GIAI PHAP HOC ONLINE HIEU QUA | A | www.onthil23.vn

MOT SO CAU HOI PIEM 10 TRONG BAI THI CUOI HOC KY 11 LOP 8

Bai 1. (HK2 - THCS Phiic Pdng - Ha Noi 2022- 2023)

Cho hai s6 thuc x, y 1a cac s6 16n hon hodc bang 1. Chirng minh rang: 1 ! + >

Bai 2. (HK2 - THCS Hoang Hoa Tham - Ha N§i 2022- 2023)
Véia, b, cla cac s6 dwong thoa man diéu kién a+b + ¢ +ab + bc + ca = 6abc.
, . 1 1 1
Chirng minh ?+b_2+c_2 >3.
Bai 3. (HK2 - THCS Nguy@n Binh Khiém - Ha N&i 2022- 2023)
ab bc ac

Cho a, b > 0. Chirng minh rang: —+—+72a+b+c.
c a

Bai 4. (HK2 - THCS Amsterdam - Ha Noi 2022 - 2023)
Xét cac s6 thuwc khong 4m a,b,c théaman a+b=4—-c va a+3b=3+c.
Tim gia tri 1&n nhat va gia tri nho nhét ctia biéu thitc P =a+2b+3c.
Bai 5. (HK2 - THCS Giang V6 - Ha Noi 2022- 2023)
Cho a,b,c 1a ba sd dwong thod man a+5b+c =1. Chirng minh rang:

a b N 1

2 toz Ay 2 ) =5
9" +1 9¢c"+1 9a"+1 2
Bai 6. (HK2 - THCS Pong Xuan - S6c Son 2022- 2023)
Giai phwong trinh sau: (6x+8)(6x+6)(6x+ 7)2 =72.
Bai 7. (HK2 - S& GD&DT Bac Giang 2022- 2023)
Cho x>1;y >1va x+ y = 6. Tim gia tri nhé nhit cta biéu thirc P = 5(2x+y)+4(il+i1
x—1 y-
Bai 8. (HK2 - THCS Bat Trang - Hai Phong 2022- 2023)
a) Cho a,b € R. Chitng minh rang (a +b) > 4ab
b) Cho hai s6 dwong a,b c6 a+b =1. Tim gia tri nho nhét cua biéu thirc
1 1
= + .
1+3ab+a*> 1+3ab+b’
Bai 9. (HK2 - Phong GD & DT Hoang Mai - Nghé An 2022- 2023)
Cho 3 s6 dwong a, b, ¢ thod man abc = 1. Chitrng minh:
1 N 1 N 1 <1

A+ +1 P+l +l Cradd+1
Bai 10. (HK2 - THCS Kim Ngoc - Vinh Phiic 2022- 2023)
Véia, b, cla cic sé6 dwong thoa méan diéu kién :

a+b+c+ab+bc+ca=6abc.Chirng minh: Lz+?+—223 .
a c

Bai 11. (HK2 - THCS Thach Ha - Ha Tinh 2022- 2023)
1 4

>
a+l b+1 3

Cho cac s6 a, b dwong c6 téng bang 1. Chirng minh rang:

|
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Bai 12. (HK2 - THCS Ciu Dién - Ha N6i 2021- 2022)

Cho x>1; y>1va x+ y=6. Tim gia tri nhd nhat cia S =3x+4y+il+Ll.
x-1 y-

Cau 13. (HK2 - Quén Tay Hd - Ha Noi 2021- 2022)

Cho cac s6 thuc dwong a,b,c théamin a+b+c=3.

Tim gia tri 1én nhat ctia bidu thitc P=va+b +Vb+c +Jc+a.
Bai 14. (HK2 - Truomg THCS Giang V6 - Ha Noi 2021-2022)

2
Cho hai s6 a,hthod min a+b # 0. Chitng minh rang: a° +5b° +(ab +blj >2.
a+
Bai 15. (HK2 - Trwong THCS Nguy&n Du - Ha N§i 2021-2022).
1 N 1 > 2 .
1+x° 1+ l+xp
Bai 16. (HK2 - Trwdng THCS Nghfa Tn - Ha N§i 2021-2022).

Cho x>1;y >1. Chitng minh rang

Cho phwong trinh m = 20+l véi m la tham so.

x—m
Tim cac s6 nguyén m d€ phwong trinh c6 nghiém duy nhat 1a s6 nguyén.

Bai 17. (HK2 - Trwong THPT chuyén Ha N6i Amsterdam - Ha N6i 2021-2022).

Cho a,b,c 1a cac s6 thuwc khong 4m thod man a +b + ¢ =2022. Tim gia tri Ién nhit va gia tri nho
nhit cta biéu thitc P = ab + bc — ca.

Bai 18. (HK2 - Trwong THCS&THPT Lwong Thé Vinh - Ha N6i 2021-2022)

2 2 2

Cho céc s6 dwong x, y, z Chirng minh rang: — + Y12 >x4 y+z.
y z X
Bai 19. (HK2 - S& Gido duc va Pao tao Bac Ninh 2021-2022)
Giai phwong trinh |x - 1| + |x - 2| ;- |x ~ 3| =—x"+4x-2.
Bai 20. (HK2 - Phong Gido duc va Pao tao Bic Ninh 2021-2022)
ab

Cho 4a”+b*> =5ab va 2a >b > 0. Tinh gia tri ctia biéu thirc 4= yyEes
a —

Hotline: 1900 633551 2
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HUONG DAN GIAI CHI TIET
Bai 1. (HK2 - THCS Phtic béng - Ha N6i 2022- 2023)
! 2 2 .
1+x> 1+y° l+xy

' 8 s s 1
Cho hai s6 thuc x, y 1a cac s6 lé6n hon hodc bang 1. Chirng minh rang: +

Loi giai
Ta c6: 12+ 122 2 (1)
I+x° 1+y° 1+xp

1 1 1 1
= > + - = >0
I+x° 1+xy 1+y° l+xy

¥y-x) . v(x-y)
(1+x2)(1+xy) (1+y2)(1+xy)
(y_x)z(xy_l) >0 (2)
(1+x2)(l+xy)(l+y2)
Vix>2Ly22=xy21=xy-1>0
Suy ra bit dang thirc (2) dung. Do d6 bit dang thirc (1) ddng.
Diu “=" x4y ra khi x = y.
Bai 2. (HK2 - THCS Hoang Hoa Tham - Ha N6i 2022- 2023)

Véia, b, cla cac s6 dwong thoa man diéu kién a+b + ¢ +ab + bc+ ca = 6abc.

1 1 1
Ch*rng minh —+—+—2>3.
5 a b

>0

Lo giai:
11 1 1 1

Theo bai ra: a+b+c+ab+bc+ca=6abc:>l+—+—+—+—+—=6
a b ¢ ab bc ca

2 2 2 2 2 2
e R N R RN
a b” ¢ a b c a b b ¢ c a

1 1 g™ il 1 1
12| — S e =
a b ¢ ab bc ca

= 3. L2+i2+i2 22 l+l+l+i+L+L -3=2.6-3=9
a- b” ¢ a b ¢ ab bc ca

|
= b—2+

|
=+

1
— >3 (dpcm
P JE (pc)

Diu “="xdyrakhi a=b=c=1.

Bai 3. (HK2 - THCS Nguy&n Binh Khiém - Ha Noi 2022 - 2023)

Cho a, b, ¢ > 0. Chirng minh rang: a—b+b—c+%> +b+c.
c a
Loi giai
Ap dung Bat ding thirc Co-si, ta cé: —b+£>2 be + 25 9¢; a—b+—>2a

c a a b c

Hotline: 1900 633551
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ab bc
:>2(T+;+Fj>2(a+b+c) (dpcm)
Diu “="xayrakhi a=b=c.
Bai 4. (HK2 - THCS Amsterdam - Ha Noi 2022 - 2023)
Xét cac s thuwc khong 4m a,b,c théaman a+b=4—-c va a+3b=3+c.
Tim gia tri 1én nhat va gia tri nhd nhit cta biéu thivc P =a + 2b+3c.
Loi giai

. {a+b:4—c {024—a—b
Tw .

2a+4b =17

Tacé P=a+2b+3c=a+2b+3(4—a-b)=-2a—b+12=-T+4b—b+12=5+3b.

Vib>0 nén P=>5.

a+3b=3+c

Diu "=" xay ra khi va chi khi b = 0:>a—% c=%.
7 7 41
Laico 2a+4b= 7<:>4b<7<:>b<4:P 5+3b<5+32:?

Diu " =" xay ra khi va chi khi b:%:azo;c:%

[

Vay GTNN caa P =35 khi a:%;bzo;c:

N |

GTLN cua P=ﬂ khi a=0;b=z;c=—.
4 4 4

Bai 5. (HK2 - THCS Giang V6 - Ha N6i 2022- 2023)
Cho a,b,c 1a ba sd dwong thod man a +5b +c =1. Chitrng minh rang:

a b c 1
2 ) to2 z2
9" +1 9c¢"+1 9a +1 2
Loi giai
i a(9b2 +l)—9ab2 9gb?
Tacod —; = - =a——
9h" +1 9" +1 9h" +1
Vi a,b,c >0, Ap dung BPT C6 si ta c6
2 2 2
OB +126b= 20 94b _3ab_ a _, Oab , , 3ab
95" +1 6b 2 9h° +1 9h° +1 2
Twong tw b 2b—3bc va ZC ZC—SCa
9¢* +1 2 9a” +1 2
Cong ba vé ta duoc 2a + 2b ¢ (a+b+c)—§( b+bc+ca)
9" +1 9c” +1 9a +1
+bh+c)
Vi ab+bc+ca£u nén
2a + 2b ¢ (a+b+c) El(a+b+c) zl—i.l.l:l
95" +1 9c¢” +1 9a+1 23 23 2

Hotline: 1900 633551
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Diu “=" xay ra khi a=b=c=%.

Bai 6. (HK2 - THCS DPong Xuan - Séc Son 2022- 2023)
Giai phwong trinh sau: (6x +8)(6x+6)(6x+ 7)2 =72.
Lo giai

bat 6x+7 =t

Taco: (t+1)(r-1)r* =72
eP-1)r=12ct"-r-T2=0c(-9)("+8)=0

5
X=—=
Ma £ +8>0=r=23= ;
X=——
3
A . . A 5 2
Vay phuwong trinh c6 nghiém x = —g,x = 3

Bai 7. (HK2 - S& GD&DT Bic Giang 2022- 2023)

Cho x>1;y>1va x+ y = 6. Tim gia tri nhoé nhit cia biéu thirc P=5(2x+y)+4(il+il}
x—1 y-

Lo giai
P=5(2x+y)+4(i+i]
x—1 y-1
32 12

=10x+5y+ —+—
x—1 y-1

={8(x—1)+3—211|+{3(y—1)+£J+2(x+y)+ll

xX— Y-

Ap dung BPT Cosi ta c6 8(x—1)+3—2122,f8(x—1).3—21 =32
X == X —
12 12
3(y-1)+——=22 [3(y—-1).— =12
(v )+y_1 NEIES )y_1

= P>32+12+2.6+11=67
Diu “="xayrakhi x=3va y=3
Vay GTNN cia P=67 khi x =y =3.
Bai 8. (HK2 - THCS Bat Trang - Hai Phong 2022- 2023)
a) Cho a,b € R.Chirng minh rang (a+5)>4ab.
b) Cho hai s6 dwong a,b c6 a+b=1. Tim gia tri nhé nhat cda biéu thirc
1 1
“1+3ab+a’  143ab+b

Lo giai
a) Taco: (a—b) 20 a’ +b*> >2ab < a” +b° +2ab > 4ab < (a+b)* > 4ab

Hotline: 1900 633551 5
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-Dau " ="xayrakhi a=b.
b) Ta c6 (a+b)’ >4ab ( chua)

1 1 4
Vi a,b dwongnénsuyra: —+—2> *
8 Y a b a+b( )
Ap dung bat dang thitc: Véi a,b >0 ta co
R B 4 - 4
1+3ab+a’ 1+3ab+b> 14+3ab+a”* +1+3ab+b> (a+b) +4ab+2
Ma: a+b=1nén ! > 4 D

+ 2
1+3ab+a® 1+3ab+b* 2+1*+4ab

2
+) Lai ¢6: (a—b)* 20Va,b= a” +b* +2ab > 4abVa,b=> ab < (a;rbj Va,b

1Y’ 1
:abS(—j =ab<— (2)
2 4

+ ! >1
1+3ab+a” 1+3ab+b’
Viy gia tri nho nhitcia 4 =1 khi a=5b=0,5.
Bai 9. (HK2 - Phong GD & DT Hoang Mai — Nghé An 2022- 2023)
Cho 3 s6 dwong a, b, c thod mén abc = 1. Chitrng minh:

1 1 1
Lib 4]l b Ac+]l Crd+] =1

Twr (1) va (2) suy ra:

Loi giai
V&iab > 0TacéBDT: a’+5° > ab(a+b) (*)
That vy: (*) < (a+b)(a’ +b* —ab—ab)=0
< (a+b)(a—b)’ 20 ding véi moi ab duwong
Ap dung BDT (*) tacé: a’ +b° +abc > ab(a+b)+ abc
<:>a3+b3+ab02ab(a+b+c):> ; 31 < ! (D
a +b +abc ab(a+b+c)
1 1 1

1
CMTT: < 2) ; < 3
b+’ +abc bc(a+b+c)( ) ¢ +a’ +abc ca(a+b+c) ®

Cong (1); (2); (3) ta dwocvT<—4t0re 1
abc(a+b+c) abc

D4u bang xay ra khi va chikhi a=b=c=1.
Bai 10. (HK2 - THCS Kim Ngoc - Vinh Phiic 2022- 2023)
Véia, b, cla cac s6 dwong thoa méan diéu kién :

1 1
a+b+c+ab+bc+ca=6abc.Chirng minh: —2+?+—223 .
a c

Loi gii

Hotline: 1900 633551 6
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1 1 1 1 1 1
Taco: a+b+c+ab+bc+ca=6abc = —+—+—+—+—+—=6 (1)
a b ¢ ab bc ca

Bﬂl=m l=% L
a b c

Khidé (1) tré thanh: x+y+z+xy+yz+2zx=6

Ta cAn chitng minh: x* +y* +2z° >3

Ap dung BDT Co-sitacéd: x* +1>2x ; y* +122y ; 22 +1>2z
Cong vé theo vé cia 3 BDT trén ta dwoc
x2+y2+22+322(x+y+z) (2)

Mat khac, theo BDT C6-si ta co:

XY 22xy YAz 22yz ;2 x> 2z

Cong vé theo vé cia 3 BDT trén ta dwoc
2(x2+y2+22)22(xy+yz+zx) 3)

Lay (2) + (3) taduoc

2.6-3

3(x2+y2+22)+322(x+y+z+xy+yz+zx)c>x2+y2+z22 =3
Véyiz+%+i223.
a b ¢
Bai 11. (HK2 - THCS Thach Ha - Ha Tinh 2022- 2023)
Cho cac s6 a, b dwong c6 tong bang 1. Chirng minh rang: + L > i
a+l b+1 3
Loi giai
Ta chitrng minh bit dang thirc phu x+y( J>4
(x+y)(l+lJ=1+£+1+1=2+(£+Zj 2+2=4 (dpcm)
Xy y X y X
Suyra(a+1+b+1)( +Lj>4:> ! > 4 4 _4
a+l b+1 a+1 b+l a+b+2 1+2 3
) Cla+1=b+1 1
D4u “=" xay ra khi Sa=b=—
a+b=1

Bai 12. (HK2 - THCS Cau Dién - Ha N6i 2021- 2022)

Cho x>1; y>1va x+y=6. Tim gia tri nhé nhitcia S = 3x+4y+—51+—91.
x=1y
Loi giai
S5(x-1 9(y-1
Taco: S=3x+4y+ > + 4 = (x )+ > + (y ) +Z(x+y)+—

+
x-1 y- 4 x—1 4 y=1 4

1
5(x—1 9(y—1
22\/ (=) 5 L, P 9 T T 5,9 2T o
4 x-1 4 -1 472 22

Hotline: 1900 633551
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“«__n

Diu “="xay rakhi x =y =3.

Vay GTNN cua S=28 khi x =y =3.

Cau 13. (HK2 - Quan Tay Ho - Ha Ngi 2021- 2022)
Cho cac s6 thuc dwong a,b,c théamin a+b+c=3..

Tim gia tri 16n nhat cta bidu thitc P =a+b +b+c +Jc+a.
Lo gidi
Ap dung BBT Cosi cho hai s6 dwong (a+b) va 2 ta cé

b+2
a+b)+22>22/(a+b .2<:>\/a+b£a+
(a+b)+222(a+) -
b+c+2 cta+?2
Chirng minh twong twtacoé Vb +c < ;AVe+a <
8 e 22 22
2 b 6
=Ja+b+b+c+e+ax< (atbte)+ =2'3+6=3\/§
22 22

u__n

Diu“="xayrakhia=b=c=1
Vay GTLN ctia P=3+2 khi a=b=c=1.
Bai 14. (HK2 - Trwong THCS Giang Vo - Ha Noi 2021-2022)

p)
Cho hai s6 a,hthod man a+b # 0. Chitng minh rang: a° +5b° + (&—i_bl} >2.
a+
Loi giai
ab+1
a+b

2
Gia st: a’ +b* +( J 22:>(a2 +b2)(a+b)2 +(ab+1)2 22(a+b)2

a+b)'[(a+b) ~2ab|+(ab+1) ~2(a+b)" 20

4

a+b) 2ab(a+b)2 —2(a+b)2 +(ab+1)2 >0

2

2
(a+b) —ab—l] >0 (luén ding Va,b) (dpcm).

g0 ¢ ¢ ¢

(
(
(a+b)4 2(a+b)2(ab+l)+(ab+l)2 >0
[

Bai 15. (HK2 - Trwong THCS Nguyén Du - Ha Noi 2021-2022).

3 1 1 2
Cho x>1;y>1. Chrng minh rang >+ > 2 .
I+x° 1+y" 1+xp
Loi giai
1 N 1 > 2
1+x> 1+ l+xy
12_ 1 N 12_ 1 >0
I+x° 14+xy 14+y° l1+xp
xy—x" w-y o,

(1+x2)(l+xy) " (1+y2)(1+xy)

Hotline: 1900 633551
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x(y—x)

y(x-y)

< (1+x2)(1+xy)+(1+y2)(1+xy)

—X

PR
1+xy

|

1+ x*

+ Y 2}20
1+y

<

xX—y —x(1+y2)+y(1+x2) N

1+xy

(1+x2)(1+y2)

>0

X—y —X—xy° +y+yx’
©1+xy (e )irr)

~(x—y)+w(x-y)
(l+x )(1+y)

(=) (w-1)
(1+x2)(1+y2)(1+xy) B

Vix>Ly>1= dpcm.

>0

1+xy

Diu “="xay rakhi x = y.
Bai 16. (HK2 - Trwong THCS Nghia Tan - Ha N6i 2021-2022). Cho phwong trinh m = 2xtl voi
xX—m
m 1a tham s8. Tim cac s6 nguyén m dé phwong trinh c6 nghiém duy nhit 1a s6 nguyén.
Loi giai
DKXD: x #m
2x+1 ) 2
= :>m(x—m):2x+l<:>mx—m :2x+l<:>(m—2)x:m -
xX—m
TH1: m=2=0=5 (voly) (loai)
2
TH2: m#2=> x="2 A =m+2+ 2
m—2 m—2
D€ x nguyén thi > 5 nguyén < m—-2e U (5)={£};+5}
Ta c6 bang sau
m—2 =5 5 -1 1
m — 7 1 3
X -2 10 -2 10

Vay v&i m e {-3;7;1;3} thi PT m = 2x+1
x—m

Bai 17. (HK2 - Trwong THPT chuyén Ha N6i Amsterdam - Ha N6i 2021-2022).
Cho a,b,c 1a cac s6 thwc khong Am thod man a +b + ¢ =2022. Tim gia tri Ién nhit va gia tri nho

c6 nghiém duy nhit 1a nghiém nguyén.

nhat cta biéu thirc P = ab + bc —ca.

Lo giai

a+b+ c)2 B 2022°
4 4

* P:ab+bc—ca:b(a+c)—caSb(a+c)S(

Hotline: 1900 633551 9
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o w  a b=a+c a=0 . =0
Dau “="xayra < = hoac
ac=0 b=c=1011 a=b=1011
2 =0 =0
Vay GTLN ctia P = 2222 khi {° hoic {€
4 b=c=1011 a=b=1011
2 2
+ +b+ 2
*P=ab+bc—ca=b(a+c)—ca2—ac2—(a C) 2—(a C) =—2022
4 4 4
¢ «“ ”n 2 b:O
Dau “="xayra <
a=c=1011
2 b=0
Vay GTNN cua P=—2022 khi
a=c=1011
Bai 18. (HK2 - Trwong THCS&THPT Lwong Thé Vinh - Ha N6i 2021-2022)
2 2 2
Cho cac s6 dwong x, y, z Chirng minh réng: x—+ 2 +—2>x+y+z.
y z X
x2 2 2
Cho cac s6 dwong x, y, z. Chirng minh rang: I y+z.
y oz X

Loi giai

Taco x,y,zlacac sé6 dwong nén:
2 2

X+ 22xy<:>x—+y22x<:>x—22x—y 1)
Yy Yy

2 .-
Y +z 22yz<:>y—+222y<:>y—22y—z(2)
z z

2 2

z z
22 +x22z2—222-x(3)
X X
2 2 2

T (1) 2)(3) = +2 +Z >x+y+z (dpem)
B

«__n

Diu “="xayrakhi x=y=1z.

Bai 19. (HK2 - S& Gido duc va Pao tao Bac Ninh 2021-2022)
Gidi phwong trinh |x — 1| + |x — 2| + |x — 3| =—x" +4x-2.

Loi giai

Ap dung tinh chat

A|> A. Ddu “=" x4y ra khi va chi khi 4>0.
Taco |x—1|2x—1. D4u “="xay ra khiva chikhi x—-1>0< x>1
|x—3|:|3—x|23—x. Diu “=" xay ra khi va chikhi 3—-x>0< x<3.
|x—2|20. D4u “=" xay ra khi va chi khi x =2

Khi d6 |x—1|+|x—2|+[x-3[>x-1+3-x=2

I1<x<3

D4u “=" xay ra khi { Sx=2
x=2

Hotline: 1900 633551 10
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Taco VP=—x"+4x—-2=—(x-2) +2<2

Diu “="xayrakhi x—-2=0< x=2.
Ma VT =VP=x=2.

Bai 20. (HK2 - Phong Gido duc va Pao tao Bic Ninh 2021-2022)
Cho 44’ +b*> =5ab va 2a >b>0. Tinh gia tri ctia biéu thitc 4 = 42a—bbz.
a —
Lo gidi
Tacé: 4a” +b* =5ab < 4a” —5ab+b’ =0<:>(4a—b)(a—b)=0
4a-b=0 b=4a
& =S
a-b=0 b=a
Ma 2a>b>0nén a=»>b
ab a’

1
Khiddé A= = =_,
4a* -b* 4d*-a* 3

Hotline: 1900 633551
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