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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2022 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho s6 thuc x théa man 0 <x < 2. Chdng minh rang

4-~4-x . 4+~4-x _N2+x
J2+xP +J2-x7 JR+x® -Je-x?  x

Cau 2. (1,5 diém) M6t ngudi cd ké hoach di xe mdy tir A dén B véi van téc khdng déi trong khodng
thdgi gian du dinh. Néu tdng van tdc thém 4 km/h thi ngusi dé dén B sdm 12 phdt, néu gidm van t6c
di 4 km/h thi ngugi d6 dén B mudn 15 phdt. Tinh d6 dai quang dudng AB.

Ciu 3. (2 diém)

1) Tim tat ca cdc s6 thuc m khdc 1 sao cho d6 thi ham sé y = (m—l)x +m+6 cat hai truc toa dd tai
cdc diém c6 hoanh dd va tung d6 |a cdc s6 nguyén.

2) Cho da thuc bac hai f(x) =ax’ +bx+c(a # 0) c6 hainghiémla2va3.

Chiing minh ring b® —a’ = 4ac.

Cau 4. (3,5 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O;R) va c6 s6 do géc A bang 60°.
Goi | 1a tAm dudng tron ndi tiép cla tam gidc ABC. Tia Al cat dudng tron (O;R) tai diém th( hai

D (D khac A). Chdng minh rang:

a) Tu giac BDCO Ia hinh thoi.

b) Céc diém B,|,0,C cung thudc mdt dudng tron.

¢) IB+IC<2R.

Cau 5. (1 diém) Tim gid tri nhé nhat cha biéu thiic A =|10* —4y” + 28y — 26| Vdi x,y la cic s6

nguyén dudng thay déi.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

CAu 1. (2 diém) Cho hai bidu thic A = 1 Vi B = x+24x _x+1

Ix -1 Cx+x-2 x-1

Vi x>0;x#1

1

\/;+1'

b) Tim tat ca cdc gid tri cla x sao cho A+§ <4,

a) Chiing minh rang B=

-my=5-3m ,
x—my ( m la tham so).

Cau 2. (2 diém) Cho hé phuang trinh {
mx—-y=2

R A z <A ~ 2 ~ . A N 5 3
Tim m dé hé cé nghiém duy nhat (x;y) thoa man diéu kién —+4 =—.
X y
Cau 3. (2 diém) Mbt kho hang nhép gao (trong kho chua cé gao) trong 3 ngay lién ti€p va mdi ngay

(ké tir ngay thd hai) déu nhdp mét lugng gao bang 150% lugng gao da nhip vao kho trong ngay
trudc dé. TU ngay th tu kho ngling nhép va madi ngay kho lai xudt mét lugng gao bang % lugng gao

trong kho & ngay trudc dé. Hay tinh lugng gao kho hang nhip ngay thd nhat trong mai trudng hop
sau:
a) Ngay th( ba, sau khi nhip xong thi trong kho ¢é 380 tan gao.
b) S8 gao da xuat trong ngay thd nam |a 342 tan.
Céu 4. (3 diém) TUr diém M ndm ngoai dutng tron (O) ké hai tiép tuyén MA, MB i (O) (A, B la céc
tiép diém). Goi H |a giao diém cla AB vdi OM; E |a giao diém cla doan thang MO vdi (O)
a) Ching minh E |3 tdm dudng tron ndi tiép tam gidc MAB.
b) Goi | 1a trung diém ctia MH. Budng thang Al cit (O) tai diém K (K khdc A). Tinh s& do géc
AKH.
c) Chidng minh KE la tia phan gidc ciia géc MKH.
Cau 5. (1 diém) Xét cdc s6 thuc a,b,c thay déiluén thda man 1<a,b,c<2.
a® b* ¢
4

Tim gid tri I6n nhat cta biéu thic M -b ¢ a
a+b+c
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)
a) Cho a:§/5+2 va da thuc P(x) :(x—3)(x—1)3. Tinh gid tri cla P(a).

2 _ 2 92
b) Gidi hé phuang trinh: {XZ B x2 +xy2 2y
Xy =x"+4y
Cau 2. (1,5 diém) Cho s6 nguyén dudng m thod man 3™ +5™ +14 chia hét cho 15. Chdng minh
rang 3™ +5™ +14 chia hét cho 16.
Cau 3. (1,5 diém) Cho céc s6 duong a,b. Chiing minh rang
‘a —b‘ ‘bz - b‘
+ >2
b? a
Cau 4. (3 diém) Cho tam gidc ABC, v8i AB < AC va ngoai ti€p dudng tron (l) Goi D,E,F tudng Ung

a

la tiép diém cla BC,CA, AB vdéi dudng tron (l) Dudng thiang di qua D vudng géc véi B, cat dusng
tron (l) tai diém th hai K (khdc D ). Goi L 13 hinh chiéu vudng géc cla A trén IK. Céc dusng
thdng AI,BC cat nhautai H; cdc dudng thang IK, BF c3t nhau tai J. Ching minh rang

—

a) KIF=ACB va AL I3 ti€p tuyén clia dudng tron ngoai tiép tam gidgc ABC.

b) LK-BC=AI-EF.

c) Cac dudng thang DK,HJ,AL déng quy.

Cau 5. (1 diém) Lan lugt ghi cdc s6 1000, 1001, 1002,.., 1010 I1&n 11 t&m thé trdng, trén mdi thé ghi
ding mot s6. Ngudi ta xép tat ca 11 tdm thé dé vao hai chiéc hép, mét chiéc mau xanh va mot chiéc
mau dd, sao cho mdi hdp cd it nhat mot thé va téng céc sd dudc ghi 8 cac thé trong hdp xanh chia hét
cho téng céc s6 dugc ghi & cdc thé trong hdp dd. Hai, trong mdi hdp cb bao nhiéu tdm thé?
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

cau1.(2aié’m)Chobié’uthac;A:4&+8_ 3x +3vx +3X‘11&‘10 Vi x> 0,x % 4
x-4  2x+3Jx+1  2x-3x-2

3
2x+1
2) Tim tat ca cdc s6 thuc x dé A nhan gid tri nguyén.
Cau 2. (2 diém) Mbt hoi trusng cé 374 ghé, dudc xép thanh nhiéu day, s6 ghé 8 mdi day bang nhau
va khéng vuct qud 30 . Hay tim s day ghé cla hbi trudng biét rang: néu ké mbi day thém 2 ghé va

1) Chiing minh rang A=

bé sung thém 1 day ghé (s6 ghé 8 mbi day van bang nhau) thi téng sé ghé la 432.

Cau 3. (2 diém)

1) Tim tat cd cdc gid tricla m d€ d6thiham sd y = (m - 1)x +2m+ 3 c3t hai truc toa d6 Ox,0y
tugng Ung tai hai diém A,B phan biét sao cho tam gidc OAB cd dién tich bang 4 .

2) Chdng minh rang, véi hai s6 thuc a,b bat ki, it nhdt mét trong hai phuong trinh (an |3 x) sau day
c6 nghiém: x* - 2ax - (a’ - 4b’ +1):o va x2 —4bx—(b2 —2ab—a)=0.

Céu 4. (3 diém) Cho dudng tron (O) c6 dudng kinh AB va M Ia mét diém nam trén (O)(M khac
A,B). Trong nlta mat phang chta M, cé bd la dudng thang AB vé cac tia Ax,By vubng géc véi AB.
Tiép tuyén tai M cla (O) c3t cdc tia Ax,By lan lugt tai C,D.

1) Ching minh rang dudng thang AB Ia tiép tuyén cha dudng tron dudng kinh CD.

2) Vé dusng tron (l) qua M, tiép xuc véi Ax tai C. Tia OC cat dudng tron (l) tai diém thd hai J.
Chdng minh rang J Ia trung diém cda OC.

3) Goi E la trung diém cha OA. Chiing minh rang dudng thdng qua E va vubéng gdéc véi BC cit OM
tai mot diém thubc dudng tron (l)

Cau 5. (1 diém)

1) Hay chi ra mot s6 thuc x khac 0,+1 dé x+l la s6 nguyén.
X

2023
\ A ~ e rd ~ 1 \ ~ N 7, . % \ ~
2) Cho x la mot sb thuc khac 0,£1 thoa man x+ = la s6 nguyén. Chiing minh rang (x——j la sb
X X

vO ti.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)

V3x+1+6-y =4
Jy+1+6-x=4
2) Cho a,b,c,d la céc sb thuc khdc 0, d6i mdt phén biét va thda man
a2—1_b2—1_c2—1_d2—1_n
5a 5b 3c 3d
véi n la mdt sé nguyén. Chiing minh: P = (a—c)(b—c)(a +d)(b+d) | binh phudng clia mét sé

1) Gidi hé phuong trinh: {

nguyén.

Cau 2. (3 diém)

1) Chdng minh réng 1+2% + 3% +...+2039%°% kho6ng thé |a lay thira cllia m6t s6 tu nhién véi s6 mii
I6n hon 1.

2) Xét céc s6 thuc dudng x,y,z thoa man: x> +y* +z° =3.

1+x? +1+y2 1+ 2

Z+2 x+2 y+2

Céau 3. (3 diém) Cho tam gidc ABC ngoai ti€p dudng tron (l) Goi E,F theo th tu la ti€p diém cla

Tim gid tri nhd nhat cda biéu thic P =

(l) vdi cac canh AC,AB. Goi (K) I3 dudng tron di qua B, tiép xuc véi dudng thdng Al tai |. Dudng
tron nay cat dudng thang AB tai diém th hai P (khdc B ). Goi (L) la dudng tron di qua C va tiép
xuc v3i dudng thang Al tai |, dudng tron nay cdt dusng thdng AC tai diém thd hai Q (khic C).
Chdng minh rang:

a. TU gidc BPQC néi tiép.

b. Budng thdng PQ tiép xuc véi dudng tron (l)

c. Céc dudng thdng KF va LE c3t nhau tai mot diém trén dudng tron ngoai tiép tam gidc ABC.

Cau 4. (1 diém) Cho bang 6 vudng kich thudc 2023 x2023. Lan lugt dién 2023 s& nguyén dudng
dau tién: 1,2,3,4...,2023% vao céc 6 vudng con clia badng sao cho mdi 6 dudc dién ding mot s8, 8 mdi
dong tinh tir trdi sang phai hoac 8 mai cot tinh tir trén xudng dudi, cdc sé dudc dién theo thi tu tang
dan. Thuc hién viéc thay déi sé theo quy tac sau: méi 1an chon 2 & chung nhau canh hodc chung nhau
ding moét dinh.

1/ Néu hai 6 d6 chung canh thi tdng sd 6 mot & thém 2 dan vi va gidm sé trong 6 con lai 2 don vi.

2/ Néu hai 6 d6 chung nhau ding mét dinh thi cung tang hodc cling gidm sé trong hai 6 dé 2 dan vi.

Ha&i sau mdt s8 1an chai ta ¢ thé thu dudc bang gobm toan cdc sé 2023 dudc khdong? Vi sao?
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

2Va-+b b-+ab
o b a-b
a+b

a) Chttng minh M=2"= b) Tinh 2 biét M>0 va M-(a2 —bz)zgab.
a-b b 2

Cau 2. (2 diém) a) Trong mat phing toa d6 Oxy, cho hai dudng thdng d:y =2x+3 va

Cau 1. (2 diém) Cho biéu thic: M = -1véia>0b>0vaa=b.

d:y=mx+m’ —l(m # 0). Tim m dé hai dudng thang d va d’ c3t nhau tai mét diém nam trén truc

tung.
b) Gid cudc dich vu cha mot hang taxi vao thang 4/2023 nhu sau:
Gia cudc mad clra Gia cudc Gia cudc
1 km dau tién nhitng km tiép theo tir km tha 21 tré di
20 000 déng 14 000 déng 12 000 déng

Goi x (x> 0) la s6 km ma hanh khach di chuyén. Khi dé, s6 tién ma hanh khdch phai trd dudc tinh bdi
cong thuc:

T=20000 néu 0<x<1

T =20000+14 000(x—1) néu 1<x<20

T=286000+12 OOO(X - 20) néu x> 20
Cd Hang di chuyén bang xe clia hang taxi trén va da trd sé tién 14 322 000 déng. Hdi cd Hang d3 di
chuyé&n quang dudng la bao nhiéu km?
Céu 3. (2 diém) Cho phugng trinh x* —(2m-1)x+m’ —=1=0, ( m la tham s6).
a) Tim m dé phuadng trinh cé hai nghiém trdi dau.
b) Tim m dé phuang trinh c6 hai nghiém phan biét x,,x, théa man (l—xl)(x2 —m)2 =9.
Cau 4. (3 diém) Cho hinh binh hanh ABCD sao cho tam gidc ABD nhon va khéng la tam gidc cén.
Goi O la giao diém clia AC vdéi BD va E,F,G tudng (ng la hinh chiéu vudng géc cdia D trén céc
dudng thdng AC,AB,BC.
a) Chitng minh ED? =EF.EG.
b) Chiing minh bén diém O,E,G,F cung thudc mét dusng tron.
c) Goi H la giao diém cla cédc dudng thang FG va AC. Chiing minh DH L DB.
Cau 5. (1 diém) Tim tat cd cdc sé nguyén dudng a va b thda man: Néu ¢ va d |a cdc s6 thuc sao
cho céc phudng trinh x* +ax+1=c va x* +bx+1=d cé nghiém thi phudng trinh

x° +(a +b)x +1=cd ciing cé nghiém.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém)
Cho ba phuadng trinh:
x*—ax+1=0(1), x*-bx+1=0(2), x’-cx+1=0(3),
trong dé a,b,c |a céc sb thuc.
Biét rang, phuang trinh (1) ¢ nghiém x = X, , phudng trinh (2) cé nghiém x = x, va phudng trinh (3)
c6 nghiém x = x,x, . Tinh gid tri biéu thic T =a” +b* +c* —abc.
Céu 2. (2,5 diém)

x(\/y+4+\/y+11):35

1) Gidi hé phuong trinh sau:
y(\/x+4+\/x+11):35

2) Chdng minh rang, véi moi sé thuc X,y,z ta cé:

(z+x—y)x5 +(x+y—z)y5 +(y+z—x)z5 >0.
Cau 3. (1,5 diém) Chdng minh rang, ton tai v s6 bd ba s6 nguyén duadng (x;y;z) thod man phuang
trinh sau:

x3l . y5 . 22023.

Cau 4. (3 diém) Cho dudng tron (O) dudng kinh AB. Ké tiép tuyén d cla (O) tai B. Goi H I3 trung
diém cta OB. Céc diém M,N thay ddi trén d, khdng trung véi B sao cho H Ia truc tAm cla tam gidc
AMN. Goi E,F lan lugt |a giao diém thd hai cia AM, AN vdéi dudng tron (O) Chdng minh rang
a) T’ gidc MNFE ndi tiép.
b) Dudng thing EF luén di qua mét diém cé dinh

Cau 5. (1 diém) C46 2023 vién bi dung trong 14 cdi hdp. Mbi 1an cho phép |8y hai vién bi & hai hop
nao dé va bo vao mét trong 12 hdp con lai. Chitng minh rang sau mét sd budc cé thé bd hét bi vao
mot hop.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho biéu thic: M = 2\/5— \/;Jr\/; . 2\/;
x=y  2yx-2y ) Px -4y

Vv3i x>0,y >0;x %y

a) Rut gon M.
b) Tinh M biét x> —5xy +4y”> =0.

Cau 2. (1,5 diém) Clra hang An Binh niém yét gid mdt bdng hong 1a 25000 déng. Néu khich hang
mua nhiéu hon 10 béng thi tir béng th 11 trd di, méi béng dugdc gidm 10% trén gid niém yét. Néu
mua nhiéu hon 20 béng thi ti béng th 21 trd di, méi béng dugc giam thém 20% trén gid da giam.
a) Néu khach hang mua 30 bdéng héng tai clfa hang An Binh thi phai trd bao nhiéu tién?

b) Ban Dling &3 mua mdot sd béng héng tai clfa hang An Binh vdi sé tién 925000 déng. Haéi ban
Dling da mua bao nhiéu béng héng?

2x+y=5

Cau 3. (2,5 diém) Cho hé phuadng trinh { (m 1a tham sé).

mx+y=m+5

a) Tim m dé hé c6 nghiém duy nhéat (x;y) va tim nghiém duy nhat dd.

b) VGi (x;y) la nghiém duy nhat & trén thoa man diéu kién x >y . Tim gid tri I8n nhat cda biéu thic
H=x+y.

Céu 4. (3 diém) Cho tam gidc ABC nhon (AB < AC), ndi ti€p duting tron (O;R). Ké duting kinh AK
cla (O) Céc dudng cao AD,BE,CF cla tam gidc ABC c3t nhau tai H.
AB-BC-CA

4R
b) Goi M la trung diém cta BC, T la diém ddi xing véi O qua M. Chidng minh T 1a tdm dudng tron

ngoai tiép tam gidc HBC va AH? +BC? = 4R?.
c) Biét AH* +BH? +CH? =7 va AH-BH-CH=3.Tinh R.

a) Ching minh t gidc BHCK la hinh binh hanhva S, =

Cau 5. (1 diém) Cho céc s6 thuc dusng x,y,z thda man

X2+xy+y?=3; yi+yz+z2=1; 22 +zx+x* =4.

Tinh S=x+y+z.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2,5 diém)

a) Gid st a,b 13 céc s6 thuc thod man: vdéi x,y |a hai s6 thuc bat ki ta ludn cé
‘(ax+by)(ay+bx)‘ <x?+yi

Chidng minh ring a° +b? < 2.

b) Giai phudng trinh x +4 =5 —x +/2 - x +\/(5—x)(2—x).

Cau 2. (1,5 diém)

b 2c

. a
Cho a,b,c la cac sb thuc dudng thod man a#c va + + =2.
' J a+b b+c ci+a
Tinh gid tri biéu thic S = —— + S
a+b b+c

Céu 3. (3 diém) Cho tam gidc nhon ABC ndi ti€p dudng tron (O) c6 AB < AC. Trén dudng tron (O)
|dy diém M khdc A sao cho AM||BC. Vé dudng tron (K) tiép xdc véi AO tai A, va di qua M. Dudng
tron (K) cdt céc dudng thng AB,AC tai céc diém thit hai F,E (F,E khac A). Céc dudng thing
OM,BC cét nhau tai diém D.

(a) Chidng minh rang céc diém D,E,F th3ng hang.

(b) Goi H la truc tdm cta tam gidc ABC. Céc dudng thdng AO va DE cat nhau tai diém L. Ching
minh rang AHDL Ia hinh binh hanh.

Ciu 5. (1 diém)

a) Tim tat ca cdc s6 nguyén t6 p,q,r sao cho pq—6,gr+1,rp+10 la céc sb chinh phuang.

b) Chitng minh rang, trong méi bat gidc 16i, luén cd it nhat ba dudng chéo, ma dd dai cla chidng d6i
mot khdc nhau. (Bat gidc 16i la mbt da gidc 16i ¢6 8 canh).
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2022 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho s6 thuc x théa man 0 <x < 2. Chdng minh rang

4-a—x* 44a—x? \/ﬁ
J2+x)? +4/(2 - x)° \/(2+x) Je-xF X

L&i gidi
4 4 -~\4-x 4-~4-x

\/(2+x) +\/(2 x) (Jﬁwﬁ)(zm— (2+x)(2—x)+2—x)

4-J4-x 1

_(\/E+\/—)(4 \/4—x2):\/2+x+\/2—x
R 44—t 44a-x*

\/(2+x)3—\/(2—x)3 (M—m)(2+x+ (2+x)(2—x)+2—x)
_ 44a-x? _ 1

(m_m)(4+m) V2 +x -2 x

1 1 & 22 +x

Biéu thuc vé trdi bang:

N2+ x ++/2 - x +\/2+x—\/2—x _(\/2+x+\/2—x)(\/2+x—\/2—x)
22+x  22+x  2+x

:2+x—(2—x)_ 2x X

Cau 2. (1,5 diém) M6t ngudi cd ké hoach di xe mdy tir A dén B véi van téc khdng déi trong khoang
thdai gian du dinh. Néu tdng van tdc thém 4 km/h thi ngusi dé dén B sdm 12 phdt, néu gidm van t6c
di 4 km/h thi ngudi @6 dén B mudén 15 phdt. Tinh d6 dai quang dusng AB.

L&i giai

D6i 12 phit =0,2 gi&; 15 phit = 0,25 gid.

Goi van téc du dinh Ia x(km/h), thdi gian dy dinh I3 v (gid) (x >4,y >0,25).

Khi dé, d6 dai quang dusng AB la : x.y (km).

Néu van toc tang thém 4 km/h thi dén sém 0,2 giG nén AB = (x +4)(y —0,2) (km).

Néu gidm van téc di 4 km/h thi d&n mubn 0,25 gid nén AB = (x—4)(y+0,25) (km).

(x+4)(v-0.2)=xy o [02x+ay=08
(x-4)(y+0,25)= 0,25x—4y =1

Gidi hé ta dudc x=36, y=2.

Ta c6 hé phuadng trinh: {
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So sdnh vdi diéu kién ta thay hai gid tri x =36, y =2 thda man.

Vay, do dai quang dudng AB la 36.2=72 km.

Ciu 3. (2 diém)

1) Tim tat c3 cdc s6 thuc m khdc 1 sao cho d6 thi ham sé y = (m—l)x +m+6 c3t hai truc toa dd tai
céc diém c6 hoanh dd va tung d6 |a cdc sé nguyén.

2) Cho da thuc bac hai f(x) =ax’ +bx+c(a # 0) c6 hainghiémla2va3.
Chiing minh ring b® —a’ = 4ac.

L&i giai

1) VGi x=0,tacé y=m+6. D6 thi cat truc tung tai diém (O;m+6).
Theo gid thiét thi m+6 13 s6 nguyén nén m 1a sé nguyén.

m+6 1 7/

m-1 m-1"

Véi y=0,tacd (m—l)x+m+6=0<:>x=—

D6 thi cit truc hoanh tai diém (—1—%;0].
m_

V4&i m nguyén thi -1 - la s6 nguyén khi va chi khi m—1 Ia udc sé cua 7.

Ta cd m—-1 thudc tap hdp {—7;—1;1;7}.

T4t cd cdc gid tri m thda man la -6;0;2;8.
{4a+2b+c:0 {2b+c=—4a {b:—5a

2) Vi 2 va 3 la nghiém cla f(x) nén: = =
9a+3b+c=0 3b+c=-9a

c=06a
Do dé: b? —a%* —4ac =25a* —a* —4a.6a=0.

Vay b? —a’ = 4ac.

Cha y: C4 thé st dung dinh ly Vi-et:

_E=x1+x2:2+3:53b=—53,
a

E:x1x2:2.3:6:>c:6a.
a

2
e Cé thé sir dung dinh If Vi-et (x1 —x2)2 = (x1 +X, )2 —4x,x,.Suyra 1= (—9) —4§ tlr dé cé
dpcm.
e C4thé viét f(x) = a(x—2)(x—3) =ax’ —5ax + 6a, tir d6 tinh b,c theo a.
Céau 4. (3,5 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O;R) va cé s6 do géc A bang 60°.
Goi | 1a tAm dudng tron ndi tiép cla tam gidc ABC. Tia Al cat dudng tron (O;R) tai diém th( hai
D (D khac A). Chidng minh rang:
a) Tu giac BDCO Ia hinh thoi.
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b) Céc diém B,|,0,C cung thudc mét dudng tron.
o) IB+IC<2R.

a) Xét (0), ta c6 BOC = 2BAC =120°.
Do AD la phan gidc cia géc BAC nén D la diém chinh
gilra cung BC.

Suy ra: B/CWD:C/(E):%ET@E:GO"

Céc tam giac OBD va OCD la tam giac can dinh O va cé
mdt géc bang 60° nén la tam gidc déu. Suy ra

BO=BD =CO=CD=0D.Vay BOCD la hinh thoi.

b) BIC =180° —(téE +IE\B) - 180° —%(A/B\C + A/C\B)
=180°-60°=120°

Do | va O cung phia vdéi dusng thdng BC va

QE = BO/\C =120° nén céc diém B,1,0,C cung thudc mét
dudng tron

c) Goi K Ia giao diém th hai cda tia Bl va (O) Ta cé:
o A(_ 1 — 1 /\j
KIC =KCIl| ==ABC +=ACB

2 2
Do d6 tam giac KIC can tai K.
M3t khéc: IKC = BAC = 60°.
Suy ra tam gidc IKC déu. Do dé: IK=IC va IB+IC =BK.
Xét (0):BK <2R.Suyra IB+IC<2R.
Chuay:
+) C6 thé gidi cich khdc bang cédch chidng minh lai két qua:
Néu diém | thay déi trén cung BC ¢8 dinh thi biéu thuc IB
+ IC dat gid tri I8n nhat khi | 1a diém chinh gilra cung dé.
+) C4 thé gidi cich khic bang céch 1ay E 1a diém déi xiing
véi O qua BC, chiing minh tam gidc BCE déu ndi tié€p
dudng tron ban kinh R va IB+IC=IE<2R.
Néu hoc sinh s dung dinh ly Ptoleme hoac két qua cua
Bai todn Pompei va lam ddng thi dugc 0,5 diém cau 4c.

Cau 5. (1 diém) Tim gid tri nho nhat cha biéu thic A = ‘10x —4y* +28y —26]| véi x,y |a cdc s6

nguyén duadng thay déi.

Tacé: A= \10* — 4y’ + 28y —26\ - \10* +23-(2y —7)2\
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Do 10" + 23 ¢ chif s& tin cling bang 3 va (2y —7)? 1a binh phuang clia m6t s6 nguvén nén khéng
thé ¢ tadn cung bang 3, suy ra A khdcO.

Do A 13 s6 tu nhién chin va khdc O nén A>?2.

VGi x=2,y=9 thi A=2.Vaygidtrinhd nhatclia A 1a2.

Chu y: Cé thé chiing minh A khdc 0 bang phuong phdp phan ching. Néu A bang 0 thi 10* chia 4
du 2, suy ra x=1. Tuy nhién, khi x=1 thi y lai khdng nhan gia tri nguyén.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)
x+2J; x+1

Vi x>0;x =1

Cau 1. (2 diém) Cho hai biéu thic A 1 va B=

Jx-1 x+x-2 x-1
1

\/;+1.

\ ~ 2 PV .7 . ? 1
b) Tim tat cd cdc gid tri cda x sao cho A+E <4.

a) Chiing minh rang B =

Lgi giai
x +24/x ox+1 \/;(\/;Jrz) ox+1 Jx _x+1=\/;(\/;+1)—x—1
x+ix-2 x-1 (\/;_1)(\/;+2) x-1 x-1 x-1 (\/;_1)(\/;+1)

Jx -1 1

_(\/;—1)(&+1)_\/§+1

a) B=

1 X — 4J§+4 (\/— 27 _
b)A+ x+1<4 &
J_ 1 RSN .3
Trubngh¢pl.(\/;—_2):0c>x:4
Ix -1
220 4
Truong hap 2. (\/_ 2) \/— 4 {X?& < 0<x<1.
o1 |Wx-1<0 " losx<1
Vay 0<x<1 hoac x=4
—my=5-3
Céu 2. (2 diém) Cho hé phudng trinh {x my 2 ™ (m 13 tham s6).
mx—vy =

Tim m dé& hé c6 nghiém duy nhét (x;y) thda man diéu kién §+4 =
L&i gidi
{x—my—5—3m (1)

mx—-y=2 (2)
Tu (1):>x:my+5—3m,thayvéo (2) ta dugc m(my+5—3m)—y:2
= y(m2 —1)=3m2 -5m+2 < y(m-1)(m+1)=(m-1)(3m-2) (3)
DE hé c6 nghiém duy nhat thi phuong trinh (3) phai cé nghiém duy nhéat
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<:>(m—1)(m+1)¢0<:>m¢il

VGi diéu kién m = +1 thi hé c6 nghiém duy nhat (xy) = S ;3m_2
m+1 m+1
3(m+1
V4i diéu kién m;tJ_rl,m;«tzth‘u§+4:§<:>m-|r1+4=M
X y 3m-2
m=1
<3m*+10m-13=0 < _13
m=—
3
e ek ae e AL LA . -13
Boi chiéu vdi diéu kién, ta tim dugc m :T

Cau 3. (2 diém) Mbt kho hang nhép gao (trong kho chua cé gao) trong 3 ngay lién tiép va mdi ngay
(ké tir ngay thd hai) déu nhdp mét lugng gao bang 150% lugng gao da nhip vao kho trong ngay

R \ . ~ N X 1
trudc d4. Tu ngay th tu kho ngiing nhap va méi ngay kho lai xuat mot lugng gao bang 10 lugng gao

trong kho & ngay trudc dé. Hay tinh lugng gao kho hang nhip ngay thd nhat trong mai trusng hop
sau:

a) Ngay thd ba, sau khi nhap xong thi trong kho cé 380 tan gao.

b) S6 gao da xuat trong ngay thd nam |a 342 tan.

b) Goi x (tan) la lugng gao nhép vao kho trong ngay th nhat. Khi dé lugng gao nhép vao kho trong
cdc ngay thd hai, thi ba 1an lugt 1a 150%x = gx ; 150%(%xj = %x

R A \ \ 7, N 3 19
Tong lugng gao nhap vao kho sau ngay thud ba la x+5x+zx =Ix

Theo gid thiét ta cé phuong trinh %x =380 < x=80

Vay, ngay thi nhat kho hang &3 nhap 80 tan gao
b) Lugng gao da xuat trong cdc ngay th tu va thd nam lan lugt I3

1(19 1] 9(19 171
—| =X |;—| —=| —x||=—=x
10 4 10| 10\ 4 400
., , 171
Theo gid thiétta cd ——x =342 < x =800
400

Vay, ngay thi nhat kho hang &3 nhap 800 t&n gao

Céu 4. (3 diém) TUr diém M ndm ngoai duting tron (O) ké hai tiép tuyén MA, MB tdi (O) (A, B la cac
tiép diém). Goi H |a giao diém ctia AB vdi OM; E |a giao diém cla doan thang MO vdi (O)
a) Ching minh E |3 tAm dudng tron ndi tiép tam gidc MAB.
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b) Goi | |a trung diém cla MH. Dudng thang Al cat (O) tai diém K (K khdc A). Tinh s6 do géc AKH.

c) Chiing minh KE Ia tia phan gidc cia géc MKH .
L&i gidi

Cach 1

a) Theo tinh chat cha hai tiép tuyén cat nhau thi MH 1a phén gidc clia géc AMB va MO |a dudng
trung truc clla AB, suy ra EA =EB hay tam gidc EAB cén tai E, tir dé dan dén EAB=EBA.

Ta c6 EBA = MAE = EAB = f\m suy ra AE la phan giadc ciia géc MAB Vay E la tam dudng tron noi
tiép tam gidc MAB.

b) Goi P la trung diém clia AH. Tam gidc MAH ¢6 IP |a dudng trung binh suy ra IP//MA.

TU d6 dan dén IP L AO

Tam gidc AOI c6 P la truc tdm nén OP L Al

Goi Q la giao diém cta OP va Al.Ta cé Q la trung diém cla AK va PQ la dudng trung binh cla
tam gidc AHK, suy ra PQ//HK va két hdp véi PQ L Al = HK L Al. Vay AKH = 90°

c) Goi D la giao diém th( hai cla KH va (O)

Ta chidng minh dugc HMHO =HAHB va HAHB =HK.HD.

TU d6 suy ra HMHO = HKHD = AHKM « AHOD (c.g.c) — MKH = DOH

Lai co E/B =%E/C-)B = g(l\:) :%M hay KE la tia phan giadc clia géc MKH .
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Cach 2:

a) Theo tinh chat cha hai tiép tuyén cat nhau thi MH 1a phén gidc cia géc AMB va MO |a dudng
trung truc clla AB, suy ra EA = EB hay tam gidc EAB cén tai E, ti dé dan dén EAB =—EBA.

Ta c6 EBA = MAE = EAB = I\TA\E suy ra AE la phan gidc ctia géc MAB Vay E la tam dudng tron noi
tiép tam gidc MAB.

b) Goi P d6i xiing véi A qua |. Td gidc AMPH |3 hinh binh hanh, tir d6 suy ra

MP// AH; MP = AH = MP//HB; MP =HB . Vy t& gidc MPBH I3 hinh binh hanh.

Két hdp véi MHB = 90° ta dudc MPBH I3 hinh chif nhat.

Goi D Ia giao diém th hai clia PB va (O) (D khac B).

Vigdc ABD vubng nén AD la dudng kinh cua (O)

Vay DK vuong géc vdi KA hay DK vudng goc véi AP (1)

Tam gidc ADP cé AB LPD;PH L AD (vi PH//AM ). Do d4 H la truc tdm cGa tam gidc ADP.
Vay DH L AP (2)

TU (1), (2) suy ra ba diém D,H,K thdng hang. Viy géc AKH bang 90°.

c¢) Ta chiing minh dugc HMHO =HAHB va HAHB =HK.HD.

Tu d6 suy ra HMHO =HK.HD = AHKM«» AHOD (c.g.c) = MKH = DOH

Lai co g(f) =%l§)\D = E/KB =%I\7K\H hay KE la tia phan gidc cia géoc MKH..

Cau 5. (1 diém) Xét cdc s6 thuc a,b,c thay déi lubn thda man 1<a,b,c<2.

a> b®> c?
7_’_7 -
Tim gi4 trj 16n nhét clia biduthic M=L__ ¢ a
a+b+c
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Gid st b namgilta a va c.Tacd

2 2 2
a

(b—c)(b2—a2)$0:>b3+a2csb2c+ba2 :>b—+a—sb+—
c b C

2 2
a2 b?> c? & c? (a+c)(a —ac+c)
>—+—+—<—+b+—-=
b ¢ a <c a ac

+b

2,2
V‘|1£a,c£2nénaSZC;CSZasuyra(a—2c)(2a—c)£0,d€mdénusE
ac 2
2 2 2
Dodéa—+b—+c—Sé(a+c)+b:E(a+b+c)+l(a+c—3b)
b ¢ a 8 8
Vi b namgilta a,c va 1<a,b,c<2 nén a+c<2+b<2b+b=a+c-3b<0
2 2 2
Ttrdésuyraa—+b—+c—sﬂ(a+b+c)
b ¢ a 8
a’ b* c?
M:bggE.Vc’iia:bzl;c=2th\|M:E
a+b+c 8 8

V. ? R ’, i 11
Vay gia tri I6n nhat cla biéu thdc M bang 3
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)
a) Cho a=32 +2 va da thic P(x) = (x—3)(x—1)3. Tinh gié tri cla P(a).

b) Gidi hé phuadng trinh: {XZZ N x22 +xy2— 2y’
Xy =x"+4y

Li gidi
a) Dt a =32 thia=2+a.Tacd P(a)=(a—1)(a+1).
Déyrang (a+1)° =a’® +3a? +3a+1:3(a2+a+1).
Suy ra (a-1)(e +1)° :3-(a—1)(a2 +a+1):3(a3 —1)=3
Vay P(a) =3.
b) Gia su (x;y) la moét nghiém cha hé. Tathdy y=0 thi x=0.Xét y#0.Khidé x=0.
Tu hé d3 cho, ta cé xy” (x2 + 4y2) = xzy(x2 + Xy —2y2)
X’y +4xy* = x'y + xPy? = 2x7y°.
Pat t :5 thi phuong trinh tré thanh t> + 4t =t* +t> - 2¢°

stP-2t-4=0

e(t-2)(+2t+2)=0

St=2.
TU d6 x =2y . Thay vao phuong trinh thd hai ta dudc y=2.Do dé x=4.
Vay ta thu dudc (x;y) = (O;O) va (2;4). Thr lai ta thdy 2 cap nay déu thod man hé phuang trinh d3
cho.
Vay nghiém ctia hé da cho la (x;y) = (O;O) va (4;2).
Cau 2. (1,5 diém) Cho s6 nguyén dusng m thod man 3™ +5™ +14 chia hét cho 15 . Chiing minh
rang 3™ +5" +14 chia hét cho 16.
Li gidi
Do 3™ +5™ +14 chia hét cho 15 nén 5™ —1 chia hét cho 3 va 3" —1 chia hétcho 5.
NéEu m lasd léthitl 5= —1(mod3) ,tacé 5" =(-1)" = —1(mod3) mau thuan.
VAy m 1a s8 chdn. Néu m=4k+2,v8i keN thi 3" -1=3%*3*=-181 =-1 (mod 5) ma&u thuin.
Vay m=4k.
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Ta cd 3™ -1 chia hét cho 3* —1=80 va 5" -1 chia hétcho 5* -1, nén 3™ -1,5" -1 cung chia hét
cho 16.
Vay 3" +5" +14 = (3" ~1)+ (5"~ 1) +16 chia hét cho 16.
Cau 3. (1,5 diém) Cho cdc s6 dusng a,b. Chidng minh rang
‘a—b‘ ‘bz —b‘
+ >2

b? a

a

L&i giai

Ta xét cac kha nang:

e Véiaxb>1 th g+b >2 . do d6 bt ddng thic dung. (0,25 diém)

e VGia>bvab<l1thi

e VGia<b<l thi

VT =—+b > 2
:b+l+i(1—l)+b(l_b)
b b b a
1 b
=b+E+(b—1)(%—gJ

b b? a
2
b b a
=2+E (a—b)- l+9 )
b b a

e VGia<bval<b thi
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2b+322
b

Cau 4. (3 diém) Cho tam gidc ABC, véi AB < AC va ngoai ti€p dudng tron (l) Goi D,E,F tucng Ung
la tiép diém cla BC,CA, AB vdi dudng tron (l) Dudng thdng di qua D vudng gdéc vdéi EF, cit dudng
tron (l) tai diém thd hai K (khdc D ). Goi L Ia hinh chiéu vudéng géc cla A trén IK. Céc dudng thing
Al,BC cdt nhau tai H; cdc dudng thang IK, EF c3t nhau tai J. Chdng minh rang
a) KIF = ACB va AL 13 tiép tuyén cha dudng tron ngoai tiép tam gidc ABC.
b) LK-BC = Al -EF.
c) Cac dudng thang DK,HJ,AL déng quy.
L&i giai

A

B 0D H C

a) Ta c6 KIF = 2KDF =2.(90° - DFE | = 2.(90° ~EDC ) = ACB.

Do AL LIK, nén L ndm trén dudng tron ngoai tiép tam gidc AEF.
Do d6 LAF =LIF = ACB

Véy, AL 13 tiép tuyén cta dudng tron (ABC).
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b) Ta cd L nam trén dudng tron ngoai tiép tam gidc AEF. Do dd, LEF =LIF = ACB v a_T: = E/A\F )
Vay ALEF» AACB.

Vi IE =IF, nén LI |a phén giadc cla ELF . M3t khac, LEF =KIF = 2@, ta suy ra EK la phan gidc cta
LEF . Vay K 13 tAm dudng tron ndi tiép tam gidc LEF.

TU d6, ALKF«» AAIB (g9.9). Vay, LK_LF _EF
Al AB BC
Suy ra, LKBC = AlEF.

c) Goi G la giao diém cda DK va AL.

Tacé U-LK=1-LI-U-IK=IK*-1J-IK =K -KJ.

Suyra%:K.Métkhéc,%:ﬂ.Suyra%:K-ﬂ.
Kl I LK LI Kl LI
Vi 1)Ll =1E? =IK?, nén %zﬂ@).
K] K
Dé thay AJEI-»AHAB. Suy ra ﬂ=B—A:E:K.
IH BH IJ U
GK IH

K&t hgp vdi (1), ta c6: — =—.
ét hgp vdi (1), ta cé PR

Viy G,J,H thdng hang.

Cau 5. (1 diém) Lan lugt ghi cdc s6 1000, 1001, 1002,.., 1010 1&n 11 t4m thé trang, trén mbi thé ghi
ding mot s8. Ngudi ta xép tat cd 11 tdm thé dé vao hai chiéc hép, mdt chiéc mau xanh va mot chiéc
mau dd, sao cho moi hdp cd it nhat mot thé va téng cédc s6 dudce ghi & cdc thé trong hép xanh chia hét
cho t6ng céc s6 dudc ghi 3 céc thé trong hdp dd. Hoi, trong mbi hdp cd bao nhiéu tdm thé?

L&i giai

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 25



CLB Toan bdi dudéng MathExpress | |www.mathexpress.vn

Goi téng céc s8 dudc ghi & cdc thé trong hdp xanh la a va téng céc sé dudc ghitrong hép dd 1a b.
Ta cd x,y € N'. Theo gid thiét x chia hét cho y nén x=ky, véi k |3 mbt s& nguyén dusng nao dé.
Vi 1000+1001+1002+-~-+1010:11><1000+(O+1+---+10):11055 nén x+y=11055.

Vay ta cé phuadng trinh y(k + 1) =11055.

Do méi tdm thé déu ghi mét sé khéng nhd han 1000 nén y > 1000.

Suyra k+1<11,055.

Vay k+1<11.

M3t khac 11055 =3x5x11x67 va k+1 la mot udc I8n han 1 cliia 11055.

Suyra k+1e{3;511}. Vay ke{2;4,10}.

Véi k=2 :thi y =3685. Vitdng 3 s6 & 3 tdm thé I6n nhat 1a 1010+1009 +1008 < 3685 . Vay kha
nang nay khong xay ra.

VGi k=4 thi y=2211 : VI mbi tdm thé it nhat 1a 1000 nén téng cla 4 tdm thé I8n hon 4000. Vay kha
nang nay khdng thé xay ra.

VGi k=10 thi y =1005 : Nhu viy hép dd cé chiéc thé 1005 va hdp xanh chira cdc thé con lai. Trudng
hdp nay xay ra, vi khi dé téng cdc sé dugc ghi 6 cdc thé trong hdp dd Ia

10000 +50=10050=10x1005.

Do dé hép xanh c¢6 10 tdm thé va hdp dd cé 1 tdm thé.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

4x+8  3x+3x +3><—11J§—1o

— v8i x>0,x =4
x—4  2x+3JYx+1  2x-3Jx-2

Cau 1. (2 diém) Cho biéu thuc: A =

3

2Ux +1°

2) Tim t4t cd cdc s thuc x dé A nhén gid tri nguyén.
Li gidi
4Jx+8  3x+3Vx  3x-11Jx-10
- +
Xx—4  2x+3Jx+1  2x-3x-2

4(Vx+2) ) 3Vx(Vx +1)  3e11dk-10
(Vx+2)(vx-2) (2¥x+1)(Vx+1) (24 +1)(vx-2)

4 3Jx  3x-11Jx-10

A:&—2_2&+1+(2&+1)(&—2)
4(2&”) 3x-11Jx-10  3Jx

1) Chitng minh rang A =

1) A=

A:

A:(2&+1)(&—2)+(2&+1)(&—2)_2&+1
Al Z=3x-6  3x
(2\/§+1)(J§—2) 2x +1
A:3(&—2)(&+1) wx 3(Vx+1) 5 3

(2 +1)(Vx-2) 2dx+1 21 T 2dx+1 2dx+1
2) Dé ching minh: 0<A<3

Vi A |3 s6 nguyén nén Ae {1;2;3}

Vi A=1=>x=1

1

VEi +)A=2=x=—
16

Véi +)A=3=>x=0
Két hgp diéu kién ta c6 cdc gid tri x thda man Ia O,%,l.
(Ghi chd: Néu hoc sinh 14p luén 24x +1 13 udc cia 3 vatimra x e {0;1} thi khdng cho diém nao tir dé

dén hét cau.)
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Cau 2. (2 diém) Mt hoi trusng cé 374 ghé, dudc xép thanh nhiéu day, s6 ghé 8 mbi day bang nhau
va khéng vuot qud 30 . Hay tim s day ghé cla hbi trudng biét rang: néu ké moi day thém 2 ghé va
bd sung thém 1 day ghé& (s6 ghé& 8 mdi day van bang nhau) thi téng s6 ghé 1a 432.

Goi x la sd day ghé va y la s6 ghé mbi day trong hdi trudng Itc binh thudng. (x,y eN;y< 30)

Vi binh thudng hdi trudng cd 374 ghé va s6 gh& mdi day bang nhau nén ta cé phuong trinh:

xy =374 (1)

Vi khi k& mdi day thém 2 ghé va bd sung thém 1 day ghé (sé ghé 3 mdi day van bang nhau) thi téng

s8 ghé la 432 nén ta cé phuong trinh: (x+1)(y+2) =432 (2)

TU (2)tacod: xy+y+2x+2=432 (3)

Lay (3) - (1) theo V& ta thu dudc: y +2x =56 (4)

TU (4) ta c6: y =56 —2x, thé vao (1) ta thu dugc: x(56 - 2x) =374

©2x* -56x+374=0 < x* -28x+187 =0 < (x-17)(x-11) =0« sl
x=11

VGi x=17 =y =22

Véi x=11=>y=34

Két hgp diéu kién y <30 tacd x=17,y =22.

VAy binh thudng héi trusng cé 17 day ghé

Ciu 3. (2 diém)

1) Tim tat ca cdc gid tri cGa m dé d6 thi ham s8 y = (m—l)x+2m +3 c3t hai truc toa d6 Ox,Oy

tuong Ung tai hai diém A,B phén biét sao cho tam gidc OAB cé dién tich bang 4 .

2) Chiing minh rang, vdi hai sé thuc a,b bat ki, it nh4t mdt trong hai phudng trinh (An l1a x ) sau day

cé nghiém: x* —Zax—(a2 —4b? +1):O va x° —4bx—(b2 —2ab—a):0.

3.1) Vihamso y = (m—l)x+2m+3 Ia ham béc nhat nén m = 1. Khi dé d6 thi ca ham sé cat hai truc
A A . . . R —2m—3
toa d6 Ox,Oy lan lugt tai hai diém A —1;0 ,B(O;2m+3).
m_
-2m-3
m_

‘,OB =[2m+3|=S ., = OAéOB = (i"":n +_31)‘2

Khi aé OA=‘

(2m+3)?
2\m—1\
TH1: m>1. Phudng trinh (*) trg thanh:

TU gid thiét, ta cé: =4 < (2m+3)° = 8‘m _ 1‘ (*)

4m’ +12m+9=8m-8 < 4m’ +4m+17=0
A'=—-64 <0 nén phudng trinh vo nghiém.
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TH2: m< 1. Phuadng trinh (¥) tré thanh:

m =
Am? +12m+9 = -8m+8 < 4m? +20m+1=0 < 2
_2J6 -5
m=——7-—
2
2J6 -5
m = 2
Két hgp diéu kién ta cé
2J6-5
m:T

Ghi chu: néu trong bai lam hoc sinh khdng chira m =1 thi trir 0,25 diém.

3.2) Tathdy x* —Zax—(a2 — 4b? +1) =0cé: A", =a° +(a2 — 4b? +1) =2a’ —4b* +1
va x” —4bx - (b’ ~2ab-a) =0 c6 A", = 4b” + (b* ~2ab-a) = 5b’ - 2ab-a

Xét A" +A', =23’ +b*-2ab-a+1

2
A+A =2a2+b2—2ab—a+1=(a—b)2+(a—1j 3
2) 4

Tathdy A',+A', >0 nén cé it nhat mot trong haisé A', ; A, l1a s6 dudng. TU d6 suy ra it nhat mot
trong hai phudng trinh da cho cé nghiém.

Céu 4. (3 diém) Cho dudng tron (0) ¢ dudng kinh AB va M [a mét diém ndm trén (O)(M khéc
A,B). Trong nlfa mat phang chlta M, cd bs |a dudng thdng AB vé céc tia Ax,By vudng géc véi AB.
Tiép tuyén tai M cla (O) c3t cdc tia Ax,By lan lugt tai C,D.

1) Ching minh rang dudng thang AB la tiép tuyén cha dudng tron dudng kinh CD.

2) V& dudng tron (l) qua M, tiép xtc véi Ax tai C. Tia OC cat dudng tron (l) tai diém th(d hai J.
Ching minh rang J 1a trung diém cda OC.

3) Goi E la trung diém cha OA. Chiing minh rang dudng thdng qua E va vubéng gdéc véi BC cit OM
tai mot diém thubc dudng tron (l)

L&i gidi
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4.1) Theo tinh chat clta hai tiép tuyén cat nhau, ta cé OC la phan gidc cia géc AOM, OD la phén
gidc cua géc BOM

= COD = 90° = ACOD vuéng tai 0= O thuéc dudng tron dudng kinh CD. (1)
Goi O’ la trung diém cda CD thi O’ la tdm cla dudng tron dudng kinh CD. (2)
Mat khac OO’ la dusng trung binh cta hinh thang ABDC nén OO'//AC//BD.
= 00' L AB(3)

T (1), (2), (3) suy ra AB Ia tiép tuyén cla dudng tron dudng kinh CD (dpcm).
4.2) OM c3t dudng tron (1) tai F khac M.

Vi CM I2 tiép tuyén clia dudng tron (O) nén CMO = 90° = CMF = 90°

= C,I,F thdng hang hay CF Ia dudng kinh clia dudng tron (l)

Vi dudng tron (l) tiép xuc véi Ax tai C nén IC L AC hay CF//AB

— FCO = (3/674(4)

Mat khdc, OC la phan gidc clia géc AOM (theo phan 4.1) nén COA = COF (5)
Tir (4), (5) = FCO = COF hay tam gidc FCO can tai F . (6)

Mt khéc, J thudc dudng tron duding kinh CF nén CJF = 90°.= FJ 1 CO(7)
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TU (6), (7) suy ra tam gidc FCO can tai F cd FJ la dudng cao déng thdi la trung tuyén. Do d4, J 1a
trung diém cua OC(dpcm).
4.3) Ta sé chiing minh FE vudng géc véi BC. That vay, goi G |a giao diém cta FE va BC.

Ta th8y EJ la dudng trung binh cta tam gidc OCA nén EJ//CA, EJ —% = EJ 1L AB

Ta thdy: AFJO dbng dang véi AJEO (g.g) do FJO = JEO = 90°, FOJ = JOE

N Fl _JO @:Q (do J,E 1an lugt Ia trung diém cta CO, AO) (8)
JE EO AO BO

Mat khdc, theo tinh chat géc ngoai tam giéc: COB EJO +90° = FJE 9)
TuU (8) (9) suy ra AFJE déng dang véi ACOB (c.g.c)

— — o~ -

= JEF OBC = OBC+0OEG=JEF+OEG=JEO =90° = EF L BC
TU d6, ta thdy dudng thang qua E va vudng géc véi BC cit OM tai diém F thudc dudng tron (l)

Cau 5. (1 diém)

~ z ~ 1 \ ~ Ay
1) Hay chi ra mot s6 thuc x khac 0,+1 dé x+— la s6 nguyén.
X

2023
\ Ay ~ Ve rd ~ 1 \ ~ N 7, . % \ ~
2) Cho x la mét s6 thuc khac 0,+1 théa man x+— la s6 nguyén. Chiing minh rang (x——j la sb
X X

vO ti.
L&i gidi

~ ? Ve ~ ~ 1 \ ~ A /7 \ 1
1) DE& chira cd sb thuc x dé x+— la s6 nguyén ta xét phudng trinh x+—=3
X X

_3+\/§
2

3-45
2

& xP-3x+1=0<

/ ~ 7, . \ ~ A ? A A .2 ? \ ~ ~ ? \ Ve m 5.
2) Trudc hét ta chiing minh x la s6 vo ti. That vat, gia su x la s6 hitu ti thi x cé dang — Vvdi
n

1.Khidé, x+—=
X mn

meZ,neN*,( ) 1_m'+n’

N\ 1 \ ~ N A /7
Vi x+— la sb nguyén nén (m2 +n2):m.n. Do d6, m* :n,n* :m.
X
Ma (m,n):l nén m:n,n:m. Lai do (m,n):l nén m=+1.

Tudng tu n=+1.Do dé x = +1 (trdi gia thiét \x\ #1).

Viy x la sé vo ti. (1)
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1 1
X+ = |+ x—=
~ 1 1 ~ 1 \ ~ ~ ? \ x x \ ~ ~ ? Z /.
Tathay: | x+— |+| x—— |=2x. Néu x—— la s6 hiiu ti thi > =x la s6 hitu ti (trdi vai

X X X

(1)). Do d6 x—= 13 s6 vé 1. (2)
X
2

X

2022
|a s6 nguyén. Do dd (x——J
X X

2 2
~ Z 1 1 AY 1 \ ~ A A 1
Mat khdc, (x——J :(x+—j —4.Vi x+— la sO6 nguyén nén (x——j
X X
cling la s6 nguyén

Do ‘x‘;tl nén x—l;tO.
X

2023 2022
Ta thay: (x—lj :(x_lj .(X_EJ.
X X X

2023 2023 2022
Néu (x—lj 1a s6 hitu ti thi (X_EJ :(x—lj = x—l la s6 hiru ti (trdi vdi (2)).
X X X X
2023
Viy (x—éj la s6 vo ti.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)

V3x+1+5-y =4
Py+1+6-x=4
2) Cho a,b,c,d la céc s6 thuc khdc O, d6i mot phan biét va théa man
a’-1 b*-1 -1 d*-1

ba 5b 3c 3d
véi n 1a mét s6 nguyén. Chidng minh: P = (a—c)(b—c)(a +d)(b+d) la binh phudng cGa mot sé

1) Gidi hé phuong trinh: {

nguyén.
L&i gidi

1) Diéu kién: _?1 <xy<b

TU hé suy ra V3x+1-+/5-x :\/3y+1—\/5—y
Néu x >y thi VT > VP

Néu x <y thi VT < VP

Dodd x=vy

Thay x =y vao pt (1) ta dudc

V3x+1 ++/5-x =4c>6+2x+2\/(3x+1)(5—x) :16<:>\/(3x+1)(5—x) —5_x

=5
1

& (3x+1)(5-x) = (5-x’ @K

Vay hé cé nghiém (5;5) va (1;1).
2) TU gid thiét suy ra a,b |3 hai nghiém cla phudng trinh x> —5nx—1=0 va c,d |a hai nghiém cla
a+b=bn
b=-1
c+d=3n

cd=-1
Tacd P=(a—c)(b—c)(a+d)(b+d)=(ab—(a+b)c+c2)(ab+(a+b)d+dz)

phudng trinh x* =3nx—1=0. Theo dinh ly Viet ta ¢

=(c2 —5cn—1)(d2 +5dn—1)
Vic2=3nc-1=0va d*-3nd-1=0 nén P = (—2nc)(8nd) = -16n°%cd = 16n°.
Do dé P 1a binh phudng cdia mét sé nguyén.
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Cau 2. (3 diém)

1) Ching minh rang 1+ 2% + 3% +...+2039°%° khéng thé la lhy thira ca mét s8 tu nhién véi s6 mii
I6n hon 1.

2) Xét cac s6 thuc dudng x,y,z thoa man: x> +y” +z° = 3.

2 2 2
Tim gid tri nhd nhat cda biéu thdc P = 1+x + Ly’ 1+2 .
Z+2 Xx+2 y+2
L&i gidi
1) Ta chiing minh A =1+2%+3% +...+2039%% khong thé |3 s6 chinh phudng. That vy, xét s6 du cla
céc s8 hang trong A theo mod 3 ta cé ddy s6 du lan lugt 1a 1,1,0,1,-1,0,1,1,0,1,-1,0,...
Ta cé 2039:6 =339 du 5. Do dé téng A chia 3 du 2. Viy A khéng la s6 chinh phucng.
Ta chiing minh A khdng thé 13 10y thira cha s8 tu nhién véi s mi I8n hon 2.
Ta xét s6 du cGla A theo mod 8.
Tacé n" zn(mod8),Vn & van" = O(mod8) véi moi n chan >?2
Suyra A=2%+1+3+...+2039 =4 +1020° = 4(mod8)
Vi A chdn nén néu A=m* k>3 thim chin vado dé A= O(mod8) (m&u thuan).

Vay ta cé dpcm.
2) Cach 1

:1+x2+1+y2 1+2° (1+X2)2 (1+V2)2 (1+22)2

i z+2  X+2 V+2_(z+2)(1+x2)+(x+2)(1+y2)+(y+2)(1+22)

N (3+x2+y2+22)2
_(z+2)(1+x2)+(x+1)(1+y2)+(y+2)(1+22)
B 36

- x+y+z+6+xzz+y2x+zzy+2(x2+y2+zz)

VI (x+y+2)° £3(x2+y2+zz):9 nén x+y+z<3 va

(xy2 +yz° +zx° )2 < (x2 +y? +22)(x2y2 +y’z° +22x2> < %(x2 +y? +22)3 =9

Nén PZ%zZ.Déubéngxéyrakhix:y=z=1.
Vay min P =2.
2
Cach 2: 11X +(1er )(Z+2)23(1+x2)
z+2 9 3
:>l+X2Zg(l+xz)_(l+xz)(z+2):i(l_i_xz)_M
z+2 3 9 9

Tuacng tu, ta suy ra
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VTZg‘G_é(z(l+X2)+X(1+V2)+V(1+22))

g8 1 (1+22)(1+x2) (l+y2)(1+x2) (1+22)(1+y2)
"379 2 i 2 " 2
22—%(3+2(x2+y2+22)+(x2y2+y222+22x2))
Zg—%(3+6+—(x2+y2+zz) j:Z
D4u bang xay ra khiva chikhi x=y=z=1.
Vay min P =2.

Céau 3. (3 diém) Cho tam gidc ABC ngoai ti€p dudng tron (l) Goi E,F theo th tu la ti€p diém cla
(l) vdi cdc canh AC,AB. Goi (K) I3 dudng tron di qua B, tiép xuc vdi dudng thang Al tai |. Dudng
tron nay cit dudng thang AB tai diém th( hai P (khdc B ). Goi (L) la dusng tron di qua C va tiép
xuc véi dusng thang Al tai |, dudng tron nay cit dudng thang AC tai diém thd hai Q (khdc C).
Chdng minh rang:

a. Tu gidc BPQC néi tiép.

b. Dudng thidng PQ tiép xuc véi dusng tron (l)

c. Céc dudng thdng KF va LE c3t nhau tai mot diém trén dudng tron ngoai tiép tam gidc ABC.
L&i giai

a) Vi dudng tron (K) tiép xtdc véi Al nén A’ = AB-AP. Tudng tu Al> = AC-AQ.
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Do dé AC-AQ =AB-AP. Vay t& gidc BPQC ndi tiép. (Chd y can chiting minh lai cdc tinh chat phucng
tich)

b) Ta c6 §\Pl=180°—Xﬁ3=180°—[9O°+¥]:90°—A§B _180 ;ACB _ BZQ

Suy ra Pl |a phan gidc ngoai @ Ma Al la phan giac I{AB Do dé | 1a tAm dudng tron bang tiép
tam gidc APQ. Vay PQ tiép xic vdéi dusng tron (1).

c) Goi G la giao diém cda EL va FK.

Taco §f<73_2§H\3_Z(KH\B—@)_2(9O°+ATCB—A—§CJ_180°+A/CTB—A/B\C

Chiing minh tudng ty QLC = 180°+ ACB — ABC. Vay BKP = QLC . M3 2 tam gidc BKP,QLC déu I3
cac tam giac can. Do dé6 ABKP«»AQLC.

Lai c6, theo ching minh phan b), FIP = 90° — FP| = ?. Suy ra AFIP< AECI. Do d6 FP.EC = IEF .
Chung minh tuong tu EQ.FB =IE.IF. Vay FB = E
FPEQ

Suy ra AKFB«» ALEC
Lai cé EF//KL (cung vubng géc vdi Al )

Do 46 ta cg FG _FG FK _EG EL _EG

FB FK FB EL EC EC'’
M3t khdac BFG =180°-BFK =180°-LEC = GEC, suy ra AGFB > AGEC.
Do d6 GBF = GCE . Vay G thudc dudng tron (ABC).

Cau 4. (1 diém) Cho bang 6 vudng kich thudc 2023 x2023. Lan lugt dién 2023 s& nguyén dudng
dau tién: 1,2,3,4...,2023% vao céc 6 vudng con cla bang sao cho mdi & dugc dién ding mot s6, 8 mdi
dong tinh tir trdi sang phai hoac 8 mai cot tinh tir trén xudng dudi, cdc sé dudc dién theo thi tu tang
dan. Thuc hién viéc thay ddi s6 theo quy tic sau: mdi Ian chon 2 6 chung nhau canh hodc chung nhau
ding mot dinh.

-/ Néu hai 6 d6 chung canh thi tdng s6 3 mét 6 thém 2 don vi va gidm s6 trong 6 con lai 2 don vi.

-/ Néu hai 6 d6 chung nhau ding mét dinh thi cung tang hodc cung giam s6 trong hai 6 d6 2 daon vi.

Hai sau mdét sé 1an chai ta cd thé thu dugc bang gobm toan cdc sé 2023 dudc khdng? Vi sao?

Sau mdi lan thay déi, cc s6 ludn gilf nguyén tinh chan 1&. Do d6 khong thé ¢ toan b cac sé 13 2023.
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN M6n: TOAN CHUNG
Thai gian lam bai: 90 phat

Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho biéu thic: M = 2\/5_\/5+b_\/£—1 véia>0b>0vaa#b.
Ja b ab
a) Chiing minh M =248 b) Tinh 2 biét M>0 va M-(a? —bz)zgab.
a-b b 2

L&i giai
) M_(Z\/S—\/E)(\/SNE) b—+/ab a—b

(Va—b)(\a+b) (Va—b)(va+b) (+a-b](va+b)

B 2a++/ab-b+b—+ab—a+b _a+b

[ R TN R

a

2 —

b) M-(az—b2)=gab-<:>(a+b)2=gab<:>2a2—5ab+2b2=0©2 2l 5.2,2-0s|b
2 2 b b a

b

DoM>0vaab>0néna-b>0.Suyra %>1.

a
Vay —=2.
.Yb

Cau 2. (2 diém) a) Trong mat phing toa d6 Oxy, cho hai dudng thdng d:y =2x+3 va

d:y=mx+m’ —l(m # 0). Tim m dé hai dudng thang d va d’ c3t nhau tai mét diém nam trén truc

tung.
b) Gid cudc dich vu cia mot hang taxi vao thang 4/2023 nhu sau:
Gid cudc mad clra Gid cudc Gia cudc
1 km dau tién nhitng km tiép theo tir km tha 21 tré di
20 000 déng 14 000 déng 12 000 dbéng

Goi x (x> 0) la s6 km ma hanh khach di chuyén. Khi dé, s6 tién ma hanh khdch phai trd dudc tinh bdi
cong thuc:
T=20000 néu 0<x<1

T=20000+14 OOO(x—l) néu 1<x<20
T =286 000+12 ooo(x—zo) néu x> 20

Cd Hang di chuyén bang xe clia hang taxi trén va da trd sé tién 13 322 000 déng. Hdi cd Hang d3 di
chuyén quang dudng la bao nhiéu km?
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a) Budng thang d cat dudng thang d’ khi va chi khi m# 2

Pudng thang d cat truc tung tai diém A(O;3)

Dudng thdng d' di qua diém A(0;3) om-1=3cm=+2

Két hgp véi diéu kién m#0;m =2 ta suy ragid tricantimcda m la m=-2

b) Néu hanh khdch di chuyén quang dudng 20 km thi phai trd sé tién |3

20000 +14000.(20 - 1) = 286000

Do 322000 > 286000 nén cd Hang di chuyén quang dudng nhiéu hon 20 km hay x > 20.
Do d6, tong s tién cd Hang phai tra (tinh theo x ) la:

286000 +12000(x —20) (d6ng)

Theo gié thiét, ta c6 phuong trinh 286000 +12000(x - 20) = 322000

&< x =23 (thda man diéu kién)

Viy cd Hang d3 di chuyén quang dudng la 23 km.

CAu 3. (2 diém) Cho phuong trinh x* —(2m—1)x+m2 -1=0, (m latham sé).

a) Tim m dé phudng trinh ¢é hai nghiém trdi dau.

b) Tim m dé phudng trinh cé hai nghiém phan biét x ,x, théda man (1—x1)(x2 —m)2 =9.

a) Phuong trinh cé hai nghiém trdi ddu < 1.(m2 —1) <0 -1<m<1

b) Phudng trinh ¢4 hai nghiém phan biét khi A > 0 < (2m —1)? —4(m2 —1) >0=5-4m>0<m <§

—2m-1
Theo dinh If Vi - ét ta cé {Xl T =
X, X, =m~ =1

Vi x, la nghiém cla phudng trinh x —(2m 1)x+m -1=0 nén

2
(2 )x +m’-1= O:>x —2mx +X, +m’-1=0
=X

—2mx, +m*=1- X, :>(x — ) =1-x,

Thay vao gid thiét ta dudc (1—x1)(1—x2):9<:>1—(x1 +x2)+x1x2 -9=0

m=-2

m=4

Da6i chiéu véi diéu kién phuong trinh cé hai nghiém phén biét, suy ra m=-2

Cau 4. (3 diém) Cho hinh binh hanh ABCD sao cho tam gidc ABD nhon va khéng la tam gidc cén.
Goi O la giao diém clda AC véi BD va E,F,G tudng Ung la hinh chiéu vuéng géc clia D trén céc
dudng thdng AC,AB,BC.

a) Ching minh ED? =EF.EG.

—(2m—1)+m2—1—8:O<:>m2—2m—8:0<:>
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b) Chitng minh bén diém O,E,G,F cung thuéc mét dudng tron.
c) Goi H la giao diém cla cédc dudng thang FG va AC. Chiing minh DH L DB.

a) Vit gidc ADEF néi tiép nén EFD = EAD

Vi tif gidc CDEG ndi tiép nén EDG =ECG

M3 EAD = ECG (so le trong) nén EFD = EDG

Tuong tu IESB = E/D\F

Do d6 ~EFD ~AaEDG = :;’; Eg EF.EG =ED?

b) Céch 1. Vit gidc DEGC ndi tiép nén CEG = CDG

Vit gidc DFBG néi tiép nén BFG = BDG

Tam gidc BFD vuéng tai F ¢é FO la trung tuyén nén FO=0D. Suy ra OFD = ODF
Do d6 OFG = 90° — OFD - BFG = 90° — ODF - BDG = CDG = CEG
Vay td gidc OEGF ndi tiép.

Cach 2

Vi O 13 tdm dudng tron ngoai tiép td gidc BGDF nén FOG = 2FDG

Khi d6 GEF = 180" — GEC — FEA = 180° —GDC — FDA =(90°—<i)\c)+(900—FD/\A)
— GCD + FAD = 2BAD = 2FDG = FOG

Viy t gidc OEGF ndi tiép.

c) Céch 1.

Goi M |3 giao diém cla BC va DH;N la giao diém cha DC va FG.
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Theo dinh Ii Ta - let ta cé HM _HC _HN = MN//DF

HD HA HF
Vi DF vubng géc véi DN nén DN vudng goéc vdéi MN.

—

TU d6 dan dén t gidc DGNM |3 t gidc ndi tiép, suy ra MDN = MGN
Ta c6 MGN = BGF (d3i dinh)
Vit gidc DFBG ndi tiép nén BGF = BDF

— e~

Do @6 MDN = BDF = BDH = BDN + NDM = BDN +BDF = NDF = 90° (dpcm)

Cach 2. VGi chl y tam gidc OGF can tai O(OG =0F = %BDJ va tl gidc OEGF ndi tiép ta cé

OEF = OGF = OFG dan dén AOEF»AOFH = 25 = OF _ op oH = 0F?
OF OH
2 OE _OD "
Vi OF =0D nén OE.OH=0D OD AOEDmAODH(cgc) Tu d6 suy ra dugc ngay

ODH = OED = 90°

Cau 5. (1 diém) Tim t4t cd cdc s6 nguyén duong a va b thda man: Néu ¢ va d la céc s6 thuc sao
cho céc phudng trinh x? +ax+1=c va x* +bx+1=d cé nghiém thi phuong trinh

x2 +(a +b)x +1=cd ciing cé nghiém.

Bai todn phat biéu lai nhu sau: Tim tat cd cdc sd nguyén duong a va bcd tinh chat: néu c¢,d thoa
man a° +4c—4>0;b*> +4d—-4>0 thitaludn cd (a+b)> =4 +4cd >0

Néu a> 3, ta c6 thé chon nhu sau
2

Céch 1. Chon c=%,d = 4b” (théa man diéu kién a* +4c—4 >0;b*> +4d -4 > O)

ma (@+b)> —4 +4cd = a° + 2ab+b* — 4 —2a°b?
=—(ab-1) —(az —1)(b2 —1)—2 <0 Vi a,b la cdc s6 nguyén dudng

Do dé a >3 khdéng théa man.
2

Céch 2. Chon c = £

,d=2+2ab+b’ (thda man diéu kién a2+4c—420;b2+4d—420)
ma (a+b)2—4+4cd=32+2ab+b2—4+(4—a2)d=td+2ab+b2—t

= t(2+2ab+b”)+2ab+b’ —t = t+2ab(t+1)+b’(t+1)

Vit=4-a’<-5ab>0;b’ >0 nén t+2ab(t+1)+b*(t+1)<0

= (@a+b)* -4 +4cd <0. Do dé a>3 khéng thda man.

2 4_32

Chii y: Khi 2> 3 thi c=2=2" <0 ta c6 thé chon c = =
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4—(a+b)? . 4-b°
va
4c 4

[d> max{4—(a+b)2;4—b2}J
4c 4

Viy ae {1;2} .Tudng tu b e {1;2}

chon d 18n hon ca hai s8

Véi a,be{1;2} thi (a+b)’ 24 va a’+4c-4>0=c>

TU d6 din dén (a+b)> -4 +4cd >0

2

q >0b*+4d-4>0=>d>

Céc gid tri nguyén ducdng can timclia a,b la a,b e {1;2}
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém)
Cho ba phuadng trinh:
x*—ax+1=0(1), x*-bx+1=0(2), x’-cx+1=0(3),
trong dé a,b,c |a céc sb thuc.
Biét rang, phuang trinh (1) ¢ nghiém x = X, , phudng trinh (2) cé nghiém x = x, va phudng trinh (3)
c6 nghiém x = x,x, . Tinh gid trj biéu thic T =a’ +b” +c* —abc.
Lai gidi
Tacé: x> —ax, +1=0, x:-bx,+1=0, (xlxz)z—c(xlx2)+1:0.

Suyra a= x+i bx+i C=XX,+

a2 XJ

1 1 1

= abc=c?+| x,x, +—— e =’ X+ +xXo+—==c"+a’ -2+b* -2
2 2 2
x %, \ x, X, X X

X%,

><

Suyra T=4.
Cau 2. (2,5 diém)

x(\/y+4+\/y+11)=35

1) Gidi hé phuong trinh sau:
y(\/x+4+\/x+11):35

2) Chdng minh rang, véi moi sé thuc X,y,z ta cé:
(z+x—y)x5 +(x+y—z)y5 +(y+z—x)z5 >0.
Li gidi

x=5(\y+11-\y+4)
:5(\/x+11—\/x+4)

1) Diéu kién: x,y > 0. Hé d3 cho tucsng duong vdi

TrUr theo tiing vé& hai phuong trinh cla hé ta dudc
X—y = 5(\/x+ —\y+4 ) (\/x+11 \/y+11)

X—y 5 X—y
x/x+4+\/y+4 \/x+11+\/y+11

&S x-y=5b
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@(x—y)( > > j:o

' x/x+4+\/y+4+\/x+11+\/y+11
TU hé da cho suy ra x,y khéng déng thdi nhé hon 5. Do d6
5 _ 5 - 5 - 5 _
Ux+4+4y+4 x+11+y+11 x+4+)y+4 3+2
TU (1) suyra x=y.

V@i x =y ta co: x(\/x+4 +\/x+11):35 (2).

Xét £(x) =x(x+4+x+11), ta co £(5)=35. Néu x>5 thi f(x) > (5)=35.

Néu x <5 thi f(x) < f(5) =35. Do d4, phuang trinh (2) c6 nghiém duy nhat x = 5.

Vay hé da cho cé nghiém duy nhat x=y =5.

2) Chdng minh: (z+x—y)x5 +(x+y—z)y5 +<y+z—x)z5 >0.

Ppcm tudng dudng véi x° +y° +2° —x°y —y°z - 2°x+ X’z +y°x+2°y > 0

= Z(x6 +y® —2x°y + 2y5x) >0

o Z(x2 +y2)(x2 -y’ —xy)2 >0: ding

Céau 3. (1,5 diém) Chdng minh rang, ton tai v s6 bd ba s6 nguyén duadng (x;y;z) thod man phuang

trinh sau:

L&i giai
Ching minh rang, ton tai v s6 bd ba s6 nguyén dudng (x;y;z) thod man
2023

31 4 y5 A
Xét x =2°" y = 231" (m c Z+) . Khi d6: x> +y® = 215
Ta can chon m sao cho 155m+1 = 2023n(n € Z+)(1).
Khidd z=2".
TU (1) suy ra 8n—1 chia hét cho 155. Dt 8n—1= 155k(k e Z*)ta cé:

3k+1:8<=9%+3:8<=k+3:8.

Pat k+3= 8u(u c Z+) ,ta cé n=155u—58m=2023u-757.
Nhu véy, 5t c3ae bé\) - 25(2023u—757),y _ 231(2023k—757),z _ D155u-
da cho.
Céau 4. (3 diém) Cho dudng tron (O) dudng kinh AB. Ké tiép tuyén d cla (O) tai B. Goi H Ia trung
diém cta OB. Céc diém M,N thay ddi trén d, khdng trung véi B sao cho H Ia truc tAm cla tam gidc
AMN. Goi E,F Ian lugt Ia giao diém thit hai cia AM,AN vdi duting tron (O). Ching minh réng

u e Z*déu la nghiém cla phuong trinh
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a) TU gidc MNFE néi tiép.
b) Budng thang EF luén di qua mét diém c6 dinh
L&i gidi

a) Xét dutng tron (O) : Do AB la dutng kinh nén
AEB = AFB=90".

— e~ -

Ta c6 AFE = ABE = AMB(: 90 - MB\E)

Suy ra t gidc MNFE ndi tiép.

b) Goi K |a giao diém th( hai cla dudng tron (AMN)
véi dudng thang AB.

Chiing minh BA -BK = BM-BN = R?

Suy ra K ¢8 dinh

Goi |=EFNAB. Do t gidc MNFE néi tiép nén

AEl = ANM = AKM.

Suy ra t& gidc MEIK néi tiép.

Chdng minh: Al-AK = AE-AM = AB? = 4R

Suy ra | c6 dinh.

Cau 5. (1 diém) Cé6 2023 vién bi dung trong 14 cdi hép. Mdi 1an cho phép |8y hai vién bi & hai hdop
nao dé va bo vao mét trong 12 hép con lai. Chiing minh rang sau mét sé budc cé thé bd hét bi vao
mot hop.
LaGi giai
Ta chdng minh bai todn téng qudt véi m vién biva n céi hdp (m,n > 4). Quy nap theo m :
V3&i m =4 : S6 bi thudc mét trong cédc dang sau:
(1;1;1;1;0;...;0), (1;2;1;0;0;...;0),
(2;2;0;0;0;...;0), (1;3;0;0;0;...;0), (4;0;0;0;...;0)
Thuc hién nhu sau: (1;1;1;1) - (3;1;0;0) - (2; 0;2;0) - (1; 0;1;2) - (0;0;0;4).
Gid s bai todn ding véi moi m<k. Xétvéi m=k+1 : Dua vé trudng hgp (1;k;0;0;...;0)
Sau dd thuc hién nhu sau:
(1;k;0;0;...;0)—> (O;k - 1;2;0;...;0) — (O;k - 2;1;2;0;...;0)
- (Z;k - 3;0;2;0;...;0) - (1;k—1;0;1;0;...;0)
—>(O;k+1;0;0;...;0)
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)
Cau 1. (2 diém) Cho biéu thidc: M = 2\/;— \/;+\/; . 2\/; Vi x>0;y>0; xzvy
x=y  2Ix -2y ) Jx—+ly

a) Rut gon M.

b) Tinh M biét x> —5xy +4y”> =0.

Lai gidi

a)M:(z\/E— \/;+\/; J 24x _ 24Xy =X -y - 23x
<y 22y | =y 2y ) V-

) —(&—&)2-2& i
o] o
b)x2—5xy+4y2:O<:>(x—y)(x—4y):0c>x:4yv‘|x¢y

My -2

Jov ey 3

Cau 2. (1,5 diém) Clra hang An Binh niém yét gid mot bdng hong la 25000 déng. Néu khach hang
mua nhiéu hon 10 béng thi tir béng th 11 trd di, méi béng dugdc gidm 10% trén gid niém yét. Néu
mua nhiéu hon 20 béng thi ti béng th 21 trd di, méi béng dugc giam thém 20% trén gid da giam.
a) Néu khach hang mua 30 béng héng tai cfa hang An Binh thi phai trd bao nhiéu tién?

b) Ban Dling @3 mua mdt s8 béng héng tai cfa hang An Binh vdi sé tién 925000 déng. Hai ban
Dling da mua bao nhiéu béng héong?

L&i gidi

a) Gid tién mua mdi bédng héng tir béng 11 dén bdng 20 1a 25000.0,9 = 22500 (déng)

Gid tién mua mdi béng hong tir bdng 21 trd di la 22500.0,8 = 18000 (d6ng)

S6 tién khach hang phai tra khi mua 30 bdng |3

25000.10 +22500.10 +18000.10 = 655000 (déng)

b) Goi x(x eN’ x> 20) la s& bdng héng ban Ding mua.

=>P=-

Ta cé phudng trinh 25000.10 +22500.10 + 18000 - (x —20) =925000 < x =45 (bong)

2x+y=5 ,
Chu 3. (2,5 diém) Cho hé phudng trinh { xry (m 13 tham s6).

mx+y=m+5

a) Tim m dé hé c6 nghiém duy nhéat (x;y) va tim nghiém duy nhat dd.

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 45



CLB Toan bdi dudng MathExpress | |www.mathexpress.vn

b) Véi (x;y) la nghiém duy nhat & trén thoa man diéu kién x >y . Tim gid tri I6n nhat cda biéu thic
H=x+y.
L&i giai
a) Lay phuang trinh thd hai trif phuong trinh thd nhat theo tirng vé ta dudc (m—2)x =m (1)
Hé phuadng trinh cé nghiém duy nhat khi phuong trinh (1) ¢ nghiém duy nhat ©m-220< m =2
Khi dé tir (1) suy ra x __m_
m-—2

2m 3m-10

m-2 m-2

y=b-2x=5-

Vay m# 2 thi hé da cho c¢é nghiém duy nhét la (X;y) :( m ,3m—10j.

m-2" m-2
b) Céch 1.

Theo gid thiét 2x+y =5 va x>y tasuyra ng
Khi @6 H=x+y=x+(5-2x)=5-x
Vi ng nén HS% va diu bang xay ra khi x:yzg

Thay x=vy :g vao phuong trinh th( hai trong hé ta tim dudc m =5 (thda man). Vy gid tri I6n nhat

cla biéu thic H bang % <m=5

Cach 2.
X2y & m 23m_10<:>2m_1030<:>m_5£0<:>2<m£5
m-2 m-2 m-—2 m-—2
b _ 4(m-2)-2
Khidé H=x+y=—m_,3m=-10_4m-10_ (m-2) P
m-2 m-2 m-2 m-2 m-2
Vi2<m<5=0<m-2<3= w1, 2 2 4 2 sghastE
m-2 3 m-2 3 m-2 3 3

VAy gid tri I6n nhat cha H bang % <m=5

Céu 4. (3 diém) Cho tam gidc ABC nhon (AB < AC), néi tiép dudng tron (O;R). Ké duting kinh AK
cua (O) Céc dutng cao AD,BE,CF cla tam gidc ABC cat nhautai H.
AB-BC-CA

4R
b) Goi M |a trung diém cta BC, T la diém ddi xing véi O qua M. Chidng minh T 13 tA4m dudng tron

ngoai tiép tam gidc HBC va AH? +BC? =4R?.
c) Biét AH* +BH? +CH?* =7 va AH-BH-CH=3.Tinh R.

a) Chuing minh t giac BHCK la hinh binh hanhva S, =
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L&i giai

a) Ta cé ABK = 90° (96c nbi ti€p chidn nira dudng tron) hay AB L BK. Két hgp véi AB L CH, suy ra
BK//CH. Tugng tu BH//CK. Tu d6 dan dén t& gidc BHCK la hinh binh hanh.

Ta c6 ABC = AKC (hai géc ndi tiép cung chdn mét cung) va ADB = ACK = 90’ suy ra

ABAD«AKAC(g.g) = 22 =52 o ap 2 ABAC 1oy Ap - ABAC gy
C KA
Sue -2 AD.BC_LABIAC o AB-BC.CA

2 2 2R e

Vi M 13 trung diém cla diy cung BC nén OM 1 BC
T gidc BOCT ¢4 hai dudng chéo BC va OT vudng géc vdi nhau va cit nhau tai trung diém M cua

mbi dutng nén BOCT Ia hinh thoi, tif &6 dén dén TB=TC =0B=0C =R(1)

Vi BHCK 1a hinh binh hanh nén hai dudng chéo BC va HK cat nhau tai trung diém M cGa méi
dudng. Tam gidc AHK c6 OM la dudng trung binh nén ta cé ngay AH=20M=0T.

Tit gide AHTO c¢6 AH =0T va AH//OT nén AHTO Ia hinh binh hanh va TH = 0A =R(2)
c)Tu (1) va(2)suyra TB=TC=TH=R.Véay T latdm dudng tron ngoai ti€p tam gidc HBC.
Ta c6 AH? +BC? = 40M? + 4MC? = 4(OM2 +MC2) = 40C? = 4R?

Chuy CHD = ABC = AKC va ap dung dinh |f Pytago ta cé

AC? = AD? +DC? = (AH+HD)2 +DC? = AH? + HD? +DC? + 2AH-HD

AC? = AH? + CH? + 2AH - CH- cosCHD = AH? + CH? + 2AH - CH - cosAKC
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AC? =AH2+CH2+2AH~CH-%=AH2+CH2+2AH-CH-%

AC? = AH? + CH? + 2H-BH-CH

Tuong tuy b) ta cé BH?* + AC? = 4R? tUr d4 suy ra

AH-BH-CH AH-BH-CH

4R? —BH? = AH?* + CH? + < 4R? = AH? +BH? + CH? +

Thay gia thiét, ta dudc phuang trinh

4R2=7+§<:>4R3—7R—3=O<:>(2R—3)(2R2+3R+l)c>R=§
R 2

Cau 5. (1 diém) Cho céc s6 thuc dudng x,y,z thda man

X2+xy+y?=3; yi+yz+z-=1; 22 +zx+x* =4.

Tinh S=x+y+z.

Li gidi

X2+ xy +y? :3(1); v2 +yz+2° :1(2); 2 +zx+x* =4 (3)

2:3—1:(x2+xy+y2)—(y2+yz+zz):(x—z)(x+y+z) (5)

1=4—3=(zz+zx+x2)—(x2+xy+y2)=(z—y)(x+y+z) (6)

TU (4) va (b) suy ra x—z:2(z—y)<:>x:3z—2y

Thay x=3z—-2y vao x> +xy +y* =3 ta dudc y* —3yz+3z° =1.

Kéthop véi y> +yz+z> =1 suyra y* —3yz+3z2° =y* +yz+z> = z=2y vat (6) cé x =4y

Thay x =4y vao (1) dan dén 21y? :3:>y=£ va S=x+y+z=7y=\/7
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TRUGONG PHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2,5 diém)
a) Gid st a,b 13 céc s6 thuc thod man: vdéi x,y |a hai s6 thuc bat ki ta ludn cé
‘(ax + by)(ay +bx)‘ <x?+y°.
Chidng minh ring a° +b? < 2.
b) Giai phudng trinh x +4 =5 —x +/2 - x +\/(5—x)(2—x).
Li gidi
a) (1 diém) V38i x =y =1 ta dugc (a+b)* <2.M3tkhdc, v8i x=1,y =-1 ta dudc (a—b)* <2.Viy
2(a2 +b2)=(a+b)2 +(@a—b)><4.Suyra a*+b><2.

Nhan xét. C6 thé chi ra diéu kién can va dd la (a+b)* < 2.
b) (1.5 diém) Diéu kién: x<2.

2
Cdch 1. D3t t=+/5-x+~+/2-x,Vvdi t>0.Tacé (5-x)(2-x) =$. VAy, phuong trinh d3

2
cho tréd thanh x+4 =t+ %@t t—E= =3 hoac t=-5

, & x=1

Vit>0,nén t=3.Tacé: (5 x)(2-x) X+1<:>{ =(x+1)

Cach 2. bat a:x/5—x,b:\/2—x phudng trinh tré thanh x=a+b+ab-4.
Tacé a’+x=5va b’>+x=2.Do dé (a+b)(a+1):9

(a+b)(b+1)=6
Suy ra 2(a+1):3(b+1) hay 2a=3b+1. T d6 2x:(3b+1)+2b+(3b+1)b—8:3b2+6b—7.
TU &6 b2+x=2<:>5b2+6b—7=4<:>5b2+6b—11:0<:>(b—1)(5b+11):0<:>b:1( dobzo).

Viy a=2,do dé x=1. Thi lai ta thdy x =1 la nghiém cha phudng trinh.

Céu 2. (1,5 diém)
b . 2Jc
a+b e \/EJM/_

Cho a,b,c la cdc s6 thuc dusng thod man a#c va

Tinh gid tri biéu thic S = ¢

+
a+b b+c

L&i giai
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a_\/g:\/g_b
a+b Jat+dc Ja+c b+c

ale-bla_clabie  a(Yac-b) VelVac-b)

TU gid thiét ta cd

C>(aer)(\/5+\/E) (b+c)(J5+JE)© atb  b+c
N

a+b b+c

obva+cla=a c+b\/z<:>(\/g—\/z)(b—\/;)=0 (m&u thuan)

Vay b=+ac.Tudé S =

NE&u b = ac thi

B R |
a+vac ac+c

Céau 3. (3 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O) c6 AB < AC. Trén dudng tron (O)
18y diém M khdc A sao cho AM||BC. Vé dudng tron (K) tiép xdc véi AO tai A, va di qua M. Dudng
tron (K) cat cdc dudng thang AB,AC tai cédc diém th( hai F,E (F,E khdc A). Céc dudng thang
OM,BC cat nhau tai diém D.

(a) Chidng minh rang céc diém D,E,F th3ng hang.

(b) Goi H la truc tdm cutia tam gidc ABC. Cic dudng thdng AO va DE c3t nhau tai diém L. Ching
minh rang AHDL Ia hinh binh hanh.

L&i gidi
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a) (1.5 diém) Ta cd O,K cdch déu A,M.Vay OK la dudng trung truc cia AM. Thanh thd theo tinh dai
xng, OM la tiép tuyén tai M cua (K)

Tir ¢6 EMD = MAE =ECD.

Vay t gidc DEMC ndi tiép. Suy ra MED +MCB = 180°. Mat khdc, theo tinh chat cda t gidc ndi tiép
FEM = FAM = MCB. Vay FEM +MED = 180° hay cdc diém D,E,F thang hang.

P

b) (1.5 diém) Kéo dai MD c3t (O) tai diém thd hai G. Do AG la dudng kinh nén AM L AG. Vi
AM//BC nén AG L BC.Véay A H,G thang hang. TU dé6 G,H dé&i xiing nhau qua BC.

Suy ra G/H\D = H/CE) = (TA\G
Vay, HD// AL.Ma AH//LD (vi cung vuong géc véi BC). Suy ra AHDL la hinh binh hanh.

Ciu 4. (1 diém)

a) Tim tat ca cdc s6 nguyén t6 p,q,r sao cho pq—6,gr+1,rp+10 I3 céc sb chinh phuang.

b) Chiing minh rang, trong méi bat gidc 16i, luén cd it nhat ba dudng chéo, ma dd dai cla chidng doi
mot khdc nhau. (Bat gidc 16i la mbt da gidc 16i ¢6 8 canh).

Li gidi

a) (1.5 diém) Gid st pg—6=x,gr+1=y? va rp+10=2z>. Néu p,q,r cung la cdc s6 1é thi x,z |1& nén
pag=rp=3 (mod 4) .Véy q= r(mod 4). Ngoai ra,qr =-1 (mod 4), mau thuan. Viy trong céc sé

p,q,r cd it nhat mdt sb 1a s6 chan.
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+/p,q,r phai phan biét ddi mét: Néu p=q, ta dudc p? —x? =6. Khi dé p,x cung tinh chdn & nén
4|p? —x*, mauthuadn. Viy p=q. Tudsng tu r #p. Néu g =r ta dudc g +1 =y?, mau thuan.

+/Néu q=2,tadudc 2r+1=y*.Viy y 1é nén y* El(mod 8). Suy ra 8|2r, mau thuan. Néu r =2 thi

q-3=2x
tusng tu. Do dé p=2.Tacé {qr+1=y?
r+5=2z
TU d6 qr:(y—l)(y+1). Néu qly -1, ta dudc rzy—_l-(y+l).
q

Vay g=y-1lvar=y+1.Suyrar—-q=2.Tuongty, qly+1 thi r:yT—Fl.(y—l)

dodé y—1=1 hodc g=y+1.Khd nang thd nhat, ta dudc qr+1=4,loai. Vdy y+1=q var=y-1.
TU dé g—r=2.Tém lai \q—r\ =2.Ta dudc

+/r=q+2 thi g+7 =2z} va q—3=2x>. Tadudc 2z; -2x? =10 hay zZ - x> =5.Tu d6 z, =3,x, =2
hay g=11 va r=13.

+/q=r+2thir-1=2x var+5=2z;. Tadugc z; —-x; =3.Tudé z, =2,x, =1.Vay r=3 va q=5.
Tém lai (p,q.r) I3 (2,5,3) hodc (2,11,13).

(b) (1.5 diém) Ta bat dau bang moét nhan xét don gian: trong mét da gidc 16i bat ki, dudng trung truc
cGa mdi canh di qua khéng qud mét dinh cla da gidc dé.

Phdan ching, gid st rang 3 dudng chéo bat ki, ludn cé hai dudng chéo cé db dai bdng nhau. Vay tén
tai a,b duong sao cho méi dudng chéo cé dd dai hodc bang a hodc bang b.

Xét mot canh AB cla bt gidc 16i da cho. Vi mdi dinh C ma khdng ké véi A,B thi AC,BC la céc
dudng chéo. Do d6 AC =BC =a hoac AC=BC =b hoac AC=a,BC=b hodc AC=b,BC=a.Luuy
rang, néu CA =CB thi C ndm trén trung truc cia AB, do d6 sé céc diém C thod man AC=BC =a
hodc AC =BC =b téi dala 1 diém (do bdt gidc 1a 16i). Hon nira chi ¢ t6i da 1 diém C thod man
AC=2a,BC=b,Vvinéucé2diém C,,C, thi AB nam trén trung truc cia C,C,, mau thuan. Tucng tu,
cling c6 t6i da 1 diém C sao cho AC =b,BC =a. Vay cé t6i da 3 diém C khdéng ké véi A,B. Thanh
th(r da gidc c6 t6i da 2+3 +2 =7 dinh, m4u thuan.
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