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_ UBND QUAN LONG BIEN Ki THI KSCL HOC SINH GIOI LOP 9 CAP QUAN
PHONG GIAO DUC VA DAO TAO Nim hoc: 2024 — 2025

PE CHINH THUC A ]
Mon: Toan

Thoi gian 1am bai: 150 phat (Khdng k€ thoi gian giao dé)

Bai 1 (5,0 diém)
1) Giai phwong trinh: 133/5—x +18yx +8 —x —61=3,/(5—x)(x +8)

2
J2n+1++2n—1

S= M+ f(2)+ fB) +...+ f(40).
Bai 2 (4,0 diém)

2) Cho f(n)= vGi n 1a s6 nguyén dwong. Tinh gia tri cta biéu thirc:

1) Tim x,y € N sao cho x’ —1993.3" —2021=0

n—

2) Tim s6 nguyén dwong n dé la binh phwong ciia mét sé hiru ti dwong.

n—+
Bai 3 (3,0 di€ém)

1) Cho cac s6 dwong a,b,c théa man ab + bc + ca < 3abc. Tim gia tri nhé nhit cia biéu thic:
\/a2+b2 +\/b2+c2 +\/Cz+a2
2a+2b 2b+2c 2c¢+2a

PRy _ AN 2 x L i N L3 3 3 3
2) Cho cac so thuc x;;x,;...;x,, thoaman x;;x,;...;x,, > =2 va x; +x, +x; +...+x;, =12.

P=+Ja+b++b+c+~cta—

Ching minh x, +x, +...4+x,, <18.

Bai 4 (7,0 diém)

Cho tam giac ABC vuong tai A.Cac diém E,F lan lwot thay doi trén cdc canh AB, AC sao cho
EF // BC.Goi D lagiao diém ctia BF va CE, H la hinh chiéu cta D 1én EF . Dwong tron (1)
duong kinh EF cit BF,CE tai M,N (M khac F, N khac E)

1) Chirng minh sin 2DAF = 2sin DAF.cos DAF

2) Chirng minh 4D va dwong tron ngoai tiép AHMN cung di qua tim / cua dwong tron tdm /.
3) Goi K, L lan lwgt la hinh chiéu vudng géc cua E,F 1én BC va P,Q twong (rng la giao diém cua

EM ,FN véi BC . Chirng minh tir gidc AEPL, AFQK n0i tiép va ggﬁé khong do6i khi E, F thay

doi.
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4) Chirtng minh néu EL va FK cdt nhau trén duong tron (/) thi EM va FN cat nhau trén dudng
thang BC.

Bai 5 (1,0 diém)

Trong mot hoi nghi quéc té c6 17 nha khoa hoc tham dv, cac nha khoa hoc trao ddi véi nhau bang
3 ngdn ngit. Biét rang moi nha khoa hoc déu biét it nhat mot ngdn ngir va tit cd 17 nha khoa hoc
déu c6 trao ddi véi nhau tirng déi mot bang it nhit 1 ngdn ngit. Chirng minh rang c6 3 vi trao d6i
bang cing mdt ngdn ngi.
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HUONG DAN GIAI CHI TIET

Bai 1 (5,0 diém)
1) Giai phuong trinh 133/5—x +18yx +8 —x —61=3/(5—x)(x +8)

2
J2n+14++2n—1

S=fM)+ 12+ f(3)+...+ f(40).
Loi giai

1) 133/5—x +18x+8 —x—61=3,/(5—x)(x +8)

2) Cho f(n)= v&i n 1a s6 nguyén dwong. Tinh gia tri cia biéu thirc:

biéu kién xac dinh: —8 <x <5(*)
bat Vv5—x =a;\x+8=>b v&i a,b>0

Suyra a’ +2b° =x+421
Thay vao phwong trinh, ta c6:

13a+18b—(a’ +2b* ) — 40 = 3ab
13a+18b = a’ + 2b° + 3ab + 40
(a+b)(a+2b)—5(a+2b)—8(a+b)+40=0
(a+b—5)(a+2b—8):0

Suyra a+b =5 hodac a+2b=38

TH1: V5—x++/x+8 =5

13+2,(5—x)(x+8) =25
(5—x)(x+8)=36
X 43x—4=0

Suy ra x =1 (théa man diéu kién) hodc x = —4 (th6a man diéu kién)

TH2: V5—x+2J/x+8=8

S—x+4(x+8)+4,(5—x)(x+8) =64
4—x* —3x+40 =27 —3x
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Véi diéu kién (*) hai vé€ khong am, binh phwong hai vé ta co:

16(—x" —3x +40) = 9x* —162x + 729
25x* —114x+89=0
Suy ra x =1 (thdéa man diéu kién) hodc x = i—z (théa man diéu kién)

89
Va 1;—4;—1.
ay xe{, ,25}
2 B (2n+1)—<2n—1)

Jont14+2n—1 2n+1+2n—1

2) Tacé: f(n)= =\2n+1—-+2n—1

Do dé:
SH=B-1
f@)=5-13

£(40) =+/81-+79

Thay (1), f(2),..., f(40) vao biéu thirc S ta cé:

S=fM+ Q)+ fB) + ..+ f(40) =B =1 +/5 B+ .. +/81-79 =81 -1 =38
Vay § =8.

Bai 2 (4,0 diém)

1) Tim x,y €N sao cho x’ —1993.3" —2021=0

n_

2) Tim s6 nguyén duwong n dé la binh phwong ctia mét sé hiru ti dwong.

n-+89
Lo giai
1) Theo bai ra ta c6: x* —1993.3" —2021=0

Suy ra x’ =1993.3" +2021

TH1: y =0 suyra x’ =1993+2021= 4014 (loai do x khong la s tw nhién)
TH2: y=1suyra x’ =1993.3+2021=38000. Do d6 x = 20 suyra (x,y) = (20,1)
TH3: y > 2 suyra 1993.3" = 0(mod 9)

Do d6 1993.3” + 2021 = 5(mod 9) hay x’ = 5(mod 9)
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x’ = 0(mod 9)

Lai c6: {x’ =1(mod 9)

nén khong ton tai x théa man x° = 5(mod 9).

x’ = —1(mod 9)

Vay (x,y)=(20,1).

2) Dit

Suy ra

n—23 a4’
n-+89

n—23=ka’
n+ 89 = kb*

:? voia,beZ”, (a,b)zl

(k€N').Do d6 (n+89)—(n—23)= kb’ —ka* = k(b+a)(b—a)

Suyra 112=k(b+a)(b—a) nén 112:k.Do d6 k € {1;2;4;7;8;14;16;28;56;112} .

Ta thdy b+ a;b—a cungtinh chanlé va b+a > b —a. Ta c6 bang sau:

k | (b+a)b—a)|b+a|b—a| a | b n=ka® +23 Xét didu kién
56 2 27 129 | n=127"+23=1752 Théa man
1 112 28 4 12 | 16 Loai vi (a,b)=1
14 8 3 11| n=13"423=32 Théa man
28 2 |13 |15 | n=2.13"+23=2361 Théa man
2 56
14 4 5 9 n=25+23=73 Théa man
-+ 28 14 2 | 6 | 8 Loaivi (a,b)=1
7 16 8 2 | 3|5 | n=73+23=86 Théa min
14 8 4 2 |1 | 3| n=141"+23=37 Théa man
16 7 7 1 3| 4 | n=163"+23=167 Théa man
x|« |z | e
112 1 1 1 b:;i‘l‘f_a

Vay n € {32;37,73;86;167;361;752}.
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Bai 3 (3,0 diém)

1) Cho cac s6 dwong a,b,c théa man ab + bc + ca < 3abc. Tim gia tri nhé nhit cia biéu thic:
\/a2+b2 +\/b2+c2 +\/Cz+a2 |
2a+2b 2b+2c 2c¢+2a

PRy e 2 x v e N L3 3 3 3
2) Cho cac so thuwc x;x,;...;x,, thoaman x;;x,;...;x,, > =2 va x; +x, +x; +...+x;,, =12.

P=+a+b+~b+c+c+a—

Ching minh x, +x, +...4+x,, <18.

Loi gidi
1) Ta c6: ab + bc + ca < 3abc suy ra abc+abc+abc <3abc hayl—l—l—l—l§3
c b a c b a

< 1 1
bat x=—;y=—;z=—suyrax+y+z<3

a b c
Do d6é: a+b—L+ Lt XY

Xy Xy
Iy (1) x* 4y’

2 2 o B 2.2 2 2 2 2
a+b"  \x y)  xy  _x+y xy X +y

2a+2b 2_|_£ C2(x+y) X 2(x4y) 2w(x+y)
\/az—l—bz +\/b2—|—02 +\/cz+a2
2a+2b 2b+2c 2c+2a

Xy Xy
x2 +y2 y2 +ZZ x2 +Z2
+ +
2xy(x—|—y) 2yz(y+z) 2xz(x—|—z)

Tuangtl_r,tacé:P:\/a+b+\/b+c+\/c+a—
P:\/x—i—y_i_\/y—l—z_i_\/x—i—z_
xy yz Xz

pP— Z x+y Z x +y

2xy(x+y)

Ap dung bat ddng thitc Cauchy-Schwarz, ta c6: 4+ B < 2(A2 + Bz) (1)
2 2

Thay A= |> 7 5= |29 (a0 (1) ta co:
xX+y X+y
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x’ —I—y 2xy xt 4y’ 2xy _ x+y x—l—y
x+y x—l—y X+y x—i—y x—l—y
x* 4+ 2xy
Suy ra <J2(x+y)(2)
x+y x+y
2 2
Chia ca hai vé cia (2) cho /2xy ta cé: XAy + ! < Xty
2(x+y) Jx+y T\ w

Chirng minh twong ty, ta co:

x4y’ 1 x+y
L S L

Mat khac, ta co:

3(A+ B +C)—(4+B+C)
=3(4+B +C*)— (4 + B+ C* +24B+2BC +2CA)
=(A4—B) +(B—C) +(C—4) >0

Suyra 3(4’+B*+C*)>(A4+B+C) hay A+B+C§\/3(A2+B2+C2)(3)

Thay A=x+y,B=.y+z,C=+z+x vao (3) ta co:
Sty vz +dz+x < J6(x+y+2) <32
A£ B C_(A+B+C)

Ap dung bat ddng thirc Bunhiacopxki c6: — +—+— >
X Y Z X+Y+Z

(4)

Thay A=B=C=1,X=/x+y,Y=y+2z,Z=+z+x vao (4) ta co:

2 2 2
1 1 1 L. (1+1+1)’ >3J§

Z\/ery \/x+y \/y+z \/z+x \/x+y+\/y+z+\/z+x 2

Suyra P=) x+y = X+ 3\/EhyP>£
2xyx+y «/X—i- 2

32

Diu "=" xdy ra khi x = y =z =1 hay a = b = ¢ = 1. Vay gia tri nho6 nhat cia Pbang—.
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2) Vi x, >—2 nén (x,+2)(x,—1) >0

X —=3x,+2>0
x)>3x,—2

Chirng minh twong tw ta ¢6: x; +x; +...+ x5, >3(x, +x, +...+x, ) —2.21
12>3(x, +x, +...+x,)—2.21

Suy ra: 54 > 3(x1 +x, +---+x21)

18 > x, +x, +...+x,, (diéu phai chirng minh)

Vay x, +x, +...+x,, <18.

Bai 4 (7,0 diém)

Cho tam giac ABC vuodng tai A.Cac diém E,F lan lwot thay doi trén cdc canh AB, AC sao cho
EF//BC.Goi D lagiao diém cua BF va CE, H 1a hinh chiéu cda D 1én EF . Dwong tron (/)
dwong kinh EF cat BF,CE tai M,N (M khac F, N khac E)

1) Chitng minh sin 2DAF = 2sin DAF .cos DAF

2) Chirng minh 4D va dwong tron ngoai tiép AHMN cung di qua tdm / cda dwong tron tim /.
3) Goi K, L lan lwot 1a hinh chiéu vudng goc ctia £, F 1én BC va P,Q twong (rng la giao diém cua

EM ,FN véi BC . Chivrng minh t& gidic AEPL, AFQK noi tiép va gP'B]i khéng déi khi £, F thay

doi.

4) Chirng minh néu EL va FK cdt nhau trén duong tron (/) thi EM va FN cat nhau trén dudng
thang BC

Lovi gidi
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& : L
B K Sr R

1) Ta chirng minh sin2x = 2sin x.cos x. 4
Xét AABC vuong tai 4 c6 phan giac BD.
bat @zx; AB =c; AC =b; BC=a

" . . . CA4 2DA BA b 2DA c 5
Can chirng minh = . hay — = —— —
CB DB BD a DB BD
C(’)D—A:E:E.Suyra AD S hay
DC BC a DC+AD c+a
AD_ e
AC c+a
Dodé:A—D: ¢ nén AD = be
b c+a c+a
2
Chirng minh 2:2AD. c2 — 2bc. 5 = - = 2be
a BD c+a AB"+ AD b2c?
(c+a)|c®+ ;
(c+a)
2y 2
Co b[02 (c+a)+ ]: 2abc’
a+c

2ac’ (a+c)=c*(c+ a)2 +b’c?
2a(a+c)= (c—l—a)2 + b
a=c+a +0b
b*> +c* = a’ (dinh ly Pythagore)
Ap dung véi x = DAF c6 didu phai chirng minh.
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2) Goi AD giao BC tai R, giao EF tai I', ME giao FN tai T,nén T latruc tam cia ADEF
Suyra: 7D 1. EF ma DH 1 EF do d6 T,D,H thang hang

Ap dung dinh Iy Ceva ta c6: EF—CE—A =1
RC FA EB
Ma £4 = 4 (dinh ly Thales)
EB FC

Suy ra E:1
RC

Suy ra R la trung diém ctia BC, tiép tuc ap dung dinh ly Thales cé: EI_ Al _H
BR AR CR

Suyra EI'=F['nén [ =1'

Do d6: AD di qua trung diém cia EF

Goi MN giao EF tai Z.Khido ap dung dinh ly Menelaus ta cé: Eﬂﬂ =1
ZF NT ME

HE NF MT 0

HF NT ME

Ap dung dinh Iy Ceva ta c6:

Ta sé chirng minh ZI.ZH = ZE.ZF

bat ZF =m,FH =n,HE = p Suyra:Ln—sz£ hay n(m—i—n—l—p):mp
m n

n—+p

Chilrng minh m—i—T](ern): m(m+n+p)

(n—i—p)(m+n)+2mn = 2m(n+p)
n(m +n+ p) = mp (dung)
Mit khdc do EMNF 1a ti gidc ndi tiép nén NFZ = EMZ (cung phu véi géc ﬁ’]\\/)

Do d6: ANFZ » AEMZ(g — g). Suy ra: % = % hay ZE.ZF = ZM .ZN

Suy ra ZI.ZH = ZM.ZN hay % - % Suy ra: AZHN © AZMI(c — g —c) Do d6: ZHN = ZMI

Ma: ZHN -+ NHI = 180°nén ZHN -+ ZMI = 180". Do d6 tt giac MIHN ni tiép
Suy ra dwong tron ngoai tiép AMHN di qua I (diéu phai chitng minh).
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3) St dung hinh duéi day

7 N

Ta chitng minh AEPL 1a t& giac noi tiép
Truéc hét do EAFM cung thudc (1) nén BM .BF = BE.BA (Do ABAF © ABME(g —g))
Mat khacdo P,M,F,L thudc dwong tron dwong kinh PF

Nén BP.BL = BM .BF (Do ABMP » ABLF(g—g))
. BE BL L — —
Do d6: BE.BA = BP.BL hay 3P B4 Suy ra: ABEP » ABLA(c —g —c) nén BEP = BLA

Ma: BEP + PEA =180°nén BLA+ PEA=180". Suy ra: AEPL 1a t gi4c ndi tiép
CMTT c6 AFQK la t giac noi tiép.
BPBL BE CF

Ta co: = 2
CO.CK BA (A

=1 (khdng ddi)

4) Do FEKL la hinh chi¥ nhdt ma FK cdt EL trén (/) nén 2 duong chéo vudng goc

Suy ra: FEKLla hinh vudng
Goi EM cat BC tai T, ta chitng minh F, N,T thiang hang hay chirng minh FT vuéng géc véi CE

Truéc hétdo BF L ET,FL | BT,LF | EF nén ABFL» AETK (g—g)

Ta sé chitrng minh ACEK < AFTL dé c6 FT 1 CE
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Ma LF L LT va KE 1 KC nén chi can chirng minh LT _KE
LF KC
ﬂ-l—ﬂ—l (do LF = KE = LK = EF ) nén ta can chirng minh —F—i—E:l
LF KE LB KC
Hay cin chirng minh: g—i—ﬁ =1.Maco g—i—ﬁ =1 Nén ta can chirng minh e = LK
LB KC CK KC CK LB

Goi CA cit EK tai ¥

FA _ FL

Ta c6: AFAE @ AFEY (g —g) Suyra FA.FY = FE* = FL’. Do d6: =y
Suy ra: AFAL ® AFLY (c—g—c) nén FYL = FLA

Mat khacdo 4, F,L,B thudc dwong tron dwong kinh BF nén FLA—= FBA—=90° — AFB

Suyra YL | BF .Suyra YL/ ET

Tw YL/ ET ; LF /| KY va ABFL <« AETK ta cé: L = il = = :KT:LF:LK
CK KY KY KE LB LB

CL LK
Do viy: — = —(dung).
Y LB( g)

Viay EM va FN déng quy tai T
Bai 5 (1,0 diém)

Trong mot hoi nghi quéc té c6 17 nha khoa hoc tham duv, cac nha khoa hoc trao ddi véi nhau bang
3 ngdn ngit. Biét rang moi nha khoa hoc déu biét it nhat mot ngdn ngir va tit cd 17 nha khoa hoc
déu c6 trao ddi véi nhau tirng déi mot bang it nhit 1 ngdn ngit. Chirng minh rang c6 3 vi trao déi
bang cing mdt ngdn ngi.

Trwéc hét ta chirng minh bé dé sau:

Xét 6 diém bat ky déi mot dwoc ndi véi nhau, moi doan dwoc to xanh hoac dé. Chirng minh rang
c6 1 tam giac dwoc td 3 canh cung mau

Thit viy xét 6 diém batki 4,B,C,D,E, F . Xét diém A, khi d6 A4 dwgc ndivédi 5 diém khac nén
theo nguyén ly Dirichlet phadi c6 3 doan cung mau, gia str 1a 3 doan d6é mau doé. Gia st 3 doan dé
la AB,AC,AD.

Khi d6 néu BC hoac BD hoidc CD dwoc td dé thi c6 ngay diéu phai chirng minh.
Néu khong thi ca 3 doan nay phai dwoc té xanh cling suy ra diéu phai chirng minh.

Vay bé dé dwoc chirng minh
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Tré lai bai toan, ta coi moi nha khoa hocla 1 diém, 2 diém dwoc ndi khi 2 nha khoa hoc giao tiép
v&inhau va dwoc t6 3 mau theo 3 ngdn ngit, ta sé chirng minh ton tai 1 tam gidc dwoc td 3 canh
cung mau.

Gia st 3 mau do la xanh, do, vang

Ta chon 1 diém bat ky, goi 1a A. Khi d6 diém nay dwoc néi véi 16 diém khac ma c6 3 mau nén theo
nguyén ly Dirichlet phai c6 6 doan thang cing mau, gia sir 1a mau do. Ta gia st 6 doan d6 1a
AB,AC,AD, AE, AF, AG.

Néu 1 trong cac doan thang n6i 2 diém bat ky trong 6 diém B,C,D,E,F,G dwoc td do thi cho ta
ngay diéu phai chirng minh.

Trai lai, néu tat ca cac doan néi 6 diém B,C,D,E,F,G déu chi dwoc to xanh hoic vang thi ta ap
dung bo dé trén sé suy ra c6 1 tam giac cé 3 canh dworc td xanh hodc vang.

Hay trong 17 nha khoa hoc tham dw hoi nghi, c6 ba vi trao ddi véi nhau bang ciing mot ngdn ngitr
(diéu phai chirng minh).
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