab biétP=1vaa’-b*=7.
Lgi giai

1) Vi a,b>0;a=b;a+b=a’tacéd

a~—-a-2b—— 3, .2 2
:(a *+a +ab+ab+ b ]vc’ii a,b>0a%b

2

b
3
a-a-2b-— .(a3+a2+ab+a2b b J

P= a ; P X v
a” - a-
(1— 1+bZ](a+\/a+b

a* —a? —2ab-b? .a3+a2+ab+a2b+b(a+b)
( )(a+ﬁ). (a—b)(a+b)

_a (a+b) a (a+b)+(a+b)2

a —(a+b) (a+b)(a—b)

Tudétadudc P=a-b.

:[a2+a+b]:—aza+_agb=a—b

2)Vé8i a,b>0a=ba+b#a’tadudc P=a—b.Khi P=1 va a®-b>=7 tacd hé

a-b=1 —byl a-b=1 a=2
& S
a’-b®= a b)[(a b +3ab}:7 ab=2 b=1
Két hdp vdi diéu kién xdc dinh ta dudgc ( ): (2;1) thoa man yéu cau bai todn.

12

Cau . Gid st x, y la hai s6 thuc phan biét théa man ———+— = .
x+1 y*+1 xy+1

1 1 2
+

Tinh gid tri biéu thic P = — —+ )
x*+1 y*+1 xy+1

Lai giai

Thuc hién bién d&i gia thiét cha bai todn ta cé
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1 1 2 1 1 1 1
+ = = - + - =
x*+1 yv*+1 xy+1  x*+1 xy+1 y?*+1 xy+1

Ear P e R SO A MU R B

<:>y(x—y)(y2+1)+x(y—x)(x2+1):O<:>(x—y)2(xy—1):0

ta cé

Do x #y nén ta dudc xy =1. K&t hgp vdi gia thiét 21 + 1

x> +1 y2+1:xy+1

1 1 2 2 2 4 4
- - +

P: = = = =
x*+1 y*+1 xy+1 xy+1 xy+1 xy+1 1+1

Vaytadudc P=2.
Cau lll. Cho parabol (P) 1y =x? va dudng thang (d) 1y =—2ax—4a (Vi a latham sd).

A e . . 1
1) Tim toa d6 giao diém cua (d) va (P) khi a= 5
2) Tim tat ca cdc gid tri cha a dé dudng thang (d) cat (P) tai hai diém phan biét cé hoanh d6
X,, X, théa man ‘xl‘+‘x2‘ =3.
Lgi gidi
1) Khi a= —% thi duting thang (d) c6 phuong trinh y = x+2.
Hoanh d6 giao diém cla (d) va (P) la nghiém clia phuang trinh

X*=x+2ox'-x-2=0 xe{—l;Z}

TU d6 ta tim dugc toa db giao diém cula (d) va (P) la A(—l;l) va B(2;4).
2) Xét phuong trinh hoanh @6 cda (d) va (P) Ia x* +2ax+4a=0
D& (d) va (P) cit nhau tai hai diém phan biét thi phudng trinh hoanh dé phai cé hai nghiém phan
biét .
a<0

TUu dd ta cé A’=a2—4a=a(a—4)>0:{ .
a>4

X, +X, =—2a

Khi @6 theo hé thic Viét ta cé
XX, =4a

/ 2 2
Taco ‘xl‘+‘x2‘:3©(‘xl‘+‘x2‘) :9<:>(x1+x2) —2x1x2+2‘x1x2‘:9.

K&t hop vdi hé thic Vi - et ta dudc 4a® —8a+ \8a\ -9,
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+Véi a<0 ta dudc 432—8a+‘8a‘:9<:>4a2—16a—9:0:>a:—%,th6a man
+Vdi a> 4 ta dudc 4a2—83+‘8a‘:9<:>4a2 :9:>a:i§, khong théa man.

A l 2 ~ A A \ . Ve
Vay a= 5 thoa man yéu cau bai toan.

Cau IV. Anh nam di xe dap tir A dén C. Trén quang dudng AB ban dau (B nam gilta A va C). Anh
Nam di véi van t6¢c khéng d6i a(km/h) va thai gian di tir A dén B la 1,5 gid. Trén quing dusng BC
con lai anh Nam di chdm dan déu véi van téc tai thai diém t (tinh bang gid) ké tU B Ia

v=-8t+a (km/h). Quang dudng di dugc tir B dén thdi diém t dé 1a S = -4t +at. Tinh quang
dudng AB biét rang dén C xe dirng han va quang dudng BC dai 16km.

Lgi giai

Vi xe dén C dung han nén thdi gian xe di ti B dén C théda man —-8t+a=0=t :% do d4 quang

2

2
dudng BC I3 S:—4t2+at:16:>—4(%J +%=16@a2=256@a=16.

Tir dé ta dudc S,, =1,5.a = 24(km).

Cau V. Cho dudng tron (O) badn kinh R ngoai ti€p tam gidc ABC cd ba géc nhon. Céc tiép tuyén
cha dudng tron (O) tai cdc diém B, C cat nhau tai diém P. Goi D, E tudng Ung la chan dutng céc
dudng vudng gdc ké tir P xudng céc dusng thang AB va AC va M la trung diém canh BC.

1) Chidng minh rang MEP = MDP.

2) Gid st B, C c6 dinh va A chay trén (O) sao cho tam gidc ABC ludn la tam gidc cé ba géc

nhon. Chiing minh dutng thang DE ludn di qua mét diém c6 dinh.
3) Khi tam gidc ABC déu. Hay tinh dién tich tam gidc ADE theo R.
L&i giai
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1) Td gidc BDPM c6 BDP +BMP = 90° +90° = 180° nén néi tiép dudc, suy ra MBP = MDP .
Tuong tu ta cé td gidc CEPM ndi tiép dudng tron, do dd ta lai cd MCP = MEP.
M3t khdc do BP va CP Ia hai tiép tuyén cat nhau nén MBP = MCP.

— — -

TU d6 ta dugc MEP = MBP = MBP =MDP .

2) Ta c6 BAC + ABC+ ACB =180° va CBP + ABC + PBD =180°

Ma ta lai cé BAC = CBP nén ta duac ACB = PBD = DMP.

Mat khac ta cé ACB = MPE nén suy ra DMP = f\ﬁ tlr d6 ta dudc MD song song vdi PE.

Chuiing minh hoan toan tudng tu ta dugc ME song song véi PD.

Diéu nay dan dén t gidc MEPD la hinh binh hanh. Suy ra hai dudng chéo MP va DE ct nhau tai
trung diém | ciia mdi dudng.

Do B, C c8 dinh trén dudng tron (O) nén PM c8 dinh, do do | ¢6 dinh. Vay dudng thang DE ludn di
qua diém | ¢6 dinh.

3) Khi tam gidc ABC déu thita cé A, O, M, P thang hang va Al vuéng géc véi DE.

Dodétacd S, = %DE.AI. Do tam gidc ABC déu nén ta cé AB = RV3;0A =R.

3R, 3R_.3R_9R

Do d6 ta tinh dugc AM=—;Al=—+ )
2 2 4 4
Dé thady AABC «» AADE nén ta dudc g—g =% =%. Do dé suy ra DE =¥

2
Tudétaces,, - L IR IRVE_27R°V3

— (dvdt)
2 4 2 16

S 7 ~ A A > ~ A oA A X1+X2+...+X9:10
Cau VI. Cac s6 thuc khéng am x; x,; ...; X, thoa man hé diéu kién .
X, +2x, +..+9x, =18

Chdng minh rang 1.19x, +2.18x, +3.17x, +...+9.11x, > 270.
Lai giai

TU X, + X, + X, +....+ X, =10 ta dugc 9(x1+x2+x3+...+x9)=90. Do d6 ta cé hé

9(x1 + X, + X, +.‘.+x9):90
= 19x, +29x, +39x, +...+99x, =270

10(x, +2x, +3x, +...+9x, ) = 180

Mat khac ta cé
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1.19x, +2.18x, +3.17x, +...+9.11x, =19x, +36x, +51x, +...+99x,
= (19x, +29x, +39x; +...+ 99, ) +(7x, +12x, +15x,...+ 7, )
=270+ (7x, +12x, +15x,..+7,)

Déytathdy 7x, +12x, +15x,...+7x, > 0.
Nén ta dugc 270+ (7x, +12x, +15x, +...+7x,) 2 270 .

Vay ta cé 1.19x, +2.18x, +3.17x, +...+9.11x, > 270. D4u bang xay ra khi va chi khi

7%, +12x, +15x, +...+7x, =0
X, + X, + Xy .+ X, =10

X, +2X, + 3%, +...+9x, =18
19x, +29x, +39x, +...+ 99x, =270 °
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho cdc s6 duang a, b, ¢, d. Chiing minh ring trong 4 s6 a° +%+l; b2+1+%; c2+1+1;
c c c

1 1 Y4 ~ A ~ A 2
d2+—+5 c6 it nhat mot s6 khong nho hon 3.
a

Lai giai
Gid s ca bon s6 trén déu nhd hon 3. Khi d6 ta cé

poarililip ot e g
b c c d d a a b

M3t khéc YN S N S S S S SN SR S| S S
b c c d d a a a b c

Ap dung bat ddng thiic Bunhiacopxki ta chiing minh dugc

4(a2+b2+c2+d2)2(a+b+c+d)2;1 1 %+1> 16

—+—4+ D
a d a+b+c+d

Do d6 dp dung bat dang thic AM — GM ta dudc

(a+b+c+d)2 16 16
> + +
4 a+b+c+d a+b+c+d
2
Z?)i/(a+b+c+d) | 16 | 16 1
4 a+b+c+d a+b+c+d

Trdi diéu gid su trén. Do vay khdng thé cé ca bén s cung nhd hon 3 hay trong bdn sé ¢d it nhat

mot s8 khdng nho hon 3.

2 2
CAu Il. Gidi phudng trinh \/(xz +2x) +4(x+1) —\/x2 #(x+1) +(x? +x) =2017.
Li gidi
Diéu kién xdc dinh cha phudng trinh la x € R . Bién d6i tuong dugng phuang trinh ta dudc

\/(xz +2x)2 +4(x+1)2 —\/x2 +(x+1)2 +(x2 +x)2 =2017

AU E 2+ A 44X +8x+8 — x4 X2 +2x+ 1+ X + 2% + x2 =2017

<:>\/(x2+2x+2)2 —\/(x2+x+1)2 22017 & X2 +2x+2—x* —x—1=2017 < x = 2016

Vay phuong trinh d3 cho cé nghiém duy nhat Ia x =2016.
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Cau lll. 1) Tim t4t ca cdc s6 nguyén dudng a, b, ¢, d thda man a’> =b’; c®* =d*; a=d +98.

~ 2 e ~ ~ l 1 e 7’ A ~
2) Tim tat ca céc sb thuc x sao cho trong 4 s6 x—\/i; x? + 2\/5; X—=—; X+— cd dung mo6t s6
X X

khéng phai 1a s6 nguyén.
Lgi giai
1) Giad st a=p;*.p;2.p;...p" trong dd p,;p,;...p, la cédc s6 nguyén t6 x,;x,;...x_ €N

Tugng tu d=q*.q)2.q}’ ....q)" trong d6 q,;0,;...q, la cdc s6 nguyénto y,;y.;..;y, €N

Tacda>Ld>1.Via® =p/tp 2. .p =b> = 2x,;2%,;.; 2%, 13 = X ;X5 X, 13 => @ =x3,(x € Z*).

Ching minh hoan toan tudng tu ta dugc d = y3,(y € Z*).
TU gid thiét a=d +98 ta dudc x> =y’ +98<:>(x—y)(x2+xy+y2)=98.
Do a>d néntasuyradudc x—y >0 tir d6 dan dén
(x—y)2 =X? = 2Xy+Y? <XP XYY’ = X—yY <X+ XY +YP
Do d6 ta di xét hai trudng hdp sau

x—y=1

, khi d6 ta dudc
x? +xy+y’ =98

+ Trudng hop 1. Vi {

x=y+1 x=y+1 y &7
2 ) = 5 = .
(v+1) +(y+1)y+y* =98 [3y’+3y-97=0 [xgZ

X—y=2 "y
, khi d6 ta dugc

+ Trudng hap 2. VGi
gnep {x2+xy+y2=49

X=y+2 X=y+2 x=5y=3
= =>x=5y=3

(Y+2)2+(y+2)y+y2:49<:> y’+2y-15=0 |x=-3;y=-5

Vay tUr d6 ta tinh dugc a=5° =125;d =3° =27;b =25;c =81.

2) Néu x—l;x+l nguyén thi ta cé x—l+x+l=2er:>er.
X X X X

TU dé suy ra x —J2:x% + 242 déu khdéng la s6 hitu ty. Do vay mdt trong hai sé x—£;><+l khdéng
X X

13 s8 nguyén khidd x -2 e Z;x+2V2 e Z= x -2 +x* 1242 e Z

bat x—ﬁ:a,(an). Khi dé ta dugc x2+2\/§=(a+\/5)2+2\/§=a2+2+2\/§(a+1)ez.

TU dé dan dén 2\/E(a+1)eZ:>a+1=O:>a=—1nén ta dudc x=~2-1
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Thi lai ta thdy x = J2 —1 théa man yéu cau bai todn. Viy s6 can tim |a x = J2-1.

Cau IV. Cho dudng tron (O) bdn kinh R va mét diém M nam ngoai (O) Ké hai tiép tuyén

MA, MB tdi dudng tron (O) (A, B 1a hai tiép diém). Trén doan thing AB Idy diém C (C khdc A, C
khdc B). Goi I; K 13 trung diém MA, MC. Budng thdng KA cat dudng tron (O) tai diém thd hai D.

1) Chiing minh KO? —-KM? =R?.

2) Ching minh t& gidc BCDM 13 t& gidc ndi tiép.

3) Goi E la giao diém th( hai cia dudng thang MD vdi dudng tron (O) va N la trung diém KE,
dudng thang KE cat dudng tron (O) tai diém th(d hai F. Chdng minh rang bén diém I, A, N, F
cung nam trén mét dudng tron.

Li giai

1) Tacéd IM=IA va KM=KC nén IK la dudng trung binh tam gidc AMC, do dé IK song song vdi
AC.
Lai c6 MA = MB (tinh chéat ti€p tuyén cdt nhau tai M) va OA =0OB =R nén OM Ia trung truc cta AB.
Do d6 ta dugc OM L AB, suy ra IK L OM. Goi giao diém cua IK va OM Ia H.
Ap dung dinh ly Pitygo cho cdc tam gidc vudng MHI;KHO;MHK;OHI ta cé
MI> = MH? + HI?>;KO? =KH? + HO*;MK? = MH? + HK*;0I* = KH? + HO?
Do IM =1A nén tUr d6 ta suy ra dudc
MP? +KO* =MK? +10*> = KO? —~KM? =I0* —MI* =10* —IA* = OA* =R*
Vay ta dugc KO? —KM? =R?

2) Dudng thang KO cat dudng tron (O) tai Q va P.

Ta cé KC =KM nén suy ra KO? —KM? =R? < KO? —KC? =R?

TU d6 ta dudc KC? =KO? —OP? = (KO + OP)(KO - OP) =KQKP

€9 | www.facebook.com/mathexpress.vn (©]1900 633551 106



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Do tir gidc ADPQ ndi ti€p dudng tron nén ta cé KQKP =KDKA nén suy ra KC? =KDKA.

Ti d6 dan @8n ACKD ©> AAKD nén DCK = KAC = DBM

Vy t gidc MDCB néi tiép dudng tron.

3) Goi E Ia giao diém thit hai cda dudng thdng MD vdi dudng tron (O) va N la trung diém KE
duing thdng KE c3t duting tron (O) tai diém thd hai F. Chiing minh réing bén diém I, A, N, F cling
nam trén mot dudng tron.

Goi L la trung diém cta KD ta c6 AMKD <> AAKM nén suy ra AEM = MAK = EMK . Do d6 ta dugc

AE song song vdi KM.
Mat khdc ta cé KF.KE = KDKA = KF.KN = KLKA nén td gidc ANFL ndi tiép

Suy ra ta dudc LAF = LNF = MEK = FMK (i KF.KE = KD.KA = KC? = KM?).

TU d6 suy ra KAF =KMF nén t& gidc MKFA ndi tiép. Do d6 ta dugc AFN = AMK = AIN.

D3n dén t gidc IANF cung thubéc mét dusng tron

Cau V.
Xét hinh bén: Ta viét cdcs6 1,2, 3,4, ...,9 vao vitricta 9
diém trong hinh vé& bén sao cho mébi s8 chi xuat hién diing
mot 1an va téng ba sé trén mét canh cha tam gidc bang
18. Hai céch viét dudc goi la nhu nhau néu bd sé viét 8 céc

diém (A; B:C;D: E; F: G; H; K) clia mdi céch 1a trung nhau.

Hai cd bao nhiéu céch viét phan biét? Tai sao?
L&i giai
Céch 1: Tathay trong day 1; 2; 3; 4; ...; 9 ¢ hai s6 |a 8 va 9 khi
ldy téng 2 d6 véi s6 1 thi bang 18. Do dé ta thay tai diém
A(tucng tu B, C) khéng thé dién sd 1 vi néu trdi lai thi B va F
phai dién cap 8 va 9, tai C va E cling phai dién cap s 8 va 9.

Diéu nay vé Ii vi méi s6 chi dién vao mét diém. Tudng tu tai D,

E, F cling khéng thé dién s 1. Do d4 s8 1 dudc dién tai mot

trong céc diém H, G, K.
Xét trusng hgp s6 1 dudc dién tai G (tuong tu tai H, K) khi d6 E dién s 8 va F dién s6 9 (hoac
ngudc lai). Gia si tai A dién a, tai C dién c, tai D dién d, tai K dién k, tai H dién k +1, tai B dién

c+1.
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Khi a; d; c; c+1; k; k+1 phan biét thudc tap hgp {2;3;4;5;6;7}

a+c=9
Tuddtacd {d+k=9 =de {3;5;7}. Thir ting trudng hgp ta dugc d = 7 thda man
d+2c=17

TU dd tasuy tadudgc a=4,c=5k=2
Nhu viy ing véi moi céch dién s8 1 va s6 2 ta cd mot cdch duy nhat dé diém cdc sé con lai. Viy
cd tat ca 6 cich dién sd thda man yéu ciu bai todn.
Céch 2: D€ y rang ta cé tat ca cdc bd ba s6 phan biét thudc tép hop {1;2;3;...;9} ma téng bang 18
18=9+8+1=9+7+2+9+6+3=9+5+5=8+7+3=8+7+4=7+6+5

Trong tat cd cdc vitri A, B, C, D, E, F, G, H, K thi

+ A, B, C xuat hién trong hai tdng (do la giao diém cla clia hai canh).

+ D, E, F xuat hién trong ba téng (do |a giao diém cla ba canh).

+ G, H, K xuat hién trong mdt téng.
Do 1 va 2 chi xuat hién trong mot téng nén céc vi tri A, B, C, D, E, F khéng thé dién s6 1 va sé 2.
Cdc s6 1 va 2 chi cé thé diém vao diém G, H, K. C6 tat ca 6 cach dién s6 1 va 2 va ba diém G, H, K.
Khdng mat tinh t8ng quét ta ¢d cdch dién G=1;H =2.
Do s6 9 xuat hién trong cdc tdng chifa 1 va cha 2 nén dé thay dinh F=9,suyra E=8,D=7.TU
d6 dén dén K =3 va AB,C e {4;56}.
Laicé A+F+B=18,B+C+D=18,C+E+A=18 nén A=3;B=5;C=6.
Nhu vay ing véi mbi cich dién s 1 va s6 2 ta cd mdt cach duy nhat dé diém cdc sé con lai.

Vay cb tat cd 6 cdch dién s6 thoa man yéu cau bai toan.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. Cho biéu thidc P = véi x > 1.

(x+1)\/x+1+(x—1)\/x—1~ 1 1

\/x—l _\/x+1

1) Rdt gon biéu thic P.
2) Tim x dé P =x—1.

Li giai
1) Dt Vx+1 =a/x—1=b , khi d6 2x = a*> + b>v3
a’+b® a’+b*—ab
P 2 b B _ 2 . b __2a
a+b’ 1 1 (a+b)(a2—ab+b2) a-b a* —b?
b a ab

V:fayP:—2 x+1 =vx+1

x+1—(x—1)
2) Vdi diéu kién x > 1 thi Vx+1 =x—1<:>x+1=x2—2x+1<:>x=3(dox>1).

Vay x = 3 |a gid tri can tim.

Cau Il. M6t nha mdy chuyén sdn xudt mot loai san phdm. Nam 2015, nha mdy sdn xuat dudc
5000 san pham. Do anh hudng cla thi trudng tiéu thu nén san lugng cdia nha mdy trong cdc nam
2016 va 2017 déu giam. Cu thé: s6 lugng san phdm nha mdy san xuét dudc trong ndm 2016
gidam x% so vdi s6 lugng san phdm nha mdy san xuat dudc trong ndm 2015, sé lugng san pham
nha mdy san xuat dudc trong ndm 2017 cling gidm x% so vdi sé lugng san xuat dugc ndm 2016.
Biét rang sb lugng san pham nha mdy san xuat dugc trong nam 2017 gidm 51% so véi s6 lugng
san pham nha mdy san xuat dudc trong ndm 2015. Tim x.

Li giai

S6 lugng san pham san xuat dudc trong ndm 2016 1a 5000 —5000.x% = 5000 —50x

S6 lugng san phdm san xuat dudc trong nam 2017 la

2
5000 ~50x — (5000 ~50x) x% = -~ 100x + 5000 = %(x ~1000)’

Theo gia thiét s6 lugng sdn phdm nha mdy san xuat dudc trong ndm 2017 gidm 51% so véi s6
lugng san phdm nha mdy san xuat dugc trong nam 2015 nén ta cé phudng trinh

1

L (x-1000)° =5000-5000.51% <> =(x~100)’ = 2450 < (x—100)" = 4900 <> [X =179
2 2

x =30
Vi 0<x <100 nén x=30.
Cau lll. Cho phudng trinh x> —x—1=0. Gi3 st X, la mét nghiém clGa phuang trinh da cho.
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1) Ching minh x, > 0.

Z_1
2) Tinh gid tri cla biéu thic M = %o —— 2%} +3x, + 2.

%o

Lai giai
1) Vi x,la nghiém ctia phuong trinh nén x} —x, -1=0< x> + x> —x, -1 =x}

<:>x§(x0+1)—(xo+1)=x§ @(xo—l)(xz—l)zxg <:>(xo+1)2(x0—1)=x§ (1)

0
2

Dé thdy x, =—1va x, = 0khong théa man (1) nén xo—1=x—°2>03xO >1=x,>0
(xo +1)
Chiy: Bay la cdch chiing minh truc tiép x, > 1. Ta cé thé chiing minhx, >0 bdng phudng phap
phan chidng nhu sau:
Gidslr x,<0.Tacd x] —x,-1=0< x5 =x,+1.
Dé thdy x, =0 khdng thda man.
Néu x, <0thi x; <0=>x,+1<0=x,<-1=x; >1

\

:xo(x§—1)<03xg—x0<0 (VO Iy Vi x; —x,-1=0=x} —x,=1)
Vatlf x, >0= x,+1>1=x3>1=x,>1
2) Vi x, la nghiém ctia phuong trinh nén x} —x, -1=0 < x; =x, +1
Két hgp vdi x, >1ta dugc

2

M=ot D 3k 12-= % _1)£X° +1),/2x§ +3x, +2

X X

0
= (%, —1)/252 +3x, +2 =\/(><0 1) (2x¢ + 3%, +2) = 2x¢ —x2 2 —x, +2

= 2%, (%o +1) = (%, +1) = 2X2 = x, +2 = [2x2 +2x, —x, ~1-2x2 =X, +2 =1.

Cau IV. Cho hinh chif nhdt ABCD véi BC =a, AB=b. Goi M, N |an lugt |a trung diém cla céc
canh AB, CD. Qua diém M dung dudng thang cat dudng chéo AC cua hinh chir nhit ABCD tai
diém P va cat dudng thang BC tai diém Q sao cho B nam gilra C va Q.

1) Khi MP L AC, hay:

a) Tinh PQ theo a va b.

b) Chiing minh a.BP = b.PN.

2) Chdng minh MNP =I\m (khdng nhat thiét MP va AC vubng gdéc véi nhau).

Lai giai
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B C I

A D
1a) Ta cé M la truc tdm gidc ACQ. Suy ra BQ.BC =BM.BA.
2 2 2 2
Tud6 BQ= Mo B cq-BC+BQ-a+ =2 0"
BC 2a 2a 2a

AB.QC b(Za2 +b2)
AC 2avJa? +b?

b) Ta cé céc td gidc BMNC, BMPC ndi tiép nén 5 diém B, M, P, N, C cung nam trén mét dudng

tron. TU dé PBM = PNM, PAM = PMN nén céc tam gidc PBA va PNM déng dang.

Talai cé PQ.AC = AB.QC nénsuyra PQ =

2) Goi | la giao diém cda PN va BC, O 13 giao diém cha AC va MN.

Tacé OM=0ON nén CI=CQ = C/QT\J ~CIN suy ra f\jN\Q — MNP (diéu phai chng minh)
Cau V. Cdc s6 nguyén x, X,, X, ..., X, thda man:
(1+x1)(1+x2)...(1+x9) =(1—x1)(1—x2)...(1—x9) = X.
Tinh P = x.x,.X,...X,.
Lai giai
Tl ding thifc dé bai ta suy ra (1-x2)(1-x2)..(1-x2) = (L1+x,) (1+x,) . (1+x,) .
Néu trong cdc s6 X,,X,,....,X, €6 mot s6 bang 0 thi P =0. Trong trudng hdp ngudc lai, tat ca céc
thira s6 & vé trdi déu <0, do d6 vé tréi <0 (cd 9 thira s6), trong khi d6 tat ca céc thira s6 vé phai
khéng 4m, do dé vé phai > 0. Vi hai v& bang nhau nén ta suy ra hai vé& déu bang 0.
Vay x =0, suy ra P=0. Nhu vay trong moi truéng hdp tacé P =0.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Céu I Cho céc s8 thuc x, y khéng am théa man diéu kién (x+1)(y +1)=2.

Tinh gid tri cGa biéu thic P = \/xz +y? —\/2(x2 +l)(y2 +1) +2 +Xxy.
Lai giai

bat S=x+y va T =xy.

TU gid thiét,tacd S+ T =1, suyra

x2+y2—\/Z(xz+1)(y2+1)+2=82—2T+2—\/2[(1—T)2+SZJ

=sz—2(1—s)+2—‘/2(sz+sz) =S

Tydstacs o T=L

VAay gid tri cda biéu thic P can tinh 13 1.

Cau Il. Cho céc s6 thuc khdng 4m X, y, z thay d8i thda man x* +y? + 2> + x’y? + y?z* + z2°x* =6.
Tim gid tri I6n nhat va gid tri nho nhat cda biéu thiic Q =x+y +z.
Li giai
Tim gid tri I6n nhat cha P:
SUr dung b4t ddng thiic AM — GM, ta cé:
x?y? +1 > 2xy, y2z2 +1>2yz, Z’x? +1>2zx.

Cdng cdc bat ddng thuc trén lai theo vé, sau d6 cdng hai vé cla bat dang thic thu dudc vdi
x* +y? + 2%, ta dudc (x+y+z)2 <X +y + 2+ XY Y +2°xP +3=9.
Tuddsuyra Q<3.
M3t khdc, dé thdy ddu dang thic x3dy ra khi x=y =z =1 nén ta c6 két ludn maxQ =3.
Gia tri nhé nhat cha P: Ta sé ching minh Q > J6 véi dau d3ng thuc xay ra chdng han khi
Q= J6.su dung bat dang thiic AM-GM, ta cé

2xy +x°y? <x° +y? + X7y <xP 4y’ + 27 + Xy +y?Z2t + 2% =6,
TU dé suy ra xysﬁ—1<2.
Chung minh tuong tu, ta cling cé yz <2, zx < 2.
Do dd,tacd Q% =x*+y? +2* +2xy + 2yz+2zx 2 X* +y* + Z2° + X*y* +y?z* + 2°x* = 6.
Hay Q>+/6.
Vay minQ = J6.
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(a+b)2

Cau lll. 1) Cho a, b la hai s6 nguyén dudng phén biét. Xét biéu thic M = — — T
a’+ab“—-a’b-b

Chung minh rang M khéng thé nhan gid tri nguyén.
2) Cho a, b 13 hai s8 nguyén duong, dit A=(a+b) ~2a%, B=(a+b) —2b%
Chidng minh rang A va B khdng déng thdi Ia s6 chinh phudng.
Li giai
(a+b)2
(a—b)(a2 +b2).

1) Ta cé bién d6i M =

Giad st M 13 s nguyén, khi &6 ta cé (a+b)2 chia hét cho a +b?.

Suy ra 2ab chia hét cho a* +b?. Diéu nay vo Iy do 0 < 2ab =a” +b’ —(a—b)2 <a’ +b’.

Vay M khong thé la s6 nguyén.

2) Gid sUr ton tai cdc s6 dudng a, b sao cho (a+b)2 —2a’ va (a+b)2 —2b’ déu I3 s6 chinh phuong.
Trong céc cap sé nguyén ducng (a,b) nhu vay, ta xét cap sao cho a nhd nhat.

D3t (a+b)2 —2a% =x°, (a+b)2 —2b% =y? véi x, y nguyén dudng.

Ta cé (a+b)2 —x?=2a’ nén a+b va x cung clng tinh chdn 1, suy ra (a+b)2 —2a’” chia hét cho

4. Tu dé ta cd 2a? chia hét cho 4, suy ra a chia hét cho 2.
Ching minh tuong tu, ta cling cd chia hét cho 2, suy ra x, y chan.

2 2 2 2 2 2
Twds tacs [2+2) —2[2] Z[X] . [2.8) _o[B] (Y],
2 2 2 2 2 2 2 2
Déu 13 s6 chinh phuang. Do d6 cap s6 [%gj cling thda man yéu cau.

Diéu nay mau thuln véi cich chon cap (a, b).

Vay vdi moi a, b nguyén dudng, cdc s6 A, B khdng thé déng thdi 1a s6 chinh phuang.

Cau IV. Cho tam gidc ABC cé ba géc nhon, AB < AC va ndi ti€p dudng tron (O) Pudng tron
ngoai tiép tam gidc BOC c3t cdc dudng thang AB va AC theo th( tu tai D va E. Trén dudng
tron ngoai ti€p tam gidc BOC |dy diém P sao cho AP vudng gdc véi PC. Budng thiang qua B
song song véi OP c3t PC tai Q. Chdng minh rang

1) PB=PQ.

2) O la truc tdm cla tam giac ADE.

3) PAO = QAC.

Lai giai
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1) Tacé B/FE) _BOC v P/CWB = SP\Q — OBC nén céc tam gidc PBQ va OCB dbéng dang (g-g). Ma
OB=0C néntacé PB=PQ.

2) Ta céCTI_B\fszTEZTB:CTAE,mé OBA = OAB nén EAB =EBA.

Tu dé suy ra EA =EB. Laicé OA=0B nén OE L AB.

Chidng minh tuong ty, ta cling cé OD L AC nén O la truc tdm cla tam gidc ADE.

3) Goi T la giao diém th( hai clia CP va (0).

Tacd E/A-\TB:E/E\A nén PT =PB.
Ma PB=PQ nén PT =PQ.

M3 APQ =90° nén %:fﬁ:%o-ﬁ%%t%ﬁ:&f

Tir d6, ta c6 PAO = QAC.

Cau V. Cé 45 ngudi tham gia mét cudc hop. Quan st su quen thudc nhau gilra ho, ngudi ta thdy
rang: néu hai ngudi cd s6 ngudi quen bang nhau thi lai khdng quen nhau. Goi S 13 s6 cap ngudi
guen nhau trong cudc hop (cdp ngudi quen nhau khéng ké thi tu sdp x&p gitra hai ngudi trong
cap).

1) X4y dung vi du dé S =870.

2) Ching minh rang S <870.

L&i gidi

1) Chia 45 ngui thanh 9 nhém, nhém thir i cé i ngudsi (1<i<9). Ta xét vi du khi mdi ngudi & mét
nhém déu quen tat cd moi ngudi 8 nhdm khéc, nhung khdng quen ai 8 chinh nhdm minh. NGi céch

khdc, mbi ngudi 8 nhém i quen ding 45 —i ngudi khéc.

Khidd S = %(1.44 +2.43 4.+ 9.36) = 870.
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2) Goi ala s6 nguti quen ding i ngudi khdc (1 <i< 44). Né&u mot ngusi P quen i ngudi thi anh ta

khong quen ai tronga, ngudi nay, nghia la P quen nhiéu nhat 45 —a ngudi, hay i <45-a, suy ra
a <45-i.Tacé a, +....+a,, =45va

S= %(a1 +2a, +...+44a44) < %(SGal +36a, +....+36a,, +37a,, +.......... + 44a44)

1 1
- E(36(a1 $3,+ o+, )+ 8y, + 28, + .+ B, ) < E(36.45+1.8+2.7+...+8.1) - 870.
Khang dinh dugc ching minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

( -1
Cau l. a) Cho a la sb thuc khdc 1 va —1. Rt gon biéu thic P = ] T
as-1 a-
(1j +3
1

b) Cho cdc sé thuc x, y, a thodn mén \/xz NN +\/y2 N 3/_y4x2 _
Chdng minh rang %/X_2+3/y72=3/a_2.

L&i giai
2 a+12+3 a—l2
L, e
a-1 a’+1  2a (3—1) a+1)(a —a+1) 2a
a) Tacé P= > + 3—1_a—1_ 5 7 T = - =)
(a—l) , @ (a-1) +3(a+1)" (a-1)(a*+a+1) a
a+1 (a+1)2

_4(a2+a+1).(a—1)2 (a+l)(a2—a+1) a-1 a-1 a-1

4(a2—a+1) (a+1)2 (a—l)(a2+a+l) 22 a+l 2a 1-
a

Viy P=-1.
b) Dt s=x? va t=23/y? thi diing thic d8 bai c6 thé viét lai thanh v/s® + s%t ++/t* + ts = a.

Do s, t>0 nén Vs®+st =sys+t, VE +t’s = ty/s+t.
Tu dd tacé (s+t)\/s+t =a hay (s+'c)3 =a’.

Suyras+t= i/a—2 . Déy la két qua can ching minh.

Cau Il. Trén quang dudng dai 20km, tai cuing mét thai diém, ban An di bd tir A dén B va ban
Binh di b6 tir B dé€n A. Sau 2 gid ké tUr ldc xuat phét, An va Binh gap nhau tai C va cung nghi lai
15 phdt (van téc cda An trén quang dudng AC khoéng thay ddi, van t8i cla Binh trén quang
dusng BC khéng thay d6i). Sau khi nghi, An di tiép dén B vdi van téc nhd hon van tdc clia An trén
quang dudng AC la 1 km/h, Binh di tié€p dén A vdi van téc I8n hon vén toc cla Binh trén quang
dudng BC la 1 km/h. Biét rang An dé€n B sém hon so vdi Binh dén A |a 48 phut. HGi van téc cla
An trén quang dudng AC la bao nhiéu?

Li giai

Goi a (km/h) la van t6c cda An khi di trén quang dusng AC, b (km/h) la van t6c cha Binh khi di
trén quang dusng BC.Rorang a>1,b>0.

Ta thay, dd dai quang dudng AC la 2a (km) va dd dai quang dusng BC la 2b (km).
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Do AC+BC =AB nén ta cé 2a+2b =20, tic a+b=10(1)

Thai gian An di trén quang dusng BC Ia 2—b1 (9ig).
a_

2a

Thai gian Binh di trén quang dusng AC la bl

(9i0).

Do An dén B sém han so vdi Binh dén A 1a % (0i0) (48 phut = % gid)

Nénﬁ_ﬂzi hayi+l_1_L:z.
b+1 a-1 5 b+1 a-1 b5
M6t cich tuong duadng, ta cd a+b+l a+b-1 =z. (2)
b+1 a-1 5

Tir (1), tacé b=10-a.

. . 11 9 2
Thay vao phuadng trinh (2) ta dugc 113 _EZE’ hay (a+44)(a—6) =0.

Doa>1néntacé a=6,suyra b=4 (thda man).

VAy van t6c cla An trén quang dudng AC 13 6 (km/h).

Cau lll. Cho céc da thic P(x) =x*+ax+b, Q(x) =x>+cx+d Véi a, b, ¢, d 1a cic s6 thuc..

a) Tim tat cd cdc gid tricda a, b dé 1 va a la nghiém cla phudng trinh P(x) =0.

b) Giad s phuang trinh P(x) =0 cd hai nghiém phan biét x,, x, va phudng trinh Q(x) =0 c6 hai
nghiém phan biét x,, x, sao cho P(x3)+P(x4): Q(x1)+Q(x2).

Ching minh rang ‘xl —xz‘ = ‘x3 -X
Li giai

a) D€ 1 va a |1a nghiém thi ta phai cé P(1)=1+a+b=0, P(a):a2 +a’+b=0.

-

RUt b =—1—a ti phudng trinh d4u, thay vao phudng trinh sau, ta dudc 2a’ —a—1=0.
Tudd a=1 hoac az—%,tUOng Ung b =-2 hoac bz—%.

N Ve . ~ 2 ~ . A LAY A \ . \ \ 1 1
Vay cé hai cap (a,b) thoa man diéu kién dé bai la (1;—2) va _E;_E .
b) Do x,, x, la hai nghiém phan biét cia phuang trinh P(x) =0 nén P(x) = (x—xl)(x—xz).
Tuong tu, ta cling cé Q(x) = (x—x3)(x—x4).
Diéu kién dé bai c6 thé viét lai thanh (x, —x, )(x, —x, +x, =X, )+ (x, =x, +X, =x;)(X, =X,) =0,
Hay (x, =%, +%, =X, ) (%X, = x, +X, =x,) =0.

N e e 2 2
Mot cach tudng dudng, ta ¢cé (x1 —xz) :(x3 —x4) hay ‘xl —xz‘ = ‘x3 —x4‘.
DAy chinh Ia két qud can chdng minh.

Cau IV. Cho dudng tron (O) ban kinh R, ngoai tiép tam gidc ABC cé ba géc nhon. Goi AA,, BB, ,
CC, la céc dudng cao cua tam gidc ABC (A, thuéc BC, B, thuéc CA, C, thuéc AB). Budng
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thang A,C, cat dudng tron (O) tai A' va C' (A, nam gilfa A' va C,). Céc tiép tuyén cia dudng
tron (O) tai A' va C' catnhau tai B'.
a) Goi H la tryc tdm cla tam gidc ABC. Chiing minh rang HC,.A.C=A C, HB, .
b) Chitng minh rang ba diém B, B', O thang hang.
c) Khitam gidc ABC la tam gidc déu, hay tinh A'C' theo R.
Lgi giai
a) Hai tam gidc ABH va AAC c6 A/Bl\H:,;A?Z:9OO va chung géc I—TAE nén déong dang Vi
HB
. AH (1)

nhau (g-g). TU d6 suy ra =——.
(9-9) y AC ~AC

T gide AC,AC c6 A/C?? = ATA?I =90° nén ndi tiép.

Suy ra HC,A, — CAH (cting chdn cung A.C clia duting tron (AC,AC)) va HAC, — HCA (ciing
chan cung AC, ctia dudng tron (AClAlc)).

HC, HA
Tu d6, ta cé AC,A,H»AACH (g-9). Suy ra L-—— (2
A, (9-9)-Suyra -2 (2
HB, HC
Tur (1) va (2), ta dugc A cl = cl hay HB,.A,.C, =HC_AC.

1 171

D4y chinh 13 két qua can chiing minh.
b) Theo tinh chat cla tiép tuyén, tacd OB' L A'C'. (3)
Ta sé chiing minh OB L A'C', hay OB L AC,.

Do tam gidc OBC can tai O nén O/BX1 AU E%¢ _ 180 _ZZBAC

S L —

M3t khéc, do tif gidc AC,AC ndi tiép nén C,A B =BAC (cing biivdi C,AC).

~90°-BAC.

Két hop véi két qua & trén, ta dudc OBA, = C,A B =90° - BAC = 90°.
Do d6 OB L A.C,, hay OB L A'C'. K&t hgp vdi (3) ta suy ra B, B', O thdng hang.

171
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¢) Khi tam gidc ABC déu thi BO diqua B,, B, la trung diém cla AC va A'C' L BO.
Goi K la giao diém BO va A'C, thi K la trung diém ctia A'C".
Do tam gidc AB,C, déuva OB L A C, nén K ciing la trung diém cta AC, .

Do tam gidc ABC déu nén O ciing la trong tadm cla tam gidc. Suy ra OC, :%OC :%R.

Mat khdc, st dung hé thurc lugng trong tam giac OC,B vudng tai C, c6 C K la dudng cao, ta c

ocC? _1gp
OB 4

Tu day, st dung dinh ly Pythagoras trong tam gidc A'KO vubéng tai K, ta cé

A'k=+OA?—OK? = |R? —%RZ =—RJ4E .

OC? =0OK.0OB. Suyra OK =

RV15

Vay A'C'=2AK ===

Cau V. Cho céc sé thuc x, y thay ddi. Tim gid tri nhd nhat cla biéu thic
P=xy(x-2)(y+6)+13x* + 4y’ —26x + 24y + 46

L&i giai

Bi€u thuc P c6 thé dudc viét lai dudi dang P =x(x—2)y(y+6)+13x(x—2)+4y(y+6)+46.

Dt a=x(x-2)=(x-1) -1 va b=y(y-+6)=(y+3) -9 thita co

P—ab+13a+4b+46=(a+4)(b+13)-6 =[(x—1)2+3}[(y+3)2+4}—623.4—6:6.

D4u dang thuc xay ra khi va chikhi x=1 va y =-3.Vay minP =6.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Céu I Cho hai s thyc phan biét a va b thda man diéu kién a° +b* =a’b’ (ab-3).

Tinh gid tri cGa bi€éu thdc T=a+b—-ab.

LgGi giai
Néua=0thitacdb>’=0suyrab=0=a, Vvl lyviazb. Do dé a=0. Chdng minh tusng tu, ta
cling cé b= 0. Tu d4 gid thiét cha bai todn cé thé dudc viét lai thanh %+bl—3 =1 —%.

a a

~ 1 \ 1 \ Ve \
Pit x== va v=r thitacd x#y va x> +y> =1-3xy.
a

S dung két qud quen thudc A®* +B* +C? =(A+B+C)(A2 +B* +C? —AB—BC—CA), ta dugc
O=x3+y3’—1+3xy=x3+y3+(—1)3—3.x.y.(—1)=(x+y—1)(x2+y2 +1—xy+x+y).

M3t khdc ta lai cé x2+y2+1—xy+x+y:%[(x+1)2 +(y+1)2+(x—y)2}>0.
Nén tir két qud G trén,tasuyra x+y=1,tdcla a+b=ab.
Vay T =0.
Cau Il. Cho céc da thic P(x) =m,x* +n,x+k,, Q(x) =m x> +nx+k,, R(x) =m x> +nx+Kk,
véi m, n, k; 1a cac s8 thuc va m >0,i=1,2,3. Gia st phudng trinh P(x)=0 cé hai nghiém phan
biét a, a,; phudng trinh Q(x)=0 c6 hai nghiém phan biét b;, b,; phudng trinh R(x)=0 ¢ hai
nghiém phan biét ¢, ¢, théa man
P(c,)+Q(c,)=P(c,)+Q(c,).
P(b,)+R(b,)=P(b,)+R(b,),
Q(a1)+R al)zQ(az)+R(a2).
Chdng minh rang a, +a,=b +b,=c, +c,.
L&i giai

F
%

n
S dung dinh ly Viét,tacd S, =a, +a, = -

Tacd P(cl)—P(cz)zml(cf —c§)+nl(cl —c2) =(cl —cz[ml(c1 +c2)+nl]) :ml(c1 —cz)(S3 —Sl).
Tudng ty, ta ciing ¢6 Q(c,)-Q(c,) =m’(c, -¢,)(S, - S,)-
Do P(cl)—P(c2)+Q(cl)—Q(c2)=0 va ¢, # ¢, nén tir hai bién dai trén, ta suy ra

m,(S,-S,)+m,(S,-S,)=0. (1)
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Ching minh tudng tu ta cling co
m, (S, -S,)+m,(S,-S,)=0.(2)
m,(S,-S,;)+m,(S,-S,)=0.(3)
TU (1) (2) va (3) cd thé thdy vai tro clia S,, S, S, la nhu nhau. Khdng mat tinh tong qudt, ta cé
thé gid sit S,=max{S,,S,, S,}. Khi d6, ta c6 S, -S,>0 va S, -S,>0. Lai c6 m,, m, >0 nén
VT(z) > 0. Dé xdy ra dau dang thdc nhu (2) thi ddu bang trong cdc ddnh gid phai xay ra, td ta phai
c6 S, =S, =S,. Bay chinh la két qua can chiing minh.
Cau |ll. a) Tim t4t ca cdc cdp s6 nguyén (x;y) thda man x’y> —4x’y +y> +4x* -3y +1=0.

b) Cho ba s8 nguyén dudng a, b, ¢ théa man a’ +b> +c* chia hét cho 14 . Ching minh ring abc
cling chia hétcho 14 .
L&i gidi

a) Phuaong trinh d3 cho cé thé dudc viét lai thanh x? (y —2)2 +y -3y’ +4=3
hay (y—2)2(x2 +y+1)= 3.

Suy ra (y—2)2 =1va xX*+y+1=3. Gidi ra, ta dudc x=+1 va y=1. Vay cd hai cdp s6 nguyén
(x;y) théa man yéu cdu cta dé bai la (1,1) va (-1;1).

b) Do a° +b® +c chdn nén trong cdc s& a, b, c ¢d it nhat mdt s& ch3n. TU dé suy ra tich abc chia
hét cho 2. (1)

Gid sUr trong ba s6 a, b, ¢ khong c6 sé nao chia hét cho 7. Ta thay rang, véi moi x nguyén khéng
chia hétcho 7 thi x=+1, +2, +3 (mod7), suyra x> =+1 (mod7).

Do @6 a° =+1(mod7), b> = +1 (mod7), c® = +1 (mod7).

Suyraa*+b*+c*=-3,-1,1,3 (mod7) ,tic a®> +b° +c® khéng chia hét cho 7, mau thuan.

Vay trong ba s6 a, b, ¢ phai cé it nhat moét sé chia hét cho 7.

TU d6 suy ra tich abc chia hét cho 7. (2)

Tir (1) va (2) v8ichdy (27) =1, ta cé abc chia hétcho 14.

Cau IV. Cho tam gidc ABC c6 ba géc nhon ndi ti€p dudng tron (O) va AB>AC. Goi D, E lan lugt
la chan dudng cao cla tam gidc ABC ha tu A, B. Goi F la chan dudng vuong gdc ha tu B Ién
dudng thang AO.

a) Chiing minh rang B, D, E, F 13 bén dinh cia mdt hinh thang cén.

b) Ching minh rang EF di qua trung diém cta BC.

c) Goi P la giao diém thd hai chGa dudng thang AO va dudng tron (O) M va N lan lugt |a trung
diém cla EF va CP. Tinh sé do géc BMN.

L&i giai

a) Tacd AFB = ADB = AEB = 90° nén nim diém A, B, D, E, F cung nam trén mot dudng tron.
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Lai c6 DAE — 90°— ACB va FAB - OAp - 180°—AO0B _180 —22ACB _

Nén FAB =DAE . DAy I3 gbc ndi tiép chan cdc cung tuong Ung la BF va DE cla dudng tron
(ABFDE), do dé FB =DE. T( gidc BFDE ndi tiép va cé BF = DE nén |a hinh thang can.

90°— ACB

b) Goi | |a giao diém cla EF va BC. Do t gidc BFDE |a hinh thang cidn nén Bl =IE. Suy ra tam
gidc BIE céntail. Tu dé, ta cé IBE = IEB.

Lai c6 IBE =90°—ICE va IEB =90°—IEC nén ICE = IEC.

Suy ra tam gidc IEC céntai |, tdc ta c6 IC =IE =IB. Vay EF di qua trung diém | cta BC.

c) Do t gidc ABFE ndi tiép nén BFE = 180°~BAC .

Lai c6 BPC =180°~BAC (do td gidc APBC ndi tiép) nén BFE =BPC.. (1)

Do BFDE Ia hinh thang can nén DF //BE . Ma BE 1L AC nén DF 1L AC.

Lai c6 PC L AC nén DF//PC. Suy ra BCP = BDF =BEF (2)

TU (1) va (2) ta suy ra ABEF«»ABCP (g-g).

Lai c6 M la trung diém cha EF va N la trung diém cta CP nén tU két qua trén, ta cling suy ra
ABEM«>ABCN. Tir d6, ta c6 ANBC«»AMBE (3) va %:%. (4)

TU (3) ta suy ra CBE = MBN . Két hgp véi (4) ta dugc ABMN«»ABEC.

Do d6 BMN = BEC = 90°.
Cau V. Chotdp hgp X thoa man tinh chatsau: Ton tai 2019 tdpcon A, A,,.., A, . cla X sao cho

o 2019
mdi tap con A, A,,..., A, €6 dilng ba phén tr va hai tép A, A, déu cé dling mét phéan tir chung
v8imoi 1<i< j<2019. Ching minh rang
a) Ton tai 4 tap hgp trong cdctaphdp A, A,...., A, ., sao cho giao clia 4 tap hgp nay cé diing mot
phan tu.
b) S6 phan ti cia X phailén hon hodc bang 4039.
Lai giai
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a) Xét tdp hop A, cb ba phan tir a,b,c. M6i mét tap hgp A, Véi i=2,..,2019 sé phai cé chung vdi
A, ding mot phan tl. Ta chia céc tdp hgp A, véi i=2,..,2019 tao thanh ba nhém. Nhém th nhat
gbm céc tp hdp chla phan td a, nhdm thd hai gém céc tp hdp cha phan ti b va nhém thd ba
gbm céc tp hdp chia phan t&r ¢ . Ba nhém nay téng hdp lai c6 2018 tap hop, do dd phdi cé mét
nhém chifa it nhat 673 tap hgp. 673 tap hdp nay cling véi A, sé tao thanh 674 tap hgp cé ding
md&t phan t&f chung. Chi can 18y 4 tdp hdp trong chidng ra sé dudc 4 tip hop thoa man yéu cau bai
todn. (Chd vy, giao clia bén tdp hop khdng thé cd qud mdt phan td).

b) Xét bon tap hop A, A,, A, A, c6 chung phan tif a. Ta chiing minh tat ca cdc tap hdp con lai
déu cdé chung phan tir a. That vay, gid sirton tai tdp hop A khdng chia a . Khi dé méi mot tép trong
céc A, A, A, A, sécéchungvdi A métphan tlr (khdc a). Vi A chicé ba phan tif nén theo nguyén
ly Dirichlet, s& cé hai tdp hgp trong chiing cé chung phan tf chung véi A. Chang han A, A, c6
chung phan tif b vdi A. Nhung ldc nay ta cé diéu mau thuan vi khi dé A, A, cé chung hai phan tu
a va b. VAy tat cd cdc tdp hop déu cd chung phan tir a. Do giao cla hai tdp hgp bat ky cé ding
mdt phan t& nén tit cd cdc phan td khdc a con lai déu db6i mbét khdc nhau, suy ra
A UA U..UA_|>1+2019x2=4039.

2019

TU d6 suy ra s6 phan tl cha X khong it han 4039.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

4\/;+8x)(\/;—1
2+4x 4-x) (x-2dx Jx

Caull. ChobiéutthPz( Jvd|x>0x¢4vax¢9

a) Rdt gon biéu thic P.
b) Tim tat cd cdc s6 thuc m sao cho bat dang thuc m(\/;—3)P > x+1 ddng véi moi x >9.

Lai giai
a) V4i diéu kién x>0,x#4 va x#9,tacé
w5 8 alx(2-vx)+8x  ax(2+4x) gy

T2l 2R VR) o)) (2R Vr) 2R
V\Flz Jx -1 2_\/_12(\/;2)\/}3

xszf(\/_z)ﬁ Je(Ve-2)  Jx(2-+k)
40x  Jx-3 4x

ETN N P3N N P
A g N \ 4x
Vayvéi x>0,x#4 va x#9 thi P= :
Jx -3
b) Theo céu a), ta can tim tat ca cdc s6 thuc m sao cho bat ddng thic m(\/;—3)-\/fx >x+1
x-3

ding véi moi x > 9, hay ta phai cé 4m>x—+l<:>4m—l>l.
X X

2 ~ ~ 7, . /. 5 \ ~ 2 7, A 2 ~ /. . ~
Trudc hét, ta sé ching minh véi m > 8 thi bat dang thdc trén dugc théa man véi moi sb thuc

x>9. Thatvay,vdlm>i thita c6é 4m— 1—1>E—1—l:x_9>0, Vx>9
18 x 9 x 9

Tiép theo, ta sé chiing minh khdng ton tai sé thuc m < % dé bat dang thdc (1) ding véi moi x > 9.

That vy, gid s ton tai m, <% sao cho bat ddng thdc (1) ddng véi moi x >9. R rang 4m, —1> 0.

thi ré rang x, > . 9. Khi dé, theo bat ddng thic (1), ta phai ¢
m, —1 5

0 4.2 1

18

Chon x=x, =

4m, —1> L 4m, —1, mau thuan.
Xo
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N Ve 7 A A 5 e \ . A R ~ AY N\ A 7/ ~ ~ / - A rd
Tu cac ly luan trén, tasuy ra m > . chinh la diéu kién can tim. Binh luan. Cé |&, sé cé nhiéu thi

. \ ~ 3 ’, 1 2 ~ N A 1 N oA
sinh tu bat dang thdc 4m—1>— vdi x > 9 sé "suy ra truc tiép" ludn 4m—12> 5 Tuy nhién, viét nhu
X

vay la khéng chat ché.
G chudng trinh cap ba, khi d3 hoc vé gidi han va lién tuc, cdc em hoc sinh cé thé suy ra két qua
nho 18y gidi han x — 9. Tuy nhién, véi cdc em hoc sinh cép hai, viéc trinh bay chat ché dé suy ra
diéu kién chan m > % kh3 vat va. L&i gidi trén st dung phucdng phdp phan ching dé cé mot I5i
giai chat nhu vay.
C4 thé thay ciu nay "gai" khd hiém hdc, cé & sé cb nhiéu thi sinh bi trlr diém khi lam ciu nay.
Cau ll. a) Trong hé truc toa d6 Oxy, cho hai dudng thang (d,): y =5x+9 va
(dy):y= (m2 —4)x+3m voi m la tham s6. Tim tat ca cdc gid tri cla m dé hai dudng thang (d,) va
(d,) song song vdi nhau.
b) Cho phuang trinh x* —=2(m—1)x+2m—5=0 véi m la tham s6. Tim tat ca cac gid tri cla m dé
phuang trinh trén cé hai nghiém thuc x,,x, théa man (xl2 —2mx, +2m—1)(x2 -2)<0.
c) Hai 6 t6 cung khdi hanh moét ldc trén quang dusng tir 4 dén B dai 120 km. Vi méi gis 6 t6 thu
nh&t chay nhanh hon & t6 thd hai la 10 km nén 6 td thd nhat dén B trudc 6 t6 thd hai la 0,4 gid.
Tinh van t8c clia mdi 6 t6, biét rang van t8c clia mdi 6 t6 1a khdng d6i trén cd quang dudng 4B .
Li giai
a) Bé (d,) va (d,) song song vdi nhau thi ta phai cé: {mz —4=5

3m #9.
Hé nay c6 duy nhat mét nghiém la m = -3. Vay c6 duy nhat mét gid tri m thda man la m = -3.
b) Phuang trinh da cho la phudng trinh béc hai an x . Vi biét thic cda phuang trinh
A'=(m-1)>-(2m-5)=(m—-2)+2>0
v8i moi m nén phudng trinh ludn cé hai nghiém phan biét x,,x,.
Do x, la nghiém cta phuang trinh nén ta cé x; —2(m—1)x, +2m—-5=0, hay
X, =2mx, +2m—1=-2x +4=-2(x -2).
Do dd, diéu kién da cho cé thé dudc viét lai thanh -2(x, —2)(x, -2)<0, hay (x, -2)(x, -2)>0.
Mot cdch tusng dudng, ta phai cé: x,x, —2(x, +x,)+4>0.
Ap dung dinh ly Vieta, ta 6 x, +x, = 2(m—1) va xx, =2m—5. Do d6, bat dang thic (1) cé thé

N . N \ 7 2. z 3
dudc viét lai thanh 2m —5-4(m —1)+4 >0, tir d6 ta phai cé mSE.

A 3 e \ . A A A AY
Vay m< 5 chinh la diéu kién can tim.

c) Goi van téc clia 6 t6 thit hai la x( km/h) (diéu kién: x > 0 ). Khi d6, van téc clia 6 t6 thd nhat la

x+10( km/h). Khi dé,
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3N

gic.

Thaoi gian dé€ 6 t6 thd nhat ditlr 4 dén B la
x+10

Vi 6 16 th nhat dén sém hon 6 t6 thd hai 0,4 gis nén ta cd
120 120 1200

=O,4<:>—=£<:>)c()c4r10)=3000<:>(x+5)2 =3025.
X x+10 x(x+10) 5

Tu dé x+5=55,tdc x=50( km/h), thda man diéu kién x > 0. Vay van téc cla hai 6 t6 da cho lan
lugtla 60( km/h) va 50( km/h).

Cau . Bdc An muén lam mét clra s6 khudn gd, phia trén ¢ dang nira hinh

tron, phia dudi cé dang hinh chir nhét. Biét rang dudng kinh cla nira hinh

tron ciling la canh phia trén cla hinh chit nhat va tdng d6 dai cic khuén gb

(cdc dudng in da@m trong hinh vé bén dudi, bd qua d6 réng cta khudn gd) la

8 m. Em hay gilp bdc An tinh d6 dai cdc canh cda hinh chif nhit dé clra s6

cd dién tich I8n nhét.

Lai giai

Goi a( m) la dudng kinh cla nira hinh tron (diéu kién: a > 0). Goi b( m) la d6 dai canh con lai cua
hinh chif nhat. Theo gia thiét, ta c6 2b+a +% =8, hay (1 + %)a +2b=8.

\

Dién tich cla clra s6 ma bdc An mudn lam 13

2
S=ab+l a T=a Za+b zla Za+2b :la £a+8— 1+£ a zla 8— 1+£ a
2\2 8 2 \ 4 2 | 4 2 2 4

SUr dung bat dang thic AM-GM dang xy<(x+yj ,ta co

.Mh\

(12 fo-( 2] Uit

. D&u d3ng thuc xay ra khi va chi

Dodd a|8—|1+% |a|< 17— .Tu day, tasuyra S <
4 7T rm+4 T+4

khi (1+%)a:8—(1+%)a,td‘c a= 164( m). Khi dé
T+

b=8-(1+%|g=g-[14+ 2|10 _ 16
2 2) 7+4 rn+4

7, A EEAY e 2 ~ 7 ~ \ 7 ~ \ 2 . A \
tc b= (' m). Vay dién tich clfa s6 bdc An mudn lam 16n nhét |a 3 ( mz), diéu nay dat
T+4 7T+4
dudc khi va chi khi a = 6 (m)vab= 8 (m).
7T+4 T+4

Cau IV. Cho dudng tron (0) va mét diém 4 nam bén ngoai dudng tron. Qua 4, ké tiép tuyén 4B
dén dugng tron (0O) ( B la tiép diém). Ké dusng kinh BC cltia dudng tron (O ). Trén doan CO, lay
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diém I khdc C va D.DPudngthang /4 cat dudng tron (O) tai hai diém D va E ( D nam gilta 4

va E ). Goi H la trung diém cla doan DE .

a) Chiing minh rang 4B -BE = BD - AE.

b) Dudng thang d di qua diém E song song véi dudng thang 40 cat dudng thang BC tai diém

K . Chdng minh rang HK // CD.

Lai giai

a) Hai tam gidc 4BD va AEB c6 géc chung BAD va ABD = AEB (géc tao bdi ti€p tuyén va day

cung bang géc ndi ti€p cung chan cung dd) nén tam gidc 4ABD dbng dang vdi tam gidc AEB. Suy
AB AE

a —=——,hay 4A4B-BE = BD - AE.
BD BE

b) Theo dé bai, ta cé6 ABO = 90°(AB la ti€p tuyén clia (0) ) va AHO = 90° ( H latrung diém day
cung DE cua (0) ) nén ABO = AHO =90°, suy ra td gidc ABHO ndi ti€p dudng tron dusng kinh
AO.Ti d6 OBH = OAH .

Mat khdc, véi chdy EK// AO, ta cé KEH = OAH = OBH = KBH . Suy ra td gidc BEKH ndi tiép. Két
hgp véi td gidc BECD ndi tiép, ta cé HKB = HEB = DEB = DCB. Suyra HK//CD.

c) Goi Y la giao diém cla EK va CD, X la giao diém clia EC va AO. Vit gidc BEKH nbi tiép

—_—

nén EKB = EHB. Khi 6, hai tam gidc EKC va BHD c¢é ECK = ECB = EDB = HDB va

— — — — A A 4. EK BH
EKC =180°—- EKB =180°— EHB = BHD nén dbng dang vdi nhau (g9-g). Suyra —=——.
KC HD
Vi KCY = BCD = BED = BEH v CKY = EKB = EHB nén hai tam gidc CKY va EHB déng dang vdi
KY HB
nhau (g-g). Suyra —=—.
(9-9). Suy e HE
Vi H latrung diém DE nén ﬁzﬁ Do d6 %zﬁ suy ra KE = KY . SU dung dinh ly
HE HD KC KC

Thales, v8ichliy EY// XP (do EK// AO )va KE = KY ,ta suy ra OP =0X . Do d6, t gidc BPCX la
hinh binh hanh, suy ra BP//CX hay BP//CE.Ma CE 1 BE nén BP | BE.Do F la giao diém cla

BP va EO nén EBF =90°, d4n dén EF 13 dudng kinh cla (0). Vay t gidc BFCE la hinh chir
nhat.
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Cau V. Tim tat ca cdc sé thuc x,y,z véi 0< x,y,z<1 thoa man

X N y N z _ 3
I+y+zx l4+z+xy l1+x+yz x+y+z
Lai gidi
Céch 1. Tu gid thiét,tacé 1+ y+zx > x> +xy+xz=x(x+y+z).Suy ra
x by 1

< = .
1+ y+2zx x(x+y+z) xX+y+z

Chiing minh tuong tu, ta cling ¢é: —2 < ! z 1

l+z+xy x+y+z l+x+yz x+y+z
¥ Ly Lz 3
I+y+zx l1+z+xy l4+x+yz x+y+z
Mat khdc, theo gia thiét thi dau dang thic trong bat ddng thdc trén phai xay ra. Nghia 13, ddu dang

thic trong tiing dénh gid phu cling phai xay ra, tdc ta phdi cé x =y =z =1. Thi lai, ta thdy thda

Do d4:

man.
Vay cé duy nhdt mot bd s6 (x, y,z) thda man yéu cau la (1,1,1).
X X

Céch 2. T gid thiét, tacé (1-x)(1-z)20, hay I+xz>x+z. TU ddé suy ra < )
l+y+zx x+y+z

y < y z < z
l+z+xy x+y+z l+x+yz x+y+z

Chung minh tuong tu, ta cling cé

Cdng ba bat dang thic trén lai theo Vé&, ta dudc X Y z <l.

+ + <
I+y+zx l4+z+xy l+x+yz

Mat khdc, ta ciling cé ;21. Do dé X . ) z <1< 3 )
X+y+z I+y+zx l4+z+xy 1+x+yz X+y+z

Mat khdc, theo gia thiét thi dau dang thic trong bat d3ng thdc trén phai xay ra. Nghia 13, ddu dang
thic trong tling ddnh gid phu cling phai xay ra, tdc ta phdi cé x =y =z =1. Th{ lai, ta thiy thda

man. Vay cé duy nhat mot bd sé (x, y,z) théa man yéu cau la (L,11).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Cho ba sé thuc x, y,z thoa man cdc diéu kién sau:

2x* =3y =47
Jax? +3y% +4z2 =2+ 312+ 36
x.y.z>0

Tinh gid tri cGa biéu thic P = l+l+l.
X y z

Li giai

Dat 2x’ =3y’ =47’ =¢

Tac: £ =24(x.yz) =t>0=>x,,z>0.

= 3257 +3y7 +42° =3/t(l+l+l) M3t khdc, Y2 -x=33-y=4.2=3r.
X y z

:2+%/E+W=</Z(ﬂ§+%ﬁ+i/2)=</1[1+l+lj-%/?

x y z
Vay J{LLLJ :%.ﬁ(;;i)
X y z X y z

:>l+l+l=l.(Dot>0vél+l+l>0).
x y z 2 X y z

Cau . Xét phuang trinh bédc 2:ax® + bx+c¢ =0(1), trong d6 a,b,c la cdc s6 nguyén ducng. Biét

rang cac diéu kién sau dudc thda man: phuong trinh (1) cé nghiém; sé 420205 chia hét cho 12 ; s6
¢’ +3 chia hét cho ¢+3. Hay tim gid tri 16n nhat cla téng a+b +c.
Li giai

Vi a2020b chia hét cho 12 nén

a+b+4:3
{ :>be{4;8}:>b£8.

Lai c8, b* —4ac >0 nén ac<16 = c <16 (Vi a |1a s6 nguyén duang).

Ma ¢ +3ic+3c’ +3=¢'+27—-24=(c+3)(c* =3¢ +9)—24 nén 24ic+3.

Vi ¢ la s6 nguyén dudng va ¢ <16 nénta cd c+3e{4;6;8;12} = ¢ € {1;3;5;9}.
Xét cac trudng hdp sau:

ac <16

a§3;ce{l;3;5;9}

Khi d6 a +c 18n nhatkhi (a;c)=(9;1)= a+b+c=18.

b=38 thi{
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2) b=4 th {“34
a= 1(m0d3);c € {1;3;5;9}
Trong trudng hdp nay chi cé cdp (a;c) la (1;1),(1;3).(4;1) théa man; khi d6 a + ¢ 18n nhét khi
(a;c)=(4;1) =a+b+c=9.
Vay gid tri Ién nhatcla a+b+c=18.
CAu lIl. Tim s6 nguyén a bé nhat sao cho: x* +2x* —4x+a >0 vdi moi s6 thuc x.
Lai gidi

4 /. . ~ / 1 7/
Do x* +2x* —4x+a >0 ding v8i moi s6 thuc x . Xét x=7 ta cé:

4 2
1 +2 1 -4. 1 +a=>0
2 2 2
23 R
= aZE: a > 2 (do a nguyén).
Ta chiing minh a = 2 thda man diéu kién bai todn,
That vay, ta cé: ' +22° —4x+2=(x* ~1) +(2x~1)° 20 (ddng).
Vay a, =2.
Cau IV. Cho tam gidc 4BC nhon ndi ti€p dudng tron (0) cé 4B > BC . M6t dudng tron di qua hai
dinh 4,C cua tam gidc ABC lan lugt cat cdc canh 4B, BC tai hai diém K,N ( K,N khdc céc dinh
clia tam gidc ABC ). Gid sif dudng tron (O) va dudng tron ngoai tiép tam gidc BKN cat nhau tai
giao diém thd hai la M (M khdc B).Ching minh rang:
a) Ba dusng thang BM,KN, AC déng quy tai diém P
b) T& gidc MNCP ndi ti€p
c) BM?> — PM* = BK.BA— PC.PA
Lai giai

a) Goi P la giao diém cla KN vdi AC,BP cat (O) tai M'.
Do t& gidc ABM'C nditiép =aPCM' ~aPBA(g.g) = % = PIZ

Chdng minh tuong tu, ti gidc AKNC nbi tiép = PA.PC = PK.PN

= PB.PM' = PA.PC.
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:>PK.PN=PB-PM':>%=PM

— APKB»APM'N (c.g.c)= PM'N = PKB

= KBM'N |a t gidc ndi ti€p = M'=M = BM ,KN, AC dbong quy tai P

b) Do AKNC ndi ti€p = CNP = BAC.

Do ABMC nditiép = CMP = BAC.

TU day suy ra CNP = CMP = CNMP 3t gidc ndi tiép.

c) TU CNMP la td gidc nodi tiép, ta c6 BM.BP = BN.BC (do aBNM ~aBPC )

M3t khéc, BN.BC = BK.BA (do ABKB<» ABCA ) = BM.BP = BK.BA

TU cédu a tacéd: PM.PB=PC.PA

= BK.BA— PC.PA=BM .BP—- PM .BP

— BP.(BM —PM ) =(BM + PM)-(BM — PM ) = BM* — PM* (dpcm)

Cau V. Cho hai s6 4,B cung c6 2020 chir s6. Biét rang: s6 4 cé didng 1945 chir sé khdc 0 , bao
g6bm 1930 chir s6 ngoai cung vé bén trdi va 15 chir s6 ngoai cung vé bén phdi; sé B cé ding 1954
chir s6 khac 0, bao gém 1930 chif s6 ngoai cung Vvé bén trdi va 24 chir s6 ngoai cing vé bén phai.
Chiing minh rang UCLN (4, B) la mét s6 c6 khéng qua 1954 chif s6.

Li giai

Viét 4=x00...0y va B=2z00...0¢. Vi x,z c6 1930 chif s6 va y c6 15 chir s6, ¢ c6 24 chif s6.

Tacd: A=10"x+y va B=10"z+¢.
D3t d =UCLN(4,B) tacd x-B—z.4 chiahétcho d = xt - yz chia hétcho d.

Déthdy xt>yz nén xt—yz>0=d <xt—yz<xt.
Lai cé: x <10"°,¢ <10* nén d <10"* -10** =10"** = d ¢ khdéng qud 1954 chir sé.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

b—a _a\/Z—b\/E]_(\/Z—\/;)ZJr\/E
Jb—~a  a-b | Ja++b

Caul.Cho P= Vi (a>0;b>0;a=b).

a) Rdtgon P.

b) Ching minh rang P>0.
Lgi gidi

a)V38i a>0,b>0,a#b,taco:

p_( b-a _a\/E—b\EJ.(\/Z—\/E)Zh/E
Wb —a a-b ’ Ja+p

(V5 —a)(Jo+4a) (Ja—b)(a+ab+0)

T —a (Va b )(Ja +p)

_ \/;+\/Z_a+\/ﬁ+b :a—\/E+b
Na+\b ) a++b
2
(\/ZJF\/Z) —(a+x/5+b) Ja +b
- \/Z+\/Z 'a—\/%+b
B a+23ab+b—a—~Jab-b) Ja+-b
\/;-i-\/g 'a—\/E+b
Vb Na+dp
\/Z+\/Z.a—\/£+b
 Ja
a—~ab+b
b) Chidng minh rang P>0.
Jab >0
Véi a>0,b>0,a=b=
a—@+b:(\/;—\/z)2+\/£>0
Suy ra P:LZO.
a—\/z%—b

Vay £20 (gpem).
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Cau Il. @) Chiing minh rang: V8i moi m, it nhat mot trong hai phudng trinh sau cé nghiém:

X —=2m+Dx+m*+3=0 (1); x> —mx+4m-11=0 (2)

b) Mét tdm bién quang cdo cé dang hinh tron tdm O, bdn kinh
bang 1,6m. Gia su hinh chir nhat ABCD néi ti€p dudng tron tam
O bén kinh bang 1,6m sao cho BOC = 45° (Hinh bén). Ngugi ta
can son mau toan bd tdm bién quang cdo va chi sgn mot mat
nhu & hinh bén. Biét muc chi phi sgn phan t6 ddm la 150 nghin
dong/m? va phan con lai 1a 200 nghin déng/m?2. Hoi s6 tién (lam
tron dén dan vi nghin déng) dé son toan bd bién quang cdo bang
bao nhiéu? Cho & = 3,14.

L&i giai

a) Phuong trinh: x> —(2m+1)x+m* +3=0 (1) la phuong trinh bic hai 4n x, cé biét thuc

A, =Q2m+1)> —4(m> +3) = 4m—11.

Phudng trinh: x* —mx +4m—11=0 (2) la phudng trinh bac hai &n x, cd biét thic

A, =m’>—4(4m—11)=m’ —16m + 44

Khi d8: 4A, +A, = 4(4m—11)+(m* —16m+44) = m> > 0 ;Ym

TU d6 suy ra it nhat mot trong hai s6 4A,, A, 18n hon hodc bang 0 hay it nhat mét trong hai s6 A,
A, 18n hon hodc bang 0.

Do vay it nhat mot trong hai phuong trinh bai cho ¢4 nghiém (dpcm).

b)

Ké 4H 1 BDtai H (nhu hinh vé).

Khi d6, ta cé: AH = AO.sin AOH =1,6.sin 45° =¥(m)
1 1 42 1632
Suyra S, =—AH.OD=—"Y%16=—"%(m?
Y18 Suon =7 275 25 ™)
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Vi BOC =45° nén AOB =135°. Khi d6 ta cé

135
Sui =7.1,6>.—=~3,0144(m’
hinh quat AOB 360 ( )

Vi SBOC = SAOD » Shinh quat COD = Shinn quat AOB

1632
5

nén ta 6 Ss qam :2( +3,0144Jz7,839(m2)

Khi 46 Sknong to dam = Shinh cron — Seodam ~3,14.1,6? ~ 7,839 =0,1994(m”)

V4ay, s6 tién can dé son toan bd bién quang cdo la:

7.839.150 + 0,1994.200 ~ 1216(nghin déng).

Cau lll. Cho 3 diém 4, B,C c6 dinh sao cho 4, B,C thang hang, B nam gilta 4 va C. Goi (d) la
dugng thang di qua C va vudng géc véi 4B. L4y diém M tuyy trén(d). Dudng thang di qua B
vudng géc véi AM cét cdc dudng thang AM ,(d) lan lugt tai cdc diém 1 va N.Dudng thang MB
citANtaik .

a) Chdng minh rang t& gidc MIKN ndi tiép.

b) Chidng minh rang CM.CN = AC.BC.

c) Goi Ola tdm clha dudng tron ngoai tiép tam gidc AMN . V& hinh binh hanh MBNE . Goi H |a
trung diém clia doan thang BE . Chiing minh rang OH vudng géc vdi dudng thang (d) va

OH:lAB.
2

Lai giai

a) Xét tam gidc AMN cd hai dudng cao la ACva NI cat nhau tai B nén suy ra B la truc tdm clha tam
gidc AMN Suyra MB catvavudng géc véi ANtai K . Do d6 @:Wz%osuy ra Kva I
clng thubc dudng tron dudng kinh MN . Vay td gidc MIKN ndi tiép dudng tron dudng kinh MN .
b) Chiing minh rang CM.CN = AC.BC

Ta cé AMKN vudng tai K suy ra
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M

N

BMC =90°— ANM va AACN vuong tai Csuy ra NAC =90° — ANM
— BMC = NAC (cung phu Vi M).
Xét AMBC va AANC cé:

MCB = ACN =90° (Vi AC_LMN)

BMC = NAC

suy ra AMBC - AANC (g9.9)

:>C—M=Q:>CM-CN=AC-BC.
CA CN

¢) Chiing minh rang OH vuéng géc véi dudng thang (d) va OHzéAB.

Vi BMEN la hinh binh hanh = ME//BN

m3 BN L AM = ME | AN = AME =90°

suy ra AE la dudng kinh cla (0)

suy ra O la trung diém cla AE.

Vi BMEN la hinh binh hanh, A la trung diém cla BE

nén H ciing la trung diém cta MN .

Xét AABE cé H latrung diém cha BE, O la trung diém cha AE

OH //AB

suy ra OH |a dudng trung binh clla AUBE = o 1
2

Vi OH//AB ma AB L MN =OH L MN hay OH 1 (d).

AB’

x*+y’—4x=57 (1)

Cau IV. a) Gidi hé phuadng trinh sau:
{|x_1|2021 i |x_ 2|2020 _ 1 (2)
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b) Cho a va b I3 hai s6 hifu ti. Chiéing minh ring néu a~/2 + b3 ciing 13 s8 hitu ti thi a=b=0.
L&i giai

2020 2021 2020

a) Cach 1. Ta cé +lx=2[7 =1

2021 N
x=177 20; >0 va

x—2|

x—1|

nén |x—1"" <1 va [x—2["" <1.

Tudé |x—1|<1 va |x-2|<1,

Suy ratudng ing 0<x<2 va 1<x<3.

Két hgp lai, ta dugc 1<x<2.

Néu 1<x<2thi 0<|x-1|<1va 0<|x-2|<1.Dodd

2021 2020

=17+ |x =27 <|x=1|+[x=2|=x-1+2-x=1 (m&u thuan).

Vay x=1 hoac x=2.

Thir lai x=1 hoac x=2thda man phudng trinh (2)
e Thay x=1 vao phugng trinh (1) cta hé, ta dudc y* =60 <:>y=i\/@.
e Thay x=2 vao phuong trinh (1) cla hé, ta dudc > =61< y = +61.

Vay hé phudng trinh da cho cé bén nghiém (x; ) la
(1), (480 2461 o361
Céch 2. Dit x—2=a thi phudng trinh (2) trd thanh |a[" + [a+1]" =1
Tudésuyra |a|<1 va |a+1/<1

Hay —1<a<1 va —-1<a+1<1
Suyra: -1<a<0

|2021 2020

Tacd

a " +la+]"" <|a|+|a+]|=-a+a+1=1.
D4u d3ng thic xay ra khi va chikhi a=0 hodc a=-1.
Suyrax=2 hoac x=1
e Thay x=1 vao phuadng trinh (1) cta hé, ta dugc y* =60 @y:i\/@.
e Thay x=2 vio phudng trinh (1) ctia hé, ta dugc *> =61< y=+/61.
Véy hé phuong trinh da cho c6 bén nghiém (x:y) 1a (1,60}, (1,-v/60),(2,v61),(2,~/61)
b) Ta dét:a\/erb\/g: ceQ

:>czz(a 2+b\/§)2=2a2+3b2+6ab\/ge(@

= c?—2a*>-3b* =6abJ6€Q

¢t =2a* -3b*
R ——— -

N&u 6ab # 0= /6 =
6ab

s6 hitu ti, vo Iy.

a=0

Néu 6ab=0=>
b=0
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Trudng hdp 1: a=0= b3 eQ=b=0 (do beQ).

Trudng hop 2: h=0= a3 e Q= a=0 (do acQ).
Vay a=b=0 (dpcm).
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

1+\/§
5

Caul. Cho a =

a) Tim mot da thic béc hai O (x)vdi hé s6 nguyén sao cho ala nghiém cla O(x).
b) Cho da thic P(x)=x"—x*—x+1.Tinh gid tri clia P(a).
Li giai
Z A 2 2
a) Tacé 2a=1++/5 nén (2a—-1) =5 hay a* ~a-1=0
Tu dé suy ra a la nghiém cla Q(x)=x"—x-1.
b) Ta cé P(x)=(x" —x—1)(x* +x+1)+x+2.

5+J§

Vay P(a)=a+2= >

Cau ll. Cho 4, B |a hai diém c6 dinh nam trén dudng tron tdm O, bdn kinh R. Gid si C 1a diém c6
dinh trén tia d6i clia tia BA. M6t cat tuyén thay d6i qua C cat dudng tron (0) tai D va E (D
nam gitra C, E ). Cdc dudng tron ngoai tié€p cdc tam gidc BCD va ACE cat nhau tai giao diém thd
hai M . Biét rang bon diém O, B, M ,E tao thanh td gidc OBME . Ching minh rang:

a) TU gidc OBME nbi tiép.

b) CD.CE =CO* - R*.

c) M ludn chuyén dbng trén mot dudng tron cé dinh.

Lai giai

a) Vi AEMC,BCMD,EABD |a céc t gidc ndi ti€p nén
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—

EMB = EMC — BMC = EMC — BDC =180°—2EAC =180°— EOB = EMB + EOB = 180°.

Suy ra OBME |3 t( gidc ndi tiép.

b) Qua diém O ké dudng thdng ON vubng géc véi dudng thdng DE tai N . Khidé N 1a trung diém
clua DE,tacé

CECD =(CN+NE)(CN-DN)=(CN +NE)(CN-NE) =CN’-NE* =CO* -OE* =CO* - R’

c) Ta c6 céc t gidc OBME, AEDB, BDMC ndi ti€p suy ra

— e~~~

OMC = OMB + BMC = OEB+ BDC = OEB + BAE = 0EB+;BOE 90°.

Ma 0,C 8 dinh nén M nam trén dudng tron dudng kinh OC c6 dinh.
Cau 1l. Tim tat ca cdc s6 nguyén dusng N sao cho N cé thé biéu dién mét cdch dang duy nhat &

2
dang X +y
xy+1

L&i giai

véi x,y la hai sé nguyén ducng.

V4i N =1 thita thdy x=y—1 théa man do dé N cé vé s6 céch biéu dién. V6 Ii nén loai N =1.
V@i N >2 ta sé chiing minh N cé thé biéu dién duy nhat. That vy

Y SNy+N=x’+ye x> —Nxy+y-N=0 (1)
xy+1

N =

Phudng trinh (1) 1a phuong trinh bic 2 4n x.

D& phudng trinh ¢4 nghiém nguyén th‘lA:(Ny)2 —4y+4N phaila s6 chinh phuong.

(Ny—1)" =(Ny)" —2Ny+1<(Ny) —4y +1<(Ny) +4N <(Ny+2)’.

Ma A E(Ny)2 (mod2) nén A =(Ny)2 suyra y=N,trdé x=N? do x 13 s6 nguyén duong.

Do dé phugng trinh chi ¢é nghiém duy nhat (NZ,N) nén N cling chi cé mét céch biéu dién duy
nhat.

Vay N >1.

Cau IV. Cho a,b,c la 3 s6 nguyén dudng sao cho mbi sé trong ba s6 dé déu biéu dién dudc 3 dang
IGy thira cda 2 véi s6 mi tu nhién. Biét rang phuong trinh béc hai ax’ —bx+c=0 (1) ¢ hai nghiém
déu 13 s6 nguyén. Chiing minh rang hai nghiém cla phuaong trinh (1) bang nhau.

Lgi giai

TU gid thiét, tacd a=2",b=2",c=2" véi m,n, p 1a sé tu nhién.

Vi phudng trinh (1) cé nghiém nguyén nén ta cé: A =b> —4ac =2*" —2""""* phai la s6 chinh phuang.
D3t 2™ 272 =u? véi u ty nhién, khi d6 ta cé: (2" —u)(2" +u)=2"""  (2)

Gidstr u>0. TU (2),tasuyra 2" —u va 2" +u déu lally thUra cda 2.

Dat 2" —u=2" va 2" +u=2' vdi k,I |a cdc s6 tu nhién (k </), khi d6 ta cé
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2 =2F 42 =2 (2 +1).

Suyra 2" +1 1a lGy thira cGa 2, mau thudn vi 2% +1 1a s6 nguyén 1& I8n hon 1.
Nhu vay , ta phdicé u=0.Suy ra A=0, tdc |a phudng trinh (1) cé nghiém kép.
Do dé hai nghiém ca phuong trinh (1) bang nhau
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

X+ x+1+ 1 N 1
x+x =2 Jx-1 Jx+2

a) Rdt gon biéu thic 4.

CéuI.ChoAz( J+ ! véi x>0 va x=1.
x_

(s R | A
b) Tim tat ca cdc s6 nguyén x sao cho i la s6 nguyén dudng.
Lai giai
a) Bing bién d3i truc ti€p, d& dang ching minh dudc véi x>0 va x =1 thi 4= (/x +1)°.

b)Tacé%>Ovéll !

A (x 1y
TUd6 (Wx +1) =1, hay x =0 (thda m3n). VAy x =0 |3 gid tri duy nh&t thda man yéu cau.

<1.Vi % la s& nguyén duang nén %zl

Cau ll. a) Trong mat phdng toa d6 Oxy, hdy viét phudng trinh dudng théng (d): y = ax+b biét
dudng thang (d) di qua diém 4(2,-1) va song song vdi dudng thang y = -3x+1.

b) Mét clra hang kinh doanh dién mdy sau khi nhdp vé chiéc tivi, da ban chiéc tivi dd; cira hang thu
dudc tién 13i la 10% cla gid nhép vé. Gia sU clfa hang tiép tuc ndng gid bédn chiéc tivi d6 thém 5%
cla gid da bdn, nhung bét cho khdch hang 245000 déng, khi d6 clra hang sé thu dugc tién 13i 1a
12% cla gid nhap vé. Tim gid tién khi nhap vé cla chiéc tivi dd.

Li giai

a) Do dudng thang (d) song song vdi dudng thang y =-3x+1 nén a =-3 va b =1. Mat khdc, do
dudng thang (d) diqua diém A4(2,-1) nén —1=2a+b=-6+b,tUdé b =5 (théaman b=1). Vay
phuang trinh cdia dudng thang (d) cantimla (d):y =-3x+5.

b) Goi x (déng) la gid tién cla chiéc tivi lic nhdp vé. R rang x > 0. Ta cé tién |3i cla chiéc tivi dé

khi ban 13 10%x =% (d6ng), suy ra gid ban cla chiéc tivi I3 x+% =% (d6ng).

Néu cfa hang nay néng gid cla chiéc tivi thém 5% so vdi gid da bdn thi sé tién I3i thém |a

%-5% Z;IT)(C) (déng). Thé thi, sau khi tang thém 5% gid da bdn thi gid mdi cda chiéc tivi (khi chua
Ilx 11x 231x . .
iam gid) la —+—= dong). Khi gidm cho khach hang 245000 déng thi gid ban la
giam gia) 0 300 200( 9) g g g thig
231x

5 —245000 (déng). V@i gid nay thi clra hang thu dudc |3i 12% cla gid nhap Vé, tlc bang

12%x =§—)5C (@6ng). Nhu vy, ta cé
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(223018‘ - 245000) —x= ;—)5‘

Gidi phudong trinh nay, ta dugc x = 7000000. Vay gid nhap vé cla chiéc tivi la 7000000 dong.
Cau lIl. Cho tam gidc déu 4BC ndi tiép dudng tron (0), diém D thudc cung nhé 4B ( D khac 4
va B). Céc tiép tuyén vdi dusng tron (0) tai cdc diém B va C cat dusng thang 4D theo thif tu
tai £ va G.Goi I la giao diém cua hai dusng thdng CE va BG.

a) Chiing minh rang hai tam gidc EBC va BCG dbéng dang.

b) Tinh s6 do géc BIC . TU d6, hdy chiing minh rang t& gidc BIDE ndi tiép.

c) Goi K |a giao diém cua hai dudng thdng DI va BC. Chiing minh rdng BK*> = KI-KD.

Li giai

a) Do tam gidc ABC déu nén AB = BC = CA,BAC = ABC = ACB = 60°, tAm dudng tron ngoai tiép O
cling la tryc tdm cla tam gidc 4BC. Do dé BO L AC . Lai cd BE latiép tuyén tai B cla (O) nén
BE 1 BO,tu dd BE// AC.

Tuong tu, ta cling c6 CG// AB. Suy ra AEB = GAC v BAE = AGC (cdc géc dong vi). TU dé

AAEB» AGAC (g-g), dan dén BE =B—A. Ma AC = AB = BC nén oo =Q. TU day, két hgp véi
AC CG BC CG

EBC = GCB =120°, ta dugc AEBC »ABCG (c-g-c).

b) TU (1), ta 6 BEC = CBG . T\ d6 ACEB < ACBI , din dén CIB = CBE =120°. Suy ra

BIE =180°— BIC = 60°.
Do t gidc ADBC nditiép (O) nén BDE = BCA = 60°, suy ra BIE = BDE .

T gidc BIDE c6 BIE = BDE , ma hai gdc nay cé dinh ké nhau cung nhin canh BE nén t gidc
BIDE la t gidc noi tiép.
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c) Do t& gidc BIDE ndi ti€p nén BDI = BEI (hai géc ndi tiép cung chan cung BI ), ma BEC = CBG
nén KBI = KDB . Xét hai tam gidc KBI va KDB c6 géc K chung va KBI = KDB nén hai tam gidc

a 2 KB KD \ 7
nay déng dang (g—g). Suy ra E:E’t”d" KB* =KI-KD.

Binh ludn. Bai hinh ra giéng dé thi vong 2 cla chuyén Su pham nam 2004-2005. C4u a) gay khé
khan cho hoc sinh khi phai tim ra hai tam gidc déng dang gdéc géc thi méi chiing minh dudc cap
tam gidc dé bai ra. Hai cdu b) va ¢ ) lai khd nhe nhang khi chi can dung y trudc |a cé thé lam dudc
ngay.

Cau IV. a) Tim t4t ca cac s6 thuc x théa man a=x+~/2 v b=x’+5/2 I3 hai s6 hiiu ti.

b) Cho céc sé thuc a,,a,,...,ay,,,b,,b,,...,by,, thda man mbi phudng trinh x* +a.x+b, =0 déu cé

hai nghiém thuc phan biét x;, va x, véimoi i =1,2,...,2022.

, . . + X+t R A . ) 4
Chdng minh rang sé thuc o = all x22022 T2y nghiém cla phuang trinh bac hai
NN a +a, -+ ayy, x+b1 +b, +--+ by, _

2022 2022
Lai giai

a) Tacé x=a-~/2,do dé
b=x3+5\/§=(a—\/§)3 +5V2=d° +6a+3\/§(1—a2).
Vi a,b la cdc s6 hitu ti nén 3\/5(1—a2) la s6 hituti. Suyra 1—a® =0, tdc a =+1. TU day, ta cé

x=1-+/2 hodic x=—-1-+/2. Thi lai, ta thay céc gi4 tri ndy déu théa man yéu cau. VAy, cd hai gid
trj x thda man yéu cAu baitodn a x=1-+2 va x=-1-+/2.
b) SU dung dinh ly Vieta, ta cé x, + x, = —a, va x,x, =b, v8imoi i =1,2,...,2022. Tu d6 suy ra

—(a1 +a, +~--+012022)=2022x0 +(x1 + X, +--~—i—x2022)=2022(x0 +a)

b+ b, + - +byyy = X, (X +x, +-- + Xy, ) = 202201

GGty s :b1+b2+---+b2022

X, . Do d¢, theo dinh ly Vieta dao, c3
2022 2022

NhUVéY1 X +a =—

a, +a, +-+ay, x+b‘ +b, +--+b,y,, _
2022 2022

hai s8 x, va a déu la nghiém cua phuong trinh x* +
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. a) Khéng s dung mdy tinh, hdy tim gid tri cha biéu thic P = i/7+5\/§ +i/7—5\/§ )

b) Cho da thic P(x)=ax® +bx+c véi a # 0. Chliing minh rang, néu da thic P(x) nhan gid tri
nguyén véi mdi sé nguyén x thi 2a,a+b,c déu la nhitng s6 nguyén. Sau dé, chiing td rang néu ba
s6 2a,a+b,c la nhitng s6 nguyén thi P(x) cling nhan gid tri nguyén vdi méi s6 nguyén x.

Li giai

a) Tacé P=3(1++2) +3(1-2) =142 +1-2=2.

b) Gid st P(x) nhan gid tri nguyén vdi moi s6 nguyén x . Khi d6,ta cé P(-1),P(0) va P(1) la
s

sé nguyén. Suy ra a—b+c,c,a+b+c lacdcso nguyén. T ddtacé a+b=(a+b+c)—c lasod
nguyénva 2a=(a+b+c)+(a—b+c) lasdé nguyén. Vay 2a,a+b va c la cdc s6 nguyén.

Bay gid, gid st 2a,a+b va c la céc sd nguyén. Khi dé, ta cé
-1
P(x)za(x2—x)+(a+b)x+c=2a~¥+(a+b)x+c

N N -7 . A /. . ~ A x x_l \ N /5. . N
ludn nhan gia tri nguyén vdi moi sé nguyén x, do ( 5 ) la s6 nguyén véi moi x nguyén.

Cau II. Cho tam gidc déu 4BC ngoai tiép dudng tron (0). Cung nhé OB clia dudng tron ngoai
ti€p tam gidc OBC cét dudng tron (0) tai diém E. Tia BE cat dudng tron (0) tai diém thd hai F.
a) Chiing minh rang tia E£O la tia phén gidc cla géc CEF .

b) Chiing minh rang t& gidc ABOF nbi tiép.

c) Goi D la giao diém thf hai clia dudng thdng CE va dudng tron (0). Ching minh réng ba diém
A,F,D thing hang.

Lai gidi

a) Do dudng tron (O) ndi ti€p tam gidc déu ABC nén BAC = CBA= ACB =60° va 40,BO,CO |3
cdc dudng phan gidc clia tam gidc ABC.

Do t& gidc OEBC ndi ti€p nén OEF = OCB =30° va OEC = OBC =30°. Suyra OEF = OEC nén EO
la tia phén gidc cla CEF .

b) Vitam gidc OEF céntai O nén OFE = OEF =30°. Do BAO = BFO =30° nén t giac ABOF nbi
tiép.
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c) Hai tam gidac OED,OEF c6 OE = OF = 0D va OEF = OED nén ching bdng nhau. Suy ra

ED = EF . Tu d6, tam gidac DEF céantai E.Ma DEF =60° nén tam gidc nay la tam gidc déu. Bay
gid, Vi chu v riing ti gidc ABOF ndi tiép, ta cé: AFB+BFD = AOB + EFD =120°+ 60° = 180°.

Vay ba diém 4, F,D thang hang.

Cau lll. Cho a,b,c,d la céc s6 nguyén dudng théda man ab = cd . Chitng minh rang sb

N:a2022 +b2022 +CZO22 +d2022 I\a hdp 36'

Lgi gidi
a2022 d2022 X X
Tu gia thiét, ta c0 —5;; = —5;; = — VOi x,p la cac s6 nguyén dudng nguyén t6 cung nhau. Do = la
c b v v
phan s& t8i gidn nén ton tai cdc s6 nguyén duong m,n sao cho a*? =mx, ¢ = my,d* =nx va

b** =ny . TU dé,tacé: N=mx+ny+my+nx=(m+n)(x+y)lahdps6, do m+n va x+y lacécsé
nguyén dudng I6n han 1.
Cau IV.
Ta viét mudi s6 0,1,2,...,9 vao mudi 6 tron trong
hinh bén dudi, méi s6 dugc viét ding moét Ian.
Sau d4, ta tinh t8ng culia ba s8 trén mbi doan
thang dé nhan dudc sdu tdng. CS hay khéng mét
céch viét mudi s8 nhu thé sao cho sdu tdng nhéan s
dudc la bang nhau? b
Lgi giai
Gid sU ton tai mdt cdch dién s6 thda man yéu cau dé bai. Goi céc s6 dugc dién la a,, a,,...,a,, nhu

hinh vé.
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Khi @6, ta co
6S = (a1 +a; +c12)+(c12 +a, +a3)+(a3 +a, +a1)+(a +a,+a )
+(a, +ag+a,)+(a, +a; +a)
= 2(a,+a,+a,+a,)+(a, +a,+a,+a, +as+a, +a, +a; +a, +a,)
= 2(a,+a,+a;+a,)+(0+1+2+3+4+5+6+7+8+9)
= 2(al+a2+a3+a4)+45.
Suy ra 45 13 s8 ch8n, mau thuan. VAy khéng ton tai cdch dién s6 thda man yéu cau dé bai.
Cau V. a) Trong mat phdng cho ndm diém sao cho khéng cé ba diém nao thdng hang. Chidng
minh rang ton tai it nhat mot tam gidc tu cé cdc dinh dudc 1ay ti nam diém da cho.
b) Trong mat phdng cho 2022 diém sao cho khdng cd ba diém nao thang hang. Ching minh rang
tén tai it nhat 2018 tam gidc tU ma mdi tam gidc tu d6 cé céc dinh dugc 14y tir 2022 diém da cho.
Lgi giai
a) Xét nam diém A4,, 4,, 4;, 4,, A, trén mat phang sao cho khéng cé ba diém nao thdng hang. Cé
thé thay rang bao 16i C cla ndm diém nay phai la mét ngl gidc 16i hodac mét td gidc 16i hoac mét
tam gidc.
e Trudng hop 1: Bao 16i C cia nam diém nay la mdt ngl gidc 16i. Khdng méat tinh téng quat,
gid st ngli gidc d6 la 4 4,4, 4, 4, . Khi d6, ta c6
ZAMA + L AAA, + L AAA + ZAAA + LA A A, =540
Suy ra, trong cdc géc 4 4, 4,, A, A, A,, A, A, A, A, A, A va A;A A4, , phdi cd mbt géc I1n hon 90°. TU d6,
ta ¢ diéu phai chiing minh.
e Trudng hdp 2: Bao 16i C cha nam diém nay la mot t gidc 16i. Khdng mat tinh téng qudt, gia
sU td gidc d6 la 4,4,4, A, . Khi d6, diém A phai nam trong t gidc 4,4,4,4,. Ta cd
LA AA+ L AAA A+ LA A A+ £ A A A, =360, Do d6, gbe I18n nhéat trong cdc géc
A A A, AL A A,, A, A A va A A A, phaicé s6 do khdng nhd hon 90°. NEu géce nay cé s do
bang 90° thi cd bén gbc 4,4, 4,, 4,4, A,, A, 4 A;, A, A A, déu phai bang nhau va bang 90°, suy
ra LA, A4, + £ 4,4 A, =180°, tdc ba diém 4,. 4,4, thdng hang, mau thudn. Nhu véy, géc
I8n nhat trong cdc g6c 4,4, 4,, A, A A,, A,4 A, va A;4 A, phaila gbc tu. Ta cé diéu phai
chiing minh.
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e Trudng hdp 3: Bao 16i C cha nam diém nay la mét tam gidc. Khdng mat tinh téng quét, gia
st tam gidc d6 1a 4,4, 4, . Khi dé, hai diém 4, va A, phai nam trong tam gidc nay. Suy ra
LAAA+ L AA A+ L A4 A4, =360°. TU d6, gbe 16n nhat trong ba géc 4,4, 4,, 4,4, A4, va

A,A A, phaicd s6 do khdng nho han % =120° > 90°. Ta cd diéu phai chiing minh.

b) Ta sé chfng minh ménh dé téng quét sau bang quy nap theo n : VGi n+4 diém trén mat
phang cho trudc, sao cho khdng cé ba diém nao thang hang, ton tai it nhat n tam gidc tu ma maoi
tam gidc tu d4 cd céc dinh dugc 18y tUr n + 4 diém da cho.

Theo két qud ciu a), ménh dé ding vdi n =1. Gid si ménh dé ding dén n =k véi k nguyén
dugng, ta sé chiing minh ménh dé ciing ding véi n =k +1. Xét k+5 diém 4, 4,...... A5 trén
mat phang sao cho khéng cé ba diém nao thdng hang. Khi dé, véi nam diém

Ay Airs Apiss Apar A, .5, theo cdu a), ta tim dugc mét tam gidc tu cé cac dinh dugc lay ti nam diém
nay. Khéng mat tinh téng quat, gid s tam gidc 4,,,4,,,4,. tu. Bé qua diém 4,5 va xét k + 4
diém 4,,4,,...,4,.,. Theo gid thi€t quy nap, tU k +4 diém dang xét, ta tim dugc k tam gidc tu c6
cdc dinh dugc 18y tU k +4 diém nay. Nhu vay, tU k+5 diém 4,,4,,...,4,,, ta tim dudc £ +1 tam
gidc tu cb céc dinh dudc 18y tU k +5 diém dang xét. Khang dinh cling ddng véi n =k +1. Theo
nguyén ly quy nap, ta cé khang dinh ding véi moi n nguyén dudng.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

X’ +8Jx  2x+x 16— ax
x—2x+4 Ix  Ax+2
b) M6t khay nudc cé nhiét d6 125°F khi bt ddu cho vao ta d4. G trong ta dd, ci sau méi gid, nhiét
do khay nudc lai giam di 20%. Hdi sau bao nhiéu giG, nhiét do khay nudc chi con la 64°F?

Cau I. a) Rat gon biéu thic A= i x>0.

L&i gidi
a) VGi x>0, tacéd
X' +8x | 2xtx | 16 4x e8] Wx(2dx+1) a(x-a)
vk t4 | dx Axt2 x—2dx4d x| Ix+2
\/—(\/_+2)(x 2y +4] a(vx+2)(Vx 2]
X — 2\/_+4 +2\/;+1_ \/;+2

= Vx (Vx4 2]+ 20K +1- 4 (Vx = 2) = x+ 2 + 2% + 1= Ax +B=x+9.
Vay véi x>0 thi A=x+09.
b) Cach 1:
Nhiét d6 cda khay nudc sau gid thi nhét I3 125 — 125.20% = 80%.125 = 100 (°F).

A_

Nhiét d6 ciia khay nudc sau gid thir hai la

100 —20%.100 = 80%.100 = 80 (°F).
Nhiét d6 cta khay nudc sau gi¢ thi ba la

80—-20%.80=80%.80=064 (°F>.

Dé& thay sau x gid, v8i x > 3 thi nhiét d6 clia khay nudc |a nhé hon 64°F (khéng théa man)
Véy sau 3 gidi, nhiét dé nudc trong khay chi con la 64°F .
Cach 2:
Goi t ( t>0, ddn vi: gid) la thai gian dé sau t giG d6 nhiét dé nudc trong khau chi con la 64°F .
Gid st x (°F) la nhiét d6 cla khay nudc khi bit ddu cho vao ti da.
3 trong t d3, c sau mdi gid, nhiét d6 cta khay nudc lai giam 20%.
Do d6 sau mét gid, nhiét d6 cta khay nudc la x —20% = 80% x.
Sau hai gid, nhiét d6 cta khay nudc la x —20% = 80% x —20% = 80% x.(l — 20%) = (80%)2 X

Sau t gid, nhiét d6 cta khay nudc la (80%)t X
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Véi x =125°F va sau t gig, nhiét d6 clia khay nudc la 64°F, ta cé:

t 3
(80%)".125 =64 hay [g] :[g] Do dé t—3

Véy sau 3 gidi, nhiét dé nudc trong khay chi con la 64°F.

C4u II. a) Cho phugng trinh: x? —(2m - l)x —(m2 + 1) =0. (1)

Chdng minh rang véi moi gid tri cia m, phudng trinh (1) ludn cé hai nghiém x,, x,. Tim hé thdc
lién hé gilra x,, x, sao cho hé thic dé khong phu thuéc vao m.

b) Cho Parabol (P) ty =ax’ (a # O) diqua A(—l;%j. Tim toa d6 diém M trén Parabol (P) sao cho
khodng cdch tir M dén truc tung gép hai lan khodng céch tir M dén truc hoanh.

LaGi giai

a) Xét phuang trinh (1) co

A:[—(Zm—l)r —4.1.[—(m2 +1)]=8m2 —4m+5:2[2m—%]2 +%> 0 véi moi m.

Suy ra véi moi gia tri cia m, phudng trinh (1) ludn cé hai nghiém x,, x,.

X, +x,=2m—1 m:x1+x2+1
Theo hé thuc Viét, ta cé 5 & 2
xlxzz—(m —1—1) ™, W 3
1772
X +x, +1 | x, +x, +1) (x, +x, +1)
Thay m="1—"2—= vao x,x, =-m* -1 tadugc: x,x,=—|-1—2-—~| - 1=—+ 2 /1
2 4

Suy ra x? + x5 +6x,x, + 2X, + 2x, +5=0
Vay biéu thic gitfa hai nghiém x_, x, khéng phu thudc vao m la:
X2 + X2 4 6x,X, +2x, +2x, +5=0.

b) Vi Parabol (P):y:ax2 (a¢0) di qua A{—l;%] nén %:a_<_1)2 @a:%.

Khi &6 (P):y:%x2.
Vi Me(P):y:%x2 nén M[k;%kz].

Khodng céch tr M dén truc tung la ‘k‘

Khodng cdch tir M dén truc hoanh Ia %kz )
k=0
Theo g4 thiét, ta c6 phudng trinh |k|= 2‘%18 el=K ek =k =k (k2 - 1) —0e 1
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Vay toa d6 cdc diém M cantim la M, (O;O); M, {— l;%]; M, [1%]
Cau IIl. Cho hinh binh hanh ABCD c6 ABC = 120°, BC = 2AB. Dung dudng tron tam O dudng
kinh AC. Goi E, F 1an lugt |a giao diém thd hai cia AB, AD véi dudng tron (O) Dudng thing EF
Ian lugt cit cdc dudng thang BC, BD tai H, S. Chiing minh:
a) Tam gidc ABD la tam gidc vudnag.

b) T& gidc OBEH Ia t& gidc ndi tiép.

c) SC la tiép tuyén cla dudng tron (O)

Li giai

a) Goi K la trung diém clGa doan AD

Ta c6 tam gidc ABK déu (do AB=AK=a va BAK = 60°)
Suy ra KE?(:GOO (1)

Tam gidc KBD cén tai K va BKD = 120°

o/

v

[}
o

/N

Suy ra KBD=30° (2)

Tir (1) va (2) suy ra ABD =90°
Vay tam gidc ABD la tam gidc vuong tai B. S

b) Do d6 OB L. AE va OA=O0E, suy ra B la trung diém cla AE.
Xét tam gidc EAF c6 B |a trung diém cta AE va BH// AF nén H |a trung diém cla EF.

Suy ra OH LEF.
Td gidc BEHO cé OBE = OHE = 90° td gidc BEHO 13 td gidc nbi tiép.

¢) Ta cé: CHS = BHE. Do t gidc BEHO néi tiép nén BHE — BOE — BOA = COS.
Suy ra SCO = SHO = 90°. Vay SC la ti€p tuyén cta dudng tron (O)

2
Cau IV. Cé hay khdng cdc s6 nguyén a, b sao cho (a +b\/2023) =2024 +2023/20237
Lai giai
2
Ta cé (a + b\/2023) — 2024 +202342023

& a% +2ab+/2023 +2023b2 = 2024 + 202342023
N (a2 12023b% — 2024) + (2ab _ 2023) \J2023 =0.

a? 420237~ 2024 —0 | T2023b°=2024
Vi a, b nguyén nén -
o [Zab ~2023=0 ab— 20223
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Ma a, b nguyén nén ab nguyén.

Suy ra khéng tén tai cdc cap sd nguyén a, b thod man diéu kién bai todn.

Cau V. Trén bang ta viét da thuc: P(x) =ax’+bx+c (a # O).

P(x+1)+P(x—1)
2

Pl(x+1)+P1(x—1)
2

Ta viét da thic mdi: P, (x) =

réi xod da thic P(x).

Ta viét da thic mdi: P, (x) =

roi xod da thic Pl(x).

Ta tiép tuc lam thé nhiéu Ian.

Chdng minh rang néu c lam nhu vay nhiéu |an thi d&n mdt Idc nao d6 ta nhan dugc mét da thic
khong cé nghiém.

Lgi giai

Ta cé: P(x):ax2 +bx+c

P(x+1):a(x+1)2+b(x+1)+c:ax2+2ax+a+bx+b+c
P(x—l):a(x—1)2—|—b<x—1)+c:ax2—2ax+a+bx—b+c
= P(x+1)+P(x—1)=2ax 4 2bx +2a+2c
B P(x+1)+P<x—1)

:>P1(x)_ > —ax’ +bx+a+c

Tudng tu, ta tinh dugc: P, (x) = ax’ +bx+2a+c; P, (x) —ax’+bx+3a+c

Lam nhu vay dén lan thd n, ta nhan dudc da thic: P, (x) =ax’ +bx+na+c véi ne N*.
Khidé A, =b’ —4a(na+c)= (b’ —4ac)—4a’n.

Xét cac trusng hdp:

+) Néu P(x) v6 nghiém thi b* —4ac <0= A < 0= Da thic P, (x) vO nghiém.
+) Néu P(x) c6 nghiém thi b* —4ac =k > 0. Khi @6 véi n dd I6n thi A =k—4a’n <0
= Da thic P, (x) vO nghiém.

Vy ta ¢ diéu phai chiing minh.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN PAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| BE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Cau |. a) Chiing minh rang tich cGa bén s& nguyén lién tiép cong vdéi 1 1a binh phuong clia mét sé
nguyén.
2xy —x=10
b) Tim cdc cap sé nguyén (x;y) la nghiém cla hé phuadng trinh: 4 .
X+y+xy=11
Li giai
a) Goibdnsé nguyénlan n+1,n+2,n+3 (n € Z).

Xét A=n(n+1)(n+2)(n+3)+l=(n2+3n)(n2+3n+2)+1
=(n2 +3n)2 +2(n2 +3n)+1 =(n2 +3n+1)2.

TU d6 ta ¢ diéu phai chiing minh.

2xy-x=10 {X(Zy—l)zlo

b) Tacé
X+y+xy=11

(x+1)(y+1)=12
Vi x,y nguyénva 2y -1 las§lénéntacé xeU(10); x+1eU(12) va x la s8 chan.
Suyra xe {—10;—2;2;10} va x+1le {—3;—1;1;3}.

2

X
- Thay vao hé phudng trinh, ta chi tim dudc cap {y_3 thod man.

Dd’><
odo| _ 5

Vay (x;y) = (2;3) 13 cap s6 can tim.
Cau ll. a) Cho a, b la cdc s6 thuc khdng dm, ¢ 1a sb thuc dudng thda man dang thuc:
N v
Ching minh rang Ya+ib-Yc=3Ya+rb-c.
V3++a

b) Tim cdc s6 nguyén dudng a va b sao cho ———= la s8 hiiu ti.

V5 b
L&i giai
a) Tacod \/g—\/a+b—c=\/5+\/z. (1)

Trudng hop 1: Néu b=c thi Va —+a =+/c ++/c = c =0 (mau thuin vdi gia thiét).

_ b B
Trudng hop 2: Néu b # ¢, tacé va—-a+b—c =vb +c = a (a+ C) b-c

\/g+\/a+b—c Z\/B—\/E
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= —(b—c) =>+a++va+b-c= +
Ja++a+b-c \/_ \/_ Va b-c =—b++e. (2)

Tir (1) va (2), suy ra I:ﬁ:{zﬁ%ﬁig%.

Suy ra diéu phai chdng minh.

b) Ba t\/\/:i:;__ véi m,ne N" va (m,n>:1.
L Beva_m
Ta \/g+\/6 — V3 +m/a =my5 +mvb (*)

o 3 —mb =m5 —mfa < 3n2 = 2mny3b + bm? = 5m? — 2mn+/5a + an?
< 2mnv5a — 2mn/3b =5m? + an? — 3n? —bm?

= 2mn\/5—2mn\/£ 13 s6 hitu ti = \/5—\/% la s6 hitu ti.
Trusng hgp 1: ﬁ—@zo:%

\/\/Eiﬁ \/\/gig ﬁkhonglasohdutl

Trudng hgp 2: \/5—\/% = 0.
M3 (\/5—\/%)(\/5+\/£)=5a—3b I3 56 hitu ti nén +/5a +~/3b 13 8 hitu ti.

Do d6 +/5a va +/3b 13 céc s6 hitu ti.

:E:k le kEN*
5

Khi d

Dit JBa =X véi x, y e N va (x,y)zl.
y

2

Ta cé x> =5ay? = x*iy%. M3 (x,y):l nén y:1:>a:%

2

Chung minh tudng tu, ta cé b = y? y e N".

Thay vao (*) ta dugc: n\/§+n—x:m 5+m<:>\/g(3n—my):\/§(5m—nx).

5™ E
. 3n-my=0 3n=m

Ma \/5 \/E la cac so vo ti nén 4 & y:>xymn=15mn.
5m-nx=0 5m = nx

Mat khdc m, ne N’ nén xy =15.
TU d6, ta tim dudc céc cap sb (x;y) va thir lai thay (x;y) = (5;3) thdéa man. Suy ra (a;b) = (5;3).

Vay (a;b) = (5;3).
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Cau lll. Cho tam gidc ABC. Budng tron (l) noi ti€p tam gidc ABC lan lugt tiép xuc céc canh
BC, CA, AB tai cédc diém D, E, G. Hai dudng thdng DE, DG 14n lugt cdt dudng phén gidc ngoai
clia géc BAC tai M, N. Hai dung thang MG, NE c3t nhau tai diém P. Ching minh:

a) EG//MN.

b) Diém P ndm trén dudng tron (l)

Lai giai

a) Vi | 13 tAm dudng tron ndi ti€p tam gidc ABC nén Al |a phén gidc trong cla géc BAC. Ma AM
la phan gidc ngoai cha géc BAC nén MN L Al
Do AE,AG la hai tiép tuyén cla dudng tron (l) nén EG L Al.Vay EG L Al

o —

b) Ta cé GDE = GEA (9éc ndi tiép va gdc gilra tiép tuyén vdi ddy cung cung chdan mét cung)
Ma GEA — EAM (So le trong) suy ra GDE = EAM. Do d$ td gidc AEDN ndi ti€p. Vi thé

NED = NAD.

Chdng minh tuong tu ta cé td gidc AGDM ndi ti€p. Suy ra MAD = MGD.

Ta cé DEP +DGP = DEN +MGD = NAD +MAD = 180°

Suy ra t gidc DEPG ndi ti€p. Vay diém P nam trén dudng tron (l)

Cau IV. Bay luc gidc déu dudc sdp x&p va td mau bang 2 mau trdng, den nhu Hinh 1. Méi 1an cho
phép chon ra mét luc gidc déu, ddi mau cla luc gidc dé va cla tat ca céc luc gidc déu cé chung
canh Vdi luc gidc dé (trdng thanh den hodc den thanh trdng). Ching minh rang du cé thuc hién
céch trén bao nhiéu lan di nifa cling khéng thé nhin dudc céc luc gidc déu dudc td mau nhu 3
Hinh 2.
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Hinh 1 Hinh 2
Lgi giai

Gid s ta ddnh sé cdc luc gidc déu nhu hinh vé.

Hinh 1
Xét 4 luc gidc déu & vitrisod 3;4;6;7.
Khi thuc hién d6i mau cha mot luc gidc va tat ca céc luc gidc c¢é chung canh vdi luc gidc dé thi 4
luc gidc s6 3; 4; 6; 7 ludn cé 2 luc gidc hodc ca 4 luc gidc nay déu d6i mau.
Suy ra s luc gidc dudc td mau trong 4 luc gidc nay khdng thay ddi tinh chan |&.
Ban dau cé 2 luc gidc dugc td mau nén ta khéng thé cé budc thuc hién dé Itc sau cé 1 luc gidc
dugc td mau nhu Hinh 2.
VAay ta cd diéu phai chiing minh.

Cau V. Chling minh ring tén tai mdt s6 nguyén dudng n > 107

sao cho téng tat ca céc s6
nguyén t8 nho hon n 1a moét s6 nguyén té cung nhau vdéi n.

L&i giai

Goi p,; P,; Pyi-i Py - la cdc s6 nguyén 6.

batS =p, +p, +p, +..+p,.

Gid sif khong ton tai s6 n thda man dé bai. Goi p, la s6 nguyén t6 I8n nhat nhdé hon n. Nhu vay vdi
moi i thi p, cling khéng théa man.

Xét p, khéng thda man dé bai. Khi dé do p. la s6 nguyén té nén S, p..

MaS =p,+p,+p,+..+p_, +P, =S, +p, nén S p.

Tuadng tu, ta chiing minh S;:p, va S :p, ..
Ma p, va p,, la hai s6 nguyén t6 lién tiép nén (p,p,,, ) =1

=Spp., (¥)

p,+p,+1

) 1+243+4+..+p. +p. +1
T’nén S =p,+P,+..+p,=2+3+5+..+p < R e v o/

2

Mat khdc do p, <
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:Si<w. (**)

TUr (*) va (*+), suy ra vdi i dulén (dé p,, >p, >107%) thi v Ii.

Hay sé ton tai n=p, hodc n=p, , thod man.
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