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TONG HOP MOT SO CAU CUOI TRONG DE THI TUYEN SINH VAO LOP 10
THANH PHO HA NOI

Bai 1. (Nim hoc 2010 - 2011)
Giai phwong trinh x* +4x+7=(x+4)vx* +7.

Bai 2. (Ndm hoc 2011 - 2012)

7 = A 4 . 2 ~ 2. = A /7 1
Vé&i x > 0, tim gia tri nhé nhat cta biéu thivc: M = 4x° —3x+4—+201 1.
X

Bai 3. (Nam hoc 2012 - 2013)
2 2
) \ 7 ~ 2 ~ A A AY 4 . 2 ~ 2 = A 7 +
Vo1 x,y la cac s dwong thoa man diéu kién x > 2y, tim gia tri nho nhat cua biéu thirc M = xry
xy

Bai 4. (N3m hoc 2013 - 2014)

Vi a,b,c 1a cac s6 dwong théa min diéu Kién a+b+c+ab+bc+ca = 6abc.
, . 1 1 1

Chtrng minh: ;+?+? >3

Bai 5. (Nam hoc 2014 - 2015)

Véi a,b,c 1a cac s6 dwong théa man diéu Kién a +b+ ¢ =2. Tim gia tri 1én nhat cta biéu thirc

O=~2a+bc+~2b+ca+~2c+ab .

Bai 6. (Nam hoc 2015 - 2016)
ab

Véi hai s6 thwe khéng &m a,h thdéa man o® +5b° = 4, tim gia tri [&n nhit cta biéu thirc M = L
a+b+

Bai 7. (Nam hoc 2016 - 2017)
Véi cac s6 thue x, y thod mdn x—+/x+6 =./y+6—y, tim gia tri I&n nhat va gia tri nho nhit caa biéu
thttc P=x+y.

Bai 8. (Nim hoc 2017 - 2018)
Cho cac s6 thuc a,b,c thay d6i luén théaman: a>1,b>1,c>1 va ab+bc+ca=9.
Tim gia tri nhd nhit va gia tri 1én nhit ctia biéu thirc P =a’ +b* +c.

Bai 9. (Nam hoc 2018 - 2019)
Tim gia tri nhd nhit cua biéu thirc P=~/1-x ++/1+x +2Vx.
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Bai 10. (Nam hoc 2019 - 2020)
Cho biéu thitc P=a*+b* —ab v&i a,b 1a cic sO thwe thoa man a* +5b° +ab =3. Tim gia tri 1&n nhit,
gia tri nho nhit cia P.

Bai 11. (Nam hoc 2020 - 2021)
Giai phwong trinh Jx+Bx=2=x+1.

Bai 12. (N&m hoc 2021 - 2022)
V6i cac sO thue a va b théa man a® +5° =2, tim gia tri nho nhat cla biéu thitc P =3(a+b)+ab.

Bai 13. (Nam hoc 2022 - 2023)
Véi cac s6 thuc khong Am x va y théa man x” +y” =4, tim gia tri nhd nhit cta biéu thirc
P=x+2y.

Bai 14. (Nam hoc 2023 - 2024)
a2 2
—+

<1.
a+b b’+a

Cho hai s6 thuc dwong a va » thdéa man a+5<2. Chirng minh
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HUONG DAN GIAI CHI TIET

Bai 1. (Nam hoc 2010 - 2011)
Giai phwong trinh x* +4x+7=(x+4)vx* +7.

Lo giai

bat r=+/x’ +7, phwong trinh da cho trd thanh 7° +4x =(x+4)z
=

<:>12—(x+4)t+4x=0<:>(t—x)(t—4)=0<:>L_j:

TH1: VX’ +7 =4 x*+7=16x" =9 x=143

TH2: Vx*+7 =x (x20) = x*+7=x" < 7=0 (v6 nghiém)

Vay phuwong trinh c6 tdp nghiém la § = {-3;3}

Bai 2. (Nam hoc 2011 - 2012)

Véi x >0, tim gia tri nho6 nhat cha biéu thirc: M = 4x° —3x+4i+201 1.
X

Loi gii
1Y 1 [ 1
TacO M =4 x—=| +x+—+2010>2,[x-— +2010=2011. Pang thirc xay ra khi x=—.
2 4x 4x 2
VAy gia tri nho nhit ctia M 12 2011.

Bai 3. (Ndm hoc 2012 - 2013)

2 2

ya N 7 N 2 ~ A A \ 4 . rd ~ 2 .4 7 +

Vo1 x,y la cac s6 dwong thoa man diéu kién x > 2y, tim gia tri nho nhat cua biéu thirc M S iy
xy
Loi giai
2
Patr=Xs2m =1L
y t
. t—2)(2t-1
Xét hicu M —> = ”—§=( )2( )50 véimoi 22,
t t

Vay gia tri nho nhit cia M bang % khi x=2y.
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Bai 4. (Nim hoc 2013 - 2014)

Véi a,b,c 1a cac s6 dwong théa min diéu Kién a+b+c+ab+bc+ca = 6abc.
, . 1 1 1

Chirng minh: ¥+F+C—2 >3

Lo giai

l(L+Lj>Ll(i+ij>il(i+Lj>i
20a®> p*) ab’2\b* *) be’2\a® ) ac

Cong lan lwot cac vé

3 3(1 1 1 I 1 1 1 1 1
—+= + >t —+—
ab ac bc a b c

3 3(1 1 1 c+b+a+bc+ac+ab
< —+— —2+—2 — >

2 2\a b ¢ abc

3 3(1 1 1

—+ = —+— |26

2 2((12 b’ czj

Diu "="xdyrakhi a =b=c=1 (dpcm).

Bai 5. (Nam hoc 2014 - 2015)
Véi a,b,c 1a cac s6 dwong théa man diéu Kién a +5b+c =2. Tim gia tri lén nhat cda biéu thirc

Q:\/2a+bc +~/2b+ca+~2c+ab .

Loi giai
Via+b+c=2 nén 2a+bc=a(a+b+c)+bc=(a+b)(a+c)
=2a+bc = (a+b)(a+c)£%.

Twong tu ta c6 Mg% va mgw_

Congtheovétacd Q<2(a+b+c)=4.
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Bai 6. (Ndm hoc 2015 - 2016)

Véi hai s6 thuec khdng 4m a,h théa mén o’ +5b° = 4, tim gia tri [&n nhit cta biéu thirc M = abb 5
a+b+
Lo giai
2 —
Tacd a’ +b* =4=2ab=(a+b)’ -4 :>2M:w:a+b—2.
a+b+2

Ta c6 a+b£1/2(a2+b2):2\/§:>M£\/§—1.

D4u bang xay ra khi va chikhi a =5 =+/2.
Vay gia tri lén nhat ciia M bang 2 khi a=b=42.

Bai 7. (Nam hoc 2016 - 2017)
Véi cac sO thue x,y thod man x—+/x+6 =./y+6—y, tim gia tri I&n nhat va gia tri nho nhit cda biéu

thttc P=x+y.
Loi giai

BS dé va ++b < \2(a+b),Va,b>0.

That vay b8 dé twong dwong véi 2vab <a+b (dang theo bat ding thirc co-si)
Ap dung ta c6 x—m:W—y©x+y:m+\/ms\/m

S (x+y)’<2(x+y)+24 = -4<x+y<6 (1)

Dé thdy x+y>0(2)

Taco x+y=+x+6+ y+6 < (x+y)’ =(x+y)+12+2/(x+6)(y+6)

x+y<3

x+y24c>x+y24(3)

< (x+y) —(x+y)—l2=2 (x+6)(y+6) ZO@(x+y+3)(x+y—4)20<:>{

Tw (1),(2)va(3)suyra 4<x+y<6.

+y=4 x=-6
X =
7 y=10

Diu" ="xayrakhi x+y=4<:[x+6=0< 0
yr6=0 |17
y=-6
+y=6
Khi x+y=6< Y S x=y=3.
X+6=y+6

Vdy gia tri lon nhat cda x+ y 13 6 khi x =y =3 va gid tri nhé nhat cla x+ y 1a 4 khi (x;y)=(-6;10)
hodc (x;y)=(10;-6).

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 5



CLB Toan boi duwdng MathExpress | aay | www.mathexpress.vn

Bai 8. (Nim hoc 2017 - 2018)

Cho cac s6 thuc a,b,c thay d6iludn théamin: a>1,b>1,c>1 va ab+bc+ca=9.
Tim gia tri nhé nhat va gia tri Ién nhit ctia biéu thirc P =a” +b* +c°.

Lo giai

Ap dung bat dang thirc Cauchy cho 2 s6 dwong ta c6:

a’ +b*>2ab,b* +c* >2bc,c* +a* > 2ca.

Do d6: 2(a’ +b* +¢*) 2 2(ab+bc+ca)=2.9=18=2P>18= P29

D4u bing xdy rakhi a=b=c=+/3.

Vay MinP =9 khi a=b=c=+/3

Via>1b>1,c>1 nén (a—l)(b—l)20<:>ab—a—b+120<:>ab+12a+b

Twong twta cod bc+12b+c,ca+1>c+a

Do do6 ab+bc+ca+322(a+b+c)<:>a+b+cs9—J2rS:6

Ma P=a*+b’+c’ =a+b+c*—2ab+bc+ca=a+b+c*—18
a=4;b=c=1

= P<36-18=18.DAubang xdy rakhi: {h=4;a=c=1
c=4a=b=1

Bai 9. (Nam hoc 2018 - 2019)
Tim gia tri nhé nhat cia biéu thirc P=+/1-x ++/1+x +2Vx.

Lovi giai

Cach 1: biéukién: 0<x<1

bat A:\/I—x+\/;; B=l+x++x

Tacod A’ =1+2/x(1-x) 21V0<x<1= 4 >1. Pang thirc xdy ra khi x =0

B® =1+2x+2/x(1+x) 21V0<x<1= B >1. Pang thirc xdy rakhi x =0

Do d6 P= A+ B>2.Dang thirc xdy rakhi x=0
Vay GTNN cua P la 2 dat dwoc khi va chi khi x=0.

Cach 2:
biéu kién: 0<x<1
Pit a=1-x,b=+1+x.ViO<x<lnéntacd b>a>0 v a*+b> =2

Tacod b*-a* =2x <= 2(b2—a2) =2Jx

Khi dé P=a+b+,/z(b2 —az) Z2a+,/2(b2 ~a’)
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Suy ra P’ >4a’ +2(b2 —az)+4a1/2(b2 —az) =2(a2 +bz)+4a1/2(b2 —az)
Vi2(a*+b7)=4 va 4611/2(1;2 —a’) 20 véimoi 0<a<b

Nén P’ >4=P>2( do P>0)
Diu "= " xay ra khiva chikhi =4 titcla x=0.

Bai 10. (Nam hoc 2019 - 2020)

Cho biéu thitc P=a" +b* —ab vbi a,b 1a cic s6 thwc thoa man o’ +b° +ab =3. Tim gia tri 1én nhit,
gia tri nho nhit caa P.

Loi giai
P=a'+b' —ab:(a2 +I)2)2 —~2a’b* —ab = (3-ab)* -2a°b> —ab=9—6ab +a’bh* —2a’b* —ab

2
:9—7ab—a2b2=—{(ab)2+2-ab-z+£}+£+9=—(ab+zJ 8
2 4] 4 2) 4

Vi a®+b*>=3-ab, ma (a+b)’ >0 a’ +b° >-2ab=>3—ab>-2ab < ab>-3.
Va (a-b)Y’ >0 a* +b° >2ab=3—ab>2ab <> ab<l.

Tl‘r(l)ve‘l(Z)suyra—SSabglcs—3+ZSab+zsz+1<:>%Sab+zs%
2 2 2
<:>l£ ab+Z SEQ—ES— ab+Z s-l<:>—§+8—SS— ab+Z +8—5£—l+8—5
4 2) 4 4 2 4 4 4 2) 47 4 4

2
= ab+zj +8—5£21
2 4

” b=-3 =3 =—3
Vay Max P =21.Dau “=" xdy ra khi {a {a V3 hoac {a V3 .
a

ip—6

’ b=1
MinP =1. Dau = xay ra khi a2 , & hodc ¢
a +b" =2 = b=-
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Bai 11. (Nam hoc 2020 - 2021)
Giai phwong trinh Jx+Bx=2=x+1.

Loi giai

biéu kién: ng

Tacéd: Jx+B3x—2=x*+1

S 2x+2Bx—2 =27 +2

&2 20 fx —23x—2+2=0
<:>2(x2—2x+l)+4x—2\/;—2\/3x—2 =0

& 2(x—1) +(x=2vx +1)+(3x-2-23x =2 +1)=0
& 2(x-1) +(J§—1)2 +(\/3x—2—1)2 =0

VI (x=1) 20;(vx~1) 20 va (3x—2-1) 20 v6i moi ng nén

2(x=1) +(Va—1) +(vBx—2-1) =0
x—-1=0 x=1

sidr-1=0 olx=1
Bx—2-1=0 |x-2=1
x=1 x=1

<:>{ <:>{ < x=1 (m)
3x-2=1 x=1

Vay x =1 la nghiém duy nhit cia phwong trinh da cho.

Bai 12. (Nam hoc 2021 - 2022)
Véi cac sO thuce a va b théa man a® +b° =2, tim gia tri nho nhat cla biéu thitc P =3(a+b)+ab.

Loi gidi

Ta c6: P=3(a+b)+ab<> ab=P-3(a+b). Thay vao gia thiét, ta dwoc:
@’ +b* =2 (a+b)’ —2ab=2< (a+b)’ —2[ P-3(a+b)]|=2
< (a+b)’ +6(a+b)=2P+2 < (a+b+3)* =2P+11
Ta c6: (a+b) <2(d’ +b’ )< (a+b)’ <4< -2<a+b<2

= 243<a+b+3<2431<(a+b+3)° <25 1<2P+11<25<-5<P<7

b=
Do d6, MinP = -5 4" a=b=—1
ab=1
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Bai 13. (Nam hoc 2022 - 2023)
Véi cac s6 thuc khong &m x va y théa man x” +y” =4, tim gia tri nhé nhat cta biéu thirc
P=x+2y.

Loi gii

Vix,y>0 nén P>0 va P’ =x" +4xy+4y° =(x2+y2)+(4xy+3y2)24
Twdo6 PP>4< P>2.

Véi x =2,y =0 (théa man diéu kién bai toan), taco: P=2.

Vay gia tri nhé nhit cia P bang 2

Bai 14. (Nam hoc 2023 - 2024)
aZ 2
<l1.
a’+b " b’ +a

Cho hai s6 thuc dwong « va » théa man a+5<2. Chirng minh

Lo giai

Do a >0,h >0 nén bit dang thic cAn chirng minh twong dwong véi
a’ (b2 +a)+b2 (a2 +b) < (b2 +a)(a2 +b)

S a’h*+a’+a’h’ +b <a’h*+b +a’ +ab

& a’h’ <ab < ab(ab-1)<0< ab<1 (Vi ab>0).

Do a>0,b>0 vd a+b<2 nén 24ab <2. Suy ra ab <1 (dpcm).

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551



