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TUYEN CHON CAC BAI TOAN SO HOC VA TO HOP
TRONG CAC KY THI CHUYEN NAM 2023 - 2024

Bai 1. (Trudng chuyén tinh Ba Rja Ving Tau nam 2023-2024)
a) Tim tat ca cdc cdp s6 nguyén (x,y) thda man dang thdc:
X2+ Xy —2xy +2x-2y* +2y+1=0

b) Cho 31 diém bat ki nam bén trong hinh vuéng ABCD cé d6 dai canh bang 12. Chiing minh rang
tén tai mot hinh tron ¢d bdn kinh bang 1 nam bén trong hinh vuéng ABCD va khéng chia diém nao
trong 31 diém d3 cho.
Bai 2. (Trudng chuyén tinh Bac Giang nam 2023-2024)
1) Tim cdc bd ba sé nguyén duong (x,y,z) thda man dang thidc dudi day:

X2 +y° +x° (3y + 22) +y? (3x + 22) +2z° (x + y) +4xyz =2023.
2) Trén mat phang cho 2x2024 diém phan biét, trong dé khéng cé bat ki 3 diém nao thdng hang ngudi
ta t6 2024 diém trong cic diém mau doé va t6 2024 diém con lai bang mau xanh. Chidng minh rang,
bao gid cling ton tai mot cdch néi tat ca cdc diém mau do vdi tat ca cdc diém mau xanh bdi 2024 doan
thdng (mdi doan thing cé hai diém dau mut |a mét cap diém dd-xanh) sao cho hai doan thang bat ki
trong d6 khéng cé diém chung.
Bai 3. (Trudng chuyén tinh Bac Ninh ndm 2023-2024)
Cho céc s6 nguyén dudng x,y,z thda man x> +y> +z° = 18(x+ y +z).
1) Ching minh rdng x+y +z chia hét cho 6.
2) Tim gid tri I8n nhat cda biéu thic F = xyz
Bai 4. (Trudng chuyén tinh Binh Dinh nam 2023-2024)
Tim tat ca gid tri nguyén cla n dé n* +2026 la mdt s8 chinh phudng.
Bai 5. (Trudng chuyén tinh Binh Phudc nam 2023-2024)
a) Giai phuang trinh nghiém nguyén: x? + xy +y? = x’y?.
b) Cho p la s& nguyén té I8n han 3. Ching minh rang (p—l)(p+1) chia hét cho 24.
Bai 6. (Trudng chuyén tinh Binh Thudn nam 2023-2024)
a) Ki hiéu S(n) la téng cdc chi s6 clia s6 nguyén dudng n. Biét a va b |a hai s6 nguyén duadng thda

S(a) = S(b) = S(a+b). Ching minh rang a va b chia hét cho 9.

b) Tim nghiém nguyén ctia phudng trinh: x? +(x+1)2 =y* +(y +1)4

Bai 7. (Trudng chuyén tinh Cdn Thd nam 2023-2024)

Tim t4t cd cap s8 nguyén (x;y) thod man phudng trinh x* —2y? —xy + 2x+5y -5 =0.

Bai 8. (Trudng chuyén tinh Bak lak nam 2023-2024)

1) Cho 9 hinh vudng cé dd dai cdc canh 1a 9 s6 nguyén duadng lién tiép. Goi S la téng dién tich cla 9
hinh vudng da cho. Tén tai hay khdng mét hinh vudng cé canh |a mét sé nguyén dudng va cé dién
tichla S.
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2) Vé bat ki 17 dudng tron, mdi dudng tron cé dd dai dudng kinh Ia mét sé nguyén duong. Ching
minh rang trong 17 dudng tron dd ta ludn chon dugc nam dudng tron cé téng d6 dai cdc dudng kinh
la mdt sé chia hét cho 5.

Bai 9. (Trudng chuyén tinh Dong Nai nam 2023-2024)

Tim céc s8 tu nhién x, y, z théa man x* +y* =2023% + 35.

Bai 10. (Trudng chuyén tinh Déng Thdp ndm 2023-2024)

Phién chg hé Lotus s dung hai loai thé: loai thé gid 3000 déng va loai thé gid 4000 déng. Vao dip
nghi he, ban An muén dung hét sé tién tiét kiém clia minh dé mua x thé loai gid 3000 déng va y thé
loai gid 4000 ddng. Tim s cdch mua cé du ca hai loai thé néu tién tiét kiém cta ban An la 2023000
dong.

Bai 11. (Trudng chuyén tinh Ha Nam nam 2023-2024)

TIm tat ca cdc s6 tu nhién n dé 229%* + 22?7 1 2" 13 s8 chinh phudng.
Bai 12. (Trudng chuyén Ha N&i chuyén tin nam 2023-2024)

1) Cho p I3 s8 nguyén t8 16n hon 3. Chiing minh s8 A =272 —8 chia hét cho 21.

2) Tim tat cd cdc s6 nguyén x va y thod man x°> —y° = 2(x—y)2 +17

Bai 13. (Trudng chuyén Ha N&i chuyén todan nam 2023-2024)

1) Cho ba s6 nguyén a,b va c théa man a° +b” +c® —2abc chia hét cho 6. Chiing minh abc chia hét
cho 54.

2) Tim tat ca cap s6 nguyén dudng (x,y) théda man x°y — x’y —4x* +5xy —y* =0.

Bai 14. (Trudng chuyén tinh Ha Tinh nam 2023-2024)

Chi'ng minh ring véi moi s tu nhién n 16n hon 1 thi A=n"* +n*> +n* —n+1 khong phai 13 s&
nguyén to.

Bai 15. (Trudng chuyén tinh Hai Dudng nam 2023-2024)

1) Tim tat ca cdc s6 nguyén t& p 1é sao cho 2p* —p? +161a s6 chinh phuong.

2) Tim nghiém nguyén cla phudng trinh 6x% +7xy +2y* +x+y—-2=0

Bai 16. (Trudng chuyén tinh Hai Phong nam 2023-2024)

Tim cdc s6 nguyén t8 a, b va s& nguyén duong m thod man a’ + b’ +18ab = 4.5".

Bai 17. (Trudng chuyén Hung Yén nam 2023-2024)

Tim cdc nghiém nguyén (x; y) cla phugng trinh 2024(x2 + yz)— 2023(2xy + 1) =b5.

Bai 18. (Trudng chuyén Khanh Hoa nam 2023-2024)

Ching minh p* —1 chia hét cho 240 vdi moi s8 nguyén t6 p > 5.

Bai 19. (Trudng chuyén Khoa hoc Tu Nhién HN nam 2023-2024)

Tim tat ca cdc cap s6 nguyén ducong (x;y) thda man 4~ + (1 + 3y)(1 + 7V) =2" (3y +7" + 2)
Bai 20. (Trudng chuyén Lai Chdu nam 2023-2024)

Tim nghiém nguyén clia phudng trinh (2x + y)(x —y) +x+8y =22

Bai 21. (Trudng chuyén Lao Cai nam 2023-2024)
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a) S8 nguyén duong m dudc goi la sé tét néu téng céc binh phucng cla t4t ca cdc udc dusng cla né
(khéng tinh 1 va m) bang 6m+8. Chitng minh rang néu ¢ hai s8 a pq la sé tét thi pg + 2 13 s chinh
phuang.

b) Tim tat cd cdc cap s6 nguyén (x; y) thda man x2°% +y20% 41350 1675 =2

Bai 22. (Trudng chuyén Nam Dinh nam 2023-2024)

a) Cho hai s8 nguyén dudng a,b théa man a®:b; b*:a. Chiing minh (a4 +b4)§ab

b) Tim tat cd cic cap s& nguyén (x;y) théa man x(x2 - y)+(y —3)(x2 + 1) =0

Bai 23. (Trudng chuyén Phan Bbi Chdu — Nghé An nam 2023-2024)

a) Tim x € R sao cho x++/2024 va l—\/2024 déu la cdc sé nguyén
X

b) Tim s8 nguyén duong a nho nhat sao cho 2a |a sé 14p phuong va 5a la sé chinh phucng
Bai 24. (Trudng chuyén DH Vinh - Nghé An nam 2023-2024)

a) Tim tat ca cdc cap s6 nguyén (x;y)théa man x* -y’ + 2(3y + y) =23.

b) Cho da thurc P(x) = x? +bx +c ¢é hai nghiém nguyén. Biét rang ‘c‘ <16 va ‘P(9)‘ la s6 nguyén to.
Tim cdc hé sb b,c.

Bai 25. (Trudng chuyén tinh Ninh Binh nam 2023-2024)

Cho p Ia m6t s6 nguyén té.

a) Chiing minh néu p 1é va ton tai sé nguyén x sao cho (x2 + 1)Ep thi p—1:4

b) Chitng minh 2023p +23° — 24 khéng la s6 chinh phudng.

Bai 26. (Trudng chuyén tinh Phu Tho chuyén tin nam 2023-2024)

a) Tim tat ca céc cap s6 nguyén dudng (x;y) théa man (x2 - X —1)(y2 + Xy —9) =2x+1

b) Cho n Ia s6 nguyén dudng 1é sao cho 3" +7" chia hét cho 11. Tim s6 du khi chia 2" +6" +2023"

cho 11.
Bai 27. (Trudng chuyén tinh Phu Tho chuyén todn nam 2023-2024)

a) Cho cdc s6 nguyén a,b,c,d thda man diéu kién a® +b® —8c® +28d* = 0. Chiing minh ring
(a+b+c+d)" chia hétcho 9.

b) Ching minh réing t6n tai da thic P(x) c6 hé s6 thuc, bac 2024 théa mén diéu kién P(x* -2} chia
hét cho P(x).

Bai 28. (Trudng chuyén tinh Quang Ninh nam 2023-2024)

a) Cho x,y la cdc s6 nguyén dudsng théa man x> —y va x> +y déu la cdc s6 chinh phusng. Ching minh
y la s6 chan.

b) Tim cdc s6 nguyén dudng a,b thda man a* —Z(a +b)2 =b*>+19.

Bai 29. (Trudng chuyén tinh Quang Tri nam 2023-2024)

1) Chdng minh n* +3n+1 13 s& 18 v&i moi s6 tu nhién n.

2) Tim tat ca cdc s6 nguyén dudng a,b sao cho 4a’ +b +4; 4b” + a+4 déu la s6 chinh phuong.
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Bai 30. (Trudng chuyén tinh Tay Ninh nam 2023-2024)

Tim nghiém nguyén cta phuang trinh (x +y)? + 2y* (x + 1) +(y+2)?-9=0

Bai 31. (Trudng chuyén tinh Thai Binh nam 2023-2024)

Chiing minh rang néu p la s6 nguyén t6 I8n han 3 thi (7—p)(7 +p) chia hét cho 24

Bai 32. (Trudng chuyén tinh Thanh Héa nam 2023-2024)

a) Gidi phuang trinh nghiém nguyén x> +2024x =y° +1

b) Cho céc s8 nguyén dudng x, y thda man 44x* +1 =y?. Chdng minh 2y + 2 13 s8 chinh phudng
Bai 33. (Trudng chuyén tinh Quéc Hoc Hué nam 2023-2024)

Tim t4t ca cdc sé thuc a sao cho a++/2023 va @+\/2023 déu 1a cdc s6 nguyén.
a

Bai 34. (Trudng chuyén tinh Tién Giang ndm 2023-2024)
Cho hai s6 nguyén p,q théa méan déng thic p* +q° =2(3pg-4) (*)

1) Ching minh rang cd it nhat mot trong hai sé p,q la bdi cla 3

2) Tim tat ca cdc cdp s nguyén (p,q) thoa (¥)

Bai 35. (Trudng chuyén tp H6 Chi Minh nam 2023-2024)

Xét cdc s6 nguyén a<b <c théa man n=a®+b* =c® —3abc 1a s6 nguyén té.

a) Ching minh a<0.

b) Tim tat ca cdc s6 nguyén a,b,c (a<b <c) sao cho n la mét udc cla 2023.

Bai 36. (Trudng chuyén tinh Vinh Long nam 2023-2024)

a) Tim tat ca cdc s6 nguyén x sao cho gid tri clia biéu thiic x> + x+6 |a mo6t s6 chinh phuong.
b) Tim nghiém nguyén cla phugng trinh y? = —2(x6 —x%y —32).

Bai 37. (Trudng chuyén DH Su Pham HN — vong 2 nam 2023-2024)

J3++a
J5+b

Bai 38. (Trudng chuyén BDHSPHN - vong 1 nam 2023-2024)

Tim tat ca cdc s6 nguyén dudng a, b sao cho s6 1a s6 hitu ty.

2
C6 hay khéng céc s6 nguyéna,b sao cho (a +b\/2023) — 2024 +20232023 ?
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Bai 1. (Trudng chuyén tinh Ba Ria Ving Tau nam 2023-2024)
a) Tim tat ca cdc cap s6 nguyén (x,y) thda man dang thdc:

X2+ Xy —2xy +2x-2y* +2y+1=0
b) Cho 31 diém b4t ki ndm bén trong hinh vudng ABCD cd d6 dai canh bang 12. Chitng minh rang
ton tai mot hinh tron ¢ bdn kinh bang 1 nam bén trong hinh vuéng ABCD va khéng cha diém nao
trong 31 diém d3 cho.

a) Ta co: (x+y)(x2 —2y+2) =-1. Do d6 cé hai kha nang xay ra:

x+y=1 y=1-x x=-1
THL: § SS90, = .
X —-2y+2=-1 x“+2x+1=0 y=2
-1 =_1-
TH2: x2+y & y2 X (v6 nghiém)
X =2y+2=1 X +2x+3=0

VAy c6 duy nhat cap s8 nguyén (x,y)théa manyéu cau la: (-1;2).
b) Ta chia hinh vudng ABCD thanh 36 hinh vudng cé dd dai canh bang 2. Khi dé cé it nhat mét hinh
vubng khéng chira diém nao trong 31 diém da cho. Hinh tron ndi tiép hinh vudng da cho 13 hinh tron
thda man yéu cau bai todn.
Bai 2. (Trudng chuyén tinh B3c Giang ndm 2023-2024)
1) Tim céc bd ba s6 nguyén dudng (x,y,z) thda man dang thdc dudi day:

x> +y3 +x? (3y + 22) +y? (3x + 22) +2z° (x + y) +4xyz =2023.
2) Trén mat phang cho 2 x 2024 diém phan biét, trong d6 khéng cé bat ki 3 diém nao thdng hang ngudi
ta t6 2024 diém trong cdc diém mau dd va t6 2024 diém con lai bang mau xanh. Ching minh rang,
bao gid cling ton tai modt cdch ndi tat ca cdc diém mau dé vdi tat ca céc diém mau xanh bdi 2024 doan
thdng (mdi doan thang cé hai diém dau mut la mét cdp diém dd-xanh) sao cho hai doan thdng bat ki
trong dd khéng cé diém chung.

1) x* +y? +x? (3y + 22)+y2 (3x + 22)+z2 (x +y) +4xyz =2023.

S X +y? +3x°y + 2%z 4+ 3xy? + 2y z + 2°x + 2°y + 4xyz = 2023

= (x3 +3x%y + 3xy” + y3)+ (2x22 +2y*z + 4xyz) + (22x + zzy) =2023
<:>(x+y)3 +22(x+y)2 +22(x+y)=2023

= (x+y)[(x+y)2 +22(x+y)+22} =2023

= (x+y)(x +y +z)2 =7.17%

1 / , X+y=7 X+v=7
Vi x,y,z nguyén dudng néu ta cox+y+z>0,dodo:{ y :{ y

x+y+z=17 z=10
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Cé x +y =7 max, y nguyén duong nén ta cé

X

1

2

3

4

5

Y

6

5

4

3

2

KL: cdc bd s6 can tim 13 (1;6;10);(2;5;10);(3;4;10);(4;3;10);(5;2;10);(6;1;10)

2) Xét tat ca cdc cdch n6i 2024 cap diém (d6 vdi xanh) bang 2024 doan thdng. cdc cdch ndi nhu vay
ludn ludn ton tai do chi cé 2024 cap diém nén sé tat ca cdc cidch ndi nhu vay |a hitu han.

Do dd, tim dudc mét cdch ndi cé tdng dd dai bang cdc doan thang |a ngan nhét.

Ta chiing minh rang day la mét cdch ndi phai tim

Thét vy, giad sir ngudc lai ta cé hai doan thdng AX va BY ma cat nhau tai diém O (gid sir A va B t6 mau
dd, con X va Y td mau xanh). khi dé néu ta thay doan thdng AX va BY bang hai doan thdng AY va BX,
cdc doan thang khdc gilt nguyén thi ta cé cdch néi nay cd tinh chat:

AY+BX <(AO+0Y)=(A0+0X)+(BO+0Y)= AY +BX < AX+BY

Nhu vdy, viéc thay hai doan thdng AX va BY bang hai doan thdng AY va BX, ta nhan dudc mot céch néi
mdéi cd téng dd dai cdc doan thang la nhd han. V& Iy, vi trdi vdi gid thiét 1a da chon mét cdch ndi c6 tdng
cdc db dai la bé nhat.

Diéu v6 ly chiing td: cdch ndi cb téng dd dai cdc doan thang la ngan nhat 13 khéng cé diém chung.

Bai 3. (Trudng chuyén tinh Bac Ninh ndm 2023-2024)

Cho cdc s6 nguyén dudng x,y,z thdaman x> +y? +2° = 18(x+ y +z).
1) Ching minh rdng x+y +z chia hét cho 6.

2) Tim gid tri I8n nhat cda biéu thic F = xyz

1. TU gid thiét ta c6 (x3 —x)+ (y3 —y) + (23 —z) =17(x+vy +2)

Tich cla ba s6 nguyén lién tiép ludn chia hét cho 6 nén x® —x =(x —1)x(x +1):6
Tuongtu y> —y:i6,z2° —z:6 = 17(x+y +2):6

Ma 17 va 6 nguyén td cung nhau nén x+y +z:6

2.Tacd x+y+z=6m, x> +y>+2z°>=108m, vdi me N".

Vi

3 3 3

3 3,.3 g
X +y +z 2(x+y+zj nan 1038m>(6_m

3
J @mZS%:mSZ

Lic nay F=xyz < (%T < (%]3 =64 (1)

TU x* +y® +2° —3xyz :(x+y+z)(x2 +y?+2? —xy—yz—zx) suy ra

108m-3F = 6m(36m2 - 3(xy +yz+ zx)) < F= 36m—6m(12m2 —(xy +yz+ zx)).
Do dd F:i6 (2).Tu (1) va (2) suyra F<60 (3).

Dang thuc 6 (3) xay ra, chdng han khi
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X+y+z=12 X+y+z=12
60:72—12(48—(xy+yz+zx))<:> xy+yz+zx:47<:>(x;y;z) la hodn vi cla (3;4;5)
xyz =60 xyz =60

Vay gid tri I6n nhat cha F 1a 60, dat dudc chang han khi (x;y;z) la hodn vi chia (3;4;5)

Bai 4. (Trudng chuyén tinh Binh Dinh nam 2023-2024)

Tim tat ca gid tri nguyén clia n dé n* +2026 |3 mdt s8 chinh phusong.

Lai giai

D3t n® +2026 =m’(me N',m > 46) < (m—n)(m+n) = 2026 =2.1013 (*)

Vi m—n,m+n cung tinh chdn 1é = khdng c6 cdp s8 m,n thda phudng trinh (¥)
Vay khéng cé gid tri nguyén clia n thda yéu cau bai todn.

Bai 5. (Trudng chuyén tinh Binh Phudc nam 2023-2024)
a) Giadi phuang trinh nghiém nguyén: x? + xy +y? = x’y?.
b) Cho p la s& nguyén té I18n han 3. Ching minh rang (p—l)(p+1) chia hét cho 24.
Li gidi
a)Tacd x> +xy+y’ =xy>* & x> —x’y> +xy+y* =0 c:>(1—y2)x2 +xy+y>=0 (1)
Ta xét cac trudng hdp:
Trusnghgp 1: 1-y* =0 y = +1.
+)V8iy=1tacéd X’ +x+1=x> > x=-1.
+)V8iy=-1tacd x> —x+1=x* = x=1.
Trudng hdp 2: 1-y? #0 < {y 2!

y#-1.
Xét phudng trinh béc hai (1 —yz)x2 +xy+y?=0,cé

A =vy* —4(1—y2)y2 =y’ (4y2 —3).

+) Néu y=0 tacé x=0.
+) Néu y = 0, phudng trinh (1) cé nghiém nguyén khi va chi khi 4y? —3 |a s6 chinh phuaong.

Bt 4y’ -3=k* (keN).

2y —k=1 y=1
(ktm)
2y +k=3 k=1
4y? 3=k < (2y-k)(2y+k)=3 = =
2y —k=-3 y=—1(kt
2y +k=-1 k=1 m).

Vay phudng trinh da cho cé 3 nghiém (0;0),(1;—1),(—1;1).
b) Vi p 1a s6 nguyén t8 I8n hon 3 nén p lasd 1é,tacd p=2k+1 (keN, k>1).
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Do d6 tacd (p—1)(p+1)=2k(2k+2)=4k(k+1):8

+) Néu p=3k = p =3 (loai vi p la s6 nguyén t6 I6n hon 3).

+) N&u p=3k+1,tacé (p—1)(p+1)=3k(3k+2):3.

+) Néu p=3k+2,tacé (p—1)(p+1):3(3k+1)(k+1)53.

Vi (3;8):1 nén (p—l)(p+1)524 véi p la s6 nguyén t6 I6n hon 3.

Bai 6. (Trudng chuyén tinh Binh Thudn nam 2023-2024)
a) Ki hiéu S(n) la téng céc chir s6 clia s6 nguyén dudng n. Bi€t a va b la hai s6 nguyén dudng thda
S(a) = S(b) = S(a+b). Chdng minh rang a va b chia hét cho 9.
b) Tim nghiém nguyén ctia phudng trinh: x? +(x+1)2 =y* +(y +1)4
L&i gidi
a) Ta dp dung tinh chat a—S(a)E9 véi moi s6 nguyén duadng a (ban doc tu chdng minh tinh chat nay)
Vay a+b—S(a):a+b—S(a+b)E9 :(a—S(a))+bE9:>bE9
Tuong tu, ta dudc a:9. VAy a, b chia hét cho 9 (dpcm)
b) Phuadng trinh viét lai:
22 +2x+1=2y* + 4y’ +6y” +4y +1
= 2x> +2x+2=2y* +4y> +6y* + 4y +2

= x? +x+1=(y2 +y-|r1)2
Vay tir day ta dudc x? + x+1 13 s6 chinh phudng hay 4x* +4x+4 = (2x+1)2 +31a s8 chinh phuang.
Dt (2x+1) +3=t*(teZ) (*¥)
Ta cé: (**)<:>t2 —(2x+1)2 =3 <:>(t—2x—1)(t+2x+1)=3
Xét tat ca céc trudng hgp sau:

t-2x-1 1 3 -1 -3
t+2x+1 3 1 -3 -1
t 2 2 -2 -2
X 0 -1 -1 0

Vay x=0va x=-1
VGi x = 0 thay vao (*), ta dudc:
y=0

y2+y+1:1<:>y2+y:0<:>y(y+1)=0<:{

Moy ry+l) =le y=-1

y? +y+1=—1(v6nghiem)
4. N 2 2 y:o
V@i x =—-1 thay vao (¥), ta dudc: (¥) <:>(y +y+1) =l 1
y=-

Vay phudng trinh cé céc nghiém (x;y) = (0;0);(0;—1);(—1;0);(—1;_1)
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Bai 7. (Trudng chuyén tinh Can Tho ndm 2023-2024)

Tim tat ca cap s6 nguyén (x;y) thod man phudng trinh x*> —2y? —xy +2x+5y -5=0.
L&i giai

x* =2y’ —xy +2x+5y-5=0(xy € Z)

S X2 =2xy +3x+xy —2y* +3y —x+2y-3=2

= x(x—2y+3)+y(x—2y+3)—(x—2y+3)=2

<:>(x+y—1)(x—2y+3):2

Do d4 ta cé bdn trudng hgp:

X+y—-1=2

4

Truong hop 1: & 3
x—2y+3=1 v 5
3

1

1

—1=1 -
Trudng hop 1: {XJFY {X

&
xX—-2y+3=2

5
~1=-1 X="3

Trudng hop 1: xry & 3 (Loai)
X—2y+3=-2 v 5
3
1=-2 -

Truong hop 1: Xy & X (Nhan)
x-2y+3=-1 y=1

Vay cap (x;y) nguyén can tim la: (1;1) va (—2;1)

Bai 8. (Trudng chuyén tinh B3k lak nam 2023-2024)

1) Cho 9 hinh vuéng cé dd dai cdc canh 1a 9 sé nguyén duong lién ti€p. Goi S |3 téng dién tich cta 9
hinh vuéng da cho. Tén tai hay khéng mét hinh vuéng cé canh |a mét s8 nguyén duong va cd dién
tichla S.

2) Vé bat ki 17 dudng tron, méi dudng tron cé dé dai dudng kinh 1a mét sé nguyén dudng. Chiing
minh rang trong 17 dudng tron dd ta ludn chon dugc nam dudng tron cé téng d6 dai cdc dusng kinh
|a mot s6 chia hét cho 5.

L&i gidi

1) Goi x,x+1,x+2,x+3,x+4,x+5x+6,x+7,x+8 Vvdi x la s nguyén duong lan Iugt la canh cla cic

hinh vubng da cho, suy ra

S=x° +(x+l)2 +(x+2)2 +(x+3)2 +(x+4)2 +(x+5)2 +(x+6)2 +(x+7)2 +(x+8)2

Rut gon S =9x* +72x+204. Goi hinh vuéng can tim cé canh 13 y véi vy |a s6 nguyén dudng, ta cé
9x* +72x+204 =y*(1)
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Ta c6 9 +72x+204 =9(x” +8x+22)+6 chiacho 9 dué.

M3t khéc y? chiacho9céds6dulare {0;1;4;7} suy ra phudng trinh (1) vO nghiém.
Vay khdng ton tai hinh vudng théda man yéu cau bai toan.

2) Goi cac s6 tu nhién a,,a,,...,a,, lan lugt la d6 dai dudng kinh 17 dusng tron da vé va r,,r,,...,r,, la s6
du khi chia 1an lugt a,,a,,..,a,, cho 5. Ta cé: r.r,..rn, €{0;1,2,3;4}

Néu trong 17 s6 r,r,,...,r,, ton tai nam s6 bang nhau, chdng han: r, =r, =r, =r, =r, thita cé

a, +a, +a, +a, +a, chia hétcho 5.

Néu trong 17 s6 r,,r,.. khéng ¢4 ndm s8 nao bang nhau, tdc la t6i da 4 s6 bang nhau, chang han

l,
cd 4 nhdm 4 s8 bang nhau, nhu vy 17 sé du dugc phan thanh 4 I6p ma mdi I18p ¢d 4 phan tirva 1
I8p ¢ 1 phan ti véi cdc phan tr dai dién 1a 0;1;2;3;4. Lic d6 18y trong moi I8p 1 s6 sé dudc nam sé cé
gid tri d6i mot khdc nhau. Chang han r, #r, #r, #r, #r,va r,+r,+r,+r, +r, =10 nén

a, +a, +a, +a, +a; chia hétchob.

Bai 9. (Trudng chuyén tinh Dong Nai nam 2023-2024)

Tim céc s8 tu nhién x, y, z théa man x* +y* =2023% + 35.

Do vai tro cia x, y d6i x{tng nhau nén gid st x<y.
VG6i z=0 thi x* +y* =36. (1)

Vi x<y nén x*<18=0<x<4.

-0
Thi truc tiép, ta dudc {x théa (1).

VG8i z>1:Do 2023:7,35:7 nén x* +y*:7. (2)
Dat x=7a+r,y=7b+t Vvdi a,b,r, t la cdc sé tu nhiénthdéa 0<r<6,0<t<6.Khidé
x? +y? =49a° +14ar +49b% +14bt+r* +t>.  (3)
TU (2) va (3)suyra r’ +t*:7.
Thir truc tiép, ta thay chicé r=0, t =0 thda man.
Do ddé x=7a,y="7b.
Thay vao phuong trinh ban dau:
49a” +49b” = 2023° +35 < 7(a’ +b°) = 28977 +5.
Néu z > 1 ta cé V& trdi chia hét cho 7 va vé& phai khéng chia hét cho 7 (V6 ly).
Néu z=1 tacé: 7(a” +b*) =289 +5 < a” +b* =42,
D& dang kiém tra dugc phudng trinh a° +b? = 42 khdng ¢é nghiém tu nhién.
Vay phugng trinh ban dau cé hai nghiém
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N < X
oo o
N < X
oo o

Bai 10. (Trudng chuyén tinh BDéng Thap nam 2023-2024)

Phién chg hé Lotus s dung hai loai thé: loai thé gid 3000 déng va loai thé gid 4000 déng. Vao dip
nghi he, ban An muén dung hét sé tién tiét kiém cdia minh dé mua x thé loai gid 3000 dong va y thé
loai gid 4000 déng. Tim s6 cdch mua cd du ca hai loai thé néu tién tiét kiém clda ban An la 2023000

dong.

L3i giai

Ta c6 phudng trinh 3000x + 4000y = 2023000 < 3x + 4y = 2023
Suyra v=wzlzlsxs 2019 -673

2021—3x _ 2024—ix—1+x =506—X+X_1

Dé y nguyén thi x—1 chiahétcho 4,suyra x=1+4k, keZ.

Kéo theo y =505 - 3k.

Dodd 1<1+4k<673<0<k<168.

Vay cé 169 cap (x;y)

Bai 11. (Trudng chuyén tinh Ha Nam nam 2023-2024)

TIm tat ca cdc s6 tu nhién n dé 229%* + 22?7 1 2" 13 s8 chinh phudng.

Li giai

Gid sl s6 tu nhién n thda man dé bai. Khi dé tén tai s6 nguyén dusng k sao cho
4P 420 =K = 927 42" =K & (k+3297)(k-3.2'7) = 2",

M3t khactacéd y =

k+3.21% =22
=1k-3.2""7 =2 =2°-2°=32"%"

abeNa+b=n
2b(pab _ 1) = 321013 2°°-1=3
<27 -1)=3. N ob _ 51013
—-b=2 =101
o8 o8 ° . h-2028
b=1013 b=1013

Vay véi n =2028 thi 2°°% +2%°% £ 2" |3 s6 chinh phudng

Bai 12. (Trudng chuyén Ha N&i chuyén tin nam 2023-2024)

1) Cho p 13 s6 nguyén t8 18n hon 3. Chiing minh s8 A =2"*? —8 chia hét cho 21.

2) Tim tat cd cdc s6 nguyén x va y thod man x°> —y° = 2(x—y)2 +17

L&i giai

1) Vipla s8 nguyénts16n hon 3nénpla s 1@ nén p’ +2 lasélé = 2°*? =2(mod3) => 2°** -8i3(1)
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Vi p 1 s8 nguyén t8 16n hon 3 nén p’ =1(mod3) = p* +2=0(mod3) = p* +2 =3k (ke N *)
=2°"? =2% =8 =1(mod7) = 2" -8i7(2).

Ma (3,7):1 (3). T (1) (2) (3) = 27" —8: 21 (DPCM).

2) ¥ —y® =2(x-y) +17

D3t x—y=a,xy=b(a2 2—4b).

Vi2(x-y) +175>0=x ~y*>0=x-y>0=a>0

Ta cé: x° —y° =2(x—y)2+17:>a3+3ab:2a2+17:>17Ea:>ae{1;17} (do a>0)
THl:a=1=b=6=(xy)e {(3,2);(—2,—3)} (thir 1ai thod man)

TH2: a=17=b= % (loai)

Vay ()< {(32)(2.-3)

Bai 13. (Trudng chuyén Ha N6i chuyén todan nam 2023-2024)
1) Cho ba s6 nguyén a,b va c théa man a° +b” +c® —2abc chia hét cho 6. Chiing minh abc chia hét
cho 54.
2) Tim tat ca cap s6 nguyén dudng (x,y) théda man x°y —x’y —4x* +5xy —y* =0.
LSi giai
1) Néu a,b,c déu khéng chia hét cho 3 thi a%,b?,c* chia cho 3 du 1.
a’+b”+c?/3
: -
abc/3
Néu a,b,c cd mot hoac hai s6 khéng chia hét cho 3 va cdc s6 con lai chia hét cho 3
a’+b’+c’13
: .
abc:3
Vay a,b,c:3 = abc:27 (1)

=MI3 (vbly)
=Mi3 (Vo ly)

\ 2 2 2Z
Lai c6, néu a,b.c ddulethi 42 TPTHEE2 s e )
2abc:2

Vay a,b,c cd it nhat mét s6 chdn = abc:2 (2)

TU (1) va (2) = abci54 wi (2,27) =1.

2) X’y —x’y —4x* +bxy -y’ =0 < xy(x2 —x+1)=(2x—y)2 (1)

Goi d = (x;y) = x =da;y =db Vi (a;b) =1 va a,b,d nguyén duadng.

Khi d6 (1) trd thanh d’ab(d’a® ~da+1) = d?(2a -b) = ab(d’a’ ~da+1)=(2a -b)’.
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2.,

Suyra (2a—b) ava (Za—b)zib

Ta co (2a—b)2§a ma (a;b):l:>(2a—b;a):1:((Za—b)z;a):l do d6 a=1.

b=1
Tu (2a—b)22b:>4a25b ma (ab)=1=4ib=|b=2 (dob>0)
b=4

+) THl: a=b=1=x=y=d.

Thay vao gid thiét ta dudc d* —d®> =0=d =1 (do d nguyén dudng) = {; i 1
+) TH2: a=1;b =2 khbéng théa man.

+) TH3: a=1;b=4 suyra x=d;y =4d

Thay vao gid thiét ta dudc d* —d®> =0 = d =1 (do d nguyén dudng) = {:ii

Thr lai ta thdy cap sé (x;y) € {(1;1);(1;4)} thda man yéu cau bai todn.

Bai 14. (Trudng chuyén tinh Ha Tinh nam 2023-2024)

Ching minh ring véi moi s& tu nhién n 18n hon 1 thi A =n** +n*%

+n* —n+1 khéng phai |3 s6
nguyén té.

Li giai

Tacd A=n""*+n"2 +n*—n+1= (n2°24 —n2)+(n2°23 —n)+(n4 +n’ +1)

=n’ (nzo22 —1) + n(n2022 —1)+(n4 +n’ +1) = (n2 +n)(n2°22 —1)+ (n4 +n’ +1)

Tacd (n2 +n)(n2°22 —1) = (nz +n)[(n3 )674 —1}
= (n2 +n)(n3 —1).B = (n2 +n)(n—1)(n2 +n+1).B chia hétcho n* +n+1

2
Laicé n*+n*+1=n*+2n*+1-n’ =(n2+1) -n?

:(n2 +n+1)(n2 —n+1) chia hétcho n +n+1
Vay A=n""*+n*>2 +n* —n+1 chia hét cho n’ +n+1 vdi moi s& tu nhién n 16n hon 1 nén A khéng
phai la s6 nguyén té.
Bai 15. (Trudng chuyén tinh Hai Dudng nam 2023-2024)
1) Tim t4t ca cdc s6 nguyén té p 1€ sao cho 2p* —p? +16 |a s8 chinh phudng.
2) Tim nghiém nguyén cla phudng trinh 6x* +7xy +2y> +x+y—-2=0
LSi giai
1. DitA=2p*-p’+16
V38i p=3 thi A=169 =13 Ia s6 chinh phudng. Viy p =3 thod man.

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 13



CLB Toan bdi duéng MathExpress | , |www.mathexpress.vn

Véi p> 3 thi p? sl(mod3). Suy ra p* =(p2)2 El(mod3)
Suyra A:2p4—p2+1652.1—1+1652(mod3)

Do céc sé chinh phuang chia cho 3 chidu 0 hodc 1 nén A khdng la sé chinh phuang.
2. Taco phudng trinh

6x° +7xy +2y* +x+y—-1=1

< 6x° +(7y+1)x+2y2 +y-1=1

e (2x+y+1)(3x+2y-1)=1

{2x+y+1:1 1)
3x+2y-1=1
{2x+y+1:—1 2)
3x+2y-1=-1

CE

@)=

y=6

Bai 16. (Trudng chuyén tinh Hai Phong nam 2023-2024)

Tim cdc s6 nguyén t8 a, b va sd nguyén duosng m thod man a’ +b? +18ab = 4.5™.
Lai giai

Tacé (a—b)* =4.5™ —20ab:5 = (a—b):5 = (a—b)*:25.
ab>2=a’+b*+18ab=45">80=>m>2

= 20ab =(a—b)> —4.5™:25 = 20ab:25 = ab’5

= a:.5:> a:,5:>a:b:5;m=3.
b:5 b:5

Bai 17. (Trudng chuyén Hung Yén nam 2023-2024)

Tim cdc nghiém nguyén (x; y) cla phudng trinh 2024(x2 +y? ) - 2023(2xy + 1) =b5.
L&i giai

2024(x? +y?) —2023(2xy + 1) =5

S x2+y?2+2023(x? + y?) —2023.2xy - 2023 =5

S x2+y2+2023(x? +y? - 2xy) =5+ 2023

S x2+y2+2023(x-y)?=2028 (¥

Vix,y € Z Do dé \x—y\ 13 s6 tu nhién

Nhan xét: N&u [x—y| 22 thi (x-y) >4 =2023(x~-y) >8092
Do d6 x? + y2 + 2023(x — y)? > 2028
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Nén (*) khdng xay ra. Nén ‘x—y‘ <1

Vay co ‘x—y‘e{o;l}

* Xét ‘x—y‘ =0.Tacéd: x-y =0 x=y

V@i x =y, tUr (¥) cd 2x* =2028 ma x;y € Z nén loai.
* Xét ‘x—y‘ =1<:>{::;/Zil

Vdi ‘x—y‘zl,tij(*) 6 x*+y?=5

2

+Xéty=x-1.Tacé x2+(x—1) =5=2x"-2x+1=5
oxl-x-2=0¢& x=2 . Vi x=2:y=1
x=-1 x=-1,y=-2

+Xéty=x+1.Tacé x2+(x+1) =5=2x"+2x+1=5

Sx+x-2=0<

VAy cdc cap s6 nguyén (x;y) can tim la (—1;—2),(2;1),(1;2),(—2;—1)

Bai 18. (Trudng chuyén Khdnh Hoa nam 2023-2024)
Ching minh p* —1 chia hét cho 240 vdi moi s8 nguyén t6 p > 5.

L&i gidi
Vi p la s6 nguyén t6 18n hon 5 nén p khdng chia hét cho 2,3 va 5
? =0(mod3)
Lpz 3 1(mod3)
Ta c6 p? Ia s6 chinh phucng = 1| p? = 0(mod5)
p’ = 1(mod5)
p’ 54(mod5)
p’ =1(mod3)
Két hdp véi (1) = {|p* = 1(mod5)
p’ =4(mod5)

(*)

Mat khactu (1) = p 1é
= p* = 1(mod16)
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= (p4 —1) 116 (**)

TU (%), (**) va 3, 5, 16 nguyén t6 cung nhau suy ra (p4 —1) : (3-5-16) = (p4 —1) : 240.
Vay p* —1 chia hét cho 240 vdi moi s& nguyén t8 p > 5.

Bai 19. (Trudng chuyén Khoa hoc Tu Nhién HN nam 2023-2024)

Tim tat ca cdc cap s6 nguyén dudng (x;y) thda man 4" + (1 + 3y)(1 + 7y) =2" (3V +7" + 2)

Céch 1. Ta ¢4 cdc bién déi phuong trinh sau
4+ (1+3")(1477)=27(3"+7" +2)
© 27 -1+2+3"+7" 421" =2°(3'+7" +2)
o (2-1)(37+7 +1-2") =21 (1)
Ta chiing minh UCLN (2x 1344+ 7Y +1—2X) —1 Thatvay, néu UCLN(2* =1;3* +7" +1-2% ) > 1 thi
goi p la udc nguyén té chung cla 2 -1,3*+7" +1-2".Suyrap |3’ +7" .chdyla 3V +7" déu khéng
chia hétcho 3,7 nén p#3,7. Laicd p|21” nén p {3, 7} mau thuan.
Vay UCLN (2x ~1;3*+7" +1 —2*) =1 Ta xét hai trudng hdp sau
° Néu x |a s6 chdn thi 2* —1 chia hétcho 3va 3*+7Y +1-2* chia 3 du 1.

22-1=3

Khi dé, tir phuong trinh (1) ta cé
3*+7"+1-2*=7"

Suyra 2*=3"+1 ,Chiyla 3" =1,3 (mod 8) nén 3" +1 khéng chia hétcho 8. Tudé x=2 vay=1.
Vay (xv)=(21)
Néu x la sé 1é thi 2 -1 chia3 du 1 va 3*+7" +1-2* chia hét cho 3.

2-1=7"

Khi d6, ti phuong trinh (1) ta c6
3¥+7"+1-2=3"

Suyra 2=7"+1. Vé phaichia 7 du 1 nén vé trdi chia 7 du 1. TU d6 x = 3k,k e N* va thay vao
phuadng trinh dudc

(2 -1)(2* +2 +1)=7"
VIUCLN (28 -1;2% +2" +1) € {1,3} nén UCLN(2" 1,2 + 2" +1)=1. V1 2% + 2" +1>1nén 2 -1=1
suyrak=1va7"=7 nény=1 va x=3k=3.Vay (x,y)=(3,1).
Vay tat cd cdc cap sb (x, y) théamanla (2,1), (3,1).
Céch 2. Phuong trinh da cho cd thé viét lai thanh
(2r-7"-1)(2r-3"-1)=0

T4i day gidi giéng hai trudng hop & trén.
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Bai 20. (Trudng chuyén Lai Chdu nam 2023-2024)

Tim nghiém nguyén cla phuang trinh (2x+y)(x—y)+x+8y =22

LaGi giai

Ta cé: (2x+y)(x—y)+x+8y:22 = (2x+y)(x—y)+3(2x+y)—5(x—y):22
<:>(2x+y)(x—y+3)—5(x—y+3):7

<:>(x—y+3)(2x+y—5):7

Khi dé ta cé cac trudng hdp sau:

TH1: {x—y+3=—7 <:>{x:—2

2x+y—-5=-1 y=8
TH: x—-y+3=-1 - X=-2
2x+y—-5=-7 y=2
x_10
-y+3=7 T3
TH3: 7Y =1 3
2x+y-5=1 y_—_2
3
_10

X

_y+3-=1
TH4: 17V T o 3 (1)
2x+y-5=7 y—ﬁ

3
Vay nghiém cla phuadng trinh Ia (x;y) € {(—2;8);(—2;2)}

Bai 21. (Trudng chuyén Lao Cai nam 2023-2024)
a) S6 nguyén dusng m dudc goi la sé tét néu tdng céc binh phuang cua tat ca céc udc duong cla né
(khéng tinh 1 va m) bang 6m+8. Chitng minh rang néu ¢ hai sd a pq la sé tét thi pg + 2 1a s chinh
phudng.
b) Tim t4t ca cdc cap s6 nguyén (x; y) thda man x?%2° 4+ y20% 4 1390 1 /675 =2
Li giai
a) Do p. g |a cdc s6 nguyén nén pq cé céc udc dusng la 1, p, 9, pa.
Vip, g la sé tét nén p® +q*> =6pqg+8 (1)
& pg+2=p*+9°-5pq-6=p° +g° -2pq-3pg -6 =(p—q)* - 3(gp+2)

& 4(qp+2) = (p-qf’ :>pq+2=(p—;qj (2)

TU (1) & (p-q) =4pg+8

Do 4pq+8:2 nén (p—q)*:2
= p-q:2 (Do 2 la sé nguyén to)

P 9.7 3
2
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TU (2) va (3) = pg+2 la sbé chinh phudng.

b) x2025 _y2025 + y1350 + y675 — 2 ] Dét X675 =m: y675 =n= y2025 — n3 :yl350 — n2
Do x,y €Z phudng trinh d3 cho trd thanh m?
Xét (n—1)3 —m*=-2n*+4n-3=-2(n>-2n+1)-1=2(n-1)?-1<0

Do -2(n-1)*-1<0 v8imoin = (n-1)> <m?® (1)

=n*-n*-n+2

2
Xét (h+3)° -m? :10n2+28n+25:10(n2+%+§j+2—57:10(n+zj +z

Do 10(n+zj2 +z >0 vdéi moin.
5 5

Suyra (h+3°>m® (2)

TU (1) va (2) suyra:(n+1)° <m’® <(n+3)°
m’ =n’

Suyra|m®=(n+1)>

m?=(n+2)>
*THL: m*=n*<on*+n-2=0
n=1
o
n=-2

V8in=1=y*° =1=y=1TM)

V8i n=-2= y®® =-2 = khdng cd gié tri nao cllay € Z théa man.
Thay y=1 vao phudng trinh d3 cho

o x*41=2

= X2025 — 1

& x=1(TM)

*TH2: m* =(n+1)® < 4n*+4n-1=0
A =8 khoéng la s6 chinh phudng.

Suy rakhéng cé gidtrine Z.

*TH3: m*=(n+2)° < 7n*+13n+6=0
< (n+1)(7/n+6)=0

= (loai vi n khdng thubc Z)
= 8
n=—
7

V8in=-1=y*"" =-1<y=-1(TM)

Thay y =—1 vao phuong trinh ban dau ta cé:

X% 11=2" %=1 x=1(TM)

Vay phudng trinh da cho cé hai nghiém nguyén (x,y) € {(1;1);(1;-1)}

Bai 22. (Trudng chuyén Nam Dinh nam 2023-2024)

a) Cho hai s8 nguyén duong a,b théa man a*:b; b’:a. Chiing minh (a4 +b4)5ab
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b) Tim tat cd cdc cap s6 nguyén (x;y) théa man x(x2 - y)+(y —3)(x2 + 1) =0

a) Vi a’'b nén a’a‘b.a hay a*iab. Tudng tu, vi b*:a nén b’biab hay b*:ab. TU day suy ra
(a4 +b4)2ab.

x> +3x*+3 3x+1
—:—X+2+2—

b) TUr dé bai x(x* —y)+(y-3)(x* +1)=0 tardtra y = 7 a1 7 xa1

(M x* =x+1>0 v3i moix)

Khi x nguyén, dé y la nguyén thi (3x+ 1)2(x2 - X+ 1) do dé¢;

(3><+1)2 :(9><2 +6x+1) = 9(><2 —><+1)+(15><—8)2(><2 —x+1) hay (15><—8)§(><2 —x+1)
Suy ra 13:[5(3x+1)—(15x—8)]5(x2—x+1)

Nhu vay:
& x?-x+1=13=x*-x-12=0=x=-3 hodc x=4

Véi x=-3 thi y :% (khéng nguyén); véi x =4 thi y =—1 (nguyén).

& x?—-x+1=1=x*-x=0=x=0 hodac x=1

V@i x=0 thi y =3 (nguyén); véi x=1 thi y =5 (nguyén).

Thr lai thdy céc nghiém trén déu thda man. Vay cd 3 cap (x;y) thda man yéu cau bai todn la (0; 3),
(1:5) va (4: -1).

Bai 23. (Trudng chuyén Phan B6i Chau — Nghé An nam 2023-2024)

a) Tim x e R sao cho x++/2024 va l—\/2024 déu 13 cdc s6 nguyén
X

b) Tim s6 nguyén dudng a nhd nhat sao cho 2a |a s6 14p phuong va 5a la sé chinh phudng

a) Theo gid thiét ta cd thé dat nhu sau x++/2024 = a,l—\/2024 =b thiabeZ
X
Bang cdc phép bién déi ta dudc

(a - \/2024)(b ; \/2024) ~ 12024 (a—b)=2025-ab

V142024 votyvaa-Db,2025-ab nguyén néna=>bva 2025 =absuyra a=b=+45
Khi d6 bang phép thé ta dudgc

x+72024 —a=+45 = x e {45 ~J2024,- 45— \/2024}
Vay t4t ca gid tri x théa man I3 x e {45 ~J2024,- 45 —\/2024}
b) Theo gia thiét 2a =b> (1) va ba=c? (2) V@i b,c |a cdc s6 nguyén duang.

TU (1) suy ra b® chia hét cho 2, ma 2 13 s6 nguyén t5 nén b chia hét cho 2.
D3t b = 2d, thay vao (1) dugc 2a=8d>, hay 13 a = 4d° (3).
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TU (2) suy ra ¢ chia hét cho 5, ma 5 1a s& nguyén t6 nén c chia hét cho 5
Dat ¢ = 5e, thay vao (2) dudc 5a = 25e?, hay la a = 5e? (4)

TU (3) va (4) c6 a = 4d°® =5e? (5) vdi d,e la cdc s6 nguyén dudng. Do 4 va 5 |a hai s6 nguyén t6 cung

nhau nén tir (5) thi d® chia hét cho 5, suy ra d chia hét cho 5

D3t d = 5k, thay vao (5) dudc a = 5e? =500k vdi k 1a s& nguyén dudng

Tu d6 e? =100k® =10°k>. Diéu nay xay ra véi s6 k nhd nhatlak=1,e =10 vaa =500
Ldc d6 2a=1000=10° va 5a=2500 =50* théda man bai todn

Viy s nguyén dudng a nhd nhat thda man la a =500

Bai 24. (Trudng chuyén DH Vinh - Nghé An nam 2023-2024)
a) Tim tat ca cdc cap s6 nguyén (x;y) théda man x> —y? +2(3y + y) =23.

b) Cho da thurc P(x) = x? +bx +c ¢é hai nghiém nguyén. Biét rang ‘c‘ <16 va ‘P(9)‘ la s6 nguyén to.

Tim cdc hé sb b,c.

a) Ta bién ddi phuong trinh nhu sau

x? —y? +2(3x+y)=23 & (x* +6x+9)-(y? -2y +1)=31 o (x+3) ~(y-1) =31
<:>(x—y+4)(x+y+2)=3l

TU day, ta xét bang sau

x—y+4 31 i -31 -1
X+y+2 1 31 -1 -31
X 13 13 -19 -19
y -14 16 16 -14

Véy tét ca cdc nghiém (x,y)thda man la (13,-14);(13,16);(-19,16);(-19,-14).
b) Goi hai nghiém nguyén cla P(x) =x’+bx+c la uv.

Theo dinh ly Vi—etta dudc u+v =-b, uv=c.

Vi

P(9)‘ la s6 nguyén t8 nén ‘(9—u)(9—v)‘ la s6 nguyén t6 dan dén ‘9—u‘ =1 hodc ‘9—v‘ =1.
Khéng mét tinh téng quat, ta gia s ‘9 - u‘ =loue {8;10}.

Truong hdp 1. u=10, vi ‘c‘ <16, nén M € {O;l} Sve {—1;0;1}.

Mat khdc 9-1=8,9-0=9,9+1 =10 déu khdng la s8 nguyén td nén trudng hdp nay loai.
Truong hdp 2. u=8, Vi ‘c‘ <16, nén M <2.

Ma v phaila sé chdan néntr ddy suyra v e {—2;2} . Thtf lai ca hai gid tri nay théa man va ta nhan
dudc gia tri cda b,c tuong Uing la -10,16 va -6,-16.

Viy tat ca cap (b,c) thda man la (b,c) € {(—10,16);(—6,—16)} )
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Bai 25. (Trudng chuyén tinh Ninh Binh nam 2023-2024)

Cho p Ia m6t s6 nguyén té.

a) Chiing minh néu p 1é va ton tai sé nguyén x sao cho (x2 + 1)Ep thi p—1:4

b) Chitng minh 2023p +23° — 24 khéng la s6 chinh phudng.

L&i giai

a) Vipla SNT Ié nén p chi cé 1 trong 2 dang: 4k + 1 hoac 4k + 3

Vi (x2+ 1) i pnénpcédang 4x + 1, hay p—1=4k:4.

b) Tén tai STN x sao cho 2023p+23° -24 =x*> & x> +1=2023p+23° - 23
Theo Fermat nho, ta cé 23" —23= O(mod p)

= 2023p+23°-23=0 (mod p)
=x*+1=0 (mod p):>p=4k+1

=2023p+23°-24=—p+(-1)"=2 (mod 4)

Ma x2 = 0,1 (mod 4), m4u thuan

Viy 2023p +23° - 24 khdng la s6 chinh phuong.

Bai 26. (Trudng chuyén tinh Phu Tho chuyén tin nam 2023-2024)

a) Tim tat ca cdc cap s6 nguyén ducsng (x;y) thdoa man (x2 - X —1)(y2 + Xy —9) =2x+1

b) Cho n 1a s6 nguyén dudng |é sao cho 3" + 7" chia hét cho 11. Tim s6 du khi chia 2" +6" +2023"

cho 11.

Li giai

a) Tim tat ca céc cap s6 nguyén dudng (x;y) théa man (x2 —x—l)(y2 +xy—9) =2x+1

Vi (x;y) nguyén dudng nén tU diéu kién 2x+1:x* —x—1

2 + XX —x—1=22x" = 2x—2+3x+2:x* —x—-1=3x+2:x* —x-1

2x+1:x* —x-1 {6x+3§x2—x—1
—

=1ix*—-x-1

6x+4:x*—x—1

Tu dé suy ra y
3x+2:x"—x-1

x> -x-1=1
Suy ra Lz—x—lz—l
+) Vi x2—x—1=l<:>x2—x—2:O<:>(x—2)(x+1):0<:>[xx::2_1(loai)
TUx:2:>(y2+2y—9):5c>(y+1)2:15 (loai)
Vi X’ —x-1=-1x*—x=0 )-0e| 7t
+ | X —X—1l=—1 X —X= <:>X(X— )— = x:O(loai)

y =-3 (loai)

TUx=1:>—(y2+y—9):3<:>y2+y—6:0<:>(y+3)(y—2):0<:>{ 5
y:
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Véy cdp s6 nguyén duadng (x;y) théa man (x2 - X —1)(y2 + Xy —9) =2x+1 la (x;y) = (1;2).

b) Cho n 1a s6 nguyén dudng |é sao cho 3" +7" chia hét cho 11. Tim s6 du khi chia 2" +6" +2023"
cho 11.

Tacd: 3"+8"+7"+4":11 (Vi n 1é)
:>4“+8”§11:>4”(1+2“)511:>2"+1511 =n=10k+5(keN)
Ta c6 6" = 6% =(6°)".6° = -1 (mod 11);2023" = -1 (mod 11)
Suyra 2"+6"+2023"=-3=8 (mod 11)

Viy 2"+ 6" +2023" = 8(mod11)

Bai 27. (Trudng chuyén tinh Phu Tho chuyén todn nam 2023-2024)

a) Cho cdc s6 nguyén a,b,c,d thda man diéu kién a® +b® —8c® +28d* = 0. Chiing minh ring
(a+b+c+d) chia hétcho 9.

b) Chiing minh ring tén tai da thic P(x) cé hé s thuc, bac 2024 théa man diéu kién P(x2 —2) chia
hét cho P(x).

Lai giai

a) Tacéd: a®+b>-8c®+28d* =0=a’*+b*+c* +d°*:3

= (a+b) ~3ab(a+b)+(c+d) ~3cd(c+d):3

:>(a+b)3+(c+d)3§3

:>(a+b+c+d)3 —3(a+b)(c+d)(a+b+c+d)53

3.

:>(a+b+c+d) 3
=a+b+c+d:3
:>(a+b+c+d)2§9 (dpcm)

1012

b) Xét da thic P(x)=a(x+1)

1012 (

x=2) ",véi ae R, da thic P(x) c6 bac la 2024
Ta cé: P(x2 = 2) = a.(x2 A 1)1012 (x2 - 4)1012 = a(x + 1)1012 (x - 2)1012 (x - a)1012 (x + 2)1012

=P (x)(x-1)"" (x+2)"

= P(x2 —2) chia hét cho da thuc P(x)

Vay tén tai da thic P(x) = a(x + 1)1012 (x - 2)1012 véi hé sb thic, cé bac 2024 thoa man da thic P(x2 - 2)

chia hét cho da thurc P(x).
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Bai 28. (Trudng chuyén tinh Quang Ninh nam 2023-2024)
a) Cho x,y la céc s6 nguyén dudng thda man x> —y va x> +y déu la cdc s6 chinh phusng. Chdng minh
y la sé chan.

b) Tim céc s6 nguyén dusng a,b théa man a° —2(a+b)2 =b>+19.

L&i gidi

a) x> —y =a’;x* +y =b? véi a,b la cdc s6 tu nhién = 2y =b? —a*

Ta cé b? —a” |3 s8 chan suy ra a,b |3 hai s8 cing chdn hodc cling Ié:>(b—a)(b+a)§4 =vyi2.
b) @’ -2(a+b)* =b*+19 < (a-b-2)(a* +ab+b*)=2ab+19

Vi2ab+19>0, a*+ab+b°>0=>a-b-2>1=a-b>3
TWa-b-2>1=a’+ab+b’><2ab+19=(a-b) <19 >a-b<4

Vi2ab+191é = a-b-21é =a-blé = a-b=3

Tra-b=3=b’+3b-10=0=b=-5 (loai) hodc b=2.Vay b=2;a=5.

Bai 29. (Trudng chuyén tinh Quang Tri nam 2023-2024)

1) Chdng minh n* +3n+1 13 s& & v&i moi s6 tu nhién n.

2) Tim tat ca cdc s6 nguyén dudng a,b sao cho 4a’ +b +4; 4b” + a+ 4 déu la s6 chinh phuong.
L&i gidi

1) Ta c6 n? +3n+1=n(n+1)+2n+1.

Do n(n+1) chdn, 2n+1 I&nén n’ +3n+1 I3 56 I&.

2) Do vai trd a,b binh ddng nénta cé thé gid s b<a.

Khi @6 (2a)’ <4a® +b+4<da’ +a+4<da’ +4a+1=(2a+1)

Suyra 4a’+b+4=(2a+1) =>b=4a-3.

Khi d6 (8a—6) <4b’+a+4 =64a’ ~95a+40 < (8a—4)’

Suy ra 64a’ ~95a+40=(8a-5) a=1=b=1
Thir lai thdy thda man. Viy a=1;b=1.

Bai 30. (Trudng chuyén tinh Tay Ninh nam 2023-2024)

Tim nghiém nguyén cta phuang trinh (x +y)? + 2y? (x+1)+(y+2)2 -9=0
Li gidi

(x+y)2 +2y2(x+1)+(y+2)2 —9=O(*)

S Xy +2xy +2xy + 2y  +y* +4y +4-9=0

=% —4+2x(y2 +y)+4(y2 +y)=1
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<:>(x+2)(x—2)+2(y2+y)(x+2)=l
& (x+2)(x-2+2y’ +2y)=1

x=-1
2=1 =-1
TH1: X N S 2X <4 y=1 :>(—1;1),(—1; —2)
X=2+2y"+2y =1 2y +2y =4 5
y=-

x=-3
THZ:{ X+22:_1 <:>{ 2X:_3 <4l y=1 :(—3;1),(—3;—2)
X—2+2y"+2y=-1 2y +2y =4 L:_z
Bai 31. (Trudng chuyén tinh Thai Binh nam 2023-2024)
Ching minh rang néu p la s6 nguyén t6 I8n hon 3 thi (7—p)(7 +p) chia hét cho 24
L&i gidi
Do p nguyénté p>3 = p khéngla bbicta 3 va 2
=p’= 1(mod3) vap?=1(mod8)=p>-1:3 va8suyra =p>-1:24
Vi (3,8)=1nén (7-p)(7+p)=49-p’ =48—(p2 —1)224
Viy ta cé diéu phai chiing minh

Bai 32. (Trudng chuyén tinh Thanh Héa nam 2023-2024)

a) Giadi phuang trinh nghiém nguyén x°> +2024x =y° +1

b) Cho cdc s8 nguyén dudng x, y thda man 44x* +1 =y?. Chiing minh 2y +2 |a s& chinh phudng
L&i gidi

a) Tacd x° —x+2025x =y +1

& x(x4 —1)+2025x =y°+1

& x(x—l)(x+1)(x2 +1)+2025x =y°+1

N x(x—l)(x+1)(x2 —4+5)+2025x =y>+1

& x(x— )(><+1)(><+2)(><—2)+5><(><2 —1)+2025x =y°+1 (1)

x—1

Do x(x—l)(x+1)(x+2)(x—2) 13 tich clia 5 s6 tu nhién lién ti€p nén chia hét cho 5

Khi d6 VT (1) =x(x—1)(x+1)(x+2)(x-2)+5x(x* ~1)+2025x Chia hét cho 5.

VP(l) =y°+1 chiacho5du2ho3cl

VAy VE trdi cla (1) chia hét cho 5, v& phai cGa (1) khéng chia hét cho 5 nén phuong trinh (1) v6 nghiém,
hay phudng trinh d3 cho khéng cé nghiém nguyén.

b) D& thy y 1 s6 & nén dit y =2k +1 (ke N)

Khi d6 ta cé 44x* +1=4k* +4k+1

= 11x* =k(k+1) (%)

€9 | www.facebook.com/mathexpress.vn (O] 1900 633551 24



CLB Toan bdi duéng MathExpress | |www.mathexpress.vn

= k(k+1) chia hét cho 11
Do 11 13 SNT nén hodc k chia hét cho 11 hodc k + 1 chia hétcho 11
TH1: ki11, d3t k = 11.m(me N) Thay vao (*) ta cé x2 = m(11m + 1)

Lai cd (m , 11m+1) =1=mva 1llm+1déu la cic s6 chinh phudng.

11m+1=>b*
Khi d6 2y +2 =4k +4 = 44m+ 4 = 4b” 1a SCP.
TH2: k+1:11, 3t k+1=11.n (ne N).Thay vao (¥) ta cé x? =n(11n—1)

2
:{m_a véia, blaSTN,b>0

Lai cd (n,lln—l) =1=nva 11n-1 déu la cdc sd chinh phucng.

11n-1=d?
Khiddtacd 11c* -d* =1 =12c* =c* +d? +1(**)

2
:{”_C véi c, d 13 STN khéc 0

Ta thdy VT (**) =12c¢? chia hét cho 4
VP(**) =c? +d? +1 chia cho 4 chi cé thé cé s6 du 1a 1; 2 hodc 3 nén (**) khong xay ra.
Vay néu cdc s8 nguyén dudng x, y thda man 44x? +1 =y? thi 2y +2 la s6 chinh phudng.

Bai 33. (Trudng chuyén tinh Quéc Hoc Hué nam 2023-2024)

Tim tat ¢ cdc s6 thuc a sao cho a++/2023 va ﬁ+\/2023 déu I3 cdc s6 nguyén.
a

Lai giai
x=a++2023 a=x-+2023

999 < 999 ryeyt
=22 142023 |y=—T—=—=++2023
a i x—+/2023

Tacoy= _E2DF ++42023 < xy —y+/2023 =999 + x+/2023 - 2023
x—+/2023

& xy +1024 = (x+y)+/2023
Vix,ynguyénnén x+y=0,suyra y=-x va xy+1024=0.

D3t

Do d6 x = +32. VAy a =432 -2023.

Bai 34. (Trudng chuyén tinh Tién Giang ndm 2023-2024)

Cho hai s6 nguyén p,q thda man ddng thdc p? +q° = 2(3pq—4) (*)
1) Ching minh rang cd it nhat mot trong hai sé p,q la bbi cia 3

2) Tim t4t cd cdc cdp s6 nguyén (p,q) thda (¥)

L&i giai
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1) Gia s trong hai sé p,q khdng cé sé nao chia hét cho 3.
Khi @6 p*,q* chia 3 du 1. Suy ra:
+) p>+q° chia3du2;

+) Trong khi vé& phai 2(3pq—4) =6pg—-9+1 chia3dul,vdly

Do dé trong hai s8 p,q phai cé it nhat mét sé |1a bbi cta 3.

2) Tim t4t cd cdc cdp s6 nguyén (p,q) thda (¥)

Do vai trd cGa p,g nhu nhau, khdng mét tinh téng quat, gid st q la bdi cta 3.
Do g nguyén té nén q=3

Khi d6 tif (*) ta c6 p* +9=2(2p-4) < p’ -18p+17 =0 p=1 hodc p=17
Do p nguyén té nén p=17.

Bai 35. (Trudng chuyén tp H6 Chi Minh ndm 2023-2024)

Xét cdc s6 nguyén a<b <c théa man n=a®+b* =c® —3abc 13 s& nguyén té.
a) Ching minh a<0.

b) Tim tat ca cdc s6 nguyén a,b,c (a<b <c) sao cho n la mét udc cla 2023.
Li gidi

a)Gidsira>0,khiddb>1vac=>2.Tacéd

n =(a+b+c)(a2 +b*+c? —ab—bc—ca) |3 s8 nguyén t8, ma a+b+c>1

Nén a’ +b? +c*—ab—-bc—ca=1, hay (b—a)2 +(c—b)2 +(c—a)2 =2.
Vic>b>a nén (b—a)2 +(c—b)2 +(c—a)2 >1%+12+2°>2.

TU mAu thuln nhin dudc, tasuy ra a<0.

b) Néu c<0,thitacé a+b+c <0, suyra n<0, miuthuidn. Do d4 c>1. Nhu viy

a’+b’ +c2—ab—bc—ca=%[(b—a)2+(c—b)2+(c—a)2] zé(c—a)2 2%[1—(—1)]2 =2>1.

Vi n 13 s6 nguyén t6 va |a udc clia 2023 = 7.17° nén ne {7,17}.

Trudng hdp 1: n=17. Theo chiing minh & trén, ta phai cé a’ +b* +c*—ab—bc—ca=17

va a+b+c=1.Tlu dé, ta dé dang tinh dugc
3(a2+b2+c2)=2(a2+b2+c2—ab—bc—ca)+(a+b+c)2 =35,

MA4u thudn vi 35 khdng chia hét cho 3

Trudng hdp 2: n=7. Theo chiing minh & trén, ta phai cé a> +b”> +c*> —ab—bc-ca=7

vaa+b+c=1.

TU &6 3(az+b2+c2):2(az+b2+c2—ab—bc—ca)+(a+b+c)2 =15,suyra a’+b’+c’* =5 va

ab+bc+ca=-2.
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Do5=a’+b*+c*>1+c* nénc<2.Ma c>1 nén ce{l;Z}.

° Néu c=2,thitacéd a®+b*=1.Suyra a°<1,tdc a>-1.Ma a<0 nén a=-1 va b=0. Thu
lai, ta thay thda man.

o Néu c=1,thitacé a’+b’=4.Suyra a’<4,tlc a>-2.Ma a<0 nén ae{—l,—Z}.ThL’rtrch
tiép, ta dudc a=-2 va b=0. Tuy nhién, cdc s6 a=-2,b=0 va c=1 khéngthéaman a+b+c=1.

Vay, c6 duy nhat mét bd sé (a,b,c) thda man yéu cau dé bai la (—1,0,2).

Bai 36. (Trudng chuyén tinh Vinh Long nam 2023-2024)

a) Tim tat ca cdc s6 nguyén x sao cho gid tri cla biéu thic x* +x+6 1a mdt s6 chinh phuong.
b) Tim nghiém nguyén cta phudng trinh y?* = —2(x6 —x%y —32).

L&i gidi

a)Tacd x> +x+6 :nz;(n,x € Z):> Ax® + 4x +24 = 4n?

<42 +4x+1-4n? =—23<:>(2x+l—2n)(2x+1+2n)=—23

TH1: 2x+1—2n:—1:>x:5
2x+1+2n=23

THz {22xx++11+_22nn:—123 = x=-0
b) Ta c6 y? = -2(x* ~x’y ~32) & x° +(y —x°) =64

= x° <64 < x<2 do xeZ = x{-2,-1,0;,1;2}

Xét cac trudng hop:

+x=2=(y-x*) =0=y=8

+x=1=(y—x*) =63=y¢Z (oa)

+x=0=(y-x') =64=y=8vay=-8
+x=-1=(y-x*) =63=y¢Z (oa

+x=-22(y-x*) =0=y=-8

Véy nghiém cta phuang trinh la: (0;8);(0;-8);(2:8);(-2:-8).

Bai 37. (Trudng chuyén BH Su Pham HN - vong 2 nam 2023-2024)

NS
N

Tim tat ca cdc s6 nguyén dudng a, b sao cho s6 1a s6 hitu ty.

L&i giai
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fiida
b ©

Viét lai phuong trinh dudi dang \/g—a b = a\/E_\/g
2k B2
Binh phuong 2 Vé ta cé: a+a2b—2a\/£:5a2 _2a\/ﬁ+3 3\/%_\/1_: ata b2 5a° -3

a
TU dé suy ra \/%—\/E:ﬂe(@
Binh phuong 2 vé dang thic vab _J15-= /3 ta dugc

ab=15+ 2 + 2815 < 2415 =ab-15- 4
Dang thuc cudi xay ra khiva chikhi =0 tdcla ab=15. Xét tat cd kha ndng cé thé xay ra, ta dudc.

L4y a € Q sao cho

\/§+1 )

) a=1,b=15tucla «a S _Ialsévét\’/.
\/_

° a=3b=5 ticla « 2\/_ \/_ 8 v ty.
25 5

. a=5, b=23 tdcl3 a=M=1 I3 1 s6 hitu ty.
NFNE

° a=15b=1tdcla « \/\g/j \/_Ialsovoty

Vay tat ca céc cap (a,b)thoa manla a=5,b=3.

Bai 38. (Trudng chuyén BDHSPHN - vong 1 nam 2023-2024)
2
C6 hay khéng céc s6 nguyén a,b sao cho (a +b\/2023) — 2024 +2023/2023 ?
Li gidi
Gid sUr ton tai cdc s6 nguyén a,b thod man dé bai.

Khi d6 (a +by2023 )2 = 2024 +2023/2023

— a% +2abA/2023 +2023b2 = 2024 +2023+/2023

— a® +2023b% —2024 = 20232023 - 2ab.\/2023

= a% +2023b% —2024 =+/2023 (2023 - 2ab)

Vi a2 +2023b? —2024 13 s8 hitu ti, con +/2023 (2023- 2ab) la s8 v6 ti nén 2ab =2023. Diéu nay la vo

If vi 1 vé€ la chan 1 vé la 1é. Suy ra gia s trén sai. VAy khéng ton tai cdc s6 nguyén a,b thod man dé bai.
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