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TUYEN CHON CAC BAI TOAN HINH HOC TRONG Ki THI
CHUYEN NAM HOC 2023 - 2024

Ciu 1. (Pé thi chuyén tinh An Giang nam 2023 - 2024)

Cho tam gidc ABC cé ba géc déu nhon, BH la dudng cao ké tur B (H € AC). Goi D, E lan lugt la

trung diém cha AB va AC, F 13 diém dadi xing cta diém H qua DE.

a) Chiing minh rang td gidc ABFH ndi tiép.

b) Chiing minh FBA = EFH,

c) Chiing minh rang BF di qua tdm dudng tron ngoai ti€p tam gidc ABC.

Ciu 2. (Dé thi chuyén tinh Ba Ria Viing Tau nam 2023 - 2024)

1) Cho dudng tron (O;R) va diém A sao cho OA>2R. Tt A V& hai ti€p tuyén AB, AC cla

(O) (B, C la hai ti€p diém). V& day cung CD cua (O) song song véi AB. Dudng thang AD cat

(O) tai E khdc D va cat BC tai G. Qua G vé dudng thang vubéng géc véi OG 1an lugt cat hai

dusng thang AB, AC tai M va N.

a) Chdng minh tam gidc OMN cén.

b) Goi | la trung diém ctia DE, OA cit BC tai K. Chiing minh: IE? =IAIG.

c) Tia BE cat AC 3 H. Ching minh CE di qua trung diém cta HG.

2) Cho dudng tron (O) ban kinh 1. Ba diém phan biét A, B, C thay déi ndm trén dudng tron (O)

sao cho diém O nam bén trong tam gidc ABC. Céc dudng thdng OA, OB, OC lan lugt cat dudng

tron ngoai ti€p tam gidc OBC, OCA, OAB tai M, N, P khdc O. Tim gid tri nhd nhat cla biéu thuc:
S=OM? + ON? + OP?,

Cau 3. (Dé thi chuyén tinh Bic Giang nam 2023 - 2024)

Cho dudng tron (O;R) va ddy cung BC c¢6 dinh cla dudng tron thda man BC < 2R. Mot diém A

di chuyén trén (O;R) sao cho tam gidc ABC c6 ba géc nhon. Céc dusng cao AD, BE, CF cda tam

gidc ABC c3t nhau tai H. Dudng phén gidc cla CHE kéo d3i vé hai phia cdt AB va AC lan lugt
tai M, N.

a) Chiing minh tam gidc AMN cén tai A.

b) Goi l, P, Q, J 1an lugt Ia hinh chiéu cta D trén canh AB, BE, CF, AC. Chdng minh rang bén
diém I, P, Q, J cung nam trén mét dudng thang vudng gdéc véi AO.

c) Budng tron ngoai ti€p tam gidc AMN cat dudng phan gidc trong cla BAC tai diém thd hai K.
Chuiing minh rang dudng thdng HK ludn di qgua mét diém cd dinh.
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Ciu 4. (Dé thi chuyén tinh Binh Dudng nam 2023 - 2024)
Cho tam gidc nhon ABC (AB > AC) ndi tiép dudng tron (O) Goi D, E 1an lugt 1a chan dudng cao

ha tir dinh A, B. Goi F la hinh chi€u vudng géc clia B 1&én dutng thang AQO.

a) Chiing minh rang 4 diém B, E, D, F 13 4 dinh ciia mét hinh thang can.
b) Chidng minh rang EF di qua trung diém cda BC.

c) Goi P la giao diém th hai cia dudng thang AO vdi dudng tron (O); M, N 1an lugt |a trung diém

clia EF va CP. Tinh s8 do BMN,

Ciu 5. (Dé thi chuyén tinh Yén B3i nam 2023 - 2024)

Cho tam gidc ABC nhon néi ti€p dusng tron tdm O, céc dudng cao AD, BE, CF. Tiép tuyén tai A
cGia dudng tron (O) cét DF tai M, MC c3t (O) tai I khéc C, IB cdt MD tai N.

a) Chiing minh rang MA//EF.

b) Ching minh rang AMAF cén va t gidc AINF ndi tiép.

c) Chitng minh rang MA? =MNMD..

d) Goi K |3 giao diém cla CF va dudng tron (O) Chidng minh rang A, N, K thdng hang.

Ciu 6. (Dé thi chuyén tinh Bac Ninh nam 2023 - 2024)

1) Cho tam gidc ABC nhon ndi tiép dudng tron (O) AB < AC, c6 cac dusng cao BE va CF. Céc

ti€p tuyén ctia dudng trdn (O) tai B va C cit nhau tai S. Goi M Ia giao diém cta BC va SO.

a) Chiing minh rang tam gidc EAB déng dang vdi tam gidc MBS, tir d6 suy ra tam gidc AEM
déng dang véi tam gidc ABS.

b) Goi N |a giao diém clla AM va EF, P 1a giao diém cia SA va BC. Ching minh rang NP vubng
gdc véi BC.

2) Cho hinh chir nhdt ABCD. L&y céc diém E, F thudc canh AB (E nam gilta A, F); G, H thubc
canh BC (C nam gilta B, H); I, J thudc canh CD (I nam gitra C, J); K, M thubéc canh DA (K nam
gilra D, M) sao cho E, F, G, H, |, J, K, M d6i mo6t phan biét va khac cac dinh cla hinh chir nhat
ABCD, déng thai hinh da gidc EFGHIJKM c6 céc géc bang nhau. Chiing minh rang néu dd dai céc
canh cla hinh da gidc EFGHIJKM la céc s6 hitu ti (theo ddn vi cm) thi EF = 1.

Ciu 7. (Dé thi chuyén tinh Bé&n Tre nam 2023 - 2024)

Cho tam gidc ABC khdng cé géc tu (AB <AC,BC< ZR) ndi tiép dudng tron (O;R) (B, C ¢6 dinh,
A di ddng trén cung I8n BC). Cac tiép tuyén tai B va C catnhau tai M. TU M ké dudng thang
song song vdi AB, dudng thing nay cdt (O) tai D va E (D#E, D thudc cung nho BC), cit BC
tai F va cat AC tai l.

a) Chidng minh rang MBIC 13 t& gidc ndi tiép.
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b) Ching minh rang FI.FM = FD.FE.
c) Tim vi tri cha diém A trén cung I8n BC sao cho tam gidc IBC c6 dién tich I6n nhat.
CAiu 8. (Pé thi chuyén tinh Gia Lai nam 2023 - 2024)

T diém M ndm ngoai dudng tron (O), ké hai tiép tuyén MA, MB (A, B la tiép diém), cat tuyén
MCD khong di qua tam O, MD > MC.

a) Chiing minh ring MA? = MCMD.

b) Goi H la giao diém clia MO va AB. Ching minh rang t& gidc CHOD néi tiép.

c) Tim vi tri cGa diém D trén dudng tron (O) dé tam gidc MAD cé dién tich I8n nhét.

Ciu 9. (Dé thi chuyén tinh Binh Dinh nam 2023 - 2024)

Cho tam gidc nhon ABC c6 céc dudng cao AD, BE, CF. Goi K, L I14n lugt Ia tdm dudng tron ndi
ti€p cha cédc tam gidc CDE, BDF.

a) Chdng minh LDF =KDC.

b) Chiing minh hai tam gidc LDF va KDC dbéng dang, hai tam gidc LDK va FDC dbéng dang.

c) Chitng minh t& gidc BLKC néi tiép.

d) Goi P, Q l1an lugt Ia tAm dudng tron ngoai ti€p cac tam gidc AKC, ALB. Chiing minh PQ song
song Vdi KL.

CAau 10. (Dé thi chuyén tinh Binh Phudc nam 2023 - 2024)

Cho doan thdng AB va C la diém nam trén doan AB sao cho BC > AC. Trén cung mot nfa mat
ph3ng bg 13 dudng thang AB, vé nlfa dudng tron dudng kinh AB va nfa dudng tron dudng kinh
BC. Lay diém M thubc nira dudng tron dudng kinh BC (M =B, M= C). K& MH vuéng géc véi
BC (H € BC), dudng thang MH cat nfa dudng tron dudng kinh AB tai K . Hai dudng thang AK
va CM cat nhau tai E.

a) Chiing minh t gidc BMKE noi ti€p va BE> =BABC.

b) T C ké CN vudng géc véi AB (N thudc nira dudng tron dusng kinh AB), goi P la giao diém
clia NK va CE. Chdng minh rang tdm dudng tron ndi tiép cla cédc tam gidc BNE va PNE cung
nam trén dudng thang BP.

Ciu 11. (Bé thi chuyén tinh Binh Thuidn nam 2023 - 2024)

Cho tam gidc déu ABC cé dudng cao AH. Trén canh BC 13y diém M tuy y (M khéng trung B, H,
C). Goi P, Q 1an lugt la chan dudng vubng gdc ké tur M dén AB, AC.

a) Ching minh MP +MQ = AH.

b) Goi K 1a trung diém cia AM. Chdng minh rang KH vudng géc véi PQ.

c) Cho dudng tron (O) ndi ti€p tam gidc ABM. Goi D, E, F theo th( tu la tiép diém cua (O) véi céc

canh BM, AB, AM. Vé DN vubng géc vdi EF tai N. Chiing minh BNE = MNF.
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Ciu 12. (Dé thi chuyén tinh Can Tho nam 2023 - 2024)
Cho tam gidc ABC nhon (AB < AC). Goi M, N 1an lugt |13 trung diém cha AB va AC. Dung bén

ngoai tam gidc ABC céc tam gidc déu ANI va BMK . Goi diém D la hinh chiéu vuéng géc cla

diém A |én canh BC, diém E la trung diém cua doan thing IK .

a) Chiing minh t gidc AKBD ndi tiép.

b) Chidng minh diém E 13 tAm dudng tron ngoai tiép tam gidc IKD.
c) Tinh sé do cua NEM.

Ciu 13. (Dé thi chuyén tinh Cao Bang nam 2023 - 2024)

Cho tam gidc nhon ABC ndi tiép dudng tron (O), AB < AC. Goi H la hinh chiéu vudng géc clia A
trén canh BC . K& HM, HN 4an lugt vudng géc véi AB, AC (M e AB,Ne AC).

a) Chiing minh t& gidc AMHN néi tiép.

b) Goi giao diém clia dudng tron tdm A bdn kinh AH vdi cung nhd AC cla dudng tron (O) 13 diém

Q. Ching minh ba diém M, N, Q thang hang.

c) Khi diém A c¢é dinh va hai diém B, Cdi déng trén dudng tron (O) sao cho tam gidc ABC lubn
la tam gidc nhon. Chiing minh MN song song vdi mét dudng thing c6 dinh.

Cau 14. (Pé thi chuyén tinh BDa Nang nam 2023 - 2024)

1) Cho tam gidc nhon ABC, vdi AB < AC, ndi tiép dudng tron (O). Céc tiép tuyén clia duding tron
(O) tai B va C cat nhau 8 D. Budng tron dudng kinh AD cat dudng tron dudng kinh OD tai
diém E (khdc D). Goi F Ia giao diém clia doan thdng OE va duting tron (O).

a) Chdng minh rang 3 diém A, O, E thdng hang va CF |3 tia phan gidc cla BCE.

b) Céc tia AB, AC lan lugt cit dudng tron dusng kinh AD tai cdc diém G, K (déu khdc A). Ching
minh rang OD di qua trung diém cda doan thang GK.

2) Cho tam giac nhon ABC c6 AB < AC <BC, dudng tron (O) ndi ti€p tam gidc ABC tiép xuc véi
canh AB tai M. L3y diém E nam gilta A va M. Trén canh AC, BC Ian lugt |1ay diém D, F sao cho

AD = AE va BF = BE. Dudng tron ngoai tiép tam gidc DEF |an lugt cdt AB va BC tai G (khdc E)

va H (khdc F). Chiing minh rang O |a tdm dudng tron ngoai tiép tam gidc DEF va cdc dudng
thang CM, ED, GH dbéng quy.

Cau 15. (Dé thi chuyén tinh D3k Lak nam 2023 - 2024)

Cho t gidc ABCD c6 ABC = ADC = 90°, BC =CD, M la trung diém cla AB, dudng tron tdm C
ban kinh BC cit MD tai E (E ;tD), H la giao diém cua AC va BD.

a) Chiing minh rang td gidc BHEM la td gidc ndi tiép.
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b) Goi F Ia giao diém cia AE va dudng tron (C) (F #E). Ching minh BC L DF.
c) Goi | la giao diém cla dudng thdng BC va dudng tron (C) (l # B), J |a giao diém cda Al va
DF. Tinh ti sé E
DF
Ciu 16. (Dé thi chuyén tinh Dong Nai nam 2023 - 2024)
Cho duting tron tdm O dudng kinh AB = 2R . Goi H la trung diém cta OA. Vé day CD vubng géc

véi AB tai H. Goi M la mdt diém di ddng trén cung nhé BC (M khdng trung véi B va C), AM cat
CD tai |.

a) Tinh a6 dai cdc doan thang AC, BC, CH theo R.

b) Chiing minh AD Ia tiép tuyén cla dudng tron ngoai ti€p tam gidc IDM ..

c) Tim vi tri diém M trén cung nhé BC sao cho MB+MC +MD dat gid tri I6n nhat.

Ciu 17. (Dé thi chuyén tinh Péng Thdp nam 2023 - 2024)

Cho tam gidc ABC nhon (AB < AC) cd cdc dusng cao AD, BE, CF c3t nhau tai H. Goi | 1a giao
diém clia EF va AH, ké IJ song song véi BC (J € HE). Buting thing AJ cét BC tai M.

a) Chiing minh rang td gidc AUE ndi ti€p dudng tron.

b) Chiing minh rang D la trung diém BM.

c) Goi L la giao diém cla hai dudng thang EF va BC . Chdng minh rang FLB=CAM.

Ciu 18. (Dé thi chuyén tinh Hd Nam nam 2023 - 2024)

Cho dudng tron (O) cé ddy cung BC c¢6 dinh va khéng di qua tdm O. Goi A |a diém di ddng trén
dudng tron (O) sao cho tam gidc ABC nhon va AB < AC. Goi M la trung diém cha canh BC va H
la truc tdm tam gidc ABC. Tia MH cat dudng tron (O) tai K, dusng thdng AH cat canh BC tai D
va AE 13 dudng kinh ctia dudng tron (O)

a) Chung minh BAD = CAE.

b) Chidng minh rang t& gidc BHCE |a hinh binh hanh va HAHD = HK.HM.

c) Tia KD cat dudng tron (O) tai | (I khdc K ), dudng thing di qua | va vudng gdéc vdéi dusng thang
BC cat AM tai J. Chiing minh rang cédc dudng thang AK, BC va HJ cung di qua mét diém.

d) Mét dudng tron thay déi ludn tiép xdc véi AK tai A va cat cdc canh AB, AC lan luct tai P, Q
phan biét. Goi N |3 trung diém cla doan thang PQ . Chiing minh rang dudng thdng AN lubn di qua
mot diém cé dinh.

Céu 19. (Dé thi chuyén Tin thanh phé Ha N&i nam 2023 - 2024)

Cho hai duting tron (O;R) va (O';R') cat nhau tai hai diém phén biét A va B (R <R'< OO'). Goi
PQ la ti€p tuyén chung cuta hai dugdng tron (O) va (O') véi Pe (O) Qe (O'); S la giao diém cla
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PQ va O0'. Qua S ké dudng thang cat (O) tai hai diém E, F va c3t (O) tai hai diém G, H sao
cho SE < SF <SG < SH.

a) Chiing minh rang OE//O'G.

b) Chiing minh SA? = SP.SQ.

c) Tiép tuyén tai A cla dung tron (O) cdt OO' tai M. Tiép tuyén tai A clia duding tron (O') cit
Eg‘z ~ 2 va N. | H thing hiang,
Ciu 20. (DBé thi chuyén Todn thanh phd Ha Néi nam 2023 - 2024)

0OQ' tai N. MEN AB =1. Chiing minh

Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi ti€p dudng tron (O) Ba dudng cao AD, BE,
CF cat nhau tai H, EF c3t AD tai Q. Goi M, [ 1an lugt la trung diém cta BC, AH. IM cat EF tai K.

a) Chiing minh AAEK déng dang véi AABM.
b) EFNBC=S; SINnMQ =T. Chiing minh bén diém A, T, H, M cung thudc mét dudng tron.

c) Tia TH cat (O) tai P. Chdng minh A, K, P thdng hang.

Ciu 21. (Dé thi chuyén tinh Ha Tinh nam 2023 - 2024)

Cho dudng tron (O) dudng kinh AB c8 dinh, C la mot diém chay trén dusng tron (O) khéng trung
véi A va B. Cdc ti€p tuyén cla dudng tron (O) tai A va C cdt nhau tai diém M. Buting thing MB
cdt AC tai F va cdt dudng tron (O) tai E (E khdc B).

a) Goi H la trung diém cla doan thdng AC. Chidng minh AOEM« ABHM.

b) Goi K Ia hinh chiéu vudng géc cia C trén dudng thdng AB. Hai dudng thdng MB va CK cat

nhau tai I. Tinh ti s6 % khi téng dién tich hai tam gidc IAC va IBC I8n nhat.

¢) Ching minh rang L+i :i.
BM BF BE

Cau 22. (Dé thi chuyén tinh Hai Ducng nam 2023 - 2024)

1) Cho tam gidc déu ABC ndi ti€p dudng tron (O) diém E thubc cung nhé AB cda dudng tron
(0) (E+ A E#B).Budng thdng AE cét cic ti€p tuyén tai B, C clia duting tron (O) Ian ludt tai

M, N.

a) Chiing minh ring MB.NC = AB?.

b) Goi F |3 giao diém ciia MC va BN, H la trung diém BC . Chiing minh rang ba diém E, F, H thing
hang.

2) Cho dudng tron (0) va hai diém A, B c6 dinh nam trén dung trdn (0) sao cho AOB =120°.

Diém M thay déi trén cung I6n AB cla dudng tron (O) Dudng tron ndi ti€p tam gidc MAB tiép
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xtc véi MA, MB |an lugt tai E, F. Chdng minh rang dudng thang EF ludn ti€p xudc véi mdt dudng

tron cd dinh.

Cau 23. (Dé thi chuyén tinh H3i Phong nam 2023 - 2024)

Cho tam gidc nhon ABC khéng can ndi ti€p dudng tron tdm O. Vé dudng kinh AT cla dudng tron
(O) va ldy diém P trén doan thing OT (P # T). Goi E va F tudng Ung la hinh chiéu vudng gdéc cla
P trén cdc dudng thdng AC va AB. Goi H la hinh chi€u vudng géc clia A trén canh BC.

a) Chdng minh OAB=HAC va hai dudng thang BC, EF song song vdi nhau.

b) Cho AH va EF cit nhautai U; diém Q di ddng trén doan thang UE (Q #U, Q= E). Pudng thing
vubng géc véi AQ tai diém Q cat cdc dudng thang PE, PF tucng ung tai M, N. Goi K la tdm dudng
tron ngoai ti€p tam gidc AMN. Chdng minh bén diém A, M, N, P clung thudc mét dudng tron va
OAH =KAQ.

c) Ké KD vubng géc véi BC (D € BC). Chdng minh dudng thing di qua diém D va song song Véi
AQ ludn di qua mét diém cd dinh.

Céu 24. (Dé thi chuyén tinh Hoa Binh nam 2023 - 2024)

Cho dugng tron tdm O, dudng kinh AB cd dinh. Trén tia ddi cGa tia BA 18y diém C cé dinh, qua
C ké duong thang d vubng géc véi AC. Goi K |a diém cé dinh nam gitra O va B (K khac O va
B), qua K vé& ddy cung ED bt ki clia duting trdn (0). Goi P, Q I4n lugt Ia giao diém clia AE va
AD vdi dudng thang d. Dudng tron ngoai ti€p tam gidc APQ cat tia AC tai diém M (M khdc A).
Chuiing minh rang:

a) Td gidc PEDQ ndi tiép dugc trong mét dudng tron.

b) AAKDo AAQM.

c) AK.AM=AB.AC.

d) Khi ddy ED thay d6i thi tAm dudng tron ngoai tiép tam gidc APQ luén nam trén mot dudng cé
dinh.

CAau 25. (Dé thi chuyén tinh Hung Yén nam 2023 - 2024)

Cho tam gidc ABC déu, ndi ti€p dudng tron (O;R), H 13 trung diém cta canh BC. M |3 diém bat ki

thudc doan BH (M khdc B). Lay diém N thubc doan CA sao cho CN=BM. Goi | la trung diém
cla doan MN.

a) Chdng minh bén diém O, M, H, | cung thudc mét dudng tron.
b) Chidng minh dién tich tam gidc IAB khdng déi. Xac dinh vi tri cGa diém M dé doan thdng MN
cd d6 dai nhd nhat.

Cau 26. (Dé thi chuyén tinh Khdnh Hoa nam 2023 - 2024)
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Cho hai dudng tron (O; R) Va3 (O’; R') cdtnhautai A va B (R >R, OAO' > 900). Pudng thang
O'B cit (O;R) va (O R') lan lugt tai E va P (khdc B), dutng thang OB cit (O R') va (O; R)
l&n lugt tai F va Q (khdc B).

a) Chiing minh ba diém A, P, Q thdng hang va PQ =200".

b) Qua B dung dudng thdng song song vdi EF, cit (O; R) va (O’ R') 1an lugt tai M va N. Ching
minh nam diém O, A, O, E, F clung thudc mét dudng tron va MABE |a hinh thang cén.

c) Tiép tuyén vdi (O R') tai A cdt (O;R) tai C va ti€p tuyén vdi (O; R) tai A cit (O R') tai D.
Dudng tron ngoai tiép tam gidc ACD cat dusng thang AB tai | (khdc A). Ching minh B la trung
diém cla Al

Cau 27. (Dé thi chuyén tinh Lai Chdu nam 2023 - 2024)

Cho tam gidc ABC vudng tai A.Trén canh AC |dy diém F, vé FE vudng gdc véi BC tai E. Goi
(0) 1a dudng tron ngoai tiép tam gidc CEF. Budng thing BF ct (O) tai diém thi haila D, DE
cat AC tai H.

a) Chiing minh rang ABEF la td gidc nbi tiép.

b) Chiing minh FH.CA =CH.FA.

c) Budng thang AD cat (O) tai diém thd hai G, FG cit CD tai |, CG cat FD tai K. Chdng minh
rang K, I, H thdng hang.

Cau 28. (Dé thi chuyén tinh Lao Cai nam 2023 - 2024)

Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) Dusng tron ndi ti€p tam gidc ABC
c6 tAm | va ti€p xuc véi BC, CA, AB 1an lugt tai D, E, F. Budng thang Al cit dudng tron (O) tai
diém thd hai la diém M.

a) Chiing minh rang MB =MC =M.

b) Budng thdng DM cat dudng tron (O) tai diém thi hai la K. Chiing minh rang td gidc AKFE ndi
tiép.

c) Budng thang di qua A va song song vdéi BC cat dutng tron ngoai tiép tam gidc AEF tai diém
th( hai la P. Chiing minh rang KP vudng gdc vdéi KD.

Cau 29. (Dé thi chuyén tinh Long An nam 2023 - 2024)

1) Cho nira dudng tron tdm O cé dudng kinh AB =2R. TU A va B lan lugt ké hai tiép tuyén

Au, Bv véi nifa dudng tron. Qua mét diém C thudc nifa dudng tron (C khdc A va B), ké tiép
tuyén véi nlra dudng tron, nd cit Au va Bv theo thdtu d M va N.

a) Chiing minh t& gidc AMCO ndi ti€p dudng tron va CBO = CNO.
b) K& CH vudng gdéc véi AB tai H, goi K la giao diém cda CH vdi AN. Chiing minh ba diém
M, K, B thang hang.

. \ A /7 2 ./ \ A rd 2 .7 ~ Ié ? ~ S .
c) Goi S la dién tich cda tam giac ABC, S, la dién tich cua tam gidc MON. Hay tinh ti s6 El khi

AM=15R.
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2) Cho tam gidgc ABC vudng tai A. Goi M la mot diém trén canh BC, | va K |an lugt Ia tdm
dudng tron ngoai ti€p tam gidc ABM va tam gidc ACM. X4c dinh vi tri cia M dé dién tich tam
gidc AIK nho nhat.

Ciu 30. (DBé thi chuyén tinh Nam Dinh nam 2023 - 2024)

Cho tam giac ABC nhon (AB < AC) ndi ti€p dudng tron (O) céc dusng cao AD, BE, CF déng
quy tai H. Goi M la trung diém canh BC, N |a trung diém doan AH, dutng thang EF cat dudng
tron (O) tai P, Q va c3t dudng thdng BC tai S sao cho P nam gita S va F. Chiing minh rang:
a) Td gidac AOMN Ila hinh binh hanh.

b) AP? = AQ” = AE.AC.

c) T gidc DMEF nbi ti€p va FP_ %
PS ES

Ciu 31. (Dé thi chuyén Todn Lé Héng Phong tinh Nam Dinh nam 2023 - 2024)
Cho tam gidc ABC vudng tai A (AB < AC) ndi ti€p dudng tron tdm O. Trén dudng tron (O) EW,
diém D khdc phia A so vdi dudng BC (BD > AC). Qua B ké dudng thang d song song véi CD.
Budng thdng d cdt dudng thang AC tai E, ct dudng tron (O) tai F (F khéc B).
a) Goi J la trung diém clGa EC. Ching minh rang 4 diém A, F, O, J cung nam trén mét dudng
tron.
b) Budng thdng OE cat dudng thang AD tai I. Chiing minh rang IBA = BDA.
c) Trén tia BD a8y diém M sao cho BM = BA. Dudng thdng AM cit dudng thidng DC tai N, dudng
thdng BN cit (O) tai K (K khdc B). Goi H Ia hinh chiu vuéng géc cia A trén BC. Buding thing

1 1
PM_ MQ BM’
Ciu 32. (Dé thi chuyén Dai hoc Vinh tinh Nghé An nam 2023 - 2024)

BD c3t cic dusng thang NH, CK 1an luct tai P, Q. Chiing minh rang

Cho dudng tron (O) duding kinh AB. Buting thdng A tiép xuic véi (O) tai A, la diém c6 dinh trén
doan AB va CD la day cung thay ddi cla (O) ludn di qua I. Cdc dudng thdng BC, BD cdt A lan
lugt tai M, N.

a) Chiing minh rang CDNM |3 t gidc ndi tiép.

b) Goi K |a giao diém th hai cGa dudng tron ngoai ti€p tam gidc BMN vdi dudng thdng AB.
Chuing minh rang KMCI 1a t& gidc ndi tiép va tich AM.AN khoéng déi.

c) Goi T 13 tAm dudng tron ngoai tiép td gidc CDNM. Tim vi tri cGa CD sao cho dd dai doan
thang BT nho nhat.

Cau 33. (Dé thi chuyén tinh Ninh Binh ndm 2023 - 2024)
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Cho tam gidc ABC nhon, khdng cén, ndi ti€p dudng tron (O) Goi E la diém déi xing cta B qua
AC va F diém d8i xiing cia C qua AB. Dudng thdng BE cat dudng thang CF tai H.

a) Chiing minh céc t( gidc AHBF va AHCE |3 t gidc ndi tiép.

b) Budng tron ngoai ti€p cdc tam gidc ABE va ACF cat nhau tai diém thd haila D. Chdng minh
F, B, D thang hang va DA la tia phan gidc cla EDF.

c) Goi P, Q 1an lugt Ia tAm dudng tron ngoai ti€p cdc tam gidc ABE, ACF. Chiing minh sdu diém
B, C,D, O, P, Q cung thudc mét dudng tron tdm | va giao diém (khdc D) cla dudng thdng AD Vi
duting tron (1) 1a tryc tam tam gidc APQ.

d) Gid sif H thudc dudng trdn (I). Ching minh cc dudng thing Al, DH, BC, PQ déng quy.

Ciu 34. (Dé thi chuyén Tin tinh Phd Tho nam 2023 - 2024)

Cho tam gidc nhon ABC vdi AB < AC néi tiép dudng tron (O;R), céc dudng cao AD; BE; CF cit
nhau tai H. Goi P la giao diém th( hai cla AD va (O) M la diém ddi xing véi P qua AB.

a) Chiing minh t gidc AHBM ndi tiép.

b) Qua P ké dudng thang song song vdi EF cat (O) tai Q. Chdng minh Q déi xing véi P qua OA.
c) Goi K la trung diém cta EF. Ching minh rang dudng thdng AK va céc tiép tuyén cla (O) tai
B; C déng quy.

Ciu 35. (Dé thi chuyén Todn tinh Phi Tho nam 2023 - 2024)

Trén dudng tron tdm O dudng kinh AB = 2R |8y diém N sao cho AN =R va M |la mét diém thay
ddi trén cung nhd BN (M khdc B va N). Goi | la giao diém cia AM va BN, H |a hinh chiéu cua |
trén AB, IH c3t AN tai C, K 13 diém déi xiing véi N qua AB.

a) Chiing minh CM.CB = CI.CH va ba diém K, H, M th3ng hang.

b) Goi P la giao diém thd hai cda NH va (O) Chiing minh tdm dudng tron ngoai tiép tam gidc
HPK thubc dutng thang cé dinh khi M thay déi.

c) Xac dinh vi tri cGa diém M dé téng MB + MN dat gid tri I6n nhat.

Ciu 36. (Dé thi chuyén tinh Phi Yén nam 2023 - 2024)

1) Cho doan thang AB, vdi M |a trung diém. Trén dudng trung truc Mt clha doan thang AB |ay
diém | bat ki. Vé tia Ax sao cho Al |3 phén gidc BAX. Dudng thing Bl cit Ax tai N. Goi C Ia
diém déi xiing cua A qua N, H 1a hinh chiéu vuéng géc cia C 1én AB.

a) Chiing minh rang tam gidc NHB céan.

b) Ching minh &ang thidc: BH? = HIBN.

c) Khi diém | di chuyén trén dudng trung truc Mt dén vi tri lam cho tam gidc ABC vubng tai C,

hay tinh ti s6 ﬂ
AC
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2) Cho tam gidc ABC vudng tai A. Goi D |a trung diém cta AB, H I3 hinh chi€u vudng géc cla
A 1én dudng thdng DC. Budng thdng qua C vudng géc véi BC cat dudng thiang AB tai E. Goi |
14 hinh chiéu vudng gdc clua E 1&n dusng thidng DC.

a) Chdng minh BH vubng gdc véi Al

b) Budng thdng qua B vudng gdéc véi BH cat dudng thang DC tai K. Chiing minh t gidc BCEK
ndi tiép.

Cau 37. (Dé thi chuyén tinh Quang Ninh nam 2023 - 2024)

Cho tam gidc ABC nhon (AB < AC), ndi tiép dudng tron tAm O. Hai dudng cao BD, CE cla tam
gidc ABC c3t nhau tai H. Tia phén gidc cha BAC cit dudng thang BD va dudng tron (O) theo
th tutai M va | (I khdc A). Dudng thdng BD cit dudng tron (O) tai K (K khdc B), hai dudng
thang AC va IK c3t nhau tai Q, hai dudng thang QH va AB cat nhau tai P. Chdng minh:

a) Td gidc AMQK ndi tiép.

b) Tam gidc APQ can tai A.

1,1 1

BC DE MQ

Cau 38. (Dé thi chuyén tinh Quang Tri nam 2023 - 2024)

c)

Cho tam gidc ABC nhon cé AB < AC. Ké cdc dudng cao AD, BE, CF c3t nhau tai H. TU A ké hai
ti€p tuyén AP, AQ dén dudng tron tdm O, dudng kinh BC (P, Q la céc tiép diém va P, F nam

cung phia so véi dusng thang AD).

1) Chiing minh AP? = AB.AF va ndm diém A, P, D, O, Q nidm trén mdt dudng tron.

2) Ching minh H, P, Q thdng hang.

3) Chdng minh PF, QE, AD dbng quy.

Cau 39. (Dé thi chuyén tinh Son La nam 2023 - 2024)

Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O), cdc dudng cao BE va CF cét nhau
tai H. Goi S 13 giao diém cla dudng thdng BC va EF; | 13 giao diém cla SA va dudng tron (O) (VGi
| khac A).

a) Chidng minh rang t gidc AFHE 13 t& gidc ndi tiép.

b) Ching minh SF.SE = SI.SA va HI L SA.

c) Goi M la trung diém cda BC, ké dudng kinh AD cua (O) Chiing minh ba diém H, M, D thang
hang va H Ia truc tam tam gidc ASM.

d) Gid s« T |13 diém nam trén doan thang HC sao cho AT vudng géc véi BT. Chiing minh hai
dudng tron ngoai tiép cla tam gidc IST va tam gidc ECT tiép xdc véi nhau.
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C4u 40. (Pé thi chuyén tinh Tay Ninh nam 2023 - 2024)

1) Cho dudng tron (O) dudng kinh AB. Trén (O) 13y hai diém C, D n3m khdc phia ddi véi AB va
CD khéng di qua O. Goi E la giao diém clia AC va BD, F 13 giao diém cta AD va BC, | 13 trung
diém doan thdng EF . Chdng minh IC Ia ti€p tuyén cua (O)

2) Cho dugng tron (O) va diém M nam ngoai (O) vé tiép tuyén MA va cdt tuyén MBC khdng di
qua O (MB <MC). Goi H la hinh chiéu vudng géc clia A trén MO.

a) Chudng minh t& gidc BHOC néi tiép.

b) Vé dudng thdng qua B song song véi AC cat cdc dudng thang MA, AH 1an lugt tai K, I. Ching
minh KB = BI.

Céu 41. (Dé thi chuyén tinh Thdi Binh nam 2023 - 2024)

Cho tam gidc ABC vudng tai A véi AB=c, AC=b. Vé dudng tron tdm O, dudng kinh AB va
dudng tron tdm O, dudng kinh AC. Goi H 13 giao diém th(t hai cdia hai duding tron (Ol) va (OZ).
Dudng thang d thay déi luén di qua A cat cdc dudng tron (Ol) va (OZ) lan lugt tai cdc diém D, E
khong trung véi A sao cho A nam gitra D, E.

a) Chiing minh rang dudng trung truc cta doan thang DE ludn di qua mét diém cé dinh khi dudng
thang (d) thay ddi.

b) Xdc dinh vi tri cha dudng thing (d) dé dién tich t& gidc BDEC dat gid tri I6n nhat. Tim gid tri
I6n nhat dé theo b, c.

c) Ké dudng thang di qua trung diém cla doan DE va vudng gdc véi BC tai K. Chdng minh rang
KB? =BD? + KH?.

Cau 42. (Dé thi chuyén tinh Thanh Hod nam 2023 - 2024)

Cho tam gidc ABC nhon cé6 AB < AC ndi ti€p dudng tron (O) phan gidc trong cta BAC cit BC
tai D va cat (O) tai Q (Q khdc A). Tu D dung DE, DF lan lugt vudng géc véi AC, AB (E thubc
AC, F thudc AB). Goi M la trung diém clia BC, tia QM c3t (O) tai giao diém thi hai la P,

a) Ching minh QM.QP = QD.QA.

b) Goi N |a giao diém clia PD va EF. Chidng minh MN// AD.

c) Dung dudng kinh AK cla (O) Céc dudng tron ngoai tiép céc tam gidc BFN va CEN c3t nhau
tai R (R khdc N). Ching minh céc diém P, D, R thdng hang.

Cau 43. (Dé thi chuyén tinh Thira Thién Hué nam 2023 - 2024)

Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) c6 dudng cao AD va truc tam H.
Goi E |3 diém trén (O) sao cho hai ddy AE va BC song song vdi nhau. Budng thing EH cét (O)
tai diém thd hai la F va cdt dudng trung truc cda BC tai M.

a) Chiing minh M |3 trung diém cda EH va AMOF |3 t( gidc nbi tiép.
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b) Chiing minh OFA + ODF = 180°.
c) Goi K la diém déi xing véi A qua O. Tiép tuyén cla (O) tai A c3t dudng thing FK tai T.

Chung minh hai dudng thdng TH va BC song song vdi nhau.

Cau 44. (Dé thi chuyén tinh Tién Giang nam 2023 - 2024)

Cho dudng tron tdm O va mot diém A & ngoai dudng tron dé. Qua diém A vé hai ti€p tuyén AB
va AC dén dudng tron (O) (B, C la cdc tiép diém). Goi H la giao diém cia AO va BC, D Ia trung
diém cla AC, tia BD c3t dudng tron (O) tai diém thd haila E.

a) Chiing minh CDEH 1a mét t gidc ndi tiép.

b) Chiing minh rdng DA? = DE.DB.

c) Goi F la giao diém th hai ca AE vdi dudng tron (O) Chdng minh OC la dudng trung truc
cla doan thang BF.

Céu 45. (Dé thi chuyén thanh phd H6 Chi Minh nam 2023 - 2024)

1) Cho tam gidc ABC vuong tai A (AB < AC), c6 dudng cao AH. Budng tron tdm | ndi tiép tam
gidc ABC, tiép xuc véi céc canh BC, CA, AB lan lugt tai D, E, F. Goi J |a giao diém cla Al va DE;
K la trung diém clda AB.

a) Chiing minh t gidc BIUD ndi tiép.

b) Goi M Ia giao diém cla Kl va AC, N |a giao diém clia AH va ED. Ching minh AM = AN.

c) Goi Q 1a giao diém cha DI va EF, P |a trung diém cda BC. Chiing minh ba diém A, P, Q thing
hang.

2) Cho dudng tron tdm O ndi ti€p hinh thoi ABCD. Goi E, F, G, H |a cdc diém |an lugt thudc céc
canh AB, BC, CD, DA sao cho EF, GH clng tiép xtc vdi (O)

a) Chiing minh CG.AH = AO”.

b) Ching minh EH song song FG.

Ciu 46. (Dé thi chuyén tinh Tuyén Quang nam 2023 - 2024)

Cho tam gidc tu ABC cé ABC > 90° ndi tiép dudng tron (0). Tiép tuyén tai C ctia (O) cit duting
thang AB tai S. Lay diém P thudc mién trong tam gidc OAC sao cho SC = SP. Butng thang

SP cit (O) tai hai diém E, F (E & gitfa S va F). Céc dudng thing AP, BP cit lai (O) lan luct tai
K, L. Chdng minh rang:

a) AACS < ACBS.
b) APS = PBS.

c) TU gidc EKLF la hinh thang can.
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Ciu 47. (Dé thi chuyén tinh Vinh Long nam 2023 - 2024)

Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) Ké dudng cao AH cua tam giac
ABC (H thubc BC). Goi P, Q 1an lugt I3 chan cla dudng vudng géc ké tir H dén céc canh

AB, AC.

a) Chdng minh P/@l — BAH.

b) Hai dudng thdng PQ va BC cit nhau tai M. Chiing minh AMQH« AMHP va MH? = MBMC.
c) Budng thdng MA cit dudng tron (O) tai K (K khdc A). KH c3t dudng tron (O) tai D (D
khdc K ). Goi J la trung diém cda HD. Chdng minh JQ = JC.

Ciu 48. (Dé thi chuyén tinh Vinh Phic nam 2023 - 2024)

Cho tam gidc ABC c6 ba géc nhon, AB < AC va néi tiép dudng tron (O). Buting thing AO cit
dudng thang BC tai diém E. Goi M |a trung diém cla doan thidng BC. Budng thang AM cat
dudng tron (O) tai diém N (N # A). Céc tiép tuyén clia dudng tron (O) tai diém B, C c3t nhau tai
diém D.

a) Chdng minh AOND |3 t& gidc ndi ti€p va tia DO |a phan gidc cla ADN.

b) Budng thdng AD c3t dudng tron (O) tai diém P (P # A). Dudng tron ngoai tiép tam gidc AME
cat dudng tron (O) tai diém F (F # A). Chiing minh AB.PC = AC.PB va ba diém E, F, P thing
hang.

c) Ké duting kinh AK clia dung trdn (0). Ching minh 3 diém D, K, F thdng hang va dudng
thang FN di qua trung diém cla doan thang DM.

Ciu 49. (Bé thi vong 1 chuyén Khoa hoc Tu nhién Ha N&i nam 2023 - 2024)

Cho hai dudng tron (O) va (O') c6 dinh cdt nhau tai A va B sao cho O ndm ngoai (O') va O'
nam ngoai (O) Trén dudng tron (O) |4y diém P di chuyén sao cho P nam trong dudng tron
(0'). Buding thang AP cét (O') tai C khdc A.

1) Chidng minh rang hai tam gidc OBP va O'BC dbéng dang.

2) Goi Q 13 giao diém cla hai dudng thang OP va O'C. Ching minh ring QBC + ABP = 90°.

3) L&y diém D thubc (O) sao cho AD vudng géc O'C. Chiing minh rang trung diém cla doan

thdng DQ luén nam trén mdt dudng tron cd dinh khi P thay déi.
Cau 50. (Dé thi vong 2 chuyén Khoa hoc Tu nhién Ha Noi nam 2023 - 2024)

Cho tam gidc ABC nhon véi AB < AC ndi tiép trong dudng tron (O) ¢4 tiép tuyén tai A cla (O)
c3t BC 8 T saocho TB>BC. Goi P va E Ian lugt |a trung diém cha TA va TC.
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1) Chidng minh rang t& gidc APEB ndi tiép.

2) Goi giao diém tht hai cia AE vdi (0) Ia F. Ldy G thudc (O) sao cho FG song song vdi AC.
Chdng minh rang ATG = TAF.

3) Goi H la truc tdm cla tam gidc ABC, D la giao diém clia AH va BC. M la trung diém cta BC.
K d8i xing véi A qua BC. N thudc dusng thang AM sao cho KN song song véi HM. Lay S thudc

BC sao cho NS L NK.Dung R thudc tia AK sao cho AR-AH=AD?. Q |a diém sao cho PQ L AS
va SQ L AO. Chilng minh rang diém d&i xiing cia A qua QR thudc dudng tron dusng kinh DN .

Ciu 51. (Pé thi vong 1 chuyén Su Pham Ha Ndi nam 2023 - 2024)

Cho hinh binh hanh ABCD c6 ABC = 120°, BC = 2AB. Dung dudng tron tam O dudng kinh AC.
Goi E, F 1an lugt 1a giao diém th hai cha AB, AD véi dusng tron (O) Pusng thang EF |an lugt
c3t cdc dusng thang BC, BD tai H, S. Ching minh:

a) Tam gidc ABD la tam gidc vudng.

b) T& gidc OBEH la t& gidc ndi tiép.

c) SC I ti€p tuyén cda dudng tron (O).

Ciu 52. (Dé thi chuyén vong 2 Su Pham Ha Ndi nam 2023 - 2024)

Cho tam gidc ABC. Buding tron (1) néi ti€p tam gidc ABC Ian lugt tiép xdic cdc canh BC, CA, AB
tai cdc diém D, E, G. Hai dudng thang DE, DG |an lugt cat dudng phan gidc ngoai cla géc BAC
tai M, N. Hai dudng thdng MG, NE cat nhau tai diém P. Chiing minh:

a) EG//MN.

b) Diém P nam trén dudng tron (l)
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HUGNG DAN GIAI CHI TIET
Ciu 1. (Dé thi chuyén tinh An Giang nam 2023 - 2024)
Cho tam gidc ABC cé ba géc déu nhon, BH la dudng cao ké tur B (H € AC). Goi D, E lan lugt la
trung diém cha AB va AC, F 13 diém dadi xing cta diém H qua DE.
a) Chiing minh rang t& gidc ABFH ndi tiép.
b) Chiing minh FBA = EFH,
c) Chdng minh rang BF di qua tdm dudng tron ngoai ti€ép tam gidc ABC.
Lgi giai
a) Xét AAHB vudngtaiH co D la
trung diém AB
= DA =DB=DH. (1)
Vi F la diém d6i xing cla diém H

qua DE nén DH =DF. (2)

TU (1) Va3 (2) suy ra

DA =DH =DB =DF.
Suy ra bén diém A, H,B,F cung
thudc duong tron tam D, dudng
kinh AB.

Vay t gidc ABFH ndi tiép.

b) Td gidc ABFH ni tiép nén FBA = FHE. (3)

Vi F la diém déi xding cla diém H qua DE nén EH = EF.

Suy ra AEHF can tai E = FHE = EFH. (4)

TU (3) va (4) suy ra FBA — EFH.

o) Vi F I3 diém d6i xding clia diém H qua DE nén FDE :%I—TD\F (5)

Theo ching minh cédu a, ta cé A H,B,F thudoc dudng tron tdm D dudng kinh AB nén

—

HAF =%%\F. (6)

TU (5) va (6) suy ra FDE = HAF = EAF.

Suy ra tr gidc FDAE ndi tiép. (7)

Xét dusng tron (O) ngoai tiép AABC cé: D la trung diém didy AB= ODA = 90°

E I3 trung diém day AC = OEA = 90°.
Xét t gidc ODAE c6: ODA + OEA = 180°.
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Suy ra t& gidc ODAE ndi ti€p dudng tron dusng kinh AO. (8)
Tu (7) va (8) suyra A D, F, O, E cung thudc dudng tron dusng kinh AO

— AFO = ADO = 90° (cung chan cung AO).

Mat khac AFB = 90° (gbc ndi ti€p chan ndra dudng tron dudng kinh AB).

Suy ra: AFO + AFB = 180° hay ba diém B, F, O thang hang.

Vay BF di qua tdm dudng tron ngoai ti€ép AABC.

Ciu 2. (Dé thi chuyén tinh Ba Ria Viing Tau nam 2023 - 2024)

1) Cho dudng tron (O;R) va diém A sao cho OA>2R. Tt A V& hai ti€p tuyén AB, AC cla

(O) (B, C la hai ti€p diém). Vé day cung CD cla (O) song song véi AB. Butng thang AD cat
(0) tai E khdc D va cit BC tai G. Qua G vé& duding thdng vuéng géc véi OG Ian Iugt cdt hai
dusng thang AB, AC tai M va N.

a) Ching minh tam gidc OMN céan.

b) Goi | 1a trung diém ctia DE, OA cit BC tai K. Chiing minh: IE? =IAIG.

c) Tia BE cat AC & H. Ching minh CE di qua trung diém cta HG.

2) Cho dudng tron (O) ban kinh 1. Ba diém phan biét A, B, C thay d6i ndm trén dudng tron (O)
sao cho diém O nam bén trong tam gidc ABC. Céc dudng thdng OA, OB, OC lan lugt cat dudng
tron ngoai ti€p tam gidc OBC, OCA, OAB tai M, N, P khac O. Tim gid tri nhd nhat cla biéu thic:

S=OM? + ON? +OP?.

L&i gii
1)

a) T’ gidc OGMB ndi tiép dudng tron dusng kinh MO = OMG = OBG.
T gidc OGCN ndi ti€p dudng tron dudng kinh NO = ONG = OCG.
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Mat khdc tam gidc OBC cantai O = OBC = OCB = OMG = ONG = AOMN can tai O.

b) Ta c: AKG = AIO = 90° = AAKG » AAIO (9.9) = AG.AI= AK.AOQ.

M3t khdc, dé& dang chiing minh dugc: AK.AO = AB? va AB? = AE.AD = AG.Al = AE.AD.
Khi d6: AG.AI=(AI-IE)(Al+IE)= AP —IE* = IE* = A" = AG.AI =IGIA.

c) Goi T la giao diém cla HG va CE. Ta cé: BED = BCD = CBA = ACB = HEGC I3 tu gidc nbi tiép

— — -

= HGC =HEC =CDB = CBA.
Dén day ta chitng minh hai dudng thang HG, AB song song vdi nhau.

Kéo dai CE cidt AB tai F.
D& thdy: FAE = EDC = ECA = AFAE» AFCA (g.g) = FA? = FEFC.

Ma FB? =FE.FC nén FA=FB=F Ia trung diém cta AB.

Theo dinh ly Thales, ta cé: 16 _CT E: TG=TH hay T latrung diém cta GH.

FB CF FA
2) Goi D, E, F 1an lugt la giao diém cha OA, OB, OC
véi cdc dudng thang BC, CA, AB.
Dé& thay hai tam gidc OCD, OMC dbéng dang

= OD.OM =0C? =1:>OM:L.
oD

Tudng tu: ON = L; OP = L
OE OF
bat: x = SOBC Y = SOCA:; z= SOAB

1 OA vy+z
= = = .
OD OD X

Tuong tu: i:x+z;izy+z'
OE y OF X

Khi @6: ——+— 4 = [ X Y| [ XL 2] [ Yi 256,
OD OE OF y X z X zZ y

2
Do dé: S = ¥ 1 2 21(1+1+1j212.

oD’ OE? OF? 3\0D OE OF
Vay GTNN cla biéu thiic S la 12 dat dudc khi tam gidc ABC déu.
Céau 3. (Dé thi chuyén tinh Bic Giang nam 2023 - 2024)
Cho dudng tron (O;R) va day cung BC cd dinh cGa dudng tron théa man BC < 2R. Mét diém A
di chuyén trén (O;R) sao cho tam gidc ABC cé ba géc nhon. Cac dudng cao AD, BE, CF cda tam

gidc ABC cit nhau tai H. Budng phan gidc cla CHE kéo dai vé hai phia cit AB va AC lan lugt
tai M, N.
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a) Chiing minh tam gidc AMN cén tai A.
b) Goi I, P, Q, J 1an lugt la hinh chiéu cda D trén canh AB, BE, CF, AC. Ching minh rang bén
diém I, P, Q, J cung nam trén mét dudng thang vudng gdéc véi AO.

c) Budng tron ngoai ti€p tam gidc AMN cat dudng phan gidc trong cla BAC tai diém thd hai K.
Chdng minh rang dudng thang HK luén di qua mot diém cé dinh.

Li giai

a) Vi BE L AC tai E nén HEC = 90°

— EHN +ENH = 90°.

Vi CF L AB tai F nén HFB = 90°

— FMH + MHF = 90°.

Ta c6: EHC = FHB (hai gbc ddi dinh).
Ma HM, HN 1an lugt |a tia phan gidc cla

filTB, EHC nén EHN = FHM.
Suy ra: FMH = ENH = AAMN can tai A.

b) Ching minh dugc td gidc BIPD ndi tiép

— IBD +IPD = 180°. (1)

M3t khdc: IBD = FHA (cting phu véi FAH);
FHA = QHD (d8i dinh)

— IBD = QHD.
Ching minh dudc td gidc DPHQ ndi tiép

. QHD-QPD—[BD-QPD.  (2)

Tur (1) va (2), suy ra QPD +IPD = 180° nén ba
diém |, P, Q thdng hang.

Ching minh tudng tu ta dugc P, Q, J thang hang.
Vay bon diém |, P, Q, J thdng hang.

Vit gidc BIPD ndi tiép nén AIP = PDB.

Lai cé PD// AC (cung vudng géc véi BE ) nén PDB = ACB.
Qua A keé ti€p tuyén Ax cda (O) (nhu hinh vé).

Suy ra E?&:A/C\E;:%sdﬁzg&:@.

Ma hai géc nay 8 vi tri so le trong nén IP// Ax = 1) L OA (do OA 1 Ax).

Tu d6, ta c6 diéu phai chdng minh.
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c) Vitam gidc AMN céntai A va AK la phan gidc A
f\m nén AK la trung truc cia MN

= AK la dudng kinh dudng tron ngoai ti€p AAMN
— AMK = ANK = 90° = KM // CF; KN // BE.

Goi R, S 1an lugt la giao diém clia MK vdéi BH va
NK véi CH

= HRKS Ia hinh binh hanh

= HK di qua trung diém cla RS. (3)

Vi MR//FH nén theo dinh ly Thales, ta cé HR =m.
RB MB

Vi HM la phan gidc cla B/H\F nén m:E
MB HB

Chuiing minh tuang tu, ta dudgc: RS = E
SC HC

FH HE

Mt khdc AFHB« AEHC (g.9) = ——=——.
HB HC

HR _HS

Do @6: = = = RS//BC. (4)

TU (3) va (4) suy ra HK luén di qua trung diém cda BC c6 dinh.

Ciu 4. (Dé thi chuyén tinh Binh Dudng nam 2023 - 2024)

Cho tam gidc nhon ABC (AB < AC) noi ti€p dudng tron (O) Goi D, E 1an lugt la chdn dudng cao
ha tur dinh A, B. Goi F 13 hinh chiéu vuéng géc cGa B 1én dudng thang AO.

a) Chiing minh rang 4 diém B, E, D, F 1a 4 dinh cGa mét hinh thang cén.

b) Chidng minh rang EF di qua trung diém cda BC.

c) Goi P la giao diém th( hai cha dudng thang AO véi dudng tron (O); M, N 14n lugt I3 trung diém

clia EF va CP. Tinh s8 do BMN,

Li giai

a) Vi AEB = AFB = ADB = 90° nén 5 diém A E, F, D, B cung thudc dudng tron dudng kinh AB
= AEFD I3 t gidc ndi tiép = FDC = DAE = DAC.

Mat khac DAC =EBC (cung phu véi A/C\B) — FDC = EBC.

Ma hai géc nay 8 vi tri so le trong nén DF // BE. (1)

Lai cd 4 diém B, E, F, D cung thudc mot dudng tron nén td gidc BEFD ndi ti€p = FDC = BEF
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. EBD-BEF. )
TU (1) va (2) suy ra BEFD la hinh thang can hay 4 A

diém B, E, D, F la 4 dinh cda mét hinh thang can.
b) Goi | |a giao diém cua EF va BC.
Theo ching minh cu a, ta ¢é DF //BE

= b _IF (dinh ly Thales). E
BD EF 0

Ma BD =EF (do BEFD la hinh thang can) nén ID =IF M

=I|E=IB. F

TU dé, ta chiing minh dugc IE=IB=IC

. . B D I C
=1 la trung diém BC. \)N/

c) Ta cé BEF =BAF =BCP va BFE =180°-BAC =BPC P

= ABFE «ABPC (g.g).
Do M, N 1an lugt la trung diém cta EF, PC nén ABFM« ABPN (c.g.c)

- BM _BN. ¥iBF - NBP = MBN = FBP = ABMN ABFP (c.g.c) = BMN = BFP = 90°.

BF BP
Ciu 5. (Dé thi chuyén tinh Yén B3i nam 2023 - 2024)
Cho tam gidc ABC nhon ndi tiép dudng tron tdm O, cdc dudng cao AD, BE, CF . Tiép tuyén tai A
clia dudng tron (O) c3t DF tai M, MC cit (O) tai | khdc C, IB cit MD tai N.
a) Chiing minh rang MA//EF.
b) Chiing minh rang AMAF cén va t gidc AINF ndi tiép.
c) Chitng minh rang MA? = MN.MD..
d) Goi K la giao diém cGa CF va dudng tron (0). Ching minh réng A, N, K thdng hang.
Li giai
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a) Vi BFC = BEC = 90° nén t(f gidc BFEC I3t
gidc ndi tiép = AFE = ACB.

Ma A/(iizB/ATA:%sté nén XF\Ezm
Vi hai géc nay 8 vi tri so le trong nén MA//EF.
b) Vi AFC = ADC = 90° nén td gidc ACDF I3
t& gidc ndi tiép = BFD = ACB.

Ma BFD = MFA (d6i dinh) nén MFA = ACB.

M3t khdc ACB =BAM = BAM = MFA
= AMAF cén tai M.

— e~~~ e~

Ta c6: MAF =MAI +IAF; AFM =BNF + NBF.

M3 MAI = NBF nén IAF = BNF = AINF 13 td gidc ndi tiép.

c) D& dang chding minh AAMI» ACMA (g.g) = MA? = MIMC. (1)
Vi AINF 12 ti gidc ndi tiép nén IAF = MNI=ICB = INFC 1a tif gidc ndi tiép = MIMC =MN.MD. (2)
Tur (1) va (2), suy ra MA? = MN.MD.

d) Ta cé: MA2 =MN.MD (theo ching minh ciu c).

Ma MA = MF (AMAF can tai M) va MIMC = MNMD nén MIMC = MF?,

Suy ra AMIFo» AMFC = MEI = I\TC\F

Lai cé: MFI = AN (AINF nbi tiép) va MCF = IAK. Suy ra IAK = AN. Do d6 tia AN, AK trung nhau.
Vay A, N, K th3ng hang.

Ciu 6. (Dé thi chuyén tinh Bac Ninh nam 2023 - 2024)

1) Cho tam gidc ABC nhon ndi tiép dudng tron (O) AB < AC, c6 cédc dusng cao BE va CF. Céc
ti€p tuyén ctia dudng trdn (O) tai B va C cit nhau tai S. Goi M Ia giao diém cta BC va SO.

a) Chiing minh rang tam gidc EAB déng dang vdi tam gidc MBS, tir d6 suy ra tam gidc AEM
déng dang véi tam gidc ABS.

b) Goi N la giao diém clla AM va EF, P |a giao diém cla SA va BC. Ching minh rang NP vudng
gdéc véi BC.

2) Cho hinh chir nhdt ABCD. L&y céc diém E, F thudc canh AB (E nam gilta A, F); G, H thubc
canh BC (C nam gira B, H); I, J thudc canh CD (I nam gilra C, J); K, M thudc canh DA (K nam
gitra D, M) sao cho E, F, G, H, |, J, K, M d6i mo6t phan biét va khac cac dinh cla hinh chir nhat
ABCD, déng thai hinh da gidc EFGHIJKM c6 céc géc bang nhau. Chiing minh rang néu dd dai céc
canh cla hinh da gidc EFGHIJKM la céc sé hitu ti (theo dan vi cm) thi EF = 1).

Lgi giai
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1a) Theo tinh chat hai tiép tuyén cat nhau, ta cé: SB = SC. A
Ma OB =0C nén SO la trung truc cia BC
= SO 1L BC tai trung diém M clta BC = BEA = SMB = 90°.

— — 1 F

Lai c6: BAC=SBC = EsdBC

AB_BS B R M ¢
AE BM’
Tam gidc BEC vudng tai E, EM |a trung tuyén nén BM = ME.

AB BS. (1)

Suy ra AEAB«>AMBS (g.g) =

Tam gidc MEC cén tai M nén MEC = MCE.

M3t khdc ABS + ACB = 180° = AEM + MEC = AEM + ACB
— ABS = AEM. (2) S

Tir (1) va (2), suy ra AAEM« AABS (c.g.c).

b) Vi AAEM«AABS nén BAP = EAN: AME = ASB, (3)

Ma t gidc BCEF ndi tiép dudng tron dusng kinh BC nén ABP = AEN.

Suy ra AAEN« AABP (g.g):ﬂz&. (4)

— — e~~~ -

Ta cé: NEM+ ABC + ACB = NEM + AEN + MEC =180°.
Suy ra: @:lgA\C:S/BTD. (5)

NE MN (6)
BP PS
TU (4) va (6) suy ra AN el =) Al P = NP//MS.

AP PS MN PS

Mat khdc SM 1L BC = NP L BC.

2)Pat EF=a;FG=b; GH=c; HI=d; lJ=¢; JK=T;
KM=g; ME =h (theo don vi cm, vdéi a,b,c,d, e, f,g, h
14 cdc s6 hitu ti dusng).

Do cdc géc cla hinh bét gidc EFGHIJKM bang nhau
nén mdi gdc trong cla hinh bat gidc dé cd s6 do Ia
135°.

Suy ra mdi géc ngoai cla hinh bat gidc nay cé sé do la
180°-135°=45°,

TU (3) V3 (5), suy ra AEMN« ABSP =

Do d6 céc tam gidc MAE; FBG; CIH; DKJ |a cic tam gidc vudng can.

Tacé: MA=ME=_"":BF=BG=L .cH=cl= L. pk=ps=_F

V2 V2 V2 2
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h b f
Vi AB=CD nén e— a\/_ h+b—-f—d.
N R At A G
Néu e—a =0 thi \/—=M diéu nay vé I, do J2 1356 v ti, con M |a s6 hitu ti.
e-a e-a

Viy e—a=0<«<e=a hay EF =1J (diéu phai chiing minh)

Ciu 7. (Dé thi chuyén tinh Bén Tre nam 2023 - 2024)

Cho tam gidc ABC khodng cé géc tu (AB <AC, BC< ZR) ndi ti€p dudng tron (O;R) (B, C c6 dinh,
A di déng trén cung I6n BC). Cac tiép tuyén tai B va C c3t nhau tai M. TU M ké dudng thang
song song véi AB, dudng thang nay cat (O) tai D va E (D#E, D thudc cung nhd BC), cat BC
tai F va cat AC tai |.

a) Chiing minh rang MBIC |a t gidc ndi tiép.

b) Chidng minh rang FI.FM = FD.FE.

c) Tim vi tri cda diém A trén cung I16n BC sao cho tam gidc IBC cd dién tich I6n nhat.
L&i gidi

a) Ta co: MBC = BAC =%sdé€.

Ma MI// AB nén MIC = BAC (hai gdéc & vi trf déng vi).
Suy ra MIC = MBC = MBIC I3t gidc ndi tiép.

b) Xét ABFI v AMFC c6: BFI= MFC (hai géc d8i dinh);
BIF = MCF (hai géc ndi ti€p cung chan cung BM).

Suy ra ABFle» AMFC (g.g)

= E = ﬂ = FI.FM =FB.FC.

FM FC
Chung minh tudng tu, ta dudc: ABFE <> ADFC (g.g)
= — FB_FE = FB.FC =FD.FE.

FD

Suy ra FI.LFM =FD.FE.
c) Goi h la khodng céch tur diém | dén dusng thang BC.

Khi d6: S, = %.BC.h.

Vi B va C Ia hai diém cd dinh nén d6 dai clia doan BC khéng dai.

Do dé S, I8n nhat khi h dat gid tri I6n nhat.

Ta c6: MB va MC 1an lugt la hai ti€p tuyén tai B va C cla dudng tron (O) nén MBO = MCO = 90°
= T gidc MBOC ndi tiép dudng tron dudng kinh OM (goi la dudng tron C).

Lai c6 MBIC 1a t gidc ndi ti€p nén 5 diém M, B, O, |, C cung thudéc mét dudng tron cé dinh C (do
O, M ¢c8 dinh).

Lai c6 OB=0C =R nén O la diém chinh gilra cung BC cua C, vi | di chuyén trén cung nay nén
khodng céch tir | d&€n BC nho han hodc bang khoang céch tir O dén BC.
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Dang thic xay ra khi va chi khi =0 hay A, O, C thdng hang.
Vay khi A la giao diém clia OC va (O) thi tam gidc IBC cd dién tich I18n nhat.
C4au 8. (Dé thi chuyén tinh Gia Lai nam 2023 - 2024)
TU diém M nam ngoai dudng tron (O) ké hai tiép tuyén MA, MB (A, B 13 ti€p diém), cat tuyén
MCD khong di qua tam O, MD > MC.
a) Chiing minh ring MA? = MC.MD.
b) Goi H la giao diém clia MO va AB. Ching minh rang t& gidc CHOD néi tiép.
c) Tim vi trf cGa diém D trén dudng tron (O) dé tam gidc MAD c6 dién tich I8n nhét.
Li giai
a) Xét AMAC va AMDA cé: A/I\E) chung; [\YA\C:[\@ (cung chan Z‘TC).
MA MC

o q)=>—=— =MA? =MCMD.
Suy ra AMAC» AMDA (g.9) MD - MA

b) Ta cé: OAM=90° (tinh chat cla ti€p tuyén); MA=MB (tinh chat hai tiép tuyén cit nhau) va
OA =0B = OM la trung truc AB hay OM L AB tai H

= AM? =MH.MO (hé thidc lugng trong tam giac

vudng)
—MHMO =MCMD (=MA2) _ MH_MD
MC MO
MH MD g
Xét AMHD va AMCO cé: W :M_O va DMO
chung

= AMHD < AMCO (c.g.c)

= MDH=MOC (hai géc tusng tng) hay CDH=HOC
=T gidc DOHC néi tiép dudng tron.

1
c) Dung dudng cao DK cua AMAD. Khi dé S,,,.p =§MADK.

Vi MA khéng d6inén S,,,,, =%MA.DK dat gid tri I6n nhat khi va chi khi DK18n nhat.
Goi Ela diém d6i xiing véi A qua O.

Qua D dung dudng thdng song song MA cat AE tai F= DK =AF.

Khi D di chuyén trén cung I18n AB thi F di chuyén trén dudng kinh AE .

Suy ra AF 18n nhat khi AF 1a dudng kinh hay D=F=E.

Ciu 9. (Dé thi chuyén tinh Binh Dinh nam 2023 - 2024)
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Cho tam gidc nhon ABC cd cdc dudng cao AD, BE, CF . Goi Kk, L 1an lugt 1a tdm dudng tron ndi
tiép cla cdc tam gidc CDE, BDF.

a) Chdng minh L/[i::K/[E

b) Chitng minh hai tam gidc LDF va KDC déng dang, hai tam gidc LDK va FDC déng dang.
¢) Chitng minh t& gidc BLKC ndi tiép.

d) Goi P, @ lan lugt la tdm dudng tron ngoai tiép cdc tam gidc AKC, ALB. Chiing minh PQ song
song vdi KL.

Li giai

a) Goi H 13 truc tdm cla AABC.

Vi Kk, L lan lugt 13 tAm dudng tron ndi tiép cla cdc tam gidc CDE, BDF

= DL la tia phén gidc cla F/[EB; FL la tia phan gidc cla B/F\D; CK la tia phén gidc cla E/C\D; DK la
tia phan gidc cla E/[E

Xét t gidc DHFB c6: FBH-+BDH=90°+90° = 180"

Suy ra td gidc DHEC néi tiép :>E/[i: =E/H\C :&)E = F/I-ITB

Xét t gide DFHB c6: FDB+FHB =90° +90° = 180"

Suy ra td gidc DHFB néi tiép :>F/D\B:ﬁ-l\B

Do d6: EDC = FDB = LDF =KDC.

b) Tt gidc ACDF cé: AFC = ADC = 90°
= T gidc ACDF ndi tiép :>§F\D=A/C\D:>L/FE)=K/CB

—_

Xét ALDK va AKDC, ta cé: LDF =KDC va LFD = KCD = ALDF <« AKDC (g.9)
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LD DF LD _ KD .
KD DC DF DC’ ( )

Vi ED/\C = F/ElB: LDB :KD/\C: L£)5+2LDB =180° s | DK=FDC. 2)
FDC + FDB =180° = FDC + 2LDB = 180°

TU (1)vé (2), suy ra: ALDK« AFDC (c.g.c).

— e~~~

o) Vi LFD=KCD v DFC = DLK = DLK+KCD = DFC+LFD =LFC = 90° —BFL .

Vi L 13 tAm dudng tron ndi ti€p ABDF nén BLD =90°+BFL.

Khi a6 BLK+KCD =BLD+DLK+KCD = 90°+BFL+90° BFL =180°

= T gidc BCKL ndi tiép.

d) Goi J, 1 1an lugt Ia tAm dudng tron ndi tiép cia AAEF va AABC = J e Al.
Tusng tuy a, b, ¢ ta suy ra céc t gidc ABLJ, ACKJ nbi tiép

= J la giao diém thit hai cta hai dung tron (P) va (Q)

= PQ 1A= PQ LAI (3)

o —

ABC

LIK = 90° + HIAK + KAC < IAK = LIK —KAC —90°

Taco .
LKA = LKI + KA = LKl + KAC +KCA = LKI+KAC +KCB = LKI+ KAC +ILK

Do d6 IAK +LKA=LIK+LKI+ILK-90°=90° > Al LLK.  (4)
TU (3) va (4) suyra PQ //LK.

Cau 10. (Dé thi chuyén tinh Binh Phudc nam 2023 - 2024)

Cho doan thdng AB va C Ia diém nam trén doan AB sao cho BC > AC. Trén cung mét nlfa mat
ph3ng bd |3 dudng thang AB, vé nlfa dudng tron dusng kinh AB va nlra dudng tron dudng kinh
BC . Lay diém M thubc nira dudng tron dudng kinh BC (M =B, M = C). Ké MH vudng géc véi
BC (H eBC), dutng thdng MH c3t nira dudng tron duding kinh AB tai K . Hai dudng thing AK
va CM céat nhau tai E.

a) Chdng minh t& gidc BMKE néi tiép va BE2 = BA.BC.

b) T C ké CN vudng géc véi AB (N thudc nlra dudng tron dusng kinh AB), goi P |a giao
diém cta NK va CE . Chdng minh rang tdm dudng tron ndi tiép cla cac tam gidc BNE va PNE
cung nam trén dudng thdng BP.

Li giai
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a) Tacé: BME = BKE = 90° nén t(f gidc BMKE néi tiép E
= HKB = CEB

Ma f—TKTB =§A\E (cung phu V@i I—/IKTA) nén BAE = CEB.
Ta cé: ABEC ddng dang véi ABAE (vi ABE chung va
BAE = CEB).

Do dé E=%:>BE2 =BC.AB.
AB E

b) Xét tam gidc vudng ABN cé CN L AB = BN?* =BC - AB.
Ma BE? =BC.AB nén BN =BE hay ABNE can tai B = BNE = BEN. (1)

M3t khéc, theo cau a, ta c6 CEB = BAE vi BAE = BNP = CEB = BNP. (2)

TU (1) va (2) suy ra PNE = PEN hay APNE cantai P = NP =PE.
Vi NP =PE va BN=BE nén BP L NE.

Suy ra BP la dudng phan gidc clia cac géc EBN vi EPN.

Do dd tdm dudng tron ndi tiép cac tam gidc BNE va PNE cung nam trén dudng thiang BP.

Ciu 11. (Bé thi chuyén tinh Binh Thuidn nam 2023 - 2024)

Cho tam gidc déu ABC c6 dudng cao AH. Trén canh BC 1ay diém M tuy y (M khéng trung B, H,
C). Goi P, Q lan lugt la chdn dudng vudng gdc ké tir M dén AB, AC.

a) Chiing minh MP + MQ = AH.

b) Goi K la trung diém ctia AM. Ching minh rang KH vuéng géc véi PQ.

c) Cho dugng tron (O) ndi tiép tam gidc ABM. Goi D, E, F theo th( tu |a tiép diém cua (O) véi céc
canh BM, AB, AM. Vé DN vudng gdc vdi EF tai N. Chirng minh B/I\szm

L&i giai

a) Xét ABMP vudng & P, ta cé: 2
MP = MB.sinMBP = MB.sin60° = @MB.
. V3
Tudng tu, ta chiing minh dudc: MQ = TMC'
NE) K
Vay MP +MQ ZTBC =AH
—_— —_— _— " B’E Q
b) Do APM=AQM=AHM =90° nén 5 diém
A M, P, Q, H clung thudc dudng tron dudng LA
kinh AM.
Do d6 K la tdm cla dudng tron nay B D M H c
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= KP = KH = KQ.

Xét APKH can & K cé PKH = 2PAH = 2BAH = 60°. = APKH déu = HP = HK.
Tuang tu, ta chiing minh dudc A QKH déu =HQ = HK.

Suy ra HQ =HK. Ma PQ =PK nén PQ la dudng trung truc clla HK = PQ L HK.

c) Goi B', M" I14n lugt Ia hinh chiéu cha B, M trén EF; N' |3 giao diém cia DN va BM.
Khi @6 BB'//DN//MM'.

MD _M'N'

DB NB _, BD B'N (1)

Ap dung dinh ly Thales, ta cé: —_— =
M'N" M'N DM NM'

N'B  NB'
Xét ABB'E vi AMM'F cé: BB'E =MM'F = 90° BEB'= AEF = AFE = MFM!
BE BE
ABBE» A MMF (g.g)= —— === 2
- (99)= 7 =r 2)

BN BE BN-BE EN
NM  MF NM-MF FN’
Xét ABNE vd AMNF cé: BEN = MFN: o - BN _ BE

FN MN MF
= ABNE » AMNF (c.g.c)= BNE = MNF.

Ciu 12. (Dé thi chuyén tinh Can Tho nam 2023 - 2024)

TU (1) va (2) suy ra

Cho tam giac ABC nhon (AB < AC). Goi M, N 1an lugt |a trung diém ctia AB va AC.Dung bén
ngoai tam gidc ABC céc tam gidc déu ANI va BMK . Goi diém D Ia hinh chiéu vuéng géc cla
diém A 1én canh BC, diém E |a trung diém cla doan thing IK .

a) Chiing minh t& gidc AKBD ndi tiép.

b) Ching minh diém E |a tdm dudng tron ngoai ti€p tam gidc IKD.

c) Tinh s6 do cla NEM.

Lai giai

a) Vi tam gidc BMK déu nén MK = MB. I

Ma M la trung diém clia AB nén

MK:MB:MA:% A

= AAKB vuong tai K

— AKB+ADB = 90° + 90° = 180°
= AKBD la t gidc ndi tiép.

b) Ching minh tudng tu céu a, ta cé K
NI=NA =NC = AAIC vubng tai |

— ADC + AIC = 90° + 90° = 180° B™ D ¢
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= AICD la t gidc ndi tiép.

Vi AKBD la t& gidc nbi ti€p nén KDA = KBA = 60°.

Vi AICD I3 td gidc ndi tiép nén ADI = ACI = 90° —IAC = 90° - 60° = 30°.

Do &6 KDI = KDA + ADI = 60° + 30° = 90° = AIKD vuéng tai D.

M3t khdc E la trung diém IK = E la tdm dudng tron ngoai ti€p tam gidc IKD.
¢) Theo chiing minh céu b, ta cé: AIKD vuong tai D = ED =El.

Lai c6: ND =NI = % = EN |a dudng trung truc clia doan thang DI = EN la tia phan gidc cua DEI.

Ching minh tuong tu, ta dudc: EM la tia phan giac caa KED.

M3t khéc DEI va KED I3 hai géc ké bl nén EN 1 EM = NEM = 90°.
Cau 13. (Dé thi chuyén tinh Cao Bang nam 2023 - 2024)

Cho tam gidc nhon ABC néi tiép dudng tron (O) AB < AC. Goi H Ia hinh chiéu vudng géc clua A
trén canh BC . Ké HM, HN Ian lugt vuéng géc véi AB, AC (M e AB,N¢e AC).
a) Chiing minh t& gidc AMHN ndi tiép.
b) Goi giao diém clia dudng tron tdm A bdan kinh AH vdi cung nho AC cla dudng tron (O) la diém
Q. Chidng minh ba diém M, N, Q thang hang.
c) Khi diém A c¢é dinh va hai diém B, Cdi déng trén dudng tron (O) sao cho tam gidc ABC lubn
la tam gidc nhon. Chiing minh MN song song vdi mét dusng thing c6 dinh.
Lai giai
a) Ta cé HN L AC = HNA =90°;
HM L AB = HMA = 90°.
Xét t’ gidc AMHN, c6 HNA + HMA = 180°, hai
g6c ANA v HMA & vi tri d6i nhau. Do dd t gidc
AMHN ndi tiép dudng tron dudng kinh AH . A
b) Xét AAHB vuong tai H, c6 dudng cao HM, ta

cé AH?> = AM.AB.
Xét AAHC vudng tai H, cé dudng cao HN, ta cé

AH? = AN.AC.

Do d6 AM.AB =AN.AC hay AM = ﬂ
AC AB

Lai co A chung nén AAMN« AACB

— ANM = ABC.
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Ké AO cit dung tron (O) tai diém K .
Ta cé ABC = AKC . Do d6 ANM = AKC. (1)
Mat khdc Q thudc dudng tron tdm A, ban kinh AH nén AQ = AH.

AQ AC A~ ANA
="~ = AAQC«x»AANQ = AQC = ANQ.
AN~ AQ Q Q Q Q

T( gidc AQCK ndi tiép duding tron (O) nén AQC + AKC = 180°.

Suy ra AQ* = AH> = ANAC =

Suy ra ANQ + AKC =180°. (2)

TU (1) va (2) suy ra ANM+ANQ =180° hay ba diém M, N, Q thing hang.

c) Goi giao diém th hai cda dudng tron (O) va duong tron tdam A, ban kinh AH la P.

Ching minh tuong tu'y b) ta cé ba diém M, N, P thdng hang.

Goi A |a ti€p tuyén véi dusng tron (O) tai K .

Tacéd PQLAK = PQ//A.

Vi A ¢ dinh, (0) c8 dinh nén A c8 dinh.

Do d6 khi B, C thay d8i trén dudng tron (O) sao cho AABC lubn la tam gidc nhon thi MN luén
song song Vdi tiép tuyén A cd dinh cGa dudng tron (O)

Ciu 14. (Dé thi chuyén tinh D3 Ndng nam 2023 - 2024)

1) Cho tam gidc nhon ABC, véi AB < AC, ndi tiép dudng tron (O) Céc tiép tuyén cla dudng tron
(O) tai B va C cat nhau 8 D. Budng tron dudng kinh AD cat dudng tron dudng kinh OD tai
diém E (khdc D). Goi F |a giao diém cla doan thang OE va dudng tron (O)

a) Chiing minh rang 3 diém A, O, E thang hang va CF |a tia phan gidc cla BCE.

b) Céc tia AB, AC |an lugt cat dudng tron dudng kinh AD tai cdc diém G, K (déu khdc A). Ching
minh rang OD di qua trung diém cla doan thang GK.

2) Cho tam giac nhon ABC c6 AB < AC <BC, dudng tron (O) ndi ti€p tam gidc ABC tiép xuc véi
canh AB tai M. Lay diém E nam gilta A va M. Trén canh AC, BC Ian lugt |1ay diém D, F sao cho
AD = AE va BF = BE. Budng tron ngoai tiép tam gidc DEF lan lugt cdt AB va BC tai G (khdc E)

va H (khdc F). Ching minh rang O la tdm dudng tron ngoai tiép tam gidc DEF va céc dudng
thdng CM, ED, GH dbéng quy.

Lai giai
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1a) Vi E thubc dudng tron dusng kinh AD va dudng
tron dudng kinh OD nén AED = OED = 90°

= 3 diém A, O, E thang hang.

Vi DB, DC |4 ti€p tuyén cta (O) nén DBO = 90°;
DCO = 90°

= B, C thubc dudng tron dusng kinh OD

— BOE = BCE (hai géc ndi ti€p cling chan BE ).

M3 BCE = 2BAF = 2BCF nén E?EF:%

= CF la tia phan giadc cta BCE.

b) Goi I 1a giao diém thi hai cia AD va (O); L la

giao diém cla GK va OD; M I3 giao diém cla OD va
BC.

Dé dang ta chiing minh dudc OD I3 trung truc cha BC.
= CKD + CMD = 90° + 90° = 180° = CMDK I3 t(f gidc néi tiép=> LDK = ACB.
Ma ACB=AIB (cing chin AB cla (0)) nén LDK = AIB.

Lai cé: BAI = DKL (cung chdn GD cla dusng tron dudng kinh AD).

LK BA
Suy ra AABI»AKLD (gg)= —=—.
Y (99)= 5=
Chung minh tudng tu, ta dugc: AACI»AGLD (g.g) = LG = %
LD (i

TU bé dé quen thudc vé hai ti€p tuyén va mot cét tuyén, ta chiing minh dudc nhu sau:

BA BD CA CD
ADIB«» ADBA (g.g)= —=— va ADIC»ADCA (g.9)=> —=—.

(99)=>57 =17 ¥ (99)= G =5
BD CD , BA CA LK LG

Ma =——. Tudésuyra —=—=LK=LG.
LD LD

—=— nén —
DI Dl BI  Cl
Véy OD di qua trung diém L cua GK.

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 32



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

2) Vi O |a tAm dudng tron ndi tiép tam gidc A
ABC nén AO, BO lan luct la tia phan gidc

cla gA\C va A/EE

D
Ma AE = AD; BE =BF nén AAED; ABEF E
Ian lugt cAn tai A, B v
,A

~ \ ? S
= OA, OB lan lugt la trung truc cta ED; EF

= O 13 tdm dudng tron ngoai tiép ADEF. Ay
Goi S la giao cia DE va GH. Ta di ching
‘D

minh C, M, S thdng hang.

Ta c6 ADE = AED = DHS B
= CD Ia ti€p tuyén cla (SHD) tai D.

H F

Chiing minh tudng ty, ta c6 CH 1 ti€p tuyén cta (SHD) tai H.

Khi dé SC Ia dudng déi trung cla tam gidc SHD.

Goi N la trung diém HD. Theo bd dé dudng déi trung, ta cé: HSN = CSD.

Lai c6: ASEG »» ASHD => ASEMe> SHN = ESM = HSN.

Do d6: CSD =ESM = C, M, S thing hang. T d6 ta c6 diéu phai chiing minh.

Ciu 15. (DPé thi chuyén tinh D3k L3k nam 2023 - 2024)

Cho ti gidc ABCD c¢é6 ABC = ADC = 90°,BC =CD, M la trung diém clda AB, dudng tron tdm C
bdn kinh BC c3t MD tai E (E ¢D), H 13 giao diém cia AC va BD.

a) Chiing minh rang td gidc BHEM la td gidc ndi tiép.

b) Goi F Ia giao diém cia AE va dudng tron (C) (F = E). Ching minh BC 1 DF.

c) Goi | la giao diém clha dusng thang BC va dudng tron (C) (l # B), J la giao diém cla Al va
DF. Tinh ti s6 %

L&i giai

a) Tacé AABC=AADC=AB=AD.

Vi MH=%AD=%AB=MB nén MBH = MHB.

Vi AB, AD Ia tiép tuyén cta dudng tron tdm C

ban kinh BC nén MBE = BDM.

Ta c6 AMEB déng dang vdi tam gidc AMBD suy
ra MEB =MBD = MHB.

Ma @; MHB cung nhin canh MB nén t gidc
BHEM la t& gidc ndi tiép.

b) Do AMEB déng dang vdi tam gidc AMBD suy

MB ™MD MA MD
ra = = = .
ME MB ME MA
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TU dd cé tam gidc MAE déng dang vdi tam gidc MDA, suy ra MDA = MAE .
M3t khéc MDA = DFA do cung chan cung DE nén MAE = DFA

= DF//AB 1 BC = BC L DF.
c) Goi K la giao clia BC va DF suy ra K la trung diém cua DF.
Tacé: DF//AB = ELRNLS (1)

IB

Tam gidc ADIK déng dang tam gidc AACB (la hai tam gidc vudng cé DIK :%D/CTB = A/CTB)

IK DK IK DK IK DK
e
CB AB 2CB 2AB IB 2AB
TU (1) va (2) suyra — Ik_ Dbk _JK :JK:lDK:E:l.
1B 2AB AB 2 DF 4

Ciu 16. (Dé thi chuyén tinh Dong Nai nam 2023 - 2024)

Cho duting tron tdm O dudng kinh AB = 2R . Goi H la trung diém cta OA. Vé day CD vubng géc
véi AB tai H. Goi M la mét diém di déng trén cung nho BC (M khéng trung vdi B va C), AM cat
CD tai l.

a) Tinh a6 dai cdc doan thang AC, BC, CH theo R.

b) Ching minh AD la tiép tuyén clda dudng tron ngoai ti€p tam gidc IDM .

c) Tim vi tri diém M trén cung nhd BC sao cho MB+MC +MD dat gid tri I6n nhat.

Li giai

a) Vi H 13 trung diém cta OA nén AH= 02A ;\)

Ta c6 ACB =90° (96c ndi tiép chan nira dudng tron).
Xét tam gidc ABC vubng tai C cé dusng cao CH:

AC? :AB.AH:ZR’.ng2 = AC=R.

BC? = AB? - AC? =4R* —-R? = 3R> = BC = R+/3.

ACBC RRvV3 Ry3
2R

CHAB=ACBC=CH=

b) Vi OA la dudng trung truc ctia CD nén AC=AD.
Tam gidc ACD cén tai A nén ACD = ADI .
Mat khdac ACD = AMD (cung chdn cung AD).

Vay ADI = AMD. Do dé AD I3 tiép tuyén clda dudng tron ngoai ti€p AIDM .

R\3

c)Tacé CD=2CH= 2—_ RV3.
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M3t khdc ABCD can tai B nén BD=BC =Rv/3.
Vay ABCD la tam gidc déu.

Trén doan MD |8y diém K sao cho MK =MB.
AMBK cén tai M c6 BMK =BCD = 60° nén I3 tam gidc déu.

Tacéd C/BT/HC/BT(:GOC’, DBK + CBK = 60°.

Dan dén CBM = DBK.

Xét ACBM va ADBK cé: CB =DB, CBM = DBK, BM = BK .

Do dé6 ACBM =ADBK = MC =KD.

Vay MD =MK+KD =MB +MC.

Tacé MB+MC+MD =2MD <4R.

Vay MB+MC +MD dat gid trj I6n nhét khi MD I3 dudng kinh cta dudng tron (O).

Do dé M la diém chinh gitra cia cung nho BC.

Ciu 17. (Dé thi chuyén tinh Déong Thip nam 2023 - 2024)

Cho tam gidc ABC nhon (AB < AC) cé céc dudng cao AD, BE, CF c3t nhau tai H. Goi | |3 giao
diém cha EF va AH, ké IJ song song véi BC (J € HE). Pudng thang AJ cit BC tai M.

a) Chiing minh rang td gidc AUE ndi ti€p dudng tron.

b) Ching minh rang D la trung diém BM.

c) Goi L la giao diém cla hai dudng thang EF va BC . Chdng minh rang FLB =CAM.

L&i giai

a) Vi lJ//BC nén IJ L Al.

Ta c6 All =90 AEJ = 90°.

Suy ra ,&TJ+,KEJ:180°.

VAay t gidc AIJE nbi tiép dudng tron.

b) Td gidc AEHF cé AFH = AEH = 90°, suy ra
AEHF nbi tiép dudng tron.

— FAH = FEH (cung chin cung FH). (1)

T gidc AIJE nbi ti€p dudng tron, suy ra

IAJ = [EJ (cung chan cung 1)). (2)
Tur (1) va (2), suyra FAH=IAJ = AD Ia dung phén gidc clia BAM.

Ma AD la dudng cao tam gidc BAM nén ABAM céntai A = D la trung diém BM.
c) T’ gidc AFDC ndi ti€p dusng tron nén FAD = FCD.

Ma FAD = DAM nén HAM = HCM
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= AHMC néi tiép dudng tron = CAM = MHC. (3)

Vi AHBM cén tai H nén HMB = HBM.
T gidc BFEC nbi tiép dudng tron nén EFC =EBC

= LFHM ndi ti€p dudng tron

— FLM = MHC (géc ngodi clia td gidc ndi tiép). (4)

TU (3) va (4) suy ra FLB = CAM.

Ciu 18. (Dé thi chuyén tinh Hd Nam nam 2023 - 2024)

Cho dudng tron (O) c6 ddy cung BC c8 dinh va khéng di qua tdm O. Goi A la diém di dong trén
dudng tron (O) sao cho tam gidc ABC nhon va AB < AC. Goi M la trung diém cGa canh BC va H
13 truc tAm tam gidc ABC. Tia MH cat dudng tron (O) tai K, dudng thang AH cat canh BC tai D
va AE 1a duting kinh ctia dudng tron (O).

a) Chudng minh BAD = CAE.

b) Ching minh rang t gidc BHCE la hinh binh hanh va HAHD = HKHM.

c) Tia KD cdt dudng tron (O) tai | (I khdc K ), dudng thang di qua | va vudng gdc véi dudng thang
BC c3t AM tai J. Chiing minh rang cdc dusng thdng AK, BC va HJ cung di qua mot diém.

d) Mét dudng tron thay d6i ludn ti€p xudc véi AK tai A va cat cdc canh AB, AC lan luct tai P, Q
phan biét. Goi N la trung diém cua doan thang PQ . Chiing minh rang dudng thdng AN ludn di qua
mét diém cé dinh.

L&i giai

a) Vi AH L BC nén ADB = 90°.

Lai cé ABE = 90° (9éc nbi ti€p chan nira
dudng tron).

Suy ra BAD = CBE ( cung phu vdi XB\C)

M3t khdc CBE = CAE (9dc ndi tiép cung
ch3n cung ,/AE).

Suy ra B/AB = (EA\E

b) Ta cé ACE = 90° (96c nbi tiép chan nira
dudng tron) = EC L AC.

Ma H Ia truc tdm tam gidc ABC
=BH 1L AC.Tu dé suy ra EC//BH.

Chiing minh tuang tu, ta dugc HC//BE.

Xét t’ gidc BHCE c6 EC//BH va HC//BE nén t& gidc BHCE la hinh binh hanh.
Ma M la trung diém clia BC nén ba diém H, M, E thang hang.
Lai cé ba diém M, K, H thdng hang. Tl d4 suy ra ba diém K, H, E thang hang.
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Ta c6 AKE = 90° (g6c ndi tiép chdn nla dudng tron) = AKM = 90°.
Xét AAKH va AMDH c6: AKM = MDH (= 90°); KHA = DHM (hai géc d6i dinh)

= AAKH«AMDH (g.g) = HA _BK L HAHD = HKHM,

HM  HD
c) Kéo dai AK c3t dusng thdng BC tai S, ASAM cé hai dudng cao AD va MK c3t nhau tai H
= H la truc tam tam gidc SAM.

Xét tam gidc AHDM va ASDA cé ADS = HDM = 90° v DMH = DAS (cung phu Vvéi @)

HD DS
AHDM« ASDA (g. —_— = 1
- (99)= 51~ 20 *)
Tudng tu H 13 truc tdm AABC = ABDH«» AADC = BD _AD (2)
HD CD°

HD BD DS AD:BD DS
DM'HD ADCD DM CD
BD DK

M3t khéc ABDKwAlDC(g.g):’D o = BD.CD =DI.DK. (4)

TU (1) V3 (2), suy ra — BD.CD = DMDS. (3)

TU (3) va (4) suy ra DI.DK = DMDS nén SKMI 13 td gidc ndi tiép = SMI = SKI.

Ma AKDM I3 tdf gidc ndi tiép (do AKM = ADM =90°) nén SKI =DMA..

TU dé suy ra SMI=DMA.

Xét AMI) c6 SMI=DMA va IJ L BC =BC I3 dudng trung truc caa 1)

— SIM=SIM=90° (i SKMI I3 t gidc ndi tiép nén SIM = 180° — SKM = 180° — 90° = 90°)
= SJ 1 AM.

Ma H 3 truc tdm ASAM = SH 1. AM. T dé suy ra ba diém S, H, J thang hang.

Vay cdc dudng thdng AK, BC va HJ cung di qua diém S.
d) Goi N' la giao diém cha PQ va AE.

Xét AAQN' va ABEM c6:

— - -

QAN'=EBM; AQN'=KAP = BEM

AN' BM
= AAQN' <> ABEM =>——=—_ (5

— - _— K
Do QAN'=EBM; AQN'=KAP =BEM nén theo tinh

chat géc ngoai cia AAQN' va ABEM ta cé
EMC =PN'A.

Ma PAN'=ECM nén AECM <> APAN' (g.g)

CM AN'
EM PN (6)

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 37



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Tur (5) va (6) va két hgp BM=CM:>%:%:>QN‘:PN':>NEN'.

Vay AN luén di qua mot diém cé dinh O.

Ciu 19. (Dé thi chuyén Tin thanh phé Ha Ndi ndm 2023 - 2024)

Cho hai dudng tron (O;R) Va3 (O';R') c3t nhau tai hai diém phan biét A va B (R <R'< OO'). Goi
PQ la tiép tuyén chung cla hai dudng tron (O) Va3 (O') VGi P e (O) Qe (O'); S 13 giao diém cua
PQ va 0O0'. Qua S ké dudng thang cat (O) tai hai diém E, F va cat (O) tai hai diém G, H sao
cho SE < SF <SG < SH.

a) Chung minh rang OE//O'G.

b) Chiing minh SA? = SP.SQ.

c) Tiép tuyén tai A cla dung tron (O) cdt OO' tai M. Tiép tuyén tai A clia duting tron (O') cit

2
EA” 1A 3 N,I H thing hang.

OO0' tai N. ME N AB =1. Chiing minh

EB. 1B

Lai giai

a) Tathady OP//O'Q (do cung vudng gdc vdi PQ)zg—gzg.
Ké O'G'//OE (G' thuéc SE) :>£=£=E:>O'G'=R':>G'e(0').
0'G'" SO' R'

o —

Lai cé: OEF +0'HG < 180° nén O'H khong song song véi OE.
Do dé G' tring G= OE//QO'G (diéu phai ching minh).
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b) Goi C Ia giao diém thi hai ciia SA va (0).
Tuang tu phan a, ta cling chiing minh dugec OC// AO".

Theo dinh If Thales, ta c6 — SC _S0 _SP = PC//AQ
SA SO' SQ
. SAP = SPC = SQA = ASAP»ASQA = 22 =3P sz _spsq,

c) Goi J la giao diém thd hai cha ME va (O)

Vi tinh d&i xing nén ta cé MB cling la tiép tuyén cla (O)
A_M_M_B
EA MA MB EB

2
Suyra 2 =22 Laic6 NIAE©AUB va AIBEwAUA nén 22 £ _JA EA_EA JA_EA

EA JA lB "IE'B EBJB EB JB EB?

Bay giG ta sé chdng minh % = :'2 That vay, ta c6 SP? = SE.SF va SQ? = SG.SH.

Ta c6 AMJIA» AMAE (g.9) va AMJB«> AMBE (g.g) nén

Do d4 SB® = SA* = SP?.SQ” = SE.SF.SG.SH.

Mat khac, tU cdu ata cé SE = SG hay SE.SH = SG.SF.
SF SH

Nhu vay, ta duge SA” = SB” = (SE. SH) hay SA? = SB? = SE.SH.
Tir d6 ta thu dugc ASEA« ASAH (c.g.c) va ASEB«>ASBH (c.g.c).

DdEA SESE EB

HA SA SB HB’

N&i céch khac, ta thu dudc % =ﬂ

HB
Dén day, goi I' la giao diém cha HN va AB.

I'A  HA?
Ching minh tuong tu nhu 'y trén ta cling dugc — = >
I'B HB
N 7/ 'A ,lA \ = ~ A 2 \
TU d6 suy ra ol 5 vadan dén I =I'. Nhuvay N, I, H thang hang.

Céu 20. (Dé thi chuyén Todn thanh phd Ha Noi nam 2023 - 2024)

Cho tam gidc ABC c6 ba géc nhon (AB < AC), ndi ti€p dudng tron (O) Ba dudng cao AD, BE,
CF cat nhau tai H, EF cdt AD tai Q. Goi M, [ 1an lugt la trung diém cta BC, AH. IM c3t EF tai K.
a) Chiing minh AAEK déng dang vdéi AABM.

b) EFNBC=S; SInMQ =T. Chiing minh bén diém A, T, H, M clng thudc mét dudng tron.

c) Tia TH cat (O) tai P. Chdng minh A, K, P thdng hang.

Lai giai
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a) Xét céc tam gidc BFC va BEC lan lugt vudng tai F va E vdi cdc trung tuyén tuong ung la FM
va EM, khi d6 ta dugc FM =EM =%BC.
Tuong tu, xét cdc tam gidc AFH va AEH lan lugt vubng tai F va E véi céc trung tuyén tusng Ung
la FI va El, khi dé ta cling dugc FI=El =%AH.
Nhu vdy, MI |a dudng trung truc cha EF, vi thé K |a trung diém cla EF.
. AE AF

Mat khdc, lai chd y rang AAEB«» AAFC (g.g) nén — =——, kéo theo AAEF«»AABC (c.g.c).

. i chu y ring (9:9) nén = =72 (cg.c)
Tir d6 ta thu dugc AEF=ABC va ~& - EF _ 2EK _EK 10 46 AAEK<AABM (ca.c).

AB BC 2BM BM

b) Xét AISM vdéi ID 1. SM va SK LIM (vi Ml |a trung truc cha EF ), vi thé Q |a truc tdm clda AISM.
Nhu vy, MQ = MT L Sl va tir d6 ta dugc ITM = 90° = [EM = [FM.
Do d8, ndm diém |, T, E, F, M cung thuéc mét dudng tron va dan dén QT.QM = QE.QF.
Mat khdc, lai chd y rang t& gidc AEFH a t& gidc ndi tiép, ta cling cé QE.QF = QA.QH.
Nhu vdy QT.QM = QA.QH, Vi vdy bdn diém A, T, H, M cling thuéc mét dudng tron.
c) Trén tia TH 18y mot diém P' sao cho HT.HP'=HAHD.
Khi d4, ta cling dugc HT.HP'=HB.HE =HC.HF va do d6 cac ti gidac TBP'E va TCP'F la cac td
gidc ndi tiép. Khi dd, ta c6 BP'T =BET = HET va CP'T = CFT = HFT. TUr d6, chd ¥ riing td gidc

TIEF ndi ti€p nén ETF = EIF = 2BAC, ta thu dudc

—
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L —

~360°- (180° - B/A\c) —2BAC =180°~BAC

Do dé P! e(O) va kéo theo P'=P.
Nhu vdy HAHD =HT.HP nén t& gidc ATDP ndi tiép va DAP =DTH.
M3t khdc, ta cé cac két qua quen thudc BAO = CAH va AO 1 EF, két hgp véi AAEK«» AABM, ta
thu dugc OAM = BAO —BAM = CAH—EAK = DAK v IM// AO (cung vubng géc vdi EF).
Lai chd y rang céc td gidc ATHM va ITDM la céc t& gidc ndi tiép, ta duge

DTH = AHT —IDT = AMT —IMT = AMI = OAM = DAK.
Do d6 DAP = D/ATK tlr d6 suy ra A, P, K thdng hang.
Ciu 21. (Dé thi chuyén tinh Ha Tinh nam 2023 - 2024)
Cho dugng tron (O) dudng kinh AB c8 dinh, C 1a mot diém chay trén dudng tron (O) khong trung
véi A va B. Cac ti€p tuyén cla dudng tron (O) tai A va C cdt nhau tai diém M. Buting thing MB
cdt AC tai F va cdt dudng tron (O) tai E (E khdc B).
a) Goi H la trung diém cta doan thang AC. Ching minh AOEM«> ABHM.
b) Goi K Ia hinh chiéu vudng géc clia C trén dudng thdng AB. Hai dudng thdng MB va CK cat

nhau tai I. Tinh ti s6 % khi téng dién tich hai tam gidc IAC va IBC I8n nhat.

¢) Chiing minh rang i+i =i.
BM BF BE

L&i gii
a) Ap dung hé thic lugng trong tam gidc vudng, ta cé:
MEMB =MA? va MHMO =MA?

% :@ = AOME «> ABMH.
MH B
b) Ta c6 MA=MC, OA =0C suy ra dudng thdng MO
13 trung truc doan thdng AC nén MO L AC.
Kéo dai BC cit AM tai P nén MO//PB
=M trung diém AP.
€ _Bl K B _C_K _ic-Kk
MP BM MA BM MP MA
Suy ra | trung diém cha doan thing CK.

1 1

= MEMB=MHMO =

Tacd

= SAACI = ESAACK; SABCI = ESABCK
1 1
= SAAIC + SABCI = ESAABC = ZCK'AB'

Do doan thang AB khdng ddi nén téng dién tich hai
tam gidc IAC va IBC 18n nhat khi C |a diém chinh

gilra ;A-é hay K trung tam O.
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Khi d6 t& giac AOCM la hinh vuong = — Fi ='—:£:> FlzéleéBM.

FM AM 2

AB\5
5AB’ _ oy _ABYS _ Fl 15 5
2 AB 6 AB 12°

c) Tacé6 AMEC»AMCB = ME CE a AMEA«»AMAB = MA _EA
MC CB MB  AB
ME MA CE EA ME CE AE
_ MEMA_CEEA_ME_CE AE
MC MB CB AB MB (B AB
M3t khdc AFEC«» AFAB = FE_ CE a AFAEx»AFBC = FA _AE
FA AB FB BC

Lai c6 BM* = AB> +MA” =

FE FA CE EA FE CE AE
FEFA_CEEA_FE_CE AE 2)
FA FB AB CB FB CB AB
TU (1) va (2) suy ra %=E3 MB-EB _EB-FB =1- EB =@—1:>2=E+@
MB FB MB FB MB FB MB FB
=2=EB L+i L L = — (diéu phai ching minh).
MB FB BM BF BE

Ciu 22. (Dé thi chuyén tinh Hai Dudng nam 2023 - 2024)

1) Cho tam gidc déu ABC ndi ti€p dudng tron (O) diém E thubc cung nhé AB cla dudng tron
(O) (E A E= B) .Dudng thdng AE cat cdc tiép tuyén tai B, C cla dudng tron (O) lan lugt tai

M, N.

a) Chiing minh ring MBINC = AB®.

b) Goi F |a giao diém ciia MC va BN, H la trung diém BC . Chiing minh rang ba diém E, F, H thing
hang.

2) Cho dudng tron (0) va hai diém A, B c6 dinh nam trén dung trdn (0) sao cho AOB =120°.

Diém M thay ddi trén cung I6n AB cla dudng tron (O) Dudng tron nodi ti€p tam gidc MAB tiép
xtc véi MA, MB 1an lugt tai E, F. Chdng minh rang dudng thang EF ludn tiép xtc véi mét dusng

tron ¢6 dinh.

Li giai
a) Ta c6 ABM = ACB =BAC = 60° = BM// AC = BMA = CAN, (1)
Tuong tu ta cé CN// AB = BAM = CNA. (2)
X . MB AB ,
Tir (1) va (2), suy ra AAMB«>ANAC (9.9) = — MB.NC = ABAC = MB.NC = AB.
AC NC
b) Goi | la giao diém clia EF va BC. TU cau a, suy ra MBNC =BC? = MB_BC (3)
BC NC

M3t khdc MBC = MBA + ABC = 60°+ 60° = 120°. Tudng ty BCN = 120°
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Suy ra @z@\l (4) N
TU (3) va (4) suy ra
AMBC« ABCN (c.g.c)

— BMC = NBC.

— e~~~

Do t gidc BEAC néi ti€p nén BEM = BCA = 60°. (6)
TU (5) va (6) suy ra BFM = BEM.

—

Suy ra BMEF |3 t( gidc nbi tiép = BEF =BMF =NBC = FBI.

. B IF X
Do d6 AIBF «» AIEB (g.g):E:—:ﬂB =IEIF. (7)
Chiing minh tudng tu ta cé IC? =IE.IF. (8)

TU (7) Va3 (8) suyra IB=IC=I=H.

Vay ba diém E, F, H thang hang.

2) Goi | la trung diém clda AB.

Goi D la diém tiép xuc cha dusng tron ndi tiép tam
gidc AMB vdi doan thdng AB

Vé AH, IJ, BK cung vubéng géc EF .

Tacé AOB =120°= AMB =60°, hon nifa ME =MF
nén tam gidc MEF déu.

Tam gidc vubng AHE cé

AH = AE.sin60° = %.AE = %.AD. (1)

Tam gidc vudng BKF cé
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BKzBF.SihGO"z@BF:@BD. (2)

Cong vé (1) va (2), tacé

V3 V3 V3

AH+BK =7AB =2l =7AB == TAB khong doi.

Vi diém | ¢c6 dinh nén EF tiép xuc véi dudng tron c6 dinh tdm |, ban kinh ?AB.

Cau 23. (Dé thi chuyén tinh H3i Phong nam 2023 - 2024)

Cho tam gidc nhon ABC khéng cdn ndi ti€p dudng tron tdm O. Vé dudng kinh AT clha dudng tron
(O) va ldy diém P trén doan thang OT (P # T). Goi E va F tudng (ng la hinh chiéu vuéng géc cua
P trén cdc dudng thdng AC va AB. Goi H la hinh chi€u vudng géc clia A trén canh BC.

a) Ching minh OAB=HAC va hai dudng thang BC, EF song song véi nhau.

b) Cho AH va EF cdtnhau tai U; diém Q di déng trén doan thing UE (Q = U, Q #E). Budng thing
vudng gdéc véi AQ tai diém Q c3t cdc dudng thang PE, PF tucng Ung tai M, N. Goi K 13 tdm dudng
tron ngoai tiép tam gidc AMN. Ching minh bén diém A, M, N, P cung thuéc mét dudng tron va
OAH =KAQ.

c) Ké KD vubng géc véi BC (D e BC). Ching minh dudng thing di qua diém D va song song vdi
AQ ludn di qua mét diém cé dinh.

Lgi gidi
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a) Tacod BAH = OAC do cung

phu vdi A/B\C suy ra 4 L:L
PAF =HAC .

Cé AEPF la t gidc ndi tiép, suy
Cé APF = 90°— PAF va K
ACB =90°—HAC \
— AEF = ACB = EF //BC. ’
b) AQEM Ia t gidc ndi tiép

—_ —_ — U J.
= AMN = AEF = APN F
= A, M, N, P cling ndm trén mét N A

dudng tron.

Tacéd AMN= A/C\B tuang tu
ANM = ABC. » 'u|

. B H D c
OAH=0AB-HAB

=90°—A/C\B—(90°—A/B\C)

—

:90°—MI—(90°—A/I\JTA):KAN—QAN — KAQ.

c) Goi L la chadn dudng vubng gdc ha tir diém A xudng dudng thang KD.

— e~ — -

Goi | la trung diém clha doan thdng AP va J la giao diém cla dudng thdng qua D song song Vi
AQ va dudng thang qua | vudng géc véi BC = (EA\H DL = ILK = JDL.

M3t khac ta cé IJ//LD nén suy ra t giac ILDJ (hodc IJLD) la hinh thang can.

Suy ra | va J d6i xling véi nhau qua trung truc ca DL, hay qua trung truc cia AH.

Lai c6 ALDH la hinh chif nhat.

Tu déy, vi | la diém cd dinh va trung truc cia AH la dudng thang cd dinh nén J |a diém cé dinh.
Ciu 24. (Dé thi chuyén tinh Hoa Binh nam 2023 - 2024)

Cho dudng tron tdm O, dudng kinh AB ¢6 dinh. Trén tia d6i cGa tia BA |8y diém C cé dinh, qua
C ké dudng thang d vubéng géc véi AC. Goi K |a diém cb dinh ndm gilrta O va B (K khac O va
B), qua K vé& ddy cung ED bt ki clia duting trdn (0). Goi P, Q I4n lugt Ia giao diém clia AE va
AD véi dudng thing d. Dudng tron ngoai tiép tam gidc APQ cattia AC tai diém M (M khdc A).
Chdng minh rang:

a) TU gidc PEDQ ndi tiép dudc trong mét dudng tron.

b) AAKD< AAQM.

c) AKAM=AB.AC.
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d) Khi ddy ED thay déi thi tdm dudng tron ngoai ti€p tam gidc APQ luén nam trén mét dusng c6
dinh.

Li giai

a) Ta c6 BEP +BCP =90° + 90° =180°

= T gidc BEPC ndi tiép.

— EPC —EBA (Vi cing bu vdi EB/\C)

M3 EDA = EBA (9éc ndi tiép cung chin cung AE)
— EDA = KP\Q = T gidc PEDQ ndi tiép.

b) Tacé M:,@:@:ﬁ

= AMQ = ADK.

Xét tam gidc AKD va tam giac AQM ¢ m chung
v ADK :A/M\Q

= AAKD«> AAQM (g.g).

c) Tu AAKD«»AAQM = AR 251 AK.AM = AD.AQ.

AQ
Ta cé: AADB»AACQ vicé A chung va ADB = A/C\Q =90°

AD AB

=— = AB.AC=AD.AQ = AK.AM = AB.AC.
AC AQ

AB.AC

d) Tacé AKAM=ABAC= AM= (khéng d6i) =M c¢6 dinh.

Goi | la tdm dudng tron ngoai tiép tam gidc APQ thita c6 IA =IM nén | nam trén dudng trung
truc cda AM cé dinh.

CAu 25. (Dé thi chuyén tinh Hung Yén nam 2023 - 2024)

Cho tam gidc ABC déu, ndi tiép dudng tron (O;R), H 13 trung diém cta canh BC. M |3 diém bat ki
thudc doan BH (M khdc B). Lay diém N thubc doan CA sao cho CN=BM. Goi | la trung diém
clia doan MN.

a) Chiing minh bén diém O, M, H, | cung thuéc mét dudng tron.

b) Chidng minh dién tich tam gidc IAB khdng déi. Xac dinh vi tri cGa diém M dé doan thdng MN
cé d6 dai nhd nhat.

Lgi giai
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TU dd suy ra dudng cao ha tir | va tlr H cung vudng géc véi AB cé db dai bang nhau.

Do d4, dién tich tam gidc IAB ludn bang dién tich tam gidc AHB khéng déi.

Theo chiing minh trén, ta c6 Ol L MN va MON =120° nén MN = 2MI = 2.0M.sin60°= OMx/E.
Khi M chuyén dbng trén BH thi OM > OH.

D4&u dang thic xay ra khi va chi khi M trung H.

TU d6 suy ra: minMN = OH+/3 khi va chi khi M trung H.

Ciu 26. (Dé thi chuyén tinh Khanh Hoa nam 2023 - 2024)

a) Xét AOBM va AOCN cé:

BM =CN; OBM = OCN; OB =0C

= AOBM = AOCN (c.g.c)

= OM =0ON hay O nam trén dudng trung truc MN
= Ol L MN.

Xét 1 gidc OIHM c6:0IM = OHM = 90°

= OIHM Ia t& gidc ndi ti€ép hay 4 diém O, M, H, |
clng thudéc mét dudng tron.

b) Vi AOBM = AOCN nén MOB = NOC

= MON =NOC +MOC =MOB+MOC =BOC =120° B
= MOI = 60°.

Ma t(t gidc OIHM néi tiép nén IHC = MO = 60°

— IHC = ABC. M3 hai gdéc nay 4 vi tri déng vi nén IH// AB.

Cho hai duting trdn (O; R) va (O R') cdtnhau tai A va B (R >R, 0AQ' > 900). Pudng thing

O'B cit (O;R) va (O;R') lan lugt tai E va P (khdc B), dudng thang OB cit (O R') va (O; R)
lan lugt tai F va Q (khdc B).

a) Chiing minh ba diém A, P, Q thdng hang va PQ =200.".

b) Qua B dung dudng thing song song vdi EF, cit (O; R) Va3 (O’; R') lan luct tai M va N. Chdng
minh ndm diém O, A, O', E, F cung thudc mdt dudng tron va MABE 13 hinh thang cén.

c) Tiép tuyén vdi (O'; R') tai A cit (O; R) tai C va tiép tuyén véi (O; R) tai A cit (O’; R’) tai D.
Dudng tron ngoai tiép tam gidc ACD cat dusng thang AB tai | (khdc A). Ching minh B la trung
diém cda Al.

Lai giai
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a) Ta cé: (jA\B =90° (gbc ndi tiép chan
nifa (O) duting kinh BQ).

PAB = 90° (géc ndi tiép ch3n nla
(0') dutng kinh BP).

M3t khdc: QAP = QAB + PAB
=90°+90°=180°

= A; P; Q thang hang.

Xét ABPQ cé O la trung diém QB (do

QB la dudng kinh cla (O));

O' la trung diém PB (do PB la dutng

kinh cua (O')).

Do dé OQ' la dudng trung binh cla

ABPQ = 00'//PQ; PQ=200".

b) AOEB cén tai O (do OFE =OB=R) = EOB = 180°— 20BE hay EOF = 180° - 20BE.
AO'FB cintai O' (do O'F=0'B=R') = BO'F = 180°— 20'BF hay EO'F = 180°— 20'BF.
M3t khéc OBE = O'BF (d6i dinh) = EOF =EO'F =Tt gidc EOO'F Ia tif gidc ndi tiép

= 0; 0"; E; F cling thudc mdt dudng tron. (*)

Ta cé: AO'B=2APB (géc & tam va géc ndi tiép cling chdn AB cda (0')) hay AO'E = 2APB. .

M3t khéc: BFE =OFE vi OFE = OO'E (t(f gidc EOO'F néi tiép) = BFE = OO'E. (1)

Lai cé AFB=APB (96c nébi tiép cung chan AB cla (O/));

00'//QP (chiing minh trén) = OO'E = APB. (2)
TU (1) va (2) suy ra: B/FTE = ,XP\B

L —

Do d6 AFE = AFB +BFE = 2APB. M3 AO'E = 2APB nén AFE =AO'E

=T gidc AO'FE |a t& gidc ndi tiép

= A; O'; E; F cling thudc mdt dudng tron. (*+)

TU (*) va (*#), suy randm diém O; A; O'; E; F cling thugc mét dudng tron.

Vi (0) va (0') cétnhautai A va B nén OO' L AB,

Ma AAOB cén tai O (do OA=0B=R) nén OQ' la phan giadc cta ,@: BOO' =%A/O\B
Mat khdc: MAE = MBE (9dc ndi tiép cung chan ME cla (O));

MBE = O'EF (do MN //EF);

O'EF = FOO' =BOO" (do td gidc EOO'F néi tiép).

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 48



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Do d6 MAE = BOO' :%X(:)TB M3t khdc AEB :%,@ (g6c ndi tiép chidn AB cla (0)).
Suy ra MAE = AEB (cap géc nam & vi tri so le trong) = MA//EB. (3)
AMB = AEB (géc ndi tiép cling chin AB cla (0)) va MAE = AEB (chiing minh trén);

BME = BAE (96c nbi tiép cung chan BE cla (O)).

Tacéd MAB MAE+BAE Mat khdac AME = AMB + BME = AEB + BAE = MAE +BAE.
Do d6 AME = MAB. (4)
TU (3) va (4) suy ra t gidc MABE 13 hinh thang can.

—_—

c) Ta c6 BAD = ACB (géc tao bdi ti€p tuyén va day cung; géc ndi tiép clng chan AB cla (O)) ;

CAB = ADB (9dc tao bdi ti€ép tuyén va day cung; géc ndi ti€p cung chan AB cla (O')).
AB BC = AB?*=BCBD

Do d6 AABC«ADBA (g.g) ={DB BA : (5)
ABC = ABD

M3t khéc CBI = 180°— ABC = 180° — ABD = DBI = CBI = DBI,
T gidc ACID la t& gidc ndi ti€p nén IAD=ICD.
Suy ra BAD = IAD = ICD. M3t khic BAD = ACB = ACB = ICD.

o~~~ e~

Lai c6 BCl=ICD+BCD = ACB +BCD = ACD.
M3 ACD = AID (géc ndi tiép cung chan ,/AB).
Do &6 BCl = AID = BID = BCI = BID.

BC BI

w —_— 2:
Suy ra ABCl»ABID (g.9) = . = BI*> =BC.BD. (6)

TU (5) Vva (6) suy ra AB=BIl =B la trung diém ctia Al.

Cau 27. (Dé thi chuyén tinh Lai Chdu nam 2023 - 2024)

Cho tam gidc ABC vubdng tai A.Trén canh AC lay diém F, vé FE vubng géc véi BC tai E. Goi
(O) |a dudng tron ngoai tiép tam gidc CEF. Budng thdng BF cat (O) tai diém thd haila D, DE
cit AC tai H.

a) Chiing minh rang ABEF la td gidc nbi tiép.

b) Ching minh FH.CA =CH.FA.

c) Budng thdng AD cit (O) tai diém thd hai G, FG ¢t CD tai |, CG c3t FD tai K. Ching minh
rang K, I, H thdng hang.

L&i gidi
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a) Tam gidc ABC vudng tai A nén

BAC = 90° hay BAF = 90°.

Ta c6 FE L BC tai E nén FEB = FEC = 90°.
Xét td gidc ABEF c6 BAF +FEB = 180°.
Ma hai géc ddi nhau nén ABEF la t gidc
ndi tiép.

b) Xét dudng tron tam (O) 6 FDC = 90°
(géc nbi tiép chan nira dudng tron) hay
BDC = 90°.

Xét 1 gisgc ABCD c6 BAC = BDC = 90°.
Ma hai dinh ké nén ABCD Ia t(& gidc ndi
tiép.

Xét dudng tron ngoai ti€p t gidc ABCD cé ABD = ACD (hai géc ndi ti€p cling chan ,,AB) hay
ABF =FCD. (1)

Xét dudng tron ngoai ti€p td gidc ABEF cé ABF = AEF (hai géc ndi tiép cling chan AF ). (2)
Xét dudng tron tdm (O) 6 FCD = FED (hai géc ndi ti€p cung chan bT:). (3)

T (1), (2) va (3), suyra FED = AEF nén FE I tia phan gidc ctia AED.

Xét AAEH c6 EF; EC Ia dudng phéan gidc trong va ngoai clia tam giac nén AF = E; AC =£.
FH EH CH EH

Suy ra £ = E = AF.CH=FH.AC.

FH CH
c) Xét dudng tron (O) c6 FGC = 90° (96c ndi tiép chan nira dudng tron) = CG L Fl.
Xét tam gidc IFC cé FD; CG la hai dusng cao.
Ma FD cit CG tai K nén K la truc tdm tam gidc IFC = IK L FC. (4)

Xét dudng tron (O) c6 FDA = FCG (hai géc ndi ti€p cuing chan éT:).

M3 FDA = BCA (hai gdéc ndi ti€p cung chan 2‘73) nén BCA = FCG hay FCE = FCG.
Xét AFEC va AFGC c6 FCE =FCG va FEC = FGC = 90°.

Suy ra AFEC«»AFGC (g9.9) = GC =EC.

Xét dung tron tam (O) c6 GFC = %sd(/S—C\; EDC = %sd&.
Suy ra C?F\C:ED/\C hay H/:ﬁ:f—TD\C.
Xét td gidc FHDI c6 IFH = HDC = FHI = FDI = 90° = IH L FC. (5)

TU (4) va (5) suy ra K; I; H thdng hang.
Cau 28. (Dé thi chuyén tinh Lao Cai nam 2023 - 2024)

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 50



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) Budng tron noi ti€p tam gidc ABC
cd tdm | va tiép xuc véi BC, CA, AB lan luct tai D, E, F. Dudng thdng Al c3t dudng tron (O) tai
diém th hai la diém M.

a) Chiing minh rang MB =MC =M.

b) Budng thdng DM cat dudng tron (O) tai diém thd hai la K. Chdng minh rang td gidc AKFE ndi
tiép.

c) Budng thing di qua A va song song vdi BC cat dutng tron ngoai tiép tam gidc AEF tai diém
th( hai la P. Chiing minh rang KP vudng gdc vdéi KD.
Lai giai

a) Do Al I3 tia phan gidc cda BAC nén M I3 diém
chinh gitfa cung BC khéng chita diém A cda (O)

= MB=MC.
TU d6 ta cé bién ddi gbc sau:

e~ — e~ — o~

MBI =MBC +IBC =MAB +IBA = MIB.
Do d6 tam gidc MBI can tai M = MB =M.

M3t khdc MB=MC = MB =MC =M.

b) Goi K' I giao diém thd hai cla (AEF) va (O).
Ta sé chitng minh K =K.

That vay:

Do t gidc AK'FE ndi tiép nén FK'E = FAE.

Mat khdc BK'C = BAC = FAE (96c nbi tiép cung
ch3n cung BC cua (O)).

Suy ra BK'C = FK'E = BK'C~FK'C = FK'E - FK'C = BK'F = CK'E.

Mat khdc K'BF =K'BA =K'CA =K'CE.

K'B_BF
Tir d6 AK'BF > AK'CE (9.g) = —— = —.
O Suy ra (g g) K'C CE

K'B BD

Ma BF =BD va CE=CD nén = K'D la phan gidc cla BKC.

K'C CD
Ma M ciing chinh Ia diém chinh giifa cung BC khéng chifa K' cda (O)
=K', D, M thdng hang hay K =K".

TU d6 ta suy ra t& gidc AKFE ndi tiép.

c) Xét hai tam gidc MBD va MKB, c6 MBD = MBC = MKB va M chung

= AMBD <« AMKB (g.9) = MB _MD _ \kMD =MmB? = M2 = ML MK
MK MB MD M
Xét hai tam gidc MID va MKI, cé ﬂ=%; M chung
MD M
= AMID AMKI (c.g.c) = MKI = MID. (1)

Ta cé APl = AEI=90°= AP L PI. M3 AP//BC nén Pl L BC.
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M3t khac ID 1 BC. Tir dé suy ra P, I, D thdng hang = MID = AIP = 90° — PAI = 90° — PKI, (2)

TU (1) V3 (2) suy ra MKI = 90°— PKI = MKP = 90° hay KP 1 KM.

Cau 29. (Dé thi chuyén tinh Long An nam 2023 - 2024)

1) Cho nira dudng tron tdm O cé dudng kinh AB =2R. TU A va B lan lugt ké hai tiép tuyén
Au, Bv vdi nira dugng tron. Qua mét diém C thubc nira dudng tron (C khdc A va B), ké tiép
tuyén véi nlra duding tron, né cit Au va Bv theo thdtu d M va N.

a) Chdng minh t& gidc AMCO nbi tiép dusng tron va CBO = CNO.

b) K& CH vudng gdéc véi AB tai H, goi K la giao diém cda CH vdi AN. Chiing minh ba diém
M, K, B thdng hang.

,
c) Goi S la dién tich ctia tam gidc ABC, S, la dién tich cla tam gidc MON. Hay tinh ti s6 El khi

AM=15R.

2) Cho tam gidc ABC vubéng tai A. Goi M |la mdt diém trén canh BC, | va K 1an lugt 1a tdm
dudng tron ngoai ti€p tam gidc ABM va tam gidc ACM. X4c dinh vi tri cia M dé dién tich tam
gidc AIK nho nhat.

Lai giai

a) Xét tf gidc AMCO cé: MAO = 90°% MCO = 90° M

— MAO +MCO = 90° + 90° = 180° C

= AMCO I3 t& gidc ndi tiép. N

Chuiing minh tuang tu, ta ¢6 BNCO I|a t gidc noi tiép

— CBO = CNO.

b) Ta cé CK// AM nén ng A4 B
KA~ CM 0 H

Ma MC =MA, NC =NB nén @:ﬁ
KA MA

Lai cé MAK = ANB (so le trong).

Suy ra AAKM<> ANKB = AKM = NKB.

Ma A, K, N thdng hang nén M, K, B thdng hang.
c) Ta c6 AMON« AACB nén AMON vuong tai O

= 0C? =CM.CN:>CN=§R:>MN=MC+CN=%R

S 2
vay 2L MNT 169
s |AB) 144
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2) Ta c6 ,@E:%m:ﬂ(;@:%@:@

e~~~

= AIK+ AKI = ABC + ACB =90° nén tam gidc
AIK vudng tai A

=S, =tAIAK>LAEAF=L1ABAC VG EF
2 2 8

theo thd tu 13 trung diém cta AB, AC.
Dang thiic xdy ra khi I1=E va K=F, khidé M Ia
hinh chi€u cta diém A trén canh BC.

B M C

C4au 30. (Dé thi chuyén tinh Nam BDinh nam 2023 - 2024)

Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O) céc dudng cao AD, BE, CF ddng
quy tai H. Goi M Ia trung diém canh BC, N |3 trung diém doan AH, dutng thang EF cat dudng
tron (O) tai P, Q va cit dudng thdng BC tai S sao cho P nam gitta S va F. Chiing minh rang:

a) Td gidc AOMN la hinh binh hanh.

b) AP? = AQ? = AE.AC.

c) T gidc DMEF nbi ti€p va FP_ %
PS ES

Li giai

a) Ké dusng kinh AK (K nam trén

dudng tron (O)).

Khi dé AC L CK; BK 1L AB.

Dé& dang suy ra BK//CH va CK//BH

(cung vudng gdc véi mét dudng thang).

TU d6 suy ra BHCK Ia hinh binh hanh.

Vi M Ia trung diém BC nén M e HK va

MH =MK.

Tam gidc AHK ¢ M va N lan lugt 1a trung diém cla HK va AH nén MN la dudng trung binh

clla AAHK. Suy ra MN//AO va MN =%AK=AO.

Vay AOMN Ia hinh binh hanh.

b) Tam gidc AFH vudng tai F suy ra FN = HN.

Tudng tu, AAEH vudng tai E nén NE = NH. Suy ra NF = NE. (1)
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Lai c6 ABFC va ABEC lan lugt vudng tai F va E, cd cdc dudng trung tuyén lan lugt la MF va
ME. Do d6 MF =ME = %BC. (2)

Tir (1) va (2), suy ra MN la trung tryc cGia EF. Suy ra EF LMN.  (3)
Lai c6 MN// AO, két hgp vdi (3) suy ra AO LF hay AO LPQ.
Suy ra A la diém chinh gilta cung PAQ, suy ra AP = AQ hay cung AQ bdng cung AP.

Mat khac A/(-QT-" = KP\Q = A/C\Q (cdc gbc ndi tiép chan cdc cung bang nhau) nén AAQC« AAEQ.

Suy ra AE_AQ = AEAC = AQ".
AQ  AC

Vay AP? = AQ? = AE.AC.

c) T& gidc BFEC néi tiép suy ra AEF = ABC.

Tam gidc EMC cén tai M nén MEC = ACB.

Suy ra FEM = 180° — AEF — MEC = 180°— ABC — ACB = BAC.

T gidc DFAC néitiép nén FDM+BAC = 180°. Suy ra FEM = FDM = 180°,
Vay t gidc DMEF la t gidc ndi tiép.

Xét ASDF va ASEM c6: SDF = SEM va DSF chung

= ASDF > ASEM (g.9) = SD_SE . spsm-sEsF.
SF M
TU t& gidc BFEC ndi tiép, ta suy ra SE.SF = SB.SC, t( gidc BCQP néi tiép nén SB.SC = SP.SQ.
Suy ra SP.SQ =SE.SF = i = 2
SP SE
Vay i_lzg_l hay SF-SP - SQ-SE :>E=g.
SP SE SP SE PS SE

Ciu 31. (Dé thi chuyén Todn Lé Héng Phong tinh Nam Dinh nam 2023 - 2024)

Cho tam gidc ABC vudng tai A (AB < AC) ndi tiép dudng tron tdm O. Trén dudng tron (O) Idy
diém D khdc phia A so véi dusng BC (BD > AC). Qua B ké dudng thang d song song véi CD.
Budng thang d cdt dudng thang AC tai E, cdt dudng tron (O) tai F (F khéc B).

a) Goi J la trung diém clGa EC. Ching minh rang 4 diém A, F, O, J cung nam trén mét dudng
tron.

b) Dudng thang OE cat dudng thang AD tai I. Ching minh rang IBA = BDA.

c) Trén tia BD lay diém M sao cho BM = BA. Dudng thdng AM cit dudng thdng DC tai N, dudng
thdng BN cat (O) tai K (K khdc B). Goi H |a hinh chiéu vudng gdc clia A trén BC. Budng thang

1 1

BD c3t cic dusng thang NH, CK 1an luct tai P, Q. Chiing minh rang = + )
PM MQ BM

€3 | www.facebook.com/mathexpress.vn (0]1900 633551 54



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Lai giai
a) Vi ti gidc AFBC ndi ti€p nén

—_ l/\

EAF =180°—FAJ = FBC = ~FOC.

Vi JO la dudng trung binh tam gidc CBE nén
JO//BF.

Ma CF L BF nén JO LCF.
Vi O thudc trung truc cia CF nén OJ la trung truc

CF nén I—fal :%F/é\c

Suy ra FOJ = EAF = AJOF I3t gidc ndi ti€p hay 4
diém A, F, O, J cung nam trén mot dusng tron.

b) Goi T la giao diém clia OE va AF.

2
Trudc hét, chiing minh D _ 2
IA  BA?

That vay, ap dung dinh ly Menelaus cho tam giac

AFD, cét tuyén ITO ta cé EEE:l
IA"TF OD

Tir déy két hgp OF = OD, AAEB« AFEC (g.g) va

BD =CF, ta cé

EE@E@EE[EJ[QJ
IA- TA EAsinAET EA sinCEO EA BE (BA BA )

Bang céc phép bién déi gdc, ta cé OFA = OAF = 90°— ADF = 90° — ACF = AEF.

Do dé OF va OA l|a hai ti€p tuyén clda dudng tron (AEF).

Goi I' Ia giao diém clia ti€p tuyén tai B cla (O) vdi AD, ta cé AI'BA«>AI'DB (g.9)

I'A I'B_ BA_I'D I'D I'B_BD* ID .
e E s e = = =,
I'B I'D BD I'A I'BI'A BA> IA

TU déy ta dudc IB la ti€p tuyén cla (O) — IBA = BDA.

— -

c) Ta c6 DNM +DMN = BAM + CAN = 90°; BAM = BMA.

Do d6 CAN = CNA hay tam gidc CAN céntai C suyra CA=CN.

Theo hé thic lugng ta cé6 CA? = CH.CB nén CN? =CH.CB= % = E—E.

Suy ra ACNH« ACBN (c.g.c) = C/HT\J = C/I\WB = C/Q\D

Do dé ti gidc CQPH néi tiép nén BP.BQ = BH.BC =BA* = BM?> =BP.BQ
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& BM’ =(BM-PM)(BM +MQ) < BMMQ = PM.(BM + MQ)

L _BMEMQ_ 1 L 1 (giéu phai ching minh).
PM_ BMMQ MQ @ BM

Cau 32. (Dé thi chuyén Pai hoc Vinh tinh Nghé An nam 2023 - 2024)

Cho dudng tron (O) dudng kinh AB. Butng thdng A tiép xuc vdi (O) tai A | 1a diém c6 dinh trén
doan AB va CD la day cung thay d6i cGa (O) ludn di qua I. C4c duting thing BC, BD ct A 1an
lugt tai M, N.

a) Chdng minh rang CDNM 13 t( gidc ndi tiép.

b) Goi K |a giao diém th hai cGa dudng tron ngoai ti€p tam gidc BMN vdéi dudng thang AB.
Chung minh rang KMCI la t gidc ndi tiép va tich AM.AN khdng déi.

c) Goi T 13 tAm dudng tron ngoai tiép td gidc CDNM. Tim vi tri cha CD sao cho dd dai doan
thdng BT nhd nhat.

Li giai

a) Ap dung hé thic lugng trong tam A
gidc vuong cho hai tam gidc BAM va
BAN vdi hai dudng cao tudgng Ung la
AC, AD, ta cé: BA*=BCBM=BDBN
= CDNM 13 t& gidc ndi tiép.

b) Ta cé: MKB = MNB = DCB

= CIKM la t& gidc nbi tié€p.

Do dé: BC.BM =BI.BK = BA?

=K 13 diém c6 dinh

= AM.AN = AK.AB khdéng déi.

c) Goi r la ban kinh cda (T)

=r? - TA? = AN.AM = a khong déi.

Ta cling cé ID.IC khéng dai.

D5t IDIC=b=r>-TFP =TI’ -TA> =a-b.

Goi H la hinh chi€u cia T 1én AB.

Theo dinh ly Pythagore, ta cé:
(Al+2AH). Al =HP —HA? = (TP = TH? )~ (TA? = TH? ) = TP - TA’ =a—b.

TU déay, két hgp véi Al khdng déi, suy ra H ¢d dinh. Do dé BH khéng ddi.

Theo dinh Iy Pythagore, ta cé: BT? = TH? + BH? > BH?.

Dau " =" xdy ra khi va chikhi T trung vdi H tdc la BA |a trung truc cia CD = CD L AB tai |.

Vay khi CD vudng géc véi AB tai | thi d6 dai doan thdng BT nhd nhat.
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CAau 33. (Dé thi chuyén tinh Ninh Binh nam 2023 - 2024)

Cho tam gidc ABC nhon, khéng cén, ndi ti€p dudng tron (O) Goi E |a diém d6i xing cla B qua
AC va F diém déi xing ctia C qua AB. Dudng thang BE cat dusng thang CF tai H.

a) Chidng minh cdc t& gidc AHBF va AHCE |a t gidc ndi tiép.

b) Budng tron ngoai ti€p cdc tam gidc ABE va ACF c3t nhau tai diém th(d hai la D. Chding minh
F, B, D thang hang va DA la tia phan gidc cla EDF.

c) Goi P, Q 1an lugt Ia tAm dudng tron ngoai ti€p cdc tam gidc ABE, ACF. Chiing minh sdu diém
B, C,D, O, P, Q cung thudc mét dudng tron tdm | va giao diém (khdc D) clda dudng thdng AD Vi
dudng tron (l) la truc tdm tam gidc APQ.

d) Gid sif H thudc dudng trdn (I). Ching minh cc dudng thing Al, DH, BC, PQ déng quy.

Lai giai

a) Goi K la giao diém cda AH va BC.
Dé& dang ching minh dugc H 13 truc tdm tam gidc ABC = AH 1L BC tai K.

Ta cé: AFB = ACB (d5i xing); AHB =KHE (d6i dinh)
Ma ACB+KHE =180° nén AHBF I3 td gidc ndi tiép.
Tudng tu, ta chdng minh dugc AHCE |a t gidc ndi tiép.
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b) Ta cé: AED = AHF (cung bu vdi A/I—E).

M3 AHF = ABF (t& gidc AHBF ndi tiép) nén AED = ABF.

M3t khdc AED + ABD =180° (ABDE ndi tiép) nén ABF + ABD = 180°.
Do d6 ba diém F, B, D thang hang.

Tuang tu, ta chiing minh dudc ba diém E, C, D thang hang.

— — - -

Ta cé: ADF = ACF; ADE = ABE.

M3 ACF = ABE (cung phu Vvéi gA\C) nén m: = A/[if hay DA la tia phan gidc cla E/[i:
c) Dé thay P thubdc AC, Q thubc AB.

Ta cé: ADC = AFC.

Ma AFC = ACF =90° - BAC nén ADC =90°-BAC.

Tuong ty ADB =90°—BAC.

Suy ra BDC =180° - 2BAC.

Lai cé BOC = 2BAC (9déc nbi tiép va géc & tdm) nén BDC +BOC =180°

= BOCD la t gidc ndi tiép.

L —

Tam gidc PAB cén tai P nén APB = 180° — 2BAC. Suy ra PAB =BDC nén td gidc BPCD nbi tiép.
Tuong tu ta cé td gidc BQDC ndi tié€p.

Viy 6 diém B, C, D, O, P, Q cung thuéc mot dudng tron (l)

D& chiing minh O thuéc AD. Do d6 giao diém khac D clia AD va (1) 1a O,

Vi OP la dusng trung truc ciia AB nén OP vubng gdéc véi AB; OQ la dudng trung truc ciia AC
nén OQ vudng gdc véi AC.

Vay O la tryc tam clia tam gidc APQ.

d) D& chiing minh dudc | la giao diém cla tia phan gidc cla BAC vdi (O)

Goi M la giao diém cha Al va BC thi HD, PQ di qua M.

Do dé 4 dusng thang Al, BC, HD, PQ dbéng quy tai M.

Ciu 34. (Bé thi chuyén Tin tinh Phd Tho nam 2023 - 2024)

Cho tam gidc nhon ABC véi AB < AC ndi ti€p dudng tron (O;R), céc dudng cao AD; BE; CF c3t
nhau tai H. Goi P la giao diém th( hai cla AD va (O) M la diém ddi xing véi P qua AB.

a) Chiing minh t gidc AHBM ndi tiép.

b) Qua P ké dudng thang song song vdi EF cat (O) tai Q. Chling minh Q d6ixing véi P qua OA.
c) Goi K la trung diém cdia EF. Chidng minh réing duting thing AK va c4c ti€p tuyén cla (O) tai
B; C déng quy.
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Lgi giai

a) Ta c6 t& gidc CDHE ndi tiép
= DCE + DHE =180

APB = ACB (cung chdn cung AB); E
APB = AMB (tihh chat déi xing) ; /
AHB = EHD (d8i dinh) 'F ."

— AMB + AHB = 180°. B
Vay ti gidc AHBM ndi tiép C
b) Ta cé ti gidc BFEC néi tiép

—_—

— FBC = AEF = ATC = ACT = AZE = 90°.
Ma PQ//EF nén Q d&i xiing véi P qua OA.

Kef
><:

c) Tiép tuyén tai B va C cat nhau tai L, AL c3t
dudng tron tai J. D& cé LB? =LSLA =LS.LO.
Suy ra td gidc AJSO noi tiép

— JSL = XSL = ASC = ABJ; AJB = ACS L

= AABJ» AASC (9.9).

Gid sir AJ c3t EF tai K.

Vi AABC« AAEF (g.g) nén AFAK'»AABS (g.g).

Vi S la trung diém BC =K' |a trung diém EF = K'=K.

Vay tiép tuyén clia (O) tai B, C va AK déng quy.

Cau 35. (Dé thi chuyén Todn tinh Phi Tho nam 2023 - 2024)

Trén dudng tron tdm O dudng kinh AB = 2R lay diém N sao cho AN =R va M la mét diém thay
ddi trén cung nhé BN (M khéc B va N). Goi | la giao diém cla AM va BN, H Ia hinh chiéu cda |
trén AB, IH cat AN tai C, K I3 diém d6i xiing véi N qua AB.

a) Chiing minh CM.CB = CI.CH va ba diém K, H, M thing hang.

b) Goi P |a giao diém thd hai cha NH va (O) Chdng minh tdm dudng tron ngoai tiép tam gidc
HPK thubc dutng thang cé dinh khi M thay déi.

c) Xdc dinh vi tri cGa diém M dé tong MB + MN dat gid tri I6n nhat.

Lai giai

a) Tacd ANB = AMB = 90° (96c nbi tiép chan nira dudng tron)

Vi AM cat BN tai | nén [ latructdm AABC = Al 1L BC =B, M, C thang hang.

Dé thdy ABCH«AICM = CB.CM =CI.CH.

— — —~

D& thdy NHI = MHI = MBI = IAN = NHA = BHM.
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M3 NHA = KHA (tinh chat d6i xding) nén AHK = BHM.

Lai co: BHM +MHA = 90° = AHK + AHM = 180° = K, H, M thing hang.

b) Ta cé: ﬁ—lT( = ZFTN\K (g6c ngoai AHNK cén); e
KOP =2KNP (géc néi tiép)

= KOHP 1a t gidc ndi tiép. ol T ey

Vi N c8 dinh suy ra OK cé dinh. /

Vay tdm dudng tron ngoai ti€ép tam gidc KHP l/ M \

thudc trung truc OK c¢é dinh. _/’I e

—_ ’./ Q
c) Ta cé NMB =120°. / \

Trén tia d6i MN I8y diém Q sao cho MB = MQ ; o\ VZ

= f\TQ\B =60°. \ f_/ /
Vi NB ¢6 dinh nén Q thudc cung chira géc 60° g 2P
dung trén NB = MN +MB 16n nhat khi NQ 13 - P /-‘

dudng kinh cla dudng tron. e o
Khi d6: MB=MQ=MN=M=M;Q=Q,.

Vay M la trung diém cung NB thi MN +MB |8n nhat va bang 2R.

C4iu 36. (Dé thi chuyén tinh Pha Yén nam 2023 - 2024)

1) Cho doan thidng AB, vdi M la trung diém. Trén dudng trung truc Mt cla doan thang AB |3y
diém | bat ki. V& tia Ax sao cho Al |a phan gidc BAX. Dusng thang Bl cat Ax tai N. Goi C Ia
diém ddi xting cda A qua N, H 13 hinh chiéu vuéng géc clia C 1én AB.

a) Chiing minh rang tam gidgc NHB can.

b) Ching minh &&ng thidc: BH? = HIBN.

c) Khi diém | di chuyén trén dusng trung truc Mt dén vi tri lam cho tam gidc ABC vuéng tai C,
hay tinh ti s %

2) Cho tam gidc ABC vubng tai A. Goi D la trung diém cdia AB, H la hinh chi€éu vudng géc cla
A 1én dudng thdng DC. Pudng thdng qua C vudng géc véi BC cit dudng thdng AB tai E. Goi |
Ia hinh chiéu vuéng gdéc clha E |1én dutng thang DC.

a) Chdng minh BH vubéng gdc véi Al

b) Dudng thing qua B vudng géc vdi BH cit dudng thidng DC tai K. Chiing minh t gidc BCEK
ndi tiép.

Lai giai
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1a) Xét AAHC vubngtai H cé HN Ia trung tuyén Ung
véi canh huyén AC nén NA =NC =NH

= AAHN cén tai N = NHA = NAH.

Do d6 NHA — 21AB - 2iBH~2NBH. (1)

Theo tinh chat géc ngoai cla tam gidc, ta cé

NAA-FNB+HBN.  (2)

TU (1) va (2) suyra HNB = HBN hay ANHB can tai H.
b) Theo chi'ng minh cdu a, ANHB cén tai H=HB =HN :%AC. (3)

Xét ANHI va ABHI c6: IAN = IBH; IA =1B; AN = BH(= HN)
= AANI = ABHI (c.9.c) = IN = IH

— ANIH cén tai | = IHN = INH = ANHB > ANIH

= BH_HI = BHHN =HIBN = BH*> =HIBN.
BN HN

c) Theo hé thuc lugng trong tam giac vuong va dinh I Pytago ta c6
BC? =BHBA = AB* - AC?> < AB* -BHBA-AC? =0. (4)

Tir (3) va (4), tacé 2AB* ~ABAC-2AC’ =0.

Chia cd 2 v& cho AC? >0, ta dudc phudng trinh bac hai vdi an x =% la 2x* —x-2=0.

14417 _ AB_1+V17
4 AC 4

2) Goi M |a giao diém cha El va AC, tacé M E

13 truc tdm cla tam gidc ECD = DM//BC.

Xét tam gidc ABC cé6 DA =DB, DM//BC

= MA =MC.

Xét tam gidc AHC cé MA =MC, Ml// AH

= IH=IC.
Goi N la trung diém cha AH, ta cé IN//AC

= IN vudng gdc véi AD.
Xét tam gidc ADI cé hai dudng cao AH, IN cat

nhau tai N nén N la truc tam AADI

= DN L AlI=BHLAI
b) T BH L Al= Al//KB=IAD =KBD.

Xét AKBD va AIAD cé: IAD = KBD: DA = DB: ADI = BDK

Do x>0 nén x =
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= AKBD = AIAD (g.c.g) = DK =DI. (1)

Vi ADAC < ADIE (g.g) nén %z%:DA.DEzDLDC (2)

Tir (1) va (2), két hgp véi DA =DB, suy ra DB.DE =DK.DC
DK DB

= —=—
DE DC

= BCEK la t& gidc ndi tiép.

Cau 37. (Dé thi chuyén tinh Quang Ninh nam 2023 - 2024)

— ADEK< ADCB (c.g.c) = DEK = DCB

Cho tam gidc ABC nhon (AB < AC), ndi tiép dudng tron tAm O. Hai dudng cao BD, CE cla tam
gidc ABC cit nhau tai H. Tia phan gidc cla BAC cit dusng thang BD va dudng tron (O) theo
thd tutai M va | (I khdc A). Budng thang BD cat dudng tron (O) tai K (K khdc B), hai dudng
thang AC va IK c3t nhau tai Q, hai dudng thang QH va AB cat nhau tai P. Chdng minh:

a) Td gidc AMQK ndi tiép.

b) Tam gidc APQ can tai A.

1 1 1
) —+—=—r0.

BC DE MQ
L&i gii

a) Ta cé BKI = BAI (hai géc ndi tiép (O) cting chan BI).
Ma BAI=IAC nén MAQ =MKQ

= AMQK |3t gidc ndi tiép.

b) Vi t gidc AMQK ndi ti€p nén f\@ — MKA.

Lai cé BKA = BCA (hai géc ndi tiép (O) cung chan //ATB)

— MQA = BCA = MQ//BC.
Vi H la truc tam cta AABC nén AH L BC = MQ 1L AH.

Xét AAHQ c6 HD 1. AQ, MQ 1. AH nén M Ia truc tam
AAHQ = AM 1L HQ.

Xét AAPQ cé AM vira la dusng phan gidc, via la dudng cao nén AAPQ céan tai A.

c) Goi N 13 giao diém cha Al va CE.

Ta c6 AIK = ABK (hai géc ndi tiép (O) cung chan /’AT<), ABD = ACE (cung phu Vi gA\C)
= NIQ =NCQ = NICQ I t gidc ndi tiép = QNC = QIC.

Vi BEC = BDC = 90° nén t( gidc BEDC ndi tiép

= DEC =DBC; KBC = KIC (hai géc ndi tiép (O) cung chan IQE)

— QNC =DEC = NQ//ED.
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Vit gidc NICQ néi tiép nén MNQ = QCl.

Vit gidc AMQK ndi tiép nén @T\J = ;K\Q

M3t khdc AKI = ACI (hai géc noi tiép (0) cung chan Al)
— QMN = QNM = AQMN cén tai Q = QM =QN.

Vi MQ//BC nén %:@ vd NQ//ED nén N _€Q

DC ED CD’
Laic6 MQ=NQ nén MQ,MQ _DQ €CQ_, 1 1 _ 1
BC DE DC CD BC DE MQ

Cau 38. (Dé thi chuyén tinh Quang Tri nam 2023 - 2024)
Cho tam gidc ABC nhon cd AB < AC. Ké cdc dusng cao AD, BE, CF cat nhautai H. TU A ké hai

ti€p tuyén AP, AQ dén dudng tron tdm O, dudng kinh BC (P, Q la céc tiép diém va P, F nam
cung phia so véi dusng thang AD).

1) Chiing minh AP? = AB.AF va ndm diém A, P, D, O, Q nidm trén mdt dudng tron.

2) Chiing minh H, P, Q thang hang.

3) Chdng minh PF, QE, AD déng quy.

Li giai

1) Ta c6 APF = ABP nén AAPF e AABP

= AP? = AB.AF.

Ta cé APO = ADO = A/Q\O =90° nén nam diém

A, P,D,O,Q nam trén dudng tron dudng kinh AO.
2) Ta cé AAFH«»AADB nén AP? = AB.AF = AH.AD.
Suy ra AAPH«AADP = APH = ADP. (1)

Td gidc APDO ndi tiép nén ADP = AOP = APQ. (2)

TU (1) va (2) suy ra APH = /H:’\Q nén ba diém

P, H, Q thdng hang.

3) Goi K la giao diém QE va AD.

Tacd @: — EBF = HDF =KDF nén td giac DFKQ néi
tiép.
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. {lﬁ:lﬁ+§ﬁ):@+,@
Lai cd

—

— PFD = KQD = PFD + DFK = KQD + DFK = 180°

e~~~

= P, F, K thdng hang. Do d4 ba dudng thang PF, QE, AD déng quy.

Cau 39. (Dé thi chuyén tinh Son La nam 2023 - 2024)

Cho tam giac ABC nhon (AB < AC) ndi ti€p dudng tron (O) cdc dudng cao BE va CF cat nhau

tai H. Goi S la giao diém cla dudng thang BC va EF; [ |a giao diém cta SA va dudng tron (O) (Vi

| khac A).

a) Chiing minh rang t& gidc AFHE 13 t& gidc ndi tiép.
b) Ching minh SF.SE = SI.SA va HI L SA.

c) Goi M la trung diém clia BC, ké duing kinh AD cla (O). Chiing minh ba diém H, M, D théng

hang va H la truc tdm tam gidc ASM.

d) Gid si T Ia diém nam trén doan thdng HC sao cho AT vudng géc vdi BT. Ching minh hai
dudng tron ngoai tiép cla tam gidc IST va tam gidc ECT tiép xdc véi nhau.

Li giai

a) Vi BE L AC; CF L AB nén

AEB = AFC =90°

Xét tu gidc AEHF cé

AEH + AFH =90° +90° = 180°

= AEHF |3t gidc ndi tiép.

b) Xét t&¢ gidc BFEC co
BFC = BEC = 90°

= BFEC la t gidc ndi tiép

— FEB=FCB (hai géc ndi tiép clng
chan l,B-I\:)

Xét ASEB va ASCF cé: ESC chung;
SEB=SCF

= ASEBwASCF(g.g) = SE = =B

Xét ASAB vi ASC c6: ASC chung: SAB = SCI (

SA SB

= ASAB«>ASCI (g.9) = == =—— = SASI=SB.SC.
SC sl
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N N _ %_S_A
Tir (1) va (2), suy ra SE.SF = SASI= ===

= ASIF o SEA (c.g.c) = SIF = SEA = AIFE 12 tif gidc ndi tiép.

Ma bén diém A, E, H, F cung thuéc mét dudng tron nén nam diém A, |, E, H, F cung thubéc mét
dudng tron

= AIHE I3t gidc ndi tiép = AlH = AEH = 90° = IH L SA.

AB 1L BD

c) Xét (O) c6 ABD = ACD = 90° (96c nbi tiép chan nlra dudng tron) = .
AC L AD

. |[CHLAB CH//BD
a nén
BH L AC BH//CD

A

= BHCD la hinh binh hanh = BC va HD cat nhau tai trung diém mdi dudng.
Ma M la trung diém BC nén ba diém H, M, D thdng hang.
Vi | thudc dudng tron (O) dudng kinh AD nén DIA = 90° = DI L IA.
Ma HI L IA (theo chiing minh cdu b) nén |, H, M, D thdng hang = MI| 1 SA.
Vi AABC c6 hai dusng cao BE, CF c3t nhau tai H nén H la truc tdm AABC = AH L BC.
Xét AASM cé AH L SM; MI L SA; MIn AH = {H]|
= H la truc tdm tam gidac ASM.
d) Ta chiing minh dugc AT? = ALAS = AT I3 tiép tuyén ctia dudng tron ngoai tiép AIST.
Tuong tu AT? = AEAC = AT |3 tiép tuyén cla dudng tron ngoai tiép AECT.
Suyra AT la ti€p tuyén chung cuia hai dudng tron hay hai dutng tron ngoai ti€p cta AIST va AECT
tiép xuc nhau.
CAau 40. (Dé thi chuyén tinh Tay Ninh nam 2023 - 2024)
1) Cho dudng tron (O) duting kinh AB. Trén (O) I8y hai diém C, D nam khéc phia d6i véi AB va
CD khéng di qua O. Goi E la giao diém cliia AC va BD, F 13 giao diém cta AD va BC, | 13 trung
diém doan thdng EF . Chdng minh IC Ia ti€p tuyén cua (O)
2) Cho dudng tron (O) va diém M nam ngoai (O) vé tiép tuyén MA va cét tuyén MBC khoéng di
qua O (MB <MC). Goi H Ia hinh chiéu vudng géc clia A trén MO.
a) Chiing minh t gidc BHOC ndi tiép.
b) Vé dudng thang qua B song song véi AC c3t cic dusng thang MA, AH |an lugt tai K, I. Chdng
minh KB =BI.
Lai gidi
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1) Tacé ADB = ACB = 90° (96c ndi tiép chan nira E
dudng tron) = FC L AE va ED 1 AF

= B la truc tdm clia tam gidc AEF. C
Goi L |a giao diém clia AB va EF thi AL LEF

— BLF = 90° = CEF = LBF (cung phu Vvdi C/ﬁf).

Xét AEFC (6 = 900) cé Cl la trung tuyén Ung véi B

canh huyén EF = Cl =IE

= AEIC céntai = CEF =ICE.
M3t khdc OCB = LBF (do AOBC cén tai O). F
Suy ra (TC\B = l/CTE.

— e~ — e~ -

Ta cé: OCI=ICE+OCA=0CB+0CA=ACB=90°
= IC L OC = IC |3 tiép tuyén cla (O)

2a) Ta c6 AMBA« AMAC (g.9)

MA MB
=
MC MA

Ap dung hé thic lugng trong tam gidc
vudng, ta c6 MA? = MHMO.
Suy ra MBMC =MHMO

MB MH
=
MO MC

= BHM = BCO
= BHOC I3 t gidc ndi tiép.

= MA? = MBMC.

= ABMH» AOMC (c.g.c)

b) Goi N la giao diém clia BC va AH.

Ta cé BK//AC = S ; BI//AC = B :%.
AC MC’ AC NC

— -

Do t gidc BHOC noi ti€p dudng tron nén OHC = OBC = OCB = BHM.

Khigés __~ :>AHC AHB:>HA la phan gidc trong clia BHC = —
HC NC

AHC + OHC = 90° — HB BN
AHB +BHM = 90°

Ma HM 1. AH = HM Ila phén gidc ngoai cla BT—I\C HB _MB
HC MC

TU ddé suy ra %ZﬂQBKZBL
AC AC
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Ciu 41. (Bé thi chuyén tinh Thai Binh nam 2023 - 2024)

Cho tam gidc ABC vudng tai A véi AB=c, AC=b. Vé dudng tron tdm O, dudng kinh AB va
duding tron tdm O, dudng kinh AC. Goi H la giao diém thu hai cta hai dudng tron (Ol) va (OZ).
Budng thing d thay ddi ludn di qua A cdt cdc dudng tron (O, ) va (0, ) 1an lugt tai céc diém D, E
khong trung véi A sao cho A nam gitra D, E.

a) Chiing minh rang dudng trung truc clia doan thang DE ludn di qua mét diém cd dinh khi dudng
thang (d) thay ddi.

b) X&c dinh vi tri cla dudng thing (d) dé dién tich t( gidc BDEC dat gid tri I6n nhat. Tim gid tri
I8n nhat dé theo b, c.

c) Ké dudng thang di qua trung diém cla doan DE va vudng gdc véi BC tai K. Chdng minh rang
KB? =BD? +KH?.

L&i giai

a) Goi M la trung diém BC

= MO, = %AC; MO, = %AB.

Do D thubc dusng tron dudng kinh
AB nén tam gidc ADB vubng tai D

:>D/O\1:%AB:MOZ. D

Tudng tu thi EO, =MO,.
Vi AABC vubng tai A nén
DAB+EAC =90°. B
Mat khdc ADAB vubng tai D nén

—

DAB +DBA = 90°

mﬂ
<

0
K

:>€A\C=,HBT)22EA/\C=2@:>D/OTA=EO/2\C:D/OTB=E/OZ\A.

D& thdy MO, // AC, MO, // AB = MO,B = MO,A = 90° = MO,D = MOE.

Xét AMO,D va AEO,M cé: MO, =EO,; DO,M = MO.E; DO, =MO,

= AMO,D = AEO,M (c.g.c) = MD = ME

=M thudc trung truc DE. Do d4 trung truc DE lubn di qua diém M c6 dinh.

BD? +DA? EA’ +EC®

b) Tacd 2s
2

= 25,00 +25sc + 2,5 = DBDA+ABAC+EAAC < +bc

BDEC BAC

:%(AB2 +AC2)+bc :%(b2 +c2)+bc :%(b+c)2.

D3u "=" xdy ra khi DA=DB;EA =EC < d tao véi AB mdt géc 45°.

c) Ta cé diéu phai chiing minh:

KB? =BD? +KH? < IB*> =K =IB? - ID* +IH?* —IK* < IH* =ID* = IH=ID =IE.
Do d6 tam gidc DHE vuong tai H.
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Thét vay, c6 DHB+EHC =DAB+EAC =90° = D/H\E =90°.

Do d4 tam gidc DHE vudng tai H, tdc KB? =BD? +KH? (diéu phai chiing minh).

Ciu 42. (Dé thi chuyén tinh Thanh Hod nam 2023 - 2024)

Cho tam gidc ABC nhon cé6 AB < AC ndi ti€p dudng tron (O) phan gidc trong cta BAC cit BC
tai D va cat (O) tai Q (Q khdc A). TU D dung DE, DF 1an lugt vudng géc véi AC, AB (E thudc
AC, F thuéc AB). Goi M la trung diém cta BC, tia QM c3t (O) tai giao diém th( hai la P.

a) Chiing minh QM.QP = QD.QA.

b) Goi N la giao diém clia PD va EF. Ching minh MN// AD.

c) Dung dudng kinh AK cua (O) Céc dudng tron ngoai tiép cdc tam gidc BFN va CEN c3t nhau
tai R (R khdc N). Chdng minh céc diém P, D, R thang hang.

Lai giai

a) Xét AQMD va AQAP cé QMD = QAP =90° Q
chung = AQMD« AQAP (g.g)

= g—g’ - g—ﬁ — QM.QP = QD.QA.

b) Goi | |a giao diém clia AD va EF.

Ta chiing minh AAED < APQD (g.g) ¢ cac duting

cao tudng Ung la El va DM nén %:ﬂ

QP DA
Ma NIJ/AP nen 2L DN _ QM _DN
DA DP QP DP
= MN//DQ hay MN// AD.

¢) Trudc hét, ta chiing minh R e (O)

.. A &, B N

Ta c6 BRC =BRN+CRN = AEF + AFE
~180°-BAC
= ABRC la t(f gidc ngi ti€p = R e (O)
:!\TR\CzN/gAngTz’zﬁ?\C:P, D, R thang hang.
Ciu 43. (Dé thi chuyén tinh Thira Thién Hué nam 2023 - 2024)
Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) c6 dusdng cao AD va tryc tam H.
Goi E I3 diém trén (O) sao cho hai ddy AE va BC song song vdi nhau. Budng théng EH cit (O)

tai diém thd hai la F va cat dudng trung truc cda BC tai M.
a) Chiing minh M |3 trung diém cda EH va AMOF |3t gidc nbi tiép.

b) Ching minh OFA + ODF =180°.
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c) Goi K Ia diém ddi xiing véi A qua O. Tiép tuyén clia (O) tai A c3t dudng thang FK tai T.
Chdng minh hai dudng thang TH va BC song song véi nhau.
Lai giai

a) Vi hai day AE va BC song song nén

AH vuong géc véi AE va trung truc

cta BC ciing la trung truc cia AE.

Tam gidc AEH vulng tai A nén dudng
trung truc clia AE ciing chinh la dutng
trung binh cla tam gidc d6. Suy ra M la

trung diém clta EH. T

Do 6 MA = ME = MH F N\
— AMH = AEM + EAM = 2AEM B D\ C
— AMF = 2AEF.

Mat khac AOF = 2AEF (96c & tam va
gdc ndi tiép cung chin cung AF).

Suy ra AMF = A/O\F do dé t gidc AMOF néi tiép. (1)

b) Goi N Ia giao diém thi hai cia AH vdi (O).

Ta c6 CBN = CAN (cung chdn cung CN); CBH = CAN (cung phu vdi ATCFB).

Suy ra CBH = CBN.

Tam gidc BHN cd BD virfa la dudng cao vifa la phén gidc nén D la trung diém cha HN.
Ti gidc AENF nditi€p (O) va AN ct EF tai H nén HAHN = HEHF

< HA.2HD = 2HMHF < HAHD = HMHF .

Suy ra td gidc AMDF néi tiép. (2)

Tu (1) va (2) suy ra AODF la t gidc ndi tiép. Suy ra OAF + ODF =180°.

Mat khac tam gidc OAF cén tai O nén OAF = OFA.

Suy ra O/F,\A+6[§: =180°.

c) Tacd A/TT: = F/AT< (cung phu Vvéi A/K\F). (3)

Lai co EAN = 90° nén EN 13 dudng kinh cua (O)

T gidc AEKN cé hai dung chéo AK va NE bang nhau va ct nhau tai trung diém mdi dusng

nén AEKN la hinh chi nhat. Suy ra AE = NK hay AE = NK.
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Ta cé @(z%sd@+sdﬁ=%sdﬁ+%sdﬁi}:m. (4)

TU (3) va (4) suy ra ATF = AHE, do dé tu gidc ATFH 1a td gidc ndi tiép.

Suy ra A/f—ﬁ':A/f;F:90°.

Tacé AH L TH va AH L BC nén TH//BC.

Ciu 44. (Dé thi chuyén tinh Tién Giang nam 2023 - 2024)

Cho dudng tron tdm O va mot diém A & ngoai dudng tron dé. Qua diém A vé hai ti€p tuyén AB
va AC dén dudng tron (O) (B, C la céc tiép diém). Goi H la giao diém clia AO va BC, D la trung
diém ctia AC, tia BD c3t dudng tron (O) tai diém th(t hai la E.

a) Chidng minh CDEH 13 mét t gidc ndi tiép.

b) Chiing minh rdng DA* = DE.DB.

c) Goi F la giao diém th hai ca AE vdi dudng tron (O) Chdng minh OC la dudng trung truc

cla doan thdng BF.
Lai giai

a) Vi AB, AC la tiép tuyén cula (O) = AO la dudng trung truc clia doan thang BC.

AABC c¢é D latrung diém AC, H |a trung diém BC nén HD l|a dudng trung binh cGa tam gidc
ABC, suy ra HD// AB

— .. ., SN

— HDE = ABE = BCE = HCE = %sdl% — CDEH I3 td giéc ndi tiép.

b) Xét ADCE v& ADBC c6: EDC chung; DCE = DBC =%sd§5

= ADCE«ADBC (9.9) = DC _DE _ pe? —peps.
DB DC

M3t khdc DA =DC nén DA? =DE.DB.
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c) Tu DA’ =DEDB = DA _DB
DE DA
Xét hai tam gidc DAE va tam gidc DBA cé: EDA chung; bA =%
DE DA

= ADAE > ADBA (c.g.c): EAD = DBA = BFA =%sd§5 = BF// AC.

Ma OC L AC nén OC L BF.

M&t khdc OF = OB (ban kinh cta (O)) nén OC la dudng trung tryc clia doan thang BF.

Céu 45. (Dé thi chuyén thanh phd H6 Chi Minh nam 2023 - 2024)

1) Cho tam gidc ABC vudng tai A (AB < AC), cé dudng cao AH. Budng tron tdm | ndi ti€p tam
gidc ABC, tiép xuc vdi céc canh BC, CA, AB lan lugt tai D, E, F. Goi J la giao diém cla Al va DE;
K la trung diém clda AB.

a) Chiing minh t gidc BIJD ndi tiép.

b) Goi M la giao diém cla Kl va AC, N la giao diém cla AH va ED. Ching minh AM = AN.

c) Goi Q la giao diém cla DI va EF, P la trung diém cda BC. Ching minh ba diém A, P, Q thang
hang.

2) Cho dudng tron tAm O ndi tiép hinh thoi ABCD. Goi E, F, G, H |a cdc diém |an lugt thubc céc
canh AB, BC, CD, DA sao cho EF, GH cung tiép xuc vdi (O)

a) Chiing minh CG.AH = AO”.

b) Chidng minh EH song song FG.

Lai giai
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la) Ta cé CD =CE nén tam giac CDE can tai C. Suyra CDE = CED _180°-ACB _ACB_

Ap dung tinh chat géc ngoai trong tam gidc AJE, ta cé

KJTE:E\EJ—E/A\JZBO —ACB_B,;C:ABC:,/BB.

Suy ra t gidc BIJD ndi tiép.
b) Do t gidc BUD ndi tiép nén BJI = BDI = 90°.

— . — BAC ) g N
Vi AJB=90° va JAB :T =45° nén tam gidc JAB vubng can tai J.
Theo gia thiét K la trung diém cla AB, ta cé JK L AB.
Chd vy rang IF// AM// JK (cung vubng géc véi AB) va ID// AH (cung vuéng géc véi BC), ta cé
JF_K_J_1D
AM KM JA AN’
Vi IF =ID nén AM = AN.
c) Budng thidng qua Q vudng géc véi ID cat AC, AB lan ludt lai R, S.
Vi IQR = IQS = IER = IFS = 90° nén céc t gidc IQER, IQSF nbi tiép.

—_

Chd y rang tam gidc IEF cantai |, ta c6 IRQ =IEQ =IFQ =1SQ. Suy ra, tam gidc IRS cén tai |.
Do IQ L RS nén Q latrung diém cla RS.

Ta cé RS//BC (cung vudng géc véi ID) va P, Q 1an lugt 1a trung diém cha BC, RS nén A, P, Q
thang hang (theo bé dé hinh thang).

2a) Budng tron (O) ti€p xuc véi céc canh

cta hinh thoi ABCD nén O Ia trung diém
cla hai dusng chéo AC va BD.

Ta thdy O la tAm dudng tron bang tiép cla
tam gidc DGH.

Suy ra (5/07—1:180°—O/a—l—a-i\6

180°~DGH 180°~DHG
2

 DHG+DGH _ 180°—GDH

- 2 2

~180°—

Do tam gidc DAC can tai D nén DAC = DCA =M.

K&t hdp hai diéu trén, ta thdy GOH = DAC = DCA.
T d6 COG =180°—GOH — AOH =180°— OAH — AOH = AHO.
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OA AH

Suy ra AOAH«»AGCO (g.g) = _——="= AH.CG=0A0C =0A%
GC CO
b) Chiing minh tudng tu' vy trén, ta c6 AE.CF = 0A? = AH.CG.
AE AH s CAT) . A Tl ~~p
Suy ra K = o Chd y rang EAH = GCF, ta suy ra AAEH« ACGF (c.g.c) = AEH = CGF.

Lai c6 AEG = CGE (do AB//CD) = HEG = FGE.
Vay EH//FG (diéu phai ching minh).

Ciu 46. (Dé thi chuyén tinh Tuyén Quang nam 2023 - 2024)

Cho tam gidc tu ABC c6 ABC > 90° ndi ti€p dudng tron (O) Ti€p tuyén tai C cla (O) cat dudng
thang AB tai S. L8y diém P thudc mién trong tam gidc OAC sao cho SC = SP. Budng thang

SP cit (O) tai hai diém E, F (E & gitta S va F). Céc dudng thing AP, BP cit lai (O) lan luct tai
K, L. Chdng minh rang:

a) AACS«»ACBS.

b) APS = PBS.

c) T gidc EKLF la hinh thang can.

Lai giai

a) Xét tam giac ACS va tam gidac CBS cé:

ASC chung; CAS =BCS (9dc ndi tiép va gdc tao bai
ti€p tuyén va day cung cung chian mdt cung)

= AACS«> ACBS (9.9).

b) Theo chiing minh céu a, ta c6 AACS«»ACBS

= SC = SA — SC? =SASB.
SB SC
Ma SC = SP (gid thiét) nén SP? = SA.SB
SP SB
=>—=—
SA SP
Xét tam gidc SAP va tam gidc SPB cé
ASP chung; izﬁ (chi'ng minh trén)
SA SP

= ASAP «» ASPB (c.g.c) = KP\S = ﬁB\S

c) Theo chiing minh cdu b, ta cé6 ASAP - ASPB = SAP = SPB.

M3t khdc SAP =BLK (hai géc ndi ti€p cung chan éT() v3 SPB=FPL (d&i dinh) nén BLK = FPL.
Ma hai géc nay 8 vi tri so le trong nén PF//KL = EKLF |3 hinh thang.

M3 EKLF ndi tiép (O) nén EK =FL = EL = FK = EL = FK,
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Vay EKLF la hinh thang can.
Cau 47. (DBé thi chuyén tinh Vinh Long nam 2023 - 2024)

Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) Ké dutng cao AH cla tam gidc
ABC (H thubc BC). Goi P, Q 1an lugt la chan cla dudng vudng géc ké tir H dén céc canh
AB, AC.
a) Chdng minh P/Q\H _BAH.
b) Hai dudng thing PQ va BC cit nhau tai M. Chiing minh AMQH«» AMHP va MH?> =MBMC.
c) Budng thdng MA c3t dudng tron (O) tai K (K khdc A). KH c3t dudng tron (O) tai D (D
khdc K ). Goi J la trung diém cta HD. Chidng minh JQ = JC.
Lgi giai
a) Xét t’ gidc APHQ cé

APH + AQH = 90° + 90° =180°
= APHQ la t& gidc ndi tiép
= PQH = BAH.
b) Tacé P/C\)\Hzg—l\P Ma gA\HzB/H\P (cung
phu P/BII) nén %T—I:m

Xét AMQH vd AMHP c¢6 MQH = MHP;

m la géc chung
= AMQH< AMHP (g.9)

MQ _MH

VIRV ia MH? =MPMQ. (1)

Ching minh dudc t( gidc BPQC ndi tiép = MBP :f\TQ\C (cung bu P/B?C).
= MB MP
Ta lai cé BMP la géc chung = AMBP«»AMQC (g.9) = — = ——= MH? =MP.MQ. 2
] géc chung QC (9.9) MO = MC Q (2
TU (1) va (2) suy ra MH? = MBMC.
c) Vi AKBC Ia t& gidc ndi ti€p nén MKB = MCA (cung bu vdi /@).

Ma AMC I3 géc chung nén AMKB<»AMCA (g.g) = MK _MB _ Mkma =mBMC.
MC MA

M&t khdc MH*> = MBMC = MH*> =MBMC = MH? = MK.MA.

Do AAHM vubng tai H nén HK la dudng cao cla tam giac AHM (Vi AMHA« AMKH

= AK L KH= AK L KD = AD I3 dudng kinh cla (O)

Suy ra ACD =90° nén DC L AC.
Ma HQ L AC = DC//HQ nén HQCD Ia hinh thang.
Goi N la trung diém cla QC = JN la dudng trung binh cta hinh thang HQCD
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= JN//HQ = JN L QC.
Suy ra JN la dudng trung truc ciia QC = JQ = JC.
CAau 48. (Dé thi chuyén tinh Vinh Phic nam 2023 - 2024)

Cho tam gidc ABC cé ba géc nhon, AB < AC va nbi tiép dudng tron (O) Dusng thang AO cat
dudng thang BC tai diém E. Goi M la trung diém cla doan thang BC. Dudng thang AM cat
dudng tron (O) tai diém N (N # A). C4c tiép tuyén clia dudng tron (O) tai diém B, C cét nhau tai
diém D.

a) Chiing minh AOND |3 t gidc ndi tiép va tia DO |a phén gidc cla ﬁ\l

b) Dudng thdng AD cat dudng tron (O) tai diém P (P # A). Dudng tron ngoai ti€p tam gidc AME
ct dudng tron (O) tai diém F (F = A). Chiing minh ABPC = ACPB va ba diém E, F, P thing
hang.

c) Ké dutng kinh AK cla dudng tron (O) Ching minh 3 diém D, K, F thang hang va dutng
thang FN di qua trung diém cla doan thang DM.

Lai giai

a) Xét dudng tron (O) c6 BD 1 BO, CD 1 CO (tinh

chat tiép tuyén)

= DBO =DCO = 90° = DBO + DCO = 180°

= OBDC |a t( gidc ndi tiép.

Tacé OB=0C, MB=MC, DB=DC (0]

= 0O, M, D cling thubc trung truc cta doan BC.

Suy ra MOMD =MBMC.

Ma t& gidc ABNC ndi tiép nén MBMC = MAMN
= MOMD = MAMN = AOND I3 t& gidc ndi tiép K

:ﬁz%sda&:%sda\\l:ﬁ

= DO la phan giac cta @ D

b) Xét ADBP va ADAB cé BDP chung; D/BTD=5ATB
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):>AB AD

. ADBP<ADAB (g.9) = 28 - AD.
(99)= 55 =g

Tuadng tu, ta c6 ADCP«» ADAC = AC _AD = — AB_AC = AB.CP = ACBP.

CP DC BP CP
Ap dung dinh ly Ptoleme cho tf gidc ABPC nédi tiép ta c6 AP.BC = ABCP+AC.BP

AP BP

= 2AP.CM=2ACBP = .
AC CM

Xét AABP va AAMC cé ﬁz BP XP\B A/CTA
AC CM’

= AABP < AAMC (c.g.c) = ABP = AMC.

Lai ¢ t& gidc ABPF néi tiép nén ABP =180°— AFP.
Vit gidc AMEF ndi ti€p nén AME =180°— AFB

— AFP = AFE = E, F, P thang hang.

c) Ap dung hé thdc lugng cho AOCD vudng tai C, ta cé6 OM.OD = OC? = OF?

OF OD
=
oM OF

= AOMF > AOFD (c.g.c)
— OFD = OMF = 90°— CMF = 90°— FAE = 90°— AFO
— AFD = 90° = AF L FD.

Ma AF L FK nén D, F, K thdng hang

Goi Z, X lan lugt la giao diém clia FN vdéi BC, DM.

Goi T la giao diém cha KZ véi MF.

Ta c6 DC? =DK.DF =DM.DO = OMKF I3 t( gidc néi tiép

= KMF =KOF = 20AF =2FMS

— KME = FME = FAO = KNF = MNKZ 13 t& gidc nbi tiép

= KZM =180°—~MNK = 90° = KZ // DM.

Lai c6 ATMK cé MZ la dudng cao dong thdi la phén gidc = ZT = ZK.

ZT FZ ZK

Do TK//DM nén =—=—=="—"2"
MX FX DX

= XD =XM = X |3 trung diém cha DM.
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Vay FN di qua trung diém cla doan thang DM.

Ciu 49. (Bé thi vong 1 chuyén Khoa hoc Tu nhién Ha N6i nam 2023 - 2024)

Cho hai dudng tron (O) va (O') c6 dinh cit nhau tai A va B sao cho O ndm ngoai (O') va O'
n&m ngoai (0). Trén dutng tron (O) 1dy diém P di chuyén sao cho P ndm trong duting tron
(0'). Puding thdng AP cit (O') tai C khdc A.

1) Chidng minh rang hai tam gidc OBP va O'BC déng dang.

2) Goi Q la giao diém cla hai dudng thang OP va O'C. Ching minh rdng (jB\C + ABP = 90°.
3) L&y diém D thubc (O) sao cho AD vudng géc O'C. Chiing minh rang trung diém cla doan
thdng DQ luén nam trén mdt dudng tron cd dinh khi P thay déi.

Lgi giai

1) Ta cé: POB = 2PAB =BO'C nén hai tam gidc OBP va O'BC doéng dang.

2) Tu céu 1) ta thu dugc OPB=0'CB nén t gidc BPQC ndi tiép. Suy ra
1 —

(ﬁ:(ﬁ:ﬁ:gm—imp:go*’—@.

3) CQ cat AD tai N. M la trung diém cua DQ.

Ta cé: B/Q\C — BPC =BAN nén tif gidc DNQB ndi tiép.

Suy ra D/BI) =90°.

Suy ra MD = MB = MQ, ta thu dugc OM 1 BD.

TU céu 1) tacling cé B/OB :ﬁ) nén t gidc BOO'Q ndi tiép (K)
Ké dudng kinh QS cua (K) thi D, S, B thang hang.

Ta c6 MK//DS nén OMK =90°. Do O, B, 0" ¢8 dinh nén K c8 dinh.

Vay M chuyén ddng trén dudng tron dusng kinh OK ¢6 dinh.

Ciu 50. (Pé thi vong 2 chuyén Khoa hoc Tu nhién Ha N6i nam 2023 - 2024)

Cho tam gidc ABC nhon véi AB < AC ndi tiép trong dudng tron (O) ¢4 tiép tuyén tai A cla (O)
cdt BC 8 T sao cho TB>BC. Goi P va E lan lugt Ia trung diém cGa TA va TC.
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1) Chiing minh rang t& gidc APEB ndi tiép.

2) Goi giao diém th( hai cia AE Vdi (O) la F.Lay G thubc (O) sao cho FG song song vdi AC.
Chdng minh rang ATG = TAF.

3) Goi H la truc tdm cla tam gidc ABC, D |a giao diém cia AH va BC. M I3 trung diém cta BC.
K d6i xtng véi A qua BC. N thubc dudng thdng AM sao cho KN song song véi HM . Lay S thubc
BC sao cho NS L NK.Dung R thudc tia AK sao cho AR-AH = AD?. Q la diém sao cho PQ L AS
va SQ L AO. Chiing minh rdng diém ddi x(ing cia A qua QR thubc dudng tron dudng kinh DN .
L&i giai

1) Vi AT |a tiép tuyén cla (O) nén ta dugc TA> =TB.TC.

Nhu vay, ta dugc TP.TA = %TA2 - %TB.TC - TB.TE.

Do d4, t’ gidc APEB la td gidc ndi tiép.
2) Vi EP la duding trung binh clia ATAC, AFGC I3 hinh thang cén va AT 13 tiép tuyén cta (O)

— — e~~~ e~ e~ -

nén ta thu dugc AEP =EAC =FAC =GCA =TAG va GAC =FCA =TAF =PAE.

Nhu véy, ta dugc AAEP < AACG (g.g) va dan dén L5 _AP
AC AG
Lai chldy rang AT =2AP va AC = 2EP, ta thu dudc AE _2AE_2AP AT )
EP AC AG AG
Két hgp vdi AEP = TAG ta thu dudc AAEP«» ATAG (c.g.c).

Do d6, ATG = TAF.

3) Goi AY la dudng kinh ctia (O) L va Y, lagiao cia AY vdi QS va KN. Theo tinh chat quen
thudc ta cé M la trung diém cla HY nén theo bd dé hinh thang ta dugc N la trung diém cda KY,
Vi SN LKY, va SD la dudng trung truc cia AK nén S la tdm ngoai tiép clia tam gidc AKY,.

Vi QS L AO nén AY, LSL 1a S latdm (AKY,) nén L Ia trung diém AY, . Theo tinh chét dudng
trung binh ta dugc DN//AO va NL// AD suy ra t& gidc ADNL la hinh binh hanh.

Goi Z la giao diém cha DL va AN thita dugc Z la trung diém cda AN va DL.

Goi A" d8ixdng cia A qua R, X la giao diém ctia NL véi BC, A' 1a giao clia AX véi (R) thi
XA' LA'A" nén A' thudc dudng tron (DN).
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Ap dung dinh Iy Thales t duo-AD—AD—AH—AM—AM
Paung dinh ly Thalesta WO A" "2AR T2AD 247 AN

|4

Y

Theo dinh Iy Thales d3o ta suy ra NA"//DM nén NA" L DA" suy ra DXNA 13 hinh chir nh4t va

D, X, A", N thuéc (DN).

Goi U, v lan luadt la giao diém clia QS va QP vdi AH; W3 giao cia AO va BC.

Ta co: AQUVwAAWS(g.g) (do 2tam gidc nay cé céc cap canh tusng ng vudng géc).

TUV ké VG'LQS Vi SQ//AT nén VG' L AT.

Vi dudng qua T vudng géc véi AS va dudng qua S vudng géc véi AT ddng quy tai truc tdm

tam gidc ATS trén AH nén VG' phai di qua trung diém J clia AS.

M3t khdc JG'// AL (cung vudng géc vdi QS nén G' la trung diém LS)

Theo tinh chit dudng trung binh clda tam gidc AANA", ADLS ta dudc G'Z//DS,RZ//NA" ma

NA"//DS nén G' z, R thang hangva G'R L VU.

Vi AVG'U» ASLW (g.g) (VG'U=WLS =90° va VUG'=LWS) vi LX va G'R I3 hai dudng cao
WX

. VR
tuang Ung cla hai tam gidc nay nén tu tinh tusng Uing clia dong dang ta dudc RU ZK'

Tir déy két hgp véi AQUV « AAWS (g.g) ta dudc AQUR»AAWX (c.g.c) suy ra QR vudng géc véi
AX.
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Vi QR L AA' ma R thudc dudng trung truc ciia AA' nén A va A' d6i xing nhau QR .

Vay diém dGi xdng cia A qua QR la A’ thudc (DN).

Cau 51. (Bé thi vong 1 chuyén Su Pham Ha N§i nam 2023 - 2024)

Cho hinh binh hanh ABCD cé ABC = 120°, BC = 2AB. Dung dudng tron tdm O dudng kinh AC.
Goi E, F 1an lugt 1a giao diém thd hai ctia AB, AD V3i dudng tron (O) Pudng thang BF 1an lugt
c3t cdc dusng thang BC, BD tai H, S. Chdng minh:

a) Tam gidc ABD la tam gidc vudnag.

b) T gidc OBEH la t& gidc ndi tiép.

c) SC Ia tiép tuyén ctia dudng tron (0).

Li gidi

a) Goi Kla trung diém cha doan AD E
Ta c6 tam gidc ABK déu (do AB=AK=a va

BAK —60°)

Suy ra ABK = 60° (1)

v

7
4aN

9

Tam gidc KBD cén tai Kva BKD = 120°

Suy ra KBD = 30° (2) \

Tu (1) va (2) suy ra /XEE):9OO S
Vay tam gidc ABD I|a tam gidc vubng tai B

b) Do d6 OB L AE va OA =OE, suy ra Bla trung diém cta AE.

Xét tam gidc EAF cé Bla trung diém cta AE va BH // AF nén H 13 trung diém cla EF.
Suyra OH LEF.

T gidc BEHO cé OBE — OHE —90° t gidc BEHO 13 t gidc ndi tiép.

—_—

¢) Ta c6: CHS=BHE. Do t gidc BEHO nbi tiép nén BHE =BOE =BOA =COS.

Suy ra §C\O=S/H\O:90°. Vay SC Ia tiép tuyén cla dudng tron (O)

Ciu 52. (Dé thi chuyén vong 2 Su Pham Ha Ndi nam 2023 - 2024)

Cho tam gidc ABC. Buting tron (1) ndi ti€p tam gidc ABC lan lugt tiép xtic céc canh BC, CA, AB
tai cdc diém D, E, G. Hai dudng thdng DE, DG 1an lugt cat dudng phan gidc ngoai ciia géc BAC
tai M, N. Hai dudng thdng MG, NE c3t nhau tai diém P. Ching minh:

a) EG //MN.

b) Diém Pnam trén dudng tron (l)

Lai giai
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M

a) Vi | 13 tAm dudng tron ndi tiép tam gidc ABC nén Al 1a phan gidc trong clia géc BAC. Ma AM
I3 phan gidc ngoai clia géc BAC nén MN L Al
Do AE,AG 2 hai tiép tuyén clia duting tron (I) nén EG L Al. Vay EG L Al

—

b) Ta cé GDE:aE\A (9dc nbi tiép va gdc gilra tiép tuyén vdéi ddy cung cung chan mét cung)
Ma (%\A:m (so le trong) suy ra (ﬁ:m Do d4 t& gidc AEDN néi tiép. Vi thé
NED=NAD,

Chdng minh tuong tu ta cé td gidc AGDM néi tiép. Suy ra M/AB:@

—_—

Ta cé6 DEP +DGP =DEN+MGD =NAD +MAD = 180°
Suy ra td gidc DEPG néi tiép.
Vay diém Pnam trén dudng tron (l)
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