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UBND QUAN HOAN KIEM PE THI HOC SINH GIOI CAP QUAN
PHONG GIAO DUC VA PAO TAO Nim hoc: 2024 — 2025

PE CHINH THUC A o
Mo6n: Toan 16p 9

Thoi gian 1am bai: 150 phat (Khdng k€ thoi gian giao dé)
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1 _——
Jx+6 x4+6 6 x+Jx+6

2) Cho a,b,c 1a cac s6 thwe khac 0 va théaman a*(b+c—a)=>b(c+a—b)=c*(a+b—c).

1) Giai phwong trinh

Chirng minhrang a=b=c.
Bai 2
1) Cho m,n, p 1a cic s6 nguyén dwong théa man m+n+ p:5, 2mn+3np + 4 pm:5. Chitng minh
rang m’ +n’ + p*i5.
2) Tim t4t ca cdp s6 tw nhién (x,y) théaman x+2y(x+1)= 2xy(x =5 y2)
Bai 3
Cho x,y,z la cic s6 thyc dwong théa man xyz =% , Xy + yz+ zx = 2. Tim GTNN cua
K= (et y)(y+2)(z +2).
Bai 4
Cho tam giac ABC vudngtai 4,c6 AC =2AB vandi ti€p duwong tron (O). Cac dwong phan giac
trong tam gidc ABC catnhautai /.Goi D,E,F Ian lwotla chan cidc dudng vudng goc ha tir 1
xudng BC,CA, AB . Hai dwong thang BI va EF catnhautai P.
1) Chitng minh ABFP «> ABIC, suy ra P thudc (O).
2) Chirng minh APIC vubng can va 12 + ! - = 2 5
Pl PB PD
3) Tia DI cat AC va dwong tron (O) tai G,Q. Goi L 1a chan dwong cao hatlr P 1én BC. Chirng
minh rang t& gidAc DGPL 1a hinh vudng.
Bai 5
1) Tim p,q la sé nguyén td sao cho p+¢ va pq+ ¢ la s6 chinh phwong.

2) Cho 6 vudng nxn. Mbi 6 c6 thé c6 mot may bom, nhirng 6 chung dinh c6 thé bom cho nhau.
Goi s6 may bom 13 k. Tim k& nho nhat d&€ moi 6 déu dwgc bom.

a)n=4

b) n=31
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HUONG DAN GIAI CHI TIET
Bail
1 11 1
\/;—|—6+x—|—6 _€+m

2) Cho a,b,c 1a cac s6 thwe khac 0 va théaman a*(b+c—a)=>b(c+a—b)=c*(a+b—c).

1) Gidi phwong trinh

Chirng minhrang a=b=c.
Lo gidi
1 1 1

1
1) Theo bai ra ta cé: + =4+
) Jr+6 x+6 6 x+~x+6

(1) (Pidu kién x4c dinh: x >0)

\ x+Vx 412 x+x+12
Twr (1) suy ra =

(\/;—1—6)()6—1—6) B 6(x—i—\/;—|—6)

Vi x++/x+12>0 nén

(\/;+6)(x+6):6<x+\/;+6)

xx +6x 4+ 63/x +36 = 6x + 64/x +36

Suy ra x+/x = 0 hay x =0 (théa min diéu kién xac dinh)

Vay phwong trinh da cho c6 mot nghiém x =0.

2) Theobairatacé: a’(b+c—a)=0b’(c+a—b)=c’(a+b—c)
Suyra a’b+a’c—a’ =b’c+b’a—b’

(azb —bza) = (azc —bzc) — <a3 —b3) =0
ab(a—b)+(ca+cb)(a—b)—(a—b)(a2+ab+b2>=O
(a—b)(ab—l—bc+ca—a2—ab—bz):0
(a—b)(a2+b2—ac—bc):O

0

Twong tu, ta c6: (b —c)(b2 +c* —ba— ca) =0va (c— a)(02 +a’ —chb— ab)
Gia st a,b,c d6i mot phan biét. Suy ra:

a’+b*=c(a+b)(2)

b*+c*=a(b+c)3)

’+a’=bla+c)4)

Trir v& véi vé clia (2) cho (3) tacé: a’ —c* =b(c—a) hay a+b+c=0
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Suyra a’ +b° = —c’ nén a = b = ¢ = 0 (mAu thuln véi gia st)
Vi thé, trong 3 s8 a,b,c c6 it nhat 2 s6 bang nhau. Khong mAt tinh tdng quat, gid st a = b

Suy ra b’c=c*(2b—c) hay b’c—2bc® +¢’ =0.Do dé c(b—c)2 =0
Ma c=0nén b=c.
Vay a = b = ¢ (diéu phai chirng minh).
Bai 2
1) Cho m,n, p 1a cic s6 nguyén dwong théa man m+n+ p:5, 2mn +3np + 4 pm:5. Chitng minh
rang m> +n’ + p*i5.
2) Tim t4t ca cap s6 tw nhién (x,y) théaman x+2y(x+1)= 2xy(x + yz)
Lo gidi
1) Vi 2mn+3np+4pm:5 nén 4mn+ 6np +8pm:5 hay (3mn+3pm)+(mn+np)+(5np +5pm):5

Suy ra 3m(n+ p)+n(m+ p)5

Ma m+n+ p:5nén 3m’ +n’:5

Ta co:
m’ = 0(mod 5) 3m* = 0(mod 5)
m’ =1(mod 5) suyra {3m’ = 3(mod 5)
m’ = 4(mod 5) 3m’ = 2(mod 5)

D& 3m’ +n’:5 thi m:5 va ni5

Ma m+n+ p:5 nén m:5,n:5, p:5.

Vay m* 4+n’ + p”:5 (diéu phai chirng minh).

2) Theo bai ra ta c6: x—|—2y(x—|—1):2xy<x+y2)

x+2xy 42y =2x"y +2x)’
+) Néu y >2.Ma x,y lasé tw nhién nén:

2x%y > 2xy
2xy° > 4dxy =2xy +2xy > 2xy + x

Suyra VP>VT (voli).Dodé y <1
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+)Néu y=0 thi x=0
+) Néu y=1thi x+2(x+1)=2x(x+1)
2x’ —x—2=0

1+£17
4

Suyra x = (loaivi x e N)

Vay x = y =0 thod min yéu cau dé bai.
Bai 3
Cho x, y,z la cac s6 thuc dwong théa man xyz :% , Xy + yz + zx = 2. Tim GTNN cua biéu thirc
K=(x+y)(y+z)(z+x).
Lori giai
Ta cé: K:(x-l—y)(y—l—z)(z—l—x):(x-l—y-l—z)(xy-i—yz—l—zx)—xyz:2(x+y+z)—%

Do d6 dé tim GTNN cua K ta cin tim GTNN ctia x+ y + z.
Ap dung bat ddng thirc Cauchy ta cé:

1 1 xy xy 1 1 xy xy 1
2=xy+yz+zx=xy+—+F—=—+—+—+—2>44s— —.—. —=2%
Y YT 2y 2 2 adreyc \/ 2 o

Suy ra xy <1.Chtng minh twong tw cé yz <1 va zx <1
Do d6 c6 toi da 1 s6 16m hon 1.

+) Trwong hop 1: Néu c6 1 s6 16n hon 1

Suyra (1—x)(1—y)(1—2)<0
I+xy4+yz+zx—x—y—z—xyz <0

Suy ra x—l—y—l—zzg.

Ddu "="xay rakhi (1—x)(1-y)(1—z)=0

Khong mat tinh téng quat, gid st x >1, y =1 suy ra xy > 1 (mau thuan véi xy <1)
Do d6 khong c6 s6 nao 16m hon 1.

+) Truwong hop 2: Néu khong c6 s6 nao 16n hon 1

Suyra (1—x)(1—y)z>0

Z4+xyz > xz+ yz

Chirng minh twong tw ta ¢6: x+ y + z +3xyz > 2(xy + yz + zx)
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Suy ra x+y+22§.
Diu "="xay rakhi (1-x)(1-y)z=0

Khong mit tinh tong quat, gid st xy =1,y =1suyra x=1, z:%.

Vay GTNN cta K bang % khi trong ba s8 x, y,z c6 hai s6 bang 1 va mot s6 bang %
Bai 4
Cho tam giac ABC vuodngtai 4,cé AC =2AB va noi ti€p dwong tron (0). Cac dwong phan giac
trong tam gidc ABC citnhautai /. Goi D, E,F Ian lwotla chan cic dudng vudng goc ha tir 1
xudng BC,CA, AB . Hai dwong thang Bl va EF catnhautai P.
1) Chitng minh ABFP > ABIC, suy ra P thudc (O).
2) Goi L la chan dwdng cao hatir P 1én BC. Chitng minh APIC vudng can va
1 1 2

2 + 2 2
PB PC PD
3) Tia DI cat AC va dwong tron (O) tai Q,G . Chirng minh rang tir gidc DGPL 1a hinh vuong.
Lo gidi

1) Vi cac dwong phan giac trong tam gidc ABC cat nhau tai / nén / 1a tAm dwong tron noi tiép
AABC.Suyra AF = AE (tinh chit hai tiép tuyén cat nhau)

Vi BAC = 90° (gia thiét) nén AAFE vuéng cintai 4. Nén AFE = 45°
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Suy ra BFE = 180° — AFE =180° — 45° = 135°

Ta c6: 1?1?::180"—(13/?“/073):180"— ABC  ACB|_ 10po 180" —BAC _ oo  BAC _ 110
2 2 2 2
Xét ABFP va ABIC co:
BFP = BIC(=135°)
1BC — FBp| = ABC
BF  BP

Suy ra ABFP » ABIC(g — g) (diéu phai chitng minh). Do d6 = = BC

Xét ABFI va ABPC co:

BF _BP
BI  BC

Suy ra ABFI © ABPC(c—g —c). Do d6 BPC = BFI =90°
Ma BC la dwong kinh ctia dwong tron (O) nén P thudc dwong tron dwong kinh BC hay P thudc
(O) (diéu phai chirng minh).

2) Vi BPC = 90° nén APIC vuéng tai P
Ma PIC =180° — BIC =180° —135° = 45°
Suy ra APIC vuoéng cin tai P.Do d6 PI = PC (diéu phai chitrng minh).

Mit khac, BF va BD 1a hai ti€p tuyén cia duwong tron (/) nén BF = BD (tinh chait 2 tiép tuyén cat
nhau). Suy ra ABDF cantai B.

Ma [F = ID.Suyra BI la dwong trung trwc cia DF hay PF = PD.Suyra APDF cantai P.
Ta c6: BFP = BFD + DFP

BDP = BDF + FDP

Ma BFD = BDF (vi ABDF cantai B) va PFD = PDF (vi APDF cantai P)

Suy ra BFP = BDP =135°

Do dé PDL =180° — BDP = 180° —135° = 45°. Suy ra APDL vuong can tai L.
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2 1
PD*  PI*

Nén PD’ =2PL’ hay

Do d6 ta can chirng minh: ! + L1

PB*  PC® PI
[PL]2 [PL 2
2= =1
PB PC

Vi APLB» ACPB(g —g) nén 22 = <
PB CB
Vi APLC » ABPC(g —g) nén = — B2
PC BC
pLY (PLY
Suy ra [E] —i—[P—C] =1 (Do ABPC vudng tai ABPCvudng tai P nén BP’ + CP’> = BC?)
R R
Vay ta cé + = (diéu phai chitrng minh).

PB*>  PC* PD’
3) Goi X,Y lan lwot thudc tia CB va tia doi ctia tia CB sao cho CX =CY = 4B.
bat b= AC,c= AB,a = BC.

Ta co:
AE=b—CE=b—CD=b—(a—BD)=b—(a—BF)=b—a+BF =b—a+(c—AF)=b—a+c—AF

Ma AE — AF nén AE:H%.
Chirng minh twong ty, ta c6: BD = a_Fsz, CD = %b—c.
a—c a—+c

Mat khac, ta c6: b =2c¢ nén BD = ,CD =

2
DB a—c BX
DC a+c BY
Ma BX=a—-CX=a—c=2BD
BY =a+c=2BL

Suy ra ﬁzﬁ Dodé BL=DC.Hay BD=LC.(1)
BY BL

Suy ra

Qua G ké dudng thing song song véi BC cét (O) tai P'.
Ta c6: GP'B = GCB (hai géc ndi ti€p cung chin cung GB)
Ma GP'//CB nén GP'B = P'BC.Suyra GCB = P'BC
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Lai cé: BP'C = 90° (g6c ndi tiép chan nira dwong tron)

Do dé AGCB = AP'BC (ch—gn) nén BG=CP'.Ké P'L' | BC

Suy ra AGDB=AP'L'C(ch—cgv) nén BD=L'C (2)

T (1)va(2)suyra L'=L nén P'=P.

Suy ra DLPG 1a hinh chit nhat. Ma PDL = 45° nén DLPG 14 hinh vuéng (diéu phai chirng minh).
Bai 5

1) Tim p,q la sé nguyén td sao cho p+¢ va pq+ ¢ la s6 chinh phwong.

2) Cho 6 vudng nxn.Mbi 6 c6 thé c6 mot may bom, nhirng 6 chung dinh c6 thé bom cho nhau.

Goi s6 may bom 1a k. Tim k& nho nhat d&€ moi 6 déu dwgc bom.
a)n=4
b) n=31
Lori giai
1) Truéc hét ta xét treomg hop p hodc ¢ chdn, ma p,q1a s6 nguyén t6 nén ta co:
+)Néu p=2
Suy ra ¢ + 2,3¢ 1a s6 chinh phwong, ma 3¢:3 nén 3¢:9.Do d6 ¢:3 hay g = 3 (khong thoa mén)
+) Néu p >3
Néu p+1/q thi (¢,p+1)=1 nén g, p+1 1as6 chinh phwong.
Suy ra g virala s6 nguyén t6 vira la sé chinh phwong (v 1f).
Do dé, p+1:g nén p+1>g¢

-Néu p +1=q thitadé thiy p,q khac chdnlénén p =2, g =3 (khdng thdéa min).

p+1
q

Ma (p+1)q la s8 chinh phuwong nén la s6 chinh phwong.

Suyra p+12>4q.
bit p+g=x",pg+q=y'(x,y e N* y>x)
Suyra (y—x)(y+x)=p(qg—1)

Mat khacdo p+1>4¢ nén:
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+1 Sp+1
R x<p

4 4
suy ra +1
p+1:(p+1)2 J’SPT

4 4

X=p+q<p+

v =(p+1)g<(p+1)

Suyra0<y—x<pnén y+xipvay+x=p (do y+x<2p)

p+qg—1
2

Suyra y—x=¢g—1hay y=
Suy ra 4pq+4q:(p+q—1)2

4pg+4q=p*+q’ +1+2pg—2p—2¢

P +q —2pg+1-2p—6g=0

Lai thdy do (y—x)(y+x)=p(g—1)

Néu g = 2 thi VP:2 nén it nhat mét trong 2 s6 y —x , y + x phai chia hét cho 2.

Ma y —x va y—x cung tinh chdn 1é nén ca hai ciing chia hét cho 2.

Ma p 1énén g—1:4 suyra ¢ >5

Dodé p—g>3g+1>16

Suyra 0=p’+q°—2pg+1-2p—69>16(p—q)+1-2p—6g=14p—22g+1> 0 (vd i)
Do d6 ¢:2 nén g =2 (théa mén)

y—x=1

n -1
nén x=2—.

Dodé 4(p+2)=(p-1)
PP —6p—71=0
(p=7)(p+1)=0

Suyra p =7 (théa man)

Vay p=7,q=2.
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2) a) T6 mau 4 6 sau, nhan thdy méi mot may chi bom dwoc tdi da 1 6 dwoc td dé nén can it nhit 4

may bom dé bom dwoc hét tit cd cac 6. DAu " =" xdy ra khi dat may bom & ding 4 6 mau do.

b)
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X
X X X X X X X X X X X

DPanh d4u x vao cac 6 nhu trén bang, nhan thdy m6i may bom chi bom dwoc tdi da 1 6 dwoc danh
d4u x. VAy can tdi thi€u s6 may bom bang s6 ddu x 1a 121. D4u “=" xay ra khi ta dit cAc may bom
vao cac 0 dwoc danh dau x.
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