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TRUONG THCS NGUYEN TRUONG TO PE THI HSG TOAN 9 = VONG 2
TO TU NHIEN 1

= - ~ Thoi gian lam bai: 120 phut
PE CHINH THUC

Ngay thi: 24/09/2024

Bai 1 (4,0 diém)
(2024 — x)° +(2024 — x)(x— 2025) + (x—2025)" 13
(2024 — x)" — (2024 — x)(2025 — x) + (x — 2025)" 37

1) Giai phwong trinh

e . X —5x'y=-32

2) Giai hé phurong trinh
y —2x’y=-8

Bai 2 (4,0 diém)
1) Tim cé4c s6 nguyén t6 p sao cho 7p +1 bang lap phwong clia mot s tw nhién
2) Tim céc s tw nhién n dé 2* 42" +2" 1a s6 chinh phwong
Bai 3 (5,0 diém)
1) Véi cac s6 thwe dwong a,b,c 1a ba s6 thuc dwong thod man a +b +c+ 1= 4abc

1 1 _1
2a+1 2b+1 2c+1

Chirng minh
2) Cho a,b,c laba s6 thuwc dwongthod min a+b+c=3

% + bl_2 . ciz >a’ + b’ +c’. Dau dang thic xay ra khi nao?

Chirng minh
3) Cho da thirc P(x)=x"+2x*+3x+4 c6 nghiém thuc a

a) Chirng minh P(x) c6 nghiém duy nhit.

b) Goi b 1a nghiém thuc cia da thirc O(x)= x’ —8x” +23x—26. Chtrng minh a +b =2
(Chd y: Khong yéu ciu Hoc sinh chirng minh cac da thirc P(x),Q(x) c6 nghiém)

Bai 4 (6,0 di&m)

1) Cho tam giac nhon ABC c6 BC = a,CA = b, AB = ¢ . Chirng minh sing < b
c

2) Cho hinh vu6ng ABCD c¢6 hai dwong chéo cat nhau tai O. Mot dwong thang ké qua 4 cat canh
BC tai M va cat dwong thang CD tai N. Goi K 1a giao chia OM va BN . Chirng minh
a) OKB = 45" b) CK vuéng gbc véi BN .
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Bai 5 (1,0 diém)
Cho hinh vuéng ABCD va 2025 dwong thiang bat ki c6 cung tinh chit 1a mo6i dwdng thang chia

hinh vuéng thanh hai tir gidc c6 ti s6 dién tich 1a % Chirng minh rang c6 it nhit 506 dudng thang

trong 2025 duwdng thang dé cung di qua mot diém.
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HUONG DAN GIAI CHI TIET
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Bai 1 (4,0 diém)
(2024 — x)° +(2024 — x)(x— 2025) + (x—2025)" 13
(2024 — x)" — (2024 — x)(2025 — x)+ (x — 2025)" 37
x'—5x’y =-32
y —2x’y=-8

1) Giai phwong trinh

2) Giai hé phwong trinh

Lo giai

1) V&i moi x ta cé:

(2024 —x)" + (2024 — x)(x —2025) + (x —2025)" = (2024 — x)” — (2024 — x)(2025 — x) +(x — 2025)’

2

3

va (2024 — x)* + (2024 — x)(x —2025) +(x — 2025)" = (2024—x)—|—%(x—2025) —|—Z(x—2025)

(2024 — x)° + (2024 — x)(x —2025) + (x —2025)" |
(2024 — x)* + (2024 — x)(x —2025) + (x — 2025)’
Do d6 phwong trinh v6 nghiém.
¥’ —5x’y =-32(1)
V' =2x'y=-8(2)

2) Ta co:

= x' =5y =4(y' - 2x7y)

¥ +3x’y -4y’ =0

(x3 —y3)—i—3(x2y—y3) =0

(x—y)(x2 +xy-|—y2>+3y(x-|—y)(x—y): 0
(x—y)<x2 +4xy—|—4y2> =0
(x—y)(x+2y)2 =0

Suy ra
4 x=-2y
+)Néu x=y.Tr(2)tacéd: ¥’ —2x’ =—8.Khidd x =y =2(TM)
. 2 —4 2
+)Néu x=-2y.Tr (2)tacd: y’—2.4y’.y=—8.Khidd y=—"% =(x;y)=|—;—=|[(TM
) y. T (2) y vy Y= (x:) [3737]( )
Vay hé phuong trinh c6 nghiém (x;y) € (2;2);[_—4;1]
1737

Bai 2 (4,0 diém)
1) Tim céc s6 nguyén td p sao cho 7p +1 bang lap phwong cia mdt sé tw nhién

2) Tim céc s6 tw nhién n dé 2* 42" +2" 1a s6 chinh phwong
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Lo giai
1) Pat 7p+1=a’(a e N)(1)
Doplasé nguyéntd = p>2=a>3
T (1) =7p=d —1=(a—1)(a’ +a+1)
Voip=2=a =15(KTM)
Véip=3=a =22 (KTM)
Véip=5=a =36 (KTM)
Véip=7 =a’ =50 (KTM)
Xét p>7.Khido,viplasé nguyéntdva a—1<a’ +a-+1nén (a—l;a2+a+1)€{(1;7p);(7;p)}
(7p chicé 4 wéctwnhiénla 1;p;7;7p)
+) Néu (a—l;a2+a—i—1):(l;7p):>a:2(KTM)
+) Néu (a—l;a2+a+1):(7;p):>a:8(KTM)
Vay khong ton tai p thod man.

2)Pit 2 +2"+2" =’ (aeN')
Khidoé: a* =2" +16+128 =2" +12°
Suyra (a+12)(a—12)=2" = a>12
a+12=2"
bat voi (xr,yeN;x>y
a—12=2" ( )
=2"-2"=24=2°3
=2 (27 -1)=2'3 (2)
Vix>ynénx—y>1=2""—-11las01é
Dodétlr (2) =2 =2va2"’ —1=3
Suyray=3va x=5=a=20
Luc dé: 2" =20° —12° =256 = n =8(TM )
Vay n=28.
Bai 3 (5,0 diém)
1) V&i cac s6 thwe dwong a,b,c 1a ba s6 thwe dwong thod man a + b+ c+1=4abc
1 1
+ + =1.
2a+1 2b+1 2c+1
2) Cho a,b,c laba sd thyc dwong thod man a+b+c =3
1 1

Chirng minh Lz + a +—>a’ + b’ +¢’. Ddu ddng thirc xay ra khi nao?
a c

Chirng minh
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3) Cho da thirc P(x)=x"+2x*+3x+4 c6 nghiém thuc a

a) Chirng minh P(x) c6 nghiém duy nhit.

b) Goi b 1a nghiém thuc ctia da thirc Q(x)=x" —8x” +23x—26. Chitng minh a + b =2
(Cha y: Khong yéu ciu Hoc sinh chirng minh cac da thirc P(x),Q(x) c6 nghiém)

Loi giai
. 1 1
1) Taco: + +
2a+1 2b+1 2c+1
_ (2a+1)(2b+1)+ (26 +1)(2¢ +1)+(2c +1)(2a +1)
(2a+1)(26+1)(2¢+1)

_ dab+4bc+4ca+4a+4b+4c+3
 8abc + 4ab + 4bc + 4ca+2a +2b+2¢ +1
B 4(ab—|—bc—i—ca)+4(a+b+c)—|—3
2(a+b+c—|—1)+4(ab+bc+ca)+2(a—|—b+c)—l—1
B 4(ab+bc—|—ca)—|—4(a+b—|—c)—|—3 B
B 4(ab—|—bc+ca)—|—4(a+b+c)—i—3 B
. 1 1 1

Va + + =1 (diéu phai chirng minh
Y a1 T2 g1 Taeqy ) (itup g minh)

2) bat S:iz+bl—2+%+2(ab+bc+ca)
a c

Taco: S = [1 +— ! + 1] (ab—l—bc—l—ca)—l—(ab—l—bc—l—ca)

bZ
1 1 1 g (azb2 +bc’ +cza2>(ab+bc—|—ca)2
:>SZ3i/[?+?+c—2]<ab+bc+ca) :3i/ azbzcz
(azb2 +bc* + cza2)3abc(a +b+c) 9((12172 +bc* + czaz)
S >33 =3}
- a’b’c’ abc
§> 3§/9abc(a—|—b+c) _9
abc
Vi a’bh’ +b’c’ +c’a’ > ab.bc + be.ca + ca.ab hay
1 1 1
— oyt +2(ab+betca) > (a+b+c)

j : ;T blz +L >a’ +b* + ¢* (diéu phai chirng minh)
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3) a) Gia st ngoai nghiém thyc a, P(x) con cé 1 nghiém thyc khaclab (a =b).
a+2a’+3a+4=0
b +2b*+3b+4=0

=(a’—b')+2(a’ —b*)+3(a—b)=0

(a—b)(a* +ab+b*+2a+2b+3)=0

Ma a=b

=a’+ab+b"+2a+2b+3=0

2a’ +2ab+2b* +4a+4b+6=0
@’ +b+(a+b) +4(a+b)+6=0

Khi do ta co:

Hay a’ + b’ +(a+b+2)4 +2=0(voly)

Do d6 diéu gia sir 1a sai suy ra P(x) c6 nghiém duy nhit.
a’+2a’+3a+4=0

b*—8b* +23b—26=0

27a° +54a* +8la+108 =0

{27[)3 —3.8b* +323b-263" =0

(3a+2) +45a+100=0

{(3[98)3 +45h—190 =0

b) Tt bai ra ta cé: {

Suyra (3a—2) +(3b—8) +45a+456—90=0
(3a-+3b—6)|(3a+2)" ~(3a+2)(3b—8)+(3b—8) +15|=0

D& ¢6 (3a+2)" —(3a+2)(3b—8)+(3b—8) +15>0
= 3a+3b—6=0 hay a+b =2 (diéu phai chirng minh)

Bai 4 (6,0 di&m)

a

1) Cho tam giac nhon ABC c6 BC = a,CA=b,AB = c¢.Chirng minh sing < b
c

2) Cho hinh vuéng ABCD c6 hai dwong chéo cit nhau tai O. Mot dwong thing ké qua A cat canh

BC tai M va cat dwong thang CD tai N.Goi K 1a giao cia OM va BN .Chiéng minh
a) OKB = 45°
b) CK vudng géc véi BN .
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Lo giai
1) Ké duwdng phan giac AD cia A4ABC A
Ké BE 1. AD;CF 1 AD
= BE < BD;CF < CD (tinh chit hinh chiéu)

Co s1n£ = s1nBAE = smaél?’ = BE CF
2 AB AC E

~

SinA BE+CF _BD+CD __a 5 = C
2 AB-|—AC AB+AC  b+c \/

Suy ra diéu phai chirng minh.

2)

D C N

a) Vi AB // CN nén theo dinh ly Thales ta co: T MBMC ha M ___BC

BC

Suy ra BM.DN = AB.BC = AB*(1)
Xét ABAO va ABDA ta c6: AOB = BAD = 90°; BAO = BDA = 45"

BA  BD
Suy ra ABAO v ABDA(g. ——=—""hay BO.BD = AB’*(2
y (88)=55=7, b (2)
T (1) va (2) = BM.DN = BO.BD Hay ﬂzﬂ(?))
BM DB

Miit khac ta c6: OBM = NDB = 45° (4)

Tir (3), (4) = ABOM « ADNB(c.g.c)

— BOM = BND = DOK + KND = 180"

Do d6 DOKN la tir giac noi tiép

— OKN + ODN =180"hay OKN = 135°

Suy ra BKO = 45° (diéu phai chirng minh).

b)

Xét ABOK va ABND ta cé: Chung DBN; BKO = BDN = 45°
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BO BK

Suy ra ABOK @ ABND(g.g) = 22 = 2% hay BO.BD = BK.BN
Y (e:8) =5y = 3p "
Ma BO.BD = AB* = BC*. Do d6 BC® — BK.BN hay 25 — BN
BK BC
Xét ABKC va ABCN tacé: Chung CBN; BC _BN
BK BC

Suy ra ABKC © ABCN (c.g.c) = BKC = BCN =90’
Hay CK | BN (diéu phdi chitrng minh)

Bai 5 (1,0 diém)
Cho hinh vudéng ABCD va 2025 dudng thang bat ki c6 cung tinh chit 1a moi dwong thang chia hinh
vudng thanh hai t& giac cé ti s6 dién tich la % Chirng minh rang c6 it nhit 506 dwong thang trong

2025 dwong thing dé cung di qua mot diém.
Lo giai

Goi E,M,F,N lan lwot la trung diém 4B, AD,CD,BC.

Goi (d) 1a dwong thang bat ky thod man dé bai. Vi (d) chia hinh vudng thanh 2 t gidc nén (d)
cit 2 canh d6i nhau ciia hinh vuéng.

Khéng mAt tinh tdng quat, gid st (d) cit 4B tai X cat CD tai Y.

Goi O la giao diém cta (d) véi MN .

Khi d6 2 tir giac tao thanh la AXDY va BXYC
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A N z ~ 7 =2 2 S
Khong mat tinh tong quat, gia st —22 = =
BXYC 4

Suvra (AX+DY).AD:§ha AX+DY 3
Y (BX+CY).BC 4 YBxtcr 4

2MO 3 OM 3 OM 3
Suy ra === ———=—

2NO 4 ON 4 MN 7
Do d6 O 1a 1 diém c6 dinh.

Do dé6 trong trwedng hop nay, (d) di qua diém O c6 dinh. Twong tw véi cac treong hop khac, ta

ching minh dwgc rang (d) ludn di qua 1 diém O ¢6 dinh nao do trong 4 diém O,,0,,0,,0,.(Cac
diém nay chia MN,EF theotilé 3:4)
Do c6 2025 dwong thang ma chi ¢6 4 diém nén theo nguyén ly Dirichlet

2025

Suy ra ton tai it nhat 4 +1=507 dwong thiang cing di qua 1 diém.

Suy ra diéu phai chirng minh.
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