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TUYEN CHON CAC BAI TOAN SO HOC TRONG Ki THI
CHUYEN NAM HOC 2023 - 2024

Bai 1. (Dé thi vao 10 hé chuyén Todn tinh Bic Ninh nam hoc 2023 - 2024)
Cho cdc s6 nguyén duong x, y, z théa man x> +y° +2° = 18(x+ y+z).
a) Chdng minh rang x+vy +z chia hétcho 6.
b) Tim gid tri I6n nhat cha biéu thic F = xyz.
Bai 2. (Dé thi vao 10 hé chuyén Todn tinh Ba Ria - Viing Tau nam hoc 2023 - 2024)
Tim t4t ca cdc cap s8 nguyén (x;y) théa man dang thic: x° +x°y —2xy +2x—2y* +2y +1 =0.
Bai 3. (Dé thi vao 10 hé chuyén Todn tinh Binh Dinh nam hoc 2023 - 2024)
Tim t4t ca gid tri nguyén ctia n dé n* +2026 13 mét sé chinh phudng.
Bai 4. (Dé thi vao 10 hé chuyén Todn tinh Bac Giang nam hoc 2023 - 2024)
Tim céc bd ba s6 nguyén dudng (x;y;z) thda man dang thidc dudi day:
X2 +y? +x2 (3y + 22) +y? (3x + 22) e (x + y) +4xyz =2023.
Bai 5. (Dé thi vao 10 hé chuyén Todn tinh Binh Phudc nam hoc 2023 - 2024)
a) Gidi phuong trinh nghiém nguyén: x* + xy +y* = x°y”.
b) Cho p la s6 nguyén t& 16n han 3. Chdng minh rang (p—1)(p+1) chia hét cho 24.
Bai 6. (Dé thi vao 10 hé chuyén Todn tinh Binh Thudn ndm hoc 2023 - 2024)
a) Ki hiéu S(n) la téng céc chilr s6 cla s6 nguyén dudng n. Biét a va b la hai s6 nguyén dudng
théa S(a)=S(b)=S(a+b). Ching minh réing a va b chia hét cho 9.
b) Tim nghiém nguyén clia phudng trinh: x* +(x+1)2 =y* +(y+1)4.
Bai 7. (Dé thi vao 10 hé chuyén Todn tinh Can Tho nam hoc 2023 - 2024)
Tim tat cd cdp s6 nguyén (x;y) thod man phuang trinh x*> —2y? —xy + 2x+5y -5 =0.
Bai 8. (Dé thi vao 10 hé chuyén Todn tinh Dong Nai nam hoc 2023 - 2024)
Tim céc s8 tu nhién x, y, z théa man x* +y? =2023% + 35.

Bai 9. (Dé thi vao 10 hé chuyén Todn tinh Dong Thép nam hoc 2023 - 2024)

Phién chg hé Lotus st dung hai loai thé: loai thé gid 3000 déng va loai thé gid 4000 déng. Vao
dip nghi h&, ban An muén duing hét sé tién tiét kiém cla minh dé mua x thé loai gid 3000 déng va
y thé loai gid 4000 ddng. Tim s8 cdch mua cé du ca hai loai thé néu tién tiét kiém cla ban An I3
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2023000 déng.

Bai 10. (Dé thi vao 10 hé chuyén Toan tinh Hd Nam nam hoc 2023 - 2024)
Tim tat cd cdc s6 tu nhién n dé 27°* + 2297 1+ 2" 13 s6 chinh phudng.

Bai 11. (Dé thi vao 10 chuyén Tin thanh phé Ha Ndi nam hoc 2023 - 2024)

a) Cho p 13 s6 nguyén t8 I6n hon 3. Ching minh s8 A =22 —8 chia hét cho 21.
b) Tim tat cad cdc s6 nguyén x va y thod man x> —y° = 2(x—y)2 +17.

Bai 12. (Dé thi vao 10 chuyén Todn thanh phé Ha Ndi ndm hoc 2023 - 2024)

a) Cho ba sé nguyén a,b va ¢ thda man a’ + b’ + c? —2abc chia hét cho 6. Chidng minh abc chia
hét cho 54.

b) Tim tat ca cdp s6 nguyén dudng (x,y) théa man x%y —x’y —4x? +5xy —y* =0.

Bai 13. (Dé thi vao 10 hé chuyén Toan tinh Ha Tinh nam hoc 2023 - 2024)

Chung minh rang véi moi s6 tu nhién n 18n hon 1 thi A =n?* +n?* +n* —n+1 khdng phai la s6
nguyén té.

Bai 14. (Dé thi vao 10 hé chuyén Todan tinh Hai Dudng nam hoc 2023 - 2024)

a) Tim tat ca cdc s6 nguyén t6 p 1é sao cho 2p* —p® +16 13 s6 chinh phudng.

b) Tim nghiém nguyén cla phudng trinh 6x* + 7xy +2y* +x+y—-2=0.

Bai 15. (Dé thi vao 10 hé chuyén Toan tinh Hai Phong nam hoc 2023 - 2024)

Tim céc s6 nguyén t6 a, b va s8 nguyén dudsng m thod man a + b” +18ab = 4.5".

Bai 16. (Dé thi vao 10 hé chuyén Toan tinh Hung Yén nam hoc 2023 - 2024)

Tim céc nghiém nguyén (x;y) cla phugng trinh 2024(x2 + yz)— 2023(2xy + 1) =5.

Bai 17. (Dé thi vao 10 hé chuyén Toan tinh Khdnh Hoa nam hoc 2023 - 2024)

Ching minh p* —1 chia hét cho 240 v8i moi s6 nguyén t8 p > 5.

Bai 18. (Pé thi vao 10 trudng chuyén Khoa hoc tu nhién Ha N6i nam hoc 2023 - 2024)
Tim tat ca cdc cap s6 nguyén duong (x;y) thoa man 4* + (1 + 3V)(1 + 7V) =2 (3V +7" + 2).
Bai 19. (Dé thi vao 10 hé chuyén tinh Lai Chdu nam hoc 2023 - 2024)

Tim nghiém nguyén clia phudng trinh (2x + y)(x - y) +x+8y =22.

Bai 20. (Dé thi vao 10 hé chuyén tinh Lao Cai nam hoc 2023 - 2024)

a) S8 nguyén duong m dudc goi la sé tét néu téng cac binh phuong cla tat cd cdc udc duong cla
né (khdéng tinh 1 va m) bang 6m+8. Ching minh rang néu cé hai sé p, g nguyén té va pq la s6
tét thi pg+2 la s chinh phuong.
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2025 y2025 + y1350 + y675 — 2

b) Tim t4t ca cdc cip s6 nguyén (x;y) thda man x
Bai 21. (Dé thi vao 10 hé chuyén tinh Nam Dinh nam hoc 2023 - 2024)

a) Cho hai s6 nguyén dudng a, b théa man a*:b; b*:a. Chiing minh (a4 +b4)5ab.
b) Tim t4t ca cdc cip s6 nguyén (x;y) thda man x(x2 —y) +(y —3)(x2 + 1) =0.
Bai 22. (Dé thi vao 10 trudng chuyén Phan Bdi Chau tinh Nghé An nam hoc 2023 - 2024)

a) Tim x e R sao cho x++/2024 va l—'\/2024 déu la cdc s6 nguyén.
X

b) Tim s& nguyén dugng a nho nhat sao cho 2a la sd 1ap phudng va 5a la s6 chinh phudng.

Bai 23. (Dé thi vao 10 trudng chuyén Dai hoc Vinh tinh Nghé An ndm hoc 2023 - 2024)

a) Tim t4t ca cdc cdp s6 nguyén (x;y) thda man x* —y* +2(3y +y)=23.

b) Cho da thiic P(x)=x* +bx+c c6 hai nghiém nguyén. Biét réng ‘c‘ <16 va ‘P(9)‘ la s6 nguyén
t8. Tim cdc hé s6 b, c.

Bai 24. (Dé thi vao 10 hé chuyén tinh Ninh Binh nam hoc 2023 - 2024)

Cho p la mbt s6 nguyén té.

a) Chiing minh néu p |é va tén tai s6 nguyén x sao cho (x2 +1)Ep thi (p—1)§4.

b) Chitng minh 2023p + 23" — 24 khdng la sé chinh phuong.

Bai 25. (Dé thi vao 10 hé chuyén Tin tinh Phi Tho nam hoc 2023 - 2024)

a) Tim tat ca céc cap s6 nguyén dudng (x;y) théda man (x2 —-X— 1)(y2 + Xy —9) =2x+1

b) Cho n 13 s6 nguyén dudng 1é sao cho 3" + 7" chia hét cho 11. Tim s6 du khi chia 2" +6" +2023"
cho 11.

Bai 26. (Dé thi vao 10 hé chuyén Todan tinh Phd Tho nam hoc 2023 - 2024)

a) Cho cdc s6 nguyén a, b, ¢, d théa man diéu kién a® + b’ —8c® +28d® = 0. Ching minh ring

(a +b+c+ d)2 chia hét cho 9.

b) Chiing minh ring tén tai da thic P(x) c6 hé sé thuc, bac 2024 théa man diéu kién P(x2 —2)
chia hét cho P(x).

Bai 27. (Dé thi vao 10 hé chuyén tinh Quang Ninh nam hoc 2023 - 2024)

a) Cho x, y la cdc s8 nguyén duang thda man x* —y va x* +y déu la cdc s chinh phuong. Chiing
minh y |3 s6 chan.

b) Tim cdc s6 nguyén dudng a, b théda man a° —2(a+b)2 =b*+19.

Bai 28. (Dé thi vao 10 hé chuyén tinh Quang Tri nam hoc 2023 - 2024)

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 3



CLB Toan béi duéng MathExpress | & | www.mathexpress.vn

a) Chiing minh n? +3n+1 la s6 |1& v8i moi s6 tu nhién n.

b) Tim tt ca cdc s6 nguyén dudng a, b sao cho 4a’ +b+4; 4b* +a+4 déu |3 s6 chinh phusng.
Bai 29. (Dé thi vao 10 hé chuyén tinh Ty Ninh nam hoc 2023 - 2024)

Tim nghiém nguyén cla phudng trinh (x+ y)2 +2y? (x+1)+ (y + 2)2 -9=0.

Bai 30. (Dé thi vao 10 hé chuyén tinh Thai Binh nam hoc 2023 - 2024)

Chting minh ring néu p 13 s6 nguyén t8 16n hon 3 thi (7—p)(7+p) chia hét cho 24.

Bai 31. (Dé thi vao 10 hé chuyén tinh Thanh Hod nam hoc 2023 - 2024)

a) Giadi phudng trinh nghiém nguyén x° +2024x =y° +1.

b) Cho cdc s6 nguyén dudng x, y thda man 44x? +1=y?. Chidng minh 2y +2 la s chinh phugng.
Bai 32. (Dé thi vao 10 hé chuyén tinh Thira Thién Hué nam hoc 2023 - 2024)

Tim tat cd cdc sd thuc a sao cho a++/2023 va @+\/2023 déu 13 cdc s8 nguyén.

a
Bai 33. (Dé thi vao 10 hé chuyén tinh Tién Giang nam hoc 2023 - 2024)

Cho hai s6 nguyén té p, g théa man ddng thic p” +q* = 2(3pq —4). (*)

a) Chiing minh rang cd it nhat mét trong hai s6 p, g la bdi cta 3.

b) Tim tat ca cdc cip s6 nguyén t8 (p;q) thda man (*)

Bai 34. (Dé thi vao 10 hé chuyén thanh phé Hé Chi Minh nam hoc 2023 - 2024)

Xét cdc s6 nguyén a<b <c thédaman n=a®+b?+c® -3abc la s6 nguyén t8.

a) Chiing minh a<O0.

b) Tim tat cd cdc s6é nguyén a, b, ¢ (a <b< c) sao cho n la mét udc cta 2023.

Bai 35. (Dé thi vao 10 hé chuyén tinh Vinh Long nam hoc 2023 - 2024)

a) Tim t4t ca cdc s6 nguyén x sao cho gid trj clia bidu thic x* +x+6 13 mdt s chinh phudng.
b) Tim nghiém nguyén clia phuang trinh y? = —2(x6 —x3y—32).

Bai 36. (Dé thi vao 10 trudng Pai hoc Su Pham Ha Néi (vong 2) nam hoc 2023 - 2024)

B,

Tim tat ca cdc sé nguyén ducng a, b sao cho s6 \/_ \/_ 8 hitu ty.

Bai 37. (Dé thi vao 10 trudng Pai hoc Su Pham Ha Néi (vong 1) nam hoc 2023 - 2024)

2
C6 hay khéng céc s6 nguyén a, b sao cho (a +b\/2023) 2024 +2023:20237
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HUGNG DAN GIAI CHI TIET

Bai 1. (Dé thi vao 10 hé chuyén Todn tinh Bic Ninh nam hoc 2023 - 2024)

Cho cdc s6 nguyén dudng x, y, z théda man x® +y° +2° = 18(x+ y+z).

a) Chdng minh rang x+y +z chia hétcho 6.

b) Tim gid tri I6n nhat cha biéu thic F = xyz.

Li giai

a) TU gid thiét ta cd (x3 —x)+(y3 —y)+(Z3 —z) = 17(x+ y+z).

Tich cta ba s8 nguyén lién ti€p lubn chia hét cho 6 nén x> —x = (x—l)x(x+1)56.
Tusng ty y® -y:6,2°-z:6= 17(x+y+z)§6.

Ma 17 va 6 nguyén td cung nhau nén x+y +2z:6.

b) Dt x+y+z=6m=x>+y>+2z>=108m, vdi me N".

Vi

X +y +2° >(x+y+z

> . 108m_(em) , 9
3 3 néen ——>|— | &m £§:>m£2:>x+y+z£12.

3

3 3
Khidé: F=xyz<| XY*2) <[12] _gs (1)
3 3

TU 5 +y?+2° =3xyz = (x+y +2) (X +y* +2° = xy —yz - 2x)

—108m-3F = 6m[36m2 ~3(xy + yz+zx)] < F=36m —6m[12m2 —(xy+yz+ zx)].
Do d6 F:6. (2)

Tur (1) va (2), suy ra F<60. (3)

X+y+z=12
Béng thdc & (3) xdy ra, chdng han khi < xy +yz +zx =47 < (x;y;z) la hodn vi clia (3;4;5).
xyz =60

Vay gid tri I6n nhat cda F la 60, dat dudc chang han khi (x;y;z) la hodn vi cla (3;4;5).

Bai 2. (Dé thi vao 10 hé chuyén Todn tinh Ba Ria - Viing Tau nam hoc 2023 - 2024)

Tim t4t ca cdc cap s8 nguyén (x;y) théa man dang thic: x* +x°y —2xy +2x—2y* +2y +1 =0.
Lgi giai

a) Ta cé: x3+x2y—2xy+2x—2y2+2y+1=0<:>(x+y)(x2—2y+2)=—1.
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Trudng hgp 1: {x oy S {y X {X

= .
x2-2y+2=-1 x*+2x+1=0 y=2

(v6 nghiém).

=1 - 1-
Trudng hdp 2: {x+y S {y X

x*-2y+2=1 x*+2x+3=0
Vay c6 duy nhét c3p s6 nguyén (x;y) thda man yéu cu la (x;y) = (-1:2).
Bai 3. (Dé thi vao 10 hé chuyén Todn tinh Binh Dinh nam hoc 2023 - 2024)
Tim t4t cd gid tri nguyén ctia n dé n? +2026 13 mét s6 chinh phudng.
Lgi giai
Darﬁ+2026=nﬁ(meran46y:(m—anH40=2026=21013 (*)
Vi m—n, m+n cung tinh chdn 1é = khdéng cd cdp s6 m, n thda phuadng trinh (*)
Vay khéng cé gid tri nguyén cla n thda man yéu ciu bai toan.
Bai 4. (Dé thi vao 10 hé chuyén Todn tinh Bic Giang nam hoc 2023 - 2024)
Tim céc bd ba s6 nguyén duong (x;y;z) théa man dang thidc dudi day:

X2 +y? +x2 (3y + 22) +y? (3x + 22) +2z° (x + y) +4xyz =2023.
Lgi giai
Tacd x* +y°® +x? (3y+22)+y2(3x+22)+22(x+y)+4xyz =2023
< X2+ V2 43Xy +2x% 2 + 3xy? + 2y2z+ Z2°x + 2%y + 4xyz = 2023
= (x3 +3x%y + 3xy? +y? ) + (2x22 +2y°z+ 4xyz) + (22x + zzy) =2023

= x+y)3+22(x+y)2+zz(x+y)=2023

0

(
(><+y)[(x+y)2 +22(x+y)+22} =2023
(

= x+y)(x+y+z)2 =7.17%

+y=7 +y=7
Vi X, y, Z nguyén duang nén{ xry @{X 4

X+y+z=17 z=10

Ta cd bang:

x 1 2 3 4 5 6

y 6 5 4 3 2 1

Vay céc bd s6 can tim la (x;y;z) e {(1; 6:10);(3;4;10);(4:3;10);(5;2:10);(6; 1;10)}.
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Bai 5. (Dé thi vao 10 hé chuyén Todn tinh Binh Phudc ndm hoc 2023 - 2024)

a) Giadi phuong trinh nghiém nguyén: x> + xy +y? = x’y°.

b) Cho p 13 s6 nguyén 3 18n hon 3. Chiing minh ring (p—l)(p+1) chia hét cho 24.
Lgi giai

a)Tacd x> +xy+y’ =xy* o x* - Xy’ +xy+y’ =0 (1—y2)x2 +xy+y*=0. (1)
Trusnghop 1: 1-y* =0 y==1.

e Vdiy=1tacéd x’+x+1=x"<=>x=-1.

e Vdiy=-1tacd X’ —x+1=x"=>x=1.
Trudng hgp 2: 1-y* 20 <y = £1.
Xét phugng trinh bic hai (1—y2)x2 +xy+y>=0,c6: A =y? —4(1—y2)y2 =y’ (4y2 —3).

e NEuy=0tacé x=0.

e NE&u vy =0, phudng trinh (1) cé nghiém nguyén khi va chi khi 4y? —3 I3 s6 chinh phudng.
Dt 4y* -3=k* (keN).
Tac: 4y’ -3 =Kk & (2y —k)(2y +k) = (loai Vi y = +1).
Vay phuang trinh da cho cé 3 nghiém I3 (xy) e {(o;o);(1;-1);(-1;1)}.
b) Vi p la sé nguyén t6 I6n han 3 nén p las6 1é,tacé p=2k+1 (keN, k>1).

Do dé tacé (p-1)(p+1)=2k(2k+2)=4k(k+1) : 8
o Néup=3k=p=3 (loai Vi p Ias6 nguyén t& In hon 3).
e Néup=3k+1,tacé (p-1)(p+1)=3k(3k+2) : 3.
e Néup=3k+2,tacé (p-1)(p+1)=3(3k+1)(k+1) : 3.
Vi (3:8)=1nén (p-1)(p+1) i 24 véi p la s8 nguyén t3 16n hon 3.
Bai 6. (Dé thi vao 10 hé chuyén Toén tinh Binh Thuén ndm hoc 2023 - 2024)

a) Ki'hiéu S(n) 1a t8ng céc chir s6 clia s8 nguyén dudng n. Biét a va b Ia hai s6 nguyén dudng

théa S(a)=S(b)=S(a+b). Ching minh réing a va b chia hét cho 9.

b) Tim nghiém nguyén ctia phudng trinh: x* + x+1) =y* +(y+1)".
ghie guy p 9 y y
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Lai giai
a) Ap dung tinh chat a—S(a)§9 véi moi s6 nguyén dudng a, ta cé: a+b—S(a+b)E9.
a+b—S(a)§9

Ma S(a) = S(b)=S(a+b) nén {a+b—s(b)i9

b:9 .
:>{ 9 (diéu phai chdng minh).
a:

b) Ta cé: x2+(x+1)2:y4+(y+1)4<:>2x2+2x+1:2y4+4y3+6y2+4y+1
<:>2x2+2x+2:2y4+4y3+6y2+4y+2<:>x2+x+l:(y2+y+1)2. (*)

Suy ra x* + x+1 la sé chinh phuong hay 4x2+4x+4:(2x+1)2+3 I3 s6 chinh phuang.
Dat (2x+1) +3=1t (teN)=(2x+1) ~? =3 (2x+1-t)(2x+1+t)=-3.
ViteN nén 2x+1-t<2x+1+t, do dé ta xét 2 trusng hdp sau:

. 2x+1-t=-3 x=-1
Trudng hgp 1: &

2x+1+t=1 t=2
= .
2x+1+t=3 t=2

. 2x+1-t=-1 x=0
Trudng hgp 2:

4 s 2 2 2 2 y=0
V@i x =0, thay vao (*) ta dugc: (y +y+1) =ley'+y+l=1 (doy +y+1>0) & %
y=-
P N 2 2 2 2 y:0
Vi x = -1, thay vao (*), ta dugc: (y +y+l) =loy’+y+1=1(do y’+y+1>0) L
y=-

Véy phudng trinh cd céc nghiém 13 (xy) {(o;o);(o;—l);(—l;o);(—l;—l)}.

Bai 7. (Dé thi vao 10 hé chuyén Todn tinh Can The nam hoc 2023 - 2024)

Tim tat cd cdp s6 nguyén (x;y) thod man phuang trinh x*> —2y? —xy + 2x+5y -5 =0.
L&i gidi

Tacd: x> —2y* —xy +2x+5y-5=0

& x> =2xy +3x+xy—2y* +3y —x+2y-3=2
<:>x(x—2y+3)+y(x—2y+3)—(x—2y+3)=2

& (x+y-1)(x-2y+3)=2.

Do d6 ta xét 4 trudng hap:
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Xx+y-1=2 X=

Trudng hop 1: =
gnee x—2y+3=1

(loai).

Wl w|d

1

1=1
X+y- (thod man).

Trusng hgp 2:
IR e oy 43=27

X — 2y+3——

X+y—-1=-
—2y+3——

X =

Trudng hdp 4: (thod man).

{ x
V
Trudng hdp 3: {X ty-l= { 3 (loai).

y=1

Véy céc cdp s6 (x;y) cantim la ( 2;1)}.

Bai 8. (Dé thi vao 10 hé chuyén Todn tinh Dong Nai nam hoc 2023 - 2024)
Tim céc s8 tu nhién x, y, z théa man x* +y* =2023% +35.

Li gidi

Do vai tro cla x, y ddi xdtng nhau nén gid s x<y.

V4i z=0 thi x* +y? =36.

Vi x<y nén x* <18 =0<x<4.

¢ x O 2 ~
Th truc tiép, ta dugc { thoéa man.

Véi z>1:

Do 2023:7 va 35:7 nén x* +y*:7.

Dat x=7a+r,y=7b+t vdi a, b, r, t 1a cédc s6 tu nhién théaman 0<r<6,0<t<6.

Khi d4: x* +y* =49a° + 14ar + 49b” + 14bt +r> + t*.

Suy ra dé x* +y*:7 thi r’ +t:7.

VEi 0<r<6,0<t<6 chicé r=0, t=0 thda man.

Dodé x=7a,y=7b.

Thay vao phudng trinh ban dau, ta dudc: 49a° +49b” =2023% +35 < 7(a2 +b2) =289°.7"1+5.

Néu z > 1 ta cd Vvé& trdi chia hét cho 7 va vé phai khéng chia hét cho 7 (vO ly).
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V6i z=1tacé: 7(a” +b’)=289+5 < a’ +b* = 42.
Dé& dang kiém tra dudc phudng trinh a® + b® = 42 khéng cé nghiém tu nhién.
Vay phudng trinh da cho cé hai nghiém la (x; y;z) S {(0;6;0);(6;0;0)}.

Bai 9. (Dé thi vao 10 hé chuyén Todn tinh Dong Thdp nam hoc 2023 - 2024)

Phién chg hé Lotus st dung hai loai thé: loai thé gid 3000 déng va loai thé gid 4000 déng. Vao
dip nghi h&, ban An muén duing hét s tién tiét kiém clia minh dé mua x thé loai gid 3000 déng va y
thé loai gid 4000 dbng. Tim sé cdch mua c6 du ca hai loai thé néu tién tiét kiém cda ban An I3
2023000 dong.

Lgi giai

Ta c6 phudng trinh 3000x + 4000y = 2023000 < 3x + 4y = 2023.

Suy ra y=%ﬁ<21:1£xﬁﬁz673.
Mat khdc, tacd y = 202?;_3X = 2024—jx—1+x :506—x+xT_1.

DéE y nguyén thi x—1 chia hétcho 4, suyra x=1+4k (k € Z).

Suy ra y =505 -3k.

Dodd 1<1+4k<673<=0<k<168.

Vay c6 169 cap (x;y) thod man hay cé 169 cach mua cé du ca hai loai thé.

Bai 10. (Dé thi vao 10 hé chuyén Toan tinh Ha Nam nam hoc 2023 - 2024)
Tim tat cd cdc s6 tu nhién n d@é 2%°% + 22°%7 L 2" |3 6 chinh phuadng.

Lgi gidi

Gid sUr s6 tu nhién n thda man dé bai. Khi dé ton tai s6 nguyén dudng k sao cho

92024 | 92027 |, 9n _ |2 oy 9 2024 4 On _ |2 oy (k n 3'21012)(,< _3'21012) _ "

k 3.21012 =23
{ i a,beN;a+b=n):>2"‘—2b=3.21°13

= k—3.21012 = 2b (

a-b — = — = =
- 2b (23—b _1) :3.21013 - 2 1=3 N a-b=2 - a=1015
20 =2 b=1013 b=1013

Vay véi n=2028 thi 229 +229%7 12" |3 s6 chinh phuang.
Bai 11. (Dé thi vao 10 chuyén Tin thanh phé Ha Noi nam hoc 2023 - 2024)

a) Cho p la s6 nguyén t6 18n hon 3. Chiing minh sé A=2"*2_8 chia hét cho 21.
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b) Tim t4t ca cdc s6 nguyén x va y thod man x*> —y° = 2(x—y)2 +17.

Lgi giai

a) Vi p 1a s6 nguyén t8 18n hon 3 nén p lasd1é suyra p>+2 lasd 1é
=277 =2 (mod 3)=2""? -83. (1)

Vi p la s6 nguyén t8 16n hon 3 nén p” =1 (mod 3)
p’+2i3=2""=1(mod 7)=2""-87. (2)

TU (1) (2) V3 (3,7) —1, suy ra 2”72 -8:21 (diéu phai ching minh).

b) x* —y? =2(x—y)2+17.

Pitx—-y=a, xy=b (32 2—4b).

Vi 2(x—y)2+17>0:>x3—y3 >0 x—-y>0=a>0.

Tacé: x* —y? =2(x—y)2+17:>a3+3ab=2a2 +17<:>a(a2—23+3b)=17
=17:a=ac {1;17} (do a>0).

Trudng hdp 1: a=1=b=6=(xy)e {(3;2);(—2;—3)} (thr lai thdy thoa man).

TruGng hdp 2: a=17=b = —23& (loai).

Vay () {(32)i(2-3)}
Bai 12. (Dé thi vao 10 chuyén Todn thanh phé Ha Ndi nam hoc 2023 - 2024)

a) Cho ba sé nguyén a,b va ¢ thda man a’ + b’ + c> —2abc chia hét cho 6. Chirng minh abc chia
hét cho 54.

b) Tim t&t ca c3p s6 nguyén dudng (x,y) thda man x’y —x’y —4x* +5xy -y’ =0.
L&i giai

a) Néu a, b, ¢ déu khdng chia hét cho 3 thi a°, b?, ¢? chia cho 3 du 1

= a’+b%*+c®—2abci3 (VO ly).

a’+b%*+c?*:3
abci3

Néu trong ba s a, b, c c6 mét hodc hai s6 khéng chia hét cho 3 va céc sd con lai chia hét cho 3
2 bZ 2 /3

th 48 T2 TS 2 b2 42 —2abci3 (vo Iy).
abc:3

Vay cd ba sd a, b, c déu chia hét cho 3, suy ra abc:27. (1)
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a’+b*+c*i2

. = a’+b? +c?—2abci2 (VO ly).
2abc:2

Néu ca ba s6 a, b, ¢ déu lé thi {
Vay trong ba s6 a, b, ¢ cé ft nhat mdt s8 chin, suy ra abc:2. (2)
Tir (1) va (2), suy ra abcib4 Vi (2,27)=1.

b) Ta c6: x’y —x*y —4x* +5xy —y? = 0 & xy (x* —x+1)=(2x—y)2. (1)

Goi d = (x,y) = {; ; ZZ Vi (a,b) =1 va a, b, d nguyén dudng.

Khi d6 (1) trd thanh d”ab(d%a® —da+1)=d? (2a—b)2 & ab(d"a® - da+1) =(2a—b)2.
Suy ra (2a—b)2§a va (2a—b)2§b.

T (2a-b)’ia va (ab) =1 :>(2a—b,a)=13((2a—b)2,a)=1 do d6 a=1.

b=1
Tir (2a-b)'ib = 4a’ib ma (a;b) =1 nén 4ib=|b=2 (do b>0).
b=4

Trudnghdp l: a=b=1=x=y =d.

x=1
Thay vao gia thiét ta dugc d* —d®> =0=d =1 (do d nguyén duong) = { X
y =
Trudng hdp 2: a=1; b =2 khong thoa man.
Trusng hdp 3: a=1,b=4 suyra x=d; y = 4d.

x=1
Thay vao gid thiét ta dudc d* —d*=0=d =1 (do d nguyén duang):{ R
y =
Th lai ta thdy cap s6 (x;y) € {(1;1);(1;4)} théa man yéu cau bai todn.
Bai 13. (Dé thi vao 10 hé chuyén Toan tinh Ha Tinh ndm hoc 2023 - 2024)
Chiing minh rang vdéi moi s8 tu nhién n I8n hon 1 thi A =n** +n?? +n* —n+1 khéng phai la s6

A ~
nguyen to.
Lai giai
Tacd A=n""*+n®2 tn*—n+1= (nm“ —n2)+(n2°23 —n)+(n4 +n? +1)

=n? (n2022 —1) +n(n2°22 - 1)+ (n4 +n®+ 1) = (n2 +n)(n2°22 —1) +(n4 +n’ + 1).
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Xét (n2 + n)(n2022 —1) = (n2 +n)[(n3 )674 —1} = (n2 + n)(n3 —1).B = (n2 + n)(n —1)(n2 +n+ 1).B chia
hétcho n* +n+1.
Laicéd n*+n*+1=n*+2n’+1-n’ =(n2 +1)2 -n’ =(n2 +n+1)(n2 —n+1) chia hétcho n> +n+1.

Viy A =n""* +n?*2 4+ n* —n+1 chia hétcho n* +n+1 v8i moi s8 tu nhién n 18n hon 1 nén A khéng

phai la s& nguyén té.

Bai 14. (Dé thi vao 10 hé chuyén Todan tinh Hai Dudng nam hoc 2023 - 2024)
a) Tim tat ca cdc s6 nguyén t6 p 1é sao cho 2p* —p® +16 |3 s6 chinh phudng.

b) Tim nghiém nguyén cla phudng trinh 6x* +7xy +2y* +x+y—-2=0.

Li gidi

a) bt A=2p* —p® +16.

Véi p=3 thi A=169 =13? |a s6 chinh phuong. Vay p = 3 thoad man.

Véi p>3 thi p? =1 (mod 3). Suyra p* :(pz)2 =1 (mod 3).

Suyra A=2p*-p’>+16=2.1-1+16=2(mod 3).

Do céc s6 chinh phuang chia cho 3 chidu 0 hodc 1 nén A khdng |a s6 chinh phuang.
Vay véi p =3 thi 2p* —p® +16 la s8 chinh phuang.

b) Ta cé 6x2+7xy+2y2+x+y—1=1<:>6x2+(7y+1)x+2y2+y—1=1

{2x+y+1=1 {x:—Z

3x+2y-1=1 =4

<:>(2x+y+l)(3x+2y—l)=lc> Y & Y .
2x+y+1=-1 x=-4
3x+2y-1=-1 y=6

Vay phudng trinh cé cdc nghiém nguyén la (x;y) € {(—2;4);(—4;6)}.

Bai 15. (Dé thi vao 10 hé chuyén Toan tinh Hai Phong nam hoc 2023 - 2024)
Tim céc s6 nguyén t6 a, b va s8 nguyén dudsng m thod man a? + b +18ab = 4.5™.
L&i giai

Tacéd (a —b)2 =4.5"-20ab:5 = (a—b)55 = (a —b)2 :25.

Vi a, b la cdc s6 nguyén td nén a, b>2

=a’ +b>+18ab=45">80=>m=>2

— 20ab = (a—b)2 — 4525 = 20ab:25 = ab'5
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:[Zéi:{gég:azbzﬁm:&
Viy a=b=5 m=3 thi a’ +b* +18ab =4.5™.

Bai 16. (Dé thi vao 10 hé chuyén Toan tinh Hung Yén nam hoc 2023 - 2024)
Tim céc nghiém nguyén (x;y) cla phugng trinh 2024(x2 + yz)— 2023(2xy + 1) =5.
Lai giai

2024(x2 +y2)—2023(2xy+1) =5

o x4yl +2023(x2 +y2)—2023.2xy -2023=5

o X +y? +2023(><2 +y? —2xy) =5+2023

o x?+y? +2023(x~y) =2028. (+)

Vi X,y €Z nén ‘x—y‘ la s& tu nhién.

Nhan xét: Néu [x—y| 22 thi (x-y)’ > 4 = 2023(x-y)’ > 8092.

Do d6 x? +y? +2023(x~y)’ >2028.

Suy ra ‘x—y‘ <l= ‘x—y‘ € {0;1}.

Trudng hgp 1: ‘x—y‘ =0 x=y.

Khi &6, ta co: (*) < 2x2=2028 = xe D (do xeZ).

= ) =x-1
Tru‘Bngh(_ﬁpZ:‘x—y‘zlc{x % la{y 3

X—y=— y=x+1

— 1o y=-2
 Véiy=x-1thi (*)<:>x2+(x—1)2+2023=2028<:>2x2—2x—4:0<:{x 3 :Vl _

x=1l=y=2

e Véiy=x+1th (¥)ox®+(x+1) +2023=2028 < 2x* +2x-4=0 & .
x=—2=y=-1

Vay céc cdp s8 nguyén (x;y) cantimla (xy)e {(—1;—2);(2;1);(1;2);(—2;—1)}.
Bai 17. (Dé thi vao 10 hé chuyén Toan tinh Khdnh Hoa nam hoc 2023 - 2024)
Ching minh p* —1 chia hét cho 240 vd8i moi s6 nguyén té p > 5.

Lgi giai

Vi p |3 s6 nguyén t8 18n hon 5 nén p khoéng chia hét cho 2, 3 va 5. (1)
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Tir (1), suy ra p® chia 8 du 1.

Bt p’ =8k+1 (ke N).

Ta cé: p* —1=(8l<+1)2 ~1=64k> +16k:16 = p* -1:16. (2)

Tir (1), suy ra p® chia 3 du 1.

Bat p> =3m+1(meN).

Tacé: p*~1=(3m+1) ~1=9m* +6mi3 = p* -1i3. (3)

Tir (1), suy ra p* chia 5 du 1 hodc 4.

Trutng hgp 1: p* chia 5 du 1. D3t p* =5n+1 (neN).

Tacé: p* ~1=(5n+1) ~1=25n% +10n:5 = p* ~15,

Trutng hgp 2: p chia 5 du 4. Dt p* =5h+4 (heN).

Tacé: p* ~1=(5h+4) ~1=25h +40h +15i5 = p* 135,

Do d6 p* -1:5. (4)

Tir (2),(3), (4), suy ra: p* —1 chia hét cho 16; 3; 5.

Do d6 p* —1 chia hét cho 240 vdi moi s6 nguyén t3 p > 5.

Bai 18. (D& thi vao 10 trudng chuyén Khoa hoc ty nhién Ha N&i ndm hoc 2023 - 2024)
Tim t4t c3 c4c cdp s6 nguyén dudng (x;y) théa man 4* +(1 +3V)(1+7V) = 2*(3y +77 +2).
L&i giai

Tac: 4 +(1+3)(1+77)=2(3 +7" +2) = 2> +1+3" + 7/ +21" =2*(3' +7" +2)
©217=2°(3"+7" +2)— (3 +7" +2)- (2> -1)

©21 =(3'+7" +2)(2 -1)-(2"-1)(2" +1)

©21 =(2-1)(3"+7" +1-2). (1)

Ta chiing minh UCLN(2*-1,3" +7” +1-2%) =1.

That vay, néu UCLN (2x -1,3"+7" +1 —2*) >1 thigoi p la udc nguyén t6 chung cla 2* -1 va

3+7"+1-2" Suyra p(3"+7".
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Nhén thdy 3" + 7" déu khéng chia hét cho 3, 7 vdi moi s6 nguyén duong y nén p=3,p = 7.
Lai c6 p‘21y nén pe {3;7} mau thuan.
Vay UCLN(2* =1,3*+7" +1-2") = 1. Do d6 ta xét hai truding hgp sau

Trudng hop 1: Néu x 1a s6 chan thi 2* -1 chia hétcho 3 va 3*+7" +1-2" chia 3 du 1.

Khi d6, tif (1), ta c6 {3y +§yjj’y:7y

Suyra 2*=3"+1.

VGiy >1 thi 3" =1 hodc 3 (mod 8) nén 3" +1 khéng chia hét cho 8.
TU d6 tim dudc x=2; y=1.

Néu x lasdléthi 2 -1 chia 3 du 1 va 3" +7" +1-2" chia hétcho 3.

2*_1=7"
347 +1-26=3""

Khi d6, tir (1), ta c6 {
Suy ra 2 =7" +1. V& phai chia 7 du 1 nén vé tréi chia 7 du 1.

TU d6 x =3k (k e N} va thay vao phuong triinh dugc (2 -1)(2* +2* +1) =7".
Vi 2 -1 chia 3 du 1 nén UCLN(2"-1;2% +2"+1)=1.
Vi2*+2+1>1nén2-1=1suyrak=1va 7' =7 =>y=1va x=3k=3.
Vay tét ca céc cp s8 (x;y) théa man Ia (xy) e {(2:1):(3:1)}.

Bai 19. (Dé thi vao 10 hé chuyén tinh Lai Chau nim hoc 2023 - 2024)

Tim nghiém nguyén clia phuong trinh (2x+y)(x —y)+x +8y = 22.

L&i gii

Tacé: (2x+y)(x—y)+x+8y =22 < (2x+y)(x—y)+3(2x+y)-5(x-y) =22
& (2x+y)(x-y+3)-5(x-y+3)=7 < (x—y+3)(2x+y-5)=7.

Ta xét cac trudng hdp sau:

. X—y+3=-7 xX=-2 ..
Trudng hgp 1: & (thod man).
2x+y-5=-1 y=8
. x—-y+3=-1 x=-2 .
Trudng hgp 2: & (thod man).
2x+y-5=-7 y =
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10
—y+3=7 =73
Trudng hgp 3: X=Y+ IS 3 (khéng thod man).
2x+y-5=1 _ 2
3
><_10
-y+3=1 T3
Trudng hdp 4: N S 3 (khéng thod man).
2x+y-5=7 16

3
Vay nghiém nguyén cla phudng trinh la (x;y) S5 {(—2;8);(—2;2)}.
Bai 20. (Dé thi vao 10 hé chuyén tinh Lao Cai nam hoc 2023 - 2024)

a) S8 nguyén duong m dudc goi la sé tét néu téng céc binh phuong cla tat cd cdc udc duong cla
né (khdéng tinh 1 va m) bang 6m+8. Ching minh rang néu cé hai sé p, g nguyén té va pq la s6
tét thi pg+2 la s6 chinh phugng.

2025 _ | ,2025

b) Tim tét ca cdc cip s6 nguyén (x;y) thda man x y2028 L1304 875 =)
Lgi giai

a) Do p, g la cdc sé nguyén t6 nén pq cd cédc udc duang la 1, p, g, pqg.

Vi p, g la s6 tétnén p> +q° =6pqg+8

<:>pq+2=p2+q2—5DQ—6=pz+q2—2pq—3pq—6=(p_q)2_3(DQ+2)
2
—(p—a) _|P-a
<:>4(qp+2)—(p Q) Z>DOI+2—( 5 j

e.

. 2 2. . -
TU (p—q) :4pq+8:>(p—q) 2=>p-qi2= p2q
Do d6 pg+ 2 la s chinh phuang (diéu phai chiting minh).
b) X2025 _y2025 +y1350 +y675 - 2

2025 3. ,,1350 2
=n°;y~">" =n".

Pat x =m;y** =n=vy
Phuong trinh @3 cho tré thanh m*> =n®> —n*> —n+ 2.

Xét (n-1) -m? =—2n2+4n—3=—2(n2—2n+1)—1=2(n—1)2—1<0

= (n—l)3 <m°. (1)
2
Xét (n+3)3—m3:10n2+28n+25=10(n2+En+4—9J+2—7=10(n+Zj 20
5 25) 5 5 5
= (n+3)3 >m?. (2)

TU (1) va (2) suy ra: (n—l)3 <m®< (n+3)3.
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Do d6 ta xét cac trudng hgp sau:

=1
Trudng hgp 1: m3=n3<:>n2+n—2=0<:{ : 5
n=—

675:1 =l
e Vi nzlzm:1:>{x675 <:>{x 1 (thod man).
y:

y" =1
e V3&in=-2=y*® =-2 (v6 nghiém nguyén nén loai).

Trudng hgp 2: m® = (n+l)3 < 4n® +4n—-1=0 (v6 nghiém nguyén).

n=-1
Trudng hop 3: m? =(n+2)3 <:>7n2+13n+6:0<:>(n+1)(7n+6):0c> -6-
n=—

7

o X =1 x=1 L
Vi n nguyénnéntachonn=-1=>m=1= - & L (thod man).
- y

Vay phuang trinh da cho c6 hai nghiém nguyén la (xy) e {(1;1);(1;—1)}.

Bai 21. (Dé thi vao 10 hé chuyén tinh Nam Dinh nam hoc 2023 - 2024)

a) Cho hai s6 nguyén dudng a, b thda man a’:b; b*:a. Chiing minh (a4 +b4)5ab.
b) Tim t4t ca cdc cdp s6 nguyén (x;y) théa man x(x2 —y) +(y —3)(x2 + 1) =0.
L&i gidi

a) Vi a’:b nén a’.a:b.a hay a*:ab.

Tuong tu, vi b>:a nén b>b:ab hay b*:ab.

TU dd suy ra (a4 +b4)§ab.

4 3 2
M:_x+2+fx—+l (V\I XZ—X+1>O, VX).

b) x(x —y)+(y-3)(x* +1) =0 =y = N 7 xil

Khi x nguyén, dé y |a nguyén thi (3x+1)§(x2 —x+1).
Do dé: (3x+1)2 =(9x2 +6x+1) =9(x2 —x+1)+(15x—8)§(x2 —x+l) hay (15x—8)5(x2 —x+1)
Suy ra 5(3x+1)—(15x—8)5(x2 —x+1):> 13§(x2 —x+1) =>x"-x+1le {1;13}.

x=-3

Trudng hdp 1: x> —x+1=13 = x*-x-12=0< 4
X =

e VGix=-3thiy =% (khéng thod man).

e VGi x=4 thi y=-1 (thod man).

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 18



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Trudng hdp 2: x> - x+1l=1ox*-x=0< .
X =

e VGi x=0 thi y =3 (thod man).
e VGi x=1thi y=5 (thod man).

VAy céc cap sb (x;y) cantim 13 (x;y) = {(0;3);(1;5);(4;—1)}.
Bai 22. (Dé thi vao 10 trudng chuyén Phan Bdi Chau tinh Nghé An nam hoc 2023 - 2024)

a) Tim x € R sao cho x++/2024 va 1—\/2024 déu I3 cdc s6 nguyén.
X

b) Tim s6 nguyén duong a nho nhat sao cho 2a |a sé 1ap phuong va 5a la s6 chinh phuang.
Li giai

Diit x+2024 —a, = —+2024 =b véi a, be Z
X
Khi d6, ta cé: (a _\2024 )(b + \/2024) -1 +2024 (a-b) = 2025 - ab.

Vi V2024 13 58 v6 ty va a—b, 2025—ab nguyén nén a=b va 2025 =ab suy ra a=b = +45
Suy ra: x+\/m=a =145 < x e {45—@;—45—@}.

Vay tat cd gid tri x thdamanla x {45—@;—45—@}.

b) Dat 2a=b> va 5a=c? vdi b, ¢ la cdc s& nguyén duang.

TU 2a=b>=b’:2=bi2.

D3t b=2d (d e N'), khi dé: 2a =8d° < a=4d”. (1)

TU 5a=c®> = c*:5=c:b.

Dat c=be (eeN*), khi d4: 5a = 25e? < a =5e’. (2)

TU (1) Va3 (2) suy ra a =4d°® =5¢e?.

Do 4 va 5 la hai s8 nguyén té cung nhau nén d*:5 = d:5.

D3t d =5k (ke N'), ta dugc a="5e” = 500k’.

Suy ra e’ =100k*> =10°k>. Diéu nay xay ra véi s6 k nhd nhat la k =1 = a =500.

Vay s6 nguyén dusng a nhd nhat théa man 1a a=500.

Bai 23. (Dé thi vao 10 trudng chuyén Dai hoc Vinh tinh Nghé An ndm hoc 2023 - 2024)
a) Tim tat ca cdc cap s6 nguyén (x;y) théa man x? —y? + 2(3y + y) =23.

b) Cho da thic P(x) = x> + bx +c cé hai nghiém nguyén. Biét réng ‘c‘ <16 va ‘P(9)‘ la s& nguyén

t6. Tim cdc hé sé b, c.
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L&i giai
a) Tacé: x* -y +2(3x+y) =23 <:>(x2+6x+9)—(y2—2y+1)=31
<:>(x+3)2—(y—1)2 :31<:>(x—y+4)(x+y+2)=31

TU day, ta xét bang sau

X—-y+4 31 1 -31 -1
X+y+2 1 31 -1 -31
X 13 13 -19 -19
y 14 16 16 ~14

Vay phudng trinh cé nghiém nguyén la (x;y) € {(13;—14);(13;16);(—19;16);(—19;—14)}.
b) Goi hai nghiém nguyén cla da thdc P(x) =x’+bx+c lau v.

Theo dinh Iy Vi-ét ta cé: {” tv=-b
uv =c=C

Ta c6: [P(9)|=[81+9b+c[=[81-9u-9v+uv|=|(9-u)(9-v).

Vi [P(9)] ta s6 nguyén t6 nén [(9-u)(9-v)| Ia s6 nguyén t6 dan dén |9-u| =1 hogc [9-v|=1.
Khéng mét tinh téng qudt, ta gia s \9 —u‘ =1oue{810}.

Trudng hop 1: u=10, Vi [c|<16 nén |v|e (0;1} < v e {-1;0;1}.

M3t khdc 9-1=8,9-0=9,9+1=10 déu khdng I s3 nguyén t3 nén trudng hop nay loai.
Trudng hgp 2: u=8,Vi |c[<16 nén |v|<2.

Ma v phai la s8 chdn nén tir day suy ra v e {-2;2}. Thf lai ¢4 hai gid tri nay thda man va ta nhan
dudc gia tri cia b, ¢ tuong Ung la —10, 16 va -6, —16.

Vay tét ca cdp (b;c) thoa mén I3 (bic) e {(-10;16);(-6;-16)} .

Bai 24. (Dé thi vao 10 hé chuyén tinh Ninh Binh nam hoc 2023 - 2024)

Cho p la mbt s6 nguyén té.

a) Chdng minh néu p |é va ton tai s6 nguyén x sao cho (x2 +1)5p thi (p—1)§4.

b) Chidng minh 2023p +23° — 24 khdng la s6 chinh phuang.

L&i giai
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a) Vi p la s6 nguyén té Ié nén p = 4k +1 hodc p =4k +3.

Vi (x2 +1)Ep nén p=4k+1, suyra p—1=4k:4.

b) Gid s&r 2023p + 23" — 24 la sé chinh phuong.

Khi dé ton tai s6 tu nhién x sao cho 2023p+23° - 24 = x* < x> +1=2023p + 23" - 23.
Theo dinh ly Fermat nhd, ta ¢ 23 =23 =0 (mod p)

= 2023p+23°-23=0 (mod p)

=x*+1=0 (mod p)

= p=4k+1(keN')

=2023p+23°-24=—p+(-1)" =2 (mod 4).

Ma x2=0,1 (mod 4) nén mau thuan vdi gia su.

Vay 2023p +23° — 24 khong la s6 chinh phuang.

Bai 25. (Dé thi vao 10 hé chuyén Tin tinh Phi Tho nam hoc 2023 - 2024)

a) Tim t4t ca cdc cdp s6 nguyén dudng (x;y) théa man (x2 —x— 1)(y2 + Xy —9) =2x+1

b) Cho n la s6 nguyén duong |é sao cho 3" + 7" chia hét cho 11. Tim s6 du khi chia 2" +6" +2023"
cho 11.

Li giai

a) Vi (x;y) nguyén dudng nén tir diéu kién, suy ra 2x +1ix* —x—1

S22 HX X —Xx—122x% —2x—2+3x+2:x° —x—1=3x+2:x* —x—1.

=1:x*-x-1.

. 2x+1:x> —x—1 6x+3ix*—x—-1
Tu dd suy ra =

3x+2:x°—x—1 6x+3:x*—x—1

x?—-x-1=1
X2 -x-1=-1

Suyra{
Trudng hgp 1: xz—x—1=1®x2—x—2=0<:>(x—2)(x+1)=0<:>x=2 (do xeN*).
T x=2=(y* +2y-9) =5 (y+1) =15 (oai).

Trudng hdp 2: x2—x—l=—1<:>xz—x=0<:>x(x—1)=0<:>x=1(doxeN*).

TUx=1=—(y’+y-9)=3<y*+y-6=0c(y+3)(y-2)=0cy=2(doyeN).
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Vay cdp s6 nguyén dudng (xy) théa man la (x;y)=(1;2).

b) Vi n 1a sé 1é nén ta dé dang chiing minh dudc: 3" +8" + 7" +4":11.
Ma 3"+77111 nén 4" +8"11 = 4"(1+2")i11= 2" +1i11.

Suyra: n=10k+5 (keN).

Tacé 6" =6 = (610)k 6°=-1(mod 11); 2023" =1 (mod 11).
Suy ra 2" +6" +2023" =-3=8 (mod 11).

Véy 2" +6" +2023" chia 11 du 8.
Bai 26. (Dé thi vao 10 hé chuyén Toan tinh Phid Tho nam hoc 2023 - 2024)
a) Cho cdc s6 nguyén a, b, ¢, d thda man diéu kién a® + b’ —8c® +28d® = 0. Chidng minh ring

(a+b+c+d)2 chia hét cho 9.

b) Ching minh rang tén tai da thuc P(x) cé hé s6 thuc, bdc 2024 théa man diéu kién P(x2 —2)
chia hét cho P(x).

Li giai

a) Tacéd: a®+b*-8c®+28d° =0=a’ +b’ + +d=9c -27d* = a° +b* + > +d*:3

= (a+b)3 —3ab(a+b)+(c+d)3 —3cd(c+d)§3 = (a+b)3 +(c+d)333
:>(a+b+c+d)3—3(a+b)(c+d)(a+b+c+d)§3

= (atb+c+d) 3= a+b+c+di3=(atb+c+d) 19 (didu phai ching minh).

b) Xét da thuc P(x) = a(x+1)1012 (x—2)1012, védi ae R, da thuc P(x) c6 bac la 2024.
Ta cé: P(x2 —2) = a.(x2 —1)1012 (x2 - 4)1012 = a(x + 1)1012 (x - 2)1012 (x - 1)1012 (x + 2)1012

~P(x)(x-1)" (x+2) >

= P(x2 —2) chia hét cho da thic P(x).

V4y ton tai da thic P(x) = a(x + 1)1012 (x—Z)1012 véi hé s6 thic, cé bdc 2024 thdéa man da thic

P(x2 —2) chia hét cho da thic P(x).

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 22



CLB Toan béi duéng MathExpress | ; | www.mathexpress.vn

Bai 27. (Dé thi vao 10 hé chuyén tinh Quang Ninh nam hoc 2023 - 2024)

a) Cho x, y la cdc s6 nguyén dudng théa man x> —y va x> +y déu la cic s6 chinh phugng. Ching
minh y 13 s8 chan.

b) Tim cdéc s6 nguyén dudng a, b thda man a° —2(a+b)2 =b*+19.

L& gidi

a) Dat x> —y =a%; x> +y =b? Vdi a, b 1a cdc sb tu nhién = 2y =b* - a°.

Ta cd b® —a” 1a sé chdn suy ra a, b 13 hai s6 cung chdn hodc clung €= (b—a)(b+a)54 =yi2.
Vay y la s6 chan.

b) Tacé: a’~2(a+b) =b* +19 = (a-b-2)(a® +ab+b?) = 2ab+19.

Vi 2ab+19>0, a° +ab+b*>>0 néna-b-2>1<a-b>3.

Tl a-b-2>1=a’+ab+b’ <2ab+19=(a-b) <19=a-b<4.

Vi2ab+19 1énéna-b-21& =a-blé =a-b=3.
TUa-b=3=b’+3b-10=0=b=-5 (loai) hodc b=2.

Vay b=2;a=5.

Bai 28. (Dé thi vao 10 hé chuyén tinh Quang Tri nam hoc 2023 - 2024)

a) Ching minh n® +3n+1 13 s8 1& v8i moi s8 tu nhién n.

b) Tim t4t ca cdc s6 nguyén dudng a, b sao cho 4a’ +b+4; 4b* +a+4 déu |3 s6 chinh phusng.
L& gidi

a) Tacd n2+3n+1=n(n+1)+2n+1.

Do n(n+1) chdn, 2n+1 1 nén n* +3n+1 1a s8 18,

b) Do vai trd a, b binh ddng nén ta cé thé gid s b<a.

Khi @6 (Za)2 <4a2+b+4£4a2+a+4£4a2+4a+1=(23+1)2
Suyra 4a’ +b+4=(2a+1) =>b=4a-3.

Khi @6 (8a—6) <4b’ +a+4 =64a>~95a+40<(8a—4)

Suy ra 64a2—95a+40:(8a—5)2 oa=1=b=1.

Thr lai thdy thda man.

Vay a=1b=1.
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Bai 29. (D& thi vio 10 hé chuyén tinh Tay Ninh n3m hoc 2023 - 2024)
Tim nghiém nguyén ctia phudng tinh (x+y)’ +2y?(x+1)+(y+2) -9=0.
L&i gidi

Tacé: (x+y) +2y*(x+1)+(y+2) -9=0

X2y 4+ 2xy +2xy? +2y? 4y  + 4y +4-9=0

& x*—4+2x(y* +y)+4(y +y)=1

& (x+2)(x-2)+2(v* +v)(x+2) =1

<3(x+2xx—2+2y?+aq=1

x=-1
y=1.

Trudng hgp 1: {
y=-2

x+2=1 x=-1
o =
x—2+2y*+2y=1 2y’ +2y =4 [

x=-3
TruEinghc_Sp2:{ X 1<:>{ X <4l y=1.

X—2+2y° +2y = 2y* +2y =4 L’:_Z
Vay phudng trinh cé nghiém nguyén la (x;y) € {(—1;1);(—1;—2);(—3;1);(—3;—2)}.
Bai 30. (Dé thi vao 10 hé chuyén tinh Thai Binh nam hoc 2023 - 2024)
Chuiing minh rang néu p la s6 nguyén t8 I16n hon 3 thi (7—p)(7+p) chia hét cho 24.
Lgi giai
Do p la s6 nguyén t6 va p >3 = p khéng chia hét cho 2 va 3
=p°=1 (mod 3) vap’=1 (mod 8):> p?-1:3 va p°-1:8.
Suyra p®—1:24 (vi (3,8) =1).
Do dé: (7-p)(7+p)=49-p’ =48—(p’ -1):24.
VAay ta cd diéu phai chiing minh.
Bai 31. (Dé thi vao 10 hé chuyén tinh Thanh Hod nam hoc 2023 - 2024)
a) Gidi phuong trinh nghiém nguyén x° +2024x =y° +1.
b) Cho cdc s6 nguyén dudng x, y thda man 44x* +1=y*. Chidng minh 2y +2 la s chinh phugng.
Lgi giai
a) Tacd x° +2024x=y° +1.

& x> —x+2025x=y° +1
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<:>x(x4 1)+2025x yo+1

& x(x=1)(x+1)(x* +1)+2025x = y* +1

& x(x-1)(x+1)(x* ~4+5)+2025x = y° +1

& x(x=1)(x+1)(x=2)(x+2)+5x(x* ~1)+2025x = y° +1.

<

x(x 1)(x+1)( )(x+2) la tich cGia 5 s8 tu nhién lién tiép nén chia hét cho 5
= x(x=1)(x+1)(x=2)(x+2)+5x(x* — 1)+ 2025x:5.

Ma y° +1 chia 5 du 1 hodc 2 nén phudng trinh da cho khéng ¢4 nghiém nguyén.
Vay phuadng trinh da cho khéng cé nghiém nguyén.

b) D& thdy y 1a 56 1&é nén dat y =2k +1 (ke N).

Khi d6 ta c6 44x* +1=4k* + 4k+1 < 11x* =k(k +1)

= k(k+1) chia hét cho 11.

Do 11 Ia s6 nguyén t6 nén k chia hét cho 11 hodc k +1 chia hét cho 11.

Trudng hop 1: k chia hét cho 11. D3t k=11m (meN).

Khi d6: x* =m(11m+1).

Ma (m,llm +1) =1 nén m va 11m+1 1a cdc s6 chinh phuang.

2
pat: m=a (aeN,beN*):Zy+2=4k+4=44m+4=4b2 la s8 chinh phuang.
11m+1=b*

Trudng hop 2: k+1 chia hét cho 11. D3t k+1=11n (n e N*).
Khi d6: x* =n(11n-1).

Ma (n,lln—l):l nén n va 11n-1 la cdc s6 chinh phuadng.

2

pat |0 € (cdeN)=11c - =112 =c?+d +1.
11n-1=d?

Suyra: c2+d?+1i4 (v&1ivi ¢?, d* chia 4 du O hoac 1).

V3ay néu céc s8 nguyén dudng thda man 44x> +1 =y” thi 2y +2 la s chinh phuang.

Bai 32. (Dé thi vao 10 hé chuyén tinh Thira Thién Hué nam hoc 2023 - 2024)
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"\ ~ rd z ~ \ 999 A \ e ~ N
Tim tat cd cdc sb thuc a sao cho a++/2023 va —— ++/2023 déu la céc sé nguyén.
a

Lai giai
Xx=a++2023 a=x-+2023

999 < 999 .
_999, ho23 |ly=—T2__ 12023
et x—~2023

Tacdy=— 229 | 2023 & xy—y~/2023 = 999 + x4/2023 — 2023

x—+/2023

& xy +1024 =(x+y)~/2023.

bat:

Vi X,y nguyénnén x+y=0,suyray=-x va xy+1024 =0.

Do d6 x=+32.

Vay a=+32-+/2023.

Bai 33. (Dé thi vao 10 hé chuyén tinh Tién Giang nam hoc 2023 - 2024)

Cho hai s6 nguyén té p, g théa man ddng thic p” +q* = 2(3pq —4). (*)
a) Chiing minh rang cé it nhat mét trong hai sé p, q la bdi cta 3.

b) Tim tat cd cdc cdp s6 nguyén td (p;q) thda man (*)

Lgi giai

a) Gid s trong hai s6 p, g khdng cd sé nao chia hét cho 3.

Khi &6 p?, g° chia 3 du 1. Suy ra: p*> +g?* chia 3 du 2.

Trong khi vé& phdi 2(3pg—-4)=6pg—9+1 chia 3 du 1 (v ly).

Do d4 trong hai sé p, g phai cé it nhat mét sé 1a bdi cda 3.

b) Do vai tro clia p, g nhu nhau, khéng mat tinh tdng quat, gia st g |1a bbi cha 3.
Do q la s6 nguyén t6 nén q = 3.

Khi d6: p> +9=2(2p-4) < p* -18p+17 =0 < p=1 hodc p=17.

Do p la s6 nguyén té nén p=17.

Vay cdc cap s6é nguyén to (p;q) thda man la (p;q) € {(17;3);(3;17)}.

Bai 34. (Dé thi vao 10 hé chuyén thanh phé Hé Chi Minh nam hoc 2023 - 2024)
Xét cdc s6 nguyén a<b <c thdaman n=a®+b> +c® —3abc 13 s6 nguyén t8.

a) Chdng minh a<O.
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b) Tim tat ca cdc s6 nguyén a, b, c (a <b< c) sao cho n la mot udc cta 2023.
Lgi giai
a)Gidsira>0,khidéb>1vac>2.

Ta cé: n=(a+b+c)(a2 +b% +c? —ab—bc—ca) |3 s8 nguyén t6.
Ma a+b+c>1 nén az+b2+c2—ab—bc—ca:1<:>(b—a)2+(c—b)2+(c—a)2 =2.
Vic>b>a nén (b—a)er(c—b)2+(c—a)2 >124+1%°+2°>2.

Do dd diéu gid s sai. Suy ra a< 0 (diéu phai chiing minh).

b) Néu c<0 thitacé a+b+c<0,suyran<0, miuthudn.Dodé c>1.

£oa2 L2, 2 1 2 2 21 2 2
Tacéd: a"+b" +c —ab—bc—ca—i[(b—a) +(c—b) +(c—a) }Zz(c—a) 2—[1—(—1)] =2>1.
Vi n la s8 nguyén t3 va 1a udc clia 2023 =7.17° nén ne{7;17}.

a’+b*+c’—ab-bc-ca=17

Trudng hdp 1: n=17. Theo ching minh & trén, ta phai cé
a+b+c=1

Suy ra: 3(a2 +b? +c2) = 2(a2 +b* +¢? —ab—bc—ca)+(a+b+c)2 =35.
MA4u thudn vi 35 khéng chia hét cho 3.

a’+b’*+c*—ab—-bc-ca=7

Trudng hdp 2: n=7. Theo chidng minh & trén, ta phai cé
a+b+c=1

2,12, 2
Suy ra: 3(82+b2+c2=2(a2+b2+c2—ab—bc—ca)+(a+b+c)2=15:> 3 +bT4ct=5
ab+bc+ca=-2

Dob5=a’+b?>+c?’>1+c*>nénc<2.Mac>1 nén CE{].;Z}.

e Néuc=2thitacéda’+b>’=1.Suyraa’<l,ttca>-1.Maa<0néna=-1vab=0.
Thr lai, ta thdy thda man.

e Néuc=1thitacd a’+b*=4.Suyraa’<4,tica>-2.Ma a<0 nén ae{—l,—Z}.ThL’r
truc tiép, ta dudc a=-2 va b=0.Tuy nhién, cdcsé a=-2, b=0 va c =1 khbéng thda man

a+b+c=1.
Vay 6 duy nhdt mét b6 s6 (a;b;c) thda man yéu cau dé bai la (a;b;c) = (-1;0;2).
Bai 35. (Dé thi vao 10 hé chuyén tinh Vinh Long nam hoc 2023 - 2024)

a) Tim tat ca cdc s6 nguyén x sao cho gid tri clia bidu thic x* + x+6 13 mdt s6 chinh phudng.
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b) Tim nghiém nguyén clia phuang trinh y* = —2(x6 —x3y—32).
Li gidi
a) Pat: x> +x+6=n’ (neN)

= 4x2 +Ax+24 =4n° < 4x° +4x +1—4n? =—23<:>(2x+1—2n)(2x+1+2n)=—23.

. 2x+1-2n=-23
Trudng hgp 1: = x=-06.
2x+1+2n=1
2x+1-2n=-1
X + n w5

Trudng hdp 2: =
2x+1+2n=23

Vay x e {—6;5}.

b) Ta cé y? =—2(x6—x3y—32)<:>x6+(y—x3)2 =64 =>x°<64 = x<2.
Ma xeZ nén x e {—1;—2;0;1;2}.

Xét céc trudng hap:

Trudng hap 1: x=2:>(y—x3)2 =0=y=8.

Trudng hgp 2: x=13(y—x3)2 =63 =y ¢Z (loai).

y=8

2
Trudng hdp 3: x=0:>(y—x3) :64:{

Trudng hgp 4: x=-1= (y -x’ )2 =63=vy¢Z (loai).
2
Trudng hop 5: x = -2 = (y—x3) =0=vy=-8.
Vay phuadng trinh cé nghiém nguyén I3 (x;y) e {(0;8);(0;—8);(2;8);(—2;—8)} .

Bai 36. (Dé thi vao 10 trudng Pai hoc Su Pham Ha Néi (vong 2) nam hoc 2023 - 2024)

V344

Tim tat ca cdc s6 nguyén duong a, b sao cho s6 ———— la s& hitu ty.
N

L&i gidi

. B3+a
o b

Suy ra: vVa—avb = a5 -3 @ a+a?b—2aab = 5a? - 2a/15 + 3

Dodé:@—x/ﬁzﬂe(@

=a Vi a Q.
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= ab=15+ % + 215 < 2415 =ab-15- .
Suyra f=0, ticla ab=15. Xét cic trudng hdp sau:

NEFS | s
Truong hdp 1: Véi a=1,b=15 thi ¢« =———=—= la s6 v0 ty nén loai.
J5+415 5
Trudng hop 2: Véi a=3,b=5 thi « =£:£ la s vO ty nén loai.
25 5
Trudng hop 3: Véi a=5,b=3 thi « =M =1 Ia s6 h{tu ty nén thod man.
NG
Trudng hop 4: Véi a=15b=1 thi a = % =/3 13 56 v8 t nén loai.
5+1

Viy a=5,b =3 la cic s8 can tim.

Bai 37. (Dé thi vao 10 trudng Pai hoc Su Pham Ha Néi (vong 1) nam hoc 2023 - 2024)
2

C6 hay khéng céc s6 nguyén a, b sao cho (a +b\/2023) — 2024 + 202320237

Lai giai

Gid sUr ton tai cdc s6 nguyén a, b thod man dé bai.

Ta co: (a +b+v2023 )2 =2024 +2023+2023

< a° +2aba/2023 +2023b” =2024 +2023+/2023
< a° +2023b* 2024 =2023+/2023 - 2ab.A/2023

< a2 +2023b% -2024 =+/2023 (2023 - 2ab).

Vi a® +2023b% —2024 13 s6 hitu ti va 42023 (2023 —2ab) la s6 v6 ti nén 2ab =2023
Diéu nay la vo Ii vi 1 vé€ la chdn 1 vé |a 1é. Suy ra gia su trén sai.

Vay khéng ton tai cdc s6 nguyén a, b thod man dé bai.
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