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TRUONG THCS NAM TU' LIEM PE KIEM TRA DOI TUYEN LAN I
TO KHOA HOC TY NHIEN Nam hoc: 2024 - 2025
PE CHINH THUC

Mo6n: Toan 16p 9
Thoi gian 1am bai: 150 phat (Khdng k€ thoi gian giao dé)

Bai 1 (4 diém)
1) Cho cac s6 thuc a,b,c théamin @’ —b=b"—c=c"—a

Tinh gia tri biéu thicc P =ab’ +bc’ +ca’ —a’ —b’ —c’.

2) Giai phuwong trinh: x+11.[x+ x+11]: —10

x—1 x—1 X
Bai 2 (5 diém)

1) Tim s6 nguyén dwong x va y sao cho x*+4y* 1a sd nguyén té.

2) Cho hai s6 nguyén a,b théa min a+(a +b)2 chia hét cho ab.

Chirng minh a 1a s6 chinh phwong.

3) Mot tin hoa qua duoc ché tédi siéu thi, trong d6 tdo dwoc dong theo cac thiung go 48 kg /thung,
1é dwgc dong goi trong cac thung gé 20 kg /thung, man dung trong hop gidy theo 14 kg /hop con
nho dung trong cac hop gidy theo 10 kg /hop. Biét rang s6 kg tdo dugc chd téi nhigu gip doi s6 kg
18, con s& kg man va nho 1a bang nhau. Héi khéi lwgng moi loai hoa qua da dwoc van chuyén téi
ctra hang la bao nhiéu kg?

Bai 3 (3 diém)

1) Mot hop chira cac qua bong, trong do % s6 bong c6 mau xanh, con lai la béng c6 mau do. Sau
khi thém vao hop 13 qua bong (mau xanh hodc mau dd) thi s6 qua bdng mau xanh tang l1én, tuy
nhién ti 1é s6 qua bong mau xanh so vé&i sd qua bong mau do trong hop lai gidm di. Héi s6 lwong
qua bong mau dé dwoc thém méi vao hop la bao nhiéu?

2) V&i a,b va ¢ 1a cac s6 thwc kKhong &m théa man diéu kién a + b+ ¢ =1. Tim gia tri 1&n nhit va

a n b n c
a+b+c* b+c+ad® c+a+b’

gia tri nho nhit cua biéu thirc 0 =
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Bai 4 (6 diém)

Cho tam giac ABC vudngtai 4 (AB < AC), duwdngcao AH .Ké HE | AC, HF | AB (véi

E € AC, F € AB). Goi I 1a giao diém clia AH va EF .Dudng thang qua 4 song song véi BI cat
BC tai K.

1) Chitng minh BH = BK va BA> = BK.BC.

2
PA  BA™ PA+QA_1

2) BI cat AC tai P, CI cit AB tai Q.Chirng minh =——va =1.
PC  BC*  PC ' OB

3) Goi M latrung diém cta BC, N la giao diém cta EF véi BC.Ké HJ L AN (J € AN ). Chirng
minh 7 1a tryc tdm cta tam gidc AMN va BJ 1L CJ.

Bai 5 (2 diém)

1) Goi A4 la tap hop cac so tw nhién c6 ba chit s6 khac nhau dwoc tao thanh tir cac chir so 1,3,5,7,9
Chon ngau nhién mot s6 tw nhién tir tAp hop 4.

Tinh x4c sudt cia bién c0 “sé dwoc chon Ia s6 tw nhién chia hét cho 11,

2) Chia 20 s6 tw nhién lién tiép tir 1 dén 20 thanh hai nhém nhw sau:

Nhom 1: Gom céc s6 ¢ tong bang n.

Nhom 2: Gom céc s6 c6 tich bang n.

a) Chi ra mot gia tri n théa man yéu cau bai toan.

b) Tim gia tri Ién nhit cta ».
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HUONG DAN GIAI CHI TIET
Bai 1 (4 diém)

1) Cho cac s6 thuc a,b,c théamin a’ —b=b"—c=c"—a

Tinh gia tri biéu thitc P=ab’ +bc’ +ca’ —a’ —b’ —¢’.

2) Giai phwong trinh:

x+11'[x+x+11]: —10

x—1 x—1 x
Lo giai
1 Tacéd:a’—b=b'-c=c"—a
b —d:—c—b a(bz—az):ac—ba

¢’ —b’=a—c suyra b(cz—bz):ab—bc
a’—c’=b—a c(az—cz):cb—ca
P=ab’+bc’ +ca’—a’—b*—¢’
:a(b2 —a2)+b(02 —b2)+c<a2 —cz)
= (ac—ab)+(ab—bc)+(bc—ca)=0
Vay P=0

2) biéu kién xac dinh: x =0, x =1

Ta cé: x+11[x+x+11]: —10

x—1 x—1 X

(x—i—ll)(xz—l—ll)_'_&:
(x—l)2 X
x(x+11)(x* +11)+10(x—1)" =0

X 4+11x° +21x* +101x+10=0

(x* +10x° + %) + (x* +10x" + x) +10(x” +10x +1) =0
X (%7 +10x +1) 4+ x(x* +10x +1)+10(x* +10x+1) =0
(%" +x+10)(x* +10x+1)=0

Do x* +x+10=(x40,5) 4+9,75>0

Suyra x° +10x+1=0
(x+5) =24
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Suyra -5+ 276 (thod man).
Vay phuwong trinh cé tap nghiém S = {—5 + 2\/8;—5 — 2\/8} :
Bai 2 (5 diém)

1) Tim s6 nguyén dwong x va y sao cho x*+4y* 1a sd nguyén té.

2) Cho hai s6 nguyén a,b théa man a +(a +b)2 chia hét cho ab. Chirng minh a 1a s6 chinh

phuong.

3) Mot tin hoa qua duoc ché tédi siéu thi, trong d6 tdo dwoc dong theo cac thiung go 48 kg /thung,
1é dwgc dong goi trong cac thung gé 20 kg /thung, man dung trong hop gidy theo 14 kg /hop con
nho dung trong cac hop gidy theo 10 kg /hop. Biét rang s6 kg tdo dugc chd téi nhigu gip doi s6 kg
18, con s8 kg man va nho 1a bang nhau. Héi khéi lwgng moi loai hoa qua da dwoc van chuyén téi
ctra hang la bao nhiéu kg?

Loi giai
1) bat x* +4y* = p (p 1as6 nguyén td) Suyra p >5
Tacéd: p=x*+4y' = (x2 —|—2yz)2 —4x’y* = (x2 + 2xy+2yz)<x2 —2xy +2y2)
Vi x> +2xy+2y°> > x> —2xyp+2y’va p la sd nguyén td
Do do6 x> —2xy+2y*=1.Suyra (x—y)2 +y?> =1 hay (x—y)2 —i—(y2 —1):0

Do x,y € Z" nénta cé (x—y)2 >0;°—1>0

D4u = xay ra khi x=y =1 (thod min)

Vay x =y =1 thi x* +4y* 12 s6 nguyén t0.

2) Goi d =(a;b). Pit a=dx; b=dy (d,x,y € Z";(x;y) =1)

Ta c6: a—|—(a+b)2§ab hay a+a’ +b*iab (1)
Suyra dx—d’x> +d’y*id’xy

Do d6 dxid*.Nén xid (2)

T (1)suyra a+a’+b’ia.Via+a’ia nén b’ia
Suyra d’y*idx

Do d6 dy*ix ma (x;y)=1
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Suyra dix (3)
Tir (2), (3) suyra x =d nén a = x’ (diéu phai chitng minh).
3) Goi s6 thung (hép) dung tio, 1€, man, nho, lan lwotla a,b,c,d (a,b,c,d € Z")

48a +20b +14c +10d =1000 (1)
Theo bai ra {484 = 2.20b = 40b (2)
14c =10d (3)

4004200 +10d 4-10d =1000
3b+d =50 (4)

Tl (2) suy ra 56 = 6a nén b:6
Twr (3) suyra 7¢c =5d nén d:7

Tl (4) suy ra 35 <50 nén b <?% 16.67 ma b:6

Suy ra b € {6;12}

Néu b =6 suyra d =32/ 7 (khong théa man)

Néu h=12suyra d =14:7 (thod min) nén a =10, c=10

Suy ra c6 10 thung tao, 12 thung 1€, 14 hop man, 10 hop nho

Vay khoi lwong téo, 16, man, nho lan lwot 1a 480kg, 240kg, 140kg, 140kg.

Bai 3 (3 diém)

1) Mot hop chira cac qua bong, trong do % s6 bong c6 mau xanh, con lai 1a béng c6 mau dé. Sau
khi thém vao hop 13 qua bong (mau xanh hodc mau dd) thi s6 qua bong mau xanh tang 1én, tuy
nhién ti 1&€ s6 qua bong mau xanh so véi s6 qua béng mau doé trong hop lai gidm di. Hoi s6 lwong
qua béng mau dé dwoc thém méi vao hdp la bao nhiéu?

2) V&i a,b va ¢ 1a cac s6 thwe khong &m théa man diéu kién a + b + ¢ =1. Tim gia tri 1&n nhit va

a n b n c
a+b+c*? b+ct+a® ct+a+b>

gia tri nho nhit cda biéu thirc Q =
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Lo giai
1) Goi a,b lan lwot 1a s6 qua bong mau xanh, dé ban dau; c la s6 qua bong mau xanh trong 13 qua
béng thém. (a,b,c € N';c <13)
Suy ra s6 qua bong mau dé dwgc thém vao la: 13—c¢ (qua)

a:%(a—t—b) (1)

Theo bai ra ta co:
a a+tc (2)

_>—
b b+13—c
Tw (1) suyra 7a=a+b nén b= 6a

a+tc . a-—+tc 1

Thay vao (2) ta co LS nén
6a 6a+13—c 6a+13—c 6

Do dé 6(a+c)<6a+13—c hay 7c¢ <13 suy ra c<gzl,9
MaceN suyrac=1
Vay s0 qua bong mau do6 dwgc thém la 12.

2) Do a,b,c>0va a+b+c=1nén a,b,ce[0]]

Vic(e—1)<0nén > —c+1<1

Do dé #Zd
c—c—+1

Hay ——>a
y a+b+c*

Tu'o'ngtl_r%Zb va ————>c¢

b+c+a ct+a-+b
Do dé: O > a-+b+c=1.Hay gia tri nh6 nhit ciia O bang 1
Didu=xayrakhi a+b+c=1,vidua=1,b=c=0

< 27a(c + 2)

Ta chirng minh — <
el ] 49

(1)

49 <27(c+2)(c* —c+1)
27(c3+c2—c+2)249
27¢ +27¢* —27¢+5>0

(3¢—1)’ (3¢ +5)> 0 (ludn diing)
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Do d6 (1) dwoc chirng minh.
b <27b(a+2) c <27c(b+2)

Twong tw

2

a—a+1" 49 b*—b+1" 49

Tir d6 suy ra Qgi—;{a(0+2)—|—b(a+2)+c(b+2)]

Q§2—7(ab—|—bc+ca+2)§2—7 2—|—l(a—|—b+c)2
49 49 3
0<H[2:1)-2
49 3) 7

Hay gi4 tri 1&6n nhit cia O bang %
x 2 . 1
Dau = xay ra khi a:b:c:§.

A =7 - rd ~ 2. =7 . 7 . 2 9
Vay gia tri nho nhat cua Q =1 ; gia tri lén nhat cia 0 = 7

Bai 4 (6 diém)

Cho tam giac ABC vudngtai 4 (AB < AC), duwong cao AH .Ké HE | AC, HF 1 AB (véi

E € AC, F € AB). Goi I lagiao diém clia AH va EF.Dudng thang qua 4 song song véi BI cat
BC tai K.

1) Chitng minh BH = BK va BA> = BK.BC.

2
2) BI cat AC tai P, CI cit AB tai O.Chirng minh PA _ BA2 va P4 o4 =1.
PC  BC* ° PC ' OB
3) Goi M latrung diém cta BC, N la giao diém cta EF vé&i BC.Ké HJ L AN (J € AN ). Chirng
minh 7 1a triec tam cta tam giac AMN va BJ 1 CJ.

Loi giai
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K

1) Do HFA = AEH =90° (gia thiét)

FAE =90° (AABC vuéng tai 4)

Suy ra HFAE la hinh chit nhat.

Do d6 I latrung diém cia AH va EF (tinh chat)

Xét AHAK c6 1latrung diém cua AH va Bl /| AK

Suy ra BI la dwong trung binh cia AHAK . Suy ra BH = BK (1) (diéu phai chirng minh).
Xét AABH va ACBA tacé

BAC = AHB = 90"

ABC chung
. AB BH . 2
Suy ra AABH »ACBA (g —g).Nén % 1B (canh twong rng). Hay AB” = BH.BC (2)

Tir (1) va (2) suy ra BA®> = BK.BC (diéu phai chirng minh)
2) Ap dung dinh Iy Menelauyt cho AAHC véi cat tuyén BIP ta co:

PC BC

PC IA BH
2 2
M3 BH _ BHJ_EC _ BA2 Suy ra PA _ BAZ ()
BC BC BC PC BC
2
Chlrng minh twong tu, ta co: o4 _ CAZ (4)
OB BC
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PA_ 04 _ AB* + AC?
OB BC?

Cong vé véi vé cla (3) va (4) ta co: =1 (diéu phai chirng minh).

3) Ta chtrng minh dwoc: AAHF » ABH (g.g), AAHE « ACH (g.g)
Suy ra AF.AB—= AE.AC = AH’
Khi d6 AAFE « AACB(C.g.c)

Suy ra FEA= ABC
AABC vudng tai A c6 AM la dwong trung tuyén rng v&i canh huyén BC
Suy ra MA = MB = MC (tinh chit)

Do d6 AMAC can tai M. Suy ra MAC = MCA

—

Co MAC + FEA= MCA+ ABC =90°
Suyra AM | EF hay NI L AM
Ma Al L MN(AH L MN)

Do d6: I la trwc tdm cta AAMN (diéu phai chirng minh).

Vi AAFE AACB(c.g.c) (ch*rng minh trén) nén AFE = ACB

Ma AFE = NFB (hai goc d6i dinh)

Do d6 NFB = ACB

Suy ra ANBF © ANEC(g — g)Suyra % = % hay NE.NF = NB.NC (5)

Ta c6: NHF =90° — FHA = AHE = NEH (do AEHF 13 hinh chit nhat, AH va EF 1a duomng chéo)

Suy ra ANHF © ANEH (g —g) suy ra ]]\\Z—Z = ]]\\;—Zhay NE.NF = NH’ (6)

Xét ANHJ va ANAH ta co

NJH = AHN
ANH chung
Suy ra ANHJ »ANAH (g — g)

NJ NH
Suy ra —— = —— (canh twong &ng). Hay NJ.NA= NH* (7
yra—o=—-(c g (rng). Hay (7)
NB NA
Tw (5), (6), (7) tacoé: NB.NC = NJ.NA hay — = ——
(5), (6), (7) y NI - NC
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Xét ANJB va ANCA ta co:

ANC chung

NB _ N4 (chttng minh trén)
NJ NC

Suy ra ANJB» ANCA(c—g —c)
Suy ra NBJ = NAC (gbc twong rng)
Ma: NBJ + JBC =180
Suy ra JAC + JBC = 180"
Do d6 BCAJ la tk giac ndi ti€p dwong tron dwong kinh BC
Suy ra BJC =90° ,hay BJ L CJ (diéu phai chirng minh).
Bai 5 (2 diém)
1) Goi A4 1a tap hop cac sO tw nhién cé ba chit s6 khac nhau dwoc tao thanh tir cac chir so 1,3,5,7,9
Chon ngau nhién mot s6 tw nhién tir tip hop 4.
Tinh xac suit cua bién c0 “sé dwroc chon Ia sé tw nhién chia hét cho 11
2) Chia 20 s0 tw nhién lién ti€p ttr 1 dén 20 thanh hai nhém nhw sau:
Nhom 1: Gom céc s6 c6 téng bang n.
Nhom 2: Gom céc sd c6 tich bang n.
a) Chi ra mot gia tri » théa min yéu cau bai toan.
b) Tim gia tri I&n nhat cta »n.
Lori giai

1.Tw 5s61,3,5,7,9 lap dwoc C..3!=60s6 c6 3 chir s6 khac nhau.
Ta cAn tim s8 ¢6 3 chit s6 khac nhau chia hét cho 11. Goi s6 d6 13 abc véi a,b,c phan biét
S {1;3;5;7;9}
D& abcill thi a—b+cill
6 {a—b+c21+3—9:—5

a—-b+c<74+9-1=15
Maa—b+cill=a—b+ce{0;11}

Honnita a—b+c¢/2 suyraa—b+c=11
Suyraa+c=114b<7+9 hay b <5
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Voi b=1suyra a+c=12 hay b <5 ,nén c6 4 cach chon.
V6i b=3 suyra a+c=14 hay (a;c) c6 2 cach chon.
Voi b=5 suyra a+c=16 hay (a;c) c6 2 cach chon.

Khi @6 c6 8 két qua thuin loi cho bién ¢o “sé diroc chon Ia sé tw nhién chia hét cho 11

a e m L em . n o by 8 2
Vay xac suat cua bién c0 “sé dwoc chon la s6 tw nhién chia hét cho 11” 1a <0 = s

2)

a) Mot treong hop thoa man la:

Nhom 1: {1; 2:3;5,7,9;,10;11;12;13; 14;15; 16; 17; 18; 19; 20}
Nhom 2: {4; 6; 8}

Thoamanvi: 14+2+34+5+7+9+4+...4+20=4.6.8=192

b) Gia st gia tri 1&n nhit cia n>192

Goi Alatap cacs6 nhom 1: A={a;; a,;...; a, }

Blatip cics6 nhém 2: B={b;b,;...; b}

Cac phan tr thudc tip hop 4 hodc tp hop B la: {1; D: .. § 20}
Khong c6 phan tir nao vira thudc tip hop A4 vira thudc tip hop B
Coa +a,+..4+a =bb,..b=n

Suyra bb,..b,+b +b,+..+b =1+2+..+20=210

Néu i >6 suyra bb,..b, > 6!=720 (khong thda man)

Do dé iE{l; 2;3; 4; 5}.Giésﬁ' b <b, <..<b

Néu i =1=2b, =210 (khong théa man)
Néui=2=bb,+b +b, =210

Suyra (b +1)(b, +1)=211

Khong thoa man vi 211 1a s6 nguyén t6

Do do6: i >3

C6 210 = bb,... b+ (b, +b, +...+b) > bb,... b, +i{fbb,..h, = n+i{n
210> n+3:/193 >n+8

n+8 <210 suyra n <202 hay n <201
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Khi d6 n€{193;194;195; ...; 201}

Dé thiy n khong thé ¢ wéc nguyén t6 1a mot sé > 20 (Do b, < 20, Vi)
Trong tap n € {193;194;195; ... ; 201}, cdc s8 c6 wée nguyén t8 1én hon 20 1a
{193;194;197;199;201}

Suyra n e {195; 196; 198; 200}

-V6i n=195 suyra bb,..b, =195 va b, +b,+...+b, =15

C6 195=3.5.13 chi c6 woc1é, suy ra b,1é hay i 1é

Suyra i =3 hodc i=5 ma i =5 khong thoa man. Nén i =3

Suy ra (b;b,;b,) € {(3;5;13);(1;13;15)} (khéng théa man)

-Véi n=196 suyra bb,...b, =27 va b +b, +...+b =14

Suyra b,...b, <14 nén b, b,,..., b, € {1, 2,7}

Khido6 b, +b, +...+b, <142 +7=10 (khong théa man)

-V6i n=198 nén bb,..b =2.3’11va b +b,+..+b =12

Suyra b +b,+...+b >2+11=13 (khdng théa man)

-Véi n =200 suyra bb,...b, =2".5va b +b, +...+b =10

Dodd b...b, <10 suyra b, b,,..., b, € {1;2;4;5}

Kéthop b, +b, +...+b, =10 tacéd (bl; D, bi) = (1;4;5) (khong théa man).
Do dd n<192.Véi n =192 ta cé trweong hop cau a) thoa man.

Vay gia tri 1én nhit cha n bang 192.
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