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MUC LUC
DE THI VAO LSP 10 CHUYEN TOAN - TIN SG GD&BDT HA NOI
n TRANG
NOI DUNG Ba Pép an
Chuyén Toan 2015 - 2016 3 22
Chuyén Toan 2016 - 2017 4 29
Chuyén Toan 2017 - 2018 5 34
Chuyén Tin 2017 - 2018 6 39
Chuyén Toan 2018 - 2019 7 44
Chuyén Tin 2018 - 2019 8 50
Chuyén Toan 2019 - 2020 9 54
Chuyén Tin 2019 - 2020 10 59
Chuyén Toan 2020 - 2021 11 63
Chuyén Tin 2020 - 2021 12 69
Chuyén Toan 2021 - 2022 13 74
Chuyén Tin 2021 - 2022 14 79
Chuyén Toan 2022 - 2023 15 84
Chuyén Tin 2022 - 2023 16 88
Chuyén Toan 2023 - 2024 17 92
Chuyén Tin 2023 - 2024 18 98
Chuyén Toan 2024 - 2025 19 103
Chuyén Tin 2024 - 2025 20 119
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2015 - 2016
— - M6n: TOAN
DE CHINH THUC Thai gian 1am bai: 150 phat

(Danh cho hoc sinh chuyén Toan)

Cau l. (2,0 diém)
1) Gidi phuang trinh x—x-8-3/x+1=0.
2) Gidi hé phudng trinh {Xz +y23:5
x” +2y” =10x-10y
Cau ll. (2,5 diém)
1) Cho s nguyén duong n théda man n va 10 I3 hai s6 nguyén t3 cung nhau. Chng minh n* —1:40
p—1=2x(x+2)
[°% —1:2y(y+2)
3) Tim t4t ca cdc s6 nguyén duong n sao cho ton tai cdc s6 nguyén ducng x,y,z thod man

x> +y? + 2% =nx’y’Z’

2) Tim t4t cd cdc s6 nguyén t8 p va céc sé nguyén dudng x y thda man {

Cau lll. (1,5 diém)
Cho ba s6 thuc dudng a,b,c thda man (a+b)(b+c)(c+a) =1.Chung minh ab+ac+bc S%

Céu IV. (3,0 diém) Cho tam gidc ABC nhon ndi tiép (O). Céc dudng cao AM,BN,CP cét nhau tai H.
Goi Q |a diém bat ky trén cung nhd BC. Goi E,F 1a diém ddi xiing ca Q qua AB,AC.

1) Ching minh rang MHMA = MP.MN

2) Chdng minh rang E,F,H thing hang.

3) Goi J la giao diém cha QE va AB. Goi | la giao diém cdia QF va AC. Tim vi tri cGa Q trén cung

nho BC dé £+£ nhoé nhat.
Q) Ql

1
1000

Cau V. (1,0 diém) Chidng minh ton tai cdc s6 nguyén a,b,c sao cho 0< ‘a +b\/§+c\/§‘ <
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2016 - 2017
— - M6n: TOAN
DE CHINH THUC Ngay thi: 9/6/2016

Thai gian lam bai: 150 phut
(Danh cho hoc sinh chuyén Toan)

Cau l. (2,0 diém)
1) Gidi phugng trinh x* —2x® + x — 2(x2 —x) =0.

2 — =
2) Gidi hé phuadng trinh X :Zy éix ?
4x° —A4xy +y" —2y+4 =0
Cau Il. (2,0 diém)
1) Cho céc s8 thuc a,b,c ddi mdt khac nhau thda man a® +b® +c¢® =3abc va abc # 0. Tinh
P ab’ . bc? . ca’
a’+b*-c® b’+c*-a’> c*+a’-b’

2) Tim t4t ca cdc cip s6 tu nhién (x;y) théda man 2*-x* =9y* +6y +16.

Cau lll. (2,0 diém)
1) Cho céc s8 thuc duong a,b,c thda man a’ +b” + ¢ = 3. Chiing minh
2a° 2b? 2¢?
+ + >a+b+c.

a+b®> b+c® c+a
2) Cho s6 nguyén dudng n thda man 2 +2+v12n” +1 13 s8 nguyén. Chiing minh 2 +2/12n* +1 la sé
chinh phuong.
Cau IV. (3,0 diém) Cho tam gidc nhon ABC cé AB < AC va ndi tiép dusdng tron (O) Céc duong cao
BB',CC’ cat nhau tai diém H. Goi M la trung diém cta BC. Tia MH c3t dudng tron (O) tai diém P.
1) Chidng minh hai tam gidc BPC' va CPB' déng dang.
2) Cac dudng phan gidc cla cac géc B/Pz’ag’\B lan lugt cat AB,AC tai cic diém E va F. Goi O’ la
tdm dudng tron ngoai ti€p tam gidc AEF; K |a giao diém cua HM va AOQ'.
a) Ching minh t gidc PEKF ndi tiép.
b) Chiing minh cdc tiép tuyén tai E va F cla dudng tron (O’) cat nhau tai mot diém nam trén dudng

tron (O)
Cau V. (1,0 diém) Cho 2017 s6 hitu ty duong dudgc viét trén mdt dudng tron. Chiing minh ton tai hai
s8 dudc viét canh nhau trén dudng tron sao cho khi bd hai s8 d6 thi 2015 sé con lai khéng thé chia
thanh hai nhém ma téng cdc s6 8 méi nhém bang nhau.

-------------------------------- [
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2017 - 2018
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 10/6/2017

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1) Giadi phudng trinh v6x —x* +2x* -12x+15=0.

4x* = y+E

2) Gii hé phudng trinh y
X 3

4y =x+—

X

Cau ll. (2,5 diém)
1) Cho p la mét s6 nguyén t6 I8n han 3. Chiing minh 2017 —p? chia hét cho 24.
2) Tim tat ca cap s6 nguyén dudng (x;y) thda man x> +y> -9xy =0.

3) Cho a,b,c 13 cic s6 nguyén dudng. Ching minh a+b+2vab+c? khéng phai 13 s6 nguyén t6.
Cau lll. (1,5 diém) Cho céc s6 thuc dudng x,y,z thda man x* +y? +z* = 3. Chdng minh

X 4 Ya ek SE.
3-yz 3-zx 3-xy 2

Cau IV. (3,0 diém) Cho tam gidc nhon ABC (vdéi AB < AC ) ndi tiép dudng tron (O) Goi | latém
dudng tron ndi tiép tam gidc ABC,D la hinh chiéu cta diém | trén dudng thang BC va G la giao

diém th( hai clia dudng thang AD vdi dudng tron (O) Goi F 13 diém chinh gilra cung I6n BC cla
dudng tron (O) Dudng thdng FG cét dudng thang ID tai diém H.

1) Ching minh t gidc IBHC 1a td gidc ndi tiép.

2) Goi J |a giao diém th hai cla dudng thdng Al véi dudng tron ngoai ti€p tam gidc BIC . Ching
minh BH =ClJ.

3) Goi N la giao diém th( hai cia dudng thdng FH véi dudng tron ngoai ti€p tam gidc BIC . Ching
minh dudng thdng NJ di qua trung diém cta canh BC .

Cau V. (1,0 diém) Xéttip hdp S gdm cdc s6 nguyén duang cd tinh chat : vdi hai phan ti phan biét
bat ki x,y thudc S, ta ludn cé 30‘x—y‘ > xy . HAi tdp hgp S cé thé cb nhiéu nhat bao nhiéu phan tir?
-------------------------------- ] e —
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2017 - 2018
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 10/6/2017

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1) Gidi phudng trinh v5x—x* +2x* —10x+6 =0.

X+y+xy=3

2) Gidi hé phuadng trinh: {\/;+\/; 5
Cau Il. (2,5 diém)

1) Tim tat cd cdc s6 nguyén dudng x,y,z théaman x+y—z=2 va 3x* +2y? -z* =13.

2) Cho cdc s6 nguyén dudng a,b,c thda man a> +b® =c*. Chiing minh ab chia hét cho a+b+c.

3) Tim t4t cd s8 tu nhién n thda man 2n+1,3n+1 la cdc s6 chinh phudng va 2n+9 1a s6 nguyén t4.

Cau lll. (1,5 diém) Cho céc sé thuc duong a,b,c thay déi ludn théa man i2+bi2+i2 =3.Tim gid tri
a c

1 N 1 N 1
(Za+b+c)2 (2b+c-|ra)2 (2c+a+b)

Cau IV. (3,0 diém) Cho tam gidc nhon ABC (vdi AB < AC ) ndi tiép dudng tron (o). Goi D I3 trung

I8n nhat cua biéu thdc P = 1

diém cla canh BC,E |a hinh chiéu cGa diém A trén canh BC va H la truc tAm cla tam gidc ABC.
Dudng thdng AD cat dudng tron (O) tai diém thd hai F.

1) Chidng minh BC? =4 -DA-DF.

2) Tia DH cat duting tron (O) tai diém G . Chiing minh bén diém A,G,Eva D cling thudc mét dudng
tron.

3) Budng thang FE cat dudng tron (O) tai diém thd hai K. Chdng minh dudng thang BC tiép xuc
véi dudng tron ngoai ti€p tam gidc GKE.

Cau V. (1,0 diém) Ta viét 1én bang 99 sb tu nhién lién tiép 1,2,3,...,99. Ta thuc hién thao tac sau: Xod
ba sé a,b,c bat ky trén bang roi lai viét 1én bang sé (abc +ab+bc+ca+a+b+ c) . Tiép tuc thuc hién

thao tdc trén cho dén khi trén bang con lai ddng mot s8. Tim s6 con lai dé.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2018 - 2019
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 8/6/2018

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1) Gidi phuong trinh x* +3x+8 = (x+ 5)\/x2 +X+2.

y? —2xy =8x* —-6x+1

vi=x+8x*—x+1

2) Gidi hé phuadng trinh {
Cau ll. (2,5 diém)
1) Cho p,q |a hai s6 nguyén t8 I18n hon 5. Chiing minh p* +2019q* chia hét cho 20.

2) Cho cdc s6 nguyén dudng a,b,c,d théa man a<b <c<d;ad=bc va JE—JS <1.
a) Ching minh a+d>b+c.
b) Chitng minh a & mét s8 chinh phudng.
Cau lll. (1,5 diém)
1) VGi x,y,z la céc s6 thuc thda man xyz =1, chiing minh
1 1 1

+ + =T
xy+x+1 yz+y+1 zx+z+1

5 N Z ~ R \ 2 ~ l 1 1 \ ./ . P . ?. R
2) V@i x,y,z la cac s6 thuc dudng thay dbi va thoa man —+—+= =3, tim gia tri I6n nhat cua biéu
X y z

thuc
1 1 1

= + + .

J22+y2+3 \2y? +22+3 V222 + X% +3
Cau IV. (3,0 diém) Cho t& gidc ABCD (khdng cé hai canh nao song song) ndi tié€p dudng tron (O)
Céc tia BA va CD c3t nhau tai diém F. Goi E 13 giao diém cula hai dudng chéo AC va BD. Vé hinh
binh hanh AEDK.
1) Ching minh tam gidc FKD déng dang véi tam gidc FEB.
2) Goi M,N tudng Ung la trung diém cuta cdc canh AD,BC. Chiing minh dudng thang MN di qua
trung diém cula doan thang EF.
3) Chidng minh dudng thang EF tiép xuc véi dudng tron ngoai ti€p cla tam gidc EMN.

P

Céu V. (1,0 diém) Chotap hgp S={xeZ|1<x<50}.Xét A la mét tap hgp con bt ki cla tap hgp

S va ¢6 tinh chat: Khéng cé ba phan tif nao cha tdp hop A la s8 do dd dai ba canh clia mét tam gidc
vuong.

1) Tim mét tdp hop A cé ding 40 phan tir va thda man diéu kién dé bai.

2) C6 hay khéng cé mét tdp hdp A cé ding 41 phan ti va thoa man diéu kién dé bai? Hay giai thich
cau tra loi.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2018 - 2019
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 8/6/2018

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

i

1) Gidi phuong trinh x* +2x+7 = (x+3) x? +

) ) -1
)=1

2) Gidi hé phuadng trinh:
(x + y)(x2 +y?

Cau ll. (2,5 diém)
1) Tim t4t c3 cdc cap s6 nguyén (x,y) thda man 4x* +8xy +3y> +2x+y+2=0.
2) Cho hai s8 nguyén duong a,b thda man 3a’ +a=4b” —b. Chiing minh ring a+b |3 mdt s6 chinh
phudng.
Cau lll. (1,5 diém)
a) V4i x,y,z la céc sb thuc thay ddi thoa man xyz=1 va (xy + X+ 1)(yz +y+ 1)(zx+z + 1) =0,
1 1

+ + =

xy+x+1 yz+y+1 zx+z+1

Chdng minh rang 1.

b) VGi x,y,z la céc s6 thuc duong thay déi va thoa man diéu kién xyz >1, tim gid tri I6n nhat cda biéu
thuc
1 1 1
= . + .
\/xy+x+1 \/yz+y+1 x/zx+z+1
Cau IV. (3,0 diém) Cho tam gidc nhon ABC can tai A, dudng cao BE va ndi tiép dudng tron (O,R).

P

Ké dutng kinh BD cla dudng tron (O) Dudng thang BE cat céc dusng thang AD va AO 1an lugt

tai cdc diém | va H.

1) Chiing minh riing BH-Bl = 2R?.

2) Goi M Ia trung diém cla canh AB. L3y diém N thudc tia d6i cta tia OA sao cho ON =%R. Chuing

minh rang t& gidc AMNC Ia t& gidc ndi tiép.

3) Goi K la trung diém cha canh BC . Ching minh rang dudng thang KE di qua trung diém cta doan

thang Ol.

Cau V. (1,0 diém) Trén moét dudng tron cho 2018 diém phéan biét. An va Binh cung chai mét trd chaoi

nhu sau: Méi lugt chai, mét ban sé néi hai diém trong 2018 diém da cho dé dudc mét day cung sao

cho day cung vira dugc vé khdng cé diém chung vdi bat ky diy cung nao da vé trude dé. Hai ban luin

phién thuc hién lugt choi cha minh. Ban d4u tién khéng thé thuc hién dudgc lugt chai cdia minh 13

ngudi thua cubc. Néu An a3 ngudi di trudc, hay chi ra chién thuit choi dé An ludn |1a ngudi thang cubc.
-------------------------------- [
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2019 - 2020
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 3/6/2019

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1) Gidi phudng trinh (\/x 15— \/2)(1 X+ 5x) 5.

2 — A2
2) Gidi hé phuong tiinh X *7 =4V + 4y
X“ +3xy +2y° +x+y =0.
Cau Il. (2,0 diém)
1) Cho biéu thic P = abC(a—l)(b+4)(c+6) vdi a,b,c la cdc s6 nguyén théa mén a+b+c=2019.

Ching minh rang P chia hét cho 6.
2) Tim t4t ca cdc sb tu nhién n dé biéu thic Q=+n+2 +yn++Vn+2 13 sé nguyén.

Cau lll. (2,0 diém) Cho biéu thidc K = ab +4ac—4bc véi a,b,c la cic sé thuc khdng dm thay ddi thda
man a+b+2c=1.

1) Chidng minh rang K > —%.

2) Tim gid tri I6n nhat cda biéu thdc K.

Cau IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi tiép dudng tron (O) Goi diém
| 13 tAm dudng tron ndi ti€p tam gidc ABC. Tia Al cat doan thang BC tai diém J, cat dudng tron
() tai diém thi hai M (M khac A).

a) Chiing minh riing MI? =MJ-MA.
b) Ké dudng kinh MN cula dudng tron (O) Pudng thdng AN c3t céc tia phan gidc trong clia géc
ABC va géc ACB lan luct tai cdc diém P va Q. Ching minh rang N |3 trung diém cla doan thing
PQ.
c) L&y diém E bt ky thuéc cung nhé MC ctia dudng tron (O)(E khac M ). Goi F Ia diém d6i xing vdi
diém | qua diém E. Goi R |a giao diém cua hai dudng thang PC va QB. Chiing minh rang bén diém
P,Q.R,F cung thudéc mot dusng tron.
Cau V. (1,0 diém) Mai diém trong mat phing dudc td bsi mdt trong hai mau xanh hodc do.
a) Chiing minh rang véi moi s8 thuc duong d, trong mat phang dé ton tai hai diém dudc td bdi cung
m&t mau va cé khoang céch bang d.
b) Goi tam gidc c6 ba dinh dugc td bdi cuing mdt mau la tam gidc don sdc. Chiing minh rang trong
mat phang dé ton tai hai tam gidc don sic la tam gidc vudng va déng dang vdi nhau theo ti sé
k=t

2019
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2019 - 2020
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 3/6/2019

Thai gian lam bai: 150 phut
Cau l. (2,0 diém)
1) Gidi phuong trinh x> -1 =+/x+1.
2x* =3xy+y? +x-y =0,

X +x+1=y>

2) Gidi hé phuadng trinh: {
Cau ll. (2,0 diém)
1) Cho biéu thic P = ab(a+b)+2 vdi a,b la cac s6 nguyén. Chiting minh rang néu gid tri cta biéu
thdc P chia hét cho 3 thi P chia hétcho 9.
2) Tim tat ca cdc s6 tu nhién x dé gid tri clia biéu thidc P = x® + 3x* + x+ 3 13 Iy thira cia mbt s8
nguyén t6.
Cau lll. (2,0 diém) Cho céc sb thuc duong a,b,c thay déi va théa man ab+bc+ca+abc=4.
1 1

+ + =1.
a+2 b+2 c+2
2) Tim gid tri I6n nhat cda biéu thic

1 1 1

+ : )

20 +b’)+4 2(b?+c?)+4 | 2(c?+a%)+4

1) Ching minh rang

Céu IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi ti€p dutng tron (O). Hai
dudng cao BD va CE cla tam gidc ABC cat nhau tai diém H. DBudng tron (O) cat dudng tron
dusng kinh AH tai diém thd hai F ( F khdc A ).

a) Ching minh rang tam gidc BEF déng dang vdi tam gidc CDF.

b) Goi N Ia diém chinh gilta cia cung nhoé BC cla dudng tron (O) Dusng thdng FN cat canh BC
tai diém K. Chling minh rang tia HK |a tia phan gidc clia géc BHC.

c) Hai tia phan gidc clia géc ABH va géc ACH cat nhau tai diém |. Goi P 13 giao diém cua doan
thdng ON va canh BC . Goi Q la trung diém cla doan thang AH. Chiing minh rang ba diém P,1,Q
thdng hang.

Cau V. (1,0 diém) Trén ban cé hai tdi keo: tdi thd nhat cd 22 vién keo, tui thd hai cé 29 vién keo. An
va Binh clung chai mét trd chai nhu sau: Méi lugt chai, mot ban sé chon mot tudi keo va ldy it nhat mot
vién keo trong tui keo dé. Hai ban ludn phién thuc hién lugt chai clia minh. Ban dau tién khéng thé
thuc hién dudc lugt choi clia minh 13 ngudi thua cudc. Néu An 1a ngudi 18y keo trudc, hay chi ra chién
thudt chaoi dé An ludn 1a ngusi thidng cudc.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2020 - 2021
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 18/7/2020

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phudng trinh x* +3x+5 = (x +3)\/x2 +5.

2. Cho hai sé thuc a,b,c thda man a+b-2c =0 va 2ab-bc—-ca=0.Chling minhrdng a=b=c.
Cau Il. (2,0 diém)
1. Chdng minh vdi moi s6 nguyén dudng n, s6 A=11"+7"-2" -1 chia hét cho 15.

2. Cho hai s6 nguyén dudsng m va n thda man v11 Mo, Chdng minh rang:

n
3(\/11—3)
Jin-m.-\V o
n mn

Cau lll. (2,0 diém)
1. Cho da thuc P(x) véi hé s6 thuc thda man P(l) =3 va P(3) =7 .Tim da thdc du trong phép chia

da thic P(x) cho da thifc x* —4x+ 3.

2. Véi a,b,c 1a céc sé thuc khdng 4m thdéa man a+b+c+abc =4, tim gid tri I8n nhat cda biéu thic:
P =ab+bc+ca.

Céu IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon va AB < AC. Goi (1) Ia dudng tron ndi tiép

tam gidc ABC va K |a tAm dudng tron bang tiép trong géc A cla tam gidc ABC. Goi D,E,F lan lugt

la chan cdc dudng vudng gdéc ké tir diém | dén cdc dudng thang BC,CA,AB. Dudng thdng AD cit

dudng tron (l) tai hai diém phan biét D va M. DBudng thdng qua K song song véi dudng thdng AD

c3t dudng thang BC tai N.

a) Ching minh rang tam gidc MFD déng dang vdi tam gidc BNK .

b) Goi P la giao diém cta Bl va FD. Ching minh géc BMF bang géc DMP .

c) Chdng minh dudng tron ngoai tiép tam gidc MBC di qua trung diém cla doan thdng KN.

Cau V. (1,0 diém) Cho mét bang 6 vudng kich thudc 6x7 (6 hang, 7 cot) dudc tao bdi céc 6 vudng
kich thudc 1x1. Méi 6 vudng kich thudc 1x1 dugc té bdi mét trong hai mau den hodc trdng sao cho
trong moi bang & vudng kich thudc 2x3 hodc 3x2, ¢ it nhat hai 6 vudng kich thudc 1x1 dudc tbé
mau den c6 chung canh. Goi m la s6 6 vudng kich thudc 1x1 dudc t6 mau den trong bang.

a) Chi ra m6t cach to6 sao cho m=20.

b) Tim gid tri nhd nhat cda m.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2020 - 2021
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 18/7/2020

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phugng trinh (x+2)\/x2 +1=x*+2x+1..
1

1 1 1
+ 4+t =1- .
2W1+1V2 32+243 20214/2020 + 202042021 J2021

2. Chiing minh rang

Cau ll. (2,0 diém)

1. Chiing minh rang véi moi sé nguyén dudng n, s6 A=59" —17" -9" + 2" chia hét cho 35 .

2. Tim t4t ca cdc cdp s6 nguyén (x,y) théa man x’y —3y —4x-1=0.

Cau lll. (2,0 diém)

1. Tim tat cd cdc s6 thuc a,b,c théa man ddng thdi cic diéu kién a° +b’ +c? =38, a+b=8 va
b+c>7

2. Cho ba s6 thuc khéng 4m diéu kién a,b,c thda man a’ +b* +c’ = 2(ab+bc+ca). Chidng minh rang

a+b+c> 3%.
Cau IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon, AB < AC va ba dusng cao AD, BE,CF clung
di qua diém H(D eBC,EcCAF e B) . Goi (S) la dudng tron ngoai tiép tam gidc DEF .
1. Chdng minh rang dudng tron (S) di qua trung diém cla doan AH.
2. Goi M va N lan lugt I3 giao diém cha dudng tron (S) véi cdc doan thang BH va CH. Tiép tuyén
tai diém D cua dudng tron (S) cdt dudng thang MN tai diém T . Ching minh rang dudng thang HT
song song vdi dudng thang EF.
3. Goi P la giao diém cla hai dudng thdng BH va DF,Q la giao diém cla hai dudng thdng CH va
DE. Chidng minh rang ba diém T,P,Q thang hang.
Cau V. (1,0 diém) Trén ban c6 6 hop keo, mbi hdp cé 5 vién keo. An va Binh clung chdi mét tro chai
nhu sau: Mai ludt chai, An sé chon mdt hdp tly y va I8y it nhat mét vién keo & hép dé; con Binh thi
chon mét sd hdp va trong cdc hdp da chon, mdi hdp 1ay ding mot vién keo. Hai ban luan phién thuc
hién Iugt chai cda minh. Ban dau tién khdng thé thuc hién dudc lugt chai cdia minh la ngudi thua cudc.
Né&u An la ngudi 18y keo trudc, hay chi ra chién thuat chai dé Binh 1a ngudi thdng cudc.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2021 - 2022
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 14/6/2021

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phudng trinh x* + x+2-2+x+1 =0.
2. Cho ba sé thuc a,b va ¢ thda man ab+bc+ca=1. Ching minh
a-b b-c c-a
2 + 2 + 2
l+c® 1+4a° 1l+b

Cau ll. (2,0 diém)
1. Tim tat cd c3p s6 nguyén (x,y) théa man x> +5xy +6y’ +x+2y—-2=0.

2. Ching minh véi méi s6 nguyén n, s& n®> +n+16 khdng chia hét cho 49 .
Cau lll. (2,0 diém)

~ / rd ~ 2 \ ~ \ ~ ~ ? 7 . \ ~ ~ ?
1. Cho s6 thuc x khdc 0 thda man x+= va x> déu la s6 hitu ti. Chiing minh x 13 s& hiiu ti.
X

2. Cho cdc s6 thuc khdng 4m a,b va ¢ théaman a+b+c=5. Chiing minh 2a+2ab +abc <18.

Céu IV. (3,0 diém) Cho tam gidc ABC nhon néi tiép dudng tron (0), véi géc BAC =60° va

AB < AC. Cdc dudng thdng BO,CO 1an lugt cat cdc doan thang AC,AB tai M,N. Goi F |a diém chinh
gilra ctia cung BC 1dn.

1. Chiing minh nam diém A,N,O,M va F cung thuéc mét dudng tron.

2. Goi P,Q lan lugt la cac giao diém th( hai cda hai tia FN,FM vdéi dusng tron (O) Goi J la giao diém
cha dudng thang BC va dudng thang PQ. Chiing minh tia AJ |a tia phén gidc cla géc BAC.

3. Goi K |a giao diém cla dudng thang OJ va dudng thang CF . Chidng minh AB vudng géc véi AK.
Céu V. (1,0 diém) Cho A 1a mét tap con c6 100 phén tir cla tép hgp {1,2,3,--,178}.

1. Chiing minh A chia hai s6 tu nhién lién tiép.

2. Ching minh v8i moi sé tu nhién n thudc tap hgp {2,3,4,---,22} , ton tai hai phan t& cia A cé hiéu

bang n.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2021 - 2022
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 14/6/2021

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phudng trinh V4 +2x—x* = x—-2.

3,9 _
2. Gidi hé phuong trinh x3 *2= 3y.
y® +2=3x

Cau Il (2,0 diém)

1. Chitng minh v38i médi s6 nguyén n, sé n> +3n+16 khdng chia hét cho 25 .
2. Tim t4t ca cdc s6 nguyén x va y thdaman x> —xy —2y* +x+y—-5=0.

Cau lll. (2,0 diém)

1. Cho a,b va c la cdc s6 thuc ddi mét khdc nhau. Chiing minh
(a+b)(b+c) +(b+c)(c+a)+(c+a)(a+b) _
(a—b)(b—c) (b—c)(c—a) (c—a)(a—b)

a N b N c
J1+2bc ~1+2ca +/1+2ab
a’ +b” +c” =1. Tim gid tu I8n nhat cha biéu thdc P.
Céu IV. (3,0 diém) Cho tam gidc nhon ABC ndi ti€p dudng tron (0) va AB < AC. Goi | Ia tdm dudng

2. Cho biéu thdc P =

véi a,b va c la céc sb thuc khéng d4m thod man

tron ndi tiép tam gidc ABC. Dudng thdng Al cit dudng tron (O) tai diém th( hai M(M khdc A). Goi

D,E va F 1an lugt |a cdc hinh chiéu cha diém | trén cdc dudng thang BC,CA va AB.

1. Chiing minh tam gidc MBI |a tam gidc can.

2. Budng tron ngoai tiép tam gidc AEF c3t dutng tron (O) tai diém thi hai P (P khdc A). Ching
minh P,M va D la ba diém thang hang.

3. Goi H |a giao diém clha dudng thang IP va dudng thang EF. Ching minh HD song song véi AM.
Cau V. (1,0 diém) Trén ban cé n vién keo. Hai ban An va Binh cung choi mot tro chdi nhu sau: Hai
ban ludn phién 1ay keo trén ban, mdi |an chi dugc 1dy 1,2,3,4 hodc 5 vién keo va phai |8y s6 vién keo
khdc vdi sé vién keo cla ban con lai vira 1dy ngay trudc dé. Ban dau tién khéng thé thuc hién dudc
lugt chai clia minh 1a ngudi thua cudc. Néu An la ngudi 14y keo trudc,

1. V8i n=7, hay chi ra chién thuit chai cda Binh khién An la ngudi thua cudc.

2. V8i n =22, hay chi ra chién thuit chai cia An khién Binh la ngudi thua cubc.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2022 - 2023
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 20/6/2022

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phudng trinh x> —4x+2+/2x-1+1=0.
2. Cho céc s6 thuc a,b va c thda man diéu kién ab+bc+ca=1. Tinh gid tri cda biéu thic
a b C 2

= + + )
1+a’> 1+b?> 1+c®> a+b+c-abc

Cau ll. (2,0 diém)

1. Ching minh néu n 13 s tu nhién 1& thi 3™ —7 chia hét cho 20.

2. Tim t4t ca c3p s6 nguyén dudng (x,y) sao cho y(x2 + X+ 1) = (x+ 1)(y2 - 1).
Cau lll. (2,0 diém)

3 3
\ . A \ m \ n ~ \ Ve ~ A
1. Tim hai sé nguyén duéng m va n sao cho va déu 1a cic sé nguyén t6.
m+n m+n

2. Véi a,b va c la cdc s6 thuc khéng 4m théa man diéu kién a+b+c =3, tim gid tri I6n nhat cda biéu
thiic P =ab + 2bc +3ca—3abc.
Cau IV. (3,0 diém) Cho tam gidc ABC nhon véi AB < AC . Dudng tron (l) ndi tiép tam gidc ABC,

tiép xuc véi ba canh BC,CA va AB Ian luct tai ba diém D,E va F.

1. Goi M |a giao diém cla hai dudng thang Al va DF. Chiing minh dudng thang CM vudng gdéc vdi
dusng thang Al.

2. Goi N |3 giao diém cla hai dudng thdng Al va DE. Goi K |a trung diém cla doan thdng BC.
Chung minh tam gidc KMN la tam gidc can.

3. Céc tiép tuyén tai M va N cla dudng tron (K;KM) cat nhau tai diém S. Chiing minh dudng thang

AS song song vdi dudng thang ID.

Cau V. (1,0 diém) Cho tdp hgp A gbm 70 sé nguyén dudng khéng vugt qud 90 . Goi B la tdp hgp
gbm cdc s6 cédang x+y Véi xe A vayeA ( x,y khdng nhat thiét phan biét).

1. Chidng minh 68 € B.

2. Ching minh B chira 91 sé nguyén lién tiép.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2022 - 2023
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 20/6/2022

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phugng trinh x? —2x+2 = \/(xz +4)(x +1).

2.V4i a,b va c la céc s6 thuc duong théa man abc = 3, tinh gid tri cha biéu thic
1 1 1

P:az(b+c)+3-irbz(c+a)+3+c2(a+b)+3'

Cau Il. (2,0 diém)
1. Cho p 13 s6 nguyén t8 16n hon 3. Chdng minh s8 A =2°*2 -8 chia hét cho 21.

2. Tim t4t ca cdc s6 nguyén x va y thdaman x> —y® =2(x—y)* +17.

Cau lll. (2,0 diém)
1. V@i a,b va c la céc sé thuc dudng thda man abc =2, chiing minh
a’+b’+c’ —3(a+b—c)2—g.
4
2. Tim tat ca cdc s6 nguyén dudng a,b va ¢ sao cho cdc phudng trinh x> —2ax+b =0,
x? —2bx+c=0 va x> —2cx+a =0 déu cé nghiém |a cdc s& nguyén dudng.

Céu IV. (3,0 diém) Cho tam gidc ABC vdi AB < AC, ndi ti€p dudng tron (O). Ba duting cao AD,BE

va CF cula tam gidc ABC cung di qua diém H. Goi | va K |an lugt Ia trung diém cla cdc doan thing
EF va BC.

1. Chiing minh 2L = ﬂ
AK HK
2. Ching minh dudng thang AH 13 ti€p tuyén cla dudng tron ngoai tiép tam gidc IHK.
3. Goi P la chan dudng vubng gdc ke tir diém H dén dudng thang EF. Chdng minh dudng thang DP
song song vdi dudng thang Al .
Cau V. (1,0 diém)
Trén bang cé hai s6 tu nhién m va n. An va Binh chdi mét tro chgi nhu sau: Mai lugt chai, mét ban
chon mét trong hai sé trén bang dé xda va viét Ién bang mot s8 mdi la hiéu khdng 4m cha s8 vira xda
véi mét udc s6 tu nhién bat ky cla sé vira xda. Hai ban ludn phién thuc hién lugt chai. Ban dau tién
khéng thé thuc hién dugc lugt choi cla minh 1a ngudi thua cubc, ngudi con lai 1a ngudi thang cubc.
Biét rang An la ngudi thuc hién lugt chai dau tién:
1. V8i m=2022 va n=2023, hay chi ra chién thuit chai cia An dé An la ngudi thang cudc.
2.V38i m=2022 va n=1981, hay chi ra chién thué‘g chgi cha An dé An la ngudi thang cudc.
-------------------------------- N1 =3 S ——
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2023 - 2024
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 12/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Giai phudng trinh /x—3 —\2x—7 = 2x - 8.

2. Cho a,b va c la cdc s6 thuc khac 0 thda man diéu kién a®> —c* =c,c> —b?> =b va b’ —a’ =a. Ching
minh (a —b)(b—c)(c - a) =1

Cau ll. (2,0 diém)

1. Cho ba s6 nguyén a,b va c thda man a’ +b* +c? —2abc chia hét cho 6 . Chiing minh abc chia
hét cho 54.

2. Tim tat ca c3p s6 nguyén dudng (x,y) théa man x°y —x’y —4x* +5xy -y =0.

Cau lIl. (2,0 diém)

1. Tim tat ca cap s6 nguyén (x,y) sao cho xy la s6 chinh phuong va x> + xy +y* 1a s8 nguyén té.

2. V@i cdc s6 thuc khdng 4m a,b va ¢ thda man a+2b+3c =1, tim gid tri I8n nhat va gid tri nhé nhat
cla biéu thic P = (a +6b+ 6c)(a +b+ c).

Cau IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi ti€ép dudng tron (O) Ba ducng
cao AD,BE va CF cuatam gidc ABC cung di qua diém H.Dudng thdng EF c3t dudng thdang AD
tai diém Q. Goi M va | 1an lugt |a trung diém cla cdc doan thang BC va AH.Dudng thang IM cit
dudng thang EF tai diém K.

1. Chiing minh tam gidc AEK déng dang vdi tam gidc ABM.

2. Dudng thdng EF c3t dudng thang BC tai diém S, dudng thdng Sl c3t dudng thdng MQ tai diém
T . Chiing minh bén diém A, T,H va M cung thudc mét dudng tron.

3. Tia TH cat dudng tron (O) tai diém P . Chdng minh ba diém A,K va P la ba diém thing hang.
Cau V. (1,0 diém) Cho 2023 diém nam trong mét hinh vuéng canh 1. M6t tam gidc déu dudc goi la
phi diém M néu diém M nam trong tam gidc hodc nam trén canh cla tam gidc.

1. Chiing minh ton tai tam gidc déu canh 1 pht it nhat 253 diém trong 2023 diém da cho.

V2

2. Chidng minh tén tai tam gidc déu canh % pht it nhat 506 diém trong 2023 diém d3a cho.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2023 - 2024
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 12/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phudng trinh 2x+2 = (5 —x)\/3x— 2.
X+y+3xy=9

x*+y>=9

2. Gidi hé phudng trinh {
Cau ll. (2,0 diém)
1. Cho p 13 s8 nguyén t8 16n hon 3. Chidng minh s8 A =22 -8 chia hét cho 21

2. Tim tat cd cdc s6 nguyén x va y thdaman x° -y =2(x—y)* +17.

Cau lll. (2,0 diém)

1. Cho da thuc f(x) =x* +2x% +3x% +2022x + 2023. Chidng minh da thuc f(x) kh6éng cé nghiém hitu
ti.

2. V@i cédc sé thuc a,b va ¢ théa man (a + 1)(b + 1)(c + 1) ~ (a —1)(b — 1)(c - 1), tim gid tri nho nhat
cla biéu thic A = ‘a‘ +‘b‘ - ‘c‘

Céu IV. (3,0 diém) Cho hai dudng tron (O;R) va (O;R’) cit nhau tai hai diém phéan biét A va

B (R <R'< OO’). Goi PQ la tiép tuyén chung cla hai dudng tron (O) va (O’) véi P e (O) va Qe (O').
Dudng thdng PQ cat dudng thdng OO’ tai diém S. Qua diém S vé mdt dudng thang cat dudng tron
(o) tai hai diém E,F va cit dudng tron (o') tai hai diém G,H sao cho SE < SF <SG < SH.

1. Chiing minh dudng thdng OE song song vdéi dudng thdng O'G.

2. Ching minh SA? =SP.SQ.

3. Tiép tuyén tai diém A cla dudng tron (O) cat dudng thang OO’ tai diém M. Tiép tuyén tai diém
A cla dudng tron (O') cat dudng thang OO’ tai diém N.Dudng thdng ME c3t doan thang AB tai

2
diém |. Chdng minh E’; :% va ba diém N,I,H la ba diém thing hang.

Cau V. (1,0 diém)

Trén ban cé hai tdi keo: tdi thd nhat cé 18 vién keo, tui thd hai cé 21 vién keo. An va Binh cling chai
mot tro chai nhu sau: mai lugt chai, mét ban sé 14y di 1 vién keo tUr mét tdi bat ky hodc la mai tdi 18y di
1 vién keo. Hai ban luan phién thuc hién lugt chai cia minh. Ngusi dau tién khdng thé thuc hién dugc
lugt chai clia minh 1a ngudi thua cudc, ngudi con lai la ngudi thang cudc. Néu An |a ngudi 14y keo
trudc, hay chi ra chién thuit chai cla An dé An |13 ngudi thang cudc.
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SG GIAO DUC VA PAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2024 - 2025
M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 10/6/2024

Thai gian lam bai: 150 phut
Céu | (2,0 diém) 1) Gidi phuang trinh x(x +1)+ 2x3/x+2+2=0
2) Cho a,b,c |a céc s6 thuc khdc O va théa man a? —Za(b+c) =b? —2b(c+ a) =c’ —2c(a+b).

a-b b-c c-a
+ + .

Tinh gid tri cla biéu thic M =
C a b

Cau Il (2,0 diém)

1) Tim t4t cd cdc s6 nguyén x va y théa man x> + 4y’ = 2xy(x—2y)+5.

2) Cho m,n 1a cdc s6 nguyén thda man s m’> —mn+4n? chia hét cho 25 . Chiing minh s&
m’ + mn+4n” chia hét cho 25.
Cau lll (2,0 diém)

k

1) Cho x,y,k la céc sé nguyén duong sao cho sé p = 13 s6 nguyén t6. Tim k.

x> +y?

2) V@i a,b,c la cdc s6 thuc khéng &m thdamdn a<2,b<2,c<2 va a+b+c =3, tim gid tri I8n

nhat va gid tri nho nhat cda biéu thic P = \/ab(b+c+l) +\/bc(c+a +l) +\/ca(a +b+1) )

Cau IV (3,0 diém) Cho hinh vuéng ABCD ndi tiép dudng tron (O) diém M nam gilra hai diém B va
C. Hai dusng thang AM va DC c3t nhau tai P. Hai dudng thang DM va AB c3t nhau tai K.

1) Ching minh tam gidc BCK déng dang vdi tam gidc CPB.

2) Hai dudng thdng BP va CK c3t nhau tai H. Tiép tuyén tai B clda dudng tron (O) cat dusng thang
MH tai R. Chidng minh tam gidc BRK |a tam gidc vuong can.

3) Céc dudng thang vudng géc véi OH ké tir O va H, cdt dudng thdng AB 1an lugt tai X va Y. L&y
diém Q thubc tia d8i clia tia BC sao cho BQ = CM. Chidng minh hai dudng thang QR,DK cat nhau tai
mot diém thudc dudng tron ngoai ti€p tam gidc MXY .

Cau V (1,0 diém) Cho bang 6 vudng kich thudc 6x6. G budc dau tién, ban Dan t6 dé k 6 vudng bt
ky cla bang. Sau dd, 6 mdi budc ti€p theo ban Dan té dd cdc 6 vudng ké vdi it nhat hai 6 d3 dudc td
do (hai 6 vudng dudc goi la ké nhau néu ching cé canh chung).

1) Chi ra mét cdch t6 dé 23 6 cla bang 3 budc dau tién sao cho du sau bao nhiéu budc, ban Dan
cling khdng thé t6 dd dugc tat cd cdc 6 clia bang

2) Tim gid tri nho nhat cha k dé ton tai mot cdch t6 dd k 6 vudng ban dau sao cho sau mét s hitu

han budc, ban Dan t6 dd dudc tat cd cdc 6 vudng cla bang.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2024 - 2025
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 10/6/2024

Thai gian lam bai: 150 phut
Cau | (2,0 diém) 1) Gidi phudng trinh v/x? —3x =x* —3x -2
X—-2y y-2z z-2
z X y

X Tinh gid tri cla biéu thdc

2) Cho x,y,z la céc s6 thuc dudng thda man

o)

Cau Il (2,0 diém) 1) Tim tat ca cdc s6 nguyén x va y théa man 2x* + 2xy + 3y = 4y* + 3.

2) Cho cdc s6 nguyén dudng x,y va s6 nguyén té p théa man P = a4 Chdng minh
(2x+y) p

p=3y+2.

Cau Il (2,0 diém)

2

1) Cho a,b va c la cdc sé nguyén duong théa man £ a(a—cz). Ching minh b=c.

2) V&i a,b,c 13 cdc sb thuc khdng am thod man a<1,b<1,c<1 va a’ +b’*+c? =2, tim gid tri I6n nhat
a* b* G
+ + :
bc+2 ca+2 ab+?2
Cau IV (3,0 diém) Cho tam gidc nhon ABC (AB < AC), ndi tiép dudng tron (O) Pudng thing di qua

va gid tri nho nhat cha biéu thic T =

A va song song vdi dudng thang BC cat dudng tron (O) tai giao diém th haila D. Goi M Ia trung
diém cua doan thang BC . Budng thang DM c3t dudng tron (O) tai giao diémthd haila S.

1) Chiing minh tam gidc ACS déng dang vdi tam gidc BMS.

2) Goi J la trung diém cla doan thdng AS. Dudng thang BJ c3t dudng tron (O) tai giao diém th hai
la T. Chdng minh dudng thang CT song song vdi dudng thang AS.

3) Céc dudng cao DE,BF va CK cla tam gidc BCD déng quy tai H. Goi L Ia chdn dudng vuéng gdc
ké tir diém H dén dudng thdng KF . Chitng minh cdc dudng thang AE va DL c3t nhau tai mot diém
nam trén dudng tron (O)

Cau V (1,0 diém) Cho bang 6 vudng kich thudc nxn va hai loai miéng ghép hinh "dau céng", ""dau
tru" nhu hinh dudi. Ta cdn pha kin bang 6 vudng da cho bang cédch sif dung cd hai loai miéng ghép,
cdc miéng ghép khéng dudc chéng 1&én nhau. Biét rang mdi 6 vuéng nhé cha cidc miéng ghép chéng
khit v8i mot 6 vubng nhé trong bang va miéng ghép "dau trir" cé thé xoay 90°.

1) Chi ra mét cdch pht kin théa man yéu ciu trén véi n=6.

2) Tim t4t ca gid tri cda n dé bang 6 vudng kich thudc nxn cé thé dudc
phu kin bang cdch s dung ca hai loai miéng ghép da cho.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2015 - 2016
— - M6n: TOAN
DE CHINH THUC Thai gian 1am bai: 150 phat

(Danh cho hoc sinh chuyén Toan)

Cau 1. (2,0 diém)
1) Giai phuong trinh x —v/x—8 —3/x +1=0.
x> +y> =5

2) Gidi hé phuadng trinh
) - P J {x3 +2y® =10x—10y

L&i gidi
1) Gidi phuong trinh: x—+/x-8 —3\/;+1 =0. (1)
bK:x =8

(1) = 2x-24/x -8 -6x +2=0
= (x—8—-24/x -8 + 1)+ (x—6+/x
= (Wx—-8 1) +(vx =32 =0(2)

Ta co: E\;_S)_Zl) 20:>(\/x—8—1)2+(\/;—3)220
x—-3)] =20
Do d6 (2):»{\%x _2_tzoz>x=9 (thda man)
X —3=

Vay tap nghiém clia phudng trinh la {9}

2 2
_5
2) Gidi hé phudng trinh {x Ty ()

x> +2y? =10x 10y

x*+y? =5

()=
x> +2y° =2(x* +y*) (x - y)(¥)

(*) = x* +2y° =2x° —2x°y + 2xy* - 2y°

= x° —2x%y +2xy’ —4y® =0
= (x-2y)(x* +2y*) =0

X =2y
= Lz +2y* =0
Ta cdx* +2y* =0 = x =y = 0khdng |a nghiém cula hé.
2 2 2 2
el T
Vay hé cé nghiém (2;1) va (-2;-1)

Do d6 u){
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Cau Il. (2,5 diém)

1) Cho s6 nguyén duang n théa man n va 10 la hai s6 nguyén t6 cung nhau. Chiing minh n* —1:40
p-1= 2x(x+2)

p? -1 :Zy(y+2)

3) Tim t4t cd cdc s8 nguyén duong n sao cho tén tai cdc sd nguyén duong x,y,z thod man

x> +y? + 2% =nx’y’Z’

2) Tim tat cd cdc s6 nguyén t6 p va cdc s6 nguyén dusng x y thda man {

1) Cho s6 nguyén duang n thda man n va 10 |13 hai s6 nguyén t8 cuing nhau. Ching minh (n* —1):40
Vi n va 10 nguyén té cung nhau nén n khéng chia hét cho 2 va 5.
= n chi cé thé cé dang 10k + 1 va 10k + 3 v8i k € N.
Tacd: n*-1=(n*-1)(n*+1)=(n-1)(n+1)(n* +1)
Donlénénn-1:2;n+1:2van*+1:2=>n*-1:8.(1)
eNEun=10k+1=>n?=(x1)2=1(mod 10) >n?-1:10=>n*-1:5(2)
TU (1) va (2),chdy (5;8) =1suyrant-—1:40
eNEun=10k+3=>n?=(x3)2=9(Mod 10) =>n?+1:10=>n*-1:5(3)
TU (1) va (3) chiy (5;8) =1 suyran*-1: 40
Vay trong moi trudng hgp tacé n*—1: 40

NP A eK s . i JP=1=2X(x+2)
2) Tim tat ca cac s6 nguyén 6 p va cac s6 nguyén dudng x,y théa man <" |

p°—1=2y(y+2)
TU (1) =p-1 lasé chan = p la s6 nguyén to 1&.
Trir tiing vé& cuta (2) cho (1) ta dudc p> —p =2y* —2x* + 4y —4x = p(p—l) :2(y—x)(y+x+2)(*)
:>2(y—x)(y+x+2):p. Ma (2;p):1 nén xay ra 2 TH:
+)y—x§p:>y—x=kp(keN*)
Khidétij(*):>p—l=2k(x+y+2):>kp—k:2k2(x+y+2):>y—x—k=2k2(x+y+2)
(logi Vi x+y+2>y—-x—k>0;2k* >1 = 2k* (x +y+2) >y -x—k )
+)y+x+2§p:>x+y+2:kp(keN*)
TU ()= p-1=2k(y—x)=kp—k=2Kk*(y —x) = x+y+2-k =2k (y —x) (**)
Ta chdng minh k=1. That vy néu k> 2 thi tu (**):>x+y:2k2(y—x)+k—228(y—x) Viy—-x>0)
=>9x>7y =7y <ldx =y < 2x
Do dé tir (2) = (p—1)(p+1)=2y(y+2) < 4x(2x+2) < 4x(2x+4) =8x(x+2) = 4(p-1)
(Vi 2x)(x+2)=p—1 theo (1))
=p+1<4=p<3, miuthudn vdip la sé nguyén té I&.
X+y+2=p {x+y+2:p {x+y+2:p {y=3x+1
= =

Dodé k=1,suyra =
Y {pl—Z(yx) X+V+1=2(V—X) y=3x+1 p-1=4x+?2

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 23



MathExpress Education | |www.mathexpress.vn

Thay p—1=4x+2 vao (1) ta cé: 4x+2:2x(x+2):>2x+1:x2+2x:>x2 =l=>x=1
=y=4,p=7 (thda man)

Vay x=1y=4 vap=7.

3) Tim t4t ca cdc s8 nguyén duong n sao cho tén tai cdc s8 nguyén duong x, vy, z thod man
x> +y?+2° =nx’yv’Z* (1)

Gid sif n 1a s6 nguyén dudng sao cho tén tai cdc s8 nguyén dudng x,y,z thda man (1)
Khdng mét tinh téng quat, gid st x>y >z>1

TU (1) = 0<y?*+2° =x*(ny’z* -1) = ny’z°-1>0=ny’z° -1>1

=y +2° =% (nyzz2 - 1) > x? (%)

Vix=y=znén3x’>x’+y’ +2° =nx’y’z* = ny’z* = 9x* > n’y*z*

3
Két hop vdi (*) ta cc’>9(y3 + 23) >9x* >n*y*z* = 9[1 +Z—3J >n’yz*
y

z? z
May>z=—><1=n’yz"' <9|1+= |<18(*¥)
Y

y

Ta cé: (**) = z* £18:>[Z:1

z=2
eNEuz=2:(*) =16n°y<18=n=y=1 (loaivi y <z)
eNéuz=1:(*) =n’y<18=n’<18=n<4
Ta chiing minh n¢ {2;4}.Thét vay,
*NEun=4 thitlr n’y <18 =16y <18 =y =1. T (1) = x* +2=4x" = x*(4-x) =2 = x* 1a udc clia
2 = x =1 (khéng théa man)
*Néu n=2thitlr ny <18 suyra 4y<18=1<y<4.
+y=1:1)=2x-2x"+2=0=>x*(x-2)=2<0=>x<2=x=1(L)
+y=2:1)=>x>-8x*+9=0=9=x*8-x). Suyra x* la udc clia 9. Ma x> >y? =4 nén x=3 (khdng
thoa man)
+y=3:(1)= x> -18x* +28 =0 = x*(18 — x) = 28. Suy ra x2 |a udc clia 28. Ma x? = y2 = 9 nén khéng
tén tai x thda man.
+y=4:(1)= x>-32x*+65=0= x> |3 udc clia 65 (loai vi 65 khéng cé udc chinh phugng)
Véy ng{2;4}.Do d6 ne{1;3}
Thirlai véi n=1, ton tai bd (x;y;z) nguyén dudng chdng han (x;y;z) = (3;2;1) thda man (1)
véi n =3, ton tai bd (x;y;z) = (1;1;1)th6a man (1).

Véy tat cd cdc gid tri n thoa man baitodn la ne {1;3}
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Cau lll. (1,5 diém)

Cho ba s6 thuc duang a,b,c thda man (a+b)(b+c)(c+a) =1.Chung minh ab+ac+bc S%
Lai giai
Cho ba s8 thuc duong a, b, c thda man (a + b)(b + ¢)(c + a) = 1. Chdng minh ab + ac + bc < %

Ap dung BDT Cb-si cho ba s& khéng am, két hap diéu kién (1) ta cé:

(a+b)+(b+c)+(c+a)23%/(a+b)(b+c)(c+a) =3:>a+b+c2§(2)

Ap dung BBT Cb-si cho hai s khdng am, két hap diéu kién (1) ta cé:
a+b>2ab
1
b+c>2+/ac =1=(a+b)(b-+c)(c+a) > 8abc = abc < (3

c+322\/a

Bién d6i (1), chdy 2 BDT (2) va (3), ta dudc:
(@+b)(b+c)(c+a)=1

= (@a+b)(bc+ba+c*+ca)=1

= (a+b)(bc+ba+ca)+ac’ +bc’ =1

= (a+b)(@ab+bc+ca)+clab+bc+ca)—abc=1
= (@a+b+c)(ab+bc+ca)—abc=1

1+l
:>ab+bc+ca:1+abcg 825
at+b+c 3 4

D&u bang xay ra khi a:b:c:%

Céu IV. (3,0 diém) Cho tam gidc ABC nhon ndi tiép (O). Céc dudng cao AM,BN,CP c3t nhau tai H.
Goi Q la diém bat ky trén cung nho BC. Goi E,F 1a diém ddi xiing cha Q qua AB,AC.

1) Chidng minh rang MHMA = MP.MN

2) Chiing minh rang E,F,H thang hang.

3) Goi J la giao diém cla QE va AB. Goi | la giao diém clia QF va AC. Tim vi tri cGa Q trén cung

nhé BC dgé A_|13+§ nhd nhat.

L&i giai
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F

1) Xét ti gidc ANMB cé ANB = AMB = 90°nén né I3 t giac ndi tiép
:B/ATVI:B/I-\JT/I hay m:I—TI\KA(l)

Xét tt gidc CNHMcé HNC +HMC = 90° +90° = 180° nén CNHM I3 td gidc ndi tiép
— NHM+NCM = 180° (2)

Td gide APMC c6 APC = AMC = 90° nén APMC Ia tf gidc ndi tiép

= APM+ ACM =180° (3)

Tif (2) va (3) = NHM = APM (4)

TU (1) va (4) = ANHM <« AAPM (g.g) = % = % — MHMA = MN.MP.

2) Goi K Ia giao BH va QE, L la giao CH va QF.

Tt gide AJQI c6 AIQ+ AJQ = 90° +90° = 180° nén I3 td gidc ndi tip JAI+JQI =180°

M3 JAI+BQC =180° (do ABQC I3 t gidc ndi tiép) nén JQI = BQC = BQE = CQF (5)

Vi E, F d6i xing vdéi Q qua AB, AC nén BQ =BE, CQ =CF = ABEQ va ACQF cén

= C/Q\F:a:B (6).TU (5) va (6) suy ra El-:\l_zBTC-\)T<(7)

Ta céd LH//QK (cung vubéng gdéc AB); KH// QL (cung vudng géc AC) nén QKHL la hinh binh hanh
= QKH=QLH=FLC hay QKB=FLC (8)

Qk_QB

Tif (7) va (8) = AQKB»AFLC (g.g) = - =
(7) va (8) = AQ (9.9) T

QB_QE_ QK_QE _ QK _FL

Hai tam gidc cdn BQE va CFQ déng dang, nén = = =—
J ? ? 9 dang FC QF FL QF QE FQ
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Ma QK =LH (do QKHL la hinh binh hanh) nén ﬂ:E
QE FQ
Vi LH'// QE nén theo dinh ly Ta—lét ta cd: Li:F—L
QE FQ

Doddé LH=LH'=>H'=H=HeEF = H, E, F thdng hang.
3) Vé QD L BCtai D. Trén canh BC |ay diém G sao cho CQ/\G:B/C\)TA:B/Q\G:C/QTA

BA AQ

Vi ABQC Ia tif gidc ndi tiép nén BAQ = GCQ = ABAQ» AGCQ (99)= GC CQ

Vi JAQ =DCQ ; QJA = QDC =90° = AJAQ«ADCQ (9.9) = ég [J)%
BA_JQ _ AB_GC

GC DQ Q DQ
Chdng minh tucng tu ta cé: AC_GB
QI DQ

N AB AC_GC+GB _BC

QJ QF DQ DQ

Vi BC khdng déi nén%+g—(’: nhoé nhat khi va chi khi DQ 18n nhat hay Q la diém chinh gilta cung BC

Do dé

nho cla dudng tron (O).

Cau V. (1,0 diém) Ching minh tén tai cdc s6 nguyén a,b,c sao cho 0< ‘a +b\/§+C\/§‘ < 500

L&i giai

Ching minh tén tai cdc sé nguyén a, b, c sao cho 0 < ‘a +b\/_+c\/_‘ 1000

Xét nlra khodng A = (O;lJ.Chia ndfa khodng nay thanh 1000 nira khoang

A=fot ja=[ L. 2 | a_fnzt. 0 | _[39,
1000 1000'1000 | ~ (10001000 1000

X8t b S8,y Xy00; VOIX, =| 1-ky/2 |+ k2 (ke N*k <1001)

Vd4i moi k ta 6 k2 < [l—k\/i} <1-k\2 (tinh chat phan nguyén) nén

0<|1-kV2 |+Kf2 1= %, € A

= x, thuéc mot trong cdc 1000 khodng A1, A,,..., Atooo

C6 1001 s6 x, ma cé 1000 nifa khoang, do d6 ton tai 2 s6 x;, x; thudc cing mét nifa khoang A | nao

dc’>0<‘x,.—xj <

1000°

Détaz[l—i\/z} [1 J\/_} =i—j=>X—X, —a+by2+043
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Maalaso nguyén,b\/z la s6 vb ty néna+by2 %0 =|x. —x[>0

1 1
Do d60<|x —x |< :>0<‘a+b 2+0. 3‘<
‘ ' " 1000 \/_ \/— 1000
Vay tén tai cdc s6 nguyén a, b, c thda man dé bai.
-------------------------------- ] e —
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2016 - 2017
— - M6n: TOAN
DE CHINH THUC Ngay thi: 9/6/2016

Thai gian lam bai: 150 phut
(Danh cho hoc sinh chuyén Toan)

Cau l. (2,0 diém)
1) Gidi phugng trinh x* —2x® + x — 2(x2 —x) =0.

x?+2y—4x=0

2) Giai hé phuong trinh
) P J {4x2—4xy2+y4—2y+4:0

Li gidi
1) Diéu kién xdc dinh cha phucong trinh 1a x <0 hodc x >1. Bién d6i tusng ducng phudng trinh

x4—2x3+x—,/2(x2—x) :O:x(x—l)(xz—x—1)—1/2x(x—1) =0
= \/x(x—l)[\/xz —x(x2 —x—1)—\/§}:0:>

Véi (Jx(x-1) =0=x{0:1}.
V6i v x* —x(x2 —x—l)—\/z =0.Dat Vx? —x =a>0, khi d6 phudng trinh trén trd thanh
a3—a—\/§:0:>(a—\/§)(az+a 2+1):0:a:\/§(v‘|a2+a 2+1>O)

Tu d6 ta dugc vVx? —x —2=x —x—2:0:>(x+1)(x—2):0:>XG{—1;2}.
Két hgp véi diéu kién xdc dinh ta cé tdp nghiém cla phudng trinh dachola S = {—1;0; 1;2}.

x2+2y—4x:0 (x—2)2+2y—4:0

2) Tacd = )
) 4x* —Axy? +y* -2y +4=0 (2x—y2)2—2y+4=O

~ . \ 2 A = 2 = 2
Cdng theo vé& hai phuang trinh clia hé ta dugc (x —2)° +(2x—y2 )2 =0= {X = {X s

Thr lai ta thdy (x;y) = (2;2) thda man hé phudng trinh.

Viy hé phuong trinh da cho cé nghiém duy nhat 13 (x;y) = (2;2).

Cau ll. (2,0 diém)

1) Cho céc sé thuc a,b,c d6i mot khdc nhau thda man a® +b® +¢® =3abc va abc = 0. Tinh
ab’ bc? ca’

P= + + .
a’+b’>—-c® b*+c’*-a*> c*+a’-b’

2) Tim tat ca cdc cip s6 tu nhién (x;y) thda man 2*-x* =9y” +6y +16.
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LSi giai
1) Tacd a° +b* +c® =3abc = (a+b+c)(a2 +b® +c? —ab—bc—ca): 0
Ta ludn cé a° +b? +c? > ab+bc +ca. Tuy nhién vi a,b,c d6i mdt khdc nhau nén khong xay ra ding
thuc.
a=-b-c
Doddésuyraa+b+c=0=:{b=-c-a.

c=-a—-b
2 2 2
Tu d6 ta dugc P = 5 zab >t 2bC 2T 2 2ca 2
a“+b°—(-a-b)" b°+c"—(-b—c)° c"+a"—(-c—a)
ab® bc? ca’ a+b+c
—2ab -2bc —2ca 2

Vay P=0
2) Ta c6 9y” +6y +16 =1(mod3) nén 2"x* =1(mod3).

= mod)

(
(mod )
)
)

M3 x? 50;1(m0d3) nén {

Néu x 18 taddt x=2k+1(keN)=>2*=2.4"= 2(mod3), diéu nay vo Ii, suy ra loai x |é.

Néu x chdn, ta d3t x = 2k(k e N) = 2* = 4" =1(mod3), diéu nay diing. Do d6 khi x chan thi

2x-x2:9y2+6y+16:(2k-2k) :(3y+1)2+15:>(2k-2"—3y—1)<2k-2k+3y+1):15
VI y,keN nén 2k.2*+3y+1>2k.2* -3y —-1>0.VAy ta cé céc trudng hgp

k— — = . k:
2k-2-3y-1=1 j{ZkZ 8:>k¢N(Ioai).

Trudng hop 1. ;
2k-2"+3y+1=15 y+1=7

y=0

. 2k.2" -3y -1=3 2k2" =4 k=1
Trudng hdp 2. ; o =
2k2°+3y+1=5 y+1=1

Véy cdp s6 nguyén dudng théa man bai toan la (x;y) = (2;0)

Cau lll. (2,0 diém)
1) Cho céc s8 thuc dudng a,b,c théa man a +b? +c? = 3. Chdng minh
2a° + 2" + 2c’ >a+b+c.
a+b’ b+c® c+a’
2) Cho s8 nguyén dudng n thda man 2+2v12n* +1 13 s nguyén. Chiing minh 2+2v12n° +1 13 s8
chinh phuong.
Lai giai

(@+b+c)?

1) Tacd 3=a’+b* +c*> —a+b+c<3.

Do dé 4p dung bat dang thic Bunhiacopxki dang phén thic ta dudc
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2a’ . 2b? . 2¢? _ 43" . 4b* . 4c*
a+b?> b+c® c+a’ 2a’+2a’b? 2b*+2b’c® 2c +2c%a?
. (282 + 207 +2¢%) . 36
T 2a°+2b% +2c® +2a%b? +2b%c? +2c%a’  a* +a’ +b* +b? +c* +c? +2a’b? +2b%c? +2c¢%a’
36 36

=3>a+b+c

2 =
(a2+b2+c2) tat+b?ec? 973
2 2 2
Viy ta dudc 23 ~+ 2b ~+ 2c ~>a+b+c.Dang thic xdy takhia=b=c=1.
a+b” b+c® c+a
2) Do 2+24/12n* +1 13 s nguyén, ma 12n* +1 13 s6 |1& nén ton tai s6 tu nhién k théa man
12n% +1=(2k +1)° =120 +1=4k* + 4k +1 = k(k+1) = 3n

Vi (k;k + 1) =1 nén xay ra 2 trusng hgp:

k=a’
k+1=3b

a2
Trudng hgp 2. {k =3a
k+

Trudng hop 1. { 2(a,b € N):> a°-3b*=-1= 2(mod3) =a’= 2(mod3)( vo ).

, :>b2(b2—1):3n2.Tl‘jdc’> suy ra

24241207 +1=2+244b* —4b® +1 =2+ 2(2b2 —1) = 4b° = (2b)?

Do d6 2+2412n* +1 1a s6 chinh phudng.

Cau IV. (3,0 diém) Cho tam gidc nhon ABC c6 AB < AC va ndi tiép dudng tron (O) Céc dudng cao
BB',CC’ cat nhau tai diém H. Goi M I3 trung diém cda BC . Tia MH cat dudng tron (O) tai diém P.
1) Chiing minh hai tam gidc BPC' va CPB’ déng dang.

2) Céc dung phén gidc cta céc géc BPC',CPB Ian Iugt cit AB,AC tai céc diém E va F. Goi O I3
tAm dudng tron ngoai ti€p tam gidc AEF; K 1a giao diém cdia HM va AQ'.

a) Ching minh t gidc PEKF ndi tiép.

b) Chiing minh cdc tiép tuyén tai E va F cla dudng tron (O’) cat nhau tai mot diém nam trén dudng
tron (O)

L&i gidi
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A'

T
1) Ké dudng kinh AA" clia duting tron dudng tron (0), khi d6 t gide HBA'C Ia hinh binh hanh. Do
dé HA' di qua diém M nén HA' cling di qua diém P. Tu d6 ta suy ra dugc
APH =90°= AB'H = A/C_T—l suy ra td gidc PAB'C’ ndi ti€p dudng tron dudng kinh AH.
Do d6 PC'A=PB'A nén PC'B = PB'C. Ma PBC' = PCB' do d6 APBC'«APCB'.
2a) Ké duding kinh AK’ clia duding tron (O'), khi @6 ta c6 AEK' = AFK' = 90"
Tu d6 suy ra HC';K'E; A'B song song véi nhau va HB'";K'F; A'C song song vdi nhau.
ECC_PC'_PB _FB
EB PB PC FC
Lai cé PEA = PFA (Vi EPB = C = B’2PC — FPC v& PBE = PCF ) suy ra tu gidc PAFE néi ti€p. Suy ra

nén K' thudéc HA' = K’ =K nén t& gidc AKEF ndi tiép.

Lai co

t’ gidc PEKF ndi tiép dudng tron.

HC' HB' BC' PC' PB" FB' EC’

HB HC BC PB PC FC EB

Do d6 HE,HF I4n luct 13 phén gidc ctia BHC, CHB' nén ba diém E,H,F thing hing, m ta lai c6
AE = AF nén AK la phan gidc cla BAC.

Goi giao diém clia AK véi dudng tron (O) la T va giao diém cda AK véi BB 'la G.

2b) Ta cé APB'C'«»APCB nén

Ta c6 FHB' = CHB =¥:G/A\E nén td gidc AEHG ndi tiép.
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— —— e~ e~

Do dé suy ra AEG = AHG = AHB = ACB = ATB nén t gidc BEGT ndi tiép dudng tron.

T d6 ta dudc ATE = ABG = 90°—BAC .

Ma ta lai cd AT LEF suyra TEF = 90° — ATE =BAC nén I3 tiép tuyén cla (O’).

Mat khdc TE = TF nén TF cling la ti€p tuyén cla (O’). Tiép tuyén tai E va F cla dudng tron (O’) cat
nhau tai T trén dudng tron (O)

Cau V. (1,0 diém) Cho 2017 sé hitu ty dudng dudc viét trén mdt dudng tron. Chiing minh tén tai hai
s6 dudc viét canh nhau trén dudng tron sao cho khi bd hai s8 dé thi 2015 sé con lai khéng thé chia
thanh hai nhdm ma téng cédc s8 8 mbi nhdm bang nhau.

Gid st ton tai 2017 sé hitu ty dudc sdp xép moét cdch thod man néu bd 2 s6 bat ki canh nhau thi 2015
s6 con lai chia dugc thanh hai nhém cé t8ng bang nhau. Goi 2017 s6 dudc sap xép thoa man 1a 2017
s6 c6 tinh chat P.

Vi c6 2017 sb hitu ty cé tinh chat P nén néu nhdn mau cha cdc sé hitu ty dé 1én thi dugc 2017 s6 tu

nhién cé tinh chat P. Goi 2017 s8 d4 1an lugt xép theo chiéu kim déng hé la a,; Gia su

1795385017«
trong 2017 s6 d6 ¢d 1 s6 chdn, 1 s6 1é thi vi 2017 13 s6 & nén Itc dd trén vong tron tén tai 22 sé lién
ké clung tinh chan & va 22 sé lién ké khdng cung tinh chan 1. Vi viy c6 thé bd mét trong hai cdp s6
dd dé téng 2015 s8 con lai 1é, Itc dd thi khdng thé cé cdch chia 2015 sé con lai thod man dé bai. Gia
sUf t4t cd cdc s8 trén vong tron cung tinh chdn 1€, 2017 s8 dé khdng thé cuing 1é vi cho du bd di 22 s6
nao thi tdng céc s6 con lai déu |1é nén khdng thé chia du’dc VAay tat ca cdc sb trén vong tron déu chan.
Ddt a, =2b, vdi i chay tir 1 dén 2017. V12017 s6 a,;a, tinh chat P nén b ;b,;...;b,,,, cling

"12017
cé tinh chat P. Lap ludn tuong tu b.;b.;....;b, ., déu chan. T|ep tuc ddt b, = 2c, va lap lai v6 han budc

1720 2017

2017

nhuvay,tacé a, =a, = =0 (vd Ii vi cdc s6 hitu ti ban dau duang).

2017

Suy ra diéu phai chl.'rng minh.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2017 - 2018
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 10/6/2017

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1) Giadi phudng trinh v6x —x* +2x* -12x+15=0.
4x* = y+E

2) Gii hé phudng trinh y

4y? —x+2
X

LY gidi
1) BDKXD: 0<x<6
Phudng trinh tudng dusng vai v6x — x* —2(6x—x2)+15 =0

D3t t =6x —x? (t > O) = Ta ¢é phudng trinh
—2t°+t+15=0=t=3 (thod man) hodc t = —g (loai)

V6i t=3=16x-x*=3=-x*+6x-9=0=x=3 (thod man)
Vay nghiém cla phuadng trinh la x=3
2) DKXD: x # 0:y 20

3
Ax> =y += {4x2yy2+3 (1)

y
37 4y’x=x*+3  (2)

4y =x+=
%

TU d6 ta rdt ra nhan xét: x,y >0

Lay (1) = (2) = 4x°y —4yx* =y* —x* = (x—y)(4xy+x+y) =0

Vix,y>0=4xy+x+y>0

= x=y = 4x° :x2+3:>(x—1)(4x2+3x+3):0:>x:y:1 (thod man)

Véay HPT c6 nghiém Ia (xy) = (1;1)

Cau Il. (2,5 diém)

1) Cho p la mét s6 nguyén t6 I8n han 3. Chiing minh 2017 —p? chia hét cho 24.

2) Tim tat cd cap s6 nguyén ducng (x;y) thdaman x> +y>-9xy =0.

3) Cho a,b,c |3 cdc s6 nguyén dudng. Chiing minh a+b+2+vab+c? khdng phai 13 s6 nguyén t3.
Li gidi

1) Vi p>3 va p |a s6 nguyén té nén p/3 = p* chia3du 1l

Laicé 2017 chia3dul
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=2017-p*:3 (1)
Vip>3vaplasdnguyénténén p lasélé = p° chia8dul
Ma 2017 chia8dul
=2017-p*:8 (2)
Talaic6 (3,8)=1 néntir (1) va (2) =2017 —p*i24 (dpcm)
2) Phuong trinh da cho cé thé dudc viét lai dudi dang
x*+y*+3°-3.x.y-3=27.
S dung hdng d3ng thic a® +b® + ¢ —3abc = (a +b+c)(a2 +b% +c? —ab—bc—ca),

ta cé phugng trinh trén tudng duong vdi (x +y+ 3)(x2 +y?+9—xy— 3x—3y) =27,
hay (x+y+ 3)[(x+y)2 +9—3(x+y)—3xy} =27.

Do x,y e N nén x+y+3>5,suyra x+y+3 la udc khbng nhd hon 5 cla 27 . Tur day, ta cd céc
trudng hdp sau:
e Trudnghdp 1:x+y+3=9,(x+vy)? +9—3(x+y)—3xy = 3. Trong trusng hdp nay, ta cé
Xx+y=6vaxy=8.Tuddsuyrax=4,y=2 hodac x=2,y=4.
e Trudng hgp 2: x+y+3=27,(x+y)’ +9—3(x+y)—3xy =1. Trong truéng hdp nay, ta co

x+y=24 va xy=5—;2,v6 ly vi x,y e N".
VAy cdc cap sb (x,y) thda man yéu cau la (4,2) va (2,4).

3)Gidst p=a+b+2vab+c? 1as6 nguyén t, khi d6 ta cé Vab+c® 13 s6 hitu ti. Theo bé dé 1 dé
tuyén sinh THPT chuyén KHTN nam 2015 - vong 2 (ban doc vui long xem lai phan trudc), ta cé
ab+c? 1a s chinh phudng.

Patab+c?=d’* vdideN thitacd d>c va p=a+b+2d.

Suyraa=-b-2d (mod p) va d* —c® =-b* - 2bd (mod p)

TU g4y, ta cé d” +b’ +2bd —c” chia hét cho p, hay (b+d—c)(b+d+c) chia hét cho p. Do d4, mét
trong haisé b+d—-c va b+d+c sé chia hétcho p.Chldyriang b+d+c>b+d-c>0 néntrong ca
hai trudng hdp, ta déu cé b+d+c>p=a+b+2d, hay a+d-c<0, mduthudnvi d>c.

Do d6, véi moi a,b,c nguyén dudng thi a+b+2vab+c® khong thé I3 s6 nguyén t3.

Cau lll. (1,5 diém) Cho céc s6 thuc dudng x,y,z thda man x* +y? + z* = 3. Chdng minh
X Y .z SE.
3-yz 3-zx 3-xy 2

+) Trudc tién, ta ching minh: V@i a,b,c >0 ta cé 1+l+lzi.
a b c a+b+c
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That vdy, theo bat ddng thic Co-sita cé: a+b+c > 33/abc va l+l+l > 3
a b ¢ 3abc
Nhan hai bat dang thuc ta cd: (a+b+c) l+l+1 29:>l+1+12L
a b c a b c a+b+c
y2+ 2 X
+) Theo bat ddng thic Co-sita cd: yz < = <
2 3-yz 3_y2+z2
2
Tudédsuyra P= X Y 2
3-yz 3-xz 3-xy
X y z
<
- y2+z2+ x2+z2+ y2+x°
3- 3- 3-
2 2 2
X y z
= + +
2 2 52
3_3 X 3_3 y 3_3 z
2 2 2

2x 2y 2z
= + +
x*+3 y*+3 z*+3
Theo bat ddng thifc Cé-sita cd 2x<x*+1, 2y <y’ +1, 2z<z° +1
x*+1 y*+1 Zz*+1 2 2 2
2 T2 T2 =315 y.? w3
x“+3 y°+3 z°+3 x“+3 y°+3 z°+3

Tuddsuyra: P<

SU dung bat ddng thdc phu ta cé: 21 + 21 + 21 > — 29 - _3
Xx"+3 y +3 z°+3 x+y"+z°+9 4

Do dé PS3—2><§:§.
4 2

D4u dang thic xdy rakhi x=y=z=1.

Cau IV. (3,0 diém) Cho tam gidc nhon ABC (vdi AB < AC ) ndi tiép dudng tron (o). Goi | 13 tam
dudng tron ndi tiép tam gidc ABC,D la hinh chiéu cta diém | trén dudng thang BC va G la giao
diém th( hai clia dudng thang AD vdéi dudng tron (O) Goi F 1a diém chinh gilra cung I6n BC cla
dudng tron (O).Du&jng thdng FG cat dudng thang ID tai diém H.

1) Chidng minh t gidc IBHC 1a td gidc ndi tiép.

2) Goi J |a giao diém th hai clia dudng thdng Al véi dudng tron ngoai ti€p tam gidc BIC . Ching
minh BH=CJ.

3) Goi N la giao diém th( hai cha dudng thang FH vdéi dudng tron ngoai ti€p tam gidc BIC . Ching
minh dudng thang NJ di qua trung diém cla canh BC.

L&i giai
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H J
1) Goi K 1a giao diém cta Al va (0). Ta c6 KF L BC,IH L BC = KF //IH = HIK = AKF (1)
M3 AKF = AGF (hai géc ndi tiép chan cung AF cla (O) ). (2)
Lai c6: AlH +HIK =180° AGH + AGF =180°. (3)

TU (1), (2), (3) suy ra AlH = AGH nén td gidc AIGH ndi tiép.
ADIA< ADGH (g.g) nén DI.DH = DG.GA.
ADAB«ADCG (g.g) nén DADG = DC.DB.
Vi vay ta co Dl-DH:DC-DB:ﬂ:E.
DB DH
Ta lai ¢4 IDC =BDH (d6i dinh) nén suy ra ADBH« ADIC (c.g.c). Vi vdy DBH =DBC = t( gidc IBHC
ndi tiép.
@:lZ\CHEZ:%(ETA\mETC\A)

1

2) Taco: P -
KCl = KCB +BCl = 5(BAC + BCA)

Do dé K/El = IZIE nén AKIC can tai K. Tudng tu suy ra KI=KC =KB.
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Viy K |a tdm dudng tron ngoai tiép ABIC . Do dd lJ 1a dudng kinh cla dudng tron (K) suy ra

IHJ = 90°, hay HI L HJ. M3t khac IH L BC nén HJ//BC .

Do t gidc BCHJ nbi tiép nén BH=CJ=BH=CJ.

3) Goi M 1a giao diém cta NJ va BC.

Ta cé FK la dudng kinh cda dudng tron (O) nén F/éT< — FCK=90°. M3 KB,KC la ban kinh cia dutng
tron ngoai ti€p ABIC nén FB,FC |a céc tiép tuyén.

Lai c6 FNH |a cdt tuyén nén: AFBN«» AFHB = FN_BN_FB
FB BH FH

DdFN FNFB _ BN Tuong tuﬂ:g.

FH FBFH (BH FH | CH
Suy ra: CN BN CN BN (3) (do BCJH Ia hinh thang can).

CH BH Bl
M3t khdc AMCN < AMBJ (g.g) nén ta c6 %=Q (4.
AMBN e AMCJ (g.g) nén ta cé %zﬁ 5).
TU (3), (4), (b) ta cé: %:@:M 14 trung diém BC.

M) MJ

Cau V. (1,0 diém) Xéttap hdp S gdbm céc s6 nguyén duang cd tinh chat : véi hai phan ti phan biét
bat ki x,y thudc S, ta ludn cé 30‘x—y‘ > xy . HAi tdp hdp S cé thé cb nhiéu nhat bao nhiéu phan tir?

Ta c6 nhidn xét A chi chifa nhiéu nhat mdt phan t I6n han hodc bang 30. Gid s x,y € A sao cho
x>y >30.

P A e z Xy A ’
Theo dé bai ta cé x—y=‘x—y‘2%2x (VO ly).

Gid sir A ¢ n phantlr x, <x, <---<x_.Vdi x, > x;, theo gia thiét ta c6

XX 30x
X=X >2—L=x > V1>J
130 ' 30-x
Suyra x 2-30+ 0 Vi> |
30-x,
Ap dung BDT trén ta cé: x,>-30+ 900 >2

> 45

10 —

Tiép tuc dp dung BDT trén ta cé: x, > 3,x, >4,x, >5,x, >6,x, >8,x, >11,x, >18,x
Vivdy S c6 nhiéu nhdt 10 phén tr. Vidu A={1,2,3,4,5,6,8,11,18,45}
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2017 - 2018
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 10/6/2017

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1) Gidi phudng trinh v5x—x* +2x* —10x+6 =0.
X+y+xy=3

\/;+\/;=2

2) Giai hé phuong trinh: {
L&i gidi

1) DKXD: 0<x <5

Ta cé phudng trinh = x(5—x)+2x(x—5)+6:0
= Jx(5-x)-2x(5-x)+6=0

= 2x(5-x)—/x(5-x)-6=0

B3t t=/x(5-x) (t=0)

:>2t2—t—6:0:>(t—2)(2t+3):0:>t:2 (thod man) hoac t:—% (loai)

Vi

x:l(tm)

t=2>= x(5—x)=2:>x(5—x)=4:>5x—x2:4:>x2—5x+4:0:>(x—1)(x—4):0:>
x:4(tm)

Vay phudng trinh da cho cé tap nghiém S = {1;4}

2) BKXD x>0;y >0

X+y+xy=3 (1)

Jx+ly =2 (2)

2
Binh phuong 2 vé clia phudng trinh (2) ta dudc: (\/;+\/;) =4 = x+y+2\/E =4 (3)

Ta cd hé: {

Jxy =b>=0

a+b’=3 |a+b’=3 |p’-2b+4-3=0 |b’-2b+1=0 |b=1(tm)
jr— = j— f—
a+t2b=4 la=4-2b |a=4-2b a=4-2b a=4—2.1=2(tm)

~ X + y = a 2 O . A /7 A \ /. 3 \ \ \
bat . Khi @6 ta cé hé phugng trinh mdi gobm 2 phudng trinh (1) va (3) la:

{x+y:2 {x+y:2
=

\/;:1 - xy=1

Khi @6 hai s6 x;y la hai nghiém cla phuong trinh: t> -2t+1=0=(t-1)’=0=t=1 =>x=y=1
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Vay hé phuong trinh ¢ nghiém duy nhat: (x;y) = (1;1).
Cau ll. (2,5 diém)
1) Tim t4t cd cdc s6 nguyén dudng x,y,z théaman x+y—-z=2 va 3x* + 2y’ -z> =13.
2) Cho cdc s6 nguyén dudng a,b,c thda man a’ +b* = c?. Chiing minh ab chia hétcho a+b+c.
3) Tim t4t cd s8 tu nhién n thda man 2n+1,3n+1 la cdc s6 chinh phudng va 2n+9 1a s6 nguyén té.
Li gidi
n {x+y—z:2 D{ZX+V—2 (1)
32 +2y? —7z2 =13 |Z22 =3x2+2y?-13 (2)
Thé (1) vao (2) tacd: (x+y—2)° =3x* +2y*-13
= X2 +2xy +y? —4x -4y +4 =3x* +2y* —13
= 2x* +y?—2xy +4x+4y-17=0
= X2 -2xy+y’ —4x+4y+4 +x* +8x+16-37=0
(v —x+2)" +(x+4) =37 (¥)

Ta cé (y—x+2)2; (x+4)2 la cdc s6 chinh phudng, lai cé x,y,z nguyén dugng nén:

(y—x+2)2:1
4) =36 _x+2) = _x+2) =
*) = (x+ ) = (y x+2) ! (Vi (y x+2) " vO nghiém khi x,y,z nguyén dudng)
2 2
(v-x+2) =36 |(x+4) =36 (x+4) =1
(x+4) =1
(y-x+2=1 [[y-x+2=1 [[y=1 (tm)
. X+4=06 N X=2 . X=2
{y—x+2=—1 {y—x+2=—1 {yz—l (ktm)
| (x+4=6 | (x=2 | (x=2

Khidd z=x+y-2=2+1-2=1™

Viy x=2;y =1,z=1 théa man yéu ciu dé bai.

2) bat t=a+b+c(t20):>c=t—a—b ta cé:
a’+b’=c’ < a’ +b? =(t—a—-b)?
=a’+b’ =t>+a’ +b”> - 2ta—2tb+2ab

= 0=t>-2ta-2tb+2ab
_2 — —
— ab= t +2ta+2tb=t( t+2a+2b]=(a+b+c)( t+2a+2bJ

2 2 2
Vay ab chia hét cho a+b+c (dpcm)
3) Do 2n+1 va 3n+1 Ia céc s chinh phuong nén:

2 _Rh2_ 2
nrlma N Y a9 -2(b? —a?)+9(3a? - 2b7) - 250 - 16b°
3n+1=0>b 1=3a“"-2b
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=2n+9= (5a—4b)(5a +4b)

’ 5a+4b=2n+9 -
Do 2n+9 la s6 nguyén t8 ma 5a+4b >5a—4b = ar nT :>b:5a 1
Ba—4b=1 4

Thay vao 3a°-2b° =1 ta cé
a=1

a=9

2
3a2—2(5a4_1j :1:>a2—10a+9:0:{

TH1: a=1=b=1=n=0. Loai Vi 9 khdng la sé nguyén td
TH2: a=9=b=11=n=40.Th{ lai thdy 89 la s6 nguyén t&
Vay n =40.
Cau lll. (1,5 diém) Cho céc sb thuc duong a,b,c thay déi luén thda man i2+bi2+i2 =3.Tim gid tri
a o
1 1 1
+ +

I8n nhat cda biéu thic P = > > =
(2a+b+c) (2b+c+a) (2c+a+b)

L&i giai

Ta dp dung BE)TquenthuC)csau:lelZ 4 = 1 sl(l+1]
X Yy X+y x+y 4({x vy

D4u "=" xdy ra khi va chikhi x=v.

, 1 1 1( 1 1 j
Ta co: = <= i
2a+b+c (a+b)+(a+c) 4\ a+b a+c

Tuong tu va cdng cdc vé ta cé:

10( 1 N b 1Y (1 1Y)
P<— + + + + +
16|la+b a+c a+c b+c a+b b+c
2 2 2 2 2 p

(@a+b)? +(a+c)2 +( b +c)? +(a+b)(a+c)+(a+c)(b+c)+(a+b)(b+c)

Ta ti€p tuc dp dung bé dé sau:

=16P <

(x—y)* +(x—2)* +(y-2)* 20
:>2(x2+y2+z)2—2xy—2yz—2x220

=X +y>+z222xy+yz+xz

V@i x,y,z tudng Ung la , ! , ta cé ngay:
a+b a+c b+c
teps— 4, 4 4
(@+b)” (@+c) (b+c)
2
Tiép tuc dp dung bod dé dau tién: 1 Sl l+l — 1 si 1+i
atb 4la b (@+b)* 16la b

Tuong tu va cdng vé véi vé ta cd:
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2 2 2
16P§4i 1+i +1+1 +l+l :l. £+i+£+£+£+£
16{la b a ¢ b ¢ 4 (a®> b?> ¢* ab ac bc

Tiép tuc dp dung bé dé s6 2 vdéi x,y,z lan lugt la: llbl thi:
a bc
tep<toalt )3, pc3
4 a°> b? c? 16

Vay GTLN cda P 13 % dattaichanghan a=b=c=1.

Céu IV. (3,0 diém) Cho tam gidc nhon ABC (vdi AB < AC ) néi tiép dudng tron (0). Goi D 1a trung
diém cuta canh BC,E I3 hinh chiéu cGa diém A trén canh BC va H |a truc tdm cla tam gidc ABC.
Pudng thdng AD cat dudng tron (O) tai diém th hai F.

1) Chdng minh BC? =4 -DA-DF.

2) Tia DH cét dudng tron (O) tai diém G . Chung minh bén diém A,G,E va D cung thuéc mét dudng
tron.

3) Budng thang FE c3t dudng tron (O) tai diém th hai K. Chiing minh dutng thadng BC tiép xuc

véi dusng tron ngoai ti€p tam gidc GKE.
L&i gidi

1) Xét AADC va ABDF c¢é6
ADC = BDF (déi dinh); DAC = DBF (2 gbc ndi tiép cung chdn cung CF)
AD DC

= AADC > ABDF(g-g) =20 = OF
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2
DAD.DF:BD.Dczg.ﬁzBC
2 2 4

2) Goi M 13 giao diém cia AO va (O)

= BC? =4DADF

Ta cd AM la dudng kinh cla (O) nén @ = @ =90°,

tir @6 suy ra BH//CM va CH//MB. Do dé, t& gidc BHCM |a hinh binh hanh. Ma D |a trung diém cla
BC nén cling |a trung diém cta HM.

TU day, ta suy ra bén diém G,H,D,M thang hang va A/G\D = @ =90°.

Tt gidc AGED c6 AGD = AED = 90° nén I3 td gidc noi tiép.

= 4 diém A,G,E,D cung nam trén mot dudng tron.

3) Goi N Ia giao diém khdc G cla GE va (O),! Ia giao diém khac A cia AE va (0).Ta cé

IAB = HCB = CBM = CAM. Tir d6 suy ra, trén dudng tron (O) thi IB = CM (1)

Theo ciu b), ta cé ti gidc AGED néi tiép nén AEG = ADG. Suy ra, trén dudng tron (O) ta cling c6
IN=MF (2)

Tu (1) va (2),tasuyra BN =CF.

Xét trén dudng tron (O) ta c6 KGN = %sdfa = %(sd@ +sdéN)
Va @:%(sd@+sd&):%(sd@+sd@)

Do d4, ta cé KGN = KEB. Tur day, ta suy ra BC |a tiép tuyén cla dudng tron ngoai tiép tam gidc KGE
Cau V. (1,0 diém) Ta viét 1én badng 99 sb tu nhién lién tiép 1,2,3,...,99. Ta thuc hién thao tdc sau: Xod

ba sé a,b,c bat ky trén bang roi lai viét 1én bang sé (abc +ab+bc+ca+a+b+ c) . Tiép tuc thuc hién

thao tdc trén cho dén khi trén bang con lai ding mot s8. Tim s6 con lai dé.

Tacé abc+ab+bc+ca+a+b+c:(a+1)(b+1)(c+1)—1
Tai mdi thao tac th nhat ta chon xda 3 sd a,b,c va thay bang (a +1)(b + 1)(c +1)—1, ta thay thao téc
nay khéng lam thay déi tich S = (a1 + 1)(a2 +1)...(ai + 1) vdi a,,a,,...,a, 1a tat ca céc s6 con lai trén

bang.
Vi vay s8 cudi cung con lai bing: (1 +1)(2+1)(3 + 1)...(99 + 1)—1 =100!-1
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2018 - 2019
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 8/6/2018

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1) Gidi phuong trinh x* +3x+8 = (x+ 5)\/x2 +X+2.

y? —2xy =8x* —-6x+1

vi=x+8x*—x+1

2) Gidi hé phuadng trinh {
Li giai
a) Do x? +x+2 >0 nén phudng trinh d3 cho xac dinh véi moi x € R. Dt t =+x* +x+ 2, ta viét dugc
phudng trinh dudi dang t* + 2x+6 = (x+5)t,
Hay (t-2)(t-x-3)=0.
TUwdétacdé t=2 va t=x+3.

e VGit=2,tacéd x*+x+2=4.Gidi phudng trinh nay, ta dudc x =1 hodc x=-2.

e V38it=x+3,tacéd x>-3(do t>0)va x*+x+2=(x+23)*. Gidi phuong trinh nay véi chd y

x > -3, ta dugc x=—%.

Vay phuadng trinh da cho cé ba nghiémla x=1,x=-2 va x= —%.
b) Cong hai V& clia phudng trinh thd nhat véi x?, ta dudc (y—x)2 = (3x —~ 1)2.
Tu ddé,tacd y=4x—-1 hoac y=1-2x.

e \Gi y=4x-1, thay vao phudng trinh th( hai cla hé, ta dudc (4x—1)> = x> +8x* —x +1,
hay x(x—l)(x—7) =0.Tu dé,tacd x=0 (tusng ung, y =-1), hodc x=1 (tusng Ung, y =3), hodc
x =7 (tuong ung, y =27 ).

e VGi y=1-2x, thay vao phuadng trinh thi hai cla hé, ta dudc

(1-2x)* =x> +8x* —x +1,
hay x(x+ 1)(x+ 3) =0. Tu day, ta tim dudc cdc nghiém (x,y) cla hé trong trudng hgp nay la
(0.1),(-1.3) va (-3.7).
Tém lai, hé phuang trinh da cho c6 t4t ca 6 nghiém (x,y) I
(0,-1),(1,3),(7.27),(0.1),(-1.3),(-3.7).
Cau Il. (2,5 diém)
1) Cho p,q la hai s6 nguyén t8 I16n hon 5 . Chiing minh p* +2019q* chia hét cho 20.
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2) Cho cdc s6 nguyén dudng a,b,c,d théa man a<b <c<d;ad=bc va JE—JS <1.
a) Ching minh a+d>b+c.
b) Chdng minh a la mdt sé chinh phuong.

a) Do p,q la cdc sd nguyén té 18n han 5 nén p,q la cdc s6 nguyén t6 18, suy ra cac sd khi chia p,q
cho 4 chi cé thé 1a 1 hodc 3. Tu day, dé thay p*,q* clng cé sé du |a 1 khi chia cho 4 . Nhu vy, ta ¢
p* +2019q* = (p4 —1)+2o19(q4 —1)+2ozo chia hét cho 4.

M3t khic, cling do p,q la cdc s8 nguyén td I18n hon 5 nén p,q khdng chia hét cho 5, suy ra céc sé du
khi chia p,q cho 5 chicé thé 1a 1,2,3,4 . Tu d6, cdc s6 du cla p?,q* khichia 5 chicéthéla 1,4.Suy ra
s6 du clia p*,g* khichia 5 chicdthé1a 1. Nhuthé, ta cé

p* +2019q* = (p4 —1)+2o19(q4 —1)+2ozo chia hét cho 5.

T (1) va (2), v8ichd y (4,5) =1,tasuyra p* +2019g* chia hétcho 20.

b) i) TU gia thiét, ta cé

d(a+d—b—c)=d2 +da—-db—dc =d? +bc—db—dc=(d—c)(d—b)>0,suy ra a+d>b+c. Dy
chinh 1a két qud can chiing minh.

ii) Bat (a,b) =m v8i m nguyén duong, khi d4 tén tai cdc s6 nguyén dudng x,y Vvdi (x,y) =1 sao cho
a=mx va b=my. Gi3 thiét ad =bc cé thé dudc viét lai thanh dx =cy.

TU déy, ta suy ra dx chia hét cho y. Ma (x,y) =1 nén d chia hétcho y.Dat d=ny véi n nguyén

dudng thita cé ¢ =nx.
Dod>cd>b néntacé y>xvan>m.Tuddsuyra

Jd —a = Jny ~Jmx = f(m+1)(x +1) - Jmx.
K&t hop vdi gid thiét Vd —va <1, ta thu duge 1+vmx 2 [(m+1)(x+1).

Binh phuong hai vé& bat d3ng thuc trén va ridt gon, ta duge 0 < (\/E—\/;)z.

Do (\/E—\/;)z >0 nén dau bing trong bat dang thic trén phai xay ra, tdc ta cd m=x.Vay a=m? |3
mét sé chinh phuong.
Binh ludn. Ngoai cdch gidi trén, y ii) cGa cdu b) con cd thé ti€p can bang hai cidch khic nhu sau:

Céch 1. TU gia thiét, ta cd d+a—2+vda <1.
Do ad =bc nén bat d3ng thidc trén cd thé dudc viét lai thanh d+a—2+bc <1,

2
Hay (d+a—b—c—1)+(J5—JE) <0,
2 kS 2
Do d+a>b+c+1 (theo a)) va (\/E—\/E) >0 nén diu bang trong bat dang thuc trén phai xay ra.

Ndi cdch khdc, ta phdicé b=c va a+d=b+c+1.Laicé ad =bc nén ad=b? va a+d=2b+1, suy ra
a:a(a+d—2b):a2+ad—2ab:a2+b2—2ab:(a—b)2.
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Cich2.Ddtb=a+xd=a+x+y vad=a+x+y+z Véi x,ze N va y e N. Gia thiét cla bai todn cé
thé dudc viét lai 14n ludt dudi dang a(z-x)=x* +xy va Ja+x+y+z <+va+1.
Binh phuong hai vé& bat d3ng thic trén va rdt gon, ta dudc x+y+z—-1< 24/a (3)
Do a(z—x):x2 +xy>0nén z-—x>0,suyra z>x+1 va a<x?+xy. Tu dd, st dung bat dang thudc
AM-GM, ta cé

24a < 24/x% + xy Sx+(x+y)£(z—l)+(x+y)=x+y+z—1.
K&t hgp vdi (3), ta suy ra ddu ddng thic trong céc ddnh gia trén phai xay ra. Néi céch khdc, ta phai cé

y=0vaa=x"+xy=x".

Cau lll. (1,5 diém)
1) VGi x,y,z la céc s6 thuc thda man xyz =1, chding minh
1 1 1
+ +
xy+x+1 yz+y+1 zx+z+1

=1.

4 S o4 o vz o 10101 Y
2) V@i x,y,z la cac s6 thuc dudng thay déi va théa man —+—+— =3, tim gia tri I6n nhat cua biéu

X y z
thic
P= 1 + 1 —+ 1 .
V2 +y?+3 2y 47843 V274X +3
L&i giai
1) Do xyz=1 néntacd 1 + 1 b 1
xy+x+1 yz+y+1 zx+z+1
20 OxOd

Xy +x+1 Xyz+Xxy+x X2yz+Xyz+Xy
h 1 R X L Xy
xy+x+1 1+xy+x x+1+xy

2) Su dung céc bat dang thiic AM-GM va Cauchy—Schwarz ta cé
1

\/2x 1y 43 \/2x+1 +(y2+1) \/2 2x+y) \f\/Tﬂ/ \F (2X+v 3]
S@HALH @(aug).

4 19{x y) 3| 36 y
Tuadng tu, ta cling cé
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Cbng céc b4t d3ng thuc trén lai theo V& véi chd y l+l+l =3, tadugc P< @
Xy z

M3t khdc, dé thdy dau dang thic xdy ra khi x=y =z =1 nén ta c6 két ludn maxP = @
Binh ludn. Hoc sinh can chidng minh lai b4t d3dng thic Cauchy-Schwarz khi s& dung. Ngoai céch trén,
ta con cd thé tiép cdn ciu b) bang cdch khdc dua trén y tudng ciu a) nhu sau: Ta cé
1 1 1
+ +
xy+x+1 yz+y+1 zx+z+1

B 1 N X N Xy
Xy+x+1 Xyz+xy+x x2yz+Xyz+Xxy
1 X Xy

=1

= + +
xy+x+1 1+xy+x x+1+xy

B4y gid, st dung b4t ddng thiic AM-GM, ta cé
1 1 1
= <
\/2x2+y2+3 \/x2+y2 +(x2+1 +2 \/Z(xy+x+1)

\fm f (xy+x+1+:1J
ﬂ;+ j

< -
4 \xy+x+1 3

Tuadng tu, ta cling cé

1 Je( 1 1
- . gV - -
J2y?+22+3 4 \yz+y+1 3

V6

n U 1
272 +x2+3 4 \zx+z+1 3)

Cbng céc b4t ddng thuc trén lai theo Vé, ta dudc

B 116
6

IN

P<— +
4 \xy+x+1 yz+y+1l zx+z+1

Mat khdc, dé thdy dau dang thidc xdy ra khi x=y =z=1 nén max P —7

Cau IV. (3,0 diém) Cho t& gidc ABCD (khdng cé hai canh nao song song) ndi tié€p dudng tron (O)
Céc tia BA va CD c3t nhau tai diém F. Goi E |a giao diém cula hai dudng chéo AC va BD. Vé hinh
binh hanh AEDK.

1) Ching minh tam gidc FKD déng dang vdi tam gidc FEB.

2) Goi M,N tudng Ung la trung diém cuta cdc canh AD,BC. Chiing minh dudng thdng MN di qua
trung diém cla doan thang EF.
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3) Chiing minh dudng thang EF ti€p xuc vdi dudng tron ngoai ti€p cla tam gidc EMN.
L&i gidi

a) Do t gidc AEDK la hinh binh hanh nén DK//AC, suy ra FDK = DCA = DBA.

Ta co AFDAwAFBC( g—g) va AEDA« AECB (g-g) nén %:£=%=%,
BF BC EB EB
DF BF
ay DK = BE (1)
Tl d6, ta cé céc tam gidc FKD va FEB déng dang (c-g-c).
b) Goi | |a trung diém cla EF. Do t& gidc DKAE |a hinh binh hanh nén M 13 trung diém cla EK, tur
dé suy ra MI//FK. Bay gig, dung hinh binh hanh BECL , ta cé

FCL =180°-BDC =180°~BAC = FAC.
FC BC EB CL
Lai cé AFDA ~aFBC (g-g) va AEDA« AECB (g- en —=——=—=—— (2
Qi co a A (g-9) va (g-g) nén AT AD EA - AE ()

TU d6 suy ra cédc tam gidc FCL va FAE déng dang (c-g-c).

TU (1) va (2), ta cé KFD = EFA = LFC nén ba diém F.K,L thang hang. Lai cé N |3 trung diém clta EL
nén IN//FL . Tu dé suy ra ba diém I,M,N thdng hang.

c) Goi T 13 diém d6i xting véi M qua |. Ta c6 td gidc METF 13 hinh binh hanh nén FTE = FME. Lai c6
AFAD <« AFCB va M,N |an luct |a trung diém clia AD,BC nén AFAM« AFCN (c-g-c). TU dé suy ra
FMA =FNC.

Chlng minh tudng tu, ta cling c6 AEDA« AECB (g-g) nén AEMA« AENB, suy ra EMA = ENB = CNL.
TU d6, ta cé FME = FNL = 180°—F/I-\JTE, suy ra FTE = 180°—FNE . Do dé, ti gidc ETFN ndi tiép, suy ra

ENM = EFT = MEF.
Vay EF |3 tiép tuyén clia dudng tron ngoai tiép tam gidc EMN.
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Céu V. (1,0 diém) Chotap hgp S={xeZ|1<x<50}.Xét A la mét tap hgp con bt ki cla tap hgp
S va c6 tinh chat: Khéng cé ba phan tif nao cha tdp hop A la s8 do dd dai ba canh clia mét tam gidc
vuong.

1) Tim mét tdp hdp A cé didng 40 phan ti va thda man diéu kién dé bai.

2) C6 hay khéng cé mét tdp hdp A cé ding 41 phan ti va théa man diéu kién dé bai ? Hay gidi thich
cau tra loi.

a) Ta xét A= S\{5,10,15,...,50} . Tap hdp nay théa man dé bai, bdi vi mdi bd ba Pythagoras déu cé
mot s6 chia hét cho 5. Ta chiding minh khang dinh nay. Xét dang thuc

a’+b*>=c’, ab,ceN.
Néu a hodc b chia hét cho 5 thi khdng dinh 1a duong nhién.

Né&u ngugc lai, do a° = 1,4(mod5) va b? = 1,4(mod5), tasuyra c’=a*+b*=2,0,3 (mod5).
TU day, dé thay ta phai cé ¢’ = O(mod5), hay ¢ chiahétcho 5.
b) Xét tap A =S\ {5,20,30,35,50,8,9,24,36}.
Céc s8 chia hét cho 5 nam trong A 13 10,15,25,40,45.
e Chico (6,8,10) va (10,24,26) la cac bo ba Pythagoras chira 10, ma 8,24 ¢ A nén A khdong
ch'ra cé bd ba Pythagoras nao c6 10.
e Chicé (8,15,17),(9,12,15),(15,20,25) va (15,36,39) Ia cac bd ba Pythagoras chita 15, m3
8,9,20,36 ¢ A nén A khong chira cé bo ba Pythagoras nao cé 15.
e Chico (7,24,25) va (15,20,25) la cac bo ba Pythagoras chifa 25, ma 24,20¢ A nén A
khong chira cé bb ba Pythagoras nao co 25 .
e Chicé (9,40,41),(24,32,40) va (30,40,50) Ia cac bd ba Pythagoras chifa 40, ma
9,24,30 ¢ A nén A khong chra cé bo ba Pythagoras nao cé 40 .
Chicé (27,36,45) la b6 ba Pythagoras chifa 45, ma 36 ¢ A nén A khdng chira bo ba Pythagoras
nay.
Nhu vy, tdp A khong chia bé ba Pythagoras nao (vi néu cd, thi mét trong ba sé phai chia hét cho 5
tdc 1a bd ba d6 phai chira mét trong céc s6 10,15,25,40 hodc 45).
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2018 - 2019
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 8/6/2018

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

i

1) Gidi phuong trinh x* +2x+7 = (x+3) x? +

) ) -1
)=1

2) Gidi hé phuadng trinh:
(x + y)(x2 +y?

Lgi giai
1) Do x* +5 >0 nén phudng trinh da cho xac dinh véi moi x. Dt t = m thitacé t>0 va
phuang trinh cé thé dugc viét lai thanh t* +2x+2 = (x + 3)t,
Hay (t-2)(t-x-1)=0.

e Vdit=2,tacéd x*+5=4,v8lyvi x**’+5>5>4.

e VGit=x+1,tacéd x>-1(do t>0) va x? +5:(x+1)2. Giai phuong trinh nay véi chiy x> -1

, ta dudc x=2.
Vay phudng trinh d3 cho cé nghiém duy nhatla x=2.
2) Trir tuong Ung V& véi vé hai phudng trinh cla hé, ta dudc
(x + y)(x2 + yz)—(x —y)(x2 —~ yz) =0,

Hay 2xy(x + y) =0.
TU désuyra x=0,hodc y=0, hodc x+y =0 (loai do gia thiét,tacé x+y =0 ).

e VGi x =0, thay vao phuong trinh th( hai cla hé, ta dudc y> =1 hay y =1.

e V6iy =0, thay vao phudng trinh th( hai clia hé, ta dudc x> =1 hay x=1.
Vay hé phuong trinh da cho cé hai nghiém (x,y) la (1,0) va (0,1).

Cau ll. (2,5 diém)

1) Tim t4t ca cdc cap s6 nguyén (x,y) théda man 4x* +8xy +3y? +2x+y+2=0.

2) Cho hai s8 nguyén dudng a,b thda man 3a’ +a=4b? —b. Chiing minh ring a+b |3 mdt s6 chinh
phudng.

Li giai

1) Dy rang 4x” +8xy + 3y’ = (2x+ y)(Zx + 3y), ta thay phudng trinh da cho cé thé dudc viét lai
thanh (2x+y)(2x+3y +1)=-2.

TU day, ta cé céc trudng hop sau cé thé xay ra:
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e Trudng hgp 1:2x+y=1,2x+3y+1=-2. Giai hé phudng trinh nay, ta dudc x== va y =-2,

N | W

loai vi khong thoa man x e Z.
e Truong hdp 2: 2x+y =-1,2x+3y +1=2. Gidi hé nay, ta dugc x=-1,y =1.

e Trudng hgp 3: 2x+y =-2,2x+ 3y +1=1. Giadi hé phudng trinh nay, ta dudc x = —% vay=1,
loai vi khong thoa man x e Z.
e Trudng hgp 4: 2x+y =2,2x+3y+1=-1. Gidi hé nay, ta dugc x =2,y =-2. VAy cd tat ca hai
c3p sb (x,y) thda man yéu cau la (—1,1) va (2,—2).
2) Gia thiét d3 cho cé thé dudc viét lai thanh 3(a2 —b2)+a +b=b?
Hay (a+b)(3a-3b+1)=b".#(1)
Gid sif a+b va 3a—3b+1 khéng nguyén t6 cuing nhau, goi d 1a udc nguyén té chung cla chdng. Khi
dé, tur dang thuc trén, ta suy ra b chia hét cho p. Ma a+b chia hét cho p nén ta cling cé a chia hét
cho p.Laicd 3a—3b+1 chia hét cho p nén 1 chia hét cho p, mau thuan.
Véy (a+b,3a-3b+1)=1.
Két hop vdi (1), ta suy ra a+b la s6 chinh phuong.

Cau lll. (1,5 diém)
1) VGi x,y,z la céc s8 thuc thay ddi thda man xyz=1 va (xy + X+ 1)(yz+y +1)(zx+ zZ+ 1) =0,

1 1 1

+ + = 1.
xy+x+1 yz+y+1l zx+z+1

Chdng minh rang

2) V@i x,y,z la céc sé thuc dudng thay ddi va thda man diéu kién xyz >1, tim gid tri I6n nhat cla biéu
thuc
1 1 1

R + + .
\/xy+x+1 \/yz+y+1 x/zx+z+1

Lgi giai
1 1 1
+ +
xy+x+1 yz+y+1l zx+z+1

1)

B 1 N X N Xy
Xy +x+1 Xyz+xy+x X2yz+Xyz+Xy

1 X Xy

= + + =1
xy+x+1 1+xy+x x+1+xy

1 1 1

2) P= + + .
\/xy+x+1 \/yz+y+1 Jzx+z+1

B 1 N X N Xy
Xy +x+1 Xyz+xy+x Xxyz+Xyz+xy
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< 1 X Xy

< + + =1
xy+x+1 14+xy+x x+1+xy

Béy gid, st dung bat dang thic AM-GM, ta cé

R SN - 2@1(;%&(;%_
Jxy +x+1 \/3(xy+x+1) 2\ xy+x+1 3 2 (xy+x+1 3

Tudng tu, ta cling cé; —
Jyz+y+1 2
N SE T S S
AVzx+z+1 2 \zx+z+1 3 ’
Cdng céc bat dang thic trén lai theo V&, ta dugc
PSE ! + L + L +1 S\/g.
2 \xy+x+1 yz+y+1 zx+z+1

Mat khdc, dé thdy dau dang thidc xdy rakhi x=y=z=1 nén max P = J3.

IN

@(;g}

yz+y+1 3

IN

Cau IV. (3,0 diém) Cho tam gidc nhon ABC cén tai A, dudng cao BE va ndi ti€p dudng tron (O,R).

Ké dutng kinh BD cla dudng tron (O) Dudng thang BE c3t cdc dusng thang AD va AO 1an lugt

tai cdc diém | va H.
1) Chdng minh ring BH-Bl = 2R?.

2) Goi M 1a trung diém clia canh AB. L3y diém N thudc tia d6i cta tia OA sao cho ON :%R. Ching

minh rang t& gidc AMNC I3 t& gidc ndi tiép.

3) Goi K la trung diém cha canh BC . Chidng minh rang dudng thang KE di qua trung diém cla doan

thdng Ol.
Li gidi
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1) Tacé AB=AC nén AO L BC taitrung diém K cta BC . Tu d4 suy ra H Ia truc tdm cla tam gidc
ABC. Do d4, ta cé AHI = ACB = ADB nén td gidc HODI ndi tiép. TU ddy dé dang suy ra cdc tam gidc
BOH va BID déng dang (g—g), do d6 BH-BI=BO-BD = 2R’

2) Ké dudng kinh AL cla dudng tron (O) Ta cé OMBL I3 hinh thang vuéng va N |a trung diém cua

OL nén NM=NB=NC.Suyra NMB = NBM = NCA.

TU d6, ta cd ti gidc AMNC ndi tiép.

3) Goi J |a giao diém cla cdc dudng thdng KE va Ol. Goi T la diém d6i xiing véi | qua E, ta cé
ATE = AIE =BOH nén ATB = AOB,

suy ra t’ gidc AOTB nbi tiép. Tu day, ta cd OTH = OAB = HEK (do ABKE nbitiép). Suy ra OT //KE .

M3 E la trung diém clha IT nén J 13 trung diém cda Ol.

Cau V. (1,0 diém) Trén moét dudng tron cho 2018 diém phéan biét. An va Binh cung chai mét trd chaoi
nhu sau: Méi lugt chai, mét ban sé néi hai diém trong 2018 diém da cho dé dudc mét day cung sao
cho day cung vira dugc vé khdng cé diém chung vdi bat ky diy cung nao da vé trude dé. Hai ban luin
phién thuc hién lugt choi cha minh. Ban d4u tién khéng thé thuc hién dudc lugt chai cdia minh 13
ngudi thua cudc. Néu An |a ngudi di trudc, hay chi ra chién thudt chai dé An ludn la ngudi thang cudc.

Do khoang céch gilra cdc diém khdng quan trong, c6 thé coi 2018 diém da cho chia déu dudng tron.
Chién thuét cGa An nhu sau: V& mét dudng kinh d, nd chia dudng tron thanh hai nlfa bang nhau. Ké
tir ddy, méi ngudi chi dudc phép vé day cung néi hai diém trén cing mét trong hai nlra dudng tron.
CU khi Binh vé mét ddy cung, An chi can vé day ddi xiing cha né qua d. An ludn lam dudc nhu vay,
du Binh cé vé nhu thé nao. Trong khi dé, chi vé dudc mot s8 hiru han day, nén chac chan Binh 13
ngudi dau tién khdng vé dudc day nao nira.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2019 - 2020
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 3/6/2019

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1) Gidi phudng trinh (\/x 15— \/2)(1 X+ 5x) 5.

2 A2
2) Gidi hé phuong tiinh X *7 =4V + 4y
x? +3xy +2y? +x+y =0.

L&i giai
1) Diéu kién: x >0.Déy rang 5:(x+5)—x:(\/x+5 —\/;)(\/x+5 +\/;)
Va \/x+5—\/;>0,

Ta viét dudc phudng trinh da cho dudi dang l+\/x(x+5) = /x+5 +\/;,
hay (vVx+5-1)(vx-1)=0,

Do x+5 >+/5 >1 nén tir day, ta cé Ix =1 , hay x=1 (thda man). Vay phuang trinh da cho cé
nghiém duy nhat x=1.
2) Phudng trinh thd hai cha hé cé thé dugc viét lai thanh (x + y)(x+ 2y)+(x+ y) =0,

Hay (x+y)(x+2y+1)=0.

Tu day, tacd x =-y hoac x= —(2y +1).
e Trudng hgp 1: x = —y. Thay vao phudng trinh thf nhat cta hé, ta dugc 3y? +4y -7 =0, hay
(y—l)(3y+7) =0.Tudo, tacé y=1 (tuong Ung, x=-1) hoacy = —g (tuong Ung, x =g ).
e Truong hdp 2: x = —(2y + 1) . Thay vao phuong trinh th( nhat, ta dugc 8 =0 (vd ly).
AL . ~ . A . (77
Vay hé phuadng trinh da cho cé hai nghiém (x,y) la (—1,1) va 373
Cau Il (2,0 diém)
1) Cho biéu thic P = abc(a—l)(b+4)(c+6) véi a,b,c la cdc s6 nguyén thdéa man a+b+c=2019.
Ching minh rang P chia hét cho 6.
2) Tim t4t cd cdc sb tu nhién n dé biéu thdc Q=+n+2 +yn++n+2 13 sd nguyén.
L&i giai
1) Do a+b+c=2019 la sb |é& nén trong ba sé a,b,c, hodc ca ba sé déu |é hodc cé hai s& chdn va mot
s8 1é. Néu ca ba sé déu 1é thi ta c6 a—1 chia hét cho 2 nén P chia hét cho 2, con néu ¢ hai sé chan

va mdt sd 1é thi tich abc chia hét cho 2 nén P chia hét cho 2 . Trong c3 hai trudng hdp, ta déu cé P
chia hét cho 2.
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Tiép theo, ta sé chithg minh P chia hét cho 3. Thit vy, gid si P khéng chia hét cho 3 . Khi dé:
o a(a—l) khéng chia hét cho 3 ,suyra a chia3 du?2.

o b(b+4) khéng chia hétcho 3 ,suyra b chia3dul.
TU ddy, tasuyra c = 2019—(a+b) chia hét cho 3. Do dd P chia hét cho 3, mau thuan. M4u thuan
nhan dudc chiing té P phai chia hét cho 3.
TU (1) va (2) véichd y (2,3) =1,tasuyra P chiahétcho6.
2) D&thdy Q>1.Tacé Q—vn+2 =y n+vn+2 nén Q* —2QVn+2+n+2=n++n+2,
Hay Q* +2=(2Q+1)vVn+2.#(1)

\ ~ A 2, A \ A 2 ~ ~ ? - a 7, * N
Do Q la s6 nguyén I8n hdn 1 nén tu day ta suy ra v/n+2 la sé hitu ti. Bat vn+ :B vdi a,be N va

2
(a,b):l. Khi dd, ta cé n+2=%. Do n+2 nguyén nén ta cé a’ chia hét cho b*. Ma (a,b):l nén

b=1,suyravn+2 =a,tdc n+2 |a s6 nguyén dudng. K&t hdp véi (1), ta suy ra Q? +2 chia hét cho
2Q+1. Tu d3, ta cé 4(Q2+2)=(4Q2—1)+9=(2Q—1)(2Q+1)+9
chia hét cho 2Q +1, tdc 9 chia hét cho 2Q+1.Ma 2Q+1>3 néntacé 2Q0+1=9, hay Q=4.Thay

tré lai (1), ta dudc Vn+2 =2, suy ra n=2. Th lai, ta thdy thda man.
Vay cé duy nhat mot s6 tu nhién n thda manyéucaula n=2.

Cau lll. (2,0 diém) Cho biéu thiic K = ab + 4ac —4bc Véi a,b,c la cdc s thuc khédng 4m thay déi thda
man a+b+2c=1.
1) Chidng minh rang K > —%.

2) Tim gid tri I8n nhat cda biéu thic K.

2 2
a) SU dung bét ding thic AM-GM, ta c6 4bcsz(b+22‘:j gz(—""*b*zcj _

1
2 2

TU d6 suy ra K=ab+4ac—4bc > -4bc > —%.

D3ang thic xdy ra khi va chikhi a=0,b=2c va a+b+2c=1, tdc a:O,bz% vac=

N

b) S dung bat d3ng thdc AM-GM, ta cé

2
a(b+2c)£ ﬂ :l.
2 4

Tu dé suy ra K:ab+4ac—4bc£ab+4acS2ab+4ac=2a(b+2c)§

N |~
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D3u déing thic xdy ra khi va chi khi a=b+2c,a+b+2c=1bc=0 va ab=0, tdc a:%,b:O va c:%
. 1
. Vay maxP:E.

Cau IV. (3,0 diém) Cho tam gidc ABC cé ba g6c nhon (AB < AC), ndi ti€p dudng tron (O) Goi diém
| 13 tAm dudng tron ndi tiép tam gidc ABC. Tia Al cat doan thang BC tai diém J, c3t dudng tron
(O) tai diém thi hai M (M khdc A).

1) Chdng minh riing MI> =MJ-MA.

2) Ké dusng kinh MN cua dudng tron (O) Dusng thdng AN cat céc tia phan gidc trong clia gdéc
ABC va géc ACB lan lugt tai cdc diém P va Q. Chdng minh rang N la trung diém cla doan thang
PQ.

3) Lay diém E bat ky thudéc cung nhd MC clia dudng tron (O)(E khdc M ). Goi F la diém ddi xing
vGi diém | qua diém E. Goi R la giao diém cla hai dudng thang PC va QB. Ching minh rang bén
diém P,Q,R,F cung thubéc mét dusng tron.

L&i giai
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1) Do AM |3 phén gidc cha géc BAC nén M |a diém chinh gilta cia cung nho BC, tic MB=MC. Tu

day, ta thay hai tam gidc MBJ va MAB ¢6 BMA chung va MBC = BAM (hai géc ndi tiép chin hai

cung bang nhau cla dudng tron (O) ) nén déng dang vdi nhau (g-g). Tu d6, ta cé MB :ﬂ, hay

MA MB

MB? =MJ-MA (1)

Ta c6 MG - (AB -+ BA - 1 BAC + ABC va MBI - BC-+MBC - B + MAC - 1(BAC + ABC) (2)

Do d6 MIB = ﬁg’ suy ra tam gidac MBI cén tai M. Tu day, ta cé MI=MB.

TU (1) va (2), ta suy ra MI> =MJ-MA.

2) Do MN la dudng kinh cldia dudng tron (O) nén MA L AN. Ma AM la phéan gidc trong géc BAC cula

tam gidc ABC nén AN la phan gidc ngoai tai dinh A cla tam gidc ABC. Lai cé CQ la phén gidc

trong géc ACB cua tam gidc ABC nén Q Ia tdm dudng tron bang ti€p géc ACB cua tam gidc ABC.

TU d6 suy ra BQ la phan gidc ngoai tai dinh B cla tam gidac ABC. Ma BI. |a phan gidc trong géc

ABC cla tam gidac ABC nén BQ L BI.

T& gidgc AQBI ¢6 C\/)A\J = C\/)gl =90° nén la td gidc ndi tiép. Suy ra
@:@\:1800-@:@+:§Z=%(§&+@:).

Lai co BN/\Q = XI\E :A/CTB (cung chdn cung AB cla dudng tron (O) ) nén

687\1:180°—B/Q\f\1—§f\1\Q=180°—%(§A\C+KI-BE)—K-CTB=%(§AE+A/BE):B/(-QT\J.

Suy ra tam gidc BNQ cén tai N, tfc NB=NQ. Mat khdc, ta lai cé B/Q\NH@ =90° va

®+@ —90° nén NPB = NBP. Suy ra tam gidc BNP cling can tai N, tdc ta c6 NB=NP. Vay ta
c6 NP=NB=NQ, suy ra N |3 trung diém cuta doan PQ.

3) Do NB=NC ( N la diém chinh gilra cda cung I16n BC cda (O) ) va NB=NQ=NP nén

NC =NQ =NP, suy ra tam gidac PCQ vuoéng tai C . Tu d6, do CQ la phan gidc trong géc ACB cla
tam gidc ABC nén PC la phén gidc ngoai tai dinh C cla tam gidc ABC. Ta cé QB la phén gidc
ngoai tai dinh B,PC la phan gidc ngoai tai dinh C va AM la phan gidc trong géc BAC cla tam gidc
ABC nén ba dudng thang nay déng quy va diém déng quy la tAm dudng tron bang tiép géc BAC
cha tam gidc ABC.Ma QB cat PC tai R nén R thubéc AM va R 13 tdm dudng tron bang ti€p gdc
BAC cua tam giac ABC.

Theo chiing minh & cau a), ta cé tam gidac MBI can tai M. Ma I\@H\@ =90° va %H\TR\B =90°
nén MBR =MRB . Suy ra tam gidc MBR cén tai M. Tu d6, ta c6 MR =MB =MI, tdc M 1a trung diém
cla doan IR.

Tam gidc IRF c¢é M Ia trung diém cla doan IR,E |a trung diém cla doan IF nén ME |a dudng trung
binh (ng vdi canh RF cula tam gidc IRF . Suy ra ME//RF.
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B4y gi®, goi G |a giao diém th( hai cla Bl va dudng tron (O),D |a giao diém th hai cta Cl va
dudng tron (O) Ching minh tucng tu nhu trén, ta cling ¢ G 13 trung diém cuta doan IP,D Ia trung
diém cuta doan IQ va EG//FP,GD//PQ,DM//QR.

— e~~~

TU céc chdng minh trén, ta cé QRF + QPF = DME + DGE =180°.
Do dé PQRF Ia t& gidc ndi tiép.

Cau V. (1,0 diém) Mai diém trong mat phang dudc td bsi mdt trong hai mau xanh hodc do.
1) Chiing minh rang vdéi moi s6 thuc duong d, trong mat phang dé tén tai hai diém dudc td bdi cung
m&t mau va cé khoang céch bang d.
2) Goi tam gidc cé ba dinh dudc t6 bdi cing mét mau la tam gidc don s3c. Ching minh rang trong
mat ph3ng dé tén tai hai tam gidc don sic la tam gidc vudng va déng dang vdi nhau theo ti s6
k=t

2019

1) Xét tam gidc déu ABC cé canh d. Theo nguyén ly Dirichlet, trong ba diém A,B,C ¢ hai diém cung
mau. Gid sirdé la A va B. Khidd, A va B cé cung mau va khoang céch gilra ching la d.

2) Theo céu a), ton tai hai diém C va D cd cung mau va cé khodng cdch 1a 2019. Khdng mat tinh
téng qudt, gid si C va D cung cé mau dé. Dung luc gidc déu CEFDGH. Khi d8, néu mét trong céc
diém E,F,G,H c6 mbt diém dudgc td dd, gid sur la E thi CED |a tam gidc nifa déu cé ba dinh dudc t6
dd. Con néu E,F,G,H déu dudc td xanh thi tam gidc GFE |a tam gidc nira déu cé ba dinh dudc tbé
xanh. Nhu thé, trong moi trudng hgp déu tén tai tam gidc don sic la tam gidc nlra déu cé dd dai canh
huyén la 2019.

Ching minh tuong tu, ta cling thay tén tai tam gidc don sic la tam gidc nira déu cé dd dai canh
huyénlal.

TU hai két qua trén, ta suy ra ton tai hai tam gidc don sac la tam gidc nra déu (cling tdc la tam gidc

vudng) déng dang vdi nhau theo ti s6 k =————.
a) g dang 2019
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2019 - 2020
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 3/6/2019

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1) Gidi phuong trinh x? =1 =+/x+1.
2x* —3xy +y? +x—-y =0,

X2 +x+1=y%

2) Gidi hé phuadng trinh: {
L&i giai

1) Diéu kién: x> -1. Ta thdy x = -1 la mdt nghiém cla phudng trinh. Xét trudng hdp x > -1, khi dé
phuang trinh d3 cho cd thé dudng viét lai thanh /x +1(x—1) =1.

TU day, ta suy ra x > 1. Binh phudng hai vé& cla phugng trinh, ta dugc (x —1)° (x+1) =1,

hayx(x2 —x—1) =0.

Gidi phuadng trinh nay vdichiy x>1, ta dudc x = 1+2\/§ (thda man). Vay phuadng trinh da cho cé hai
N N \ 1+\/§
nghiémla x=-1 va x= >

2) Phuang trinh thi nhat cha hé cd thé dudc viét lai thanh (x - y)(2x —y)+(x —y) =0,
Hay (x—y)(Zx—y+l) =0.
Tuddé, tacd x=y hoacy=2x+1.
e Truong hdp 1: x =y. Thay vao phudng trinh th hai cia hé, ta dudc x+1=0, hay x=-1
(tusng Ung, y = -1).
e Trudng hdp 2: y = 2x +1. Thay vao phudng trinh thi hai ctia hé, ta dudc 3x* +3x =0, hay
3x(x+1) =0.Tudd, x=0 (tusng ung, y =1 ) hoac x=-1 (tusng Ung, y =-1).
Vay hé phuong trinh da cho cé hai nghiém (x,y) la (O,l) va (—1,—1).
Cau Il. (2,0 diém)
1) Cho biéu thic P = ab(a +b)+2 véi a,b 1a cic sé nguyén. Chiing minh rang néu gid tri cha biéu
thdc P chia hét cho 3 thi P chia hétcho 9.
2) Tim tat cd cdc s6 tu nhién x dé gid tri cla biéu thic P = x> + 3x? + x+ 3 13 Ily thira ciia mot s6
nguyén t6.
L&i giai
a) Gid st P chia hét cho 3 . Khi dé, dé thdy a va b déu khdéng chia hét cho 3. Ngoaira, a va —b
cling khéng dudc ¢ cung sé du khi chia cho 3. Tir d6 suy ra, hai s8 a,b cé cung s8 du khi chia cho 3
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. Tuy nhién, néu a va b clng chia 3 du 1 thi ab(a+b) chia 3 du 2, suy ra P khdéng chia hét cho 3,
mau thudn. VAy a va b cluing chia 3 du 2. TU day, ta cd
P=ab(a+b)+4
=(a-2)(b-2)(a+b)+2(a+b-2)(a+b)+2
=(a-2)(b-2)(a+b)+2(a+b-1)
chia hét cho 9. D4y chinh Ia két qua can chidng minh.
b) Thr truc tiép véi x=0,1,2, ta thdy cd ba trudng hdp déu thda man. Xét trusng hop x > 3, dat
x> +3x% +x+3=p" Véi p la s6 nguyén t8 va n 13 s6 nguyén dudng, khi dé ta cé
(x+3)(x2 +1):p“.
Suyra x> +1=p® vd x+3=p° véi a,beN. Do (x2 +1)—(x+3):(x+1)(x—2)>0 nén p* > p°, tdc
a>b.Tu dé suy ra p? chia hét cho p°, hay x*> +1 chia hét cho x+3.Ma
x*+1=x* —9+10:(x—3)(x+3)+10 nén 10 chia hét cho x+3. Laicd x+3>6 (do x >3) nén
x+3=10, tdc x =7. Th( lai, ta thdy khéng thda man.
Vay cé ba sé tu nhién x thoa man yéu ciu débaila x=0,x=1 va x=2.
Cau lll. (2,0 d@iém) Cho céc sb thuc duong a,b,c thay ddi va thdoa man ab+bc+ca+abc=4.
1 1
a+2 b+2 c+2
2) Tim gid tri I6n nhat cda biéu thdc
1 . 1 N 1 .
\/Z(az +b2) +4 \/Z(bz +c2) +4 \/Z(cz +a2) +4

1) Ching minh rang

P =

1) Bang céch s dung bién déi tusng dudng, ta cé
1 1 1 ab+bc+ca+abc-4

a+2+b+2+c+2_1__(a+2xb+2xc+a

2) Tacd Z(aerbz)z(a+b)2+(a—b)2 >(a+b)* nén 2(a2 +b2)+42(a+b)+4=(a+2)+(b+2).

Mat khdc, s&f dung bat dang thdc quen thudc 1 < %(£+1J véi moi x,y >0 (bat dang thdc nay
X+y Xy

dillea . 12 ‘ 1 11 1
tudgng ducng vdi (x—vy) ZO),taco (a+2)+(b+2)g4(a+2+b+2j'

Két hgp hai ddnh gid lai, ta thu dugc

1 1 1( 1 1 ]
= < + .
\/2(a2+b2)+4 (a+2)+(b+2) 4\a+2 b+2

Ching minh tuong tu, ta cling cé 1 £1( 1 + 1 J
\/2(b2+c2)+4 4\b+2 c+2
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ORI S S
2(c2+a2)+4 4\ c+2 a+?2

Cbng ba b4t d3ng thuc trén lai theo V&, ta dudc Pél ! + ! + ! =1.
2{a+2 b+2 c+2) 2

D4u dang thic xay ra khiva chikhi a=b=c=1.Viy max P :%.

Cau IV. (3,0 diém) Cho tam gidc ABC cé ba géc nhon (AB < AC), ndi tiép dudng tron (O) Hai
dudng cao BD va CE culatam gidc ABC cat nhau tai diém H . Budng tron (O) c3t dudng tron
dusng kinh AH tai diém thd hai F ( F khdc A ).

1) Ching minh rang tam gidc BEF déng dang véi tam gidc CDF.

2) Goi N 1a diém chinh gilta ciia cung nho BC cla dudng tron (O) Dudng thang FN c3t canh BC
tai diém K. Ching minh rang tia HK |3 tia phan gidc cGia géc BHC.

3) Hai tia phan gidc clia géc ABH va géc ACH c3t nhau tai diém |. Goi P |a giao diém cla doan
thdng ON va canh BC . Goi Q la trung diém cta doan thang AH. Chiing minh rang ba diém P,1,Q
thdng hang.

L&i giai

1) Taco Ka: = m: (cung chan cung AF cla dudng tron dusng kinh AH ). Ma B/E\F+KE\F =180°
va CDF + ADF =180° nén BEF = CDF.
Mat khdc, ta lai co F/éTE = EC\F (cung chadn cung AF cla dudng tron (O) ) nén tam giac BEF va tam

gidc CDF déng dang (g-9).
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2) Do ABEF&ACDF nén o= = 55 (1)
o))
Do N la diém chinh gilta cGia cung nhd BC cla dudng tron (O) nén FN la phan giadc cia géc BFC.
TU d6, theo tinh chat dudng phan gidc, ta cé LC] :% (2)
KC CF
Hai tam gidc BHE va CHD cé BEH = CDH =90° va BHE = CHD (d8i dinh) nén déng dang vdi nhau
BE BH

Tu dé —=—1(3

(9-9). dsuyra D" CH ( )

TU (1), (2) va (3),ta suy ra @:% Do dd, HK |a phan gidc cua géc BHC.

KC CH
3) Ta cé EBH =HCD (cung phu véi BAC ). Ma Bl la phén giadc clia géc EBH va Cl |la phén gidc cla
géc HCD nén EBI =IBD = ECl = tco—%@:%ﬁcﬁ
Do EBI=ECI nén td gidc EBCI nbi tiép. Lai cé IBD =ICD nén tu gidc EBCD ndi tiép. Nhu thé, ta cé
nam diém E,B,C,D,l cung ndm trén mét dudng tron. Ma Bl |a phan gidc clia géc EBD nén | 1a diém
chinh gilra clia cung nho DE cda dudng tron (EBCDI). Suy ra E thubc trung truc cta DE.

—

Tacd Q latrung diém clla AH va AEH = ADH =90° nén theo tinh chat dudng trung tuyén cla tam
gidc vubng,tacéd QE=QD = %AH .Suy ra Q thudc trung truc cta DE.
Ta cd N 1a trung diém cla cung nhd BC cla dudng tron (O) va P |a giao diém cha ON va BC nén

P I3 trung diém cta BC . M3t khdc, ta lai c6 BEC =BDC = 90° nén theo tinh chit dudng trung tuyén

cla tam gidc vuodng, ta cé PD =PE = %BC . TU d6 suy ra P thubc trung truc cta DE.

Tu (4), (5) va (6), ta suy ra ba diém P,l,Q thdng hang.

Cau V. (1,0 diém) Trén ban cé hai tdi keo: tui thd nhat cé 22 vién keo, tui thd hai cé 29 vién keo. An
va Binh cling chgi mét trdo chai nhu sau: Mai luct chai, mdt ban sé chon mdt tui keo va ldy it nhat mot
vién keo trong tui keo dé. Hai ban ludn phién thuc hién lugt choi cia minh. Ban dau tién khéng thé
thuc hién dudc lugt choi clia minh 13 ngudi thua cubéc. Néu An 1a ngudi 18y keo trudc, hay chi ra chién
thudt chai dé An ludn 1a ngudi thidng cudc.

An chi viéc bdc 7 vién keo tu tdi th hai. Ldc nay, hai tdi déu cé 22 vién keo. Sau d4 thi c hé Binh béc
bao nhiéu vién keo tir mét tudi, An sé bdc ding bay nhiéu vién keo tir tdi con lai. Nhu thé, sau mdi lan
An béc, s6 vién keo & hai tui sé nhu nhau. Do dd, néu Binh cdn béc dudce thi An sé con béc dudc, suy
ra An khdng thé thua. Ma trd chai chac chdn phai két thic, suy ra Binh phai thua. VAy véi chién thuét
chai d&i x(ing nhu vy, An sé thing.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2020 - 2021
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 18/7/2020

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phudng trinh x? +3x+5 = (x + 3)\/@

2. Cho hai sé thuc a,b,c théa man a+b—-2c=0 va 2ab—bc-ca=0. Ching minhrdng a=b=c.
L&i giai

1. Phudng trinh d5 cho ludn xac dinh véi moi x € R. Dt a=+x2 +5 (a> 0), khi dé phudng trinh c6
thé viét lai thanh a* + 3x = (x+3)a, hay (a—x)(a—3) =0.

Do a:M>\/x—2:‘x‘2x nén tir day, ta cé a=3 hay Vx* +5=3.

Tu d6, ta céd x =2 (thda man) hoac x =-2 (thda man).

Vay phuadng trinh da cho cé hai nghiém la x=2 va x=-2.

2. TU gid thiét thd nhat va thd hai, ta cé: 2ab = c(a +b) =2c?. Do dd ab=c?.

Suy ra: (a—c)(b—c):ab—c(a+b)+c2 =c?-2c?+c? :0(1).

Ma: (a—b)’ =(a+b)’ —4ab = (2c)’ - 4c* =0(2).

Tu (1) va (2),suyra: a=b=c.

Cau ll. (2,0 diém)
1. Chiing minh vdi moi s6 nguyén dudng n,s6 A=11"+7"-2" -1 chia hétcho 15.

2. Cho hai s nguyén dudng m va n théa man 11 _Mso. Chdng minh rang:

Jz.m, 23]

n mn
Li giai

1. V&i moi s6 nguyén a,b va sé tu nhién k ta cé: (ak —b") : (a—b).

Suy ra: a“ —b* = (a —b)M véi M 1a s8 nguyén.

Tacé: A= (11n —2“)+(7“ —1“) =9C+6D =3(3C+2D):3 vdi C,D 12 s6 nguyén.
Laicé: A= (11“ —1") +(7“ —2“) =10C+5D =5(2P+Q)i5 véi P,Q Ia s3 nguyén.
Suyra A:15.

2. V8i moi s6 nguyén a thi a? chia 11 du 0,1,3,4,5,9.

Ta cé: \/H—m> 0=11n*-m*>0.Néu 11n> - m? =1 thi m? ElO(mod 11), mau thuan.
n
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Suyra: 11n* >m’ + 2.
3(v11-3)

m

Bat dang thdc can chiing minh tusng dusng: v11n>m+ (1)

= 11n% >m? +6(\/H—3)+@(2).

+Néum=>3 thi VR, <m’ +6(\/11 —3)+(\/11 37 =m’+2 <11n’. B4t déng thic (2) ddng.

+ Néu m=1 thi (1):>\/Hn23\/ﬁ—8:>\/ﬁn+823\/ﬁ.Do 11n22m2+2:>n2\/§ nén (1)

ding.
+Néu m=2 thi (1) = 2v11n>3V11-5. Do 11n? 2m2+2:>n21/% nén (1) ddng.

Tém lai trong moi trudng hop ta cé diéu phai chiing minh.
Dang thuc xdy ra khiva chi khi m=3,n=1.

Cau lll. (2,0 diém)
1. Cho da thuc P(x) véi hé s6 thuc thda man P(l) =3 va P(3) =7 .Tim da thdc du trong phép chia
da thic P(x) cho da thic x> —4x + 3.

2. Véi a,b,c 1a cdc s6 thuc khéng dm thoa man a+b+c+abc =4, tim gid tri I6n nhat cta biéu thic:
P =ab+bc+ca.

1. Do x* —4x+3 cd bicla 2 nén s6 du phép chia P(x) cho x? —4x+3 cédula ax+b.
Pat P(x) =(x2 —4x+3)Q(x)+ax+b.
Ta cé: {P(l)_3 :{a+b:3 :{a=2.
P(3)=7 " [3a+b=7 " |b=1
Viy da thdc du can tim 1a 2x+1.
2. Ta chiing minh ab+bc+ca<a+b+c+abc. That vy bat ddng thic can chdng minh tusng ducng:
1-(a+b+c)-1*+(ab+bc+ca)-1-abc<1=(1-a)(1-b)(1-c)<1.

Khéng mat tinh téng quat gid sir a>b>c.
Tacéd: 4=a+b+c+abc>3c+c®> =c<1.Ngodira 4=a+b+c+abc<3a+a’=a>1.
Khi d6 (1-a)(1-c)<0.

e Néub<l=1-b>0.Khidé (1—a)(1—b)(1—c)£0<1.Ta cd diéu phai chiing minh.

e Né&u b>1, két hgp véi ¢ >0 va dp dung bat d3ng thiic AM—-GM, ta cé:

(l_a)(l_b)(l_c):(a_l)(b_l)(l—c)s(a—l)(b—l)g(aﬂz)—ZJZ S(a+b+c;abc—2j

Tuddésuyra: ab+bc+ca<a+b+c+abc=4.Doddé P<4.

2

=1
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Dang thuc xay ra khi va chikhi a=b=2,c=0 va cdc hodn vi.
VAy gid tri nhd nhat cda P 1a 4 dat dudc khi a=b=2,c=0 va cdc hodn vi.

Cau IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon va AB<AC. Goi (l) la dudng tron ndi tiép
tam gidc ABC va K la tdm dudng tron bang tiép trong géc A cla tam gidc ABC. Goi D,E,F 1an lugt
|a ch&n cdc dudng vudng gdc ké tir diém | dén cdc dusng thdng BC,CA,AB. Budng thdng AD cat
dudng tron (l) tai hai diém phan biét D va M. Dudng thing qua K song song vdi dudng thang AD
cat dusng thang BC tai N.

a) Ching minh rang tam gidc MFD dbéng dang vdi tam gidc BNK.

b) Goi P |a giao diém cta Bl va FD . Ching minh géc BMF bdng géc DMP.

c) Chiing minh dudng tron ngoai ti€p tam gidc MBC di qua trung diém cha doan thang KN.

L&i giai

K

a) Dé thdy D,E,F |3 cdc diém cla (l) véi céc canh BC,CA,AB do dé BD =BF, két hgp véi ID =IF suy
ra Bl |a trung truc ciia DF . Do d6 Bl 1. DF.

Ma BI,BK theo thi tu |a phan gidc trong va ngoai clia goc ABC nén Bl 1 BK, tir @6 BK//DF.

Chitng minh tuang tu, ta ciing cé6 CK//DE 1L Cl.

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 65



MathExpress Education | |www.mathexpress.vn

Tu BK//DF va KN//DM, ta suy ra: FDM = I\TK\B(l)

Mat khac ID L BC,IE L CA va IF L AB, suy ra: IDC =IEC =IEA =IFA =90°.
Do dé IDCE va IEAF |a céc td gidc ndi tiép.
Lai c6 IAIB,IC 1a ba dudng phan giac trong ctia AABC, ta cé:

FED = FEI+IED = FAAMEB_% LACB _ g0, ABC

2 2

Vi BK L Bl va t gidc DEMF néi tiép nén: FMD FED 90°—¥—@ CBl = @((2)

Tu (1) va (2), suy ra tam gidc MFD déng dang véi tam gidc BNK.
b) Theo ciu a) Bl la trung truc cia DF nén Bl vudng gdc véi DF tai trung diém P cla DF.
Goi G la giao diém th( hai cla BM va dudng tron (l) Dé thay hai tam gidc BMF va BFG déng dang

BM BF MF _BM_BM BF MF MF (MFY
vdi nhau nén — =—=——.Suy = . —= . = (3)
BF BG FG "BG BF BG FG FG FG
BM MD
Chu h tucng tu' t - | = 4).
ng min ng a cling cé: e (DGJ ( )
TU (3) va (4) suy ra: ﬂ:%
FG DG

Ké day cung GH cua (l) va song séng vdi DF thi td gidac FDHG la hinh thang céan.

FM _FM DM DM

Suy ra: FH=DG va FG=DH. Khi dé: = = = .
DH FG DG FH

Do d6: FM-FH :DM-DH(5).

x=MD-sinf\7li-l

Goi x,y la cdc khodng céch tir M dén HD,HF thi — .
y = MF. sin(180° - MFH) — MF - sinMDH

X V4
S X Y (g
uy ra: 5 = e e
S
Tu (5) va (6), suy ra: —H U1 _ MP-FH =1.Do dé MH di qua trung diém clta FD.
S..., y-HD MD-DH

— e~

Tdcla PeMH, do d6 BMF = GMF =DMH =DMP..
c) Goi Q la trung diém ctia KN. Theo ciu a) thi AMFD«ABNK ma MP,BQ |an lugt |3 trung tuyén cla
hai tam tdc nay nén ADMP« AKQB.

—

Két hgp véi cdu b), ta cé: BMF = DMP = KBQ bat a = BMF ta c6: BON=QKB+KBQ=QKB+«.
Tuong tu dat g = CME thi ta cling ¢6 CQN = QKC+,B

— -

Suy ra: BQC =BQN+CQN = QKB+ +QKC + 8=BKC +a + .
Do BK//DF,CK//DE va t& gidc DEMF ndi ti€p nén:
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B/KTZ=@:=180°—E/M\F=180°—(B/W:+B/M\C+C/WE)=180°—(lﬁA\C+a+ﬁ).

Suy ra BQC =BKC +a + 8 = 180°~BMC hay BQC +BMC =180°.
Do g4 t gidc BMQC ndi tiép, tdc la dudng tron ngoai tiép tam gidc BCM di qua trung diém Q cla
KN.

Cau V. (1,0 diém) Cho mbét badng 6 vudng kich thudc 6x7 (6 hang, 7 cdt) dudc tao bdi cic 6 vudng
kich thudc 1x1. Mdi 6 vubng kich thudec 1x1 dudc td6 bdi mot trong hai mau den hodc trdng sao cho
trong moi bang & vudng kich thudc 2x3 hodc 3x2, ¢ it nhat hai 6 vudng kich thudc 1x1 dugc td
mau den c6 chung canh. Goi m |a s6 6 vudng kich thudc 1x1 dudc té6 mau den trong bang.

a) Chi ra m6t cach to6 sao cho m=20.

b) Tim gid tri nhd nhat cdia m.

L&i gidi

a) Cach t6 mau thda man m=20.

b) Theo céch td cla bang, ta thay rang trong ba 6 vuéng nam & céc vi tri trong hai dang dudi day cé it
nhat mét 6 dudc té den.

Tiép theo, ta xét cdc 6 nam & vi tri nhu hinh dudi day (phan cé mau dé trong hinh).

A
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Ta sé chiing minh rang trong cdc & A,B,C,D cé it nhat hai 6 dugc td mau den. That vy, gid s trong
bén 6 nay chi cé t6i da mdt & dudc t6 mau den. Khi dd, theo nhin xét trén, ta cling thay rang trong
cdc 6 nay cd it nhat moét & mau den. Khdng mat tinh téng qudt, gid s & A dugc td mau den va b
B,C,D dugc tb trang.

Ldc nay bdng con 2x3 ch( céc 6 B,E,C,F,D khéng cé hai 6 t6 den nao nam canh nhau, m4u thuan.
Vay trong bén 6 A,B,C,D ¢4 it nhat hai 6 dudc td den. TU ddy, ta suy ra bat c bén & nao nam & vi tri
giéng véi bdn 6 A,B,C,D trong hinh vé trén déu cd it nhat hai 6 dudc t6 den.

Bay gid, ta chia bang 6 vudng da cho thanh cdc vung nhu hinh vé bén dudi.

TU céc két qua thu dudc, ta suy ra m>16. VSi m=16, ta thu dudc cédch td mau thdoa man sau:

VAy gid tri nhd nhat cda m 1a 16.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2020 - 2021
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 18/7/2020

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phugng trinh (x+2)\/x2 +1=x*+2x+1..

2. Ching minh rang ! + 1 ot ! =1- 1 .
214142 3V2+243 202142020 +202042021 2021

L&i giai

1. Phugng trinh &3 cho ludn xac dinh v8i moi x e R. Dat a =+/x* +1(a > 0), khi d6 phuong trinh cd thé

viét lai thanh a% +2x = (x + 2)a, hay (a —x)(a —2) =0.

Do a:\/x2+l>\/x_2:‘x‘2x nén ti day, tacé a=2 hay Vx°* +1=2.

TU d6, tacéd x = \/§ (thda man) hoac x :—\/5 (thda man).

Vay phuadng trinh da cho cé hai nghiém la x = \/5 va X = —\/5.
2. Goi A la vé trdi cla d3ng thdc can chdng minh. Chid y rang véi moi n nguyén duong, ta cé

1 1 n+l-vn 11

(n+l)\/;+n\/n+l ) \/n(n+1)(M+\/;) \/n(n+l) “Jn et

SU dung két qua nay, ta dudc
Aety 1 1t & Gt 1 4,1t
ViV2 V2 3 V2020 V2021 Y2021
DAy chinh 13 két qua can ching minh.
Cau Il. (2,0 diém)
1. Chdng minh rang vdi moi s6 nguyén dudng n, s6 A=59"-17"-9" +2" chia hét cho 35.

2. Tim t4t ca cdc cdp s6 nguyén (x,y) théa man x’y -3y —4x-1=0.

L&i giai

1. Chd y rang véi moi s8 nguyén a,b phan biét va véi moi s6 tu nhién k thi a* —b* chia hét cho a—b.
Tu g4y, ta cé A = (59” —9“)—(17” —2“) chia hét cho 5 wvi 59" —9" chia hét cho 59—9 =50 I3 boi clia 5
va 17" —2" chia hétcho 17 -2 =15 cling la bdi cha 5. (1) Ngoai ra, ta cling ¢

A= (59n —17”)—(9” —2”) chia hét cho 7 vi 59" —17" chia hét cho 59-17 =35 |a mét bdi cha 7 va

9" -2" chiahétcho 9-2=7.

TU (1) va (2) v8ichdy (5,7)=1,tasuyra A chia hétcho 5.7 =35.

2. Phuong trinh da cho ¢ thé dudc viét lai thanh y(x2 —3) =4x+1.

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 69



MathExpress Education | |www.mathexpress.vn

R& rang x> —3 =0 vdi moi x nguyén. Do d8, tif phudng trinh trén, ta suy ra 4x+1 chia hét cho x -3
.Tu dé (4x+1)(4x—1)—16(x2 —3) =47 chia hétcho x* —3.Vi47 la sé nguyén t8 va x* —3> -3 nén
x*-3e {—1,1,47} . Dén day, bang céch xét tung trudng hap cu thé, ta tim dudc x =2 (tudng Ung,
y=9),hoac x=-2 (tueng ung, y=-7).

Vay cé hai cdp s6 nguyén (x,y) thda man yéu cau la (2,9) va (—2,—7).

Cau Ill. (2,0 diém)

1. Tim t4t ca céc sb thuc a,b,c thda man déng thdi cdc diéu kién a® +b” +c? =38, a+b=8 va
b+c>7
2. Cho ba s& thuc khéng am diéu kién a,b,c thda man a? +b? +c? = 2(ab+bc+ca). Ching minh rang

a+b+c>332abc.

a) TU gid thiét thi nhat, ta cé b? <38 <49. Do d4 b < 7. Tu day, két hap vdi céc gia thiét thi hai va
thi ba,tacé a=8-b vac>7-b>0.Do dé 38=a”+b*+c? >(8—b)? +b? +(7 —b)?, hay

3(b—5) <O0.

Vi 3(b—5)? >0 nén dau dang thic trong cdc ddnh gid phai xay ra, ticta cé b=5a=3 va c=2. Vay
cd duy nhat mét bd sé (a,b,c) thda man yéu cau la (3,5,2).

b) Bai todn nay cd hai cach gidi nhu sau.

Cach 1. Khdng mét tinh tdng quét, gia sir a > b > c. TU gia thiét, ta cé (a+b—c)? = 4ab. Tu dé, véi chd
ya+b-c>0,tacé a+b—c=2\/£.

TU day, st dung bat ddng thiic AM-GM, ta ¢é

a+b+c:(a+b—c)+2c:2\/5+2c:x/£+x/£+2c23\3/2abc.

DAy chinh 1a két qua cin chiing minh. Dau d3ng thdc xay ra khi va chikhi b=c 22 hodcc=a 23

hoac a=b=£.
4

Céch 2. Tr gia thiét, ta c6 (a+b+c)’ = 4(ab+bc+ca). Dit a+b+c=6x véi x>0 thi ta c6
ab+bc+ca=9x%,suyra bc:9x2—a(b+c):9x2—a(6x—a):(3x—a)2.

Vi (b+c)* > 4bc nén (6x—a)” > 4(3x—a)*. Suy ra 3a(a—4x)sO.Tij dé 0 <a<4x.Ching minh tudng
tu, ta cling c6 0<a,b,c<4x. Do dé (a—4x)(b—4x)(c—4x) <0.

TU d6 suy ra
abc < 4x(ab +bc+ ca)—16x2 (a+b+c)+64x3 =4x-9x%* —16x% -6x+64x> =4x°.
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TU day, ta cé 332abc <338x° =6x =a+b+c. DAy chinh 13 két qua can chiing minh. D3u d3ng thic

xay ra khi va chi khi b=c=2 hoac c=a=E hoac a=b=S
4 4 4

Cau IV. (3,0 diém) Cho tam gidc ABC cé ba géc nhon, AB < AC va ba dusng cao AD, BE,CF clung
di qua diém H(D eBC,EcCAF e B). Goi (S) la dudng tron ngoai tiép tam gidc DEF.

1. Chiing minh rang dudng tron (S) di qua trung diém cla doan AH.

2. Goi M va N 1an lugt la giao diém cla dudng tron (S) véi cdc doan thang BH va CH. Tiép tuyén
tai diém D cla dudng tron (S) c3t dudng thang MN tai diém T . Chdng minh rang dudng thdng HT

song song vdéi dudng thang EF.

3. Goi P la giao diém cla hai dudng thang BH va DF,Q |a giao diém cla hai dudng thang CH va
DE . Ching minh rang ba diém T,P,Q th3ng hang.

L&i gidi

G

-

X B D C

1. Goi R 1a trung diém clia AH thi theo tinh chat trung tuyén Ung véi canh huyén, ta cé
RA =RF = % T HDC =HEC =90°, ta suy ra t( gidc CDHE ndi tiép. Tudng tu, ta cling c6 céc td

gidc AEHF va BFHD néi tiép. Tir dy, véi chd y DCH = HAF =90°— BAC,

ta c6 DEF = DEH +HEF = DCH + HAF = 2RAF = DRF.

Suy ra t gidc DERF ndi ti€p hay dudng tron (S) di qua trung diém cla AH.

2. Ching minh tudng tu nhu cau a), ta cling cé dudng tron (S) di qua trung diém cta HB va HC . Do
dé M,N theo th( tu 1a trung diém cla HB va HC . Ap dung tinh chat dudng trung binh, ta cé MN
song song véi BC va MN di qua trung diém cdia HD, ma BC L HD nén MN LHD. Tu d6 MN |a
trung truc ctia HD.
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VI T thudc MN nén TH =TD. Suy ra hai tam gidc THM va TDM bang nhau theo trudng hgp c-c-c.
Do d6 THM = TDM.
Mat khdc, vi TD tiép xuc véi (S) nén TDM = DEM = DCH = HAF = HEF (2)

Tu (1) va (2),tasuyra THM = HEF . M3 hai gdc nay & vi tri déng vi nén TH//EF.
3. Goi G,X theo thu tu la giao diém cda EF,HT véi BC. Qua H ké dudng thang song song vdéi BC
cat EF va PQ theothdtutai K va L.
Trudc tién, dé thdy HD,HE,HF |a cdc phan gidc trong cGa tam gidc DEF va DG vi vubéng géc véi HD
nén |13 phan gidc ngoai ctia tam gidc DEF. Ap dung tinh chat phan gidc, ta ¢é

PD GF QE ED DF FE

PF GE QD EF DE FD

Do dd, theo dinh ly Menelaus, ta c¢é ba diém P,Q,G thang hang.
Ciing theo tinh chat phan gidc, ta cé HE :% BE .Suyra EH_PH (3)
HP DP BP EB PB
Ap dung dinh ly Thales, ta cé ﬁ:ﬁ (4) va — HL _PH (5)
BG EB BG PB

TU (3), (4) va (5), ta suy ra HK =HL . M3t khéc, chd y rang HKGX 1a hinh binh hanh vi ¢é céc cdp canh
doi song song vdi nhau nén HK = XG. Suy ra HL = XG. Do d4, t gidc HLXG cling la hinh binh hanh.
Suy ra GL di qua trung diém cta HX.

Bay gid, tu tam gidc HDX vudng tai D va vidiém T nam trén HX ma TH=TD (chdng minh trén)
nén T latrung diém cha HX. Suy ra PQ di qua trung diém T cha HX. Ta cé diéu phai chiing minh.
Cau V. (1,0 diém) Trén ban c6 6 hdp keo, mbi hdp cé 5 vién keo. An va Binh clng chgi mét tro chai
nhu sau: Mai lugt chai, An sé chon mdt hdp tly y va I8y it nhat mét vién keo 3 hép dé; con Binh thi
chon mét s hdp va trong cdc hdp da chon, mdi hdp 1ay ding mot vién keo. Hai ban luan phién thuc
hién lugt chai cha minh. Ban d4u tién khéng thé thuc hién dudc lugt chai clia minh la ngudi thua cudc.
Né&u An la ngudi 18y keo trudc, hay chi ra chién thuét chai dé Binh 1a ngudi thdng cudc.

Binh sé thuc hién chién thu4t sau: Trong bén lugt chai dau tién, vao méi luct chai, Binh sé chon tat ca
cdc hdp ¢ sb lugng bi nhiéu nhat rdi 1y tir moi hdp dé mébt vién bi.

Ta c6 nhan xét quan trong sau.

Nhan xét. Sau k(O <k< 4) lugt chai cta ca An 1an Binh, hép bi cé nhiéu bi nhat cé 5k vién bi. Han
nda, cé 1 nhat 6 -k hdép cé 5—k vién bi.

Chdng minh. Ta sé chiing minh bang quy nap theo k. Trudng hdp k=0 |a hién nhién.

Gid sif ménh dé da ding t8i k=t (0 <t < 4), ta chiing minh né cling dung véi k=t+1. Goi s la s6
hép cé 5t vién bi sau t lugt cla ca hai (s > 6—t) . Ta th@y cdc hop con lai da cd khdng qud 4 —t
vién bi nén sau lugt th t+1 clda Binh, cdc hép nay van cé khéng qué 4 —t vién bi.

Trong s hdp cé 5—t vién bi, An chi dugc chon t6i da 1 hdp. Néu hdp An chon |a mdt trong s hdp ndi
trén thi sau lugt cda Binh, vdi chién thudt nhu da néu, s—1 hdp con lai sé cé ding 4 —t vién bi. Con
néu hdp An chon khéng nam trong s hdp néi trén thi sau lugt cdia Binh, vdéi chién thudt nhu da néu,

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 72



MathExpress Education | @ | www.mathexpress.vn

cd s hdp sé cd ding 4 —t vién bi. Tir ddy suy ra, sé bi I6n nhat trong cdc hép la 4 —t, va cé it nhat
s—1>5-t hdp cd sbé vién bi nhu vay.

VAy ménh dé ciing ding vdi k =t+1. Ap dung nguyén ly quy nap, ta suy ra ménh dé ddng vdi moi k
thda 0<k<4.

Trd lai bai todn, ta thdy sau lugt thd 4 cla ca hai, chi con lai cdc hdp ¢6 1 vién bi (it nhat 2 hdp). Trong
lugt ti€p theo, An chi dudc chon 1 hép. Binh chi can chon céc hdp con lai la cé thé thing tro chai. Lai
gidi hoan tat.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2021 - 2022
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 14/6/2021

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phudng trinh x* +x+2-2vx+1 =0.
2. Cho ba sé thuc a,b va ¢ théa man ab+bc+ca=1.Chidng minh
a-b b-c c-a
+ +
1+c*> 1+a*> 1+b?

LGi giai
1. DKXD: x> -1.
V@i x > -1, phudng trinh da cho tudng dudng vdi:

:>x2+[(x+1)—2\/E+1}=0
:x2+(m—1)2 =0

x=0
=
Vx+1-1=0

= x =0 (TMBK)
Vay, phuong trinh ¢ nghiém duy nhat x = 0.
2. Ta cé: Vé trdi = a-b —+ b_¢ —+ &4 :
ab+bc+ca+c® ab+bc+ca+a” ab+bc+ca+b
a-b b-c c—a

(a+c)(b+c)+(b+a)(c+a)+(a+b)(c+b)
_ (a—b)(a+b)+(b—c)(b+c)+(c—a)(c+a)
(a+b)(b+c)(c+a)
a’-b*+b*-c? +c*-a*
(a+b)(b+c)(c+a)

=0=VE phai
Bai todan dudgc chidng minh.

Cau ll. (2,0 diém)

1. Tim t4t c3 cdp s6 nguyén (x,y) théa man x? +5xy +6y? +x+2y-2=0.
2. Ching minh vdi méi s& nguyén n, s& n*> +n+16 khong chia hét cho 49 .
L&i giai

1. Phudng trinh tuong duang vdi:
(x+2y)(x+3y)+x+2y—2:0:>(x+2y)(x+3y+1):2
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Vi x,y la cdc s6 nguyén, nén x+2y va x+3y+1 la cdc udc cla 2 . TU day ta cé bang gid tri sau:

X+2y x+3y+1 X y
1 2 1 0
2 1 6 -2
-1 -2 3 -2
-2 -1 -2 0

VAy, céc cap nghiém (x,y) théa man la (1,0);(—2;O);(G;—Z);(?,;_z),
2.Tacé n’* +n+16=(n+4)(n-3)+28.

Gid s&f n* +n+16 chia hét cho 49, suy ra N> +n+16 chia hétcho 7.
Khi a6, vi 28 chia hét cho 7 nén (n+4)(n-3) chia hét cho 7 =n+4 hodc n—3 chia hétcho 7.

Ma (n+4)—<n—3):7 nén ca n+4 va n—3 déu chia hétcho 7.
Khi @6 (n+4)(n—3) chia hét cho 49, dén dén (n+4)(n-3)+28 khéng chia hét cho 49 (v6 ly)

VAy n’ +n+16 khdng chia hét cho 49 .
Cau lll. (2,0 diém)
1. Cho sé thuc x khdc 0 thda man x+Z va x® déu |3 s8 hitu ti. Chitng minh x 1a s6 hiiu ti.

X
2. Cho cdc s6 thuc khéng 4m a,b va ¢ théaman a+b+c=5. Ching minh 2a+2ab+abc <18.

1. TU gid thiét, ta cé:

2
i) x2+2+i2:(x+zj -2eQ,va x2+2+i2>0.
X X X

ii) %e@:f—%e@.
% %

Mat khdc x3—%=(x—z](x2+2+i2) nén ti (1) Vva (ii) suy ra x—zeQ.
X X X X
Két hgp x+ge(@ suy ra 2x e Q, hay x € Q (dpcm).
X

3. Ap dung BBT AM-GM, ta cé:

2 2
2ab+abC=ab(2+c)ga_(b+24+C) _ a(7;a)

- 2
Do dé, 2a+2ab+abc <2a+ 8(743) )

a(7 —a)?

Ta can chdng minh: 2a+ <18.

Bién ddi tuong dudng, BT nay tuong duang véi (a—3)* (a—8) <0 (lubn ding,do 0<a<h).
D4u bang xdy ra khi a=3,b=2,c=0.
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Cau IV. (3,0 diém) Cho tam gidc ABC nhon ndi ti€p dudng tron (O) vdi géc BAC = 60° vi

AB < AC. Céc dusng thang BO,CO |an luct cat cdc doan thang AC,AB tai M,N. Goi F |a diém chinh
gilra ctia cung BC 14n.

1. Chiing minh nam diém A,N,O,M va F cung thuéc mét dudng tron.

2. Goi P,Q 1an lugt la cdc giao diém th( hai cta hai tia FN,FM véi dudng tron (O) Goi J la giao diém
cla dudng thdng BC va dudng thdng PQ. Chiing minh tia AJ |a tia phan gidc cla géc BAC.

3. Goi K la giao diém cla dudng thang OJ va dudng thang CF . Chiing minh AB vubng géc véi AK.
L&i giai

1. Do BAC =60° nén BOC =120°. Suy ra NAM +NOM = 60° +120° = 180°,
tir d6 t gisdc ANOM ndi tiép.

Mat khdc, trén ON 13y diém T sao cho BT =BN.

Ta thu dugc BTO = 180°~BTN = 180°—BNT = CMO.

Suyra 'FI?I) = @ TU d6 suy ra ATOB =AMOC (g.c.9)

Ta thu dugc BT =CM, hay BN =CM.

Lai c6 NBF =MCF , BF = CF nén ANBF = AMCF (c.g.c)

Suyra ANF = AMF nén t gidc ANMF ndi tiép.

Vay AN,O,M va F clng thudéc mét dudng tron.
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2. Tucaduatacéd m::,@:ZK-B\F.Suy ra NF=NB.
Tu d6 I\TfB\I::m:TB,ta thu dudc sd;\f\::sdé!\:’.
Tucng tu sd,/AT: :sdéa.

Suy ra lgj\B :%(sdé_!\:wsdéa) :%(sdéTD+sd,/AT:) = P/I\WB .
Suy ra B,P,N,J cung thuoc mét dusng tron.
Mat khéc, POB = sdBP = %(sdé-ls +sd(5) — PJB nén td gidc POJB nbi tiép.

Suy ra t& gidc BNOJ ndi tiép.
Ta thu dudgc BIJN = BON = 60° = !IA\C suy ra tu gidc ANJC ndi tiép.

Suyra m = J/CT\J =30° =%B/A\C.Véy AJ |a phén giac cla gAE

3. Goi L la tdm dudng tron ngoai tiép tam gidc AJC.
Ta cé JA/\C:30° nén L/EJ:60°:F/C\J, suy ra L nam trén CE.

1/\

Lai c6 LAAJ=900—§AU=900—A/&3.

Ta cé: L/IZJ:J/LE—IZJ\L:60°—6‘KA
=60°—CTC\A=60°—(900—A/EC)

= ABC—30°=90°— ACB.

Do d6 LAJ = LKJ. Suy ra t& gidc AKL nbi tiép.

Suy ra @:J/LE=60°.

Tu d6 B/A\K:B/ATJ+J7M\< =30°+60°=90° hay AB vubng géc vdéi AK.

Cau V. (1,0 diém) Cho A la mdttap con cé 100 phan tl cda tép hgp {1,2,3,---,178}.
1. Chiing minh A chda hai sé tu nhién lién tiép.
2. Chidng minh véi moi sé tu nhién n thudc tap hgp {2,3,4,---,22} , ton tai hai phan t& cia A c6 hiéu

bang n.

1. Phén hoach tép S ={1,2,3,---,178} thanh 89 tap con: {1,2},{3,4},--,{177,178} .

Vi A a3 tp con cd 100 phan tf cla tdp S, theo nguyén Ii Dirichlet phai tén tai 2 phan tf cda A nam

cung 1 tap con trong cach phén hoach & trén.

TU ddy suy ra A phai chifa hai s8 tu nhién lién tiép.

2. Tuong tuy tudng & ciu 1), ta tim cdch phan hoach tdp S thanh cdc tip con cé 2 phan t cé hiéu

bang n.

V4Gi 2n s nguyén duong lién tiép dau tién, ta cd thé chia thanh n tdp con théa man nhu sau:
{1,n+1},{2,n+2},---,{n;2n}.
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hS 7

Tuong tu, véi cdc bd 2n s6 nguyén dudng ké tiép, ta cling chia thanh n tdp con cd 2 phan tir va cé
hiéu 2 phan tlr bang n.
Ki hiéu [a] la s6 nguyén I18n nhat khéng vuct qud 1 sé thuc a bat ki, va {a} = a—[a].

Khi @6, tdp S ban dau cé it nhat {@

5 } bd 2n s6 nguyén dudng lién tiép, tr dé tao ra n. {@} tép
n

2n

con tu 2n.{127—8} s8 nguyén duong dau tién.
n

Tap S ldc nay con lai 178—2{@

s8 cubi cung.
2n

Ta xét 2 trudng hdp sau:

Trudng hop 1: Néu 178-2n.| — 178 =178-2n 178 _)1/8 <n=12n 1/8 <n
2n 2n | 2n 2n
Suy ra {@} S%. Dé thay diu bang khdng xay ra, nén {@} <%.
n n

Qv

Bay gid, gid s& A khéng chifa 2 phan tf nao cé hiéu bang n. Khi dé mbi tap con trong n- {1278}
n

trén cé t6i da 1 phan t&r thuéc A. Do d6, s8 phan tlir cia A tdi da la:

nt’8 . 178-2n {178} 178-n-22 2178 -n [ﬁ_{ﬁ}j
“2n 2n n n n
:89+n-{§}<89+22-1:100 (vo 1)
n 2
Trudng hdp 2: Néu 178—2n.{12£} >n hay 178—2n.{12£} =n+k, vdi k>0.
n n

Khi @6, cdc sé 8 cudi ta chia dugc thanh it nhat k tdp con cé 2 phan t cd hiéu bang n la:
{178,178 -n},{177,177 -n},---,{179-k 179~k —n} . S6 cdc 8 con lai nhiéu nhat 1a n+k -2k =n—k.

178

Mat khac, 178 -2n- {
2n

}>n dan dén {@}>% (ngudc lai TH1).
n

Tuong tu TH1, ta gid s A khdng chifa 2 phan td nao cd hiéu bang n. Khi dé6 méi tdp con trong
178
n.
2n

n- 178 +k+ (n—k)=n@ 89 +n=89+n-n- 89 <89+n—2
2n n n n 2
=89+ — <89+£—100 (v6 1)
2 2

}rk 3 trén c6 t6i da 1 phan tr thudc A. Do d4, sd phan tir cia A téi da la:

Vay, A phai chfa 2 phan t cé hiéu bang n, véi moi ne {2,3,4,---,22} (dpcm).
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2021 - 2022
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 14/6/2021

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phudng trinh V4 +2x—x* = x—-2.

3.9 _
2. Gidi hé phuong trinh x3 *2= 3y.
y® +2=3x
Li giai
1. Diéu kién xdc dinh 4+2x—-x*>>0.Do VT >0= VP >0= x> 2. Binh phuang hai v&, phuang trinh
tugng dudng Vi
442x—x>=(x-2)
= 4+2x—-x>=x>—4x+4
= 2x° —6x=0
= X =0 (loai) hodc x =3 (thod man)
2. LAy phuong trinh trén trir phucng trinh dudi thu dudc

(x—y)(x2 +xy+y2)=3(y—x)
= (x—y)[(x2 +xy+y2)+3] =0.
Dé th4y biéu thic trong ngodc vudéng vé nghiém. Do dé x =y. Thay vao phudng trinh (2), ta cé:
y’+2=3y=(y+2)ly-1f =0.
Tudé x=y=1 hodc x=y=-2. K&t ludn (x,y) = (1,1);(—2;—2).

Cau Il (2,0 diém)

1. Ching minh vdi méi s6 nguyén n, s6 n” + 3n+16 khéng chia hét cho 25 .
2. Tim t4t ca cdc s6 nguyén x va y théa man x* —xy —2y* +x+y—-5=0.
L&i giai

1. Dat A:n2+3n+16:(n2+3n—4)+20:(n+4)(n—1)+20

Gid s A chia hét cho 25=> A chia hét cho 5, ma 20 chia hét cho 5 = (n+4)(n-1):5=n+4:5
hodc n—1:5 (do 5 |a s6 nguyén t6)

Ma (n+4)-(n-1)=55

=>n+4:5van-15= (n+4)(n—1)§25. Ma A:25

= 20:25 (vb ly)

Véay A khéng chia hét cho 25.

2.Tacéd:
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X —xy—2y*+x+y-5=
:>(x+y)(x—2y)+(x+y)
:>(x+y)(x—2y+1):5
Ma x+y,x—2y+1€Z suy ra cac trudng hap.

0
=5

+ Trusng hdp 1: x+y=5x-2y+1=1=x+y=5x-2y=0 :>x=%;y=§ (loai)

+Trusng hdp 2: x+y=1x-2y+1=5=x+y=1x-2y =4 = x=2;y =—1 (thod man)

+ Trudng hgp 3: x+y:—l;x—2y+1:—5:>x+y:—1;x—2y:—6:>x=§;y=g (loai)
+Trudnghdp 4: x+y=-5x—-2y+1=-1=x+y=-5x-2y =-2 = x=-4;y =—1 (thod man)

Vay (xy)e{(2-1).(-4-1)}.

Cau lll. (2,0 diém)
1. Cho a,b va c la céc s6 thuc d6i mét khdc nhau. Ching minh

(a+b)(b+c) (b+c)(c+a) P (C+a)(a+b) =-1.

(a-b)(b—c) ' (b—c)(c-a)  (c-a)(ab)
a b C
Jir2bc it2ca Nit2ab
a’ +b?+c? =1. Tim gid tu I8n nhat cla biéu thdc P.
Li gidi
1. Ta ky hiéu chcf(a,b,c) = f(a,b,c)+ f(b,c,a)+f(c,a,b). Goi biéu thic bén vé trdila P. Ta c6

Y. dc-a)(atb)(brc) A
(a—b)(b—c)(c—a) B

Tacé A= Z(c—a)(a+b)(b+c) = Z[ac2 +b%c +bc? —azb—azc—abz}

cyc cyc

2. Cho biéu thic P = véi a,b va c la cdc sé thuc khdng 4m thod man

=a’b-a’c—ab’ +ac® + b*c—bc?
:ab(a—b)+bc(b—c)+ca(c—a)
:ab(a—b)—bc(a—b)+ca(c—a)—bc(c—a)

Ty 6 P:%— (a—b)(b—c)(a—c _

(@+b+c)?

2.Déy: 1+2bc=a’+b*+c*+2bc=a’+(b+c)* > >
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a < J2a _5

Do dé VT = < =
\/az+(b+C)2 cyca—i_b-i_C

Dang thic xdy ra khi a=b = i,c =0 va cac hoan vi.

N

Cau IV. (3,0 diém) Cho tam gidc nhon ABC nédi tiép dudng tron (O) va AB< AC. Goi | latdm dudng
tron ndi tiép tam gidc ABC. Dudng thdng Al cit dudng tron (O) tai diém th( hai M(M khdc A). Goi
D,E va F 1an lugt Ia cdc hinh chiéu cha diém | trén céc dusng thang BC,CA va AB.

1. Chidng minh tam gidc MBI la tam gidc can.

2. Budng tron ngoai ti€ép tam gidc AEF cat dudng tron (O) tai diém thd hai P (P khdc A). Chidng

minh P,M va D la ba diém thang hang.
3. Goi H 13 giao diém clha dudng thang IP va dudng thang EF. Ching minh HD song song véi AM.
Li giai

1. Ta cé:

M@::Z\BHEZ:%+%

781 - VB + 6T - ABC , BAC

Do d6, ta c6 MIB = MBI khi v chi khi AMIB can tai M.

2. Co: P/FTA :@ (cung chan cung PA cla (AEF) ) = PFB = PEC.
Xét tam gidc PBF va tam giac PCE cé:

PBF = PCE (cung chan cung PA cla dudng tron (O)
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P/FTB = P/E\C (cmt)
PF PB BF

\Vay APBF « APCE 1) v FPB = EPC
y (9.9) = PE-PC-CE (1)

= FPB+FPC =EPC+FPC = BPC = FPE
Xét tam gidc PFE va tam giac PBC :

Fre —gpC , PF _PB
"PE PC

Vay APFE«» APBC (c.g.c).
Vi | 13 tAm dudng tron ndi tiép tam gidc ABC va D,E,F I3 hinh chiéu cta | 1én BC,CA,AB nén
BD =BF;AF = AE;CE =CD.

DB BF PB

Do d4, ta c6: — =—=— (do (1))
DC CE PC

Theo dinh Ii vé dudng phan gidc ddo = PD la phan gidc géc BPC (2).
Do AM I3 phén gidc géc BAC nén M la trung diém cung BC nhd.

— MB =MC = PM I3 phan gidc géc BPC (3).

TUf (2) va (3)= P,M,D Ia 3 diém thing hang.

3. VI E,F Ia hinh chiéu cta | 1én CA,AB nén la:la =90° = A,F,E,l cung thuoc dudng tron dudng
kinh Al do d6 | thubc (AEF).
VI IE =IF nén | |atrung diém cung EF cla (AEF):> Pl 1a phan gidc géc FPE.
1 W

, ., . ., HPF = =.FPE = =.BPC = DPB
Xét tam gidc PFH va tam gidc PBD: 2 2
PFH =PBD
PH PF( )
PD PB
Xét tam gidc PFl va tam giac PBM :

PIF = PEF = PCB = PMB

Vay APFH« APBD (g.9) =

PFI = PFE +IFE = PBC+2FPE PBC+ZBPC PBC +MBC =PBM

Pl PF
Vay APFl« APBM =— (**
ay (9.9) = M. PB (**).
R . Pl PH L ,
Tu (*) va (**) = — =—=DH//IM (theo dinh Ii Thales d3o0).
PM  PD

Vay DH// AM.

Cau V. (1,0 diém) Trén ban cé n vién keo. Hai ban An va Binh cung choi mot tro chdi nhu sau: Hai
ban luan phién 18y keo trén ban, mdi |an chi dudc 1y 1,2,3,4 hodc 5 vién keo va phai 18y s6 vién keo
khdc vdi sé vién keo cla ban con lai vira 1dy ngay trudc dé. Ban dau tién khéng thé thuc hién ducc
lugt chai clia minh 1a ngudi thua cudc. Néu An la ngudi 14y keo trudc,
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1. Vi n=7, hay chi ra chién thuit chai cda Binh khién An la ngudi thua cubc.
2. V8i n =22, hay chi ra chién thuit chai cia An khién Binh la ngudi thua cubc.

1. Goi s6 keo An bdc 1an dau la x e {1;2;3;4;5}

e Trudng hgp 1: Néu 2<x<5.
Dé thdy x#7 —x;2 <7 —x <5 nén Binh chi can béc 7 —x vién keo, thi sé hét s6 keo trén ban, ddn dén
An thua 8 luct tiép theo.

e Truosng hdp 2: x=1
Khi nay Binh sé béc 3 vién keo, s8 keo trén ban con 3 vién.
Khi d6, An khéng thé béc dudc 3 vién, chi bdc dudc 1 (hodc 2) vién keo; Binh lugt tiép theo sé bdc
ngudc lai clia An: 2 (hoac 1) vién keo dé trén ban khdng con vién nao nira. Va An sé thua & luct tiép
theo.
2. Lugt dau tién, An béc 3 vién, sb keo con lai trén ban 13 19 vién. Dén lugt Binh, goi s8 keo Binh bdc
laye {1; 2; 4;5} (y khdc 3 vi An d3 boc 3 vién 1an trudc réi). An sé bdc s6 vién keo |a
6-ye {1;2;4;5}(6 —y # y), dé ddm bdo sb keo trén ban con 13 vién. Ludt tiép theo clia Binh, goi sé
keo binh bécla z e {1;2;3;4;5}

e Truonghdp l: ze {1;2;4;5}
Ansébbéc 6-z¢ {1;2;4;5}(6 —z# z), dé trén ban con 7 vién keo. Ta dua vé bai todn tuong tu phan a,

dé chira dudc cdch dé An thing, Binh thua.

e Truong hdp 2: z=3.
An sé bdc 5 vién keo, dé trén ban con ding 5 vién.
Tdi ldc nay, Binh khéng thé béc dudc 5 vién nira, chi cé thé béc 1,2,3 hodc 4 vién;
Dé th4y, téng s6 keo ban nay 1a 5 (1a s8 1&), nén sb vién Binh b8c va sb vién con lai sau d6 ludn khdc
nhau. Nén An sé béc hét s6 vién con lai trén ban va Binh sé trd thanh ngudi thua cudc vao lugt tiép
theo.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2022 - 2023
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 12/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phudng trinh x> —4x+2+/2x-1+1=0.
2. Cho céc s6 thuc a,b va c thda man diéu kién ab+bc+ca=1. Tinh gid tri cda biéu thic
a b C 2

= + + )
1+a’> 1+b?> 1+c®> a+b+c-abc

L&i giai

1. BKXD: x 2%

Phuong trinh dé cho tuong ducng:
x2—2x+1:(2x—1)—ZM+1
= (x—1)? = (2x -1 1)
THL: x-1=v2x-1-1=x=+2x-1

2 _ oy _12 =
L= 2x=l =0T =0 9 (théa man BKXD)
x>0 x>0

TH2: x-1=1-+42x-1=2-x=+/2x-1
— 2 = — 2— =
L J@exT=2ax=l ) -8x45=0 L théa man BKXD)
2-x>0 xX<2
Vay phuong trinh cé nghiém duy nhat x=1
2. T gié thiét, ta bién d6i: —— = 2 oo ab+ac
l+a° ab+bc+ca+a (a+b)(b+c)(c+a)

. b bc +ba . c ca+cb
Tudng t'ta co: 1+b” _(a+b)(b+c)(c+a)’1+c2 _(a+b)(b+c)(c+a)'
2(ab+bc+ca) 2

=F= (a+b)(b+c)(c+a)_a+b+c—abc

Ma ab+bc+ca=1
(a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc:a+b+c—abc

=P=0

Vay P=0

Cau ll. (2,0 diém)

1. Ching minh néu n 1a s tu nhién 1& thi 3™ —7 chia hét cho 20.

2. Tim t4t ca c3p s6 nguyén dudng (x,y) sao cho y(x2 + X+ 1) = (x+ 1)(y2 - 1).
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Lai giai
1. Vi n 13 s8 tu nhién 18, d3t n =2k + 1(k c N)

—S=3"1_7_3%3_7_81.27_7
Nhan thay, 81 = 1(mod 20) —S=127-7=27-7= o(mod 20)

Hay S chia hét cho 20 (diéu phai chitng minh).
2.Céch 1
Phuadng trinh tuong dudng vdi:

yx2+yx+y:xy2+y2—x—l:xy(x—y)+y(x—y):—(x+y+1)
:>y(x+1)(x+1—y—1):—(x+1+y)

Pat a=x+1,a>2. phudng trinh tuosng dudng vdi ay(y+1—a):a+y.
Viay>0vaa+y>0nény+1-a>0.Suyray+1-a>1.Talaicé (a—l)(y—l)zl hay

aty

ay>a+y-1> (do a+y23). Do d4, néu y+1-a>2 thi ay(y+1—a)>a+y, VO ly.

Do dd, y+1—-a=1 hay y =a.Khi dd, tir phudng trinh trén, ta cling tim ra dugc la a*> =2a hay a=2.
Nhu vay, (x,y):(l,Z).

Céch 2: Ta bién déi phuong trinh dugc:

ey = (1) -y -1)f1)

Do x,y >0y*-y—-1>0

Goi d:(xz,x+1)eN*:>d‘x+1,x2:>d‘x2—1:>d|1:>d:1

Goi e=(y,y2—y—1)eN*:>1|e:>e:1

TU (1):>x2y:x+1,mé (x+1,x2):1:>y:x+1(2)

Lai tu (1):>(y2—y—1)(x+1)5y, ma (y,y2 —y—l):1:x+1iy(3)
Do x,y >0, két hagp (2),(3) => x+1=y

Thay vao (1), tacé: x* =y? —y—1=(x+1) —(x+1)—1
=>x=1=>y=2

Vay (xv)=(12)

Cau lll. (2,0 diém)

3 n3

1. Tim hai sé nguyén dusng m va n sao cho AL déu I3 cdc sé nguyén t6.
m-+n m-+n
2. V@i a,b va c la cédc s6 thuc khéng dm théa man diéu kién a+b +c = 3, tim gid tri I6n nhéat cda biéu
thiic P = ab + 2bc + 3ca - 3abc.
Lai giai
m’ n’ m® +n’

1. bat =p, =qg.Khidé, tacd p+qg=
m+n m+n m+n

=m?-—mn+n°.
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Vi m? :p(m+n) nén p!m?® hay p/m. Do d6, ta suy ra p° |p(m+n) hay p?Im+n hay pln. Do d4, ta

suy ra p‘mz—mn+n2 :p‘p+q:>p|q:p:q
2
Vip=q néntasuyram=n.Khidd,tacd p=q :%. Khi d4, ta dé dang chira p,q chila sé nguyén
tdkhim=2.Vdy m=n=2.
2.Tacéd P:ab+2bc+3ca—3abc£2b(a+c)+3ca(1—b).

2
e N&Ub>1 th P£2b(a+c)gng
2 2

3(a+c)2(1—b):2b(3_b)+3(3—b)2(1—b)
4 4

=_—1b(21—13b+3b2)+£sz.
4 4 4

e NEuO<b<1thitacd P£2b(a+c)+

Do dd,tasuyra P< z D4u bang xay ra khi (a,b,c) = EO§ .
4 2 2

Cau IV. (3,0 diém) Cho tam gidc ABC nhon véi AB < AC. DBugng tron (l) ndi tiép tam gidc ABC,
tiép xdc véi ba canh BC,CA va AB 1an lugt tai ba diém D,E va F.
1. Goi M |a giao diém cua hai dudng thang Al va DF . Chiing minh dudng thdng CM vuéng gdc véi
dudng thing Al.
2. Goi N la giao diém cla hai dudng thang Al va DE. Goi K |a trung diém cua doan thang BC .
Chung minh tam gidc KMN la tam gidc can.
3. Céc tiép tuyén tai M va N cla dudng tron (K;KM) cat nhau tai diém S. Chiing minh dugng thang
AS song song vdéi dudng thang ID.
L&i gidi

A

S
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1. Ta cé: @:@:90%%:@3

Do dé: IDMC |3t gidc nbi tiép suy ra: IMC = IDC = 90° hay CM L Al.
2. Goi H la hinh chiéu cta A 1én BC. Goi T latrung diém AC. Ta cé:
MTA =180°—2IAC = 180°— A = KTA suy ra: M,K, T thdng hang. Suy ra: KM// AB. Viy

— e~

KMD =DFB = FDB =KDM d&n dén: KD = KM . Ching minh tuong tu thi: KN =KD . Do dé:
KM =KN =KD.

A~

3. Ta c6: DMN :% (do IDMC nbi tiép), dé y rang: AHMC néi tiép dan dén: HMA = HCA do dé: MD
la phén giac géc HMN.

Tuong tu: ND |a phan gidc géc HNM dan dén: D |a tAm ndi ti€p tam gidc HMN. Tudng tu' y a) ta ¢
BNA = 90° din dén: ABHN ndi tiép suy ra: NHK :gz NMK d3n dén NHMK ndi tiép. Ta cé6 SNKM

1a t& gidc ndi ti€p. Do dd: S,H,N,K,M cung thudc 1 dudng tron. VAy ta cé: SHK = 90° do dé: S,H,A
thdng hang dan dén: AS//ID.

Cau V. (1,0 diém) Cho tdp hgp A gbm 70 sé nguyén dudng khéng vugt qud 90 . Goi B |a tdp hap
gbm cdc s6 cédang x+y Vi xe A va y e A ( x,y khdng nhat thiét phan biét).

1. Chidng minh 68 eB.

2. Ching minh B chira 91 sé nguyén lién tiép.

1. Vicé 70 sé nam trong doan [1,90] nén cé it nhat 40 sé khdng nam trong tap hop
{34;68;69;...;90} . Xét 40 s6 nay, theo nguyén Ii dirichlet, tén tai hai s6 x,y nam trong cung mét bd
thu6c mot trong céc bd sau (1,67);(2, 66);...;(33,35)

Khi dd,ta cé x+y =68 hay 68eB.

2. Thuc hién tudng tu cach a, ta ching minh dudc {43;...;133} — B. That vy, ta chiing minh céc s6
thubc tép nay thudc B.

e VGisd 43<t<90.Khidd, ta cé E} bd (x,y) ma 1<x,y <90 sao cho x+y =t.Khi dd, theo
nguyén If Dirichlet, véi t—21 s& nam trong tp tUr 1 dén t—1 thi ludn tén tai hai sé ndm trong
cung mot bd. Biéu nay ding vi t—21> {%} +1

(taldy t—21 s6tir 1 dén t—1 vi khdng xét dén 91—t sé tir t dén 90)

e V3is6 91<t<133 thikhidé ta cd {%}—(t—91) b6 (x,y) ma 1<x,y <90 saocho x+y=t.

Khi d4, trong 161 -t s6 tlr t —90 dén 90 thi theo nguyén Ii dirichlet, tén tai 2 s6 cung thudc

mét bd. Didu nay ding vi 161t > {%}—(t—91)+1 — 69> B}
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2022 - 2023
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 20/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Gidi phugng trinh x? —2x+2 = \/(xz +4)(x +1).

2.V4i a,b va c la céc s6 thuc duong théa man abc = 3, tinh gid tri cha biéu thic
1 1 1

P:az(b+c)+3-irbz(c+a)+3+c2(a+b)+3'

Lai giai
1. Diéu kién: x> —1. Phuong trinh da cho cd thé dugc viét lai thanh

(x2 +4)—2(x+1):\/(x2+4)(x+1) :(W—Zﬁ)(erM):O.

TU d6, ta cé Vx> +4 =2vx+1. Gidi phuong trinh nay véi chiy x> -1, ta dudc x =0 hodc x =4. Vay
phuadng trinh da cho cé hai nghiémla x=0 va x=4.
1 1 bc

2. Do abc=3 nén

az(b+c)+3 - az(b+c)+abc - a(ab+bc+ca) 4 3(ab+bc+ca)'
Ching minh tuong tu, ta cling cé
1 ca 1 ab

bz(c+a)+3 B 3(ab+bc+ca)’ cz(a+b)+3 2 3(ab+bc+ca)'

Do d6 P — ab+bc+ca :1
3(ab+bc+ca) 3

Cau ll. (2,0 diém)

1. Cho p 13 s8 nguyén t8 I6n hon 3. Chidng minh s8 A =22 -8 chia hét cho 21.
2. Tim t4t ca cdc s6 nguyén x va y thdaman x> —y® =2(x—y)* +17.

Lai giai

1. Vi p la s8 nguyén t8 18n hon 3 nén p 1é va p khéng chia hét cho 3.

Do p 1€ nén hién nhién 5° + p* I1a s8 chan.

Do p khéng chia hét cho 3 nén p chia 3 du 1 hodc 2, suy ra p* chia 3 du 1. M3t khic, do p 1é nén 5°
chia 3 du 2. T d4y, ta suy ra 5° + p* chia hét cho 3.

TU (1) va (2), véi chd y (2,3) =1,tacd 5° +p? chiahétcho 2-3=6.

2. Phudng trinh d3 cho c6 thé dugc viét lai thanh x® —5x? +2x+1 = y(x2 - 2). (1)

Do x? -2 #0 nén tir day, ta suy ra x> —5x* +2x+1 chia hét cho x* —2. Tu d6
x*=5x* +2x+1-(x* -2)(x-5) = 4x -9
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chia hét cho x* —2. Va nhu thé, ta 6 16(x” —2) - (4x+9)(4x—9) = 49 chia hét cho x* -2.

Vi x> —2>-2 néntrkét qua trén, tasuyra x> -2 e {—1,1,7,49}, hay x* € {1,3,9,51} .Do dé

X e {—1,1,—3,3}. Lan lugt thay cdc gid tri nay vao phuong trinh (1), ta tim dudc céc cap sé nguyén
(x,y) thoa man yéu ciu dé bai la (—1,7),(1,1) va (—3,—11).

Cau lll. (2,0 diém)

1. V3i a,b va c la cdc s6 thuc dudng théa man abc =2, chiing minh

a2+b2+c2—3(a+b—c)2—g.
4

2. Tim t4t ca céc s6 nguyén dudng a,b va ¢ sao cho cdc phudng trinh x* —2ax+b =0,
x? —2bx+c =0 va x? —2cx+a =0 déu cé nghiém la cdc s& nguyén dudng.

1. SUr dung bat dang thiic AM-GM, ta cé

a’+4>4a, b’ +4>4b, c2+%2c.

TU cdc bat ddng thic trén, ta suy ra a> >4a—4,b°> >4b—4 va c® > c—%. Do &6

a2+b2+c2—3(a+b—c)2a+b+4c—%23\3/4a c—i—3:—%

D4u dang thic xay ra khiva chikhi a=b=2 va c= %

2. Goi m 1a nghiém nguyén dudng clia phudng trinh x* —2ax+b =0. Khi d6, ta cé m* —2am+b =0,
hay (m—a)> =a’ —b. Suy ra a’ —b la s chinh phudng.

Ching minh tusng tu, ta cling cé b? —c va c¢? —a déu |a sé chinh phudng. Khong mét tinh téng qudt,
gid s a la sb 18n nhat trong céc sé a,b,c.

Néu a>1,thitacd a®—b<a’vaa’-b>a’-a=(a—-1)+a—-1>(a—1)° nén a’* —b khdng thé 1a s8
chinh phuang, méu thudn. Do d6, ta phdi cé a=1.Ma a,b,c |a cdc sé nguyén dusng va a la s6 18n
nhattrong ba sé naynén a=b=c=1.Th( lai, ta thdy véi a=b=c=1 thi cd ba phudng trinh déu cé
nghiém nguyén dusng x =1. VAy, ¢4 duy nhat mot bd s6 (a,b,c) thda man yéu cau la (1,1,1).

Cau IV. (3,0 diém) Cho tam gidc ABC vdi AB < AC, ndi ti€ép dudng tron (O) Ba dudng cao AD,BE

va CF clatam gidc ABC clung di qua diém H. Goi | va K 1an ludt |a trung diém cla cdc doan thang
EF va BC.

1. Chdng minh Al = i
AK HK
2. Chiing minh dudng thdng AH 1a tiép tuyén cla dudng tron ngoai tié€p tam gidc IHK.
3. Goi P la ch&n dudng vudng géc ké tir diém H dén dudng thang EF . Chdng minh dudng thang DP

song song vdi dudng thang Al.
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1. Do AD,BE,CF I3 dung cao clia tam gidc ABC nén BEC = BFC = 90°, din dén t gidc BFEC ndi
tiép. Suy ra AEF = ABC ,tU dé AAEF«» AABC (g-g). Lai cd I,K tucng Ung la trung diém cha EF va

BC nén AAEl»AABK(c—-g-c). T dé Al_E _EF
AK BK BC
Ta cling c6 HEF =HCB nén AHEF«» AHCB (g-g). Ma |,K tugng ung la trung diém EF va BC nén
AHFl» AHBK (c-g-c). TU dé HE_FL_EF
HK BK BC
Nhu vay, ta co Al :i.
AK HK

2. Goi N la giao diém cla hai dudng thang AD va EF. Do KE =KF =KB =KC nén Kl L EF.Ma
NDK = 90° nén t gidc DNIK nditiép. Suy ra ANI=DKI. Lai c6 AHFI«»AHBK nén HIN = HKD. Tir d6

— e~ o~

ANI—HIN =DKI-HKD, hay HKI = NHI. Do d6 AH I3 tiép tuyén cha dudng tron ngoai ti€p tam gidc

IHK .

3. Goi Q la diém déi xing vdéi diém A qua diém |. Do | 1a trung diém AQ va EF nén t gidc AEQF

la hinh binh hanh. Suy ra QE// AF va QF//AE, tu dé QE L HF va QF L HE, hayta cd Q la truc tam
cla tam gidc HEF.

Tacé AHEFmAHCB( g—g), ma Q,A 1an lugt la truc tdm clha hai tam gidc nén ta suy ra

HP HD .
AHEP < AHCD( g—g) va AHEQwAHCA( g—g). T dé ——— =~ din dén DP//Al.
(g-9) Q (g-9) HG = HA

Cau V. (1,0 diém)
Trén bang c6 hai s6 tu nhién m va n. An va Binh chgi mét tro chai nhu sau: Mai lugt chai, mét ban
chon mét trong hai s6 trén bang dé xda va viét |én bang mot s6 mdi |1a hiéu khdng 4m cla s6 vira xda
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véi mét udc s6 tu nhién bat ky cla sé vira xda. Hai ban ludn phién thuc hién lugt chai. Ban dau tién
khéng thé thuc hién dugc lugt choi cla minh 1a ngudi thua cubc, ngudi con lai 1a ngudi thang cubc.
Biét rang An la ngudi thuc hién lugt chai dau tién:

1. V8i m=2022 va n=2023, hay chi ra chién thuit chai cha An dé An la ngudi thang cudc.

2.V38i m=2022 va n=1981, hay chi ra chién thuit chai cia An dé An la ngudi thdng cudc.

L&i gidi

3 ca haiy, An sé déu chon s6 2022 dé xéa di va viét 18n bang s6 2022 -1 =2021 3 lugt dau tién cla
minh. Khi d4, sau lugt chai dau tién cta An, trén bang con lai hai s6 1. Ldc nay, dén lugt cda Binh thi
du Binh chai thé nao di chadng nira, sau lugt cla Binh, trén bang luén xuat hién mét sé chan va mot s6
1& (Binh ch3c ch3n sé& khdng thuc hién cdch choi dé s6 chdn trd vé bang 0, vi ldc d6 An sé cé thé dua
hai s8 trén bang tré vé bang 0, Binh sé khdng thé thuc hién lugt chai ti€p theo va thua cudc). Lic bay
gid, An cd thé chon s chdn xda di va viét 1én bang hiéu cla s6 dé vdi 1. Trén bang lai xuat hién hai
s8 1& va dén lugt cda Binh.

An cU tiép tuc thuc hién chién thudt nhu vdy. RS rang An ludn cd thé thuc hién lugt chai. Vi tro chdi
phai két thic nén dén mdt Idc nao dé, Binh khdng thé thuc hién lugt chdi, Binh thua cudc.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2023 - 2024
— - M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 12/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)

1. Giai phudng trinh /x—3 —\2x—7 = 2x - 8.

2. Cho a,b va c la cdc s6 thuc khac 0 thda man diéu kién a®> —c* =c,c> —b?> =b va b’ —a’ =a. Ching
minh (a —b)(b—c)(c — a) =1

Lai giai

1. Diéu kién xdc dinh x 2%.

SU dung nhén lién hagp, ta cé phudng trinh ban dau tuong duong vdi
X—3-2x+7

=2x-8
\/x—3 +\/2X—7
Chuyén V&, rit nhan tf chung ta dudc (x—4)(2+ L j= 0.
Vx=3+2x-7
Tacd Vvx—3=>20,v2x—7 >0 nén 2+ 1 >0 Vi moixzz,kéotheo x =4 (théa man
Ix—3+2x-7 2

diéu kién x3ac dinh).
Vay phuong trinh da cho cé nghiém duy nhat x=4.

2. Theo débaitacd a>—c*+c*—b*>=c+b va a,b,c20 nén a*-b*>=c+b.NEu a+b=0 thi a=-b.

A o ... , v Xy c+b
Tuy nhién khi d6 a=b? —a* =0 |a trdi gia thiét. Do d9d, ta phdicd a+b =0 dantdi a—b= .
a+
. . , CEha a+b
Hoan toan tusng tutacéd b—c = vac—-a=——.
b+c c+a

c+b c+a a+b
a+b b+c c+a

TU day ta suy ra (a—b)(b—c)(c—a) = 1.

Suy ra diéu phai chiing minh.

Cau ll. (2,0 diém)

1. Cho ba s6 nguyén a,b va c thda man a’ +b* +c® —2abc chia hét cho 6 . Chiing minh abc chia
hét cho 54.

2. Tim 4t ca c3p s6 nguyén duong (x,y) théa man x’y —x’y - 4x* +5xy —y* =0.

LY gidi

1. N&u ca ba s8 a,b,c déu Ié thi a®> +b? +c* —2abc sé |& va do dé a* + b? +c? —2abc khong chia hét
cho 6, trdi gid thiét.

Do d4, trong ba sé a,b,c phai cé it nhat mét s6 chan, nghia la abc chia hét cho 2.
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Néu abc khdng chia hét cho 3 tdc 1a trong 3 sé a,b,c khéng cé s8 nao chia hét cho 3, dan tdi
a’=b’=c’= 1(mod3).
Vi @ +b? + c? —2abc chia hét cho 3 nén —2abc ciing chia hét cho 3, vd Ii Vi a,b,c déu khong chia hét
cho 3. Do d4, ta phai cé abc chia hét cho 3. Tu day ta cé ngay a’ +b? +c? chia hét cho 3. Vi s8 chinh
phuong khi chia 3 thi du chi cé thé 13 0,1 ca 3 s6 a?,b?,c? phai chia hét cho 3 kéo theo a,b,c déu chia
hét cho 3. Khi dé abc chia hét cho 27.
Vi (27,2) =1 nén abc chia hétcho 27-2 =54 . Phép chldng minh hoan t4t.
2. Phuaong trinh d3 cho dudc viét lai thanh y? —(x3 —-x* + 5x)y+4x2 =0.
Coi phuong trinh trén |a phudng trinh bac hai an y, tinh biét thic
A:(x3 — X +5x)2 -16x* :xz(x2 —x+1)(x2 —x+9).
Diéu kién can dé phuang trinh ¢4 nghiém y nguyén la A 1a s6 chinh phuong.
Suy ra (x2 -x+ 1) (x2 —x+9) la s6 chinh phudng (do x nguyén dudng nén x* > O).
Vi x* —x+1 :x(x—1)+1 |3 s6 1é va néu goi d =gcd(x2 —x+1,x° —x+9) thi d I1é va
dl(x2 —x+9)—(x2 —x+1):8 nén ta phdicé d=1.
Suy ra x> —x+1,x* —x+9 déu la cic s6 chinh phuong.
Ma (x—1)> <x*—x+1<(x+1)° nén x* —x+1=x> vatimdudc x=1.
Thay x=1 tim dudc y =1,y =4. Vay phuadng trinh da cho cé hai nghiém nguyén ducng (x,y) E (1,1)
va (L4).
Cau lll. (2,0 diém)
1. Tim tat ca cap s6 nguyén (x,y) sao cho xy la s6 chinh phuong va x* + xy +y* la s8 nguyén té.
2. V4i céc s6 thuc khéng 4m a,b va ¢ théa man a+2b+3c =1, tim gid tri I6n nhat va gid tri nhé nhat
cla biéu thidc P = (a+6b+6c)(a+b+c).
1. Cho da thic f(x) = x* +2x° + 3x* + 2022x +2023. Chiing minh da thic f(x) khéng cé nghiém hiu
ti.
2. V@i cédc sé thuc a,b va ¢ théa man (a+1)(b+1)(c+1) = (a—l)(b—l)(c—l), tim gid tri nho nhat

clia biéu thic A = ‘a‘ +‘b‘ + ‘c‘

1.D3t xy=2z" v8i ze N thi X’ + xy +y* =x" +y> +z° = (x+y)* - Z° =(x+y—z)(x+y+z). Chiy la
xy =z >0 nén x,y & cung phia véi 0. Va néu cap (x,y) thod man thi cap (—x,—y) cling thod man,
do dé ta chican xét x,y >0.Khiddé x+y+z>x+y—z vado x*+y”+z* 1a s6 nguyén t6 nén ta phai
b x+y—-z=1,x"+y*+z°=x+y+z.Do x,y,zeN nén x*> > x,y* >y,z* > z nén dé cé dang thic
X*+y*+z2P=x+y+zth x> =x,y°=y,z° =z.Suyra x,ye{O,l}.Thl’jtrgctié'pth] chicd x=y=1Ia

thod man bai toan.
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Vay, cé hai cap (x,y) la (1,1),(—1,—1).
2. Theo bat ddng thiic Cauchy-Schwarz, ta cé
2
%P2(%a+3b+3c](3a+3b+3c)2(€a+3b+3c] >(@+2b+3c)P =1.
2 ~ L 2 . N 2 . l .z . 2 ~ 2 \ 2 . z
Suyra P> 3 Dau bang xay ra khi va chi khi a=b=0,c =§. Gia trinho nhat cua P la 3 Lai cd, theo

bat dang thic AM-GM thi

(@+6b+6¢c +4a+4b+4c)? - 25(@@+2b+3c)* 25

4P :(a+6b+6c)(4a+4b+4c) <
4 4 4

’

kéo theo P < é
16

D&u bing xay ra khi va chi khi a+6b + 6¢ =4(a+b+c),c =0,a+2b+3c=1. Gidi ta tim dudc

3 25

a=—,b==,c=0.Gid tri18n nhitcta P la =—.
8 16

1
4 9
Cau IV. (3,0 diém) Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi tiép dudng tron (O) Ba dudng
cao AD,BE va CF cuatam gidc ABC cung di qua diém H.Dudng thdng EF c3t dudng thdng AD
tai diém Q. Goi M va | 1an lugt |a trung diém cla cdc doan thdng BC va AH.DBudng thang IM cit
dudng thang EF tai diém K.

1. Chiing minh tam gidc AEK déng dang vdi tam gidc ABM.

2. Dudng thang EF cit dudng thang BC tai diém S, dudng thang Sl cit dudng thang MQ tai diém
T . Chiing minh bén diém A, T,H va M clung thudc mét dudng tron.

3. Tia TH cat dudng tron (O) tai diém P . Chdng minh ba diém A,K va P la ba diém thing hang.
Li gidi
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1. Xét cic tam gidc BFC va BEC lan lugt vubéng tai F va E vdi céc trung tuyén tucsng Ung la FM va
EM, khi d6 ta dugc FM =EM = %BC. Tuong tu, xét cdc tam gidc AFH va AEH lan lugt vudng tai F va

E véi cdc trung tuyén tusng dng la Fl va El, khi d6 ta cling dugc FI=El :%AH. Nhu vay, Ml la

dudng trung truc cta EF, vi thé K |3 trung diém caa EF.
Mat khdc, lai chd y rang AAEB« AAFC (g.g) nén ta dudc 2; 2(,:: kéo theo AAEF«» AABC (c.g.c).

Tir &6 ta thu dudc AEF = ABC va ~E _EF _ 2EK _EK 10 46, AAEK«AABM (c.g.0).
AB BC 2BM BM

2. Xét AISM Vvéi ID L SM va SK LIM (Vi Ml |a trung truc cta EF ), vi thé Q |a truc tAm cla alSM.
Nhu vay, MQ =MT L S| va tu d6 ta dudc ITM 90° = lEM = lFM

Do d4, nam diém I, T,E,F,M cung thudc mot dudng tron va dan dén QT -QM = QE - QF . Mat khdc, lai
chd y rang t gidc AEHF 13 t& gidc ndi tiép, ta cling cd QE-QF = QA-QH . Nhu vy,

QT -QM =QA-QH, vi viy bén diém A,T,H,M cling thuéc mét dusng tron.

3. Trén tia TH 18y mét diém P’ sao cho HT -HP'=HA -HD . Khi d4, ta cling dugc

HT -HP'=HB-HE =HC -HF va do d6 céc t( gidc TBP'E va TCP'F |a céc td gidc ndi tiép. Khi d9, ta
c6 BP'T =BET = HET v& CP'T = CFT =HFT . Tir dd, chd y rang t gidc TIEF ndi tiép nén
E/TT:=E/H\::2B/ATC,tathu dugc

BP'C =BP'T + CP'T = HET + HFT = 360° —EHF —ETF
— 360° —(180o —B/A\c) _2BAC = 180°—BAC

Do @6 P (0) va kéo theo P'=P. Nhu vay, HA-HD =HT -HP nén t gidc ATDP ni tiép va
DAP =DTH. M3t khdc, ta cd cdc két qua quen thudc BAO = CAH va AO L EF, két hop Vdi

— — e~~~

AAEK «» AABM, ta thu dugc OAM =BAO -BAM = CAH-EAK =DAK va IM//AO(J_ EF). Laichuy
rang cac td gidc ATHM va ITDM la céc t& gidc ndi tiép, ta dugc

— e~~~

DTH = AHT —IDT = AMT —IMT = AMI = OAM = DAK
Do d4, DAP = DAK, tr d6 suy ra A,P,K thdng hang.

Cau V. (1,0 diém) Cho 2023 diém nam trong mét hinh vuéng canh 1. M6t tam gidc déu dudc goi 1a
phd diém M néu diém M nam trong tam gidc hodc nam trén canh cla tam gidc.

1. Chiing minh tén tai tam gidc déu canh 1 pht it nhat 253 diém trong 2023 diém d3 cho.

N

2. Chidng minh tén tai tam gidc déu canh % pht it nhat 506 diém trong 2023 diém d3a cho.

1) Chia hinh vuéng thanh 8 phan nhu sau
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R A A ~ \ 4 A A /. A \ e A S 1
Moi mot phan déu la tam gidc vudng can véi do dai canh bén bang >

Theo nguyén ly Dirichlet, c6 2023 diém dudc phan bé vao trong 8 phan nhu hinh vé trén nén ton tai

2023 +1=253 diém

mot phan cd chia it nhat
&l Vd PV A . A .7 N A Vd % 1 z 2/, ~ . R \ .7
Na&i cach khac, ton tai mot tam gidc vudng can cé canh bang > chda it nhat 253 diém. Ma tam gidc

N A / A % 1 \ ~ 7z, Py -/ ~ /7 S 1 /7 . A
vuodng can c6 canh bén bang > thi sé chira trong mot tam gidc déu cé canh bang T ta co diéu

phai chdng minh.

2. Goi hinh vuéng dudc cho la ABCD vdi tam O. Ta s dung hai dudng vuong géc IF,EG diqua O va
tao véi cdc canh mét géc 60° dé chia hinh vudng thanh 4 t gidc AIOG,BIOE,CEOF, DFOG nhu hinh
VE.

N A H I p
1 60°
G
O
E
M

D F C
Theo nguyén ly Dirichlet, ¢4 2023 diém dudc phan bé vao trong 4 phan nhu hinh vé trén nén tén tai
mé&t phan phu it nhat 2023 +1=506 diém
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Khdng mét tinh téng quat, gid sur td gidc AIOG phu it nhat 506 diém. Ta dung tam gidc déu IMN sao
OH 1/2 1

sinB0° 3/2 3

0G=-L Talaics om=_2C 1/*/—% Suyra IM=0l+OM=—+1 11

NER i tan60° 43 J3 3 12

Nhu vy tam gidc déu IMN cé canh nhd haon % suy ra ton tai tam gidc déu phd toan bd tam gidc

cho A€IN,0eIM va G e MN nhu hinh vé. Ké OH L AB.Tacé Ol = Tudng tu

déu IMN. Tam gidc déu dy do dé phu toan bd td gidc AIOG, suy ra né cling phu it nhat 506 diém
dudc cho.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2023 - 2024
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 12/6/2023

Thai gian lam bai: 150 phut

Cau l. (2,0 diém)
1. Gidi phudng trinh 2x+2 = (5 —x)\/3x— 2.
X+y+3xy=9

3

2. Gidi hé phudng trinh { s
x+y’ =9

Li giai

1. Diéu kién xdc dinh x 2%. Phuong trinh ban dau tusng dusng véi

3x—2—x+5—(5—x)\/3x—2—1:0.

bat v3x—2 =a,5—x=b. Phuong trinh tré thanh
az+b—ab—1:0:>(a—1)(a+1—b)
Tudétacé a=1 hoaca=b-1.
e Véia=1thi x=1.
e Vdia=b-1thi V3x-2=4-x.
Binh phuang hai vé vdi diéu kién x<4 ta cé
3x—2=x"-8x+16=x"-11x+18=0.
Gidi phudng trinh trén ta dudc x =2 va x =9 . K&t hop diéu kién ta con x=2.
Vay phudng trinh d3 cho ¢é hai nghiém x=1 va x=2.
a+3b=9
a’-3ab=9
TU phuong trinh a+3b =9 ta cé 3b =9 -a, thay vao phudng trinh con lai, ta dudc:
a3—a(9—a):9:(a+1)(a—3)(a+3):0.
Gidi phudng trinh tréntacé a=3,a=-1 va a=-3.
e VGia=3thib=2,tacé x=1,y=2vax=2y=1.

0.

2.Dat x+y =a,xy =b. Hé phuong trinh tré thanh {

e VGia=-1thib :%,ta khéng cé x,y thda man.

e VGi a=-3 thi b=4, ta khdéng c6 x,y thda man.
Vay hé phuong trinh da cho cé dung hai nghiém (x;y) la (1;2),(2;1).

Cau ll. (2,0 diém)

1. Cho p I3 s8 nguyén t& 16n hon 3. Chiing minh s8 A =272 —8 chia hét cho 21 .
2. Tim t4t ca cdc s6 nguyén x va y thdaman x> —y® =2(x—y)* +17.

Lai giai
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1. Vi p 1a s6 nguyén t6 I18n hon 3 nén p la s6 1é va p khdng chia hét cho 3.
Do dé p®> +2=2k+1,keN, kéo theo 2”2 =2.4 =2 = 8(mod3). Suyra A=2"*_8 chia hétcho 3.
Do p khdng chia hét cho3nén p*+2=1+2= o(mod3). Pat p?+2=3h vdi heN".
Khi @6, ta cé
A=2""7?-8=2"-8=8"-8=1-1=0(mod7).

TU a8y ta suy ra A chia hét cho 3va 7 ma (3,7) =1 nén A chia hétcho 3-7=21.
Phép chidng minh hoan tat.
2.D3t d=x—-y thi x=y+d.Chuiylavé phdildn han 0 nén x >y kéo theo d Ia s6 nguyén ducng.
Thay vao phuang trinh, ta dugc (y +d)® —y® =2d* +17
Khai trién va chuyén vé& thi (3y2 +3dy +d? —Zd)d =17
TU phudng trinh trén suy ra d117 vi d nguyén dudng suy ra d e {1,17}.

e NEud=1 thi y(y+1):6 vatimdudc y=2,x=3 va y=-3,x=-2.

e Né&u d=17 thi 3y” +51y = —254 khdng cé nghiém nguyén do V& trai chia hét cho 3, trong khi
dé vé phai thi khong.
Viy, ¢6 duy nhat mét cap (x,y) thod man la (3,2),(—2,—3).

Nhan xét. Thuc té thi ¢ thé chuyén 2(x —y)* réi rit thira s6 chung x—vy.

Cau lll. (2,0 diém)

1. Cho da thic f(x) =x* +2x% +3x% +2022x + 2023 . Chdng minh da thuc f(x) kh6éng cé nghiém hitu
ti.

2. V@i cédc sé thuc a,b va ¢ théa man (a+1)(b+1)(c+1) = (a—l)(b—l)(c—l), tim gid tri nho nhat
cla biéu thic A = ‘a‘ +‘b‘ + ‘c‘

1. Gid s f(x) cé nghiém a hiu ty. Viét a =P i p,geZ,q>0 va (p,q):l.
q

Khi d6, ta c6 f(a)=0 = a* +2a° +3a* +2022a:+2023 =0
= p* +2p°q+3p’g® +2022pqg® +2023qg* = 0.

Tu day do ql0 ta dudc qlp* Vi (p“,q) =(p,q) =1 nén g=1.Khidé, ta cé
0=p* +2p° +3p? +2022p + 2023

=p’ (,o2 +1) +2p2 +2p? +2022p +2023.
Phuong trinh nay vd nghiém vi vé trdi |a s6 |é trong khi vé& phai |a s8 chdn. Do dé da thuc f(x) khéng
cd nghiém h{tu ti. Phép chiing minh hoan tat.
2. Tu gid thiéttasuy ra ab+bc+ac=-1,céd A= ‘a‘+‘b‘+‘c‘ >0, xét

A? = g% +b% + 2 +2\ab\+2\bc\+2\ac\.
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Theo b4t dang thdc gid tri tuyét déi, ta cd
A? :(a+b+c)2 +2(‘ab‘+‘bc‘+‘ac‘)+220+2‘ab+bc+ac‘+2:4.

Tu ddy két hgp A>0 suyra A>2, dau bang xay rachdnghan a=0,b=-1,c=1.
Vay gid tri nhd nhat cia A=2.

Céu IV. (3,0 diém) Cho hai dudng tron (O;R) va (O'R’) cét nhau tai hai diém phén biét A va

B (R <R'< OO’). Goi PQ la tiép tuyén chung cla hai dudng tron (O) va (O’) véi P e (O) va Qe (O’).
Dudng thdng PQ cat dudng thdng OO’ tai diém S. Qua diém S vé mdt dudng thang cat dudng tron
(o) tai hai diém E,F va cit dudng tron (o') tai hai diém G,H sao cho SE < SF <SG < SH.

1. Chiing minh dudng thdng OE song song vdéi dudng thdng O'G.

2. Ching minh SA? =SP.SQ.

3. Tiép tuyén tai diém A cuta dudng tron (O) c3t dutng thang OO’ tai diém M. Tiép tuyén tai diém
A cla dudng tron (O') c3t dudng thang OO’ tai diém N.Budng thdng ME c3t doan thdng AB tai

2
diém |. Ching minh Egz :% va ba diém N,I,H |a ba diém thang hang.

L&i giai

- H

1. Trén dudng thing S,E,F 13y céc diém G',H’ sao cho O'G'//OE va O'H'//OF.
SO OP R

SE_OE SO _SF _OF . Mat khdéc, ta cling c6 —

Theo dinh ly Thales, ta dudc = = = = = =,
SG' O'G SO SH OH SO 0Q R

OE OF R
OIGI - OIHI - R!

Nhu vay
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Két hgp véi OF = OF =R (M E,F €(0)), ta thu dugc O'G'=0'H' =R’ va vithé G',H & (0') hay

S,E,Fm(O') = {G’,H’} Mat khac, tu SE :i va SE < SF tasuyra SG' < SH'. Do d4, ta dudc

SG' SH’
G' =G,H =H va vithé OEO'G,OFO'H.
OC SO R
2. Trén dudng thang SA 18y diém C sao cho OC//O'A. Khi d4, ta cé6 — = — . K&t hgp vdi
O'A SO’ R
OA=R (Vi Ae (O')) nén OC=R vavithé Ce (O) Han nifa, ta cling c6 E: SO = _SP
SA SO SQ
SP SA
.va

SA SQ

vithé CP// AQ. Do dé, SQA SPC = SAP . Tur d6 ASAP«» ASQA (g.g). Do d4,

SA2 =SP.SQ
3. Goi MEm(O) = {J,E} . TU tinh d6i xing nén ta cling cé MB 1a mét tiép tuyén cha (O) Khi dé, ta cé

AMJA«» AMAE (g9.9) va AMJB«» AMBE (g.g) nén ta dudc ﬂ:ﬂ M) s
EA MA MB EB
EB B
Tu d6 ta thu dudc Ezﬁ Tu d6 dé y rang AIAE«» AlIB va AIBE« AlJA nén ta dudc
E IA IE _JA EA _EA JA _EA?
B IE B EB JB EB JB ER?

Bay gis ta sé ching minh % ::::—g That vay, ta cé SP? =SE-SF va SQ? =SG-SH.

Do d4, SB* = SA* =SP?.SQ? = SE-SF-SG-SH . Mat khdc, tir ciu a ta cé %:% hay

SE-SH=SG-SF
Nhu vay, ta dugc SA* =SB* = (SE-SH)2 hay SA? =SB? = SE-SH. Tur d6 ta thu dugc ASEA«» ASAH
(c.g.c) va ASEB va ASBH (c.g.c).

., EA SE SE EB
Do vay.

"HA SA SB HB
EA HA . . .. , . : L e

N&i cach khac, ta thu dudc = TR bén day, dat HNNAB =I". Chiing minh tuong tu nhu'y trén ta

cling thu dudc i HA® . TU dd suy ra 1A _TA va dan dén I =I". Nhu vy, N,I,H thdng hang.

I'B  HB? IB I'B
Cau V. (1,0 diém)
Trén ban cé hai tdi keo: tdi thd nhat cé 18 vién keo, tui thd hai cé 21 vién keo. An va Binh cling chai
mot trd chai nhu sau: méi luct chai, mdt ban sé 18y di 1 vién keo tU mot tdi bat ky hodc 1a mai tui 18y di
1 vién keo. Hai ban luan phién thuc hién lugt chai cia minh. Ngusi dau tién khdng thé thuc hién dugc
lugt chai clia minh 1a ngudi thua cudc, ngudi con lai la ngudi thang cudc. Néu An |a ngudi 14y keo
trudc, hay chi ra chién thuit chai cta An dé An |1a ngudi thang cudc.
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DAu tién An sé béc 1 vién ti tdi thd hai, hai tdi ldc nay 1an lugt ¢d 18 va 20 vién keo. Tai luct tiép
theo, chién thuét cha An sé |a néu Binh bdc nhu thé nao thi An sé béc y hét nhu vdy. Khi dé ta thay
Binh sé phai b3t dau béc vdi hai tdi déu cé sd chdn vién keo, ma Binh thi du béc thé nao cling sé
khién cho tdi ma Binh béc con lai mét sé 1é cdc vién keo, hay néi riéng, 1a con keo. Nhu viy khi dén
lugt An thi An hoan toan cé thé sao chép cdch bdc cla Binh, do cf tdi nao ma Binh bdc thi phai con
keo. Hon nifa sau khi An b8c thi bat c tdi nao cd s6 1é vién keo sé quay V& con lai s6 chdn vién keo.
Khi d6 dén lugt Binh thi Binh lai phai b&c vdi hai tdi con s6 chdn vién keo, va An van cd thé I3p lai
chién thuat nhu trén. Trong qud trinh bdc nay, ta thay An luén cé thé béc keo, cho nén An khéng thé
|a ngudi thua cudc, ndi cdch khdc, An sé la ngudi thang cudc véi chién thuit nay.
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S3 GIAO DUC VA BAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2024 - 2025
M6n: TOAN (Chuyén Todn)
DE CHINH THUC Ngay thi: 10/6/2024

Thai gian lam bai: 150 phut

Cau | (2,0 diém)
1) Gidi phuadng trinh x(x+ 1) +2xIx+2+2=0
2) Cho a,b,c |a céc sé thuc khdc O va théa man a* —2a(b+c) =b? —2b(c+a) =c’ —2c(a+b).

a-b b-c c-a
+ + .

Tinh gid tri cla biéu thic M =
C a b

L&i giai
1) x(x+1)+2x\/x+2 +2=0 (DKXD: x>-2)
:>x2+2xx/x+2+(x+2)=0

:>(x+\/m)2 =0
:>x+ﬁ=0

= Xx+2=x°
:>(x—2)(x+1):0

x=2 (ktm)

x=-1 (tm)
Vay nghiém cla phudng trinh la x =-1
2) TH1: Trong 3 s6 a, b, ¢ ¢d it nhat 2 s6 bang nhau.
Khdng mét tinh téng quat ta gid sir a=b
a—b+b—c+c—a:O+E:£+£:E:O

C a b a a
TH2: Ba sd a, b, ¢ phan biét
Theo dé bai ta cé: a® —2ab—2ac =b’ —2bc—2ba
= a’ —b’ —2ac+2bc=0
:>(a—b)(a+b—2c):0
a-b=0

- a+b-2c=0
Ma a,b,c phén biétnén a+b=2c
Chung minh tuong tuta cé b+c=2a;c+a=2b
—a+b+c=3a=3b=3c >a=b=c (miuthuan)
Vay P=0
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Cau ll (2,0 diém)

1) Tim t4t cd cdc s6 nguyén x va y théa man x> + 4y’ = 2xy(x—2y)+ 5.

2) Cho m,n 1a cdc s6 nguyén thda man s m’> —mn+4n? chia hét cho 25 . Chiing minh s&
m’ + mn+4n” chia hét cho 25.

L& gidi

1) x* +4y?* = 2xy(x—2y)+5

= x* +4y® —4xy + 4xy :2xy(x—2y)+5

:>(x—2y)2 +4xy:2xy(x—2y)+5
Dat x—-2y =a;2xy =b Vvéi a,b 1a sé nguyén
=a’+2b=ba+5
:>b(a—2):az—5 (1)
a’-5 1

=a+2———
a—-2 a—-2

=b=

Ta cd a, b 1a s8 nguyén nén 1 s6 nguyén

:1§a—2—>a—2:{1;—1}
TH1: a-2=1 = a=3

2xy =4 y=-2
TH2: a-2=-1=a=1=2xy =1 (loai do 2xy la s8 chn)
Vay nghiém cda phuadng trinh la (x,y) = (—1,—2)

Thay vao (1) tacd: b :4:{
Xy =2

-2y=3 -2y = =-1
N :{x i 3:{x (thda man)

2) m* —mn+4n’ chia hét cho 25
. ! ) ) . . :5
:>(m+2n)2—5mn:25:>(m+2n)2:5:>m+2n:5:>(m+2n)2:25:>5mn:25:>mn:5:>[m,5
n:

Mata cd m+2n:5 nén mn:5 = m? +mn+4n?:25 (diéu phai chiing minh)

Cau Il (2,0 diém)
k
|a s6 nguyén t8. Tim k.

1) Cho x,y,k la céc s6 nguyén dudng sao cho s6 p = ———
x°+y

2) VGi a,b,c 13 cdc sb thuc khdng dm thdaman a<2,b<2,c<2 va a+b+c =3, tim gid tri Ién

nhat va gid tri nhé nhat cda biéu thic P = \/ab(b+c+1) +\/bc(c+a+1) +\/ca(a+b+1) )
L&i gidi
1) x"y:p(x2+y2)2p~2xy>xy:>k>l

k=2, chon x=y =2p =thod méan dé bai.
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k=3, chon x=y =2 = thod man dé bai.

Xétk>4.

Pat gcd(x,y) =d,x=da,y=da.Khidé gcd(a,b):l va: dt -a"b:p(a2 +b2).

Do gcd(a,b):l nén gcd(a2 +b2,ab) =1.Ma p(a2 +b2) chia hét cho ab nén p chia hét cho a*°.
Tacd p:a,néu a=p thi a* >p, mauthudn. Do dd a=1.

TU p chia hét cho b suy rab=1 hoac b=p.

TH1:b=1.(1) trd thanh: d“' =2p. TU day suy ra d chia hét cho p.

Do k>4 nén 2p:p’ = 2:p*, Vo ly.

TH2:b=p. (1) trd thanh: d*' =p*+1 = d“* -1 =p? :>(d—1)(d’<'2 +d<3 +...+1):p2.
Dod-1<d+1<d“?+d“°+..+1nénd-1=1vad?+d*+...+1=p°.Hayd=2 va
p? =22 4+2"3 4+ . +1.

TU day suy ra p” chia 4 du 3, v ly.

Vay céc gid tri cia k thod man baitodanla2va 3.

2) * Tim GTLN

P:\/ab(b+c+1)+\/bc(c+a+1)+\/ca(a+b+l)

=2v3P =2,3ab(a+b+1)+2,[3bc(c+a+1)+2,/3ca(a+b+1)
Ap dung b4t d&ng thdc Cauchy cho 2 s6 thuc khéng 4m ta cé:

3ab+a+b+1

2
3bc+c+a+1

2
3cat+a+b+1

2

\/Bab(a+b+l) <

3bc(c+a+l) <

3ca(a+b+1) <

:>2\/3ab(a+b+1)+2\/3bc(c+a+1)+2\/3ca(a+b+l) SS(ab+bc+ca)+2(a+b+c)+3
:>2\/§Ps3(ab+bc+ca)+2(a+b+c)+3
:>2\/§P£(a+b+c)2+2(a+b+c)+3

— 24/3P <18

:>PS3\/§
D4u bang xdy rakhi a=b=c=1
*Tim GTNN

P - ((ab{brcr1) + Joe(cra+1) + Jeala+be 1))

Do a,b,c >0 nén:

(\/ab(b+c+1)+\/bc(c+a+1)+\/ca(a+b+1))2 2ab(b+c+1)+bc(c+a+1)+ca(a+c+1)
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= P? > ab’ + bc® + ca’ + 3abc +ab + bc + ca
= 2P? > 2ab’ + 2bc? + 2ca’ + 6abc + 2(ab+ bc + ca)

Tacd 0<ab,c<2 nén 2a>a’;2b>b’;2c>c?

= 2P? > a’b® + b°c? + c’a* +2abc(a+b+c)+ab+bc+ca

— 2P? 2(ab+bc+ca)2 +2(ab+bc+ca)
Vi a,b,c <2 nén (a—Z)(b—Z)(c—Z)SO
:>2(ab+bc+ca)2abc+4(a+b+c)—824(a+b+c)—8

= ab+bc+ca=>?2

=2P*>24+4=P>2
D&u bang xdy ra chang han khi a=0,b=1,c=2

VAay gid tri nhd nhat cia P 1a 2 va gid tri I6n nhat cda P la 343

Cau IV (3,0 diém) Cho hinh vuéng ABCD ndi tiép dudng tron (O) diém M nam gilra hai diém B va
C . Hai dudng thdng AM va DC c3t nhau tai P. Hai dudng thang DM va AB c3t nhau tai K.

1) Chitng minh tam gidc BCK déng dang véi tam gidc CPB.

2) Hai dutng thdng BP va CK cat nhau tai H. Ti€p tuyén tai B clda dudng tron (O) cat dudng thang
MH tai R. Chiing minh tam gidc BRK la tam gidc vubéng can.

3) Céc dudng thdng vudng géc véi OH ké tir O va H, cat dudng thdng AB 1an lugt tai X va Y. Lay
diém Q thubc tia d8i clia tia BC sao cho BQ = CM. Chidng minh hai dudng thang QR,DK cat nhau tai
mot diém thudc dudng tron ngoai tiép tam gidc MXY .

Li gidi
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1) Theo dinh Iy Talet; o= - 2B _BM _BK _BK
CP CP CM CD BC
Tu déy dé dang suy ra ABCK«» ACPB (c.g.c)

2) TU cdu 1) ta suy ra BH L CK hay t( gidc BOCK ndi tiép ma OB =0C

Hay HM la tia phan gidc trong cla BHC suy ra O,M,H thang hang.
T d6 ta dudc: BRO = 90° —BOR = 90° —KCB = HKB hay t(f gidc BHRK néi tiép.
Do vay ma BKR = BHO = 45° .

OX =0M
3) Ta c6 céc t gidc OMXB, MHYB ndi ti€p =< —
BMY =45°

TU d6 ta dugc cdc AOMX , ABMY 1an lugt vudng cén tai Q,H

Khi d6 AOBX = AOCM(C.g.c) = BX =CM=BQ hay ABXQ vubng cén tai B.

Do dé ta dudc: BMY = 45° = B/XB hay t( gidc QMXY ndi tiép. Gid s MK c3t QR tai T.

Tur diY kién td gidc OMXB ndi tiép két hop véi BMY = 45° suy ra OBX = BMY (= 45°)

Do vay ta dugc OB//MY hay MY 1L BR ma BM=BY nén BR la trung truc Ml.

Do d6 BRY =BRQ (1)

DEé y rang ti gidc QXMY Ia hinh thang cén, do d4 BR ciing la trung truc QX = BRX = BT?B(Z)
Ngoai ra: XMO = BKR = 45° nén t gidc XMRK ndi ti€p = MXR = MKX

T (1) va (2) cho ta: 6!?\\( — MXR = MKX hay t( gidc YTRK ndi tiép.

Dén day ta dugc: CTT\Y — YKR = 45° = BMY hay TYMQ néi tiép.

Cau V (1,0 diém) Cho bang 6 vudng kich thudc 6x6. G budc dau tién, ban Dan t6 dé k 6 vudng bt
ky cGa bang. Sau dd, 8 mdi budc ti€ép theo ban Dan td dé cic 6 vudng ké vdi it nhat hai 6 da dudc t6
dd (hai 6 vuéng dudc goi la ké nhau néu ching cé canh chung).

1) Chi ra mét céch td dé 23 6 clia bang & budc dau tién sao cho du sau bao nhiéu budc, ban Dan
cling khéng thé td do dugc tat ca cdc 6 cla bang

2) Tim gid tri nhdé nhat cha k dé tén tai mét céch t6 dd k 6 vudng ban dau sao cho sau mét sé hitu
han budc, ban Dan t6 dd dudc tat cd cdc 6 vudng cla bang.

L&i giai

1) Ta td dé 23 6 tuy y trong 5 hang d4u tién cla bang. Khi dé nhitng 6 & hang dudi cung ludn ké vdi
toi da 1 6 dudc td dd & hang trén nén khdng bao gig dudc tb.

2) Ta goi 1 canh cGa 1 6 vudng dugc t6 dd la canh “t6t” néu nd thudc ding 1 6 vudng dudgc té dd. Goi
S 1a téng d6 dai tat ca cdc canh tét. Ta chiing minh S khéng tang sau mdi budc thuc hién. (1)

Xét 1 budc Pan td d6 1 6 vudng X va S thay déi thanh S'
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TH1: X ké vdi ding 2 6 dugc tbé dd. Khi dé 6 vudng nay lam mat di 2 canh tét va thém vao khdng qud
2 canh tét,do d6 S'<S.

TH2: X ké véi ding 3 6 dudc td dé. Khi dé & vuéng nay lam mat di 3 canh t6t va thém vao khéng qud
1 canh t6t,do d6 S'<S-2.

TH3: X ké véi ding 4 6 dudc td dd. Khi dé 6 vubng nay lam mat di 4 canh tét, do d6 S'<S -4

Trong moi trudng hop ta déu cé S'< S, nhén xét (1) dudc chiing minh.

3 thdi diém ban d4u, S khdng vuct qué 4k . Néu Dan cd thé t& dd dudc tat ca cdc 6 vudng clia bang
thi cudi cung S=4x6, do dé k > 6.

V3Gi k =6, Dan sé t6 6 6 vudng ban dau nam trén 1 dudng chéo chinh cha bang va lan lugt t6 dudc
cdc dudng chéo song song vdi dudng chéo nay cho dén khi hét bang.

VAy gid tri nhd nhat cda k 13 6.
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SG GIAO DUC VA BPAO TAO KY THI TUYEN SINH LGP 10 THPT
HA NOI NAM HOC 2024 - 2025
— - M6n: TOAN (Chuyén Tin)
DE CHINH THUC Ngay thi: 10/6/2024

Thai gian lam bai: 150 phut
Cau | (2,0 diém) 1) Gidi phudng trinh v/x? —3x =x* —3x -2
X—-2y y-2z z-2
z X y

2) Cho x,y,z la céc s6 thuc duong théa man X Tinh gid tri clia biéu thuc

o)

L&i giai

1) Vx? =3x =x*-3x—-2 (DKXD: x> 3 hodc x<0)

Pat Vx*—3x =a v8i a=0

=x*-3x-2=a"-2

=a=a -2

=a’-a-2=0

:>(a—2)(a+1):0

—a=2(doa=0)

= Vx*-3x=2=x*-3x=4

= x*-3x-4=0

:>(x—4)(x+1)=0

:{iz‘—ll (thod man)

Vay x e {4;—1} la nghiém cula phudng trinh

2) Vi x, v, z la céc s6 thuc duong nén x+y+z =0

Ap dung tinh chat day ti s6 bing nhau ta cé:

x—2y_y—22_z—2x_(X—ZY)+(V—22)+(Z—2X)_—x—y—z_
z X y X+y+2z X+y+2z

-1

X—2y =-2 X+z=2y
=Yy —2Z=-X=23y+x=2Z2=>x+y+z=3x=3y=3z=>x=y=2
Z-2x=-y Z+y=2x
:>P=(2+5J[2+Xj(2+5j=(2+1)(2+1)(2+1)=27
y z X
Vay P =27

Cau Il (2,0 diém)
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1) Tim t4t cd cdc s6 nguyén x va y théa man 2x* + 2xy + 3y = 4y* + 3.

2) Cho cdc s6 nguyén dudng x,y va s6 nguyén té p théa man P = X7y, Chdng minh
(2x+y) p

p=3y+2.

Li gidi

1) 2x*> +2xy +3y =4y* +3
= 4x° +4xy +y* =9y’ -6y +6
:>(2x+y)2 :(3y—1)2+5
:>(2x+y)2—(3y—1)2 =5
= (2x-2y+1)(2x+4y -1)=5

Vi x,y la s6 nguyén nén:

2x—2y+1=1 _
THL{ X7V =1 X7V L x—y=1(théaman)
2x+4y—-1=5 X+2y =3

4
2x—2y+1=-1 —y=-1 |*T3

TH2 {72V T =Xy = 3 (loai do x, y la s6 nguyén)
2x+4y—-1=-5 X+2y =-2 y——l

3
=2
TH3:{2X_2Y+1:5 = X-y=2 = 3 (loai do x, y la s6 nguyén)
2x+4y-1=1 x+2y =1
y=—a
3
TH4:{2X_2V+1:_5 :{x—y:—Bj{x:—Z (théa man)
2x+4y-1=-1 x+2y=0 ey -
Vay (xy)=(L1);(-2:1)
2) P =X_y:>p2=(2x+y)2(x—y):>p2§(2x+y)2:>(2x+y)2e{l,p,pz}

(2x+y)2 p

Ma (2x+y)2 la s6 chinh phudng va 2x+y >1 (do x, y la s nguyén duong ) nén (2x+y)2 =p?

{2x+y=p
—

= 2x+y—2(x-y)=p-2 =3y+2=p (DPCM)
x—-y=1

Cau Il (2,0 diém)

2

1) Cho a,b va c la cdc sé nguyén duong théa man

:a(a—cz).ChL’rng minh b=c.
2) V&i a,b,c 13 cdc sb thuc khdng am thod man a<1,b<1,c<1 va a’+b’*+c? =2, tim gid tri I6n nhat
4 4 4
a b c
+ + .
bc+2 ca+2 ab+?2

va gid tri nho nhat cha biéu thic T =
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L&i giai

1) a—bb2 :a(a—cz) (*)

2

eZ=a-b*b=ab

Vi a(a—cz)eZ:a

D3t a=kb Vvdi k 1a s6 nguyén ducng

Thay vao (¥) ta cé: kb—b? = kb? (kb—cz)

:k—b:kb(kb—cz):kfb vabk=b=k=b’=c>=b=c

Vay b=c (DPCM)

2) 0<abc<lia’+b’>+c*=2

*Tim GTLN

TU gid thiét 0<a,b,c <1 nén a* <a?,b* <b?,c* <c?
bc+2>2;ca+2>2;ab+2>2

a* b* c* a’ b* c?
= + + S—+—+—=1
bc+2 ca+2 ab+2 2 2 2
=T<1
D4u bang xay ra khi (a;b;c) = (1;0;0) va cac hoan vi cta chidng
*Tim GTNN

Ap dung b4t d&ng thic Bunhiacopski dang céng mau ta cé:

3% b o4 (32 +b? +c2)2
+ + >
bc+2 ca+2 ab+2 ab+bc+ca+6

Ta cé: 2(az+b2 +c2)—2(ab+bc+ca):(a2 —2ab+b2)+(b2—2bc+c2)+(c2 —2ca+a2)

:(a—b)2+(b—c)2+(c—a)2 >0

=a’+b’+c’>ab+bc+ca=2>ab+bc+ca

3 b ot (az +b? 42 )2 4
+ + > >
bc+2 ca+2 ab+2 ab+bc+ca+6 2+6
a* b* c* 1
= + + >
bc+2 ca+2 ab+2 2
:>T2l
2
~ Y 2 . 2
Dau bang xay rakhi a=b=c= 3

N ./ . 2 ~ ? \ 1 \ -/ . /) ~ ? \
Vay gid trinhd nhatcda Tla = vagidatrildn nhatciaTla 1

N
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Cau IV (3,0 diém) Cho tam gidc nhon ABC (AB < AC), ndi tiép dudng tron (O) Pudng thing di qua
A va song song vdi dusng thang BC cat dudng tron (O) tai giao diém th( haila D. Goi M la trung
diém cua doan thang BC . Budng thang DM c3t dudng tron (O) tai giao diémthd haila S.

1) Chiing minh tam gidc ACS ddéng dang vdi tam gidc BMS.

2) Goi J la trung diém clia doan thdng AS. Budng thang BJ cat dudng tron (O) tai giao diém thd hai
la T. Chdng minh dudng thang CT song song vdi dudng thang AS.

3) Céc dudng cao DE,BF va CK cla tam gidc BCD dbéng quy tai H. Goi L Ia chdn dudng vuéng gdc
ké tir diém H dén dudng thdng KF . Chitng minh cdc dudng thang AE va DL c3t nhau tai mot diém
nam trén dudng tron (O)

Lai giai

1) Do t¢ gidc ABSC ndi ti€p = SBM = SAC.

Mat khdc, ta cling cé ti gidc ADCB la hinh thang can
— BSM =180° - BAD = 180° - ADC = ASC..

TU day dé dang cé dudc ABSMmAASC(g.g)

2) Ching minh tudng tu cau a), ta dugc:

ACSM«> AASB(g.9)

Lai cé M,J 1an lugt 1a trung diém cdia BC va AS nén
ACSB« AAJB(c.g.c).

— e~

Tu dd ta dugce: ACT = ABJ=CBS =CAS hay AS//CT.

3) Goi DL c&t (O) tai P.

Ta cé: DKL =DCB = DPB hay t gidc LKBP ndi tiép.
TU dé ta dugc: DH.DE = DK.DB =DL.DP

Hay t gidc LPEH ndi tiép. Do dé: DHL = DPE (1)
Ké duong kinh DX clia dudng tron (O)

Khi dé DX //HL va HD// AX.

—_—

Suy ra: DHL =HDO = AXD =DPA (2)
Tu (1) va (2) suy ra P,E,A thang hang.

Cau V (1,0 diém) Cho badng 6 vudng kich thudc nxn va hai loai miéng ghép hinh "dau céng", ""dau
tri" nhu hinh dudi. Ta can pht kin bang 6 vudng da cho bang cdch st dung ca hai loai miéng ghép,
cdc miéng ghép khdng dudc chéng 1én nhau. Biét rang méi & vuéng nho cha cdc miéng ghép chéng
khit v8i mot 6 vubng nhé trong bang va miéng ghép "dau trir" cé thé xoay 90°.
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1) Chi ra mét cdch pht kin théa man yéu ciu trén véi n=6.
2) Tim tat ca gid tri cha n dé bang 6 vudng kich thudc nxn cé thé dugc
phu kin bang cdch s dung ca hai loai miéng ghép da cho.

Li giai
1) V8i n =6, ta cé cich x&p nhu sau:

b) T6 mau bang nxn nhu hinh ban c& thi mét "dau tri" sé luén phd 1 6 trang, 1 6 den, mét "dau
cong" luén phu 4 trdng, 1 den hodc 4 den, 1 trang.
Goi s6 "d4u tri" dudc sir dung la a
S6 "dau cdng" 4 trang-1 den va 4 den-1 trdng lan luct dudc st dung |a b,c . Khi dé:
e S66trdng dugc phd la: a+4b+c.
e S6 6 den dudcphtla: a+b+4c.
Ma bang t6 theo hinh ban ¢, nén hiéu sé 6 trang trir sé 6 den trong bang ludn thudc {—1;0; 1} , Nén
3(b-c)e{-1;0;1}. Do dé b=c.
Suy ra téng sé 6 trong bang la 2a+10b, la mét s6 chan, hay n phai chan.
Xét n=2,n=4 dé thiy khdng thé phu dudc.
Vi n =6 phd dudc nén véi n chdn, n>8 b4t ki, ta chi cAn phd bang con 6x6 & mdt géc nhuy 1),
phan con lai phd bdi cac "dau tri" 1a xong.
Viy, dé bang cé thé phu dudc thi n chdnva n>6.
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