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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2022 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho s6 thuc x théa man 0 < x < 2. Chilng minh rang

4 -4 -x* . 44+~N4-x* _N2+x
J2+xP +42-%7 J2+x® -J2-x* x

Cau 2. (1,5 diém) M6t ngudi cd ké hoach di xe mdy tir A dén B véi van tdc khdng déi trong khoang
thai gian du dinh. Néu tdng van t6c thém 4 km/h thi ngudi dé dén B sém 12 phut, néu gidm van téc
di 4 km/h thi ngudi dé dén B mudn 15 phdt. Tinh d6 dai quang dusng AB.

Cau 3. (2 diém)
1) Tim tat ca cdc s6 thuc m khdc 1 sao cho d6 thi ham sé y = (m—l)x +m+6 c3t hai truc toa dd tai
cdc diém c6 hoanh d6 va tung dd 1a cdc sé nguyén.

2) Cho da thic bac hai f(x) =ax’ +bx+c(a # 0) c6 hainghiémla2va3.

Ching minh ring b? —a* = 4ac.

Céau 4. (3,5 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O;R) va cé s6 do géc A bang 60°.
Goi | 13 tdm dudng tron ndi tiép cla tam gidc ABC. Tia Al cat dudng tron (O;R) tai diém th( hai

D (D khdc A). Chidng minh rang:

a) T’ giac BDCO Ia hinh thoi.

b) Céc diém B,|,0,C cung thudc mét dudng tron.

c) IB+IC<2R.

Cau 5. (1 diém) Tim gid tri nhdé nhat cha biéu thic A =|10* —4y” + 28y — 26| Vdi x,y la cic s6

nguyén duang thay déi.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 3



CLB Toan bdi duéng MathExpress | , |www.mathexpress.vn

TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

VA B x+2\/; _x+1

1
Jx -1 x+x -2 x-1

v8i x>0:x =1

Cau 1. (2 diém) Cho hai biéu thic A=

1

\/;+1'

b) Tim tat ca cdc gid tri cla x sao cho A+§ <4,

a) Chiing minh rang B=

x—-my=5-3m

Cau 2. (2 diém) Cho hé phuang trinh { ( m la tham sd).

mx—-y=2

P A z <A ~ 2 ~ . A N 5 3
Tim m dé hé cé nghiém duy nhat (x;y) thoa man diéu kién —+4 =—.
X y
Cau 3. (2 diém) Mt kho hang nhép gao (trong kho chua cé gao) trong 3 ngay lién tiép va mdi ngay

(ké tir ngay thd hai) déu nhdp mét lugng gao bang 150% lugng gao da nhép vao kho trong ngay
trudc dé. TU ngay thi tu kho ngling nhép va madi ngay kho lai xudt mét lugng gao bang % lugng gao

trong kho 3 ngay trudc dé. Hay tinh lugng gao kho hang nhip ngay thd nhat trong méi trusng hgp
sau:

a) Ngay thd ba, sau khi nhap xong thi trong kho cé 380 tan gao.

b) S6 gao da xuat trong ngay thd nam |a 342 tan.

Céu 4. (3 diém) TUr diém M ndm ngoai dudng tron (O) ké hai ti€p tuyén MA, MB tdi (O) (A, B Ia cc
tiép diém). Goi H |a giao diém clia AB vdi OM; E la giao diém cla doan thang MO vdi (O)

a) Ching minh E 1a tdm dudng tron ndi ti€p tam gidc MAB.

b) Goi | la trung diém cia MH. Dudng thing Al cat (O) tai diém K (K khac A). Tinh sé do géc

AKH.
c) Ching minh KE la tia phan gidc cia géc MKH .
Cau 5. (1 diém) Xét céc s6 thuc a,b,c thay déi lubn thda man 1<a,b,c<2.

a° b* c?
7+7 -
Tim gid tri I6n nhat cha biéu thic M -b c a
a+b+c
-------------------------------- ]
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Ciu 1. (3 diém)
a) Cho a= 3/§+2 va da thuc P(x) = (x—3)(x—1)3. Tinh gid tri clda P(a).

xy? = x? +xy —2y*

b) Gidi hé phudng trinh:
) > P J {xzy =x? +4y?

Cau 2. (1,5 diém) Cho s6 nguyén dusng m thod man 3™ +5™ +14 chia hét cho 15 . Chiing minh
rang 3™ + 5" +14 chia hét cho 16.
Cau 3. (1,5 diém) Cho cdc s6 dudng a,b . Chiing minh rang
‘a —b‘ ‘bz —b‘
+ >2
b? a
Cau 4. (3 diém) Cho tam gidc ABC, vdi AB < AC va ngoai tiép dudng tron (l) Goi D,E,F tuong Ung

a
—+b+

|3 tiép diém cla BC,CA, AB vdi dudng tron (l) Pudng thing di qua D vudng géc véi EF, cat dusng
tron (l) tai diém th hai K (khdc D ). Goi L 13 hinh chiéu vuéng géc cla A trén IK. Cic dudng thing
Al,BC cat nhau tai H; cdc dudng thang IK, EF cat nhau tai J. Ching minh rang

a) KIF = ACB va AL I3 tiép tuyén cha dudng tron ngoai ti€p tam gidc ABC.

b) LK-BC = Al-EF.

c) Céc dudng thdng DK,HJ,AL déng quy.

Cau 5. (1 diém) Lan lugt ghi cdc s6 1000, 1001, 1002,..,, 1010 I1&n 11 t&m thé trdng, trén mdi thé ghi
ding mot s6. Ngudi ta xép tat ca 11 tdm thé dé vao hai chiéc hép, mét chiéc mau xanh va mot chiéc
mau dd, sao cho mdi hdp cd it nhat mot thé va téng céc sd dudc ghi 8 cac thé trong hdp xanh chia hét
cho téng céc s6 dugc ghi & céc thé trong hdp dd. Hai, trong mbi hdp c6 bao nhiéu tdm thé?
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

4x+8  3x+3x +3><—11\/§—1o

Cau 1. (2 diém) Cho biéu thuc: A = -
x—4  2x4+3x+1  2x-3x-2

véi x>0,x =4

3
2\/;+1 .
2) Tim tat cd cdc s6 thuc x dé A nhén gid tri nguyén.
Cau 2. (2 diém) Mt héi trusng cé 374 ghé, dudc xép thanh nhiéu day, s6 ghé 8 mbi day bang nhau
va khéng vuot qud 30 . Hay tim s& day ghé cla hbi trudng biét rang: néu ké moi day thém 2 ghé va

1) Chiing minh rang A =

bé sung thém 1 day ghé (s6 ghé 8 mbi day van bang nhau) thi téng sé ghé la 432.

Cau 3. (2 diém)

1) Tim tat ca cdc gid tri ca m dé d6 thi ham s8 y = (m—l)x+ 2m+ 3 c3t hai truc toa dd Ox,Oy
tuong Ung tai hai diém A,B phén biét sao cho tam gidc OAB ¢4 dién tich bang 4 .

2) Chidng minh rang, véi hai s6 thuc a,b bat ki, it nhat mét trong hai phuong trinh (8n 1a x) sau day
cé nghiém: x? —Zax—(a2 —4b* +1) =0 va x? —4bx—(b2 —Zab—a) =0.

Céu 4. (3 diém) Cho dudng tron (0O) c6 dudng kinh AB va M la mét diém ndm trén (O)(M khac
A,B). Trong nlta mat phang chira M, cd bg |a dudng thdng AB Vvé cdc tia Ax,By vudng géc véi AB.
Tiép tuyén tai M cla (O) c3t cdc tia Ax,By lan lugt tai C,D.

1) Ching minh rang dudng thdng AB |a tiép tuyén cha dudng tron dudng kinh CD.

2) V& duting tron (1) qua M, tiép xtic véi Ax tai C. Tia OC c3t dudng tron (1) tai diém thd hai J.
Ching minh rang J 1a trung diém cta OC.

3) Goi E la trung diém cha OA. Chidng minh rang dudng thang qua E va vudng géc véi BC cit OM
tai mot diém thubc dudng tron (l)

Ciu 5. (1 diém)

1) Hay chi ra mot s8 thuc x khac 0,+1 dé x+l 1a s6 nguyén.
X

2023
\ A ~ Ve rd ~ 1 \ ~ A 7, . S \ ~
2) Cho x la mot s6 thuc khac 0,£1 thoa man x+— la s6 nguyén. Chdng minh rang (x——j la sb
X X

vO ti.
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)

V3x+1+6-y =4
Sy+1+6-x=4
2) Cho a,b,c,d |a céc sb thuc khic 0, ddi mét phan biét va théda man
-1 b’-1 -1 -1
5a 50  3c  3d
véi n la mét sé nguyén. Chiing minh: P = (a—c)(b—c)(a +d)(b+d) la binh phudng cia mét sé

1) Gidi hé phuong trinh: {

nguyén.

Cau 2. (3 diém)

1) Ching minh rang 1+ 2% +3° +...+2039°%° khéng thé la lhy thira ca mét s8 tu nhién véi s6 mii
I6n hon 1.

2) Xét cac s6 thuc dudng x,y,z thoa man: x> +y” +z° = 3.

1+x2+1+y2 1+2°
zZ+2  X+2 y+2
Céu 3. (3 diém) Cho tam gidc ABC ngoai tiép dudng tron (1). Goi E,F theo thi tuy 12 tiép diém cla

Tim gid tri nhd nhat cda biéu thdc P =

(l) vdi cac canh AC,AB. Goi (K) la dudng tron di qua B, tiép xtc vdi dudng thdng Al tai |. Budng
tron nay c3t dudng thang AB tai diém th( hai P (khdc B ). Goi (L) la dudng tron di qua C va tiép
xuc vdi dudng thang Al tai |, dudng tron nay cat dudng thang AC tai diém thd hai Q (khdc C).
Chdng minh rang:

a. Tu gidc BPQC ndi tiép.

b. Dudng thdng PQ tiép xtc véi dusng tron (l)

c. C4c dudng thdng KF va LE c3t nhau tai mot diém trén dudng tron ngoai tiép tam gidc ABC.

CAu 4. (1 diém) Cho bang 6 vudng kich thudc 2023 x2023. Lan lugt dién 2023 s& nguyén dudng
dau tién: 1,2,3,4...,2023% vao cdc 6 vudng con clia bang sao cho mdi 6 dugc dién ding mot s6, 8 mdi
dong tinh tlr trdi sang phai hoac 8 mai cbt tinh tir trén xudng dudi, cédc sé dudc dién theo thi tu tang
dan. Thuc hién viéc thay déi sé theo quy tac sau: méi 1an chon 2 & chung nhau canh hodc chung nhau
ding mot dinh.

1/ Néu hai 6 d6 chung canh thi tdng sé 6 mét 6 thém 2 dan vi va gidm sd trong 6 con lai 2 don vi.

2/ Néu hai 6 dé chung nhau ddng mét dinh thi cung tang hodc cling gidm sé trong hai 6 d6 2 don vi.

Hai sau mdét sé 1an chai ta cd thé thu dugc bang gobm toan cdc sé 2023 dudc khdng? Vi sao?
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

2 a—\/5+b—\/£
Ja-+Jb  a-b

b) Tinh 2 bigt M>0 va M-(az—bz)zgab.
b 2

Cau 1. (2 diém) Cho biéu thic: M = -1véia>0b>0vaa#b.

a+b
a-b’
Cau 2. (2 diém) a) Trong mat phang toa d6 Oxy, cho hai dudng thang d:y =2x+3 va

a) Ching minh M =

d:y=mx+m?’ —1(m # O). Tim m dé hai dudng thang d va d’ c3t nhau tai mét diém nam trén truc

tung.
b) Gid cudc dich vu ca mot hang taxi vao thang 4/2023 nhu sau:
Gid cudc md clra Gia cudc Gid cudc
1 km dau tién nhitng km tiép theo tu km thd 21 trd di
20 000 déng 14 000 ddng 12 000 ddng

Goi x (x> 0) la s6 km ma hanh khach di chuyén. Khi d6, s6 tién ma hanh khdch phai trd dudc tinh bdi
cbng thuc:

T=20000 néu 0<x<1

T =20000+14 000(x—1) néu 1 <x<20

T =286 000+12 000(x - 20) néu x> 20
Cb Hang di chuyén bang xe cla hang taxi trén va da tra s6 tién 1a 322 000 déng. Hoi ¢d Hang da di
chuyén quang dudng la bao nhiéu km?
Céu 3. (2 diém) Cho phuong trinh x* —(2m-1)x+m’ -=1=0, ( m la tham s6).
a) Tim m dé phuong trinh ¢é hai nghiém trdi dau.
b) Tim m dé phudng trinh cé hai nghiém phan biét x ,x, thda man (1—x1)(x2 —m)2 =9.
Cau 4. (3 diém) Cho hinh binh hanh ABCD sao cho tam gidc ABD nhon va khéng la tam gidc cén.
Goi O la giao diém clia AC vdéi BD va E,F,G tudng (ng la hinh chiéu vudng géc clia D trén céc
dusng thang AC,AB,BC.
a) Chitng minh ED? =EF.EG.
b) Chitng minh bén diém O,E,G,F cung thuéc mét dudng tron.
c) Goi H la giao diém cla cdc dusng thdng FG va AC. Ching minh DH L DB.
Cau 5. (1 diém) Tim t4t cd cdc s6 nguyén duong a va b thda man: Néu ¢ va d la céc s6 thuc sao
cho céc phudng trinh x? +ax+1=c va x* +bx+1=d cé nghiém thi phudng trinh

x2 +(a +b)x +1=cd ciing cé nghiém.
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém)
Cho ba phuadng trinh:
x*—ax+1=0(1), x*-bx+1=0(2), x’-cx+1=0(3),
trong dd a,b,c la cdc s6 thuc.
Biét rang, phuadng trinh (1) cé nghiém x = x_, phudng trinh (2) cé nghiém x = x, va phudng trinh (3)
cé nghiém x = x x, . Tinh gid trj bidu thic T =a’ +b” +c* —abc.
Cau 2. (2,5 diém)

x(\/y+4+\/y+11)=35

1) Gidi hé phuong trinh sau:
y(\/x+4+\/x+11):35

2) Chiing minh rang, véi moi s6 thuc X,y,z ta cé:

(z+x—y)x5 +(x+y—z)y5 +(y+z—x)z5 >0.
Cau 3. (1,5 diém) Chdng minh rang, ton tai v6 s6 bd ba s6 nguyén ducng (x;y;z) thod man phucng
trinh sau:

TP =205

Cau 4. (3 diém) Cho dudng tron (O) dudng kinh AB. Ké tiép tuyén d cla (O) tai B. Goi H Ia trung
diém cha OB. Céc diém M,N thay ddi trén d, khdng trung véi B sao cho H Ia truc tdm cda tam gidc
AMN. Goi E,F 1an lugt I3 giao diém thi hai cia AM,AN véi duting tron (O). Ching minh réng
a) TU gidc MNFE ndi tiép.
b) Dudng thing EF luén di qua mét diém cé dinh

Cau 5. (1 diém) C46 2023 vién bi dung trong 14 cdi hdp. Mai 1an cho phép |dy hai vién bi & hai hop
nao dé va bo vao mét trong 12 hép con lai. Chiing minh rang sau mét sé budc cé thé bd hét bi vao
mot hop.
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho biéu thic: M:(Z\/E_ \/;Jr\/; J 2 V8i x>0y >0;x 2y

x—y  2fx=2y | x—+ly

a) Rut gon M.
b) Tinh M biét x* —5xy +4y*=0.

Cau 2. (1,5 diém) Clra hang An Binh niém yét gid mét bdng hong la 25000 déng. Néu khach hang
mua nhiéu hon 10 béng thi tir béng th 11 trd di, méi béng dugdc gidm 10% trén gid niém yét. Néu
mua nhiéu hon 20 béng thi tir béng thi 21 trd di, méi béng dugc giam thém 20% trén gid da giam.
a) Néu khach hang mua 30 béng héng tai cfa hang An Binh thi phai trd bao nhiéu tién?

b) Ban Dling @3 mua mdt s8 béng héng tai clfa hang An Binh vdi sé tién 925000 déng. Hai ban
Dling da mua bao nhiéu béng héong?

2x+y=5

Cau 3. (2,5 diém) Cho hé phuang trinh { (m 1a tham s6).

mx+y=m+5

a) Tim m dé hé cé nghiém duy nhat (x;y) va tim nghiém duy nhat dd.

b) Véi (x;y) la nghiém duy nhat & trén thoa man diéu kién x >y . Tim gid tri I6n nhat cda biéu thic
H=x+y.

Cau 4. (3 diém) Cho tam gidc ABC nhon (AB < AC), ndi ti€p dudng tron (O;R). Ké dutng kinh AK
cua (O) Céc dudng cao AD,BE,CF cla tam gidc ABC cat nhau tai H.
_ AB-BC-CA

4R
b) Goi M a trung diém cta BC, T la diém ddi xing véi O qua M. Chidng minh T 13 tAm dudng tron

ngoai tiép tam gidc HBC va AH? + BC? = 4R?.
c) Biét AH* +BH? +CH?* =7 va AH-BH-CH=3.Tinh R.

a) Ching minh tf giac BHCK la hinh binh hanhva S

Cau 5. (1 diém) Cho céc s6 thuc dudng x,y,z thda man

X2+xy+y?=3; yi+yz+z-=1; 2" +zx+x* =4.

Tinh S=x+y+z.
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2,5 diém)

a) Gid st a,b 13 cédc s6 thuc thod man: vdéi x,y |a hai s6 thuc bat ki ta ludn cé
‘(ax+by)(ay+bx)‘ <x2+yl

Chiing minh rang a? +b* < 2.

b) Gidi phudng trinh x+4 = \/g+\/ﬂ+1/(5—x)(2—x).

Cau 2. (1,5 diém)

b 2c

a
a+b+b+c+\/z+\/g_

Cho a,b,c la cdc sé thuc dusng thod man a=c va 2.

Tinh gid tri bidu thic S=——+
at+b b+c

Céau 3. (3 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O) c6 AB < AC. Trén dudng tron (O)
18y diém M khdc A sao cho AM||BC. Vé dudng tron (K) tiép xdc véi AO tai A, va di qua M. Dudng
tron (K) cat cdc dudng thang AB,AC tai cédc diém th( hai F,E (F,E khdc A). Céc dusng thang
OM,BC cat nhau tai diém D.

(a) Chidng minh rang céc diém D,E,F thing hang.

(b) Goi H la truc tdm ctia tam gidc ABC. Cdc dudng thdng AO va DE c3t nhau tai diém L. Ching
minh rang AHDL |a hinh binh hanh.

Cau 5. (1 diém)

a) Tim tat ca cdc s6 nguyén t6 p,q,r sao cho pq—6,gr+1,rp+10 I3 céc sb chinh phuang.

b) Chiing minh rang, trong méi bat gidc 16i, luén cd it nhat ba dudng chéo, ma dd dai cla chidng doi
mot khdc nhau. (Bat gidc 16i la mbt da gidc 16i ¢6 8 canh).
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

6x 7(&”) 4 3x
A= + :
\/;—1 X x\/;—x X

1. Rdtgon A.
2. Tim gid tri nhé nhat cla A.
Cau 2. (1,5 diém) M6t 6 t6 xuat phat Itc 6 gis tir Ha Noi dén mdt bén xe 3 Ha Tinh. Ban dau xe di
chuyén véi van téc 45 km/h. Nhan thay néu c( di vdi téc a6 dé thi xe sé dén mudn hon so vdi quy
dinh 1 gid nén sau 2 gid ké tUr lUc xuat phat, 13i xe tdng téc va di véi vin tdc 60 km/h trén suébt
quang dudng con lai. Do dd xe dén nai s6m hon quy dinh 30 phut. Tinh quang dudng xe phai di va
thai diém xe dén bén xe & Ha Tinh.
Cau 3. (2,5 diém)
1. Trén mat phang toa d6 Oxy cho dudng thing (d) 1y =ax+b di qua diém M(l;—l) va cat dudng
thing (d') 1y =2x+7 tai diém cé tung d6 bang 5. Tinh dién tich cla tam gidc xac dinh bdi (d) va hai
truc toa do.
2. Cho phuadng trinh x? —2(m +2)x+m2 —3=0 ( m latham s6). Tim tat ca céc gid tri cia m dé
phudng trinh da cho cé hai nghiém phan biét x,,x, théa man:

(xf —2mx, +m’ +1)(x2 + 1) = 2(x1 + x2)2
Céu 4. (3,0 diém) Cho hai dudng tron (O;R) va (O'R’) tiép xdc trong vdi nhau tai A(R <R'). Budng
kinh AB clia duting tron (O) ct dudng tron (O') tai diém thif hai C. Qua C ké tiép tuyén CF Vi
(0).F Ia ti€p diém.
1.Khi R :gR’ hay tinh dién tich clia tam gidc FAB theo R
2. Goi G la hinh chiéu vudng géc cla F trén AB. Trén nifa mat phang khéng chia F ¢é bd la dutng
thdng AB ké dudng thdng qua C, cit (O) tai D,E (E nam gitta C,D ). Chdng minh rang OGED Ia t&
gidc noi tiép.
3. Tiép tuyén cla dudng tron (O) tai B cat dudng tron (O’) tai H thubc nlra mat phang chia D cé

bd 1a dusng thang AB. Kéo dai OF cat AH tai I. Chiing minh rang Cl vubéng géc véi dudng ndi tdm
cla cdc dudng tron ngoai tiép tam gidc AIB va tam gidc DIE.

Cau 5. (1,0 diém) Cé hay khéng mét da thic bac hai véi hé s6 nguyén P(x) =ax’ +bx+c nhén 3/% la

nghiém? Em hay giai thich cau trd IGi cia minh.
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phut
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Ciu 1. (3 diém)
1. Cho n 13 sé nguyén dudng. Chiing minh rang cé thé viét dudc thanh téng cla 2 s6 chinh phuong.

(24 + 1)[44 + 1)(64 + 1}...[(2n)4 + 1}
K- 4 4 4 4
(14 +1j(34 +1)(54 +1j...[(2n—1)4 +1j
4 4 4 4

X+y+z=3

CryP+Z =xtryt+ 2t

2. Gidi hé phuong trinh: {

Ciu 2. (3 diém)
1. Cho a,b,c la céc s6 thuc d6i mét phan biét. Chiing minh rang it nhat 2 trong 3 phudng trinh sau cé
nghiém:
(x—a)(x—b):x—c
(x—b)(x—c)zx—a
(x—c)(x—a):x—b
2. Cho p >3 la mét sd nguyén t8. Gid sUr a,b,c,d la cdc s6 nguyén théa man a+b=c+d(mod p) va

2025 2025 2025 2025
+b +d

a’+b’® =c® +d® (mod p). Ching minh a =c (mod p).

Céu 3. (3 diém) Cho tam gidc nhon, khong can ABC ndi ti€p duting tron (O), cé AD Ia dudng phén
gidc trong (D thudc BC). E la mdt diém di déng trén canh AB (E khdc A). Budng tron ngoai tiép tam
gidc ADE c3t AC tai diém th hai F (khdc A), cdt dudng thdng BC tai diém thd hai K (khdcD).
Chiing minh rang

a) BEKC =CFKB.
b) BE + CF khdng d6i khi E thay d6i trén canh AB (khdc A) cta tam gidc ABC.

Cau 4. (1 diém) Thay gido ghi |én bang cdc s6 1!,2!,3!,...,23!. Thay gido cho phép ban Dudng xda di
mot hodc nhiéu céc sé dang cd trén bang. HAi ban Dudng phai xda di it nhat bao nhiéu sé sao cho tich
céc sd con lai trén bang la mot s8 chinh phuong? Tai sao?

(3 day, n! 1a tich cda n s6 nguyén dudng d4u tién).
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2022 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém) Cho s6 thuc x théa man 0 < x < 2. Chilng minh rang

44— x? . 4++4—x* \/2+x
J2+xP +42-x°  J2+x° —{2-x)? x

Lgi giai
4 4 -~\4-x 4-~\4-x

J2ex) +yJ2=x) (\/ﬁ+\/ﬁ)(2+x— (2+x)(2-x) +2-x)

4 —~4—x? 1

_(\/m+\/—)(4 \/4_x2):\/2+x+\/2—x
9 4+\/m _ 4+\/m

\/(2+x)3 —\/(Z—x)3 (\/ﬁ—\/ﬁ)(2+x+ (2+x)(2—x)+2—x)
_ 4Ja—x? _ 1

(\/m—\/ﬁ)(4+\/4—x2) N2+ x -2 -x

1 1 N 242+ x

Biéu thirc vé& trdi bang:

\/2+x +\/2—x +\/2+X—\/2—X _(\/2+x+\/2—x)(\/2+x—\/2—x)
22+x  2V2+x _2+x

- 2+x-(2-x) 22X X

Cau 2. (1,5 diém) M6t ngudi cd ké hoach di xe mdy tir A dén B véi van tdc khdng déi trong khoang
thai gian du dinh. Néu tdng van téc thém 4 km/h thi ngudi dé dén B sém 12 phut, néu gidm van téc
di 4 km/h thi ngugi d6 dén B mudn 15 phdt. Tinh d6 dai quang dudng AB.

L&i gidi

P6i 12 phit = 0,2 gi¥; 15 phdt = 0,25 gid.

Goi van téc du dinh la x(km/h) , thgi gian du dinh la y (gid) (x> 4,y > 0,25).

Khi @6, d6 dai quang dudng AB la: x.y (km).
Néu van tdc tdng thém 4 km/h thi dén sém 0,2 gis nén AB = (x +4)(y —0,2) (km).

Néu giam van tdc di 4 km/h thi d&n mudn 0,25 gid nén AB = (x—4)(y+0,25) (km).
(x+4)(y-02)=xy _ [02x+ay=08

(x-4)(y+0,25)= 0,25x—4y =1

Giai hé ta dudc x=36, y = 2.

So sdnh vdi diéu kién ta thay hai gid tri x =36, y =2 thda man.

Ta c6 hé phuadng trinh: {
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Vay, d0 dai quang dusng AB la 36.2=72 km.

Cau 3. (2 diém)

1) Tim tat ca cdc s6 thuc m khdc 1 sao cho d6 thi ham sé y = (m—l)x +m+6 cat hai truc toa dd tai
cdc diém c6 hoanh d6 va tung dd 1a cdc sd nguyén.

2) Cho da thic bac hai f(x) =ax’ +bx+c(a # 0) c6 hainghiémla2va3.

Ching minh ring b? —a* = 4ac.

Lai giai

1) VGi x=0,tacé y =m+6. D6 thi cat truc tung tai diém (O;m+6).

Theo gid thiét thi m+6 13 s8 nguyén nén m |a s8 nguyén.

Véi y =0, ta cé (m—l)x+m+6:0<:>x:—m+6 -7
m-1 m-1
D6 thi cat truc hoanh tai diém (—1—%;0}.
m_

|3 s6 nguyén khi va chi khi m—1 13 udc sé cua 7.

V4&i m nguyén thi —1—

Ta cé m—1 thuodc tap hop {—7;—1;1;7}.

Tat ca céc gid tri m thda man 1a —6;0;2;8.

4a+2b+c=0 2b+c=-4a =-ba
N =

9a+3b+c=0 3b+c=-9a

Do d6: b? —a® —4ac =25a* —a* —4a6a=0.

Viy b® —a” = 4ac.

Cha y: C4 thé s dung dinh ly Vi-et:

2) Vi 2 va 3 la nghiém cua f(x) nén: {
c=6a

_E=x1+x2:2+3=5:>b=—53,
a

E=x1x2:2.3:6:>c=6a.
a

2
e (4 thé st dung dinh If Vi-et (x1 —x2)2 = (xl +X, )2 —4x,x,.Suyral= (—Ej ~ 4% trdé o
a a

dpcm.

o Cé thé viét f(x) = a(x—2)(x—3) =ax’ —Bax + 6a, ti d4 tinh b,c theo a.
Cau 4. (3,5 diém) Cho tam gidc nhon ABC ndi tiép dudng tron (O;R) va c6 s6 do géc A bang 60°.
Goi | 13 tdm dudng tron ndi tiép cla tam gidc ABC. Tia Al cat dudng tron (O;R) tai diém th( hai
D (D khac A). Chidng minh rang:
a) T’ giac BDCO Ia hinh thoi.
b) Céc diém B,|,0,C cung thudc mét dudng tron.
o) IB+IC<2R.
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a) Xét (0), ta c6 BOC = 2BAC =120°.

Do AD la phan gidc cia géc BAC nén D la diém chinh
gilra cung BC.

Suy ra: B/O\D:C/O\D=%B/O\C:60°

Céc tam giac OBD va OCD la tam giac can dinh O va cé
mdt géc bang 60° nén la tam gidc déu. Suy ra
BO=BD=CO=CD=0D. Vay BOCD la hinh thoi.

b) BIC =180° —(:éE +1E§) 180’ —%(A/\Bc ; A/CT3)
=180°-60°=120°

Do | va O cung phia véi dudng thdng BC va

BIC = BOC =120° nén cic diém B,1,0,C cung thudc mot
dudng tron

c) Goi K Ia giao diém th hai cuda tia Bl va (O) Ta cé:
— A(_ 1 — 1 Aj
KIC =KCIl| ==ABC+=ACB

2 2
Do d6 tam giac KIC can tai K.
M3t khéc: IKC = BAC = 60°.
Suy ra tam gidc IKC déu. Do dé: IK=IC va IB+IC =BK.
Xét (0):BK <2R.Suyra IB+IC<2R.
Chuay:
+) C4 thé gidi cdch khic bang cdch chidng minh lai két qua:
Néu diém | thay déi trén cung BC ¢8 dinh thi biéu thuc IB
+ IC dat gid tri I6n nhat khi | 13 diém chinh gitra cung dé.
+) C6 thé gidi cdch khdc bang céch 1ay E |a diém déi xing
véi O qua BC, chiing minh tam gidc BCE déu ndi tié€p
dudng tron ban kinh R va IB+IC=IE<2R.
Néu hoc sinh s dung dinh ly Ptoleme hoac két qua cua
Bai todn Pompei va lam ddng thi dugc 0,5 diém céu 4c.

Cau 5. (1 diém) Tim gid tri nhd nhat cha biéu thic A = ‘10* —4y® +28y 26| Véi x,y la cdc s6

nguyén dudng thay déi.

Ta cé: A=[10*—4y? +28y—26‘ - \10x +23—(2y—7)2‘

Do 10* +23 cé chi s6 tin clung bang 3 va (2y —7)? |a binh phudng cla mbt s6 nguvén nén khéng
thé cé tdn cung bang 3, suy ra A khicO.
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Do A I3 s8 tu nhién chan va khdc 0 nén A>2.

Vi x=2,y=9 thi A=2.VAaygidtrinhd nhitclia A 13 2.

Chu y: Cé thé chiing minh A khdc 0 bang phuong phdp phan ching. Néu A bang 0 thi 10* chia 4
du 2, suy ra x=1. Tuy nhién, khi x=1 thi y lai khdng nhan gia tri nguyén.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551

18



CLB Toan bdi duéng MathExpress | D |www.mathexpress.vn

TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thdi gian lam bai: 90 phut
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)
Cau 1. (2 diém) Cho hai bidu thiic A= ——~— va B= x+20x _x+1 [ V6 x20x 21
\/; — X+ \/— 2 X-=

a) Chiing minh rang B= ! )
\/;+1

b) Tim t4t ¢ céc gid tr] clia x sao cho A+és4.

L& oii

x+2yx  x+1_ Jx(Vx +2) xe1 _X+1:\/;(\/;+1)—x—1
P P o e B S R ey (P
Jx -1 1

(Vx-1)(Vx+1) Vxet

a) B=

b)A+£<4<:> lcao XTI o Wx-27
-1 R, & 3

Trubngh¢pl.(\/;—_2):0c>x:4
Jx -1

Trudng hop 2. \/_ 2) \/— e {x¢4 < 0<x<1.
-1 Wxo1<o |osx<1

Vay 0<x<1 hoac x=4

-my=5-3m

Cau 2. (2 diém) Cho hé phuong trinh {X ( m la tham sd).

mx—-y=2

Tim m dé hé cé nghiém duy nhat (x;y) thda man diéu kién g+4 :;.
Li gidi
{xmy—53m (1)

mx—-y=2 (2)
TU (1):>x:my+5—3m,thayvéo (2) ta dudc m(my+5—3m)—y=2
o y(m2 —1):3m2 -5m+2 < y(m—l)(m+1):(m—l)(3m—2) (3)
DE hé cb nghiém duy nhat thi phuong trinh (3) phai cé nghiém duy nhat
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<:>(m—1)(m+1)¢0©m¢il

V4i diéu kién m = £1 thi hé ¢ nghiém duy nhéat (x;y) _[2 ;3m—2
m+1 m+1
3(m+1
V4i diéu kién m;ztil,m;«tgth‘n§+4=§c>m+1+4=M
X y 3m-2
m=1
< 3m°+10m-13=0 < ~13
m=——
3
-13

Da6i chiéu véi diéu kién, ta tim dugc m = =S

Cau 3. (2 diém) M6t kho hang nhip gao (trong kho chua cé gao) trong 3 ngay lién ti€p va moi ngay
(ké tir ngay thd hai) déu nhdp mét lugng gao bang 150% lugng gao da nhip vao kho trong ngay

X . A N 1
trudc d6. TU ngay th tu kho nging nhép va moéi ngay kho lai xuat mot lugng gao bang 0 lugng gao

trong kho 3 ngay trudc dé. Hay tinh lugng gao kho hang nhip ngay thi nhat trong méi trusng hgp
sau:

a) Ngay thd ba, sau khi nhap xong thi trong kho cé 380 tan gao.

b) S8 gao da xuat trong ngay thd nam |a 342 tan.

b) Goi x (tan) la lugng gao nhip vao kho trong ngay thi nhat. Khi dé lugng gao nhip vao kho trong
cdc ngay thd hai, thd ba 1an lugt 1a 150%x = gx ; 150%(%x] = %x

~ A \ \ 7, N 3 9 19
Toéng lugng gao nhap vao kho sau ngay thu ba la x+§x+zx =Tx.

Theo gid thiét ta ¢ phuong trinh %x =380 < x=80

VAy, ngay thi nhat kho hang da nhap 80 tan gao
b) Ludng gao da xuit trong cdc ngay th tu va thd nam |an luct 13

1(19 ) 1] 9(19 171
—| =X |;—| —=| —x | |=—=xX
10(4 j10{10[4 H 400

Theo gid thiét ta cé ﬂx =342 < x=800
400

VAy, ngay thi nhat kho hang @3 nhap 800 t&n gao

Cau 4. (3 diém) TU diém M ndm ngoai dudng tron (o) ké hai tiép tuyén MA, MB tdi (o) (A, B la céc
tiép diém). Goi H |a giao diém cla AB vdi OM; E |a giao diém cla doan thang MO vdi (O)

a) Chiing minh E |3 tdm dudng tron ndi tiép tam gidc MAB.

b) Goi | |a trung diém cla MH. Dudng thang Al cat (O) tai diém K (K khdc A). Tinh s6 do géc AKH.
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c) Chiing minh KE I3 tia phén giadc clia géc MKH.
L&i gidi

Cach 1

a) Theo tinh chat cha hai tiép tuyén cat nhau thi MH 1a phén gidc clia géc AMB va MO |a dudng
trung truc clla AB, suy ra EA =EB hay tam gidc EAB cén tai E, tir dé dan dén EAB=EBA.

Ta c6 EBA = MAE = EAB = f\m suy ra AE la phéan gidc ciia géc MAB Vay E la tam dudng tron noi
tiép tam gidc MAB.

b) Goi P la trung diém clia AH. Tam gidc MAH ¢6 IP |a dudng trung binh suy ra IP//MA.

TU d6 dan dén IP L AO

Tam gidc AOI cé P la truc tam nén OP L Al

Goi Q la giao diém cta OP va Al.Ta cé Q la trung diém cla AK va PQ la dudng trung binh cla
tam gidc AHK, suy ra PQ//HK va két hdp véi PQ L Al = HK L Al. Vay AKH = 90°

c) Goi D la giao diém th( hai cla KH va (O)

Ta chidng minh dugc HMHO =HAHB va HAHB =HK.HD.

TU d6 suy ra HMHO =HKHD = AHKM « AHOD (c.g.c) — MKH = DOH

Lai co E/KB =%I§DB = E/KTD :%f\m&l\-l hay KE la tia phan giadc clia géc MKH .
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P

Cach 2:

a) Theo tinh chat cha hai tiép tuyén cat nhau thi MH 13 phén gidc cia géc AMB va MO la dudng
trung truc clla AB, suy ra EA = EB hay tam gidc EAB cén tai E, ti dé dan dén EAB—EBA.

Ta c6 EBA = MAE = EAB = I\ZL\\E suy ra AE la phan gidc ciia géc MAB Vay E la tam dudng tron noi
tiép tam gidc MAB.

b) Goi P d6i xiing véi A qua |. Td gidc AMPH |a hinh binh hanh, tir d6 suy ra

MP// AH; MP = AH = MP //HB; MP = HB . Viy t gidc MPBH |3 hinh binh hanh.

Két hap véi MHB = 90° ta dudc MPBH 13 hinh chif nhit.

Goi D I giao diém th hai cla PB va (0) (D khac B).

Vigéc ABD vubéng nén AD la dusng kinh cla (O)

Vay DK vuong goc vdi KA hay DK vuong goc véi AP (1)

Tam gidc ADP c6 AB LPD;PH 1L AD (vi PH//AM ). Do dé H la truc tdm cla tam giac ADP.
Vay DH L AP (2)

Tu (1), (2) suy ra ba diém D,H,K thdng hang. Viy géc AKH bang 90°.

¢) Ta chdng minh dugc HM.HO =HAHB va HAHB =HK.HD.

TU d6 suy ra HMHO = HK.HD = AHKM« AHOD (c.g.c) = MKH = DOH

Lai co g(f) =%I§D\D = E/KB =%I\7K\H hay KE la tia phan gidc cia géoc MKH..

Cau 5. (1 diém) Xét céc s6 thuc a,b,c thay d6i lubn thda man 1<ab,c<2.

a’ b*> ¢
Tim gi4 trj 16n nhét cla biduthic M=b__ ¢ a
at+b+c
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Gid st b namgilta a va c.Tacé

2 2 2
a

(b—c)(b2—a2)$0:>b3+a2csb2c+ba2 :>b—+a—sb+—
c b C

2 2
a2 b? 2 & c? (a+c)(a —ac+c)
=>—+—+—<—+b+—=
b ¢ a <c a ac

+b

Vil<ac<2néna<2cc<2asuyra (a—2c)(2a—c)£0, dan dén

2 2 2
Dodéa—+b—+c—sg(a+c)+b=E<a+b+c)+l(a+c—3b)
c a 2 8 8
Vi b ndmgilta a,c va 1<a,b,c<2 nén a+c<2+b<2b+b=a+c-3b<0
2 2 2
Ttrdésuyraa—+b—+c—sE(a+b+c)
b c¢c a 8
a’ b®> c?
M:b#sE.Vc’iia=b=l;c=2th‘|M=E
a+b+c 8 8

Ne Lz , . 11
Vay gid tri I6n nhat cla biéu thic M bang 8
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)
a) Cho a=3/2 +2 va da thic P(x) = (x—3)(x—1)3. Tinh gié tri cla P(a).

xy? = x> +xy —2y?

x’y = x> +4y®

b) Gidi hé phuadng trinh: {
Li giai
a)Pit =32 thha=2+a.Tacé P(a):(a—l)(a+1)3.
Déyrang (o +1)°’ =a’® +3a? +3a+1=3(a2+a+1).
Suy ra (a-1)(e +1)° :3-(a—1)(a2 +a+1):3(a3 —1)=3
Vay P(a) =3.
b) Gia su (x;y) la moét nghiém cha hé. Tathdy y=0 thi x=0.Xét y#20.Khidé x=0.
TU hé da cho, ta cé xy? (x2 + 4y2) = xzy(x2 + Xy —2y2)
X’y +4xy* = x'y + xPy? = 2x7y°.
Dit t :s thi phudng trinh trd thanh t* + 4t = t* + t2 — 2t2
StP-2t-4=0
o(t-2)(t?+2t+2)=0
oSt=2.
TU dé x =2y. Thay vao phudng trinh thi haita dugc y=2.Do dé x=4.
Véy ta thu dugc (x;y) = (O;O) va (2;4). Th lai ta thdy 2 cdp nay déu thod man hé phudng trinh d3
cho.
Véy nghiém ctia hé da cho la (x;y) =(0;0) va (4:2).
Cau 2. (1,5 diém) Cho s8 nguyén dusng m thod man 3™ +5™ +14 chia hét cho 15 . Chiing minh
rang 3™+ 5" +14 chia hét cho 16.
Li giai
Do 3™ +5™ +14 chia hét cho 15 nén 5™ —1 chia hétcho 3 va 3™ -1 chia hétcho 5.
NEu m I3 s6 Ié thi tir 5= -1(mod3), ta cé 5" =(~1)" = -1 (mod3) mau thuén.
Vay m 1a s6 chdn. Néu m=4k+2,v8i keN thi 3" -1=3%*3*=-181 =-1 (mod 5) mau thuan.
Vay m=4k.
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Ta cé 3™ —1 chia hét cho 3* =1 =80 va 5" —1 chia hétcho 5* -1, nén 3™ -1,5" —1 cung chia hét
cho 16.
Vay 3" +5" +14 =(3" - 1)+ (5"~ 1) +16 chia hét cho 16.
Cau 3. (1,5 diém) Cho céc s6 dudng a,b. Chidng minh rang
[a—b| |b*-b)
+ >2

b2

a

a
LGi giai
Ta xét cac kha nang:

e Vdia=b>1 thi E+b > 2, do dé bat dang thic ding. (0,25 diém)

e VGia>bvabx<l1thi

+

e Vd8ia<b<l1 thi

b
2
:2+E b-1 a_b
b b a
=2+E-(a—b)- l+9 >2
b b a

e Vdia<b val<b thi
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Cau 4. (3 diém) Cho tam gidc ABC, véi AB < AC va ngoai ti€p dudng tron (l) Goi D,E,F tugng Ung
la tiép diém cla BC,CA, AB vdi dusng tron (l) Dudng thing di qua D vubng gdc vdéi EF, cat dudng
tron (l) tai diém th hai K (khdc D ). Goi L 13 hinh chiéu vudéng géc clia A trén IK. Cic dudng thing
Al,BC cat nhau tai H; cdc dudng thang IK, EF c3t nhau tai J. Chdng minh rang
a) KIF = ACB va AL I3 tiép tuyén cha dudng tron ngoai ti€p tam gidc ABC.
b) LK-BC = Al -EF .
c) Céc dudng thdng DK,HJ,AL déng quy.
Lai giai

A

B 0D H C

a) Ta c8 KIF = 2.KDF = 2.(900—5F\E) - 2.(90°—ED/\C) — ACB.

Do AL LIK, nén L nam trén dudng tron ngoai tiép tam gidc AEF.
Do &6 LAF =LIF = ACB

Viy, AL |3 tiép tuyén cla dudng tron (ABC).
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b) Ta cé L nam trén dudng tron ngoai tiép tam gidc AEF . Do dd, LEF =LIF = ACB v ELF = EAF .

Vay ALEF« AACB.

Vi IE =IF, nén LI |Ia phan giadc cua aj: Mat khac, L/E\F _KIF = ZIZE\F, ta suy ra EK la phan giadc cua
LEF . Viy K 1a tdm dudng tron ndi tiép tam gidc LEF.

T 46, ALKF» AAIB (g.g). Vay, =~ = LF _EF
Al AB BC

Suy ra, LKBC = AlEF.
c) Goi G la giao diém cha DK va AL.

Tacd J-LK=U-LI-IJ-IK=IK* —1J-IK = IK - KJ.

Suyra%zﬁ.Métkhéc,%:ﬂ.Suyragzﬁ-ﬂ.
Kl I LK LI KJ) 1) LI
VI IJ-LI = E? =IK?, nén %=ﬂ(l).
IK
DéthéyAJElmAHAB.Suyraﬂ:%:E=K.
IH BH IJ U
.. GK IH

Két hgp véi (1), ta cé; — =—.
3p vai (1) IR

Vay G,J,H thing hang.

Cau 5. (1 diém) Lan lugt ghi cdc s6 1000, 1001, 1002,..,, 1010 I1&n 11 t&m thé trdng, trén mdi thé ghi
ding mét s6. Ngudi ta xép tat cd 11 tAm thé dd vao hai chiéc hdp, mbt chiéc mau xanh va mét chiéc
mau dd, sao cho mdi hdp cd it nhat mot thé va téng céc sd dudc ghi 8 cac thé trong hdp xanh chia hét
cho t6ng céc s6 dudc ghi 3 céc thé trong hép dd. Hoi, trong mbi hdp cd bao nhiéu tdm thé?

Li giai

Goi téng céc s8 dudc ghi & cdc thé trong hdp xanh la a va téng céc sé dudc ghitrong hép dd 1a b.
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Ta cd x,y € N'. Theo gia thiét x chia h&t cho y nén x=ky, vdi k la mdt s6 nguyén dusng nao dé.
Vi 1000+1001+1002+---+1010 :11><1000+(O+1+---+10) =11055 nén x+y =11055.

Vay ta cé phudng trinh y(k + 1) =11055.

Do méi tdm thé déu ghi mét sé khéng nhd han 1000 nén y > 1000.

Suyra k+1<11,055.

Vay k+1<11.

M3t khac 11055 =3x5x11x67 va k+1 la mot udc I8n han 1 clia 11055.

Suyra k+1e{3;511}. Vay k € {2,4;10}.

VGi k=2 :thi y=3685.Viténg 3 s6 & 3 tdm thé I6n nhat 1a 1010 +1009 +1008 < 3685 . Vay kha
nang nay khong xay ra.

VGi k=4 thi y=2211 : Vi mdi tdm thé it nhat 1a 1000 nén t6ng cla 4 tdm thé I18n hon 4000. Vay kh3
nang nay khdng thé xay ra.

VGi k=10 thi y =1005 : Nhu vy hép dd cé chiéc thé 1005 va hdp xanh chira cdc thé con lai. Trudng
hap nay xay ra, vi khi d6 téng céc sé dudc ghi G cac thé trong hbép dd la

10000 +50=10050=10x1005.

Do dé hép xanh cd 10 tdm thé va hdp dd cé 1 tdm thé.
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thdi gian lam bai: 90 phut
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

4Jx+8  3x+3vx L 3x- 114x - 10

x—4 2x+3&+1 2x—3x =2

Cau 1. (2 diém) Cho biéu thuc: A =

1) Chiing minh rang A =

3
2x+1

2) Tim tat cd cdc s6 thuc x dé A nhén gid tri nguyén.

L5i gidi

x+8  3x+3x 3x—11\/;—10

X—4  2x13dxil 2x—3Yx 2

4(\/;+2) ) 3&(\/;+1) . 3x—11\/;—10
(\/;+2)(\/;—2) (2&+1)(J§+1) (2&+1)(&—2)
4 3Wx  3x-11J/x-10

f 2 2dx+1 (2&+1)(&—2)

A 42 +1) L 3x-11x-10 _ 3Vx
(2&+1)(&—2) (2&+1)(&—2) 2Jx +1
3x-3Vx-6  3x

(2\/§+1)(\/§—2) 2Jx +1

3(&—2)(\/;+1)_ 37 _3(\/§+1)_ W% 3

(2&+1)(&—2) 2Jx+1  2Ux+1  2dx+1 2Ux+1

2) Dé ching minh: 0<A<3
Vi A la s6 nguyén nén Ae {1;2;3}
VGi A=1=x=1

1) A=

A=

A=

A:

Vi +)A:2:>x:i
16

VGi +)/A=3=x=0
Két hgp diéu kién ta cé cdc gid tri x thda man I3 O,%,l.
(Ghi chd: Néu hoc sinh 14p luén 2Jx +1 laudc cia3 vatimra x e {0;1} thi khdng cho diém nao tur dé

dén hét ciu.)
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Cau 2. (2 diém) M6t héi trudng c6 374 ghé, dugc xép thanh nhiéu day, s ghé 3 mbi day bang nhau
va khéng vuot qud 30 . Hay tim s day ghé cla hbi trudng biét rang: néu ké moi day thém 2 ghé va
bé sung thém 1 day ghé (s6 ghé 8 mbi day van bang nhau) thi tdng s6 ghé la 432.

Goi x la sd day ghé va y la s6 ghé mbi day trong hdi trudng Itc binh thudng. (x,y eN;y< 30)

Vi binh thudng héi trudng cé 374 ghé va sé ghé mdi day bang nhau nén ta cé phuang trinh:

xy =374 (1)

Vi khi k& mdi ddy thém 2 ghé va bd sung thém 1 day ghé (sé ghé 3 mdi day van bang nhau) thi téng

s8 ghé la 432 nén ta cd phudng trinh: (x+1)(y+2) =432 (2)

TU (2) ta céd: xy+y+2x+2=432 (3)

L4y (3) - (1) theo Vvé ta thu dugc: y +2x =56 (4)

TU (4) ta cé: y =56 —2x, thé vao (1) ta thu dugc: x(56—2x) =374

©2x* -56x+374=0 < x* —28x+187 =0 < (x-17)(x-11) =0« =
x=11

VGi x=17 =y =22

Vi x=11=y=34

Két hgp diéu kién y <30 tacd x=17,y =22.

Vay binh thudng hdi trusng cé 17 day ghé

Ciu 3. (2 diém)

1) Tim tat ca céc gid tri ca m dé d6 thi ham sé y = (m—l)x+2m +3 c3t hai truc toa d6 Ox,Oy

tusng Ung tai hai diém A,B phan biét sao cho tam gidc OAB cé dién tich bang 4 .

2) Chidng minh rang, véi hai s6 thuc a,b bat ki, it nhat mét trong hai phudng trinh (an la x ) sau day

cé nghiém: x* —2ax—(a2 —4b* +1):O va x* —4bx—(b2 —2ab—a):0.

3.1) Vihamsd y = (m—l)x+2m+3 la ham bic nhat nén m = 1. Khi dé dé thi ciia ham s6 cat hai truc
A A . . . R _2m_3
toa do Ox,Oy lan lugt tai hai diéem A —1;0 ,B(O;2m+3).
m_
-2m-3
m-1
(2m +3)?
2|m-1]

‘,OB =[2m+3|= S 4. = OAéOB = (ir‘:’n +_31)‘2

Khi aé OA:‘

Tu gia thiét, ta cd: =4 < (2m+3)° = 8‘m - 1‘ (*)

TH1: m>1. Phuadng trinh (*) tré thanh:

4m’ +12m+9=8m-8< 4m’ +4m+17=0
A'=-64 <0 nén phuadng trinh vé nghiém.
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TH2: m< 1. Phuadng trinh (¥) tré thanh:

m =
Am? +12m+9 = -8m+8 < 4m? +20m+1=0 < 2
_2J6 -5
m=——7-—
2
26 -5
m= >
Két hgp diéu kién ta cé
_2J6-5
m=—5

Ghi chd: néu trong bai lam hoc sinh khéng chira m#=1 thi trir 0,25 diém.
3.2) Tathdy x* —2ax—(a’ —4b* +1)=0 c6: A", =a’ +(a’ —4b” +1) =22’ —4b” +1

va x” —4bx - (b’ ~2ab-a) =0 c6 A", = 4b” + (b* ~2ab-a) = 5b’ - 2ab-a
Xét A" +A', =2a’ +b*-2ab-a+1

2
A'+A =2a2+b2—2ab—a+1=(a—b)2+(a—lj 23
2 4

Tathdy A, +A', >0 nén cd it nhat mét trong hais6 A", ; A", 1a s6 dudng. TU d6 suy ra it nhat mot
trong hai phudng trinh da cho cé nghiém.

Céu 4. (3 diém) Cho dudng tron (O) cé duting kinh AB va M 1a mét diém n&m trén (O)(M khéc
A,B). Trong nlfa mat phang chira M, cd bs |a dudng thdng AB vé céc tia Ax,By vudng géc véi AB.
Tiép tuyén tai M cla (O) cat cdc tia Ax,By lan lugt tai C,D.

1) Ching minh rang dudng thdng AB |3 tiép tuyén cha dudng tron dudng kinh CD.

2) Vé dudng tron (l) qua M, tiép xic véi Ax tai C. Tia OC cat dudng tron (l) tai diém thd hai J.
Ching minh rang J 1a trung diém cda OC.

3) Goi E la trung diém cha OA. Chiing minh rang dudng thdng qua E va vubéng gdéc véi BC cit OM
tai mot diém thubc dudng tron (l)

Lai giai
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4.1) Theo tinh chat cda hai tiép tuyén cat nhau, ta c6 OC la phan gidc cia géc AOM, OD I|a phan
giac clia géc BOM

— COD =90° = ACOD vuong tai O = O thubc dudng tron dudng kinh CD. (1)

Goi O’ la trung diém cha CD thi O’ |a tdm cla dudng tron dudng kinh CD. (2)

Mat khac OO’ |a dusng trung binh cta hinh thang ABDC nén OO'//AC//BD.

= 00’ L AB(3)

Tu (1), (2), (3) suy ra AB la tiép tuyén cha dudng tron dudng kinh CD (dpcm).
4.2) OM c3t dudng tron (l) tai F khac M.

Vi CM I3 tiép tuyén cha dudng tron (O) nén CMO = 90° = CMF = 90°

= C,I,F thang hang hay CF |a dudng kinh clia dudng tron (l)

Vi dudng tron (l) tiép xtc véi Ax tai C nén IC L AC hay CF//AB

— FCO = C/OTA(4)

Mat khdc, OC la phén gidc cia géc AOM (theo phan 4.1) nén C/O\A = EO\F (5)
Tu (4), (5) = F/CT) = E(TF hay tam giac FCO can tai F. (6)

Mat khac, J thudc dudng tron dusng kinh CF nén CIF=90°.=FJ L CO(7)

TU (6), (7) suy ra tam gidc FCO cén tai F cd FJ la dudng cao dong thdi la trung tuyén. Do dé, J 1a
trung diém cua OC(dpcm).
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4.3) Ta sé chiing minh FE vudng géc véi BC. That vay, goi G |a giao diém cta FE va BC.

Ta th8y EJ la dudng trung binh cta tam gidc OCA nén EJ//CA, EJ —% = EJ 1L AB

Ta thdy: AFJO déng dang véi AJEO (g.g) do FJO = JEO = 90°, FOJ = JOE

F_Jo_co_co (do J,E lan lugt la trung diém cda CO, AO) (8)

e
JE EO AO BO

Mat khdc, theo tinh chat géc ngoai tam giéc: COB EJO +90° = FJE 9)

TuU (8) (9) suy ra AFJE déng dang véi ACOB (c.g.c)

— — e~ — e~

= JEF OBC = OBC+0OEG=JEF+OEG=JEO =90° = EF L BC
TU d6, ta thdy dudng thang qua E va vudng géc véi BC cit OM tai diém F thudc dudng tron (l)

Cau 5. (1 diém)

~ z ~ 1 \ ~ Ay
1) Hay chi ra mot s6 thuc x khac 0,+1 dé x+— la s6 nguyén.
X

2023
\ Ay ~ Ve rd ~ 1 \ ~ N 7/, . % \ ~
2) Cho x la mét s6 thuc khac 0,+1 théa man x+— la s6 nguyén. Chiing minh rang (x——j la sb
X X

vO ti.
L&i gidi

~ ? Ve ~ ~ 1 \ ~ A /7 \ 1
1) DE& chira cd sb thuc x dé x+— la s6 nguyén ta xét phudng trinh x+—=3
X X

_3+\/§
2
3.4

2

S xP-3x+1=0<

/ ~ z, . \ ~ A ? Ay A .2 ? \ ~ ~ ? \ Ve m 5.
2) Trudc hét ta chiing minh x la s6 vo ti. That vat, gia su x la s6 hitu ti thi x cé dang — Vvdi
n

n) =1.Khi d, calomien’

meZ,neN*,(
X mn
AY 1 p ~ A A 2 2 4 2 2
Vi x+— la s6 nguyén nén (m +n ):m.n. Do @6, m“:n,n":m.
X
Ma (m,n):l nén m:n,n:m. Lai do (m,n):l nén m=+1.
Tudng tu n=+1.Do dé x = +1 (trdi gia thiét \x\ #1).

Viy x la s6 vo ti. (1)
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X+= |+ x—1

~ 1 1 ~ 1 \ ~ ~ ? \ ( Xj [ Xj \ ~ ~ ? Zze /.

Tathay: | x+— |+| x—— |=2x.Néu x—— la so6 h{tu ti thi > =x la s6 htu ti (trai vai
X X X

(1)). Do d6 x—2 13 8 v8 1i. (2)
X

l 2 1 2 1 1 2 2022
Mat khéc, (x——} =(x+—) —4 . Vi x+= la s6 nguyén nén (x——j la s6 nguyén. Do d6 (x——}
X X X X X
cling la s8 nguyén
n 1
Do ‘x‘ #1 nén x——=0.
X
2023 2022
Ta thay: (x—lj =(x—lj -(x—lj-
X X X
1 2023 2023 1 2022 1
Néu (x——j 1a s6 hitu ti thi (x——j :(x——j =x—— la s6 hitu ti (trdi vdi (2)).
X X X X
2023
Viy (x——j 1a s6 vo ti.
X
-------------------------------- ] e —
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2023 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (3 diém)

V3x+1+45-y=4

Py+1+6-x=4

2) Cho a,b,c,d |a cdc sé thuc khdc 0, d6i mét phan biét va thda man
a’-1 b’-1 -1 d*-1_

ba 5b 3c 3d
véi n 1a mét s6 nguyén. Chidng minh: P = (a—c)(b—c)(a +d)(b+d) la binh phudng clia mét sé

1) Gidi hé phuong trinh: {

nguyén.
LGi giai

1) Diéu kién: _?1 <xy<b

TUhé suyra v3x+1-+y5-x =43y +1-45-y
Néu x >y thi VT > VP

Néu x <y thi VT < VP

Do dd x =y

Thay x =y vao pt (1) ta dudc

V3x+1+B-x =4 6+2x+2,/(3x+1)(5-x) =16 & (3x+1)(5-x) =5-x

5
1

X

<::>(3x+1)(5—x):(5—x)2 c{x

Vay hé cé nghiém (5;5) va (1;1).
2) TU gia thiét suy ra a,b 1a hai nghiém cla phuong trinh x> —5nx—1=0 va c,d |3 hai nghiém cua
a+b=bn
b=-1
c+d=3n
cd=-1
Tacé P=(a-c)(b-c)(a+d)(b+d)=(ab-(a+b)c+c’)(ab+(a+b)d+d’)

phudng trinh x? —3nx—1=0. Theo dinh ly Viet ta cé

:(c2 -5cn—1)(d2 +5dn-1)
Vic’-3nc-1=0va d*-3nd-1=0 nén P= (—2nc)(8nd) = -16n%cd = 16n°.
Do dé P Ia binh phuong clia mot s8 nguyén.

Cau 2. (3 diém)
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1) Ching minh rang 1+ 2% + 3% +...+2039°%° khéng thé la lhy thira cla mét s8 tu nhién véi s6 mii
I6n hon 1.
2) Xét céc s6 thuc dudng x,y,z thoa man: x> +y” +z° = 3.
1+x* 1+y® 1+7Z°
+ +

Tim gid tri nhd nhat cta biéu thidc P = .
Z+2 Xx+2 y+2

Li giai

1) Ta chiing minh A =1+2%+3%+...+2039%%* khoéng thé |a s8 chinh phugng. That vay, xét s du cla
céc s8 hang trong A theo mod 3 ta cé ddy s6 du lan lugt 1a 1,1,0,1,-1,0,1,1,0,1,-1,0,...

Ta cé 2039:6 =339 du 5. Do dé téng A chia 3 du 2. Viy A khéng la sé chinh phucng.

Ta chdng minh A khéng thé |a Gy thira cla s6 tu nhién véi s6 mi I8n hon 2.

Ta xét s6 du clla A theo mod 8.

Tacé n" = n(mod8),Vn ldvan" =0 (mod 8) véi moi n chan >2

Suyra A=2°+1+3+...+2039 =4+1020" = 4(mod8)

Vi A chdn nén néu A=m",k>3 thim chdnvado dé A= O(mod8) (m3u thuan).

Vay ta cé dpcm.
2) Cach 1

. . , Lyl 2 Liv? 2 157 2
_1ex 14y’ 1428 (+X) . (+V) . (+Z)
zZ+2 X+2 y+2 (z+2)(l+x2) (x+2)(1+y2) (y+2)(1+22)

P

N (3+x2+y2+22)2
_(z+2)(1+x2)+(x+1)(1+y2)+(y+2)(1+22)
) 36

- x+y+z+6+x22+y2x+zzy+2(x2+y2+22)

VI (x+y+2)° £3(x2+y2+zz)=9 nén x+y+z<3 va

(xy2 +yz® +zx° )2 < (x2 +y? +22)(x2y2 +y’z° +22x2> < %(x2 +y? +22)3 =9

Nén PZ%zZDéubéngxéyrakhix:y:zzl.
Vay min P =2.
2
Cach 2: 1% +(1er )(Z+2)23(1+x2)
z+2 9 3
:>1+XzZz(1+x2)_(1+x2)(z+2)=£(1+x2)_z(1+x2)
z+2 3 9 9 9

Tudng tu, ta suy ra
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VTZ3-6—%(2(1+x2)+x(1+y2)+y(1+zz))

>§_1[(1+Zz)(1+xz) (1+y?)(1+x?) (1+zz)(1+yz)]

> + +
3 9 2 2 2

_8 1 2 2 2 2,2 2.2 2.2
_§_E(3+2(x +y +z )+(xy +y°z°+2z°x ))
8.1 3+6+£(x2+y2+22)2 =2
3 18 3
D4u bang xay ra khiva chikhi x=y=z=1.
Vay min P =2.

Céu 3. (3 diém) Cho tam gidc ABC ngoai tiép dudng tron (). Goi E,F theo thi ty 13 tiép diém cla
(l) v@i cdc canh AC,AB. Goi (K) la dudng tron di qua B, tiép xutc véi dudng thang Al tai |. Budng
tron nay cdt dudng thing AB tai diém thit hai P (khdc B ). Goi (L) la dutng tron di qua C va tiép
xuc véi dudng thang Al tai |, dudng tron nay cdt dudng thang AC tai diém thd hai Q (khdc C).
Chdng minh rang:

a. Tu gidc BPQC nbi tiép.

b. Pudng thdng PQ tiép xdc véi dudng tron (l)

c. C4c dudng thdng KF va LE c3t nhau tai mot diém trén dudng tron ngoai tiép tam gidc ABC.
L&i gidi
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a) Vi dudsng tron (K) tiép xtc véi Al nén A’ = AB-AP.Tudng tu Al*> = AC-AQ.
Do dé AC-AQ =AB-AP. Vay t& gidc BPQC ndi tiép. (Chd y can chiing minh lai cdc tinh chat phucng
tich)

ACB

b) Ta c6 BAPI:1800—@=180°—{90°+T]=900—ACB _180°-ACB _BPQ

2 2 2

Suy ra Pl |a phan gidc ngoai @ Ma Al la phan giac I{AB Do dé | 1a tAm dudng tron bang tiép
tam gidc APQ. Vay PQ tiép xuc véi dusng tron (l).

c) Goi G la giao diém cda EL va FK.

Taco E?K\p_zaa_z(@_;ﬁ)_z(gouATCB_A_gCJ_1800+rc8_;8\c

Chdng minh tucng tu Q/L\C ~180°+ ACB—ABC. Viy BKP = CTL\C Ma 2 tam gidc BKP,QLC déu la
cac tam giac can. Do dé6 ABKP«»AQLC.

Lai c6, theo ching minh phan b), FIP = 90° — FP| = ?. Suy ra AFIP»»AECI. Do d6 FP.EC = IEJF.
Chung minh tuong tu EQ.FB =IE.IF. Vay FB = E
FPEQ

Suy ra AKFB«» ALEC
Lai cé EF//KL (cung vudng gdéc véi Al )

Do st co FO F6FK_EG EL _EG

FB FK FB EL EC EC '
M3t khdac BFG =180°-BFK =180°-LEC = GEC, suy ra AGFB «» AGEC.
Do d6 GBF = GCE . Vay G thuoc dudng tron (ABC).

Cau 4. (1 diém) Cho bang 6 vudng kich thudc 2023 x2023. Lan lugt dién 2023 s& nguyén dudng
dau tién: 1,2,3,4...,2023% vao céc 6 vudng con cla bang sao cho mdi & dugc dién ding mot s6, 8 mdi
dong tinh tir trdi sang phai hoac 8 mai cot tinh tir trén xudng dudi, cdc sé dudc dién theo thi tu tang
dan. Thuc hién viéc thay ddi s6 theo quy tic sau: mdi I1an chon 2 6 chung nhau canh hodc chung nhau
ding mot dinh.

-/ Néu hai 6 d6 chung canh thi tang sé 8 mot 6 thém 2 dan vi va giam sd trong & con lai 2 don vi.

-/ Néu hai 6 d6 chung nhau ding mét dinh thi cung tang hodc cuing gidam s6 trong hai 6 d6 2 daon vi.

Hai sau mdét sé 1an chai ta cd thé thu dugc bang gom toan cdc sé 2023 dudc khdng? Vi sao?

Sau mdi lan thay déi, cc s6 ludn gilf nguyén tinh chan 1&. Do d6 khong thé ¢ toan b cac sé 13 2023.
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat

DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

C4u 1. (2 diém) Cho biéu thdc: M = 26_\/B+b_‘/£—1 véia>0b>0vaazb.
Ja—b  a-b
a) Chting minh M= 2+2 b) Tinh 2 biét M>0 va M- (a? —bz)zgab.
a-b b 2

L&i gidi
a)M_(z\/;—\/E)(\/g-i-\/g) b—\/; a-b

(Va—Vb)(Va+b) (Ja—b)(Va+b) [(Ja—b)(Va+b)

_2a+vab-b+b-+ab-a+b a+b

[ R TR R

a

2 —

b)M-(az—b2)=9ab-@(a+b)2=9ab©2a2—5ab+2b2=o@2 2l _5.242-0& b
2 2 b b a

b

DoM>0vaab>0néna-b>0.Suyra %>1.

a
Vay —=2.
Y b

Cau 2. (2 diém) a) Trong mat phang toa d6 Oxy, cho hai dudng thang d:y =2x+3 va

d:y=mx+m?’ —1(m # O). Tim m dé hai dudng thang d va d' c3t nhau tai mét diém nam trén truc

tung.
b) Gid cudc dich vu clla mot hang taxi vao thang 4/2023 nhu sau:
Gid cudc mad clra Gia cudc Gid cudc
1 km dau tién nhitng km tiép theo tu km thd 21 trd di
20 000 déng 14 000 déng 12 000 dbéng

Goi x (x> 0) la s6 km ma hanh khdch di chuyén. Khi d6, s6 tién ma hanh khdch phai trd dudc tinh bdi
cbng thic:
T=20000 néu 0<x<1

T=20000+14 ooo(x—l) néu 1<x<20
T =286 000+12 ooo(x—zo) néu x> 20

Cb Hang di chuyén bang xe cla hang taxi trén va d3 trd s6 tién 1a 322 000 déng. Hoi ¢d Hang da di
chuyén quang dudng |a bao nhiéu km?
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a) Budng thang d cat dudng thang d’ khi va chikhi m#2

Dudng thdng d cat truc tung tai diém A(0;3)

Dudng thidng d’ di qua diém A(O;3) oem’-1=3em=4+2

Két hop vdi diéu kién m=0;m =2 tasuyragidtricantimcda m la m=-2

b) Néu hanh khach di chuyén quang dudng 20 km thi phai trd sé tién I3
20000 +14000.(20 - 1) = 286000

Do 322000 > 286000 nén cbé Hang di chuyén quang dudng nhiéu han 20 km hay x> 20.
Do d6, tong s tién cd Hang phai tra (tinh theo x ) la:

286000 +12000(x —20) (d6ng)

Theo gia thiét, ta cé phuang trinh 286000 + 12000(x - 20) =322000

< x =23 (théa man diéu kién)

Vay c6 Hang da di chuyén quang dudng la 23 km.

Céu 3. (2 diém) Cho phuong trinh x* —(2m-1)x+m’-1=0, (m |a tham s6).
a) Tim m dé phuadng trinh cé hai nghiém trdi dau.

b) Tim m dé phuang trinh cé hai nghiém phan biét x,,x, théa man (l—xl)(x2 —m)2 =9.

a) Phuang trinh ¢ hai nghiém trdi ddu < 1.(m2 —1) <0 -1<m<1

b) Phudng trinh cé hai nghiém phan biét khi A > 0 < (2m—1)° —4(m2 —1) >0<5-4m>0<m <§

o, , | X +x,=2m-1
Theo dinh Ii Vi - ét ta co ’
X, X, =m"~ -1
V1 x, la nghiém cda phudng trinh x —(2m 1)x+m -1=0 nén

2
(2 )x +m’-1= O:>x —2mx +X, +m’-1=0
2
2

= X, —2mx, +m’=1- X, :>(x - ) =1-x,

Thay vao gid thiét ta dugc (1—x1)(1—x2): 9« 1—(x1 +x2)+x1x2 -9=0

m=-2

m=4

Dai chiéu véi diéu kién phucong trinh ¢é hai nghiém phén biét, suy ra m=-2

Cau 4. (3 diém) Cho hinh binh hanh ABCD sao cho tam gidc ABD nhon va khéng la tam gidc cén.
Goi O la giao diém clia AC vdéi BD va E,F,G tudng (ng la hinh chiéu vudng géc clia D trén céc
dusng thang AC,AB,BC.

a) Chitng minh ED? =EF.EG.

—(2m—1)+m2—1—8=O<:>m2—2m—8=0c>
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b) Chiing minh bén diém O,E,G,F cung thudc mét dusng tron.
c) Goi H la giao diém cla cédc dudng thang FG va AC. Chiing minh DH L DB.

a) Vi td gidc ADEF ndi ti€p nén EFD = EAD

Vit gidc CDEG ndi tiép nén EDG = ECG

M3 EAD = ECG (so le trong) nén EFD = EDG

Tucng tu E/CE) = Eﬁ:

Do d6 aEFD ~aEDG = :EEI’Z:) Eg EF.EG=ED’

b) Cach 1. Vi t¢ gidc DEGC néi tiép nén CEG = CDG

Vit gidc DFBG néi tiép nén BFG = BDG

Tam giéc BFD vu6ng tai F cé FO la trung tuyén nén FO=0D. Suy ra OFD = ODF

—_—

Do d6 OFG = 90° —~ OFD —BFG = 90° - ODF —BDG = CDG = CEG
Vay t gidc OEGF ndi tiép.
Cach 2

Vi O la tdm dudng tron ngoai tiép td gidc BGDF nén FOG = 2FDG

Khi d6 GEF = 180" — GEC — FEA = 180° - GDC — FDA :(90°—§D\c)+(90°—FD/Z)
— GCD + FAD = 2BAD = 2FDG = FOG

Vay t gidc OEGF nbi tiép.

c) Cach 1.

Goi M 1a giao diém cta BC va DH;N |a giao diém cta DC va FG.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551



CLB Toan bdi dudng MathExpress | |www.mathexpress.vn

Theo dinh Ii Ta - let ta cé HM _HC _HN = MN//DF
HD HA HF

Vi DF vubéng géc véi DN nén DN vubng géc véi MN.

TU d6 dan dén td gidc DGNM 13 t gidc ndi tiép, suy ra MDN = MGN
Ta c6 MGN = BGF (d8i dinh)

Vit gidc DFBG néi tiép nén BGF = BDF

— — e~~~

Do d6 MDN = BDF = BDH = BDN + NDM = BDN +BDF = NDF = 90° (dpcm)

Cach 2. V3i chu y tam gidac OGF can tai O(OG =0F = %BD) va t gidc OEGF ndi tiép ta cd

OEF = OGF = OFG dan dén AOEF «»AOFH = 8’5 8: OE.OH =OF?

OE _OD
oD

Vi OF =0D nén OE.OH=0D* = AOEDmAODH(c g. c) TU d6 suy ra dudc ngay

ODH = OED = 90°

Cau 5. (1 diém) Tim tat cd cdc sé nguyén dudng a va b thda man: Néu ¢ va d |a cdc s6 thuc sao
cho céc phudng trinh x* +ax+1=c va x* +bx+1=d cé nghiém thi phudng trinh

x° +(a +b)x +1=cd ciing cé nghiém.

Bai todn phat biéu lai nhu sau: Tim tat cd cdc s6 nguyén dudng a va bcé tinh chat: néu c¢,d thda
man a’ +4c—-4>0;b* +4d—-42>0 thitaludn cé (a+b)> -4 +4cd >0

Néu a >3, ta c6 thé chon nhu sau
2

Céch 1. Chon c=%,d =4 (thda man diéu kién a® +4c—4 > 0;b? +4d -4 >0)

ma (@a+b)> —4 +4cd =a° +2ab+b* —4 —2a°b?
=—(ab-1)? —(a2 —1)(b2 —1)—2 <0 Vi a,b la cdc s8 nguyén dudng

Do d6 a >3 khong théa man.
2

Cach 2. Chon c = -

,d=2+2ab+b” (thda man diéu kién a2+4c—420;b2+4d—420)
m3 (a+b)’ —4+4cd =a’ +2ab+b* ~4+(4-a’)d = td +2ab+b’ ~ t
=t(2+2ab+b2)+2ab+b2—t:t+2ab(t+1)+b2(t+1)

Vi t=4-a’<-5;ab>0;b* >0 nén t+2ab(t+1)+b2(t+1) <0

= (@+b)> =4 +4cd <0.Do dé a>3 khbéng théa man.

2 4_32

Chd?:Khia23th‘|c=4_ <0, tacdthé chon c= TR
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4—(a+b)* . 4-b°
va
4c 4

(d> max{4—(a+b)2;4—b2}j
4c 4

Véy ae{1;2}. Tudng tu b e {1;2}

chon d 18n hon ca hai sb

Véi a,be{1;2} thi (a+b)’ 24 va a’+4c-4>0=c>

TU d6 din dén (a+b)*> —4 +4cd >0

_ 2 _ 2
473 S ob?iad-430=d>3"P2 50

Céc gid tri nguyén dudng can tim cla a,b la a,b e {1;2}
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2023 - LAN 3

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2 diém)
Cho ba phuadng trinh:
x*—ax+1=0(1), x*-bx+1=0(2), x’-cx+1=0(3),

trong dd a,b,c la cdc s6 thuc.

Biét rang, phuadng trinh (1) cé nghiém x = x_, phudng trinh (2) cé nghiém x = x, va phudng trinh (3)
cé nghiém x = x x, . Tinh gid trj bidu thic T =a’ +b” +c* —abc.

Li giai

Tacé: x?—ax, +1=0, x2-bx,+1=0, (x % )Z—C(X1X2)+1=O.

1 1 1
Suyra a=x +—, b=x,+—, C=X,X, +——

><1 XZ ><1><2

1 1 X, X
Tacdab=|x, +— || x,+— |=C+—+—+—2

X, X, X, X

= abc=c +(xx +LJ[ ><2J:c2+x2+i+x2+i=c2+az—2+b2—2
X. X

Suyra T=4.
Cau 2. (2,5 diém)

x(\/y+4+\/y+11):35

1) Gidi hé phuong trinh sau:
y(\/x+4+\/x+11):35

2) Chdng minh rang, véi moi sé thuc X,y,z ta cé:
(z+x—y)x5 +(x+y—z)y5 +(y+z—x)z5 >0.
Li gidi

:5(\/y+11 \/y+4)
:5(\/x+11—\/x+4)

1) Diéu kién: x,y > 0. Hé d3 cho tusng duong vdi

TrUr theo titing vé& hai phuong trinh cla hé ta dudc
X—y= 5(\/x+ —\Jy+4 ) (\/x+11 \/y+11)

X—-y B X—y
\/x+4+\/y+4 x/x+11+\/y+11

& x-y=b

<:>(x—y) 1- > + 5 =0
Jx+4 +\/y+4 Jx+11 +\/y+11
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TU hé d3 cho suy ra X,y khdéng déng thdi nhd hon 5. Do dé

5 B 5 3 5 .5 _
Ux+dty+4 Ix+1l+y+11 x+d+fyra 3+2
TU (1) suyra x=y.

Véi x =y ta c6: x(\/x+4 +\/x+11):35 2).

Xét f(x) =x(x+4+x+11), ta c6 £(5)=35. Néu x>5 thi (x) > £(5)=35.
Néu x <5 thi f(x) < f(5) =35. Do d4, phuang trinh (2) c6 nghiém duy nhat x = 5.
Vay hé d3 cho cé nghiém duy nhat x=y =5.
2) Chdng minh: (z+x—y)x5 +(x+y—z)y5 +(y+z—x)z5 >0.
Ppcm tusng dudng véi x° +y° +2° —x°y — v’z - Z’x+ X’z + y°x + 2’y > 0
N Z(x6 +y°® —2x°y + 2y5x) >0
& Z(x2 +y2)(x2 -y’ —xy)2 >0: ding
Céau 3. (1,5 diém) Chdng minh rang, ton tai v s6 bd ba s6 nguyén duadng (x;y;z) thod man phuang
trinh sau:
Xty =275,
Li gidi
Ching minh rang, ton tai v s6 bd ba s6 nguyén ducng (x;y;z) thod man

x31 + y5 — Z2023

Xét x=25"y = 231m(mez*). Khi d6: x3 +y° = 2195m1

Ta can chon m sao cho 155m+1 = 2023n(n € Z*)(l).

Khi d6 z=2".

TU (1) suy ra 8n—1 chia hét cho 155. Dt 8n—1= 155k(k e Z*)ta cé:
3k+1:8<=9% +3:8< k+3:8.

Pit k+3= 8u(u c Z+) ,ta cé n=155u—58m =2023u-757.

(2023u-757) 31(2023k-757)

Nhu vy, tat cd céc bd x =2 ,z=2""" ueZ" déu la nghiém cla phudng trinh

da cho.

Céau 4. (3 diém) Cho dudng tron (O) dudng kinh AB. Ké tiép tuyén d cla (O) tai B. Goi H Ia trung
diém cta OB. Céc diém M,N thay ddi trén d, khdng trung véi B sao cho H Ia truc tAm cla tam gidc
AMN. Goi E,F lan lugt |a giao diém thd hai cia AM, AN vdéi dudng tron (O) Chdng minh rang

a) TU gidc MNFE ndi tiép.

b) Budng thang EF luén di qua mét diém c6 dinh

Li giai

=2
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a) Xét dusng tron (O) : Do AB la dutng kinh nén M
AEB = AFB =90".

Ta cé ﬁzﬁz%(:90° —MB\E)

Suy ra t gidc MNFE ndi tiép.

b) Goi K Ia giao diém th( hai cia dutng tron (AMN)
vdéi dusng thang AB.

Ching minh BA-BK =BM-BN =R?

Suy ra K ¢8 dinh A
Goi |=EF N AB. Do t gidc MNFE néi tiép nén
AEl = ANM = AKM.

Suy ra td gidc MEIK ndi tiép. F N
Chdng minh: Al-AK = AE-AM = AB? = 4R%.
Suy ra | ¢6 dinh.

eQ
[

Cau 5. (1 diém) C46 2023 vién bi dung trong 14 cdi hdp. Mbi 1an cho phép |8y hai vién bi & hai hop
nao dé va bo vao mét trong 12 hép con lai. Chiing minh rang sau mét sé budc cé thé bd hét bi vao
mot hop.
Lai gidi
Ta chdng minh bai todn téng qudt véi m vién biva n cdi hdp (m,n > 4). Quy nap theo m :
V38i m=4 :Sé bi thudc mét trong cédc dang sau:
(1;1;1;1;0;...;0), (1;2;1;0;0;...;0),
(2;2;0;0;0;...;0), (1;3;0;0;0;...;0), (4;0;0;0;...;0)
Thuc hién nhu sau: (1;1;1;1) — (3;1;0;0) - (2; 0;2;0) - (1; 0;1;2) - (0;0;0;4).
Gid sU bai todn ding vdi moi m<k.Xétvdi m=k+1 : Dua vé trudng hgp (1;k;0;0;...;0)
Sau d6 thuc hién nhu sau:
(1;k;0;0;...;0)—> (O;k - 1;2;0;...;0) — (O;k - 2;1;2;0;...;0)
- (Z;k - 3;0;2;0;...;0) - (1;k—1;0;1;0;...;0)
—>(0;k+1;0;0;...;0)
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mbén: TOAN CHUNG
Thai gian lam bai: 90 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)
Cau 1. (2 diém) Cho biéu thic: M = 2\/;— \/;Jr\/; . 2 Vi x>0;y>0; x#y
x=y  2yx-2y ) Vx-+ly

a) Rut gon M.

b) Tinh M biét x* —5xy +4y*=0.

L&i giai

a)M:(z\/; \/;+\/; J 24x 24Xy —x—y 23x

oy a2y ) Ve 2V (Vo) V-V

) —(\/;—\/;)2-2\/; _
o] o
b)x2—5xy+4y2:O<:>(x—y)(x—4y):0<:>x=4yv‘|x¢y

iy

Jor ey 3

Cau 2. (1,5 diém) Clra hang An Binh niém yét gid mdt bdng hong 1a 25000 déng. Néu khich hang
mua nhiéu hon 10 béng thi ti béng th 11 trd di, méi béng dugc giam 10% trén gid niém yét. Néu
mua nhiéu hon 20 béng thi tir béng th 21 trd di, méi béng dugc giam thém 20% trén gid da giam.
a) Néu khach hang mua 30 béng héng tai cfa hang An Binh thi phai trd bao nhiéu tién?

=>P=-

b) Ban Ding d3 mua mdt s6 bdng héng tai clra hang An Binh vdi s6 tién 925000 déng. Hai ban
Dling da mua bao nhiéu béng héng?

Lai giai

a) Gid tién mua mi bdng héng tif bdng 11 dén bong 20 I3 25000.0,9 = 22500 (d6ng)

Gid tién mua mdi béng hong tir bdng 21 trd di la 22500.0,8 = 18000 (d6ng)

S6 tién khach hang phai tra khi mua 30 bong la

25000.10+22500.10 +18000.10 = 655000 (d6ng)

b) Goi x(x eN' x> 20) la s6 béng héng ban Diing mua.
Ta c6 phudng trinh 25000.10 +22500.10 +18000- (x —20) =925000 < x =45 (bong)

2x+y=5

Cau 3. (2,5 diém) Cho hé phuadng trinh { (m 1a tham sé).

mx+y=m+5

a) Tim m dé hé cé nghiém duy nhat (x;y) va tim nghiém duy nhat dé.

b) Véi (x;y) la nghiém duy nhat & trén thoa man diéu kién x >y . Tim gid tri I6n nhat cda biéu thic
H=x+y.
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L&i gidi
a) Lay phuang trinh thd hai trif phuong trinh thd nhat theo tirng vé ta dudc (m—2)x =m (1)
Hé phuadng trinh cé nghiém duy nhat khi phuong trinh (1) ¢ nghiém duy nhat ©m-220< m =2
Khi dé tir (1) suy ra x __m_
m-—2
2m  3m-10
m-2 m-2

y=b-2x=5-

Vay m# 2 thi hé da cho c¢é nghiém duy nhét la (X;y) :( m ,3m—10j.

m-2" m-2
b) Céch 1.

Theo gid thiét 2x+y =5 va x>y tasuyra ng
Khi @6 H=x+y =x+(5-2x)=5-x
Vi ng nén HS% va diu bang xay ra khi x:yzg

Thay x=vy :g vao phuong trinh th( hai trong hé ta tim dudc m =5 (thda man). Vay gid tri I6n nhat

cla biéu thic H bang % <m=5

Cach 2.
X2y & m 23m_10<:>2m_1030<:>m_5£0<:>2<m£5
m-2 m-2 m-—2 m-2
_ _ 4(m-2)-2
Khidé H=x+y=—m_43m=10_4m-10 _ (m-2) P
m-2 m-2 m-2 m-2 m-2
Vi 2<m<5=0<m-2<3—>_+ >t =2 2 ., 2 sghastE
m-2 3 m-2 3 m-2 3 3

Véy gid tri I6n nhat cha H bang % <&Sm=5

Céu 4. (3 diém) Cho tam gidc ABC nhon (AB < AC), néi tiép dudng tron (O;R). Ké duting kinh AK
cula (O) Céc dutng cao AD,BE,CF cla tam gidc ABC cat nhautai H.

AB-BC-CA
4R

b) Goi M la trung diém cta BC, T la diém d6i xiing véi O qua M. Ching minh T |a tdm dudng tron
ngoai tiép tam gidc HBC va AH? +BC? =4R?.

c) Biét AH* +BH? +CH?* =7 va AH-BH-CH=3.Tinh R.

Lai giai

a) Chuing minh t giac BHCK la hinh binh hanhva S, =
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a) Tacé ABK = 90° (96c nbi ti€p chidn nira dudng tron) hay AB L BK. Két hgp véi AB L CH, suy ra
BK//CH. Tugng tu BH//CK. Ti 6 dan dén t& gidc BHCK Ia hinh binh hanh.

Ta c6 ABC = AKC (hai géc ndi tiép cung chdn mdt cung) va ADB = ACK = 90’ suy ra

ABADmAKAC(g.g):>£=%:>AD= AB- AR hay AD:AB'AC.vay
AC KA
SABC=1.AD.BC:1-AB'AC.BC=M,

2 2 2R 4R

Vi M 13 trung diém clia ddy cung BC nén OM 1 BC
T gidc BOCT ¢4 hai dudng chéo BC va OT vudng géc vdi nhau va cat nhau tai trung diém M cua

mbi dutng nén BOCT I hinh thoi, tif 6 dén dén TB=TC =0B=0C =R(1)
Vi BHCK Ia hinh binh hanh nén hai dudng chéo BC va HK cat nhau tai trung diém M clha mdi
dudng. Tam gidc AHK c6 OM la dudng trung binh nén ta cé ngay AH=20M=0T.
Tit gide AHTO ¢6 AH =0T va AH//OT nén AHTO I3 hinh binh hanh va TH = 0A =R(2)
c)TUu (1) va(2)suyra TB=TC=TH=R.Véay T latdm dudng tron ngoai ti€p tam gidc HBC.
Ta c6 AH? +BC? = 40M? + 4MC? = 4(OM2 +MC2) = 40C? = 4R?
Chuy CHD = ABC = AKC va ap dung dinh | Pytago ta cé
AC? = AD? +DC? = (AH+HD)2 +DC? = AH? + HD? +DC? + 2AH-HD
AC? = AH? + CH? + 2AH - CH- cosCHD = AH? + CH? + 2AH - CH - cosAKC

CK BH

AC? = AH* +CH* +2AH-CH-— = AH* + CH* + 2AH-CH - —
AK 2R
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AC? = AH? + CH? 4 AT BHCH

Tuong tuy b) ta cé BH?* + AC? = 4R? tUr d4 suy ra

AH-BH-CH AH-BH-CH

4R? —-BH? = AH?* + CH? + < 4R? = AH? +BH? + CH? +

Thay gid thiét, ta dudc phuong trinh

4R2=7+§<:>4R3—7R—3:0<:>(2R—3)(2R2+3R+1)<:>R:§
R 2

Cau 5. (1 diém) Cho céc s6 thuc dudng x,y,z thda man

X2+xy+y?=3; yi+yz+z-=1; 22 +zx+x* =4.

Tinh S=x+y+z.

Li gidi

X2+ xy +y? =3(1); vy +yz+2° =1(2); 22 +zx+x* =4 (3)

2=3—1=(x2+xy+y2)—(y2+yz+zz)=(x—z)(x+y+z) (5)

1=4—3=(zz+zx+x2)—(x2+xy+y2)=(z—y)(x+y+z) (6)

TU (4) va (b) suy ra x—z:2(z—y)<:>x:3z—2y

Thay x=3z-2y vao x* +xy +y”> =3 tadugc y> —-3yz+3z>=1.

K&t hgp vG8i y> +yz+2z° =1 suyra y> —3yz+3z° =y’ +yz+ 72> = z=2y vatli (6) cé x=4y

Thay x =4y vao (1) dan dén 21y? :3:>y=£ va S=x+y+z=7y=\/7
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TRUGNG DHSP HA NOI THI THU VAO LSP 10 THPT CHUYEN NAM 2024 - LAN 1

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phuat
DPé thi gém 01 trang (Khéng ké thdi gian giao dé)

Cau 1. (2,5 diém)
a) Gid st a,b 13 cédc s6 thuc thod man: vdéi x,y |a hai s6 thuc bat ki ta ludn cé

ax+by)(ay +bx)|< x* +y>.
((ax+ by ) (ay +bx)|

Chiing minh rang a? +b* < 2.

b) Gidi phudng trinh x+4 :\/g+\/ﬂ+1/(5—x)(2—x).

L&i giai

a) (1 diém) V38i x =y =1 ta dugc (a+b)? <2.Matkhdc, v8i x=1,y =-1 ta dudc (a—b)* <2.Viy
2(a2 +b2)=(a+b)2 +(@a—b)><4.Suyra @’ +b><2.

Nhan xét. Cé thé chi ra diéu kién cAnva dl 13 (a+b)* < 2.
b) (1.5 diém) Diéu kién: x < 2.
2 R
Céch 1. D3t t=+/5-x+v2—-x,Vvdi t>0.Tacé (5-x)(2-x) :$. VAy, phuong trinh d3

2 _ 2
cho tré thanh x+4=t+$@%+t—%=0@t:3 hoac t=-5

x>-1

(5-x)(2-x) = (x+17 ex=1

Vit>0,nén t=3.Tacé: (5—x)(2—x):x+1<:>{

Céch 2. Dt a=+/5-x,b =v2 —x phuong trinh tré thanh x =a+b +ab — 4.
, . , (a+b)(a+1):9
Tacd a’+x=5va b’ +x=2.Dodé
(a+b)(b+1):6
Suyra 2(a+1)=3(b+1) hay 2a=3b+1. T d6 2x=(3b+1)+2b+(3b+1)b-8=3b* +6b-7.
Tu dé b2+x:2<:>5b2+6b—7=4c>5b2+6b—11:0@(b—l)(5b+1l):0<:>b=1( dobZO).

Viy a=2,do dé x=1. Thi lai ta thdy x =1 la nghiém cha phugng trinh.

Cau 2. (1,5 diém)
a b 2Jc

=2.
a+b+b+c+\/z+\/g

Cho a,b,c la cdc sé thuc dusng thod man a=c va

Tinh gid tri bidu thic S=——+
at+b b+c

a_\/g:\/g_b
a+b Jat+vc a+ic b+c

L&i giai

TU gid thiét ta cé
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ale-bVa __ cfa-ble Valacob) Je(Yac-b)
) .

C>(aer)(\/5+\/E) (b+c)(\/g+\/g a+b B b+c
Vi e

a+b b+c

obva+cla=a c+b\/z<:>(\/5—\/z)(b—\/;)=0 (m&u thuan)

Vay b=+Jac. Tudé S =

NE&u b = Vac thi

B R |
a+vac ac+c

Céu 3. (3 diém) Cho tam gidc nhon ABC ndi ti€p dudng tron (O) c6 AB < AC. Trén dudng tron (O)
18y diém M khdc A sao cho AM||BC. Vé dudng tron (K) tiép xdc véi AO tai A, va di qua M. Dudng
tron (K) cat cdc dudng thang AB,AC tai cédc diém th( hai F,E (F,E khdc A). Céc dudng thang
OM,BC cat nhau tai diém D.

(a) Chidng minh rang céc diém D,E,F th3ng hang.

(b) Goi H la truc tdm cta tam gidc ABC. Cic dudng thdng AO va DE cat nhau tai diém L. Ching
minh rang AHDL Ia hinh binh hanh.

L&i gidi

a) (1.5 diém) Ta cd O,K cédch déu A,M.Vay OK la dudng trung truc cda AM. Thanh thd theo tinh dai
xiing, OM |a tiép tuyén tai M cla (K)
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Tt d6 EMD = MAE = ECD.
VAy t gidc DEMC néi tiép. Suy ra MED +MCB = 180°. M3t khdéc, theo tinh chat cla t& gidc ndi tiép
FEM = FAM = MCB.. V4y FEM+MED = 180° hay c4c diém D,E,F thing hang.

F

b) (1.5 diém) Kéo dai MD c3t (O) tai diém thit hai G. Do AG I3 duding kinh nén AM L AG. Vi
AM//BC nén AG L BC.Véay A,H,G thang hang. TU dé6 G,H dé&i xiing nhau qua BC.

Suy ra G/!—E) = H/CE) = (TA\G

Vay, HD// AL.Ma AH//LD (vi cung vudng géc véi BC). Suy ra AHDL la hinh binh hanh.

Ciu 4. (1 diém)

a) Tim tat ca cdc s6 nguyén t6 p,q,r sao cho pq—6,gr+1,rp+10 I3 céc sb chinh phuang.

b) Chidng minh rang, trong mdi bat gidc 16i, ludn cd it nhat ba dudng chéo, ma dd dai cla ching dbi
mot khdc nhau. (Bat gidc 16i la mbt da gidc 16i ¢6 8 canh).

Li gidi

a) (1.5 diém) Gid sif pg—6=x°,gr+1=y* va rp+10=2z>. Néu p,q,r clng la cdc sb 1é thi x,z |1& nén
pag=rp=3 (mod 4) .Vay gq= r(mod 4). Ngoai ra,qr =-1 (mod 4), mau thuan. Vay trong cac s6
p,q,r cd it nhat mdt sé 1a s6 chan.

+/p,q,r phai phan biét ddi mét: Néu p =q, ta dudc p> —x* =6. Khi d6 p,x cung tinh chdn & nén
4‘ p? —x*, mauthuan. Vdy p=q.Tudng tu r # p. Néu g =r ta dugc g +1 =y?, mau thuan.
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+/Néu q=2,tadudc 2r+1=y*.Viy y 1é nén y* El(mod 8). Suy ra 8‘2r, mau thudn. Néu r =2 thi

q-3=2x
tusng tu. Do dé p=2.Tacé {qr+1=y?
r+5=2z
Tu d6 qr:(y—l)(y+1). Néu qly -1, ta dudc rzy—_l-(y+l).
q

Vay g=y-1lvar=y+1.Suyrar—-q=2.Tuongty, qly+1 thi r:yT—Fl.(y—l)

dodd y—-1=1 hodc g=y+1.Kha nang thd nhat, ta dugc qr+1=4,loai. Vdy y+1=qvar=y-1.
TU dé g—r=2.Tém lai \q—r\ =2.Ta dudc

+/r=q+2thi q+7 =222 va q-3=2x}. Tadugc 2z; -2x. =10 hay zZ - x =5.Tu d6 z, =3,x, =2
hay g=11 va r=13.

+/q=r+2thir-1=2x> var+5=2z;. Tadugc z; —x; =3.Tudé z, =2,x, =1.Vay r=3 va q=5.
Tém lai (p,q.r) I3 (2,5,3) hodc (2,11,13).

(b) (1.5 diém) Ta bat dau bang mét nhan xét don gian: trong mét da gidc 16i bat ki, dudng trung truc
cGa mdi canh di qua khéng qud mét dinh cla da gidc dé.

Phan ching, gid st rang 3 dudng chéo bat ki, ludn cé hai dudng chéo cd d6 dai bang nhau. Vy tén
tai a,b duong sao cho méi dudng chéo cé dd dai hodc bang a hodc bang b.

Xét mot canh AB cla bt gidc 16i da cho. Vi mdi dinh C ma khdng ké véi A,B thi AC,BC la céc
dudng chéo. Do d6 AC =BC =a hoac AC=BC =b hoac AC=a,BC=b hodc AC=b,BC=a.Luuy
rang, néu CA =CB thi C ndm trén trung truc cia AB, do d6 sé céc diém C thod man AC=BC =a
hodc AC =BC =b t8i dala 1 diém (do bat gidc 13 16i). Hon nira chi cé téi da 1 diém C thod man
AC=2a,BC=b,Vvinéucé 2diém C,,C, thi A,B nam trén trung truc cia C,C,, mau thuan. Tucng tu,
cling c6 t6i da 1 diém C sao cho AC =b,BC =a. VAy cé t6i da 3 diém C khéng ké véi A,B. Thanh
th(r da gidc c6 t6i da 2+3 +2 =7 dinh, m4u thuan.
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2022 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUNG
Thai gian lam bai: 90 phuat
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

6x 7(\/;+1) 4 3x
X

+ :
\/;—1 X x\/;—x

Cau 1. (2,0 diém) Cho biéu thic: A=

1. Rdtgon A.
2. Tim gid tri nhé nhat cla A.
Li giai

6x 7(\/;”) 4 | 3x-1 | 6x 7(\/;”)(*/;—1) 4 x—x

+ -

) \/;—1+ X xalx —x | x—~lx x(\/;—l) x(\/;—l) x(\/;—l) 3x-1

6x+7(x-1)+4 &(\/;—1) 6 +7x-3 _(2x+3)(3x-1) 2x+3

x(vx-1) -1 Wx(3x-1)  Wx(3x-1)  x

1. A

2 Tathdy A= 23 _ofx 2

Ny Ny

Ap dung bdt Cosi cho 2 s6 khdng 4m, ta ¢ A :2\/;+i22- Z&i = 2x/€
N N~

3
Jx
£

Véy gid tri nhd nhat cda A la 26 khi x = %

Dang thuc xay ra < 24/x = @x:g(TMDK)

Cau 2. (1,5 diém) M6t 6 t6 xuat phat Itc 6 gis tir Ha Noi dén mdt bén xe 3 Ha Tinh. Ban dau xe di
chuyén véi van téc 45 km/h. Nhén thay néu c di vdi tdc dd dé thi xe sé dé€n mubn han so vdi quy
dinh 1 giG nén sau 2 gig ké tu ldc xuat phat, 18i xe tang t6c va di véi van téc 60 km/h trén sudt
quang dudng con lai. Do d4 xe dén nai s6m hon quy dinh 30 phut. Tinh quang dudng xe phai di va
thdi diém xe dén bén xe & Ha Tinh.

Li giai

Goi x la quang dudng 6 t6 phai di. (km,x > 0)

Néu cU di véi van téc 45 km/h trén cd quang dudng thi xe sé dén mudn han so véi quy dinh 1 gid

nén thdai gian 6 t6 can dé dén ding gis quy dinh la: %—1(h) (1)

<. L1
D3i 30 phit = 2(h)

Vi sau 2 gig ké tU Iic xuat phat xe di vdi van téc 60 km/h trén sudt quang dudng con lai va dén nai

sém hon quy dinh 30 phdt nén thai gian 6 t6 can dé dén dung gid quy dinh la: 2+ xg(s)ao +%(h)(2)
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TU (1) va (2) ta c6 phuong trinh: X 1-2+ x—90 +l < x =360
45 60 2
Vay quang dudng 0 t6 phai dila 360 km.
Thdi gian thuc té xe di I3 %—1 —% =6,5(h) nén thai diém xe dén bén xe & Ha Tinh 13 12 gis 30

phut.
Céu 3. (2,5 diém)
1. Trén m3t phang toa d6 Oxy cho dudng thang (d) 'y =ax+b diqua diém M(l;—l) va cadt dudng
thang (d') 1y =2x+7 tai diém cd tung d6 bang 5. Tinh dién tich cla tam gidc xdc dinh bdi (d) va hai
truc toa do.
2. Cho phuadng trinh x? —2(m+2)x+m2 —3=0 ( m latham s6). Tim tat ca céc gid tri cia m dé
phudng trinh da cho cé hai nghiém phan biét x,,x, théa man:
(xf —2mx, +m’ +1)(x2 +1)=2(x, +x2)2
L3i giai
1. Vi dudng théng (d):y =ax+b di qua diém M(L;-1) nén a+b=-1.(1)
Vi dudng thing (d) :y =ax+b cat dudng thing (d’) 1y = 2x+7 tai diém cd tung
dd bang 5 nén (d):y =ax+b diqua N(—1;5). Do d6 —-a+b=5.(2)

a+b=-1 a=-3
Tu (1) (2) ta ¢ hé phuong trinh: d):y=-3x+2
1) () 8 phudng {_a+b:5®{b:2 = (d):y =-3x

" . 2 . % .
(d) cat Ox tai A(g;OJ va cat Oy tai B(O;Z)

Do d6 dién tich cla tam giac xac dinh bdi (d) va hai truc toa do la

l.oA.oszl._-zzg(dvdt)
2 2 3 3

2. Ta thay phudng trinh x2—2(m+2)x+m2—3:0 cé: A'=m+2)?*-m*+3=4m+7
Phugng trinh da cho cd hai nghiém phan biét x,,x, © A'>0<4m+7>0<m> =7
X, +X, :2(m+2)

2
X, "X, =m 3

Theo hé thuc Viet, ta cé: { !
Vi x,,x, la nghiém cua phudng trinh da cho nén xf —2(m+2)xl +m*-3=0

2_

= x2 -2mx, —4x, +m*-3=0

1
2
:>X1

—2mx, +m’ +1=4x, +4
= (xf —2mx, +m’ +1)(x2 +1) :4(x1 +1)(x2 +1)
Do dé (xf —2mx, +m’ +1)(x2 +1) = 2(x1 +x2)2 = 4(x1 +1)(X2 +1) = 2(x1 +x2)2

& 4x, - X, +4(x1+x2)+4:2(x1 +x2)2
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& 4(m?-3)+4.2(m+2)+4=24.(m+2)
m=-3+ \/E(tm
m=-3- \/5(!)
Cau 4. (3,0 diém) Cho hai dutng tron (O;R) va (O’;F\”) tiép xuc trong vdi nhau tai A(R < R’). Pudng
kinh AB cla dudng tron (O) c3t dudng tron (O’) tai diém th hai C. Qua C ké ti€p tuyén CF vdi
(0).F Ia ti€p diém.

om’+6m+6=0< . Vay m=-3+43

1.Khi R :gR' hay tinh dién tich cda tam gidc FAB theo R

2. Goi G la hinh chiéu vudng géc cla F trén AB. Trén nifa mat phang khéng chia F ¢é bg la dutng
thdng AB ké dudng thang qua C, cit (O) tai D,E (E nam gitra C,D ). Chiing minh rang OGED la t&
gidc noi tiép.

3. Tiép tuyén cta dudng tron (O) tai B cat dudng tron (O') tai H thudc nra mat phang chlra D cé
bd la dudng thang AB. Kéo dai OF cat AH tai I. Chdng minh rang Cl vubéng gdc véi dusng néi tdm
clia cdc dudng tron ngoai tiép tam gidc AIB va tam gidc DIE.

Lai giai

Khi Rz%R' thi OA=0B =R.

Theo tinh chat cda gdc gilra tiép tuyén va day cung,
ta c6 CFB = CAF
= ACFB déng dang vdi ACAF(g.g)

CB CF BF
===

CF CA AF
Tif (1) = CF2 =CB.CA=R.3R = 3R> = CF = /3R

R 3R BF BF 1
= = - — = —

J3aR 3R AF T AF 3
Mat khdc, F thubéc dudng tron dudng kinh AB nén
AFB = 90° hay tam gidc AABF vubng tai F. Do d6
AF? +BF? = AB? = 4R? (3)
T (2), (3) suy ra FB=R,FA =~/3R. Do &6 dién tich

1 J3R?

cla tam gidc FAB la E.FA-FB =

Thé vao (1):

2. Tudng tu chirng minh & trén, ACFE «» ACDF (g.9)
= CF? =CE.CD (4)

Vi CF 13 tiép tuyén cla (O) nénCFO = 90°.

Tam gidc CFO vudng tai F cé dudng cao FG nén theo hé thic lugng trong tam giac vudng, ta cé
CF*> =CG.CO (5)
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TU (4), (5) suy ra CG-CO = CF? :CE~CD:>E:9
CE CO
Do dé ACGE dbéng dang véi ACDO (c.g.c) = CGF =CDO
Suy ra OGED |3 t& gidc ndi tiép. (dpcm)
3. HF c4t IC tai L.
Theo chiing minh trén CFl=90°.
Vi H thudc dudng tron dusng kinh AC nén CHA = 90° hay tam giac CHI vudng tai H.
Tam gidc CHA vudng tai H cé dudng cao HB nén theo hé thuc lugng trong tam gidc vubng, ta cd
CH? =CB.CA(6)
TU (1), (6) suyra CH*=CB-CA=CF>* = CH=CF
Do d6 ACHI=ACFI(ch—cgv)=IH=IF
= ClI la trung truc HF hay IC vudéng géc véi HF tai L.
= CL.CI=CF*=CE.CD=CACB
_CL_CDCL_cA
CE cl'cB
Do dé ACLE déng dang vdi ACDI (c.g.c) va ACLB déng dang vdi ACAI(c.g.c)
Suy ra DILE,AILB la céc t gidc nbi tiép.
= cdc dudng tron ngoai tiép tam gidc AIB va tam gidc DIE cat nhau tai diém thd hai L.
Goi K,J 1an lugt 1a tdm céc dudng tron ngoai tiép tam gidc AIB va tam gidc DIE
thi theo tinh chat dudng ndi tdm, ta cé KJ vubdng gdc vdi IL.
= KJ vudng géc vdéi IC (dpcm).
Cau 5. (1,0 diém) Cé hay khéng mét da thic bac hai véi hé s6 nguyén P(x) =ax’ +bx+c nhén 3/% la
nghiém? Em hay giai thich cau trd IGi cia minh.
L&i giai
Gid s ton tai da thuc bac hai véi hé s6 nguyén P(x) =ax? +bx+c,a=0 nhan 5 13 nghiém.
Khi d6: a¥/5)? +b3/5 +c=0.
= [a(%/g)2 +b3/§+c](a§/§—b) =0
— 5a2 + ab(¥/5)% +ac/5 —ab(¥/5)? —b? -5 —bc =0
= 5a’ —bc=(b2 —ac)-%/g
a’ —bc 5a’

~ N 5 A 3 N ~ A 47 N _bc N ~ ~ 2
Néu b% —ac #0 thi 3/_ = , mau thuan do 3/5 la s6 vO tiva ———— la sO hitu ti.

b’ —ac b% —ac

Do d6 b? —ac=0.
b>—ac=0 {b3—abc:0

Khi dd q~ =< :>5<':13=b3:>35=9 (do a;tO),méuthuﬁndo%/glésévéti
5a"-bc=0 53 —abc=0 a

\

\ b ~ ~ ?
va — la s6 hitu ti.
a

Vay khéng ton tai da thic bac hai véi hé s6 nguyén P(x) =ax’ +bx+c,a=0 nhan 3/% la nghiém.
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TRUGNG DHSP HA NOI THI THU VAO LGP 10 THPT CHUYEN NAM 2024 - LAN 2

TRUGNG THPT CHUYEN Mén: TOAN CHUYEN
Thai gian lam bai: 120 phut
Dé thi gém 01 trang (Khéng ké thdi gian giao dé)

Ciu 1. (3 diém)
1. Cho n 13 sé nguyén dudng. Chiing minh rang cé thé viét dudc thanh téng cla 2 s6 chinh phuong.

(24 + 1)[44 + 1)(64 + 1}...[(2n)4 + 1}
K- 4 4 4 4
(14 +1j(34 +1)(54 +1j...[(2n—1)4 +1j
4 4 4 4

X+y+z=3

CryP+Z =xtryt+ 2t

2. Giai hé phuong trinh: {
L&i giai

1. Ta co:

K +4=(k +2)2 — 4k = (K = 2k+2) (K + 2k +2) = [ (k=1 + 1] (k+1)° +1]
Nhan cd tif s6 va mau s8 cla K véi 2*" ta cé:

(44 +4)(84 +4)(124 +4)...((4n)4 +4)

R Ao fen 30

) (32 + 1)(52 +1)(72 +1)(92 +1)...[(4n ~1)? +1][(4n+1)2 + 1]
- (17+1)(32 +1)(5? +1)(77 +1).. [ (4n-37 +1 |[(4n-1)" +1]
_(4n +1)72+1

2
2. Tuhétacd

(x4—x3—x+1)+(y4—y3—y+1)+(z4—z3—z+1):0

K =8n*+4n+1=4n*+(2n+1)*

<:>(x—1)2(x2+x+1)+(y—1)2(y2+y+1)+(z—1)2(22+z+1):0

2
Nhan xét x2+x+1=[x+%j +%>O.

Do dé phuang trinh (1) cé nghiém duy nhat x =y =z =1. Thi lai thda man.

Véy hé c6 nghiém duy nhat 13 (1,1;1).

Ciu 2. (3 diém)

1. Cho a,b,c la céc s6 thuc d6i mét phan biét. Chiing minh rang it nhat 2 trong 3 phudng trinh sau cé
nghiém:
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2. Cho p >3 la mdt sé nguyén té. Gid sl a,b,c,d la cdc sd nguyén thda man a+b=c+d(mod p) va

2025 2025 2025 2025
+b c +d

a®+b?®=c®+d® (mod p). Chding minh a
L&i gidi
1. (1) @(x—a)(x—b):x—caxz—(a+b+1)x+ab+c:0

(mod p).

Tacd A, =(a+b+1)° —4(ab+c)=(a+b)* +2(a+b)+1-4(ab+c)=(a—b)* +2(a+b—-2c)+1
Tuong tu A, = (b—c)? +2(b+c—2a)+1 va A, =(c-a)’ +2(c+a—2b)+1

Nhan xét

A +A, =(@a-b)’+2(a+b-2c)+1+(b-c)* +2(b+c-2a)+1

=(a—b)’ +(b—c)* +2(b-a)+2(b-c)+2

=(b-a+1)?+(b-c+1)?*>0

Tudng ty ta chiing minh dugc A, +A, >0 va A, +A >0

Do d4 it nhat 2 trong 3 phuong trinh phai ¢ nghiém.

2. TH1: Néu a+b:p thi c+d:p.Khidd a®®® +b**°:a+b:p va c??® +d*® :c+dip.
Do dd a®°® +b**® = c*% + d*% (mod p)

TH2: Néu a+bip

Ta co a+bz(c+d)(mod p). Do dé

a@+b*-c-d? =(a+b)(a2—ab+b2)—(c+d)(c2 +d2—cd)

(a +b)(a2 +b*—ab-c*-d*+ cd) (mod p)

(a +b)((a +b)? = (c+d)? —3(ab—cd)) (mod p)
Via+bip,(a+b)*—(c+d)*:p va 3ip nén ab=cd (mod p).

Két hgp diéu kién a+b=c+d (mod p) suy ra(a—b)? =(c—d)? (mod p)
a—bzc—d(mod p)

a—bEd—c(mod p)' Ma a+bzc+d(mod p) va p lé,

Khi aé [

{a = c(mod p)
suy ra
a= d(mod p)

Néu a= c(mod p) thi b=d (mod p) va do dd a%°% +b?%?° = %% 4 ¢**° (mod p)
Néu a=d (mod p) thia=c (mod p) va do dd a%% +b?%?° = %% 4 ¢%*° (mod p).
*) Cach 2: TU ab=cd (mod p) két hop vdi diéu kién a+b=c+d (mod p) vaa +b’=c’+d? (mod p)

, quy nap ta suy ra a®"* +b*"t ="t 4 ¥t (mod p).
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Cau 3. (3 diém) Cho tam gidc nhon, khéng cdn ABC ndi tiép dudng tron (O) c6 AD la dudng phén
gidc trong (D thudc BC). E |a mbt diém di déng trén canh AB(E khdc A). Dudng tron ngoai tiép tam
gidc ADE c3t AC tai diém thd hai F (khdc A ), cat dudng thdng BC tai diém thd hai K (khdcD).
Chdng minh rang

a) BEKC =CFKB.

b) BE + CF khdng ddi khi E thay dbi trén canh AB (khdc A) cda tam gidc ABC.

Li giai

BK-BD BE-BA

a) Tacéd BK-BD =BE-BA va CK-CD=CF-CA, suyra

CK-CD CF-CA

Mat khdc theo tinh chat dudng phan gidc 5SSy = E do dé Bk = BE hay BK.CF = CK.BE .
CD AC CK CF

b)
BK CK BK+CK  BC

Cach 1: Tu BK-CF =CK-BE suyra —=—= =
BE CF BE+CF BE+CF

Do dé BE +CF = BC-% =BC % khéng ddi do tam gidc ABC c6 dinh.

Céch 2: Goi G la giao diém th hai cla dudng tron (ABD) véi AC. Dé thdy G c6 dinh.

V1 AD la phéan gidc cua BAC nén DG = DB va DE = DF.

Ta c6 GDF =EDB (vi EDF = BDG =180°—BAC).

Do d6 AGDF = ABDE (c.g.c). T day suy ra BE =GF .

Ta c¢d BE + FC = GF + FC = GC khéng déi.

Cau 4. (1 diém) Thay gido ghi lén bang cdc s6 1!,2!,3!,...,23 . Thay gido cho phép ban Duong xda di
mot hodc nhiéu cdc sé dang cd trén bang. HAi ban Ducsng phai xéa di it nhat bao nhiéu sé sao cho tich
céc sd con lai trén bang Ia mot s8 chinh phuong? Tai sao?

(3 day, n ! 13 tich cda n s6 nguyén dudng dau tién).
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Li gidi
V1 23 1a s6 nguyén t6 nén tich cdc s8 trén bang chia hét cho 23 nhung khéng chia hét cho 237, do d6
tich cla 23 s8 dé khdng thé |3 s6 chinh phuong va sé luén cin xda la sé 23! .
Xét tich 22 s8 con lai
11.21...22!=(11.31.51....211)-(21.41....22!) = (11.31.51....211)-(11-2-31-4.....211.22)
=(11.31.51...211)*.2.4.6....22 = (11.31.51....211)2.2" 11!
Ta ¢ thé xda tiép 2 s6 |a 2! va 11! khi d6 tich cdc s8 con laila (1!-31.51..211)2.2'° |13 s6 chinh phuaong.
Ta chi ra khéng thé xda it hon 3 sé.
Xét P =(11.31.51...211)2.2'1.11 |
Dé thay s6 mii cGa 11 trong phan tich cla P ra thira s8 nguyén t8 1a sé 1é, do dé P khéng la s6 chinh
phudng. Do d4 ta can xéa thém it nhat 1 s6 nira
Gid s c6 thé xda 2 s, tuc la ngoai s6 23! ta chi xéa thém 1 s6 nifa. S8 th( hai can xda la mdt sb chia
hét cho 11 nhung khéng chia hét cho 112, s6 d6 cé dang k ! véi 11 <k <22
Ta cd s6 mi cha 13 trong khai trién 1!.21..22 ! ra tich cdc thira s6 nguyén t6 bang 10, do d6 k <13 vi
néu trdi lai, sau khi xéa k! thi s& ml cla 13 trong tich con lai sé |a s8 18, tich con lai khéng thé 1a s8
chinh phuang.
Né&u k=11 thitich con laila (1!.31.5!...211)%.2* khéng |a s8 chinh phudng

(11315021172 (11.3150...211)°-2°

Né&u k =12 thi tich con lai I = : = (5!....211)2.2'°.6 khéng I3 s6

chinh phuong.
Vay néu xda 2 s6 thi tich con lai khdng chinh phuong. Vay ta can xda it nhat 3 sé.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 62



