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TUYEN CHON CAC BAI TOAN BBT - GTNN, GTLN TRONG
Ki THI CHUYEN NAM HOC 2023 - 2024

Bai 1. (Dé thi vao 10 hé chuyén Todn tinh Bic Ninh nam hoc 2023 - 2024)

Cho cdc sé thuc dudng a, b, ¢ théa man a+b+c =3. Chding minh rang 15 >6—abc.
ab+bc+ca

Bai 2. (Dé thi vao 10 hé chuyén Todn tinh Ba Ria - Viing Tau nam hoc 2023 - 2024)
Vi céc sb thuc dudng a, b, ¢ thay ddi thod man abc =1. Tim gid tri nhd nhat cda biéu thic:

a’ b? c?

Jirea)irar) Jireo)1rec) (iroc)irsa)

Bai 3. (Dé thi vao 10 hé chuyén Todn tinh Can Tho nam hoc 2023 - 2024)
Cho a, b, c |a cdc sé thuc khéng nhd hon 1.

Jab-1 +bc-1 +Jca-1 a+b+c

b+c+c+a+a+bS 4
Bai 4. (Dé thi vao 10 hé chuyén Todn tinh Bac Giang nam hoc 2023 - 2024)
Cho x, y, z la cdc sé thuc dudng va thda man diéu kién x+y +z = xyz.

1 N 1 . 1 .

Vi+x® l4y? 1+7°
Bai 5. (Dé thi vao 10 hé chuyén Todan tinh Cao Bang nam hoc 2023 - 2024)
Vdi a, b, ¢ 1a ba s6 thuc duang, chiting minh rang:

Chdng minh rang:

Tim gid tri I6n nhat cla biéu thic P =

a’ 1 b? ~ c? Ja+ b+c
\3a? +8b% +14ab 3b?+8c2+14bc  3c? +8a% +14ca 5

Bai 6. (Dé thi vao 10 hé chuyén Todn tinh Bén Tre nam hoc 2023 - 2024)

2-x 1+2x
+ )

1-2x 3x

Bai 7. (Dé thi vao 10 hé chuyén thanh phd Ba Nang nam hoc 2023 - 2024)

Cho céc s6 thuc dugng x, vy, z thod man xyz =1. Chiing minh rang:

2008(><2 +y? +zz)+15(l+1+1j22023(x+y+z).
X vy z

Cho s6 thuc x thda man 0 < x < % Tim gid tri nhd nhat cda biéu thic A =

Bai 8. (Dé thi vao 10 hé chuyén Todn tinh D3k Lk nam hoc 2023 - 2024)
Cho cdcs6 thuc x,y, z, t thdaman x* +y? +z° +t? =1.

Tim gid tri I6n nhat cha biéu thiic A = xy + xz + xt + yz + yt + 3zt .

Bai 9. (Dé thi vao 10 hé chuyén Todn tinh Binh Phudc nam hoc 2023 - 2024)

bc L c ab < a+b+c
2a+b+c 2b+c+a 2c+a+b 4
Bai 10. (Dé thi vao 10 hé chuyén Toan tinh H3d Nam nam hoc 2023 - 2024)

Cho a, b, ¢ 1a céc s dudng. Chiing minh:
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Cho a, b, ¢ 1a ba s6 thuc duong théa man diéu kién %+é+—2 =1.
a c

1 1 1

+ + .
J5a? +2ab+2b? ~/5b? +2bc+2c?  ~/Bc? + 2ca + 22
Bai 11. (Dé thi vao 10 hé chuyén Toan tinh Dong Nai nam hoc 2023 - 2024)

Cho hai s6 duong x va y thda man x+y =2.

Tim gid tri I6n nhat cda biéu thuc: P =

Tim gid tri nhd nhat cda biéu thic B= x> +y* + .
x> +y’

Bai 12. (Dé thi vao 10 hé chuyén Tin thanh phé Ha N6i nam hoc 2023 - 2024)

Véi céc s6 thuc a, b vac thod man (a+1)(b+1)(c+1)=(a-1)(b-1)(c-1).

Tim gid tri nhd nhat cha biéu thic A = ‘a‘+‘b‘+‘c‘.

Bai 13. (Dé thi vao 10 hé chuyén Toan thanh phdé Ha N&i nam hoc 2023 - 2024)

Vi cdc s6 thuc khéng 8m a, b va ¢ thda man a+2b+3c =1, tim gid tri I6n nhat va gid tri nhé nhat
cla biéu thic P = (a+6b+6c)(a+b+c).

Bai 14. (Dé thi vao 10 hé chuyén Toan tinh Ha Tinh nam hoc 2023 - 2024)
Cho cdc sé thuc a, b, c thdaman a>b>c;ab+bc+ca>0 va a+b+c=1.

1 1 1 5
+ + + .
a-b b-c a-c 2ab+bc+ca
Bai 15. (Dé thi vao 10 hé chuyén Todan tinh Hai Duong nam hoc 2023 - 2024)

Cho a, b, ¢ 1a cdc s8 khdng 4m va khdng ¢cé hai s8 nao ddng thsi bang 0. Chidng minh rang:

1 1+1>1O

a’+b’> b’+c® c’+a’ _(a+b+c)2.

Tim gid tri nhd nhat cha biéu thic P =

Bai 16. (Dé thi vao 10 hé chuyén Todan tinh Hai Phong nam hoc 2023 - 2024)
Cho céc s6 thuc a, b, c thod man a+b+c=0.
2a-1 2b-1 2c-1
2 T3 T )
a“+2 b°+2 c°+2
Bai 17. (Dé thi vao 10 hé chuyén Toan tinh Hoa Binh nam hoc 2023 - 2024)
Cho a,b>0 théa man a(a—1)+b(b-1)=ab.
a’+b®+2023(a+b)+4
ab '
Bai 18. (Dé thi vao 10 hé chuyén Toan tinh Hung Yén nam hoc 2023 - 2024)
Cho ba sé thuc dudng a, b, ¢ thda man ab +bc + ca = 3abc.

Tim gid tri nhé nhat cta biéu thuc: P =

Tim gid tri nhd nhat cha biéu thic: F =

Tim gid tri I6n nhat cda biéu thic T =\/ > Za +\/ > zb +\/ > ZC )
3b“c” +abc 3a“c” +abc 3a“b* +abc

Bai 19. (Dé thi vao 10 hé chuyén Toan tinh Khdnh Hoa nam hoc 2023 - 2024)

a) Ching minh (x-1)" +(y -1) +(z-1)" 22 (x+y -2)(z~1), véi moi x, v, z€ R.

b) Tim s6 thuc k nhé nhat sao cho b4t ddng thic sau ludn dldng véi moi x,y, ze R
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K (x=1)" +(v=1)" +(z-1) | 2|(x+y-2)(z-1)]
Bai 20. (Dé thi vao 10 hé chuyén Toan tinh Lai Chidu nam hoc 2023 - 2024)
Cho a; b; ¢ 1a céc s6 thuc duong théa man a+b+c=3.
ab bc ac 3
+ + <=.
Ji2+3 at+3 Jb*+3 2
Bai 21. (Dé thi vao 10 hé chuyén Todan tinh Lao Cai ndm hoc 2023 - 2024)

Chdng minh rang:

a) Cho a > 3. Tim gi tri nhd nhat cla biéu thic Q = a* +3£.
a

b) Cho ba s8 thuc duong a, b, c thdaman a+b+c<1.
a(3bc+1)’ b(3ca+1) c(3ab+1)
+ + >
c*(3ac+1) a’(3ab+1) b*(3bc+1)
Bai 22. (Dé thi vao 10 hé chuyén tinh Long An nam hoc 2023 - 2024)

Chdng minh rang:

Cho a>0,b>0 théaman 2a+3b<6 va 2a+b < 4. Chiing minh rang: —%Saz—Za—bsO.

Bai 23. (Dé thi vao 10 hé chuyén tinh Nam Dinh nam hoc 2023 - 2024)

Cho céc s8 thuc x; y; z thdaman 0<x, y,z<4.

Ching minh rang: x’y + y’x + z’x +16 > xy” + yz* + zx°.

Bai 24. (Dé thi vao 10 hé chuyén tinh Nghé An nam hoc 2023 - 2024)

Cho céc s6 thuc a, b, c théaman a,b,c>1 va a’ +4b”* +c? +2ab+12 =3(a+5b+c).
a’ at

a+(a+b)2 +a+c2 .

Bai 25. (Dé thi vao 10 trudng chuyén Pai hoc Vinh nam hoc 2023 - 2024)

Xét céc s6 thuc khdng 4m a, b, ¢ théa man a’ +b* +c? =1.

Tim gid tri nhé nhat cha biéu thic T =

1 N 1 N 1 .
Ja+l “b+1 e+2
Bai 26. (Dé thi vao 10 hé chuyén tinh Ninh Binh nam hoc 2023 - 2024)
Cho a, b, ¢ la céc s6 thuc duong théa man a+b+c =6.

Tim gid tri I6n nhat cda biéu thdc P =

2 WA b L C
Vb +1 N+l a1
Bai 27. (Dé thi vao 10 hé chuyén Tin tinh Phid Tho nam hoc 2023 - 2024)
Xétba s6 x; y; 2> 2 thda man 4xyz =9(x+y+2z)+27.

Chdng minh >2.

2 2 _ 2
\/x 4 N \/y 4 N \/z 4 .

X y z
Bai 28. (Dé thi vao 10 hé chuyén Toan tinh Phid Tho nam hoc 2023 - 2024)
Xét céc s6 thuc duong a, b, c.

Tim gid tri I6n nhat cda biéu thic Q =
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a N b N C
Ja? +9bc  b?+9ac  ~c?+9ab
Bai 29. (Dé thi vao 10 hé chuyén tinh Phi Yén nam hoc 2023 - 2024)

Tim gid tri nhd nhat cha biéu thic F =

P S A
x+1 y+1 x*+y y?+x

Cho x>1,0<y<1.Chuing minh rang:

Bai 30. (Dé thi vao 10 hé chuyén tinh Quang Tri nam hoc 2023 - 2024)
Cho cdc sé thuc dudng a, b, ¢ théa man ab +bc +ca = abc.
a) Ching minh a+b+c>09.

b ¢

b) Chdng minh a+b+c>4| 2+ =+ |45,
bc ca ab

Bai 31. (Dé thi vao 10 hé chuyén tinh Son La nam hoc 2023 - 2024)
Cho x, y, z la cdc sé thuc dudng thda man x+y +z = xyz.

1V1ex 1414y’ +1+\/z_2
X y z

Chuiing minh rang: < Xyz.

Bai 32. (Dé thi vao 10 hé chuyén tinh Ty Ninh nam hoc 2023 - 2024)
Cho a, b, ¢ la céc s6 thuc duong théa man a+b+c>6.

Tim gid tri nhé nhat cha biéu thic M :%(19a+22b+25c)+ 2(§+g+zj.
a c

Bai 33. (Dé thi vao 10 hé chuyén tinh Thai Binh nam hoc 2023 - 2024)
Cho 3 s6 thuc dudng x, vy, z thod man xy +yz +zx =1. Tim gid tri I6n nhat cda biéu thdc:

2x y z
= + +
X2 +1 \/y2 +1 W2+l
Bai 34. (Dé thi vao 10 trudng chuyén Quéc Hoc Hué nam hoc 2023 - 2024)
Cho hai s8 thuc dudng a, b thda man 4a® +b* =2.
43 b 2024
+ + )
2+b 1+a 2a+b
Bai 35. (Dé thi vao 10 hé chuyén tinh Tién Giang nam hoc 2023 - 2024)
Cho hai s6 thuc x va y thdaman x>1, y>1.

P —x? —28y? -287%

Tim gid tri nhd nhat cha biéu thic T =

>2.

a) Chiing minh rang
x—1
2 2
Y
y—-1 x-1

Bai 36. (Dé thi vao 10 hé chuyén thanh phé Hé Chi Minh nam hoc 2023 - 2024)

b) Tim gid tri nhd nhat cta biéu thic T =

Cho cdc sé thuc dudng x, y, z thda man \/1+4xy+2x+2y +2z=5.
L 12
\/(2x+1)(2y+1) 2z+1 3

a) Chiing minh

€9 | www.facebook.com/mathexpress.vn (©]1900 633551 4



www.mathexpress.vn

CLB Toan béi duéng MathExpress

x+1 N y+1 +22+3.
2x+1 2y+1 4z+2
Bai 37. (Dé thi vao 10 hé chuyén tinh Vinh Long nam hoc 2023 - 2024)
x> +10
Bai 38. (Dé thi vao 10 hé chuyén tinh Vinh Phiic nam hoc 2023 - 2024)
a) Cho ba s6 thuc duong a, b, ¢ thod man ab+bc+ca=1.
2a N b N C .
Vita® V1+b® J1+¢?
b) Cho ba s8 thuc khéng dm a, b, ¢ thod man ab+bc+ca+abc<4.

b) Tim gid tri nho nhat cta biéu thic P =

Tim gid tri nhé nhat cda biéu thic

Tim gid tri I6n nhat cha biéu thic: P =

Ching minh rdng a+b+c>ab+bc +ca.
Bai 39. (Dé thi vao 10 trudng chuyén Khoa hoc tu nhién (vong 1) ndm hoc 2023 - 2024)
V4i a, b, ¢ la cdc s6 duong thod man diéu kién ab +bc +ca=1. Chdng minh rang

1+ 12 1+ 12 1+ 12 > 4.
1+a 1+b l+c

Bai 40. (Dé thi vao 10 trudng chuyén Khoa hoc tu nhién (vong 2) nam hoc 2023 - 2024)
V4i x,y,z la nhitng s6 thuc duong, tim gid tri nhd nhat cda biéu thic:

x*—x®+3 . v -yt +3 . -z +3

M=—— 2.2 2.2
Xy +zx+zy yZP4xy+xz Z2XP+yz+yx
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HUGNG DAN GIAI CHI TIET
Bai 1. (Dé thi vao 10 hé chuyén Todn tinh Bac Ninh nam hoc 2023 - 2024)

Cho cédc sé thuc dudng a, b, ¢ théa man a+b+c =3. Chding minh rang 5 >6—abc.
ab+bc+ca

L&i gidi
Ta s& chiing minh (3-2a)(3-2b)(3-2c) < abc. (1)

Néu (3 —2a)(3 —2b)(3 —2c) <0 thi (1) ding.

Tacé
2

(3-2a)(3-2b)< WJ ¢
2

(3-2a)(3-2¢)< %] =b’ } = (3-2a)(3-2b)(3-2c)<abc.
2

(3-2c)(3-2b)< WJ -

D&u "=" bat ddng thic (1) xay rakhia=b=c=1.
TU (1) ta cé 27—9(2a+2b+2c)+3(4ab+4bc+4ca)—8abc < abc
€ 27-9.6+12(ab+bc +ac)-8abc < abc (do a+b+c = 3)

< abc 2£(ab+bc+ca)—3.
3

Ldc nay abc+L2£(ab+bc+ca)+ 12 + 3 -3
ab+bc+ca ab+bc+ca ab+bc+ca
12 9

22\/%(ab+bc+ca) ~-3=8+1-3=6.

ab+bc+ca +(a+b+c)

Suy ra AV >6—abc (diéu phai chdng minh).
ab+bc+ca

D3u"="xayrakhia=b=c=1.
Bai 2. (Dé thi vao 10 hé chuyén Todn tinh Ba Ria - Viing Tau nam hoc 2023 - 2024)
V4i céc s6 thuc dudng a, b, ¢ thay ddi thod man abc =1. Tim gid tri nhd nhat cda biéu thic:

2 2 2
a b C
P= + + .

\/(1+8a3)(1+8b3) \/(1+8b3)(1+8c3) \/(1+8c3)(1+833)

Li gidi
Ap dung bat dang thic Cdsi ta dugc:

_ 2
J1+8a° :\/(1+2a)(1—2a+4a2) < 1+23+12 2at4a’ 5.0 4

Tuong tu, ta cé: V1 +8b® <2b% +1;V1+8c® <2c? +1.
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a2 b2 2

Do do: P> (20 +1)(27 1) (267 +1)(2 +1) " (26 +1) (20" +1)

a’ b? c? S
(2a2 +1)(2lo2 +1) " (2b2 +1)(2c2 + 1) " (2c2 +1)(2a2 +1) N

Wl

- (*)

Tiép theo ta ching minh:

Thét vay: (+) & 3[2(:;12192 +b%c? + %)+ 2 + b +c2} > (227 +1)(2b% +1)(2¢* +1)

& Z(azb2 +b*c” + c2a2)+ (a2 +b* + cz) >9.
Diéu nay hién nhién ding do a’b? +b%c? +c%a’ 3¢a*b'ct =3 vi a? +b? +¢2 > 3Ya?b?c? =3,
Vay GTNN cua P:% dattaia=b=c=1.

Bai 3. (Dé thi vao 10 hé chuyén Todn tinh Can Tho nam hoc 2023 - 2024)
Cho a, b, c |a cdc sé thuc khéng nhd hon 1.

\/ab—l \/bc—l \/ca—l at+b+c
+ + < .
b+c c+a a+b 4

Chdng minh rang:

Lgi giai
Ap dung bat dang thic AM-GM, ta cé: Jab-1 < \/ab x 1 agrovl a—l )
b+c ~ 2dbc  2Vc bc 2\cl b

Lai theo bat ddng thic AM-GM, ta cdé: % l(a—lJ _%.u :l(l+a—lj.

c b 2 4\ c b
vab — + 1
_4 c

Suy ra —= .
Y b+c b

Tuang tu, ta cé: b < b—— i S— —+c—l .
c+a 4 a c a+b  4(b a

\/ab—l \/bc—l \/ca—l a+b+c
+ + < .

Cbng Vvé theo V& cdc bat ddng thirc trén, ta dudc: <
b+c c+a a+b 4

Dang thic xdy rakhi a=b=c= V2.

Bai 4. (Dé thi vao 10 hé chuyén Todn tinh Bic Giang nam hoc 2023 - 2024)
Cho x, y, z la céc sé thuc dudng va thda man diéu kién x+y +z = xyz.

1 N 1 1

Tim gid tri I6n nhat cla biéu thic P = + .
J1+x2 \/1+y2 J1+72

L&i giai
Ttrgiéthiétx+y+z=xyz,tac6i+i+i:1.
Xy yz Xz
’E)ata—l b:l;c:lja,b,c>0.
X y z
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a b c

Gid thiét trd thanh ab+bc+ca=1 va P = + + )
J1+a? 1+b2 \/1+c2

Dé vy rang:

a’+l=a’+ab+bc+ca= a+b)(

v\—/

(
b’ +1=b’+ab+bc+ca=(b+a)(b+
c’+1l=c +ab+bc+ca:(c+a)( )

a b c

\/(a+b) a+c +\/(b+a (b+c +\/(c+a)(c+b)

R T R e
a+b Va+c b+a Vb+c c+a c+b

Theo b4t d3ng thic AM-GM, ta cé: P<l + a + + + ¢ + C hay PSE.
a+b a+c b+a b+c c+a c+b 2

Lic nay,tacéd: P=

D&u " =" xay ra khi va chi khi a:b:c:iax:y:z:\/g.

V3

Vay gid tri I6n nhat cla Pzgax:yzz:\/g.
Bai 5. (Dé thi vao 10 hé chuyén Todn tinh Cao Bang nam hoc 2023 - 2024)
V4i a, b, ¢ 1a ba sé thuc dudng, chding minh rang:
a’ b’ c’ a+b+c
+ + > .
V32 +8b2 +14ab  \3b? +8c? +14bc  +/3c® +8a’ +14ca 5

Lgi giai
Trudc hét ta chiting minh bat dang thic sau:
2 p? (a+b)2

V@i 4 séthuc a, b, x,y va x,y >0, tacs: +2 > )
Xy X+y

DU " =" xdy ra khi 2= 2.
Xy

That vy, ta viét bat dang thic (*) dudi dang:
azy(x+ y) +b2x(x+ y) > (a + b)2 Xy & (ay —bx)2 >0 (ludn didng).
D&u " =" xay ra khi i=9.
Xy
2 p2 2 (a+b)2 c? (a+b+c)2

Ap dung bt ddng thic () hai lan ta dugc: Tt >
X y z  xX+y Z  X+y+z

D4u " =" xay ra khi EZEZE_
X y z
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Ap dung, tacé: 3 il > (a+b+e)
p dung, ta cé: > )
o 3a? +8b% +14ab > v/3a® + 807 +14ab

cyc

M3t khdc, theo b4t ddng thiic GM — AM, ta ¢cé

3a+2b)(a+4b
Z\/3a2+8b2+14ab:Z(\/3a+2b~\/a+4b)sz( g( )=5(a+b+c)
cyc cyc cyc
2
2 b
32 a 2(a+ +C) _athb+c
S\3a> +8b? +14ab 5(a+b+c) 5
2
= 2 > 3+B+C 41y phai ching minh).
&< \/3a2 +8b? +14ab

D3u"="xayrakhia=b=c.
Bai 6. (Dé thi vao 10 hé chuyén Todn tinh Bén Tre nam hoc 2023 - 2024)
Cho s8 thuc x théa man O<x<1.T‘|m gid tri nhd nhat cla biéu thic A = kX +1+2x.

2 1-2x 3x
Lai giai

1 2

2-= 1+=
Déta:l,a>2.KhidéA= a .y a:2a—1+a+2=2+ 2 +a—2+£.
X 1_3 3 a-2 3 a-2 3 3

a a

Ap dung bat ddng thic AM—GM cho hai s6 dudng - va a_z,ta dudc
a_
A»242|-> 3-2.4_16
a-2 3 3 3

D3ng thidc xay ra khi va chikhi a=5 < x =%.
Bai 7. (Dé thi vao 10 hé chuyén thanh phd Ba Nang nam hoc 2023 - 2024)
Cho céc s6 thuc dudng x, vy, z thod man xyz =1. Chiing minh rang:

2008(><2 +y? +zz)+15(1+1+1j22023(x+y+z).
X y z

Lai giai
Ap dung bat dang thic AM — GM, ta cé: x+y +z > 33/xyz = 3.

(x+y+z

2
) +15 9

1 1
_+ —
X+y+z

Ta cé: 2008(x2 +y? +z2)+15(l+ —) >2008
X vy z

(x+y+z 9

X+y+z

2
Patt=x+y+z (t > 3), ta phai ching minh: 2008. ) +15. 22023(x+y+z)

2

Tdc I3 2008.% - 15.% > 2023t

< 2008t3 + 405 > 6069t
e (t —3)(2008t2 —45t—135) >0. (1)
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M&t khdc 2008t* - 45t 135 =1993t” +15t” —45t-135 =1993t” +15t(t-3)-135
>1993.3 +15.3.0-135>0

= 2008t* —45t-135>0.

Do d4 b4t dang thuc (1) ddng.

Vay bai todn dudc ching minh

Diu"="xdyrakhi x=y=z=1.

Bai 8. (Dé thi vao 10 hé chuyén Todn tinh D3k Lak nam hoc 2023 - 2024)

Cho cdc s6 thuc x,y, z, t thdaman x* +y’ +z° +t? =1.

Tim gid tri I6n nhat cda biéu thic A = xy + xz + xt + yz + yt + 3zt .

Lgi giai

V4&i moi s6 thuc o >0, ta cd

20A =2axy + 2axz + 2axt + 2ayz + 2ayt + 2a3zt

< 2aA = a(2xy) + 2x(az) + 2x(at) + 2y(az) + 2y(at) + (22t)(3a)

& 2aA < oz(x2 +y2) +x° +(az)2 +x2 + (oct)2 +y? +(az)2 +y? +(at)2 +(z2 +t2)(3a)

& 2aA < (a + 2)(x2 + y2)+(2052 + 305)(22 +t2).

3+\/g

2

Do biéu thic trén dling véi moi sé thuc a >0 nén ta chon a = %: a+2=2a’+3a =
Khi dé 2aA <(a+2)(x* +y*)+(2a” +3a)(2 + ) = (a+2)(x* +y* +2* + )

<:>A<oc+2_2+\/g
- 2a 2

VAy gid tri 16n nhat cha biéu thic A |a

dat dudgc khi:

2+\/§
2

5-+5
X:y: _—
20
X=y X=y
20
X=az=at Six=az=at & .
L _¥5-1 51 x:y:_ﬂ
2 2 20
xXX+yi+z22+ti =1 xXX+yi+22+tt =1 et 5++/5
I 20
Bai 9. (Dé thi vao 10 hé chuyén Todn tinh Binh Phudc ndm hoc 2023 - 2024)
Cho a, b, ¢ la cdc s6 duong. Ching minh: be @ ab < atb+c
2a+b+c 2b+c+a 2c+a+b 4
Lai giai
, . s , 1 1 4
Chung minh dudc bat dang thic —+—2>
a b a+b
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. 1 1 4 1/ 1 1
Tacé == <= +—
2a+b+c 4 (a+b)+(a+c) 4\a+b a+c
N bc Sl bc N bc (1)
2a+b+c 4la+b a+c
Tudng ty, ta cé: —= sl ac 2 (2)
2b+a+c 4\b+c b+a

ab Sl(abJrab] (3)
2c+a+b 4\a+c b+c
Cong (1), (2) va (3) vé theo vé ta dugc

1( bc bc ac ac ab ab
= + + + + +
4\a+b a+c b+c b+a a+c b+c

1 bc ca bc ab ca ab at+b+c
4/la+b a+b at+c a+c b+c b+c 4
D3u "="x3yrakhia=b=c.
Bai 10. (Dé thi vao 10 hé chuyén Toan tinh H3 Nam nam hoc 2023 - 2024)

VT <

Cho a, b, ¢ 1a ba s6 thuc duong théa man diéu kién %+%+—2 =1,
a c

1 1 1

Tim gid tri I6n nhat cha biéu thuc: P = + + )
J5a% +2ab+2b?  /Bb2+2bc+2c?  ~/5¢? +2ca+ 2a’

L&i giai
Véi a,b>0, tacé: 5a? +2ab+2b” =(2a+b) +(a—b) 2(2a+b)’

— 532 +2ab+2b > (2a+b)2 =2a+b

1 1 1AL 1(2. 1
= < | —4+—F+—|=—|—+—
J5a2 +2ab+2b? 2a+b 9la a b) 9la b

Tuadng tu: d Sl(ngl]; 1 gl(ngl]
JBb2 +2bc+2c2 9\b c) 5c? 42ca+2a2 9

surapslf2,1,2,1,2,1) 11,1, 1) 1 (1.1 1) 1 5 43
9la b c c a 3 3 3

b 3la b c a’ b c
a=b=c

Dau"="xdyra<411 1 1 sa=b=c=+3.
a? b2 &

Vay maxPzg khia=b=c=+/3.

Bai 11. (Dé thi vao 10 hé chuyén Toan tinh Pong Nai ndm hoc 2023 - 2024)
Cho hai s6 duong x va y thda man x+y =2.

Tim gid tri nh6 nhét cta biéu thiic B=x* +y* + ——.
x*+y
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Lai gidi

TaCéi(X+V)2Sz(><2+y2):>4ﬁ2(x2+y2):>x2+y222

2 2 2 2 2 2
x+y+ 1 - X“+y :>x+y+ 1

Ap dung bit dang thiic AM — GM, ta cé: >
p . g g X2+y2 4(X2+y2) 4 x2+y2

Suy ra Bz§-2+1=§
4 2
X +y? =2
Dang thic xdy rakhi {x+y=2 < x=y=1
X=Yy

Vay minBzg khi x=y =1.

Bai 12. (Dé thi vao 10 hé chuyén Tin thanh phé Ha N6i nam hoc 2023 - 2024)
Véi céc sb thuc a, b va c thod man (a + 1)(b+ 1)(c + 1) = (a —1)(b—1)(c —1).
Tim gid tri nhd nhat cha biéu thic A = ‘a‘+‘b‘+‘c‘.
Lai gidi
TU gid thiét ta suy ra ab+bc+ac =-1.
Xét A’ =a° +b” +c’ +2‘ab‘+2‘bc‘+2‘ac‘ .
Theo bat d3ng thuc gid tri tuyét ddi, ta cé:
A’ =(a+b+c)2 +2(‘ab‘+‘bc‘+‘ac‘)+220+2‘ab+bc+ac‘+2=4
TU ddy kéthdp A>0=A>2.
D&u " =" xay ra nhiéu trudng hap, chang han (a;b;c) =(O;1;—1).
VAy gid tri nho nhat cla A la 2.
Bai 13. (Dé thi vao 10 hé chuyén Toan thanh phé Ha N&i nam hoc 2023 - 2024)
Vi cdc s6 thuc khéng 8m a, b va ¢ thda man a+2b+3c =1, tim gid tri I6n nhat va gid tri nhé nhat
cla biéu thic P = (a +6b + 6c)(a +b+ c).
L&i giai
S dung bat ddng thdc Cauchy-Schwarz, ta cé:

Pz(a+\/€b+\/€c)zz[@ 2\/_b+\/_cJ2=§(a+2b+3c)2 =%

M3t khdc, dé thay vdi a=b =0 va c—zl)) thi P-% Va ymlnP—i

SUr dung bat ddng thiic AM-GM, ta cé:
a+6b+6c+4a+4b+4cj2 _[5a+10b+10cJ2

4P:(a+6b+6c)(4a+4b+4c)s( - >

:E(a+2b+2c)2§§(a+2b+3c)z:é
4 4 4
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Tu dé Pﬁé. Mat khac, c:O,b:E va a:l thi P:E.Véy maxP:E
16 8 4 16 16

Bai 14. (Dé thi vao 10 hé chuyén Toan tinh Ha Tinh ndm hoc 2023 - 2024)
Cho cdc s thuc a, b, c théaman a>b>c;ab+bc+ca>0vaa+b+c=1.

1 1 1 5

Tim gid tri nhd nhat cta biéu thic P = + + + )
a-b b-c a-c 2yab+bc+ca

L&i gii

Tasﬁdungcécbétdﬁngthd‘cl+lz 4 > 22 véi m>0; n>0.
m n m+n  Jm?n?

D3u "=" xay ra khi m=n.
Tacéd: P= ! + ! + 1 + 5
a-b b-c a-c 2yab+bc+ca
4 1 5 5 5
> + +

= + .
a-c a-c 2\/ab+bc+ca a-c¢ 2\/ab+bc+ca

5 22 1042

N >5 =
a-c  2yab+bc+ca \/(a—c)2+4(ab+bc+ca) \/(a+c)2+4b(a+c)

1042 1042

=Pz = (doa+c=1—b)

J(a+c)(a+c+4b) \(1-b)(1+3b)
106 106 -

Lai co:

=>P2> > =5
\/(3_3b)(1+3b) 3-3b+1+3b
2
VAy gid tri nho nhat clia P biing 5v6 khi:
a>b>c
a>b>c 1 a:2+‘/g
atb+c=1 b=3 6
a—-b=b-c = 2 = b=l
atc=—= 3
a—c=2,/b(a+c)+ca 3 > C_z_\/g
3-3b=1+3b a—c=24f§+ca 6

Bai 15. (Dé thi vao 10 hé chuyén Todan tinh Hai Dudng nam hoc 2023 - 2024)
Cho a, b, ¢ la cdc s6 khdng dm va khdng cd hai s8 nao dong thasi bang 0. Chdng minh rang:

1 1 1 10
+ + 2 .
a’+b’> b’+c®> c*+a’ (a+b+c)2

L&i giai
Gidsl c= min{a,b,c} . Khi dé:
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2
2 2, 2 2 C
cfa=>c'fac=a" +c"<a +aCS(a+EJ s

2
csb:>c2£bc:>b2+c2sb2+bc£(b+éj :

2 2
a2+b’<|atS| +|b+S] .
2 2

1 1 1
2 2+ 2+ 2"
a+ S| +b+ S b+ < at s
2 2 2 2

bat x:a+£;y:b+%.Khidc’) x>0,y>0va x+y=a+b+c.

Suy ra VT(*) >

[ 1 1 1 1 2 1 1 3 4 3

Taco VT(*)Z P R T e R A S T + >— n
X“+y® oyt Xt x4yt Xy xT+yS 2xy 2xy X +y +2xy 2xy
-4 3, 4 52 10 10 gy
(x+y) 2V (x+y) (x+y)" (x+y) (a+b+c)
~ 2 . C:O CZO . \ ? \ 2 N ~ ? 2
Dau "=" xay ra khi = . Do vai tro cla a, b, ¢ binh dang nén dau "=" cua (*) Xay ra
X=y a=

khi va chi khi trong ba s6 a, b, ¢ ¢cé mdt s6 bang 0 va hai s6 con lai bang nhau.
Bai 16. (Dé thi vao 10 hé chuyén Todan tinh Hai Phong nam hoc 2023 - 2024)
Cho cdc sé thuc a, b, c thod man a+b+c=0.

2a-1 2b-1 2c-1

Tim gid tri nhd nhat clia biéu thic: P=——+——+=
a“+2 b"+2 c"+2

Lgi giai
Khdng mat tinh t8ng quat, ta gid s ab > 0.

(a+b+2)2 (c+1)2 _(c—2)2 +(c+1)2

Khidé P+3> = .
(a+b)2+4 c’+2 c*+4 42

(c—2)2 . (c+1)2

3 2 2 7’
>—<c(c-2) =20 (ddng).
c+4  ct+2 2 ( ) (ddng)

Xét bat d3ng thuc:

-3
Suyra P>—.
Y 2

D4u "=" xay rach3dnghankhia=b=c=0,a=b=-1,c=2.

-3
Vay P =—.
'y min 2

Bai 17. (Dé thi vao 10 hé chuyén Toan tinh Hoa Binh nam hoc 2023 - 2024)
Cho a,b>0 théa man a(a—1)+b(b-1)=ab.
a’+b®+2023(a+b)+4

ab '

Tim gid tri nhd nhat cha biéu thic: F =
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L&i gidi
T gid thiét a(a—1)+b(b—-1)=ab=a’ +b’ —(a+b)=ab
—a’+b*=ab+a+b.

Theo bt déng thiic AM-GM, ta cé: a® +b? > 2ab = ab+a+b>2ab=>a+b>ab. (1)
Laicé: ab+a+b+8=(a"+4)+(b’+4)>4a+4b=4(a+b)

= ab+8>3(a+b)>3ab (do (1))

—ab<4,

Dit t:\/%:>0<ts2:>%21:>;1221.

Ap dung bat dang thi'c AM-GM, ta cé:

2 2 2 2
S, | +i224/a—.b—+2023.24/i+i:2t+4046.l+i
b a a b) ab b a ab ab Q. t°

:>F22t+§+2019«2+i..
t t ot

Theo bat ddng thiic AM-GM, ta cé 2t +§ > 2,/2t.% =8

=F>8+2019+1=2028.

Vay minF =2028, datkhia=b=2.

Bai 18. (Dé thi vao 10 hé chuyén Toan tinh Hung Yén nam hoc 2023 - 2024)
Cho ba s6 thuc duang a, b, ¢ thda man ab +bc + ca = 3abc.

Tim gid tri I6n nhat cha biéu thic T =\/ a +\/3 > b +\/ ¢
a

3b%c? + abc c®+abc \3a’*+abc
Lai giai
N\ . / \ 1 1 1
Theo baira, tacé: a, b, c >0 va ab+bc+ca=3abc<:>—+g+—=3.
a c
bat 1=x;l=y;l=z(x; y;z>0):>x+y+z:3.
a b c

Khidc’r\/ = —\/ vzt _ v’z _ vz <E( ! 2 J
"\3b2c?+abc  \3x+yz X(X+y+z)+yz_\/(x+y)(x+z)_2. iy viz)

Chung minh tudng tu, ta duqc:‘/#sz. 1 + ! ;
3a°c+abc 2 (x+y y+z
C <Xy 1 N 1
\3a%b?+abc~ 2 \z+x y+z)

Suyra:TS1 2T X | YZEYX | Xy T 2X :l(x+y+z):§.
2\ x+vy X+z y+z 2 2

D3u"="xayrakhia=b=c=1.
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VA4y GTNN cla T bang % khia=b=c=1.

Bai 19. (Dé thi vao 10 hé chuyén Toan tinh Khdnh Hoa nam hoc 2023 - 2024)
a) Chiing minh (x—l)2 +(y—1)2 +(z—1)2 > \/E(x+y -2)(z-1), véimoi x,y, zeR.
b) Tim s8 thuc k nho nhat sao cho b4t dang thdc sau luén ding véi moi x,y, ze R

| (x=1) +(y=1) +(2-1)" |2 [(x+y-2)(z-1)

L&i giai
a) Cach 1: Ap dung bat ddng thifc Bunhia Copxki, ta cé

2
[(><-1)2 +(y—1)2}[12 +22]2[(x-1)2+(y-1)1] & (x-1) +(y-1)° 2@, (1)
Dau " =" xay ra khi XT_lzyT_lax:y.

Ap dung bat dang thiic AM-GM, ta cé:

_("”‘2)2+(z_1)2zz\/[(x”_z)(z_lﬂz=ﬁ\(x+v—2)(z—1)\- ()

2 2

D3au " =" xay ra khi

_(x+y2_2)2 _(z-1).
(z-

Mat khac: ‘(x+y—2)( )‘ (x+y 2)

). (3

D&u " =" xdy rakhi (x+y-2)(z-1)=0.

Tu (1) (2) va (3) ta suy ra: ( ) ( ) (z—l)2 Zx/i(x+y—2)(z—1) (diéu phai ching
minh).

x=y
D3au "=" xay ra khi ‘x+y—2‘=\/§‘z—1‘ (Changhantai x=y=z=1).
(x+y—2)(z—1)20
Cich2:Dat x-1=a,y-1=b;z-1=c.

2
Ta cé: VT=a2+b2+c22@+c222 (a+b) \/_‘a+b ‘ \/_a+bc VP
Véy(x—1)2+(y—1)2+(z—1)2Z\E(x+y—2)(z—1) véi moi x, y, zeR.
z— l+\/7

Dang thic xay ra khiva chikhi x=y = = (Chdng hantai x=y=z=1).
2

b) Gid s k 1a s8 thuc nhé nhat dé b4t dang thdc sau ludn didng véi moi x,y, zeR:

k[(x_1)2+(y_1)2 (2- 1)} (x+y-2)(z-1) (*)

= Bat ddng thuc (*) cling ding khi x =y, ‘x+y—2‘=‘\/§(z—1)‘ hay x=vy, ‘z—l‘:\/ﬂx—l‘.
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Do dé: k[Z(x—l) +2(x- 1)} ‘z(x 1)\/—(x—1)‘<:>4k(x—1)222\/§(x—1)2 véi moi x e R.

Cho x =2, ta dugc: 4k > 242 < k > .

el

Ta chdng minh véi moi k > 1 thi bat dang thdc (*) didng.
2

That vay:

f(x-1 +(y-1) (k 1} Ay 1)+ (z-1) |

J2
(1) o =1) (1)
%[(x 1) (v -1+ (1)’

\/—‘ x+y 2)(2 1)‘=‘(x+y 2 z 1 ‘ (theo chidng minh clia cau a).

G

Khi k L thi theo chiing minh ciu a, ta cling c6 bat dang thuc (*) ding.

N

Vay gid tri k nho nhat can tim la k =%.
2

Bai 20. (Dé thi vao 10 hé chuyén Toan tinh Lai Chdu nam hoc 2023 - 2024)

Cho a; b; ¢ la céc s6 thuc duong théa man a+b+c=3.

ab bc ac 3

+ + < 3o
J2+3 a?+3 Jb2+3 2

Ching minh rang:

Lai giai
Tacé a+b+c=3<:>9=(a+b+c)2 23(ab+ac+bc)<:>ab+ac+bc§3.

bc bc 1( bc  bc ]

Khi d6: —25— < y “2
Ja?+3 +a’+ab+ac+bc \/(a+b)(a+c) 2

Tuong tuta cé: - sl ac_,2¢ : ab gl ab+ab .
Jb?+3 2la+b b+c) 243 2\b+c a+c

Cdng vé véi vé cla cdc bat dang thic trén ta dudc:

+ .
a+b a+c

bc ac ab 1( bc bc ac ac ab ab 1
< S—(a+b+c).

+ + <= + + + + +
Ja?+3 b2+3 Jc2+3 2\a+b a+c a+b b+c b+c a+c
L_ac . ab <§
Jat+3 b2+3 243 2
Diu"="xdyrakhia=b=c=1.

Ma a+b+c=3 nén

bc ac ab

+ + < 3 (diéu phai chitng minh).
Ja?+3 Jb?+3 2 +3

Vay
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Bai 21. (Dé thi vao 10 hé chuyén Toan tinh Lao Cai nam hoc 2023 - 2024)

a) Cho a > 3. Tim gid tri nhd nhat cta biéu thic Q = a* +3£.
a

b) Cho ba sé thuc ducsng a, b, c théda man a+b+c<1.
a(zsbc+1)2 |o(3ca+1)2 c(3ab+l)2

+ + >
c? (3ac+1) a’ (3ab+1) b? (3bc+1)

Chdng minh rang:

Lai giai
27 27 160

a)Tacd Q=a" +—+——-——.
a a 3a

Ap dung bat ddng thiic AM-GM, ta cé: a° +£+Z > 3.1/32.2.z =27.
a a a a

160 < 160 - 160 S 160 _

Laicd: a>3=0< >
3a 9 3a 9

83
Suyra Q>—.
yraQ 5
D&u "=" xay ra khi a=3.
N ./ . rd ~ 2 R 7, 83 .
Vay gid tri nhé nhat cua biéu thic Q = 35 tai a=3.

3ab+1 3bc+1 3ca+1
’y: ,Z:

b) Ta dat x = =X,Y,z>0.
c
2 2 2
= P=V—+Z—+X—.
z X vy
2
Ap dung bat dang thidc Cauchuy-Schwarz ta ¢é P > ly+z+x) _ X+y+z (1)
X+y+z

Ta cé: x+y+z=3a+l+3b+l+3c+1
b c a

={9a+l]+(9b+1j+(9c+lj—6(a+b+c)22.\/93.1+2.\/9b.1+2.,/9c.1—6(a+b+c)
a b c a b o

=6+6+6-6(a+b+c)>18-6=12(Via+b+c<1). (2)

T (1) va (2), suyra P>12.

Diu"="xayrakhia=b=c=

wlr

Bai 22. (Dé thi vao 10 hé chuyén tinh Long An nam hoc 2023 - 2024)

Cho a>0,b>0 théaman 2a+3b<6 va 2a+b < 4. Chiing minh rang: —%Saz —2a-b<0.
L&i giai

Ta cé: 2a+3b£6:>—b2§a—2.

2
Khi dé: a2—2a—b2a2—2a+3a—2= a—z —22—2. (1)
3 3 9 9

€9 | www.facebook.com/mathexpress.vn (©]1900 633551 18



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

2a+b£4:>2a2+abs4a:>az—2a—bs—%—bﬁ0. (2)

TUu (1) va (2) suy ra diéu phai chdng minh.

Bai 23. (Dé thi vao 10 hé chuyén tinh Nam Dinh nam hoc 2023 - 2024)
Cho cdc sé thuc x; y; z thdaman 0<x,y,z<4.

Ching minh rang: x’y +y’x+z°x +16 > xy” + yz° + zx°.

L&i giai

Ta cd: Xy +y’z+2°x+16 > xy” +yz° +zx°

o Xy +yz+72°x+16-xy’ —yz? —zx* 20

@(x—y)(x—z)(y—z)+1620.

2
e a2 , 1 2 R (a+b)
TacobatdangthUc:abz-z(a—b),Va,beR va ab < 7 ,Va,beR.

Trudng hop 1: Néu x >y ta cé (x—z)(y—z) > —%(x—y)2

:>(x—y)(x—z)(y—z)+162—%(x—yf+162—%43+1620.
Trudng hop 2: Néu y > x ta xét

. ~ 7 1
Trudng hgp 2.1: Néu y >z, ta cé (x—y)(x—z) > —Z(y—z)2

:>(x—y)(x—z)(y—z)+162—%(y—zf+162—%43+16:0.
Trudng hop 2.2: Néu y < z, ta cd: (x—y)(x—z)(y—z)+16 = (y—z)(x—z)(x—y) =16.

Két hdp vdi (y —x)(z —y) < —%(z—x)2 va x <y < z, ta dugc:

(y—x)(x—z)(z—y)+162%(z—x)z(x—z)+16=—%(z—x)3+1620

Vay véi moi trudng hap thi (x B y)(x - z)(y - z) +16>0 hay x°y +y?z+2z°x+16 > xy? + yz* + zx°.
Bai 24. (Dé thi vao 10 hé chuyén tinh Nghé An nam hoc 2023 - 2024)

Cho cdc s6 thuc a, b, c théaman a,b,c>1 va az+4b2+c2+Zab+12=3(a+5b+c).

a’ a’

Tim gid tri nhd nhat cha biéu thic T = ~+ >
a+(a+b) a+c

Li gidi
Bang cdc phép bién ddi gia thiét, ta cé
3(a+b+c) =a’+4b*+c*+2ab+12-12b =(a+b)2 +c? +3(b—2)2 2(a+b)2 +c.

(a+b+c)2

Bang bién déi bat d3ng thic két hdgp cong mau, ta cd: 3(a +b+ c) > (a + b)2 +c? > 5
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Do dé a+b+c<6 suyra (a+b)2+c2 <18.
Khi d8, bang céc phép bién déi ta cé:
2 2 2 2 2 2
T a - a22 4a2 S 4a :23 2Za
a+(a+b) a+c 2a+(a+b) +c?2 2a+18 a+9 10a

D&u " =" xay ra khi va chi khi (a;b;c) = (1; 2;3).

5

1
.

VAay gid tri nhd nhét cla T:% khi (a;b;c) = (1;2;3).
Bai 25. (Dé thi vao 10 trudng chuyén Pai hoc Vinh nam hoc 2023 - 2024)
Xét céc s6 thuc khéng 4m a, b, ¢ thda man a’ +b? +c? =1.

1 . 1 N 1
x/a+l \/b+1 \/c+2.

Tim gid tri I6n nhat cda biéu thidc P =

Lai giai

Ta cé nhan xét sau :

( 1 1 ]2 11 2 a+b+2 2

+ = + + = +

Va+1l +b+1) a+l b+l \/(1+a)(1+b) ab+a+b+1 \ab+a+b+1
Latb+2 2 _(“ 1 T
~at+b+l (a+b+1 Jat+b+1) '

Do dé L ! <1+ !

+ —_—
\/a+l \/b+1 va+b+1

M3t khdc, ta cé (a+b+c)2 >a’+b’+c’=1suyraa+b>1-c.

TU day két hgp v8i c<1 (Vic>0 va c® <1),tasuyra

P<1+ ! + L :1+(1 + 1j:1+ l+1+ 2
T \2-c Ne+2 J2-c e+2 2-c 2+c Jp_¢?

4 2 4 2 1
=1+ TR <14, [——+ =2+—.
4-c Ja-¢? 4-1 Ja-1 3

D3u "=" xay rachang hankhi a=b=0,c=1.

Vay gid tri I6n nhat cha P |a 2+%.
3

Bai 26. (Dé thi vao 10 hé chuyén tinh Ninh Binh nam hoc 2023 - 2024)
Cho a, b, ¢ 1a céc sé thuc dusng thdoa man a+b+c=6.

b c

a
+ + > 2.
JbP+1 B+l Jad+1

Chuing minh

L&i giai

b+1+b’-b+1 b*+2

K ~. 2 ’ A . z. 3 _ 2
Ap dung bat dang thuc Cosi, ta cé: vb* +1 —\/(b+1)(b b+1) < > >
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2
2;\/a3‘+1§a +2

2
Tudng tu, ta ching minh dugc: Vc® +1 < c

Do d6 VT > 2a + 2b 2¢

+ )
b>+2 c*+2 a*+2
2a 2b 2c

Tacan ching minh: S= ——+——+——-2>2.
b*+2 c"+2 a"+2
23 a(b2 +2)—ab2 ab?
Ta cé: = =a- )
b* +2 b* +2 b* +2
Lai c6: ab’>  2ab’ - 2ab>  av2b’ - a.(2+b+b) B 2a.(b+1)
T b’ 42 bP+b’+4 3Yypt 3 9 9

Chung minh tudng tu, ta suy ra
2.(a+b+c) 2(ab+bc+ca) 7.(a+b+c) 2(ab+bc+ca)

S>a+b+c— - = -
9 9 9 9
o (a+b+c)2
Mat khdc ab+bc+ca<———.
2
Do d6 S>%—%-63 =2. Tu dé ta cé diéu phai ching minh.

D4u"="xdyrakhia=b=c=2.
Bai 27. (Dé thi vao 10 hé chuyén Tin tinh Phi Tho nam hoc 2023 - 2024)
Xét ba s6 x;y; z>2 thda man 4xyz = 9(x+y+z)+27.

2 2 2
Jx —4+\/y —4+\/z 4
X

Tim gid tri I6n nhat cda biéu thic Q =

Y z
Lgi gidi
Ta 6 V50 = J5(x-2)(x+2) +\/5(v—2)(v+2) +\/5(Z—2)(z+2)
y z
y 5(x—2)+x+2+5(y—2)+y+2+5(z_2)+z+2
2x 2y 2z

:\/—Q<6x 8 6y 8 6z - 8_9 e 1 l+l
2x 2y 2z X y z

Ttr4xyz=9(x+y+z)+27<:>4=9[i+i+ij £<3{1 1 1] [1+1+lj.
Xy Yz Xz) Xxyz X y z X vy z

Pat l+1+1=t.Ta bt +3t7—4>20 P -t +4t7 —4t+4t-4>0
X vy z
o (t-1)(t-2) 20 > t>1.

Suy ra \/ng9—4.1=5<:>QS\/g.
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X, ¥,z2=2

4xyz=9(x+y+z)+27

Vay MaxQ:\/g<:> 5(x—2):x+2;5(y—2):y+2;5(2—2):z+2<:>X=V=Z=3-
1 11

—+—+—=1

Xy z

Bai 28. (Dé thi vao 10 hé chuyén Todan tinh Phid Tho nam hoc 2023 - 2024)
Xét céc s6 thuc duong a, b, c.

a b c

Tim gid tri nhé nhat cta biéu thic F = + + )
Ja?+9bc  b?+9ac  ~/c?+9ab

Lai giai
Tacé (a\/a2 +9bc +byb? +9ac + cyc? +9ab).F > (a+b+c)2.

D3t Q = ava? +9bc +byb? + 9ac +cy/c? +9ab
:>Q2=[J;%E:zgz+VBJE:z£Z+JE&§:§;;Ts(a+b+cxa3+§+c3+2kmc)
Talaic6 a®+b° +c® =(a+b+c) ~3(a+b)(b+c)(c+a)<(a+b+c) —24abc
:>@+b+CX$+b3+8+27mm)s@+b+c{@+b+cf+3ax}

10(a+b+c)’
9

(a+b+c

3
M3t khdc 3abc < ) :>(a+b+c)(a3+b3+c3 +27abc)s

x/ﬁ(a+b+c)2

3

3710
10

=Q=<

Suyra F>

D4u "="xadyrakhia=b=c.

3710

Vay minF=—— khia=b=c.
10

Bai 29. (Dé thi vao 10 hé chuyén tinh Phi Yén nam hoc 2023 - 2024)
1 S _ X N y

Cho x>1,0<y <1.Chuing minh rang: + > — .
x+1 y+1 x4y y +x

Lai giai

/. .2 - N ~ ~ 7 . 1 \
V@i gid thiét da cho, ta sé ching minh > X (1) va

Yy
v+1 x*+1 = (2)

x+1 y?+x
Ta cé: (1)<:>xy+><—x2—ySO<:>y(x—1)+x(1—><)SO<:>(x—l)(y—x)so. (3)

Bat dang thurc (3) dingvi x>1,0<y<1.

Dau "="xdyrakhi x=1,0<y<1.
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Ta cling cé: (2)<:>xy+y—y2—x£0<:>y(x—y)—(x—y)so@(x—y)(y—l)so. (4)
Bat dang thuc (4) dingvi x>1,0<y<1.
D3u "=" xdy ra khi x=y =1.

Cdng V& theo V& hai bat dang thuc (1) va (2) ta dudc ! + ! > Zx + Zy )
x+1 y+1 x“+y vy +x

Dau "=" xdyrakhi x=y=1.
Bai 30. (Dé thi vao 10 hé chuyén tinh Quang Tri nam hoc 2023 - 2024)
Cho cdc s6 thuc duong a, b, ¢ thda man ab +bc +ca = abc.

a) Ching minh a+b+c>9.

b) Chdng minh a+b+cz4(i+£+1J+5.

bc ca ab
Lgi gidi
a) Tacod ab+bc+ca:abc<:>l+l+£:1.
a b c
Cach 1: Khi dé a+b+c=(a+b+c) l+1+l 23\3/abc.343fiz9.
a b c abc

Cich2: a+b+c=(a+b+c) 1+1+1 =3+i+9+9+£+3+523+2+2+2=9.
a b c b a c¢c b ¢ a

2 2 2
b) Ta cé a+b+c:(a+b+c)[§+%+%j:(a;:) +(b;:) +(c:aa) >

2

4(a+b+c 4(a% +b* +c?

2¥_3: ( )+5:4 a,b . cls
ab+bc+ca abc bc ca ab

Bai 31. (Dé thi vao 10 hé chuyén tinh Son La ndm hoc 2023 - 2024)
Cho x, y, z la cdc sé thuc dudng thda man x+y +z = xyz.

1+1+x +1+\/1+y2 +1+\/z_2
x y z

Chdng minh rang: < xyz.

L&i gidi
1

N 1 1
TU X+y+z=zyz= —+—+—=1.
Xy yzZ Xz

. N1+ x? 1 1 1 1 1 1 1)1 1
Lai co: =5 tl=|5+—+—+—= | —+=||—+=|
X X X° Xy yz xz X y)x z

Ap dung bat dang thuc Jab S%(a+b), ta cé: \/[l+£][l+lj gl(z+l+l]

x yl\x z) 2\x vy z

1+41+x* 2 1 1
SR LS S

X Tx 2y 2z

Dau "=" xdyrakhi x=y =z
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[ 2 2
Chdng minh tudng ty, ta dudgc: MS 1(2 +i+—J 1+ 1( i+i]
z

y 2y 2x 2z z 2 2x 2y
Suy ra 143147 +1+“1+yz +1+\/Z_2£3(l+1+l].
X y z X y z

1 1
Ta chiing minh: 3(— —+—]<xyz (1)

X y z
That vay (l) & 3(l+l+lj <xyz

X y z
= 3(xy +yz+ zx) (xyz)2
<:>3(xy+yz+zx) (x+y+z)2

& (x—y)22+(y—z)2 +(z—x)2 >0 (dung)
Vay bat dang thuiic dudc chdng minh. Dau "=" xdyrakhi x=y=z= V3.

Bai 32. (Dé thi vao 10 hé chuyén tinh Ty Ninh nam hoc 2023 - 2024)
Cho a, b, ¢ 1a céc s8 thuc ducng théa man a+b+c>6.

Tim gid tri nhé nhat cda biéu thic M = L (19a+22b+25c)+ 2| = 5 6 U
6 a b c
L&i gidi
Tacd: M= §a+£ 3b+ 12 Zc+£ +Za+gb+gc
2 a b 2 c 3 3 3

:>M22\/E+2\/%+2\/E+%-6:40.

D4u bdng xay rakhi a=b=c=2.

Vay M,, =40 khia=b=c=2.

Bai 33. (Dé thi vao 10 hé chuyén tinh Thai Binh nam hoc 2023 - 2024)

Cho 3 s6 thuc dudng X, y, z thod man xy +yz +zx =1. Tim gid tri I6n nhat cta biéu thic:

po_2X Y 2 2 782 287
X2 +1 \/y2+1 V72 +1
Lgi gidi
Ap dung bat d3ng thi'c AM - GM, ta cé:
2x 2x 2x X X

= - < .
U +1 X+ xy +yz +2x \/(x+y)(x+z) X+Y+X+Z

y Y V4

y | Y

1
= <—. ;
W+ W2 xy +yz+2x \/(y+x)(y+z) 4y+z y+x
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z z _ z <l z .z
V2241 2 +xy +yz+2x \/(z+x)(z+y)_4.Z+V z+x
2x y z 1 9
S <1+1+—=—. 1
uy ra \/x2+1+\/y2+1+\/22+1 +le =7 (1)

.. 1 2 1 2 7 2
Ta cé: x2+28y2+2822=§(x—7y) +§(x—7z) +E(y—z) +72>7. (2)
9 19
Tu (1) va (2), P<=—-7=-—.
( )va( ) suy ra 2 2
e 715 J15
Dau"="xayrakhi x=——;y=z=—-.
15 15
Vay gid tri I6n nhat cda P la -19 khi X=E; y:z=£.
4 15 15

Bai 34. (Dé thi vao 10 trudng chuyén Quéc Hoc Hué nam hoc 2023 - 2024)
Cho hai s6 thuc dudng a, b thda man 4a +b* =2.

4a b 2024

Tim gid tri nhé nhat cha biéu thic T = + + )
2+b 1+a 2a+b

Lai giai

Tacé 4a” +b? 24ab<:>2(4a2+b2)2(2a+b)2 <:>42(2a+b)2 <:>2a+bs2<:>a+g£1.

bat x:a;y:g,tacé x+y<1.

Khidé%T: ab+ b +502:1>< +1y +506.
Ll 2(1+a) J b Lty lax x+y
2 2
Ap dung b4t dang thic Cauchy, ta cé
X 4 4 X 4
o +—x(1+y)2—x<:> > —X——XYy
1+y 9 37 "1+y 9 9

y 4 4

o +—y(l+x)2-y &

T oY) gy e gy g
1 8 8 506 _ 8 8 4546 8

Suy ra §T2§(x+y)—§xy+ >—(x+y)+ + ——Xy

x+y 9 9(x+y) 9(x+y) 9
8, 4546 8 1_1520
9 9 94 3
Do dé T23O34O.

D4u " =" xay ra khi va chi khi x=y=% hay azé;bzl.

VAy gid tri nhé nhat cia T bang % dat dudgc khia==;b=1.

N |-
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Bai 35. (Dé thi vao 10 hé chuyén tinh Tién Giang nam hoc 2023 - 2024)
Cho hai s6 thuc x va y thdaman x>1, y>1.

a) Chiing minh rang >2.
x—1
x2 y2

b) Tim gid tri nhd nhat cta biéu thic T = + )

y—-1 x-1
Lai giai
a) Ap dung b3t déng thiic AM - GM, ta c6: x = (x-1)+1>2,/(x-1).1 =2vx-1.
Vay X >2 Vi moi sé thuc x >1.Dang thic xay ra khiva chikhi x-1=1< x=2.

x—1

b) Ap dung bat didng thic AM — GM, ta cé:
2 2 2 2
T=2 Y 5o X Y _p X Y 53322-8
y-1 x-1 \y-1x-1 "Jx-1y-1
Vay minT =8 khi x=y =2.
Bai 36. (Dé thi vao 10 hé chuyén thanh phé Hé Chi Minh nam hoc 2023 - 2024)

Cho céc s8 thuc dudng x, y, z thda man \/1 +4xy +2x+2y +2z=5.

1 12
\/(2x+1)(2y+1) 2z+1 3

x+1 N y+1 +22+3
2x+1 2y+1 4z+2

a) Chdng minh

b) Tim gid tri nhd nhat cta biéu thic P =

Lgi giai
a) TU gid thiét ta c6 \/(2x + 1)(2y + 1) =5-2z

TU d6 két hgp s dung bat d3ng thic Cauchy Schwwarz, ta dudc:

1 @ W\ W 4 4 2
\/(2><+1)(2v+1) 2z+1 5-2z 2z+1 5-2z+2z+1 6 3’

D4u "=" xay ra khichdnghan x=y=z=1.

1 1 1 1 1 31 1 N 1 N 1
2x+1 2y+1) 2z+1°

b) Ta thay rang P:l+ +=+ +=+ =24z
2 2(2x+1) 2 2(2y+1) 2 2z+1 2 2

Ap dung bat dang thic Cauchy cho hai s6 dudng va st dung két qua 3y (a) ta dugc
3 1 1 3 2 13
P>—+ + 2—+—=—.
2 \/(2x+1)(2y+1) 2z+1 2 3 6
D4u "=" xay rakhivachikhi x=y=z=1.
Bai 37. (Dé thi vao 10 hé chuyén tinh Vinh Long nam hoc 2023 - 2024)
x*+10

N

€9 | www.facebook.com/mathexpress.vn (O]1900 633551

Tim gid tri nhd nhat cha biéu thidc

26



CLB Toan béi duéng MathExpress | | www.mathexpress.vn

Lai giai
2
patp=> 10 _ et =[1.\/x2+9+ J+§ x> +9
Vx> +9 x*+9 9 x*+9) 9
Suyra P> 2.1+§.3=£.
3 9 3

VAay gid tri nho nhat can tim 13 P :% khi x =0.
Bai 38. (Dé thi vao 10 hé chuyén tinh Vinh Phiic nam hoc 2023 - 2024)
a) Cho ba s6 thuc duang a, b, ¢ thod man ab+bc+ca=1.

2a b C

+ + )
Ji+a® V1+b® J1+¢?
b) Cho ba sé thuc khdng 4m a, b, ¢ thod man ab+bc+ca+abc<4.

Tim gid tri I6n nhat clda biéu thic: P =

Chidng minh rang a+b+c >ab+bc +ca.

Lai giai
2a b C
a) Tacé: P= + +
Vita? J1+b2 Ni+c?
2a b c
= + +
Ja?+ab+bc+ca +b?+ab+bc+ca ~c?+ab+bc+ca
2a b c
= + +
\/(a+b)(a+c) \/(b+c)(b+a) \/(c+a)(c+b)
\/23 2a 2b b 2c c
= ) + ) + . )
a+b a+c \lb+a 2(b+c) Ea 2(c+b)
1l 22 22 b 2c c
<= g + " + +
2|a+b a+c b+a 2(b+c) c+a 2(c+b)]
1_{23 ZbJ(Za ZaJ l(b CH
== + + = += +
2_ at+b a+b a+c a+c) 2\b+c b+c
_a 2+2+lj=g
2 2
D3au "=" xay ra khi azﬁ;b:c=ﬁ.
15 15

Vay P dat GTLN la S khi azﬁ; b=c=E.
4 15 15

b) Tacd ab+bc+ca+abc<4
<:>abc+2(ab+bc+ca)+4(a+b+c)+8g(ab+2a+2b+4)+(bc+2b+2c+4)+(ca+2c+23+4)

e (a+2)(b+2)(c+2)<(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)
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1 1 1 2 2 2
1< + + IS + + >
a+2 b+2 c+2 a+2 b+2 c+2

< 1- 2 +1—L+1— 2 <1
a+?2 b+2 c+2

1> a + b + C.
a+2 b+2 c+2

Ap dung bat ddng thic Cauchy-Schwarz, ta cé:

a b c a’ b? c’ (a+b+c)2
> + + = + + 2
a+2 b+2 c+2 a*+2a b*+2b c*+2c a2+b2+c2+2(a+b+c)

:>(a+b+c)2 S(az+b2+c2)+2(a+b+c)

< a+b+c>ab+bc+ca (diéu phdi chiing minh).

D3u "="xayrakhia=b=c=1.

Bai 39. (Dé thi vao 10 trudng chuyén Khoa hoc tu nhién (vong 1) nam hoc 2023 - 2024)
Vdi a, b, ¢ la céc s6 duong thod man diéu kién ab +bc + ca=1. Chdng minh rang

1+ 12 1+ 12 1+ 12 >4,
1+a 1+b l+c

Bat d3ng thic can chiing minh tusng duong vdi:
(a2 +2)(b2 +2)(c2 +2) > 4(a2 +1)(|o2 +1)(c2 +1) & 3a%b’c? +2(a2|o2 +b%c? + czaz) <4.

L&i gidi

3
ab+bc+ca
Ma ab+bc+ca=1 nén a*b* +b%c? +c%a? <(ab+bc+ca)2 =1 va a’b’c? g%z%.

Suy ra 3a’b’c® + 2(a2b2 +b%c? + czaz) < % +2<4.

TU dd ta c6 diéu phai chiing minh.

Bai 40. (Dé thi vao 10 trudng chuyén Khoa hoc tu nhién (vong 2) nam hoc 2023 - 2024)
Vi x,y,z la nhitng s6 thuc dudng, tim gid tri nhé nhat cda biéu thuc:

14 _ 6 14 6 14 _ _6
M:X X +3 y y+3+z z°+3

Xy +zx+zy YZP4xy+xz Z2XP+yz+yx
L& gidi
Tacé 3(x14 ~x° +3) =(3x14 +4)—3x6 +5>7x°-3x° +5=4x°+5.
Theo bat d3ng thic AM-GM, ta cé:
4x° +5:(><6 +x‘5+1)+(x6+x6+1)+323(><“+x4 +1)23(x4+2x2).
NG 2

— +2> X

SuyraM>3 ———— —-—.
XY +XzZ+yz XY +XzZ+yz
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Ap dung bat dang thdc cdng mau, ta cé:

M

Dau "=

2
(x2+y2+zz) +2(x+y+2)°
>

2.,2 2.2 2.2
23(xy +y22% + 7% )+6(xy+yz+zx)

x4y 42+ 2(xy +yz+ zx)

x2y? + 2zt + 222 + 2(xy +yz+ zx)

" xay ra khiva chikhi x=y=z=1.

Vay gid tri nho nhatclda M |a 3 khi x=y=z=1.
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