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UBND QUAN BA DINH Ki THI KSCL HOC SINH GIOI LOP 9 CAP QUAN
TRUONG THCS GIANG VO Nim hoc: 2024 — 2025

PE CHINH THUC ; )
Mon: Toan

Thoi gian 1am bai: 150 phat (Khdng k€ thoi gian giao dé)

Bai 1 (5,0 diém)

1) Giai hé phwong trinh: {;—: i ;i_ =4

2) Cho a,b,c € R théamain a + 2b = ab,b+ 2¢ = 2bc,c + 2a = 3ca . Tinh gia tri cta biéu thic:
S =ab+bc+ca—2abc.

Bai 2 (5,0 diém)

1) Chitng minh rang »’ +17n:6 Vn € Z
2) Tim x,y € Z" théa man (x+y+1)2 =x 4+ +1.
Bai 3 (2,0 diém)

2 2 2
X y z

2+ 2+ 2
X+y y+z zZ+x

Cho x,y,z>0 théa man x+ y+z = 3. Tinh gia tri nh6 nhat cia P =

Bai 4 (6,0 di€ém)
Cho hinh vudng ABCD, AC cat BD tai O.Qua A vé dwong thang vuéng géc véi AC, qua B vé
dwdng thing vudng géc véi BD citnhautai . Ly M thudc ASAB théa man BMD = 90°.

1) Chirng minh rang: P, = 254,EOF = AOS.

EF
2) OE,OF cat AB tai P,Q.Ching minh rang: EP.EO + FQ.FO = EF*

3) G latrung diém cta EF, SO cat EF tai I. N d6ixttngvéi G qua I, EO,FO cat CD tai K, L.
Chirng minh rang ANKL cén.

Bai 5 (2,0 diém)

1) Cho p,q € P théaman: p* +1:q,q° —1:p.Ching minh rang: p+¢+1 1a hop sé.

2) Thay viét n >3 s6 thudc Z phan biét thoa man moi s6 dwoc viét 1a tong hai s6 khac nhau trén
bang.

a) Chi ra mot cich viét théa man véi n=6.

b) Tim gia tri nhoé nhat cua »n.
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HUONG DAN GIAI CHI TIET

Bai 1 (5,0 diém)
1) Giai hé phwong trinh: {;—: i ;i_ =4
2) Cho a,b,c € R théamin a + 2b = ab,b+ 2c = 2bc,c + 2a = 3ca . Tinh gia tri cta biéu thirc:
S'=ab+bc+ca—2abc.
Lo giai

1 {x—l—y:Z )

3x*—y*+2y=4
Tir (1) suyra 3(2—y) —y* +2y=4

3(4—4y+y*)—y +2y=4
12-12y+3y* =y +2y=4

2y —10y+8=0

y =5y+4=0

(y=1)(y—4)=0

Suyra y=1hoac y=4.

+Voi y=1thix=2—y=2-1=1

+Voi y=4thix=2—-y=2-4=-2

Vay (x,y) e{(11);(=2.4)}

2) Tir gia thiét ta cé:

a-+2b=ab ac +2bc = abc
b—+2c=2bc suyra {ab—+2ac = 2abc
c+2a=3ca bc 4+ 2ab = 3abc

Do do 3(ab—|—bc—|—ca) = 6abc
ab + bc + ca = 2abc
Suyra S =ab+bc+ca—2abc=0

Vay S =0
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Bai 2 (5,0 diém)

1) Chitng minh rang »’ +17n:6 Vn € Z
2) Tim x,y € Z" théa man (x+y+1)2 =x 4+ +1.

Loi gidi
1) Tacéd: n’ +17Tn="n’ —n+18n:n(n—l)(n+l)—i—l8n

+ V&i n=2k(k € Z) ta c6 (2k —1)2k(2k +1):2

+V6i n=2k+1(k € Z) ta cé 2k(2k +1)(2k +2):2

Suyra n(n—1)(n+1):2 (1)

+V6i n=3k(k € Z) tacé (3k —1)3k(3k +1):3

+ V6i n=3k+1(k € Z) ta c6 3k(3k +1)(3k +2):3

+V&i n =3k +2(k € Z) tacé (3k +1)(3k +2)(3k +3) = (3k +1)(3k +2)3(k +1):3
Suyra n(n—1)(n+1):3 (2)

Tl (1) va (2) suy ra n(n—1)(n+1):6

Do d6 n' +17n=n(n—1)(n+1)+18n:6 (diéu phai chirng minh).

2) Véimoi a,b>0tacé: (a+b)(a—b) >0

(a+b)(a’ —2ab+5*) >0
(a+b)(a* —ab+b")>ab(a+b)
a’+b'>ab(a+b)

3(a’+b’)>3ab(a+b)
a'+b +3(a' +b°)>a +b'+3ab(a+b)
4<a3 —|—b3) Z(a—l—b)3

a +b - (a+b)3

Suy ra:
y 12
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3 3 d3
Détd:LM>0,tacé: ¢ +d Z<C+ )
3 12
3 3 3 3 b3 d3 b d3
Suy ra +b' +c+d Z(a+ ) +(c+d) Z(a+ +c+d) D
3 12 48
a+b+c @+ 4+ _(a+b+e) (a+b+c)
Thayd:T vao (1) ta co: 3 2[ 3 ] hay ¢’ +b* +* >——2(2)
(x+y+1)
Thay a=x,b=y,c=1vao (2)tacé: x’ +)’ +1>——~
13
Suy ra (x—i—y—l—l)22M
9>x+y+1
x+y<8
Max+y>14+1=2(do x,y€Z")
Suyra x+y €{2,3,4,5,6,7,8}
Giai ra ta thay chi c6 cac cdp sau théoa man (x,y) € {(2,3);(3,2)}
vay (x,y)€{(2,3):(3.2)}.
Bai 3 (2,0 di€ém)
x2 2 ZZ
Cho x,y,z>0 théaman x+ y+ z=3. Tinh gia tri nh6 nhat ctia P = -+ b4 -+ >
xX+y y+z zZ+Xx
Loi giai
x'+1

1) Ta coé: (x—l)2 >0 suyra x° +1>2x hay x < 5

2 2 2 2 2 2
X h% z x y z

> + +
x4+ y+z2 z4+x* X+l 5, Y+l 241
, Y Ty tE

Dodb P=

2 2 2
X y z

+ +
X +14+2y° Y H+14+222 0 21420
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_, ¥ N y4 N 2
x4+x2+2x2y2 y4+y2—l—2y222 RNy
) 7 > B> _(A+B+CY)
Ap dung bat dang thirc BunhiacopxKki c6: 4 + —+C— > & 4)
X Y Z X+Y+Z
Thay A=x*,B=y’.C=22, X =x' +x"+2x*y", Y =y +1y* +2y°2*, Z = z* + 22 +22°x" vao (4)
ta co:

4 4 4
X y z
P=2 + +
[N 2x2y2 y4 T yz i 2y222 JEENE RPN J
X2 4?4 22 2
- (242

x4+x2+2x2y2_|_y4+y2_|_2y222+z4_|_22_|_222x2

(x2+y2—|—22)2

_ <x2+y2—|—22)
(x2+y2+22)2+<x2+y2+22>

(x2+y2+22)—|—1

=2

1
— 91—
[ (x2+y2+22>+1
TaC('):(x—y)2+(y—z)2+(z—x)220

<x2—2xy—|—y2)+<y2—2yz+zz)—|—(22—2zx—|—x2)20
3(x2—i—y2+22)2x2—i—y2—|—22+2(xy+yz—|—zx)

2
x—l—y—i—z)
x2+ 2+Z2><
4 - 3
Suyra P=2|1—-— 21 . >2(1— ! - :21_321 :3
(x +y +z )—i—l (x+y+z) I ?—i-l 2
3

Diu“="xadyrakhi x=y=z=1

Vay gia tri nho nhit ciia P bang %
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Bai 4 (6,0 di€ém)
Cho hinh vudng ABCD, AC cat BD tai O.Qua A vé dwong thang vuéng géc véi AC, qua B vé

dwdng thing vudng géc véi BD citnhautai S. LAy M thudc ASAB théa man BMD = 90°.
1) Chtng minh ring: P,,, = 254, EOF = AOS .
2) OE,OF cat AB tai P,Q.Chtirng minh rang: EP.EO + FQ.FO = EF’

3) G latrung diém cta EF, SO cat EF tai I. N d6ixttngvéi G qua I, EO,FO cat CD tai K, L.
Chirng minh rang ANKL cén.

Lo gidi

1) Do ABCD la hinh vudng nén hai dwong chéo AC = BD va cat nhau tai trung diém moi dwong.
Suyra OA=0B=0C=0D.

Ta c6 : BMD = 90° nén ABMD vubng tai M .Ma OM la dwong trung tuyén rng véi canh BD (do
OB=0D).Nén MO=0B=0D.
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Ma OB = OA suyra OM = OA
Xét AEAO va AEMO cé:

EAO = EMO = 90°

OM = 04

EO chung

Suy ra AEAO = AEMO(ch — cgv) nén EM = EA (hai canh twong (rng)

Chirng minh twong tw, ta c6: AFOM = AFOB(ch —cgv) nén FM = FB

Do ABCD la hinh vuéng nén AC L BD tai O hay O4 1 OB

Xét ti giac ASBO c6: SAB = AOB = SBO = 90° suy ra ASBO 1a hinh chit nhat.

MaOB = 04 nén ASBO la hinh vudng suy ra S4 = SB.Do d6 ASAB cantai S nén SA =SB

Suyra P, =SE+EF+FS=SE+EM +MF +FS=S8SE+FA+FB+FS =S4+ SB =254

ASEF

(diéu phai chirng minh).

+) Vi AEAO = AEMO (chitng minh trén) nén EOM = EOA (2 gbc twong rng)

Vi AFOM = AFOB (chirng minh trén) nén FOM = FOB

Suy ra EOF = EOM + MOF = M20A + M20B AgB = 504 (diéu phai chirng minh).

2) Vi AEAO = AEMO (chtrng minh trén) nén MEO = AEO (2 gbc twong wng) hay AEP = FEO

Vi ASBO la hinh vuéng (chitrng minh trén) nén hai dwong chéo 4B,0S lan lwot 1a hai tia phan

— —= 90°

giac cia SAO va AOB suyra SAB= AOS = 5

= 45°.

Ma EOF = AOS (chitng minh trén) suy ra EOF = SAB hay EOF = EAP
Xét AEAP va AEOF c6:

EOF — EAP
AEP = FEO
EA EP
Suy ra AEAP «» AEOF nén — = —— (canh twong *rn
y (g—g) 70 EF( : g rng)

Xét AEPF va AEAO c6:
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EA_EP
EO EF

AEO = FEO (do MEO = AEO)

Suy ra AEPF ® AEAO(c — g —c) suy ra EPF = EAO =90° hay FP 1 EO.
Chirng minh twong tw, ta c6 EQ | FO

Xét AEMO va AEPF c6:

PEF chung

EPF = EMO = 90°

Suy ra AEMO »» AEPF(g —g) suyra % = % (canh twong trng)

Suyra EP.EO = EM .EF

Chrng minh twong ty, ta c6: FOQ.FO = FM .FE

Do d6 EP.EO+ FQ.FO = EM .EF + FM .FE = EF (EM + FM )= EF.EF = EF" (diéu phai chtng
minh).

3) Qua N ké dwong thiang vudng goc véi DC cat GO tai X .

Qua X ké dwong thing song song véi EF cat OE,OF lan luwot tai R,T .

Vi ASBO la hinh vudng (chirng minh trén) nén SO 1 AB hay SI L CD (do AB//CD)

Xét ANGX cé:

10// NX(L CD)

I 1a trung diém ctia GN

Suy ra O latrung diém GX (dwong trung binh cta tam giac)

Xét AOGE va AOXR c6:

OGE = OXR (hai goc so le trong)

OG = OX (chirng minh trén)

XOR = GOE ( hai géc d6i dinh)

Do d6 AOGE = AOXR(g —c— g) suy ra OE = OR (hai canh twong rng)

Xét AOGF va AOXT cé:
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OGF = OXT (hai goc so le trong)

OG = OX (chirng minh trén)

XOT = GOF ( hai géc di dinh)

Do d6 AOGF = AOXT(g —c—g) suy ra OF = OT (hai canh trong &ng)

Do d6 AOKT = AOPF(c—g —c)

Suy ra OKT = OPF = 90°.

Chirng minh twong tu, ta co: RLT =90°

Vi GE = GF ma GF = XT (do AOGF = AOXT ) va GE = XR (do AOGE = AOXR)
Suyra XT = XR nén LX = XT = XR = XK (dudng trung tuyén bang nira canh huyén)
Dod6é LX = XK ma NX L DC nén NX latrung tryc clia LK

Suy ra NL = NK

Viay ANLK cantai N (diéu phai chitng minh).

Bai 5 (2,0 diém)

1) Cho p,q € P théamin: p* +1:q,q> —1: p. Chltng minh rang: p+¢+1 1a hop s6.

2) Thay viét n >3 s8 thudc Z phan biét théa man moi s6 duoc viét 1a tdng hai s6 khac nhau trén
bang.

a) Chi ra mot cach viét théa man véi n=6.

b) Tim gia tri nh6 nhat cua n.

Loi giai
) . . g—1l:p
1) Tacod: ¢> —1:p ha —1)(g+1):p. Suyra: _
) q*—1ip hay (—1)(¢+1):p. Suy s lip
TH1: g—1lip.Pat q—1=kp(ke Z)
Suy ra: k* +1ig
k—p:q

Ma p® +1:q (gia thiét) nén (k— p)(k + p)iq. Suy ra:

k+piq
+)k—pig

Co:q—1=kp.Suyra: p,k<qg.Dodo: —g<p—k<gq
Mak—pignénk—p=0

Suyra: g=p° +1
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Ta co: p+q—|—1:p2+p+2:p(p+1)+252.Mé p+qg+1>2nén p+qg+11lahopso
+)k+ pig

Co: gq—1=kp.Suyra: p,k<g.Dodd: 0<p+k<2q
Ma k+ p:g nén p+k=gq

Suyra: k=q—p

Dodé: g—1=kp=(9—p)p=pg—p* hay p’—1=pg—q
Suyra: p°—1lig

Ma p’ +1iq

Suyra: 2:g.Dod6 g=2

Tac6: g —1:p hay 3:p.Dod6 p=3

Viynén p+q+1=3+4+2+1=6 lahop sé.

TH2: g+1:p. Suyra: p+q+1:p

Ma p+qg+1>pnén p+q+11lahopso (diéu phdi chitng minh).
2)
a) n==6 tdp so théamanla —3;—2;—1;1;2; 3
b) Nhan xét: n >3
Truwong hop 1: n=3
Gia st @, < a, < a, thod man yéu cau dé bai
a +a,=a,
Theo yéu cau dé suyra {a, +a, =q,
a,+a =a,
Suyra a, = a, =a, (vo i)

Truong hop 2: n=4
Gia st ¢, < a, <a, <a, théa man yéu cau deé

+) Kha nang 1: Trong4s6c61s61a 0
Nhu vay 3 s& con lai sé phai théa man moi sd bang téng 2 sd khac trén bang (loai do trudmg hop
n =3 khong théa man )

+) Kha nang 2 : Trong 4 s6 khong c6 s6 0

- Néu ca 4 s6 déu duwong:
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Taco a <a,<a,+a;<a,+a, voimoi 2<i< j<4 (loai)
- Néu c6 3 s6 4m, 1 s6 duwong

Ta c6: a, > 0;a,;a,;a, <0

Suyra a,>0>a,+a, v6imoi 1 <i < j<3 (loai)

- Néu c6 2 s6 4m, 2 s6 duwong

Ta co: a,;a, > 0;a,;a, <0

Suyra: a, >a, >a,+a;a,+a,; a +a, (loai)

-Néu c6 156 4m, 3 s6 duwong

Ta coé: a,;a,;a, > 0;a, <0

—a,<0<a +a, véimoi 2<i< j<4 (loai)

- Néu ca 4 s6 déu am:

Taco a,>a,+a,>a +a, v6imoi 1 <i< j<3 (loai)
Truonghop 3: n=>5

Gia st q, < a, <a, <a, < a, théa man yéu cau dé.

+) Kha ning 1 : trong 5 s8 ¢6 1 s bang 0

Nhuw vy 4 s& con lai sé phai théa man moéi sd bang téng 2 s khac trén bang (loai do tredng hop
n =4 Khong théa man )

+) Kha nang 2 : trong 5 s6 khéng c6 s6 0

Nhuw viy 5 s6 1a s6 nguyén 4m hodc sé nguyén dwong.

Theo nguyén ly Dirichlet ludn ton tai it nhat 3 s6 thudc cung 1 loai s6 (nguyén 4m hodc nguyén
dwong).

- Néu it nhat 3 s6 1a s6 nguyén dwong:
Suyraa,>a,>a,>0

Tacod @ <a,<a,+a,<a +a;, voimoi 2<i< j<4 (loai)
- Néu it nhat 3 so la s6 nguyén am:

Suyra 0>a, >a, >aq

Taco a;>a,>a,+a;>a,+a, voimoi 1 <i< j<4 (loai)
Nhw vdy n = 3;4;5 déu khong théa man

Vay GTNN cua n =6 (vidu nhw cau a).
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