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MOT SO CAU HOI PIEM 10 TRONG BAI THI CUGI HOC KY 11 LOP 6

Céau 1 (Quan Hai Ba Trung nam 2022 - 2023).
Véin la mét s6 nguyén dwong, n giai thira la tich clia n s6 nguyén dwong dau tién, ki hiéu la
1

“n! “. Vi du 4! = 1.2.3.4. Chlirng minh rang i+l+i+...+—<1.
21 31 41 2023!

C4u 2 (Trudng lién cdp ti€u hoc - THCS Ngoi sao Ha Noi ndm 2022 - 2023).
2n-3
n+7

Cho phanso 4= . Hoi ¢6 bao nhiéu s6 ty nhién » nhé hon 200 dé A chwa t6i gian.

Cau 3 (Phong GD & DT Qudc Oai ndm 2022 - 2023).
Tim phan s6 nhé nhit c6 tir va mau 1a s6 nguyén dwong sao cho khi chia né cho cac phan sé
28 21 49

—; —; — ta déu dwgc thwong la cic s6 tw nhién.
15 10 84

Ciu 4 (Truwdong THCS & THPT Lwong Thé Vinh ndm 2022 - 2023).

. 1 1 1 1 1
Hay chtbng torang 7' = —+—+—+...+ —+ — khong phai la sO tw nhién.
y chtmis BI Ty TR T e Ty OneP '

C4u 5 (Quan Tay H6 ndm 2022 - 2023).
1 1 1 1
5+§+Z+...+72023

Tinh A =55 =5%1 2020 1

+ + Fot——
1 2 3 2022

C4u 6 (Trwong lién cdp Tiéu hoc - THCS Ngbi sao Ha Noi ndm 2022 - 2023).
1 1 1 1 200
+ + +...+ = .
1+2 1+2+3 1+2+3+4 1+2+3+4+...+n 101

sk A e |
Tim s6 tw nhién »n biét: —+

Cau 7 (Trwong THCS Ngoc Lam nam 2022 - 2023).

Cho A — 12 N 20 L 388 396

2 2 + 2+ 2
(2.4)° (46) (96.98)"  (98.100)

. Hay so sanh A véi %

Cau 8 (Trwong THCS Nguyén Trudng T6 nam 2022 - 2023).
Cho biéu thirc A :L+L+L+---+;. Chirng minh rang A <1.
1.2 34 56 49.50

Cau 9 (Quan Bac Tir Liém nam 2022 - 2023).

Cho B=l+l+l+...+i. Hay chirng to rang B >1.
4 5 6 19
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C4u 10 (Trwong THCS Phiic Péng nam 2022 - 2023).

N | 1 1 2022
Tim x biét: —+—+...+ = .
1.2 23 x(x+1) 2023

Cau 11 (Trwong THCS Giang Vo nam hoc 2022 - 2023).
Hoc sinh vé lai hinh dwéi day vao bai lam va dién cac so 1; 2; 3; ...; 9 vao trong cac vong tron &
hinh bén dwéi (mbi sé chi dung 1 14n) sao cho téng cac s6 tai hai dau ctia moi doan thang bang
vGi s6 dwoc viét trén doan thang d6. (Khdng can gidi thich cdc dién cdc so).

e

13 10 6

J 11
OO

Céu 12 (Trwong THCS Ba Pinh nam hoc 2022 - 2023).
1 1 22

Chrng minh l+l+—+ ..... +—<—.
4 9 16 529 23
Céu 13 (Trwong THPT chuyén Ha Noi Amsterdam nam 2022 - 2023).
Tinh ti s6 4 biét:
B
4 6 9 7 7 5 3 11
= + + + va B= + + + .
731 7.41 1041 10.57 19.31 19.43 2343 23.57

Cau 14 (Trwong THPT chuyén Ha Noi Amsterdam nam 2022 - 2023).

“ o x A - . 2n
Tim s6 tw nhién n sao cho biéu thitc 4 =——-

c6 gia tri la s6 nguyén.
n—1 1-n

Cau 15 (Trwong THCS Nam Trung Yén nam hoc 2021 - 2022).
Tim x;y € Z biét (x—1).(y+2)=11.
Cau 16 (Trwong THPT chuyén Ha Noi Amsterdam nam 2020 - 2021).
Tinh ti s0 4 biét:
B

4 6 9 7 \ 7 5 3 11
= + + + va B= + + + .
731 7.41 1041 10.57 19.31 19.43 23.43 23.57

Cau 17 (Trwong THPT chuyén Ha Noi Amsterdam nam 2019 - 2020).

ChoA=L2+L2+L2+...+ 2.Chl’rngminhl<A<i.
4 6° 8 160 8 16
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Cau 18 (Trwong THPT chuyén Ha Noi Amsterdam nam 2018 - 2019).

. 1 1 1 1 3
Chi*rng minh rang: —+—+—+...+ .
8 8 22 3% 42 100> 4

Cau 19 (Trwong THPT chuyén Ha Noi Amsterdam nam 2018 - 2019).

X . e 2n AU A
Tim s6 tw nhién n sao cho biéu thitc 4=—-— c6 gia tri la sO nguyén.

n—-1 1-n

Cau 20 (Trwong THPT chuyén Ha Noi Amsterdam nam 2017 - 2018).
13 9 11 13 15 17 19 197 199

Cho A=—+———+———F+———+.+—————.
25 10 15 21 28 36 45 4851 4950

Chrng minh 4 > %
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HUONG DAN GIAI CHI TIET
Cau 1 (Quan Hai Ba Trung nam 2022 - 2023).
Véin la mot s6 nguyén dwong, n giai thira la tich cia n s6 nguyén dwong dau tién, ki hiéu la

«

n! “. Vidu 4! = 1.2.3.4. Chitng minh rang %+l+i+ +; <1.

3141 77 2023!
Loi giai
Ta co:
1 1
_<_
41 34
1 1
_<_
51 45
1< 1
2023!  2022.2023
1 1 1 1 1 1 1 1
= —4—F—F.t—<—F—F—F
21 31 41 2023! 12 23 34 2022.2023
HayA<L+L+L+ ..... +;
12 23 34 2022.2023
1 1 1 1 1 1 1
S A<l -——F—-—F———F.
2 2 3 3 4 2022 2023
S A<]- <1

C4u 2 (Trwong lién cdp Tiéu hoc - THCS Ngbi sao Ha Noi ndm 2022 - 2023).
2n-3
n+7

Cho phanso 4= . HOi c6 bao nhiéu sé tw nhién n nho hon 200 dé 4 chwa t6i gian.

Loi giai

Goi UC (2n—-3,n+7)=d (d € Z*)
2n-3:d 2n-3:d 2n-3:d

= = = :
n+7:d 2(n+7)id ~ |2n+14id

bé A 1a phan s6 chwa t6i gian thi d =+17

=>n+717=>n=17k+10(keZ)

Vi 7 1a s6 tw nhién nhé hon 200 nén 0<17k +10 <200 = k € {0;1;...;11}

Viy c6 tit ca 12 gia tri cia n nhé hon 200 thi 4 1a phan sé chwa t6i gian .

= (2n+14)—(2n-3)id =17:d = d e {£1;+17}

Cau 3 (Phong GD & DT Qudc Oai ndm 2022 - 2023).

Tim phan s6 nhé nhat c6 tir va mau 1a sé nguyén dwong sao cho khi chia n6 cho cac phan s6
§; 2; » ta déu dwoc thwong la cac s6 tw nhién.

15 10 84

Lo giai
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Y 7 SR
Goi phan so6 can tim la Z voi a; beN*; (a; b)=1

Theo baira < chia cac phén sé § 2 ﬁzl déu dwoc thwong la cac s6 tw nhién nén:
b 157107 84 12
ai28;ai21; a7 = ae BC (28,21,7) va 15:b;10:b;12:b = b e UC (15, 10,12)
Ta co:
28=2%7;21=3.7,7=7= BCNN (28,21,7)=23.7=84= a =84
15=3.5;10=2.5; 12:22.3:>UCLN(15,10, 12)=1:b=1
a 84

Ma £ nhonhitneén £ =22,
b b 1

Ciu 4 (Truwdong THCS & THPT Lwong Thé Vinh nam 2022 - 2023).

1 1 1 1 1
Hay chirng té rang 7 = —+ —+—+...+ — + — khong phai la s6 tw nhién.
y & & 2 3 4 16 17 &p
Loi giai
1 1 1 1

Tacé:T=l+ +—+.. +—+—
2 3 4

1 1 1 1 1 1 1 o Ty 1
=l —+—+—+—= —t—+— || —=F+—+—=
2 3 45 678 12 13 14 15 16 17
< l+l+l+1 3l 3l+3i 3i
2 3 45 6 9 12 15
1 1 1 1 I 1 1 1 1 1 1 1 1 1
<|=+=—+—+-=-|+ +—F—==2| —F+—+—+— |<2| =+ —+—+—|=3
(2345) 45(2345)(2244)
I 1 1 1 1 1 1 I 1 1 1 I 1 1 1 1
Twongty: 7'=| —4+—+—|+|=+—F+=+=-|[+| -+ —F+—F+— |+| =+ —F+—+— |+ —
2 3 4 5 6 7 8 9 10 11 12 13 14 15 16) 17
1

> 2. 1 1+1 > 2. l+l+— =2=2<T<3
2 3 4 2 4 4

Viy T khongla sé tw nhién.

|-
W | —

Cau 5 (Quan Tay HO6 ndm 2022 - 2023).
1 1 1 1
. 2 3 T s
Tinh A = =5021 2020 1

+ + +...
1 2 3 2022

Lo gidi
11 1 1
Sttt ——
4o 2 3 4 2023
2022 2021 2020 1
+ + +ot

1 2 3772022
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Ta co:
2022 2021 2020 1
+ + +.+—
1 2 3 2022

2021 2020 1
= l+—— [+| [+ —— |+ | I+ — | +]
(25 g

2023 2023 2023 2023
= +ot +

+
2 3 2022 2023
=2023. l+l+l+...+L
2 3 4 2023
Vay A=——.
o 2023

C4u 6 (Trwong lién cdp Tiéu hoc - THCS Ngbi sao Ha Noi ndm 2022 - 2023).
1 1 1 200
+ + +...+ = .
1+2 1+2+3 1+2+3+4 1+2+3+4+...+n 101

sk A e 1
Tim sO tw nhién » biét: —+

Loi giai
Tacé:l+2+3+...+n:n(n2+l)
2.(2+1
Suy ra: 142 = ( ):% 1+2+3_M=%
1+2+3+4=4'(42+1) 425 14243+4+.4+n="01D
—1+1+1++ ! —1+1+1++1
1 142 14243 7 142+43+..+n 23 347 n(n+l1)
2 2 2
i

+—+..+ = YL, L+—+...+ !
34 n(n+1) 23 3. n(n+1)
1

2.3

1 1 1
———t =t
(2 n n+lj

Y R :1_,_%_ 2 o 2 2(n+1) 2  2n
2 n+l 2 n+l n+l n+l Cn+l
., 200 2.100
Laic6é: —=
101 100+1
Vay n=100.
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Cau 7 (Trwong THCS Ngoc Lam nam 2022 - 2023).

Cho 4= 12 >+ 20 >+t 388 >+ 396 - Hay so sanh A véi l
(2.4)" (4.6) (96.98)" (98.100) 4

Loi giai

Ta co:

12 4#-22 1 1

(247 224 2 4
20 -4 1 1

(467 46 4 6

I 1 1 1 1 1 1 1 1 1

st -t t———===- =—-— <
22 4% 4* 6 98% 100> 2% 100> 4 100*° 4
1

Vay A< —.

2\'f 2

C4u 8 (Trwdng THCS Nguyén Trudng To ndm 2022 - 2023).
Cho biéu thirc A=L+L+L+---+;. Chirng minh rang A <1.
1.2 34 5.6 49.50
Lo giai
Ta co: A:L+L+L+---+L
1.2 34 5.6 49.50
1 1 1 1 1 1 1
+ + +ot
2 3 4 5 6 49 50

I 1. 1 11 11 11 1
A=|1+—+—+—+—+—+ —+— | =2 —+— +—
2 5 6 49 50 2 4 50
A4=|1 1 l+—+l+l+. +L+i —(1+l+1+...+L
5 6 49 50 2 3 25
1 1 11 1 1 1 125
A=—+—+ =

et—Ft—< —+—+—+.+—=—<1.
26 27 49 50 26 26 26 26 26
Cau 9 (Quan Bic Tir Liém ndm 2022 - 2023).

Cho B=l+l+l+...+i. Hay chirng té rang B >1.
4 5 6 19

Loi giai
B:l+l+l+...+i
4 5 6 19
1 (1 1 1 1 1 I 1 1 1
B=—+|—-t+—+—-+—+—|+| —+—+—+..+—
4 \5 6 7 8 9 10 11 12 19
1 5 10 1 5 10 1 1

1 1
B>—+—4—>—F—+—=—+—+—
4 9 19 4 10 20 4 2 2

Vay B > 1 (dpcm).

=—+1>1
4
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Cau 10 (Trwong THCS Phiic Pong nim 2022 - 2023).

N | 1 1 2022
Tim x biét: —+—+...+ = )
2.3 x(x+1) 2023

Loi giai:
, 1 2022
Taco: —+—+...+ =
1.2 23 x(x+1) 2023
11 1 2022
1 2 2 3 7 x x+41 2023
1 2022 1 2022
=1- = = =1-===
x+1 2023 x+1 2023
:L:L:x+1:2023:>x:2022
x+1 2023
Vay x =2022.

Cau 11 (Trwong THCS Giang V6 nam hoc 2022 - 2023).

Hoc sinh vé lai hinh dwéi day vao bai lam va dién cac s6 1; 2; 3; ....; 9 vao trong cic vong tron &
hinh bén dwéi (mbi sé chi dung 1 14n) sao cho téng cac s6 tai hai dau ctia mdi doan thang bang
vGi s6 dwoc viét trén doan thang d6. (Khdng can gidi thich cdc dién cdc so).

011/\5

12 11

1

O—0O

Loi giai
11

12

()
-/
()
\/

13 13

O
©
©
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Cau 12 (Trwong THCS Ba Pinh nam hoc 2022 - 2023).

Ch(rngminhl+l+i+ ..... +L<2
4 9 16 529 23
Loi giai
1 1 1 1 1 1 1 1
R = —
4 9 16 529 22 33 44 23.23
1 1 1 1
<—t—F—t o —
1.2 23 34 22.23
1 1 1 1 1 1 1
<l-——4———F
2 2 3 3 4 22 23
22
23 23

Cau 13 (Trwong THPT chuyén Ha Noi Amsterdam nam 2022 - 2023).
142422 4..42%% 143437+, 437

va = .
1+2+2%+... 42 1+3+3%+...+3%
Chirng minh rang A< B.

Cho2s6 4=

Lo giai

Xét biéu thirc A4:

+) Phén tr s6:

Pt C=142+2>+.. 42" =22C=2+2"+2 +...+2*™
:>2C—C=(2+22 +23 +...+22°2“)—(1+2+22 +...+22°23)

— =M% |
+) Phan mAu sé:

Pat D=1+2+2"+..+2"2 =2D=2+2>+2° +..42%%
:>D:ZD—D:(2+22+23+...+22°23)—(1+2+22+...+22°22)=22°23—1

. C 22024 _1
Dodo A= B = m
Xét biéu thirc B

+) Phén t s6:
Pat E=1+3+3"+.. 43 =3E=3+3"+3"+...+3*™
= 3E-E=(3+3+3 +..+3")—(1+3+3 +..+3"7)

=2FE=3"_1

2024
:>E:3 1
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+) Phan mau sé:
Pat F=1+3+3"+..4+3 =3F =3+3"+3 +..+3*"%
= 3F—F=(3+32 +3° +...+32°23)—(1+3+32 +...+32°22)

= 2F =3" -1
2023
:>F=3 1
, E 324
DOdOB:F:W.
) H2024 | 92024 _ 52023 2023 1
XetA_l:22023_1_ - 220035 ] :22023_1:1+22023_1<2
32024 _ 32024 _ 32023 5 32003
B_1:32023_1_ - 3205 _ :32023_1>2
=>A-1<B-1= A<B
Vay 4< B.

Céu 14 (Trwong THCS Lé Ngoc Han nam hoc 2021 - 2022).
Tim cac s6 nguyén n dé biéu thirc sau c6 gia tri la sé nguyén:

A:2n—1.
3—n

Loi giai

Pk:n#3

A:2n—1 :_2n—1 :_2n—6+5 _ (94 5
3—n n-3 n—3 n—3

D& A mang gia tri nguyén thi (n-3) e U'(5).
= (n-3)e{-5-115}
= ne{-2;2;4;8}.

Céu 15 (Trwong THCS Nam Trung Yén nam hoc 2021 - 2022).
Tim x;y € Z biét (x—1).(y+2)=11.

Lo giai
x-1 -11 -1 1 11
X -10 0 2 12
y+2 -1 11 11 1
y -3 -13 9 -1

Vay (x;v) € {(-10;-3);(0;-13);(2;9):(12;-1)}
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Cau 16 (Trwong THPT chuyén Ha Noi Amsterdam nam 2020 - 2021).
Tinh ti s6 4 biét:
B
4 6 9 7 7 5 3 11
= + + + va B= + + + .
731 7.41 10.41 10.57 19.31 19.43 2343 23.57

Loi gii

Ta co:
" 4 6 9 7
= + + + )
731 7.41 1041 10.57
4 6 9 7

+ + + :
3531 3541 5041 50.57
1 1 1 1 1 1 1 1

A=——— 4 - - 4 - L

T3] 35 35 41 41 50 50 57

AzL—L: A=5. i—ij
31 57 31 57
7 5 3 11
B= + + + .
19.31 19.43 2343 23.57
7 5 3 11
= + + + .
38.31 38.43 46.43 46.57
1 1 1 1 1 1 1 1

Be— —— 44—

s
I

Céau 17 (Trwong THPT chuyén Ha Noi Amsterdam nam 2019 - 2020).

ChoA:LZ+L2+L2+...+ lz.Chl'rngminhl<A<i.
4 6° 8 160 8 16

Loi giai
A:L+L+i+...+ ! :L(i+i+i+...+Lj
4 6 8 160 2°(2* 3 4° 80
1 1 1 1 1

bat B=—2+—2+—2+...+—2:> A=—B
22 3 4 80 4
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Ta co: Lai co:
B> 1+L+L+...+; B< 1+L+L ...+;
2 34 45 80.81 2 23 34 79.80
1 1 1 1 1 I 1 I 1 1 1 1 1 1
= B>—4——=+—-——= ——— >B<—+———+——— —_—
4 3 4 4 5 80 81 4 2 3 3 4 79 80
:>B>1+l_i :>B<1+l_i E_L<§
4 3 81 4 2 80 4 80 4
St 7 1. 1 SA<i3_3 (y
12 81 12 12 2 4 4 16
:>A>l.l:l Q)
42 8
1

3
Tr (1) (2) o> —<A<—.
1 @) 2 T

Cau 18 (Trwong THPT chuyén Ha Noi Amsterdam nam 2018 - 2019).
1 3

Ch&ng minh rang: — +—+—+...+ <.
& & 7 32 4 100> 4

Loi gii

I 1 1 1 1 1 1 1
Vis+—+—+ — ot
99.100

et <—+
223 47100 2 23 34
1.1 111 1 1 1.1 1 3
3

Ma L+L+L+ + l — " el N =

: o1
22 23 34 99.100 4 2

Néni+—+i+ +
2% 3% 47 771007

3
3 4 7799 100 4 2 100 50 4

3
<= (dpcm).
4(p )

Cau 19 (Trwong THPT chuyén Ha Noi Amsterdam nam 2018 - 2019).

Tim s6 tw nhién n sao cho biéu thirc 4= 2—’11 " c6 gia tri la so nguyén.
n— —n
Lo giai
2(n—1)+4
Taco: 4= L L (n ) :2+i
n-1 1-n n-1 n—1 n—1

D€ A c6 gia tri nguyén thi il c6 gid tringuyén=4in—-1=>n-1le U(4)

=>n-le{-4-L14=>ne{-30;,2;5}
Thay cac gia tri clia n vao A thay déu théa man

2n 2 s A
——— c06 gia tri la s6 nguyén.
n=1 1-n

Vay ne{-3;0;2;5} thi 4=
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Cau 20 (Trwong THPT chuyén Ha Noi Amsterdam nam 2017 - 2018).

Cho A=£+i_ﬂ+£_l_5+l_7_£+ +19_7__199

25 10 15 21 28 36 45 4851 4950
Chrng minh 4 > %

Loi giai

Ta co:
38 9 11 13 15 17 19 197 199
T25 10 15 21 28 36 45 T 4851 4950
38 (o 1 1315 17 19 19_7_£)
25 20 30 42 56 72 90 9702 9900
_3B (0 1 13 15 197 199 J
25 45 56 6.7 7.8 98.99  99.100
38 1 1 1 1 1 1 1 1}
=—4+2| —F+=—=—— fot—Ft—————
25 4 5 5 6 98 99 99 100
:ﬁ”,[l_L _ 38,06 38 12 50 _, 9
25 4 100 25 25 25 25 25 10

. 9

VayA>E.
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