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MOT SO CAU HOI BIEM 10 TRONG BAI THI CUOI HOC KY I1 LOP 9

Bai 1. (Trwong THPT Chuyén Ha N§i - Amsterdam nam 2022 - 2023)
Tim cac s6 thwc dwong x va y sao cho

xy+88=20,/(x+3)(y+1) —2x—4y.

Bai 2. (Trwong THCS Lwong Thé Vinh nam 2022 - 2023)
Cho m, n, p 1a cac s6 thuc tuy y thod man m’ +n’ + p° <14
Chirng minh rang: m+2n-3p <14.
Bai 3. (Trwomg THCS Trung Vwwong nam 2022 - 2023)
Cho cac s6 thuc a,b,c >1 thod man a’ +b° +¢” = 6. Tim gid tri 1én nhat va gia tri nhé nhat cla
biéu thitc A=a+b+c.
Bai 4. (Trwomg THCS Ng6 Si Lién nam 2022 - 2023)
a) Giai hé phwong trinh: {Xj i yi =Imw

X' +y' =2
b) Cho x,y la cac s6 thwc khong 4m thod man x+ y =2. Tim gia tri lén nhit va gia tri nhoé nhat
clia biéu thirc H =+/x* +xy + )’ +\/E.

Bai 5. (Trwdmg THCS Ngb Si Lién ndm 2022 - 2023)
Tim cac so thuc ¢ sao cho ¢ ++/2023 va 2_ \/2023 déu la cac s6 nguyén.
c

Bai 6. (Trwong THCS Thai Thinh nam 2022 - 2023)
Giai phwong trinh x* + 6x+2 = (2x+2)vJ/x* +5.
Bai 7. (Trwomg THCS Chu Van An nam 2022 - 2023)
Cho a,b,c la cac s6 dwong théa man diéu kién ab +bc+ca =1.
C, W 3
Ji+a> N1+b® 1+ 2
Bai 8. (UBND Quén Cau Gidy ndm 2022 - 2023)

Chirng minh rang:

Chohais6thuc a,b>0va a+b= % Tim gia tri nhé nhit cia biéu thirc P = i+L+ 2023.
a

Bai 9. (UBND Quan Ba Pinh nam 2022 - 2023)
Giai phwong trinh x+2=+/x—2+2x+1.

Bai 10. (UBND Quan Nam Tir Liém nam 2022 - 2023)
Xét cac sO thuc a,b théamin 1<a<2val<h<2.
a+b

Tim gid tri nhé nhét cta biéu thitc P = 5———-.
a —ab+b
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Bai 11. (UBND Quan Hai Ba Trung nam 2022 - 2023)
Tim gia tri nhd nhat cda bidu thitc 4A=+1-x> ++/x,véixthodman 0<x<1.
Bai 12. (UBND Huyén Thanh Tri nam 2022 - 2023)

2 2

2
AR
I+y 1+z 1+x 2
Bai 13. (Phong GD & DT Quan Long Bién nam 2022 - 2023)

Giai phwong trinh \/xz +l —\/Zx—l =—x +2x—§.
4 2 4

Cho x;y;z>0 va xyz=1. Chlrng minh:

Bai 14. (Phong GD & DT Quén Ha Pong ndm 2022 - 2023)

Cho x,y la cac s6 thwc thod mdn x>2 va x+y >3

Tim gia tri nhé nhit ctia biéu thic P =x* +° LI
X x+y

Bai 15. (UBND Thi xa Son Tay ndam 2022 - 2023)

Véi x>0, im gi4 tri nhd nhat ciia biéu thirc P = 4x* — 3x + 4i +2023.
X

Bai 16. (UBND Quéan Bic Tir Liém nam 2022 - 2023)
Cho cac s6 thwc khéng am x, y,z théamin x+ y+z =6.

Tim gia tri nhé nhit cia P = \/x2 +y° —i—\/y2 N
Bai 17. (Trwong THCS Ly Thwong Kiét nam 2022 - 2023)

Giai phwong trinh i+,/x—l =X+ ,/2x—§.
X X X

Bai 18. (Trwong THCS Phwong Liét nam 2022 - 2023)
Cho a,b>0 théaman a+b <2.Tim gia tri loén nhit cua biéu thirc P = \/a(b +1) + \/b(a +1).
Bai 19. (Phong GD & DT Huyén Chwong M§ nim 2022 - 2023)
Cho x,y,z la cc s6 dwong thod man x+ y+z =2022. Tim gia tri 1&n nhit cda biéu thirc.
Bai 20. (Phong GD & DT ('ng Hoa nim 2022 - 2023)
Cho a,b 1a cac s6 thuc thod man a’ —ab +b* = a+b. Tim gia tri lén nhat va gia tri nhé nhat cia
biéu thirc P =2023a+2023b.
Bai 21. (Phong GD & DT Huyén Gia Lam nam 2022 - 2023)
1 1 1

1 1 1 .
Cho x,y,z>0 va —+—+—=4. Chirng minh rang + + <1.
X y z 2x+y+z Xx+2y+z x+y+2z
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HUONG DAN GIAI CHI TIET
Bai 1. (Trwong THPT Chuyén Ha N§i - Amsterdam nam 2022 - 2023)

Tim cac s6 thwc dwong x va y sao cho xy+88=20,/(x+3)(y+1)—-2x—4y.
Lo gidi
Tacé xy+88=20 (x+3)(y+1)—2x—4y

<:>(xy+x+3y+3)—20\/xy+x+3y+3 +85+x+y=0

<:>[(nyrx+3y+3)—18\/xy+x+3y+3 +81]+[(x+y+4)—2\/xy+x+3y+3]:0

<:>(\/x +x+3 +3_9)2+(X+J’+4)2—4(xy+x+3y+3)_0
v y (x+y+4)+2fxp+x+3y+3

x4y +d4x—4y-2xy+4 _
x+y+4+2\/xy+x+3y+3

(x—y+2) B
x+y+4+2\/xy+x+3y+3

<:>(\/xy+x+3y+3—9)2+

2

0.

<:>(\/xy+x+3y+3—9)2+

Vi x, y 1a cac s6 dwong nén x+y+4+2\/xy+x+3y+3 > 0.

2 —y+2)
Do d6 (xy+x+3y+3-9) + (x-2+2) >0.
x+y+4+2\/xy+x+3y+3
, —-9= =x+2
D&u "=" xdy ra khi va chi khi X+ +3y+3-9 0@{y o]
x—y+2=0 xy+x+3y+3=_8I

y=x+2 y=x+2 y=x+2 x=6
<:>{x(x+2)+x+3(x+2)+3—81=O<:>{x2+6x—72=0c>{x:6(dox>0)<:>{y:8'
Vay (x;»)=(6:8).
Bai 2. (Trwomg THCS Lwong Thé Vinh nam 2022 - 2023)
Cho m, n, p 1a cac s6 thuc tuy y thod man m’ +n* + p° <14.
Chirng minh rang: m+2n-3p<14.
Lo giai
bat A=m+2n-3p
= 2A=-2m—-4n+6p
:(m2—2m+1)+(n2—4n+4)+(p2+6m+9)—(m2+n2+p2)—14
=(m-1) +(n-2) +(p+3) -28>-28
= A<14
Diu“="xdyrakhim=1;n=2; p=-3
Vay m+2n-3p<14 khim=1;n=2; p=-3.
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Bai 3. (Trwong THCS Trung Vwong nam 2022 - 2023)
Cho c4c sé thuc a,b,c >1 thod man a’ +b° +¢” = 6. Tim gid tri 1én nhat va gia tri nhé nhat cla
biéu thitc A=a+b+c.
Lo giai
Tacé A°<3(a’+b*+c*)=18= A<3\2
Vay GTLN ctia 4 =32 khi a=b=c=+2.
Vi a,b,ch:>(a—1)(b—1)20<:>ab+12a+b
Twongtw bc+1>b+c vaca+l>2c+a
Nén 2(a+b+c)<ab+bc+ca+3
Hay 4AS2(ab+bc+ca)+6=(a+b+c)2 = A
MaA>0=A4>4
Vat GTNN ctia A=4 khi a=b=1,c=2.
Bai 4. (Trwong THCS Ng6 Si Lién nam 2022 - 2023)
o \ {x2+y2=3—xy
a) Giai hé phwong trinh: .
X' +y =2
b) Cho x,y 1a cac s6 thwc khong 4m thod man x+ y =2. Tim gia tri lén nhat va gia tri nho nhat
clia biéu thirc H =/x* +xy +)° +\/@.
Lo giai
x*+y*=3-xy {x2+y2+xy:3
a) = 2
{x4+y4:2 (x2+y2) —2x’y* =2
bit A=x’+y’; B=xy (4>0). Suy ra hé phwong trinh tré thanh

{A+B:3 {A+B:3 {A=3—B {A=3—B

= A=
A -2B*=2 |4 -2B=2 (3—3)2—232=2© ~B*~6B+7=0
A=3-B
A=3-B A=2 . [4=10
= (B+7)(1—B):0<:> B=-7 < _ (tm) hodc _ (tm)
B=1

2 2:2 :1’ :1
TH1: {x Ty @{x 4

xy =1 x=-1;y=1

2437 =10 242+ )yt =—4 g
THZ:{X yE g gy ey o)==

xy =7 xy =71 xy =-7

Vay hé phurong trinh c6 nghiém Ia (x;y) € {(1;1);(-1-1)}.
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b) x+y=2<:>(x+y)2:4<:>x2+y2:4—2xy22xy<:>xy£1
2(x2+y2)2(x+y)2:4<:>x2+y222
Ta co H\/gz\/3(x2+xy+y2)+3\/5

2 2 2, .2 2
NCPEAL: +2xy+y +3(1+ny:6+x +y’ dxy 6+(x+y) t2y _6+4+2

6

2 2 2

= H <32
Diu “="xdy rakhi x=y=1.

Vay GTLN ctia P =32 khi x=y=1.

Tacod H® :xz+xy+y2+3xy+2\/3xy(x2+xy+y2)

H? :x2+4xy+y2+2\/3xy(x2+xy+y2)

2x2+2xy+y2:(x+y)2:4
=>H2>2

Diu “="xadyrakhi x=0; y=2 hodc x=2; y=0
Vay GTNN ctia H =2 khi x=0; y=2 hoac x=2; y=0.

Bai 5. (Trwong THCS Ng6 Si Lién nam 2022 - 2023)
Tim cac so6 thwc c sao cho ¢ ++/2023 va . \/2023 déu la cic s6 nguyén

C
Lo giai
Gia s c++2023 =x (xe Z) = c=x—-+/2023
) ) 2(x++2023) 2y ( ) j
~ 2 _03=— =t 023 = 2023 = + —1]+/2023
c x—~/2023 X2 —2023 X2 —2023 |\ x?—2023
2x <7 \/_
2_ — 452023
ViZ_J2023 eZ v xeZ nén ¥ —2023 o x=t45=|€
c i ¢ =-45-+/2023
X2 —2023
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Bai 6. (Trudmg THCS Théi Thinh ndm 2022 - 2023)
Giai phwong trinh x* + 6x+2=(2x+ 2)%
Loi gidi

X4+ 6x+2=(2x+2)Vx +5
e X +5+6x-3—(2x+ 2V +5=0
o +5+3(2x-1)—(2x -1V +5-3Jx* +5=0

@(M—Zxﬂ)(\/m—?)):o

¥ +5=2x-1

¥ +5=3
Giai rata dwoc x =2 hodac x=-2
Vay PT c6 tap nghiém la § = {-2;2}.

Bai 7. (Trwdng THCS Chu Van An nam 2022 - 2023)
Cho a,b,c 1a cac s6 dwong théa min diéu kién ab +bc +ca =1.

a__ b L <§
Jl+d® 146 Jl1+¢> 2

~

Chirng minh rang:

Loi giai
Tacé 1+a*> =ab+bc+ca+a’ =(a+b)(a+c)
Twongtw 1+b° =(b+a)(b+c) ; 1+ =(c+a)(c+b)

2a 2a a a
= < +
J1+a? \/(a+b)(a+c) a+b a+c
2b 2b < b b

N \/(a+b)(b+c) - a+b+b+c

Ta co

2c 2c c c
= < +
Ji+ed J(a+e)(b+c) a+b b+c
2a 2b 2¢ a+b b+c c+a
= + + < + + =3
Ji+d® 146> Jl+e? a+b b+c c+a

b c < 3

a
= he +
J1+a® 146> 1+ 2

“__n

Diu “="xayrakhi a=b=c=

/-
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Bai 8. (UBND Quén Cau Gidy ndm 2022 - 2023)
Cho hais6 thuwc a,b>0va a+b= % Tim gia tri nhé nhit cta biéu thirc P = 3+L+ 2023.
Loi giai
P=i+L+2O23:i+L+4(a+b)+2018=(i+4aj+(i+4bj+2018
a 4b a 4b a 4a

Ap dung bat dang thitc Cosi cho hai s6 dwong ta cé

P> 2\/i4a + 2\/L.4b +2018=2028
a 4b

Diu “="xayrakhi a=1;b =%

Vay GTNN ctua P =2028 khi azl;b:%.

Bai 9. (UBND Quan Ba Pinh nam 2022 - 2023)
Giai phwong trinh x+2 =+x -2 +2Jx +1
Lo giai
biéu kién: x>2
Phwong trinh tré thanh 2x+4 =2Jx -2 + 4/x +1
Sx-2-Vx-2+1+(x+1)-4/x+1+4=0
< | x—2—1)2+(Jﬁ—2)2 =0

Jx=2-1=0
@{M—zzo
Vay tap nghiém ctia PT1a S = {3}

Bai 10. (UBND Quéan Nam Tir Liém nam 2022 - 2023)

Xét cac s6 thwc a,b thbamin 1<a<2val<h<2.
a+b

a*—ab+b*

S x=3 (tmdk)

Tim gia tri nhé nhit cia biéu thic P =

Lo giai

Vil<a<2val<h<2 nén:
(a—l)(a—2)£0 a’*<3a-2
(b—l)(b—2)£0:> b*<3b-2 =a’+b*—ab<a+b.
(a-2)(b-2)20 |-ab<4-2a-2b

+b

2 2

Do a* +b* —ab=(a—b)’ +ab>0 nén
a +b"—ab

>1 hay P>1.
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(a—l)(a—2)=0
Tathly P=1& < (b-1)(b-2)=0 < (a,b) e{(5;2);(21);(22)}.
(a=2)(b-2)=0
Do d6 gia tri nhé nhét cha P 1a 1khi (a,b) € {(1;2);(251);(2;2)} .
Bai 11. (UBND Quan Hai Ba Trung ndm 2022 - 2023)
Tim gia tri nhé nhat cta biéu thirc 4= m ++/x,véixthodman 0<x<1.
Loi giai
Vio<x<l=x’<x=1-x">1-x
RN TR Y et S el
Vay GTNN ctia 4=1 khi x=0 hodc x=1.
Bai 12. (UBND Huyén Thanh Tri nam 2022 - 2023)

2 2 2
o2 L3
l1+y 1+z 1+x 2

Cho x;y;z>0 va xyz=1. Chrng minh:

Lo giai
Ap dung BPT Cauchy cho hai s& dwong:

2 2
X +1+y22 X }+y:x
1+y 4 Ity 4

2 2
y +1+222fy }+Z:y
1+z 4 1+z 4

2 2

z +1+x22fz }+x:Z
1+x 4 1+x 4

Cong vé véi véE ba BDT trén ta dwoc:

2 2 2
L N A T S >(x+y+2z)
I+y 4 g 4 I+x 4

2 2 2

S A~ 2—§—M+(x+y+z)

I+y 1+z 1l+x 4 4

z : 2 3(x+y+

* VR S ﬁ % Z)—gzgﬁﬂ@z—g 3
14y l+z l+x 4 474 42

Diu“="xdyra < x=y=z=1.
2 2 2
Vay A A 25.
I+y 1+z 14+4x 2
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Bai 13. (Phong GD & DT Quan Long Bién nam 2022 - 2023)

Giai phwong trinh \/x2 +l —\/2x—l =—x +2x—§.
4 2 4

Loi giai

Xét phwong trinh: \/x2 +l—\/2x—l =—x +2x—é. bKXDb: le.
4 2 4 4
N \/x2+l—\/2x—l \/x2+l+\/2x—l+l =0
4 2 4 2
SN \/x2+l—\/2x—l \/x2+l+\/2x—l+1 =0
4 4 2

[\

— \/x2+l_\/2x_l =0 (do \/x2+l+\/2x—l+l> v(yimoile)
4 2 4 2 4
x=1(mm)
, 1 1 ) 3 2
&L x +Z: 2x—§<:>x _2x+Z:0<:> 3
XZE(TM)

31
Vay S =<{—;—¢.
w512}

Bai 14. (Phong GD & DT Quan Ha Péng nim 2022 - 2023)

Cho x,y la cac s6 thwc thod mdn x>2 va x+y >3.

Tim gia tri nhé nhit ctia biéu thiec P = x>+’ L
X x+y

Loi giai

-5

P=(x—2)2+(y—1)2+4x+2y+l+
X x+y

<:>P=(x—2)2+(y—1)2+2(x+y—6+ 4 J+2(x—4+ij—[z+ 17 j+15
xX+y X X X+

Y _ 2
<:>P:(x—2)2+(y—1)2+2(x+y 3 2=2) —(z+1—7j+15
X+y X X x+y

=>P>- Z+ 17 2—(Z+1—7j+15:3—5
X x+y 2 3 6

Vay GTNN cia P = 3—65 Diu “=" x4y ra < x =2;y =1 (thod man diéu kién).
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Bai 15. (UBND Thi xa Son Tay ndm 2022 - 2023)

Véi x>0, im gi4 tri nhd nhat ciia biéu thirc P = 4x* — 3x + 4i +2023.
X

Loi giai

P =4x —3x+i+2023=(4x2—4x+1)+(x+ij+2022=(2x—1)2+(x+ij+2022
4x 4x 4x

Do x>0 nén € >0.Ap dung BPT Co6si cho hai s6 dwong x va 1 ta duoc:

4x 4x
X+L21:>A22023
4x
~ n n ed 1
Dau "=" xay ra <:>sz

Vay 4. =2023 khi x= %

Bai 16. (UBND Quén Bic Tir Liém ndm 2022 - 2023)
Cho cac s6 thwc khong am x, y,z théaman x+ y+z =6.

Tim gia tri nhé nhitclia P = \/x2 +y° +\/y2 N
Loi gidi

Cod x*+y° >

2
2>@:> X+ >—(x+y)

Tuwong tw cé /y* +2° >§(y+z) ? 1 gl >—(x+z)
PZ\/E(x+y+z)Z6\/§

‘“ w2 | x+y+z=06
D4u “=" xay ra khi <> = Vg = 2
X=y=z
VayGTNNcua P=6V2 <o x=y=z=2.

Bai 17. (Trwdng THCS Ly Thuong Kiét nim 2022 - 2023)

Giai phwong trinh i+‘fx—l =x+ ,/Zx—é.
X X X

Loi gidi
o 1A x—lZO;Zx—EZO
biéu kién: x x (%)

x#0

Tabié'nd‘(“)inhu’sau:i+‘/x—l:x+ 2x—§<:>x—i+\/2x—§—\/x—120
X X X X X X
5) 1Y 5 1 5 1 5 1
( 2x——J —(\/x——j +\/2x———\/x——:OQ[\/Zx———\/x——j(\/Zx——+\/x——+1j:0
X X X X X X X X
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=2
@[\/Zx—é—\/x—lj:0<:>\/2x—§:\/x—l<:>2x—§:x—l<:>x=i<:>x2=4<:>{x
X X X X X X X x=-2

Thé x =2 vao diéu kién (*) dwoc 2 —% > 0;4—3 >0, vy théa man

Thé x =-2 vao diéu kién (*) duwoc 2 +% <0;-4 +§ <0, vy khong théa man.

Vay nghiém ctia phwong trinh § = {2} .

Bai 18. (Trwong THCS Phwong Liét nam 2022 - 2023)
Cho a,b >0 théamin a+b<2.Tim gia tri lon nhit ctia biéu thirc P = \/a (b+1)+ \/b(a +1).

Loi gidi
V2P = 2a(b+1)+/2b(a +1)

Ap dung BDT C6 si cho hai s6 khong am

2a(b+1)sza+Tb+1; 2b(a+1)<22rarl
3(a+b)+2
_ J3P< (a+b) 3242,
2 2
= P<2\2
" , 2a=b+1
Dau “="xay ra < Sa=b=1
2b=a+1

Vay GTLN ctia P =22 khi a=b=1.

Bai 19. (Phong GD & DT Huyén Chwong My nam 2022 - 2023)
Cho x,y,z la cic s6 dwong thod man x+ y+z =2022. Tim gia tri l&n nhat cta biéu thirc
P xy N vz " zx .
J2022z+xy  ([2022x+yz  \[2022y +zx
Lo giai
Ta cé 2022z + xy :(x+y+z)z+xy =z +zy+zx+xy :(z+x)(z+y)

Twong tw 2022x + yz =(x+y)(x+z) ; 2022y +xz =(y+x)(y+z)

Khi d6 —22— = ald _l( 2 j
\/2022Z+xy \/(Z+x)(z+y) 2 z+x z+y

Twong tw )z gl Yz . V2 |y zx Sl x|
2022x+yz  2\x+y Xx+z 2022y +zx  2\y+x y+z
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Pgé[xy+xy+yz+yz+zx+zxj

z+x z+y x+y x+z y+x y+z

1 xy+yz+xy+zx+zx+yz
2\ z+z z+y y+x

=%(y+x+z):1011

DAu “=" xay rakhi x = y = z = 674

VAt GTLN ctia P=1011 khi x = y =z = 674.

Bai 20. (Phong GD & DT Ung HoA nim 2022 - 2023)

Cho a,b 1a cac s6 thuc thod man a® —ab +b*> = a +b. Tim gia tri lén nhat va gia tri nhé nhat cia
biéu thirc P =2023a +2023b.

Lo gidi

2
Tacod (a—b)* >0Va,beR < (a+b)’ > 4ab < ab < (a+b)

Va,beR

(aer)2 B (a+b)2
4 4

2 2
@@rz%@t(p@so@osrg

Khi d6, @® —ab+b> =(a+b)’ —3ab > (a+b)’ -3

bat: t=a+b=a* —ab+b*=a+b>

Ta c6: P=2023a+2023b= 2023(a +b)=2023¢
Tl diéu kién 0<¢<4=0<2023r<2023.4 <0< P <8092

=b
Vamein:()@{a Sa=h=0

a+b=0

a=>b
P =8092 < Sa=b=2

a+b=4
Bai 21. (Phong GD & DT Huyén Gia Lam nam 2022 - 2023)
Cho x,y,z>0 va l+l+l:4. Chirng minh rang 1 + 1 + ! <1.

X y z 2x+y+z x+2y+z x+y+2:z
Loi giai
i1, 4+ 11, 110,400 1 171,21
X y x+yy z y+z x y y z x+y y+z x+2y x+2y+z 1l6\x y =z

1 1{2 1 1 1 ({1 1 2
Twongty: —<—| —+—+— |,}——— < —| —+—+—
2x+y+z 16\x y z)x+y+2z 16\x y z

A XNori 1 1 1 1(4 4 4
Cong vé vo1i vé suy ra: + + <S—|—+—+—|=1
2x+y+z x+2y+z x+y+2z 16\x y =z
3

DAu “=" xay ra khi x=y=z=7.
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