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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

1) Giadi phuong trinh x? —x+2 = 24/x* —x+1.
2) Giai hé phudng trnh {xz vy =1
3x+y=y*+3
Cau ll.
1) Tim chif s6 tan cuing clia s6 13* +6° + 2009%°%.
2) Vi a, b 1a nhitng chir s thuc duagng, tim gid tri nho nhat cla biéu thic
B a+b
Ja(4a+5b)+ Jb(4b+5a)
Cau |ll. Cho hinh thoi ABCD. Goi H la giao diém cua hai dudng chéo AC va BD. Biét rang ban
kinh dudng tron ngoai tiép tam gidc ABC bang a va bdn kinh dudng tron ngoai tiép tam gidc
ABD bang b.

. AH a
1) Chdng minh rang — =—.
) g 98075

2) Tinh dién tich hinh thoi ABCD theo cdc ban kinh a, b.
Cau IV. Vi a, b, ¢ la nhitng sb thuc duong, chiing minh rang

B’ b? c? Jatb+c

+ + >
332 +8b2 +14ab  /3b? +8c2 +14bc  3c? +8a? +14ca 5
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thdi gian 1am bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caull.

1) Gidi phuong trinh 14+/x +35 + 6vx +1 = 84 +/x2 + 36x + 35.
1 3 2n-1 n?
+——+.F =
4+1° 4+3° 4+(2n—1)4 4n* +1

2) Ching minh rang vdi moi n nguyén duong.

Caulll.

1) Tim sé nguyén dudng n sao chotdtcd cdcsé n+1,n+5n+7,n+13,n+17,n+25, n+37 déu
I3 nguyén té.

2) M&i 1an cho phép thay thé c3p s6 (a;b) thuc tap hgp M = {{16;2};(4;32);(6;62);(78;8)} bing
cadp s6 (a +cb+ d) trong d6 cdp sb (c;d) cling thudc M. Hoi sau mdt s6 hiru han 1an thay thé ta
c6 thé nhan dugc tap hop céc cip s6 M, ={(2018,702);(844;2104 );(1056;2176);(2240;912)}
hay khong?

Céu lll. Cho duting tron (O) va (O') cit nhau tai hai diém A va B. Trén dudng thing AB ta Idy
mot diém M bat ky sao cho diém A nam trong doan BM (M # A) . TU diém M ké tdi dudng tron
(0') céc ti€p tuyén MC va MD (C va D la céc tiép diém, C ndm ngoai (0)). Budng thing AC
cat 1an th hai dutng tron (O) tai diém P va dudng thang AD cat Ian thd hai dudng tron (O) tai
Q. Busng thang CD cat PQ tai K.

1) Chiing minh rang hai tam gidc BCD va BPQ dbéng dang.

2) Chdng minh rang khi M thay déi thi dudng tron ngoai tiép tam gidc KCP ludn di qua diém cé

dinh.

Cau IV. Gid sl x, y, z la nhitng s6 thuc thod man diéu kién 0<x,y,z<2 va x+y+z=3. Timgid

tri nhd nhat va 18n nhat cda biéu thic M = x* +y* + z* +12(1—x)(1—y)(1—z).
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3x* +8y” +12xy =23

2

1) Gidi hé phuadng trinh 5
X +y =2

2) Gidi phudng trinh V2x+1 +3v4x? —-2x +1=3++/8x + 1.
Cau ll.

1) Tim tat ca cdc s6 nguyén khéng 4m (x;y) thod man dang thuc
(1+xz)(1+y2)+4xy+2(x+y)(1+xy) =25,

2) V&i méi s6 thuc a, ta goi phan nguyén clha s6 a la sé nguyén I8n nhat khéng vugt qua a va ky

2
hiéu la [a]. Chdng minh rang v3i moi n nguyén dudng ta ludn cé i+l+w =
1223 " n(n+1)

Céu lll. Cho duting tron (O) vdi duting kinh AB =2R. Trén dudng thing ti€p xtc vdi duting trdn
(0) tai A ta ldy diém C sao cho ACB =30°. Goi H Ia giao diém thit hai clia dudng thing BC véi
dudng tron (O)

1) Tinh @6 dai dusng thang AC, BC va khodng céch tir A dén dudng thang BC theo R.

2) V&i mbi diém M trén doan thdng AC, dudng thdng BM cdt dudng tron (O tai diém N (khdc B).
Ching minh rang bén diém C, M, N, H nam trén cling mét dudng tron va tdm dudng tron dé lubn
chay trén mét dudng thdng cd dinh khi M thay d6i trén doan thdng AC.

Cau IV. V4i a, b 1a céc s6 thuc thod man dang thuc (1+a)(1+b) =%, hay tim gid tri nhd nhat cha

bidu thic P=+1+a* +V1+b* .
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caull.

1) Gidi phuong trinh Ix+3++/3x+1=4.
o . 5x° + 2y’ +2xy = 26
2) Giai hé phuadng trinh .
3x+(2x+y)(x-y)=11
Caul ll.
1) Tim tat ca céc s6 nguyén dusng n dé n? +391 |3 s6 chinh phudng.
2) Gid st x, y, z la nhitng s6 thuc duong thda man diéu kién x+y+z=1.

Jxy +z ++2%7 + 2y
1+\/;

Cau lll. Cho tam gidc ABC cd ba géc nhon va M 1a diém nam trong tam gidc. Ki hiéu H 13 hinh

chiéu cdia M trén canh BC va P, Q, E, F 1an lugt Ia hinh chi€u cha H trén cdc dudng thdng MB,

MC, AB, AC. Gia st bén diém P, Q, E, F thang hang.

1) Chidng minh rang M 13 truc tdm cda tam gidc ABC.

2) Ching minh rang BEFC |3 t gidc ndi tiép.

Cau IV. Trong day s6 gom 2010 sd thuc khdc O dudc sap xép theo thdtu a., a,, a a, . ta

12 727 737 7 72010

Chuiing minh rang: >1.

ddnh dau tat cd cdc s6 ducng va tat ca cdc s6 ma téng cha né véi mét s6 lién tiép lién ngay sau né
la mét s6 dudng. Chiing minh rang néu trong day sé da cho cé it nhat mot sé duang thi téng cia

tat cd cdc s6 dudc danh dau 1a mét s6 duang.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

x=1)y* +x+y =3

1) Gidi hé phudng trinh ( )
y— 2 x> +y=x+1

2) Gidi phugng trinh x+§ x*+7

X x+1

Cau ll.
1) Chiing minh rang khéng tén tai cédc bd ba sé nguyén (x;y;z) théa man dang thic:
x*+y* =7z +5.
2) Tim tat cd cdc cap s6 nguyén (x;y) thda man dang thuc (x+1)4 —(x—l)4 =
Cau Ill. Cho hinh binh hanh ABCD véi BAD < 90°. Budng phan gidc cta BCD cit dudng tron ngoai
ti€p tam gidc BCD tai O khic C. Ké dudng thang d di qua A va vudng gdc véi CO. Dudng thang
d 1an lugt cat cdc dusng thang CB, CD tai E, F.
1) Chidng minh rang AOBE = AODC.
2) Chitng minh rang O 13 tAm dudng tron ngoai tiép tam gidc CEF.
3) Goi giao diém cda OC va BD la |, ching minh rang IB.BE.El = ID.DF.FI.
Cau IV. Vdi x; y la nhitng s8 thuc duong, tim gid tri nhd nhat cla biéu thic

3 3
P:\/ 3x 3+ 4y 3°
X" +8y y3+(x+y)
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caull.

1) Gidi phuong trinh (m_&)(m i 1) -1,

i Xyt =2xy
2) Gidi hé phudng trinh Y -
(x+y)(1—xy):4x y

Caulll.

1) V38i méi sé thuc a ta goi phan nguyén cla a la sé nguyén I8n nhat khéng vudt qud a va ky

2
hiéu I3 [a]. Chitng minh rang véi moi s6 nguyén duong n, biéu thic n+hn—% +%] khéng

biéu dién dudc dudi dang Iap phudng cliia mét s6 nguyén duong.
2) Véi x, y, z la céc sé thuc dudng théa man dang thdc xy +yz+zx =5.
3x+3y+2z

\/B(XZ +5) +\/6(y2 +5) 72+

Cau lll. Cho hinh thang ABCD vdi BC song song AD. Cac géc BAD vi CDA I3 cic gdc nhon. Hai
dudng chéo AC va BD catnhautai l. P |3 diém bat ky trén doan thdng BC (P khéng trung véi
B; C). Gia s dudng tron ngoai tiép tam gidc BIP cit doan thang PA tai M khac P va dudng tron

Tim gid tri nhd nhat cta biéu thic P =

ngoai ti€p tam gidc CIP cat doan thang PD tai N khac P.

1) Chiing minh rang nam diém A, M, I, N, D cung nam trén mét dudng tron. Goi dudng tron nay la
(K)-

2) Gia si cdc dusng thang BM va CN cat nhau tai Q, chiing minh rang Q cling nam trén dudng
tron (K)

'\ 2 \ 7z, . > PB BD
3) Trong trudéng hgp P, I, Q thang hang, ching minh rang —=—.
PC CA
Cau IV. Gid st A la mdt tap con cla tdp cdc s6 tu nhién N. Tadp A cd phan t& nhé nhat 1a 1, phan
t’ 18n nhat 1a 100 va mdi x thudc A (x;t 1) ludn tén tai a; b cling thuéc A saocho x=a+b (a

cd thé bang b). Hay tim mét tdp A cé s8 phan tif nhé nhat.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caull.

1) Gidi phudng tinh x +9 +2012y/x+6 =2012 + (x+9)(x+6).

X +y*+2y=4

2) Gidi hé phuadng trinh .
2x+y+xy=4

Caulll.

1) Tim t4t ca cdc cap sé nguyén (x;y) thda man dang thuc
(x+y+1)(xy+x+y):5+2(x+y).

2) Gid it (x;y) 1a cc s6 thuc dung théa man diéu kién (\/§+1)(\/§+1) > 4. Tim gid tri nh6 nhat

2 2

ctia bidu thie P=2 4+ Y.

y X

Cau lll. Cho tam gidc nhon ABC ndi tiép dudng tron tdm O. Goi M |a mot diém trén cung nhd BC (M
khac B; C va AM khéng di qua O). Gid sir P la mét diém thubc doan thang AM sao cho dugdng tron
dudng kinh MP c3t cung nhd BC tai diém N khdc M.

1) Goi D Ia diém d6i xing vdéi diém M qua O. Chdng minh rang ba diém N, P, D thang hang.

2) Budng tron dusng kinh MP cdt MD tai diém Q khdac M. Ching minh rang P la tdm dudng
tron ndi tiép tam gidc AQN.

Cau IV. Gid st a, b, ¢ la céc s6 thuc dugng théa man a<b<3;c>b+1;a+b>c. Tim gid tri nho

2ab+a+b+c(ab—l)
(a+l)(b+1)(c+1) '

nhét cla biéu thic Q =
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xy(x+y):2

1) Gidi hé phudng trinh )
{9xy(3x - y) +6=26x>-2y*

2) Giai phudng trinh (m —2)(\/E+ 2) ~2x.

Caulll.
1) Tim hai chif s8 tin cuing cla s6 A =41'° + 57712,

e . —= .1___ 5
2) Tim gid tri I6n nhat cia ham s6 y = 3v/2x -1 + xv/5 - 4x", Vdi ESXST'
Céu llI. Cho tam gidc nhon ABC (AB > AC) néi ti€p dung tron (0). Gid sir M, N 1a hai diém
thubéc cung nhé BC sao cho MN song song véi BC va tia AN nam gilfa hai tia AM, AB. Goi P 13
hinh chi€éu vudng géc clia diém C trén AN va Q la hinh chi€u vudng géc cla diém M trén AB.
1) Gid stir CP cat QM tai diém T. Chdng minh T nam trén dudng tron (O)
2) Goi giao diém clia NQ va (O) la R khdc N. Gid s AM c3t PQ tai S. Chdng minh rang bén
diém A R, Q, S cung thudc mét dudng tron.

Cau IV. V8i mbi s& n nguyén I8n hon hodc bang 2 c8 dinh, xét cic tap n sé thuc déi mot khac
nhau X = {X13 S, xn}. Ki hiéu C(X) la s6 cdc gid tri khdc nhau cla téng x, +X; (1 <i<j< n).

Tim gid tri I6n nhét va gid tri nhé nhét cta C(X).
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 13m bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caull.
1) Gidi phudng trinh +/3x+1 +~/2 —x = 3.
1 1 9
X+y+—+—==
X y 2

2) Gidi hé phuadng trinh

1 1’
St | X+— =Xy +—
4 2 y Xy
Caulll.

1) Cho cdc s6 thuc a, b, c # 0 théa man (a + b)(b+ c)(c + a) =8abc. Chiing minh rang

a N b N c =§+ ab N bc N ca
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)'

2) Cé6 bao nhiéu s6 nguyén duong cé 5 chir sé abcde sao cho a_bc—(10d+e) chia hét cho 1017
Cau lll. Cho tam gidc nhon ABC ndi tiép dudng tron (O) véi AB < AC. Budng phan giac cla
BAC cit () tai diém D khdc A. Goi M la trung diém ctia AD va E I3 diém d6i xing véi D qua
tdm O. Gid s dudng tron ngoai ti€p tam gidc ABM cat doan thdng AC tai diém F khac A.

1) Chdng minh rang tam gidc BDM va tam gidc BCF déng dang.

2) Ching minh rang EF vudng géc véi AC.
Cau IV. Gid st a, b, ¢, d |a céc sé thuc dudng thda man diéu kién abc +bcd +cda+dab=1. Tim

gid tri nhd nhat cua biéu thidc P = 4(a3 +b3 +c3)+9d3.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 13m bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3 3 _
1) Gidi hé phudng trnh X 7Y =LY =X+Xxy.
Ixy+y—x=7

2) Gidi phuong trinh x+3+v1—-x? = 3vx+1 +11-x.
Cau ll.
1) Tim céc c3p s6 nguyén (x;y) thda man 5x’ +8y* = 20412,
2) Véi (x;y) |3 cdc sé thuc dudng thda man x+y <1, tim gid tri nhé nhat cda biéu thuc
p- [l%}ﬁ
Cau lll. Cho tam gidc nhon ABC ndi tiép dudng tron (O) cd truc tdm H. Goi P |a diém nam trén
dudng tron ngoai tiép tam gidc HBC (P khdc B, C va H) va nam trong tam gidc ABC. PB cat
(0) tai M khdc B, PC c&t (O) tai N khdc C. BM c3t AC tai E, CN c3t AB tai F. Dubng tron
ngoai ti€p tam gidc AME va dudng tron ngoai tiép tam gidc ANF c3t nhau tai Q khic A.
1) Chidng minh rang ba diém M, N, Q thang hang.
2) Gid st AP la phan giac MAN. Chuing minh rang khi d6 PQ di qua trung diém cua BC.
Cau IV. Gid sif day s6 thuc cé thi tu x, < x, <...<x,,, thda man cdc diéu kién x, +x, +...+ x4, =0

= %92
2013
96

va ‘xl‘+‘x2‘+...+‘x ‘: 2013. Ching minh rang x,,, —x, >

192
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thdi gian 13m bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh (\/1+x +\/1—x)(2+2 1—x2)= 8.

x> —xy+y’ =1
2

2) Gidi hé phuadng trinh )
X2 +xy+2y* =4

Cau ll. 1) Gid st x, y, z 1a ba s6 dudng thoa man diéu kién x+y +z = xyz.

2y 3 xyz(5x + 4y +3z)

Ching minh rang: 1+x° i 1+y? " 1+2° (X+V)(V+Z)(Z+x).

2) Tim nghiém nguyén cta phudng trinh: x’y? (x + y) +X+y+3+xy.
Cau lll. Cho tam gidc ABC nhon véi AB<BC. Goi D la diém thudc canh BC sao cho AD la phan

gidc cla BAC. Dusng thang qua C song song véi AD cat trung truc cia AC tai E. Dudng thing
qua B song song véi AD cat trung truc cla AB tai F.

1) Chidng minh tam gidc ABF déng dang vdi tam gidc ACE.

2) Chidng minh rang céc dudng thang BE, CF, AD déng quy tai mét diém, goi diém dé 1a G.

3) Budng thdng qua G song song véi AE cat dudng thdng BF tai Q. Dudng thdng QE cat
dudng tron ngoai tiép tam gidc GEC tai P khdc E. Chiing minh rang céc diém A, P, G, Q, F cung
thuéc mot dudng tron.

Cau IV. Gid s a, b, ¢ 1a céc s8 thuc dudng thda man ddng thic ab+bc+ca=1.

Ching minh ring 2abc(a +b+c) sg+a4b2 +b*c? +c*a’.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

2 4 4
Caul. 1) Gia sif x, y 3 nhilng s6 thuc dudng théa man: —Y—+—2Y_, 4 . 8" _,

Chdng minh rang: by = 4x.
2x* -3y’ +xy =12
2) Gii hé phuong trinh | <<~ 27 7Y .
6x +x°y =12+ 6y + y°x
Cau ll. 1) Cho x, y la nhitng s8 nguyén I18n hon 1 sao cho 4x’y? —7x+ 7y |a s6 chinh phudng.
Chidng minh rang: x = .
2) Gid st x, y la nhitng s6 thuc khéng 4m thda man: x* +y® + xy = x* + y*. Tim gid tri I8n nhat va
1+\/; N 2+\/;
2+\/; 1+\/;

Cau lll. Cho tam gidc ABC ndi ti€p dudng tron (O) va diém P nam trong tam gidc thda man

nhd nhat cla biéu thic: P =

PB =PC. D la diém thubc canh BC (D khdc B va D khéc C) sao cho P ndam trong dudng tron
ngoai tiép tam gidc DAB va dudng tron ngoai ti€p tam gidc DAC. Dudng thidng PB cat dudng
tron ngoai ti€p tam gidc DAB tai E khac B. Dudng thidng PC cit dudng tron ngoai ti€p tam gidc
DAC tai F khac C.

1) Chiing minh rang bén diém A, E, P, F cung thuéc mdt dudng tron.

2) Gia s dudng thdng AD cat dudng tron (O) tai Q khdc A, dudng thdng AF cat dudng thang
QC tai L. Ching minh rang tam gidc ABE déng dang vdi tam gidc CLF.

3) Goi K 1a giao diém cla dudng thdng AE va dudng thing QB.

—_—

Ching minh rang: QKL + PAB = QLK +PAC.

Cau IV. Cho tdp hgp A gbm 31 phan tir va day gém m tdp hgp clia A thda man déng thai céc
diéu kién sau:

i) M&i tp hgp thudc day cé it nhat hai phan t.

ii) Néu hai tdp hgp thudc day cé chung nhau it nhat hai phan tir thi s6 phan t cta hai tdp hgp nay
khdc nhau.

Chdng minh rang: m<900.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Gid st a; b 1a hai s6 thuc phan biét thda man a* +3a=b” +3b=2.
a) Chiing minh rang a+b = -3.
b) Ching minh ring a® +b® = —45.
N . 2x + 3y =bxy
2) Gidi hé phudng trinh .
{4x2 +y? =5xy”’
Céu II. 1) Tim céc s8 nguyén (x;y) khéng nh han 2 sao cho xy -1 chia hét cho (x—-1)(y-1).
2) V@i x; vy la nhitng s8 thuc thda man ddng thic x’y” +2y +1 =0. Tim gid tri I6n nhat va nhé nhat
Xy
3y+1
Cau lll. Cho tam gidc nhon ABC khéng cén cé tdm dudng tron ndi ti€p la diém |. Dudng thang Al
c3t BC tai D. Goi E, F 1an lugt Ia cic diém d6i xiing cdia D qua IC, IB.
1) Chiing minh rdng EF song song véi BC.
2) Goi M, N, J 1an lugt |a trung diém cdc doan thang DE, DF, EF. Budng tron ngoai ti€p tam gidc
AEM c3t dudng tron ngoai ti€p tam gidc AFN tai P khdc A. Chdng minh rang bén diém M, N, P,
J cing nam trén mot dudng tron.
3) Chdng minh rang ba diém A, J, P thang hang.
Cau IV.
1) Cho bang 6 vuéng 2015x2015. Ki hiéu 6 (i;j) 1a 6 & hang tht i,

cla biéu thic P =

cbdt thd j. Ta viét cdc s6 nguyén duong tir 1 dén 2015 vao céc 6 cua i I I
bang theo quy t3c sau: 21519

i) S6 1 dugc viét vao 6 (1;1). 4|8

ii) Néu s6 k dudc viét vao 6 (i;j) (i >1) thi s8 k+1 dugc viét vao 6 7

(i-1j+1).

iii) Néu s6 k dudc viét vao 6 (1;)) thi s8 k+1 dudc viét vao 6 (J+1;1) Hinh 1

(xem hinh 1).

Khi @6 s6 2015 dugc viét vao 6 (m;n).

Hay xdc dinh m va n.

2) Gid st a, b, ¢ 1a cc s6 thuc duong théda man ab +bc + ca + abc < 4.

Chidng minhréng a° +b? +c’ +a+b+c> 2(ab+bc+ca).
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul. 1) V4i a, b, ¢ 1a cic s6 thda man

(3a+3b+3c) =24+ (3a+b—c) +(3b+c-a) +(3c+a-b) .
Chiing minh réing (a+2b)(b+2c)(c+2a)=1.
2x+2y+xy=5

2) Gidi hé phudng trinh .
) +P g {27(x+y)+y3+7=26x3+27x2+9x

Caull. 1) Tim s8tu nhién n dé n+5 va n+30 13 s6 chinh phudng (sé chinh phuong |a binh phucng
clia mot s6 nguyén).
2) Tim (x;y) nguyén thda man dang thuc 1+\/m = \/;+\/;
3) Gid s x; y; z la céc s6 thuc I8n han 2. Tim gid tri nhd nhat cda biéu thdc:
X z
) \/y+z—4 +\/z+yx—4 +\/x+y—4.
Cau Ill. Cho tam gidc ABC nhon khéng can véi AB< AC. Goi M |3 trung diém cta doan thing

P

BC. Goi H la hinh chiéu vudng gdc clia B trén doan AM. Trén tia d&i cha tia AM 13y diém N sao
cho AN =2MH.

1) Chiing minh rang BN = AC.

2) Goi Q la diém da&i xiing véi A qua N. Dutng thang AC cat BQ tai D. Chdng minh rang bén
diém B, D, N, C cling thuéc mét dung tron, goi dudng tron nay la (O).

3) Budng tron ngoai tiép tam gidc AQD cat (O) tai G va D. Chung minh rang NG song song
véi BC.

Cau IV. Ky hiéu S 13 tdp hdp gém 2015 diém phan biét trén mdt mat phang. Gia sur tat ca cac
diém cla S khdng cung nam trén mét dudng thang. Chiing minh rang cd it nhat 2015 dudng
thdng phan biét ma mdi dudng thang di qua it nhat hai diém cda S.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x*+y? +xy(x+y)=4
(xy+1)(x2 +y2) =4

2) Giai phuong trinh \7x+2 —/5—-x = 8"5‘3.

Cau l. 1) Gidi hé phuadng trinh {

Cau Il. 1) Tim t4t cd céc gid tri cla m sao cho ton tai cap s6 nguyén (x;y) thda man hé phuadng

. 2+mxy? =3m
trinh {2 +m(x2 + yz) =6m
2) Véi x, y la nhitng s6 thuc thoa man céc diéu kién 0 <x <y <2; 2x+y > 2xy.
Tim gid tri I6n nhat cta biéu thic P = x? (x2 + 1) +y? (y2 +1).
Céu lIl. Cho tam gidc ABC nhon ndi tiép dudng tron (O) véi AB < AC. Phan gidc cla BAC cét
BC tai D va cat dudng tron (O) tai E khdc A. M Ia trung diém cua doan thdng AD. Budng thang
BM c3t dudng tron (O) tai P khdc B. Gid s cdc dudng thdng EP va AC cat nhau tai N.
1) Chiing minh rang td gidc APNM ndi ti€p va N la trung diém cla doan thang AC.
2) Gid sir dudng tron (K) ngoai tiép tam gidc EMN cat dudng thang AC tai Q khdc N. Chiing minh
rang B va Q dé&i xding nhau qua AE.
3) Gia st dudng tron (K) c3t dudng thdng BM tai M. Chiing minh rang RA vubng géc RC.
Cau IV. S6 nguyén a dugc goi la s6 “dep” néu véi moi céch s3p xép theo thd tu tuy y cdia 100 s8
1,2, 3,..., 100 lubén tén tai 10 s6 hang lién tiép c6 téng I8n hon hodc bang a. Tim sé “dep” 18n
nhat.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x> +4y* =5
4x2 +8xy? +5x+10y =1

3
2) Gidi phudng trinh v/5x? + 6x + :6421x—+4x~
5x° +6x+6

Cau l. 1) Gidi hé phuadng trinh {

\ x2-1 y*-1
Cau ll. 1) VGi x, vy la nhitng s6 nguyén thdéa man dang thuc > =3

Ching minh x*> —y?:40.

2) Tim tat ca cdc cdp s6 nguyén (x;y) théa man ddng thic sau x* +2x* =y°.

Cau lll. Cho hinh vudng ABCD ndi ti€p dudng tron (O) P la diém thudc cung nhé AD cla dudng
tron (O) va P khdc A, D. Céc dudng thdng PB, PC lan lugt cadt AD tai M, N. Budng trung truc
cla AM c3t dudng thdng AC, PB lan lugt tai E, K. Dudng trung truc DN cat cdc dudng thing
BD, PC lan lugt tai F, L.

1) Chdng minh rang ba diém K, O, L thdng hang.

2) Ching minh dudng thdng PO di qua trung diém cla EF.

3) Gid sir dusng thang EK cat dusng thang FL va AC cat nhau tai T. Dudng thdng ST cat céc
dusng thang PB, PC Ian lugt tai U va V. Chiing minh rang bdn diém K, L, V, U cung thudéc mot
duang tron.

Cau IV. Chiing minh rang vdi moi s6 tu nhién n > 3 lubn tén tai cdch xép bé n s6 1,2, 3, ..., n

X, tX

thanh b6 s6 x,, x,, X, ..., X_ sao cho X; # k v8i moi bd chi sé (i;j;k) ma l<i<j<k<n.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

2 2 — l
Cau I. 1) Gidi hé phuong tinh 1* 7Y 7Y =%
X+ Xy =2y°

2) Giai phudng trinh 2(x+1)\/x+1 =(\/x+1 +\/1—x)(2—\/1_x2 )

Cau Il. 1) Chdng minh rang khdng toén tai cdc sé nguyén x, y thda man d3ng thic
12x* + 26xy + 15y* = 4617.

2) Vi a, b 1a cdc s6 thuc duong. Tim gid tri I8n nhat cha biéu thic

Cau IIl. Cho hinh thoi ABCD c¢é BAD < 90°. Dusng tron tdm | ndi tié€p tam gidc ABD tiép xuc vdi
BD va BA Ian lugt tai J va L. Trén dudng thang L |18y diém K sao cho BK song song ID.

1) Chidng minh rang CBK = ABI.

2) Ching minh rang KC LKB.

3) Chdng minh rang bén diém C, K, | ,L cung nam trén mét dudng tron.

Cau IV. Tim tdp hdp s6 nguyén dudng n sao cho tén tai mdt cdch sdp xép cdc s6 1;2;3;..;n thanh
a,;a,;a,;..;a, ma khi chia céc s6 a,;a,a,;a,a,a,;..;a,a,...a_cho nta dugc cic s6 du d6i moét khac

nhau.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi hé phuong tinh XY =VX+3Y
X2 +y?+xy =3
2) Vi a, b la céc s6 thuc dugng thda man ab +a+b =1. Chlng minh rang:
a b l+ab

1+a’ +1+b2 :\/2(1+a2)(1+b2).

Cau ll. 1) Gid st p va g la céc s6 nguyén té thdoa man dang thuic p(p—l) =q(q2 —1).

a) Chiing minh rang tén tai s6 nguyén duong k sao cho p—1=kq,g° -1 =kp.
b) Tim tat ca cdc s6 nguyén t8 p, q thda man ding thic p(p—l) = q(q2 —1).
2) Véi a, b, ¢ la céc s6 thuc dugng thda man ab + bc + ca+abc = 2. Tim gid tri I6n nhat cta biéu

a+1l b+1 c+1

+ + .
a’+2a+2 b*+2b+2 c*+2c+2
Cau lll. Cho tam gidc ABC nhon véi AB<AC. Goi E, F lan lugt la trung diém cta CA, AB.

Dudng trung truc clia EF cat BC tai D. Gid s P nam trong EAF v nim ngoai tam gidc AEF

thic M=

sao cho PEC = DEF v PEB =DFE. Dudng thadng PA cat dudng tron ngoai ti€ép tam gidc PEF tai
Q khéc P.

1) Chidng minh rang E/Q\F _ BAC +EDF.

2) Tiép tuyén tai P cha dudng tron ngoai tiép tam gidc PEF cat CA, AB Ian lugt tai M, N. Ching
minh rang bén diém C, M, B, N cung nam trén mét dudng tron. Goi dudng tron nay la dudng tron
(K)-

3) Ching minh réing dung tron (K) tiép xtic véi dudng tron ngai tiép tam gidc AEF.

Cau IV. Cho n la s6 nguyén duong vdi n > 5. Xét da gidc 16i n canh. Ngudi ta muén ké mét s6
dudng chéo cua da gidc ma cdc dudng chéo nay chia da gidc thanh ding k mién, méi mién la mot
ngl gidc 16i (hai mién bat ki khéng cd diém chung trong).

1) Chidng minh rang ta cd thé thuc hién dugc véi n=2018, k=672.

2) V8i n=2017, k=672 ta cé thé thuc hién dudc khdng? Hay gidi thich.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. 1) Giai phudng thinh x2 —x + 24x® +1 = 24/x + 1.
xy+y>=1+y

2) Gidi hé phuadng trinh .
X2 +2y? +2xy =4 + x

Cau ll. 1) Tim tat cd cdc cdp s6 nguyén (x;y) thda man (x+y)(3x+2y)2 =2x+y-1.

2) Vi a, b 1a céc sb thuc dudng thay déi thda man va+2b =2+ \/g

a b

Tim gid tri nhd nhat cta biéu thic M = + .
Ja+2b +b+2a

Cau lll. Cho tam gidc ABC c6 dudng tron ndi ti€p (l) tiép xuc vdi cdc canh BC, CA, AB |an lugt
tai cdc diém D, E, F. Goi K |a hinh chiéu vuéng géc cta B trén dudng thdng DE va M la trung
diém cla doan thang DF.

1) Chiing minh rang hai tam gidc BKM va DEF déng dang vdi nhau.

2) Goi L la hinh chiéu cla vudng géc cta C trén dudng thdng DF va N la trung diém cla doan
thang DE. Chidng minh rang hai dudng thang MK va NL song song vdi nhau.

3) Goi J, X 1an luct |1a trung diém cla cdc doan thang KL va ID. Chdng minh rang dudng thang
JX vudng géc véi dusng thang EF.

Cau IV. Trén mat phang cho hai diém P va Q phén biét. Xét 10 dudng thdng nam trong mat
phang trén thda man cdc tinh chat sau:

i) Khéng cé hai dudng thang nao song song hodac triing nhau.

ii) Mbi dudng thang di qua P hodc Q, khéng cé dudng thdng nao diquacd P va Q.

Ho6i 10 dudng thang trén cé thé chia mat phang thanh t8i da bao nhiéu mién? Hay giai thich.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

xy(x+y)=2
x? +y? +x%y° +7(x+1)(y+1):31'

2) Gidi phuong trinh 9+ 3,/x(3-2x) = 74/x + 54/3 - 2x.

Cau ll. 1) Cho x, y la céc s6 nguyén sao cho x* —2xy —y?*; xy —2y* —x déu chia hét cho 5.

Cau |. 1) Gidi hé phuadng trinh {

Ching minh 2x? +y? + 2x +y cling chia hét cho 5.
2) Cho a,, a,, ..., a , la cdc s6 nguyén thda man: 1<a, <a,....<a,, <50, a, +a, +....+a,, =100.

Ching minh rang tir cdc s8 da cho cé thé chon dugc mét vai s6 cé téng la 50.

Cau Ill. Cho ngii gidc 16i ABCDE néi tiép (O) cé CD//BE . Hai dusng chéo CE va BD cat nhau tai

P. Diém M thudc BE sao cho MAB = PAE . Diém K thuéc AC sao cho MK song song AD, diém
L thudc dudng thdng AD sao cho ML// AC. Budng tron ngoai ti€p tam gidgc KBC cat BD, CE tai

Q va S (Q khac B, S khac C).

1) Chiing minh 3 diém K, M, Q thang hang.

2) Budng tron ngoai ti€p tam gidc LDE cat BD, CE tai T va R (T khac D, R khdc E). Ching
minh M, S, Q, R, T cung thuéc mot dudng tron.

3) Chiing minh dudng tron ngoai ti€p tam gidc PQR tiép xuc (O)

Cau IV. Cho a, b, ¢ 1a céc s6 thuc duong.

Ching minh rang ,f ab +,/ be ( L + ! ]32,
atb Vb+c ){Ja+b +b+c
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

26x+5

Vx* +30
x> +y? =2
(x+2y)(2+3y2 +4xy) =27

Cau . 1) Gidi phuadng trinh +2426x+5 = 3\/x2 +30.

2) Gidi hé phuadng trinh {

Cau II. 1) Tim t4t ca cdc cap s6 nguyén théa man: (x2 - X+ 1)(y2 + xy) =3x-1.
2) V@i x, y la céc s6 thuc thay ddithdaman 1<y <2 va xy+2>2y.

x> +4

Tim gid tri nhd nhat cla biéu thic M =——.
y +1

Cau Ill. Cho hinh vuéng ABCD, dudng tron (O) ndi ti€p hinh vudng tiép xdc vdi cdc canh AB, AD
tai hai diém E, F. Goi G |a giao diém cdc dudng thang CE va BF.

1) Chiing minh rang nam diém A, F, O, G, E cung nam trén mét dudng tron.

2) Goi giao diém clha dudng thang FB va dudng tron |a M (M # F). Chdng minh rang M 1a trung
diém cla doan thing BG.

3) Ching minh réing tryc tdm clia tam gidc GAF ndm trén dudng tron (O).

Cau IV. Cho x, y, z la céc s6 thuc dugng théa man xy +yz+xz =1.

1 1>2 X z

P . x Y
Chdng minh rang: + + > = + +
1+x* 1+y? 142° 3(14+x2 f1+y? V1+22
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x* +y*+4xy =8
(x+y)(x2+xy+2):8'

N27+x*+x  N27+2x

2+,/5—(x2+x) C2+445-2x

Cau Il. 1) Chdng minh rang véi moi sé nguyén dudng n, ta luén cé

Cau |. 1) Gidi hé phuadng trinh {

2) Gidi phuadng trinh

[(27n +5) + 10}7 ¥ [(10n +27) + 5}7 + [(Sn +10) + 27}7
chia hét cho 42.
2) Véi x, y la céc sb thuc duang thay d6i thda man diéu kién 4x* + 4y? +17xy +5x+5y >1.
Tim gid tri nhé nhat cla biéu thic: P =17x* +17y* + 16xy .
Cau lll. Cho tam gidc ABC céntai A, cd dudng tron ndi tiép (l) Céc diém E, F theo th tu thudc
céc canh CA, AB (E khdc C va A; F khac B va A) sao cho EF tiép xuc véi dudng tron (l) tai
diém P. Goi K, L 1an lugt Ia hinh chiéu vuéng géc cla E, F trén BC. Gid s FK cat EL tai diém J.
Goi H la hinh chiéu vuéng géc cla J trén BC.
1) Chidng minh rang HJ 1a phan gidc cla géc EHF.
i: BF?
S, CE*’

2

2) Kihiéu S,, S, lan lugt la dién tich cta cdc t gidc BFJL va CEJK. Chiing minh rang

3) Goi D la trung diém clia canh BC. Chiing minh rang ba diém P, J, D thdng hang.

Cau IV. Cho M |a tap tat cd 4039 sb nguyén lién tiép tir —2019 dén 2019 . Chdng minh rang
trong 2021 s d6i mot phan biét dudc chon bat ki tir M ludn ton tai ba s6 phan biét c6 téng bang
0.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
x> +y +xy=7

Cau l. 1) Gidi hé phuaong trinh :
) P d {9x3 = xy’ +70(x—y)

2) Gidi phuong trinh: 1135 - x +8v2x -1 =24 +3,/(5-x)(2x-1)
Cau ll. 1) Tim x,y nguyén dugng thda man x’y* —16xy + 99 = 9x* + 36y” + 13x + 26y
2) Véi a,b 1a nhitng s6 thuc ducng théa man 2<2a+3b<5 va 8a+12b<2a’+3b”+5ab+10
Chiing minh ring: 3a +8b’ +10ab < 21.
Cau Ill. Cho tam gidc ABC c6 BAC I3 g6c nho nhét trong ba gdc cla tam gidc va ndi ti€p dudng
tron (0). Diém D thubc canh BC sao cho AD la phéan gidc BAC. Lay céc diém M, N thudc (O) sao
cho dutng thang CM, BN cung song song véi dusng thdng AD
1) Chiing minh rdang AM = AN
2) Goi giao diém clia dudng thdng MN vdi cdc dudng thang AC, AB lan lugt la E, F. Chidng minh
rang bén diém B, C, E, F cung thudc mdt dudng tron
3) Goi P, Q theo th( tu |a trung diém cla cdc doan thdng AM, AN. Chidng minh rang cédc dudng
thdng EQ,FP,AD déng quy.
Cau IV. V4i a,b,c la nhitng s6 thuc dugng théa man a+b +c = 3. Chiing minh rang:

a(a+bc)’ b(b+ca) c(c+ab)

b((ab+2c)2) ’ c(foc+2a)2) ' a((ca+2b)2) -
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
(x+y)(x+1)=4

Cau l. 1) Gidi hé phuong trinh:
aul- 1) Giaihe p g {(y2+xy+x+y+5)(x3+y3+12y+13)=243

2) Gidi phudng trinh: (x—12)7 +(2x—12)7 +(24 —3x)7 =0

CAu II. 1) Tim t&t ca cdc s6 nguyén duang a, b, ¢ sao cho ca ba s6 4a* +5b;4b? +5¢;4c* +5a déu
I3 binh phucng cla s6 nguyén duong.

2) TU mét bd bén s6 thuc (a,b,c,d) ta xdy dung bd s6 mdi (a+b,b+c,c+d,d+a) va lién ti€p xay
dung céc bd s6 mdi theo quy tac trén. Chng minh rang néu & hai thdi diém khac nhau, ta thu dudc
clung mot bd s8 (¢ thé khéc thi tu) thi bd s6 ban ddu phai cé dang ( a,—a,a,—a)

Cau lll. Cho tam gidac ABC can tai A vdi BAC < 90°. Diém E thu6éc canh ACsao cho EAB < 90°.
Goi P la giao diém cula BE vdi trung truc cGia BC. Goi K |a hinh chiéu vuéng géc cta P 1én AB. Goi
Q 13 hinh chiéu vudng géc cla E 1én AP. Goi giao diém cia EQ va PK |a F.

1) Chidng minh rang bén diém A, E, P, F cung thuéc mét dudng tron.

2) Goi giao diém cha KQ va PE Ia L. Chidng minh LA vubéng géc LE.

3) Goi giao diém cla FL va AB la S. Goi giao diém cla KE va AL l1a T. Ly R la diém dé&i xng vdi
A qua L. Ching minh rang dutng tron ngoai ti€p tam gidc AST va dudng tron ngoai ti€p tam gidc
BPR tiép xuc vdi nhau.

Cau IV. Véi a, b, c la nhitng s6 thuc duong thda man a+b+c =3.

2
Chiing minh rang: 3 1+£+1—1 +12i+3 i+£+i .
a b c abc bc ca ab
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau |. Gidi phuong trinh 13v5 - x +18vx +8 =61+ x+3,/(5-x)(x+8) .

x*+y*+6x7yi =1 (1)

x(x+y)4 =X-y (2) .

Cau lIl. Tim s8 nguyén duong n nhd nhat, biét rang khi chia n cho 7,9, 11, 13 dudc céc sé du
tusng ungla 3,4, 5,6.

Cau Il. Gidi hé phuong trinh:

Cau IV. Cho tam gidc nhon ABC c6 diém P nam trong tam gidc (P khéng nam trén céc canh).
Goi J,K,L 1an lugt Ia tAm dudng tron ndi tiép cdc tam gidc PBC, PCA, PAB.

1. Chiing minh rang BJC + CKA + ALB = 450°.

2. Gid sit PB=PC va PC <PA . Goi X,Y,Z lan luct la hinh chiéu vuéng gdc cta J,K,L trén cdc
canh BC,CA, AB. Dung hinh binh hanh XYWZ. Chiing minh W nam trén phan gidc BAC.

Cau V.Chotip A= {1; 2; 3;...;2021}. Tim s nguyén dudng k I8n nhat (k > 2) sao cho ta c6 thé
chon dudgc k s6 phan biét tir tdp A ma téng cla hai sé phan biét bat ky trong k s& dudc chon

khong chia hét cho hiéu cda ching.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Caul. 1) Véi a, b, c 1a cdc s6 thuc théa man a+b+c=0 va (a+b)(b+c)(c+a)=1.

Chiing minh riing a b _l+abc+abla+b+c)

az(a+b+c)+l+abc+b2(a+b+c)+1+abc_ (a+b+c)2

I . x* +4y* +4xy +2x*y* =11
2) Giai hé phuagng trinh: .
3xy(x+2y)+31=9x+18y +13xy
Cau ll. 1) Tim x,y nguyén dudng théa man 3* +29 =2".
2) V4i a,b,c la céc s8 thuc dudng thda man diéu kién 2(a+b+c)+ab+bc+ca =9.

a+1l b+1 c+1
+ + .
a’+10a+21 b*>+10b+21 c*+10c+21

Tim gié tri I6n nhat cda biéu thic M =

Cau IIl. Cho hinh thoi ABCD ¢é BAD nhon c6 dung tron noi tiép (0). Céc diém M, N lan lugt
thudc cdc canh CB, CD sao cho MN tiép xutc (O) tai P va tam gidc CMN khéng cdn. MN 1an lugt
cdt AB, AD tai E, F. Goi K, L 1an lugt la truc tAm céc tam gidc BME, DNF .

1) Chiing minh OP di qua trung diém | cta KL.

2) Goi H la truc tam tam gidc CMN. Chdng minh OLNEF = —l.
CH 2MN 2
3) Goi EK, FL 1an lugt cit BD tai S,T. NS cat MT tai Q. Dudng tron ndi tiép tam gidc CMN tiép

xdc MN vdi tai G. Ching minh PQ song song véi GH.

A .2 2 N ~ ~ Py ~ a a a
Cau IV. Gid sUf a,,a,,.....a,y,, la nhiing s6 thyc théa man ——+ —2—+..... +—22 =0
+a; 1+a; 1+a5,,
, . . e . . R a 2a ka 2k +1
Chdng minh rang ton tai sé nguyén k(l <k< 2021) saocho |— =+ —5+...+ —
l+a; 1+a; 1+a, 8
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

6(xy+5)+x3y+5x2 =42
x3 + Bx2y + 6x + 30y =42

2) Giai phugng trinh : (M+@)(2 + 313/(x+6)(3—x)) =24.

Cau Il. 1) Tim t4t ca cdc cap s6 nguyén (x,y)théa man dang thuc:

Cau |. 1) Gidi hé phuadng trinh {

25y? +354x + 60 = 36x* + 305y + (5y —6x

)2022

2) Trén ban cé 8 hdp rdng (trong céc hép khdng cé vién bi nao). Ngusi ta thuc hién cdc 1an thém
bi vao cdc hdp theo quy tic sau : méi lan ta chon ra 4 hép bat ky va bd vao hdp 1 vién, mbt hdp 2
vién, hai hép con lai méi hép 3 vién. HAi s6 1an thém bi it nhat cé thé dé nhéan dudc sé bi & 8 hdp
trén |1a sé tu nhién lién ti€p?

Céu lll. Cho hinh chif nhat ABCD (AB < AD)ndi ti€p duting tron (O). Trén canh AD I8y hai diém

E va F (EF khdng triing véi A,D)sao cho E ndm gilta A va F, déng thai ABE +DCF :%B/O\C

1) Chiing minh rang BE va CF cat nhau tai mét diém nam trén dudng tron (O)

2) Dudng thang qua O song song vdi BC cat BE,CF theo thi tu tai M,N.

Chdng minh rang DAM+ ADN +%A/OTD =180°

3) Dung hinh chir nhdt MNPQ sao cho NQ song song véi BD,déng thdi MP song song vdéi AC.
Chuiing minh rang dudng tron ngoai tiép hinh chir nhdt MNPQ tiép xuc vdi dudng tron (O)

Cau IV. Cho a,b,cla nhitng sé thuc duang.

2a +a+b+6a+2c+4a+3b+c> 32a
a+b a+c 3b+c b+c  2a+b+c’

Chung minh rang
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. 1) Véi a,b,cla nhitng s6 thuc duong théa man diéu kién l+%+1=1. Chdng minh rang
a c

1( 1,1 1 j: abc
2la+bc b+ca c+ab (a+bc)(b+ca)(c+ab)

2x* +3xy+y° =6
3x+2y+1=22x+y+6

Cau ll. 1) Tim tat cd céc cdp s6 nguyén duong (x;y) thda man dang thic

2) Gidi hé phuadng trinh {

(x+y)(5x + y)3 +xy° = (5x + y)3 +x%y° + xy*
2) V@i a,b,c la nhitng s8 thuc dudng thda man céc diéu kién sau

c<b<a<3b’+2a<10;b’+2a+2c<14

{(a2 +1)(b* +1)+4ab<2a’ +2b° +2a+2b’

Tim gid tri I6n nhat cha biéu thic: P = 4a* +b* +2b? + 4c?.

Cau lll. Cho tam gidc ABC nhon, khdong cén, néi ti€p dudng tron (O). Diém P nam trong tam gidc
ABC. Goi E, F Ian lugt la hinh chi€éu vudng géc clha P trén cdc canh CA, CB. Gia su ti gidc BCEF
ndi tiép trong dudng tron (K)

1) Chiing minh rang AP vudng géc véi BC

2) Ching minh rang AP =20K

3) Budng thang qua P vudng géc véi AP cat dudng tron tai hai diém Q, R. Chdng minh rang
dudng tron tAm Abdn kinh AP tiép xuc véi dudng tron ngoai tiép AKQR.

Cau IV. Cho céc diém A A, ,....,A, theo th ty nam trén moét dudng thang sao cho d6 dai cac
doan A A, bdng k (dan vi dai), vdi k =1,2,....,29. Ta t6 mau méi doan thang A /A ,....,A A, bdi 1
trong 3 mau (mdi doan dudc t6 bdi ding 1 mau). Ching minh rang véi moi cach t6 mau,, ta ludn
chon dudc hai s6 nguyén dudng 1< j<i<29sao cho hai doan AA . va AA,,, dugc t6 cung mau

va i — jla binh phuang cia s6 nguyén duang.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Giai phudng trinh: Vx? +6x+2023 +/x + 3 = /x? + 5x + 2025 ++/5.
X+06y|(3x+2y)=12

2) Gidi hé phuong trinh: ( y)( y) .

2x% +6y° +15x%y +19y*x + x + 6y =12

C3u ll. 1) Gid sif n 13 s6 nguyén sao cho 3n® —1011 chia hét cho 1008. Chiing minh ring n—1
chia hét cho 48.
2) Véi a, b, ¢ 1a céc s6 dudng thod man diéu kién ab + bc + ca=1.

. 1 1 1
Ching minh rang: | 1+ 1+ 1+ >4,
9 9 ( 1+a2]( l+b2]( 1+c2]

Cau Ill. Cho hai dudng tron (O) va (O') cd dinh c3t nhau tai A va B sao cho O ndm ngoai (O')

va O' nam ngoai (O) Trén dudng tron (O) Iy diém P di chuyén sao cho P nam trong dudng
tron (0'). Budng thing AP cit (O') tai C khdc A.

1) Chidng minh rang hai tam gidc OBP va O'BC déng dang.

2) Goi Q la giao diém cla hai dudng thang OP va O'C. Ching minh rang CjB\C + ABP = 90°.

3) L4y diém D thudc (O) sao cho AD vuéng géc O'C. Ching minh rang trung diém clia doan
thang DQ ludn nam trén moét dudng tron cé dinh khi P thay déi.

Cau IV. Gid sir A 1a tdp hgp con cla tdp hdp gom 30 sé tu nhién dau tién {0;1;2; 3;...;29} sao cho
vG6i k nguyén bat ky, a, b € A batky (cé thé a=b) thi a + b + 30k khéng la tich cta hai s& nguyén
lién ti€p. Chiing minh rang s6 phan td cta tap hap A nhé hon hodc bang 10.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phuong trinh: 2x+1+2v4x* +6x = 4v/5x - X*
xy(x + y) =30
x> +y® =30+ m
Cau ll. 1) Tim tat cd céc cdp s6 nguyén duong (x; y) thoa man:
A +(1+3")(1+77)=21(3'+7" +2)
2) V@i x, y, z la nhitng sé thuc duang, tim gid tri nhd nhat cda biéu thuc:

xM*—x®+3 y* -yt +3 -z +3

2) Gidi hé phuadng trinh: {

M =

X2 +zx+zy VZP4xy+xz  Z2XP+yz+yx
Cau lll. Cho tam gidc ABC nhon vdi AB < AC néi tiép trong dudng tron (O) cd ti€p tuyén tai A
cla (O) cat BC 8 T saocho TB>BC. Goi P va E lan lugt |a trung diém cta TA va TC.
1) Chiing minh rang t gidc APEB ndi tiép.
2) Goi giao diém thd hai cla AE vdéi (O) Ia F. LAy G thudc (O) sao cho FG song song véi AC.
Chdng minh rang ATG = TAF.
3) Goi H Ia truc tdm cla tam gidc ABC, D la giao diém cdia AH va BC. M |a trung diém cda BC.
K d6i xing véi A qua BC. N thudc dudng thdng AM sao cho KN song song véi HM . Lay S thudc
BC sao cho NS L NK.Dung R thudc tia AK sao cho AR-AH =AD?. Q |a diém sao cho PQ L AS
va SQ L AO. Chiing minh rang diém déi xiing cda A qua QR thudc dudng tron dudng kinh DN .
Cau IV. Viét mot tram s6 nguyén duong dau tién 1, 2, 3,..., 100 vao mdt badng 6 vudng kich thudc
10 x 10 mét céch tuy y sao cho méi 6 dudc viét ding s6. Chiing minh rang ton tai hai 6 ké nhau (
2 6 ¢6 canh chung) ma hai s6 viét & hai 6 nay cd hiéu 18n hon hoac bang 10.
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HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Cau l. (3,5 diém)

1 1 1 1

1) Gidi phudong trinh: + = +
J5x2 +10x+30 3V —-2x+6 3vV5 /x*+8x’+36

l+1J(3+xy)=8

2) Giai hé phudng trinh: (X 4

54_&4_14_3:5

y X XYy

Cau ll. (2,5 diém) 1) Tim céc sé nguyén dudng x,y,z théa man hé phuang trinh

27x° +27x* +10y = (x + 32)3
27y° +27y* +10x =y + 32)3

2) Vi a,b,c la céc sb thuc dusng thda man diéu kién
(a+2)b” +(b+2)c* +(c+2)a’ 28 +abc.
Ching minh rang: 2(ab+bc+ca) <a’ (a+b)+b2 (b+c)+c2 (c+a).

Cau lll. (3 diém)

Cho hinh vuéng ABCD. L3y diém P thudc canh AB (P khdc A va B). Goi J 1a tdm dudng tron
ndi ti€p cha tam gidc PAD.

1) Chdng minh rang t gidc PJDB ndi tiép.

2) Goi H la truc tAm cda tam gidc PJD,S la giao diém cda JH va AD. Ching minh rang SH=SD.
3) Goi L la tdm dudng tron ndi tiép cldia tam gidc PBC, K |a truc tdm cla tam gidc LPC . Budng
tron ndi tiép cta tam gidc PCD tiép xtc CD tai E. L4y F thudc doan thang CD sao cho CF =DE.
Chuiing minh rang tam gidc FHK vudng cén.

Céu IV. (1 diém) Cho bang 6 vuéng kich thudc (2023 x2023), 6 vudng c6 kich thudc (1x1) dudc

goi la 6 vuéng dan vi. Mdi 6 vudng dan vi clia bang dudc t6 bang mot trong 2 mau den hodc trang
sao cho méi 6 vuéng dan vi td mau den dudc ké vdi it nhat 3 6 vubng don vi td mau tréng (2 6
vudng dan vi ¢d canh chung dudgc goi la ké nhau). Hoi s 6 vudng dan vi dugc t6 mau den nhiéu

nhat |a bao nhiéu ?
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. (3,5 diém)

x* +4y* —5x’y* =4

1) Gidi hé phuong trinh: {(3x+4y—2)(x2 +2y*=3xy) =4

2) Gidi phudng trinh: Vx ++/3—-2x =1 +v2 —x +%\/x 1

Cau ll. (2,5 diém)

1) Tim cdc s8 x,y nguyén dudng thda man dang thuc
(x+y)3 +6xy +3y° +y=8x>+9x* +1

2) Gid st x,,x,,.. la céc s6 thuc dudng thda man x,x, .. =1. Hay tim gid tri nhd nhat

X500 %2024

cla biéu thuc

Mz(xf—x1+1)(x§—x2+1)...(x2 X +1).

2024 ~ 2024
Cau lll. (3 diém) Cho tam gidc ABC nhon, khéng cén ndi ti€p dudng tron (O), E,F 1an luct la
trung diém cta CA,AB. Diém P di chuyén trén cung nhd BC (P khdc B,C). Goi M,N lan lugt 13
giao diém clia PC,PB vdi EF. AM,AN cét (O) theo thif tu tai QR (Q,R khac A).

1) Chidng minh rang t& gidc AFPM néi tiép va EPF = (\TFTR’
2) Chiing minh rang giao diém cta QE va RF nam trén (O)

3) L4y S, T 1an lugt thubc cdc dusng thang CA, AB sao cho ba dudng thang ET,FS,AP song
song vdi nhau. Goi K va L 1an lugt 1a tAm dudng tron ngoai tié€p cha cdc tam gidc NFS va MET.
Pudng thang qua K vudng géc véi AB cat dudng thang qua L vudng géc véi AC tai J. Ching
minh rang J ludn nam trén mét dudng thang ¢ dinh khi P thay dai.

Cau IV. (1 diém) Tim tat cd cdc s6 nguyén duong m sao cho cé thé cat hinh vuéng cé canh bang
m thanh ddng 5 hinh chif nhit ma d6 dai 10 canh cda 5 hinh chir nhat dé dugc 18y tir céc s
1,2,3,4,5,6,7,8,9,10 va mdi s6 dudc |dy ding mét lan.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau I. 1) Gidi phudng trinh x> —x+2 =2vx* —x+1.
2 _ 2 — l
2) Gidi hé phudng tinh * Y TXY T
3x+y=y*+3
Lai giai
1) Diéu kién xac dinh: x e R.
2
X?—x+2=2x"—x+1l o x> —x+1-2 xz—x+1+1:0<:>(\/x2—x+1—1) =0

o xz—x+1:1<:>x(x—1):0<:>[>< .
x=1
Vay tap nghiém cla phudng trinh la S = {O;l}.

) x2—y2+xy:1<:> yi=1-x*-xy y>=1-x*—xy
3x+y=y°+3 x*+xy—-3x-y+2=0

\/ =]
X=2-y =

0

Do

y?+2y-3=0 {le
& '

1

5

&3lx=1 &
x=1 y =
X=2-y X
{v -y=0 X =
y=-3

Vay hé phudng trinh c6 3 nghiém 1a (xy) e {(1; 0):(L; 1);(5;—3)}.

C4u Il. 1) Tim chir s8 tan cung cla s6 13" +6° +20097°%.

2) V4i a, b 1a nhitng chir sé thuc dudng, tim gid tri nhd nhat cla biéu thic
a+b

"= Ja(4a+5b) + [b(4b+5a)

L&i giai
1) Tacé 13% = (134 )3 .13 =3 (mod 10);6° =6 (mod 10);2009** = (2009
13" +6° +20097°° =3+6+9=8 (mod 10).

)2008

.2009=9 (mod 10);

Suy ra 13" +6° +2009%°% c6 tan cung |3 8.
2) Ap dung BDT Cosi cho 2 s6 dudng 9a va 4a+5b ta cé 1/9a(4a+5b) < da+4a+5b = 13a+5b
' - 2 2

Ap dung BDT Cési cho 2 s6 duang 9b va 4b +55 ta cé 1/9b(4b+5a) < 9b+42b+53 = 13b2+ 53.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 36



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

M=l nén GTNN cla P bang 1 khi a =b.
18a+18b 3 3
2
Cau lll. Cho hinh thoi ABCD. Goi H la giao diém cla hai dudng chéo AC va BD. Biét rang bén
kinh dudng tron ngoai ti€p tam gidc ABC bang a va bdn kinh dudng tron ngoai tiép tam gidc

ABD bang b.

Suyra P>

AH a
1) Ching minh rang — = —.
) g 980" %

2) Tinh dién tich hinh thoi ABCD theo cdc ban kinh a, b.

Li giai
/(A
' D
C
2
0B OK OK
1) Tam gidc BKO, dong dang vdi tam gidc O,KA nén =L -1 —tanB,.
b 0,A AK BK
Ma tanB, =ﬂ nén i:ﬁ_
BH b BH

2) Theo chiing minh trén, ta c6 HB = E.HA.
a

2
Trong tam gidc vudng BO,H ta c6 BH* + O,H* = 0,B” nén ,O—Z.AH2 +(b—AH)2 =b?
a
b? b?
o —.AH? +b? -2bAH + AH? =b* < _2'AH2 -2bAH+AH? =0
a’ a
2 2 2
o2 AH-2b+AH-= 0 (a”+b”)AH = 2a%h & AH= 220 gH= 22"
a’ a“+b a“+b
8a’b’
(a2 +b2)2

Cau IV. Véi a, b, ¢ la nhitng s6 thuc dudng, chiing minh rang

Vay S, =2.AHBH=

ABCD

a’ b? c? >a+b+c

+ + >
\/3a2 +8b* +14ab \/3b2 +8c” +14bc \/3c2 +8a* +14ca 5

L&i gidi

43 +6b

Ta c6 v3a? +8b? +14ab = \/(3a+2b)(a+4b) < —2a+3b:

4b +6C

J3b? +8c% +14ch = \/(3b+ 2¢)(b+4c) < —2b+3c
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4c +6a

J3c? +8a? +14ac = \/(3c+2a)(c+ 4a) < =2c+3a.

a’ b? c’ a’ b? c?
+ + > + + :
V322 +8b% +14ab +3b?+8c?+14bc ~/3c?+8a’+14ca 2a+3b 2b+3c 2c+3a

(a+b+c)2 1 5 S )
> =—(a+b+c) (diéu phai chdng minh).
ba+bb+5c b

D3u "=" x3dy rakhikhia=b=c.

Tacéd P=
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phat

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

C4u I. 1) Gidi phudng trinh 14+/x + 35 + 6vx +1 = 84 ++/x? + 36x + 35.

_ 2
FIRT +%+... 2n-1 __n vdi moi n nguyén dudng.

+ =
4+(2n—1)4 4n” +1

2) Chiing minh rang

L&i giai
1) Diéu kién xdc dinh: x> -1.
. |vx+35=a
bat
Wx+1=b

14a+6b—84—ab:O<:>(a—6)(14—b):O<:>[

(a >0;b> O), phudng trinh trd thanh

a=>6 x=1 ..
o (thod man).

b=14 x =195

Vay phudng trinh cé tap nghiém la S = {1;195}.

2) Dung phudng phdp quy nap toan hoc.

2

e V@in=1 didng. Gia sitding vdi n=k, tacé S, = . ta phai chiing minh duing vdi

4k* +1
s (k+1)2
n=k+1,ngh|aIaSk+1:—2'
4(k+1) +1
2
XétSk+1:SK+2(k+1)_1<:> (k+1) LS +2(k+1)_1

a+(2k+1)" a(ke1) 41 AL 4y (2k41)

(k+1)" e 241
4(k+1)+1 4+1 a4 (2k+1)"
(k+1) - (k+1)2(4k2+1)—k2[4(k+1)2+1)}
Tacé = k
a(k+1) +1 4K +1 [4(k+l) +1)}(4,<z+1)
AR BICAK K 2k + 1Ak -8 - Ak -k 2k+1

= diéu phai ching minh).
16k* +32k® +24k* +8k +5 4+(2k+l)4 ( P 9 )

Cau ll. 1) Tim s6 nguyén dudng n sao cho tatcd cdcs6 n+1,n+5n+7,n+13,n+17, n+25,
n+37 déu la nguyén t8.
2) Mébi 1an cho phép thay thé cap s6 (a;b) thudc tdp hop M = {{16;2};(4;32);(6;62);(78;8)} bang

cdp s6 (a+c;b+d) trong d6 cdp s6 (c;d) cling thudc M. Hoi sau mét s8 hitu han 1an thay thé ta
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c6 thé nhan dugc tap hop céc cip s6 M, ={(2018,702);(844;2104);(1056;2176);(2240;912)}

hay khong?

L&i giai

1) V&i n <6 khdng cd s6 nao thod man.

V@i n=6 thoa man.

V6in>6,n cédang ne {7k 7k +1;7k+2;7k+3;7k + 4,7k + 5,7k + 6} (ke N').

e n=7k thin+7:7.
e n=7k+1 thin+13:7.
e n=7k+2 thin+5:7.
e n=7k+3 thin+25:7.
e n=7k+4 thin+17:7.
e n=7k+5 thin+37:7.
e n=7k+6 thi n+1:7.
VAay chi c6 duy nhat n =6 thod man dé bai.
2) Tathdy a-b:7; (a+c)—(b+d) = [(a—b)+(c—d)]§7.
Ma 2014 -844 =1170 khéng chia hét cho 7 nén sau mot s8 hitu han 1an thay thé ta khéng thé
nhan dudc tap hgp céc cdp s6 M, = {(2018;702);(844;2104);(1056;2176);(2240;912)}.

Cau lIl. Cho dudng tron (O) va (O) c3t nhau tai hai diém A va B. Trén dudng thang AB ta ldy
mdét diém M bat ky sao cho diém A nam trong doan BM (M # A) . TU diém M ké téi dudng tron
(O’) céc tiép tuyén MC va MD (C va D la céc tiép diém, C nam ngoai (O)). Pusng thang AC
c3t 1an th( hai dusng tron (O) tai diém P va dudng thdng AD cat 1an thd hai dudng tron (O) tai
Q. Buotng thang CD cat PQ tai K.

1) Chiing minh rang hai tam gidc BCD va BPQ dbéng dang.

2) Chidng minh rang khi M thay déi thi dudng tron ngoai tiép tam gidc KCP lubén di qua diém c6
dinh.

Li giai
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Q
1) Tacd DCB =DAB (cung chan cung BD); DAB = 6!3\8 (cung chan cung BQ)
:ID/CTB:@. (1)

Lai cé DBC = % (cung bu véi D/A\C); !% =F%E) (cung chan cung PQ)
—DBC=PBQ.  (2)

Tur (1) va (2) suy ra ABCD«>ABPQ (g.g).

2) Theo chiing minh trén thi D/CTB = CTF% nén t gidc KPCB ndi ti€p nén dudng tron ngoai tiép
tam gidc KCP luén di qua diém B cd dinh khi M thay dai.
Cau IV. Gid sU x, y, z la nhitng sé thuc thod man diéu kién 0<x,y,z<2 va x+y+z=3. Tim gid

tri nhé nhat va I6n nhét cba bidu thic M=x* +y* +z* +12(1-x)(1-y)(1-2).

L& gidi

Patl-x=al-y=b;1-z=c thi a+b+c=0 nén a®> +b>+c®>=3abc va -1<a;b;c<1.

M=(1-a) +(1-b) +(1-c)’ +12abc
=a4+b4+c4—4(a3+b3+c3—3abc)+6(a2+b2+c2)—4(a+b+c)+3
=a4+b4+c4+6(a2+b2+c2)+3.

Ap dung BDT Bunhiacopsky cho 2 day a;b; c va 1;1; 1 ta cé 3(a2 +b? +C2)Z(a+b+C)2 =0

Do dé a’ +b*+c?>0. Ddu "=" xdy ra khi a=b=c=0.

Ap dung BDT Bunhiacopsky cho 2 day a%; b c? va 1;1;1 ta cé

3(a4+b4+c4)2(az+b2+c2)2:O

Do dé a* +b* +c*>0. Ddu "=" xdy rakhi a=b=c=0.

Viy M>3 hay GTNN cla M bang 3 khia=b=c=0<x=y=z=1.

M3t khéc az+b2+c2:(1—x)2+(1—y)2+(1—z)2:3—2(x+y+z)+x2+y2+zz:x2+y2+zz—3.
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Gidsr 0<x<y<z<2:tacd xz+y2+22—3=(x+y)2—2xy+zz—3(3—z)z+zz—3=222—62+6.
37 3

x2+y2+zz—3=222—62+6=2[z—§j +§£2 Vi0<z<2 suyra a®+b*+c?<2.

Ta cé a°; b%; c? e[O;l] nén a* +b* +c* <a’ +b*+c’ suyra Ms7(a2+b2+c2)+3sl7.

Vay GTLN cla M bang 17 khi (a;b;c) = (—1;0;1) va cac hoan vi hay (x;y;z) = (0;1;2) va cac hodn

Vi.
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SG GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU

HA NOI _ NHIEN
NAM HOC 2010 - 2011
| PE CHINH THUC | Mo6n: TOAN (VONG 1)

Thai gian lam bai: 150 phut
(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

3x? +8y? +12xy =23

2

Cau l. 1) Gidi hé phuadng trinh X
X +y =2

2) Gii phuong trinh +2x +1 +3V4x%2 —2x +1=3++/8%° +1.
L&i gidi

1) Céng hai vé cta hé ta dugc (2x + 3y)2 =25 2x+3y =45

_x:y:l

7

x:_

13

x> +y?=2 Y=13
= 4 = 13 .
{2x+3y:—5 x=y=-1

2 2

X +yt=2 x:—l
13

_

13

Vay hé phuadng trinh cé nghiém la (x;y) € {(1;1);(—1;—1);(%;1—;};(—%;—1—;]}

2) Diéu kién x > —%.

x=0
oy |2t =2(220) ta 6 phuong tinh (1-b)(a-3)=0e | | x=1
a , @@ Co ng trin - a— =V =—
- [V4x* -2x+1=b (b>0) D 2

Vay phuong trinh cé tdp nghiém la S = {0;%;4},

Cau Il. 1) Tim t4t ca cdc sé nguyén khéng 4m (x;y) thod man dang thic
(1+x2)(1+y2)+4xy+2(x+y)(1+xy) =25.
2) V38i mbi sb thuc a, ta goi phan nguyén cla s6 a la s& nguyén I8n nhat khéng vudt qud a va ky

7 n“+n+1|

. 3
hiéu la | a|. Chdng minh rang véi moi n nguyén dudong talubncd | — +—+...—————
ulaa] d 9 21 gty 9 L.z 23 "n(n+1)

L&i gidi

1) Tacé (1+x2)(1+y2)+4xy+2(x+y)(1+xy)=25<:>(xy+1)2+2(x+y)(1+xy)+(x+y)2 =25
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<::>(xy+1+x+y)2 :25<:;>(x+1)(y+1)2 =25.
Vi x, y khéng am nén (x+1)(y+1):5 ta ¢ (x;y) c {(0;4);(4;0)}.

L Kkl K k#l k1 . 1 1 .

2 xet k(k+1) _k(k+1)+k(k+1)_k+1+k_1 k+1+k(keN)'
Thay k lan lugt tir 1 dén n, ta cé
3 7 n?+n+1
—_—t—t—

12 23 n(n+1)}

Cau lll. Cho dudng tron (O) véi dudng kinh AB = 2R. Trén dudng thang tiép xuc véi dudng tron

= n+1—L —|n+—"|=n (diéu phai chiing minh).
n+1 n+1

(O) tai A taldy diém C sao cho ACB = 30°. Goi H la giao diém th( hai clia dudng thang BC vdi
dudng tron (O)

1) Tinh @6 dai dudng thang AC, BC va khodng céch tir A dén dudng thang BC theo R.

2) Vi méi diém M trén doan thang AC, dudng thdng BM cat dudng tron (O tai diém N (khdc B).
Chdng minh rang bdn diém C, M, N, H nam trén cung mdt dudng tron va tdm dudng tron dé lubn
chay trén mét dudng thang c6 dinh khi M thay ddi trén doan thdng AC.

Lai giai
C
N
\\'.
M NH
N ’I—':;__-’J.‘_—__H_"'H
// 1“-\-,_\3{;’ 2
.
A e U
/ /! H“u‘ 4 \\
s N
\\‘\\
A 0 B

1) Ta c6 cot ACB = 2C 5 AC = AB.cot30° = 23R; sinACB = 28 = gc = _AB
AB BC sin30°

=4R;

12= 12+ 12= 12+ 12= 12:>AH:R\/§.
AH?  AB2 AC? 12R’ 4R’ 3R

2) Tacé ACB = HAB (cung phu vdi EAT—I).

Ma HAB = HNB (cung bang % s do cung HB); HBN = ACB.
TU d6 ti gidc CMNH nébi tiép. TAm dudng tron ndi ti€p CMNH thudc trung truc cia HC ¢6 dinh.

Cau IV. Véi a, b 1a céc s6 thuc thod man dang thic (1+a)(l+b) =%, hay tim gid tri nhé nhat cda

bidu thic P = v1+a* +1+b*.
Lai giai
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Ap dung bat dang thdc BunhiacSpxki cho hai bd sé (a2 +1) va (1;4), ta cé
a’+4
V17

Ap dung b3t dang thdc Bunhiac8pxki cho hai bd sé (b2;1) va (L;4), tacé

17(a“+1)2(a2+4)2 oAat+1> Dau "=" xay ra khi a:%.

2
17(b4+1)2(b2+4)2 o 11224 pay o xay ra khi b=l
17 2
2 2
Suy ra P 2 M
V17
M3t khdc tir gid thiét, ta cé a+b+ab= %
a’ +12 a
4
Lai 4p dung bat dang thic Cosi ta cé: {b? +% >b
2 2
a“+b > ab
2
<:>§(a2er2)+12(a+b+ab):§<:>a2+b2 21.
2 2 4 2
Dau " =" xay ra khi a=b=%.
l+8 J17
Dods P>2 V7
V17 2
Vay GTNN cla P bang g khi a =b=%.
-------------------------------- ] S
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

C4u I. 1) Gidi phuong trinh Vx +3 ++/3x+1 = 4.
5x° +2y” +2xy =26

2) Gidi hé phudng trinh {3x+(2x+y)(X—Y) =11’

Lgi gidi
cxLin 1
1) Diéu kién: x > -3

V@i x =1 la nghiém cla phuadng trinh.
V@i x >1 V& trdi I6n hon 4. Phuong trinh v nghiém.
Vi x <1, vé trdi nhé hon 4. Phuong trinh vé nghiém.
Vay nghiém cla phudng trinh la x = 1.
5x* +2y* +2xy =26 5x? +2y? +2xy = 26
) {3x+(2x+y)(x—y):ll.© {3x+2x2 —2xy +xy -y’ =11

2 2 —
{5X T2yt +2xy =26 :5x2+2y2+2xy+2(2x2+3x—y2—xy)=48

2x* +3x—y? —xy =11

Xx=2
& 9x° +6x-48=0 8.
X=-=
3
~1
VGi x=2, tacé: 222432y 2y =11 y?*+2y-3=0<| © .
y=-

2
8 8 8 8 8 43
Véi x=——,tacd 2| ——| +3| —— |-y’ +—y=11vy>* ——y+—=0 (vd nghiém).
i 3 (\,J (3Jv3v o3yt (V6 nghiém)

Vay nghiém cula hé phuadng trinh Ia (x;y) € {(2;1);(2;—3)}.

C3u Il. 1) Tim t&t ca céc s6 nguyén dudng n dé n”> +391 I3 s8 chinh phuang.
2) Gid sUf X, y, z la nhitng s8 thuc duong théa man diéu kién x+y+z=1.

XY +Z +4/2X7 +2y? 1
1+\/E

Ching minh rang:

Lai giai
1) Gia st n” +391 =2a” véi a nguyén dudng.
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n+a=1 n=-195
n—-a=-391 a=196
= .

n+a=391 n=195
a=196

Tacéd (n—a)(n+a) =-391 &

n-a=-1

Vay s6 nguyén dusng n thda man dé baila 195.

Jxy +z +\/2x2+2y2 . \/XV+Z(X+V+Z)+X+V

2) Tacod
e T ey ey
g (x+z)(y+z)+x+y> Xy +Z+x+y o
- 1+\/E - 1+\/; .
Dau"=" xéyrakhix=y=z=%.

Cau lll. Cho tam gidc ABC c6 ba géc nhon va M la diém nam trong tam gidc. Ki hiéu H la hinh
chiéu cdia M trén canh BC va P, Q, E, F 1an lugt |a hinh chi€u cda H trén cdc dudng thang MB,
MC, AB, AC. Gia st bén diém P, Q, E, F thang hang.

1) Chiing minh rdng M la truc tdm cla tam gidc ABC.

2) Ching minh rang BEFC 13 t gidc ndi tiép.

Lgi giai

‘\;;_

«/ \‘5'
& AN
/S 4 < hN
s TN % g
.
/-"_./JK'\\\\\ /N \'\‘_

i O |24 SO
= N7 h
B o =

1) Ta cd céc t& gidc BEPH va PHQM la t gidc nbi tiép.

TUd6 H, =P, =P, =H, .

Ma l:l\z =CA1 (cung phu vdi CTH\C) va l:l\l :(/Z\1 nén CM//EH = CM 1L AB tucng tu BM 1L AC.

Vay M la truc tdm cla tam gidac ABC.

2) Tacd E/I:'F—lzlﬁ (cung bu véi Fﬁ); HPF = PFA = EBH = PFA.

Véy t gidc BEFC noi tiép.

Cau IV. Trong day s6 gom 2010 s6 thyc khdc 0 dudc sap xép theo thi tu a,, a,, a,, ..., a,y,, ta
ddnh dau tat ca cdc s6 dudng va tat ca cdc s ma tdng clia nd véi mot s6 lién ti€p lién ngay sau nd
13 mét s6 duong. Chiing minh rang néu trong day sé da cho cé it nhat mot s6 dudng thi téng cla
tat cd cdc s6 dudc danh dau 1a mét s6 duang.

Li giai

S6 céc s6 dude ddnh dau >1.
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Néu tat cd cdc s6 dudc ddnh dau |a s6 duong ta cé diéu phai chiing minh.
Néu cdc s6 ddnh ddu cé s6 am gid st la a_ this6 a_, la s6 dudng cling dudc danh dau va
a +a_, >0, moisbam déu cé sbé co tdng duong, cédc cap s6 nay khdng trung nhau.

Véy téng céc sé dudc dadnh dau la duong.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

—_
x
|
'_\
N
<
[N)
+
x
+
<
Il
w

Cau l. 1) Gidi hé phuadng trinh {

2
2) Gidi phugng trinh 4/x+§: x+7 .
X 2(x+1)

L&i giai

— 2 = — 2 — =4 — —1 2 1 =2—
1) Ta c8 (x=1)y* +x+y 3<:> (x=1)y* +(x 1)=2 Y (x )(V +) Y.
(y—2)x2+y=x+1 (y—2)x2+(y—2)=x—1 (y—2)(x2+1)=x—1
. Né‘ux>1th‘|(x—1)(y2+1)>0 nén2-y>0sy<2.
M&t khdc x > 1 thi (y—2)(x2+1)>O:>y>2.
Do d6 hé phuang trinh vé nghiém véi x > 1.
. Né'ux<1th‘|(x—1)(y2+1)<0 nén 2-y<0<y>2.
M3t khdc x <1 thi (y—2)(x2+1)<0:y<2.

Do d6 hé phudng trinh vé nghiém vdi x < 1.
e NEux=1thiy=2.
Vay hé phuadng trinh cé nghiém duy nhat (x;y) = (1;2).

2) Diéu kién x> 0.

Phuong trinh tudng ducng vdi 2(x + 1)1 [x +§ =x>+7.
%

Chia hai vé cho x # 0, ta dugc

2(1+1j,fx+§:x+Z<:>(x+§j—2[1+l),/x+§+£=0@[,/x+§—2j[,/x+§—z]=0.
X X X X X X X X X X

=1
Trudng hgp 1: 1/x+§:2c:>x+§=4:>x2—4x+3=0<:{x 3 (thod man).
% X X =

X X  x?

Vay tap nghiém clda phuong trinh la S = {1;3}.

Trudng hgp 2: 1/x+§=z:>x+§=i:>x3+3x—4=0<:>x=1 (thod man).
X

Cau Il. 1) Chdng minh rang khéng ton tai cdc bd ba sé nguyén (x;y;z) théa man dang thuc:
x*+y*=7z* +5.

2) Tim tat ca céc cdp s6 nguyén (x;y) théa man dang thuc (x+1)4 —(x—l)4 =y°.
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L&i gidi
1) Gid s tén tai cdc s6 nguyén x, y, z thdaman x* +y* =7z* +5 < x* +y* +z* =8z* +5.
- ) o {x4+y4+z450,1,2,3(mod8)
Tacéd a” =0 hoac 1 (mod 8) vdi moi sé nguyén a = .
8z +5=5 (mod 8)

Vay khéng ton tai (x; y;z) thda man dang thuc.
2) Phugng trinh tuong dudng véi 8x° +8x = y°.

e N&u x>1 thi 8x’ <8x®+8x< (2x+1)3 = (2x)3 <y’< (2x+1)3 (mau thudn vi y nguyén).

e NéEux<-1va (x;y) la nghiém thi (—x;—y) cling la nghiém. Ma —x >1 nén mau thuan.

e NEu x=0=y=0 (thod man).
Vay phuong trinh ¢4 nghiém nguyén duy nhat I3 (x;y) = (O;O).
Cau lll. Cho hinh binh hanh ABCD véi BAD < 90°. Pudng phan gidc claa BCD cit dudng tron ngoai
ti€p tam gidc BCD tai O khac C. Ké dutng thang d di qua A va vudng géc véi CO. Dudng thing
d 1an lugt c3t cdc dudng thang CB, CD tai E, F.
1) Chiing minh rang AOBE = AODC.
2) Ching minh rang O 13 tAm dudng tron ngoai ti€p tam gidc CEF.
3) Goi giao diém ctda OC va BD la I, chding minh rang IB.BE.El = ID.DF.FI.
Lgi giai
1) T& gidc OBCD ndi tiép va CO la phan gidc BCD nén
OBD =OCD = OCB = ODB,
Suy ra tam gidc OBD cén tai O, do dé6 OB =0D. (1)

T& gidc OBCD nbi ti€p nén ODC = OBE (cung bu Vvdi
0BC). (2)

Trong tam gidc CEF cé CO vlua la duong cao via la
dudng phéan gidc nén tam gidc CEF cén tai C.

Do AB//CF:@:ZF\CzE/A\B, suy ra tam gidc ABE
can tai B nén BE =BA =CD. (3)

Tir (1),(2) va (3), suy ra AOBE = AODC (c.g.c).

2) Tu AOBE = AODC = OE =OC.

Ma CO la dutng cao tam giac can CEF, suy ra OE = OF.

Tu dé OE =OF = 0OC, vay O la tdm dudng tron ngoai tiép tam gidc CEF.

3) Theo trén, ta c6 BE=CD ma CE=CF=-BC=DF.

Ta cé Cl la dusng phan giac lif) nén B =§ =E = IB.BE =ID.DF.
ID CD BE

Ma CO la trung truc EF va | CO, suyra IE =IF.

TU hai dang thuc trén, suy ra IB.BE.El = ID.DF.FI.
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Cau IV. V@i x; y la nhitng s6 thuc duong, tim gid tri nhd nhat cda biéu thic

3 3
Pz\/ 3x 3+ 4y 3°
x> +8y y3+(x+y)
Lgi giai

x> x?
Ta chdng minh > . 1
g x3+8y®  x*+2y? ( )

x> x*
>

x> +8y° (xz +2V2)2

Ta cé: (1) SN SN (x2 +2y? )2 > x(x3 +8y3) < 4Ax°y* +4y* > 8xy’®

& 4xPy? +4y* —8xy® >0 < 4y’ (x2 —2xy+y2) >0 4y’ (><—y)2 >0 (ddng).

, ) y3 y2
Ta chidng minh y3 +(X+y)3 > 2y (2)
Ta cé: (2)<:> ; Y’ = - v’ " c>(x2+2y2)2 ZV|:V3+(X+V)3}
y +(x+y) (x +2y)

3

SN (x2 +2y2)2 —y*'> y(x+y)3 N (x2 +y2)(x2 +3y2) > y(x+y)
Lai cé: x? +y? 2%(x+y)2 va x* +3y? =x? +y? +2y’ 2 2xy +y’ =2y (x+y)
= (x2 +y2)(x2 +3y2) 2%(x+y)2.2y(x+y) = y(x+y)3 = (2) ding.

TU (1) va (2) suyra P>1.

D&u " =" xay ra khiva chi khi x =y.
Vay GTNN cla P bang 1 khi x=y.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Giai phudng trinh (m —\/Q)(\/E+ 1) ~1.

o . XZ +y2 — 2x2y2
2) Gidi hé phudng trinh Y -
(x+y)(1 —xy) =4x°y
Lgi gidi
1) Diéu kién xdc dinh: 0 <x<1.

(\/E—\/;)(\/En):l@%(\/ﬁu):l@q\/ﬁu):mﬂ&
Néu 0<x<1 thi 3(\/E+1)>3 va x+3+Vx <4 +41=3.

Do d6 phuadng trinh vé nghiém véi 0<x<1.

V@i x =1 la nghiém cla phuadng trinh.

Vay phuagng trinh da cho ¢6 nghiém duy nhat x=1.
2) Xét x =y =0 la nghiém cla hé phuang trinh.
Xét x#0, y #0 hé phudng trinh tueng dudng vdi

1 1
R oy P
11 1 < 11 2 4 1 1)y1 1 2
—+—||1+— |=4 —+—||2+— |=8 —+—|| 5+—+—|=8
Xy Xy Xy Xy x yNx* y* xy
1 1
—2+—2=2 i+i:2 izl
o X'y Xy
= 3 = = oS x=y=1
1 1 1 1 1 1 1 1
—+=| =8 =f=== —+—==
X y X y 2 X vy

2
Vay hé phuadng trinh cé hai nghiém la (x;y) € {(0;0);(1;1)}.

2

Cau Il. 1) V38i mbi s6 thuc a ta goi phan nguyén cla a la sé nguyén I8n nhat khéng vugt qud a va

2
ky hiéu la [a}. Chuing minh rang véi moi s6 nguyén dudng n, biéu thiic n+hn—% +%} khéng

biéu dién dudc dudi dang Iap phudng cliia mét s6 nguyén duong.
2) V4i x, y, z la céc sé thuc dudng thoa man dang thdc xy +yz+zx =5.

3x+3y+2z

\/6(x2 +5) +\/6(y2 +5) VA
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Lai giai

1) Dat K = 13‘/n—i+l .Vin>1nénK=>1.
27 3
3 3
Tacd Ks,3/n—i+l<K+l<:> K—l Sn—i< K+z
27 3 3 27 3

ookt nl etk B
3 27 27 3 27

<:>K3+§£n+K2 <K3+2K2+%K+%<:>K3 <n+K? <(K+1)3.

2
Suy ra n+K? = n{%/n—% +%} khéng biéu dién dudc dudi dang 1ap phudng ctia mét s6 nguyén

duacng.
2) Tacé \/G(XZ +5) +\/6(y2 +5) +Vz% +5 = \/6(x+y)(x+z) +\/6(y+z)(y+x) +\/(z+x)(z+y)

By 3(x+y)+2(x+z)+3(x+y)+2(y+z)+(z+x)+(z+y) _ 9x+9y +67 =§(3x+3y+22).
2 2 2 2 2
3x+3y+2z

JB(x +5) +6(y* +5)+z* +5

Diu "=" xdyrakhi x=y=1,z=2.

2
Suyra P= >,
4 3

Vay GTNN cla P bang % khix=y=1z=2.

Cau lll. Cho hinh thang ABCD vdi BC song song AD. Céc gdc BAD va CDA Ia cic gdc nhon. Hai
dutng chéo AC va BD cidtnhautail. P la diém bat ky trén doan thang BC (P khoéng trung vdi
B; C). Gia s dudng tron ngoai ti€ép tam gidc BIP cat doan thang PA tai M khdc P va dudng tron
ngoai ti€p tam gidc CIP cat doan thang PD tai N khdc P.
1) Chdng minh rang ndm diém A, M, I, N, D cung nam trén mét dudng tron. Goi dudng tron nay la
(K)-
2) Gia su cdc dudng thang BM va CN c3t nhau tai Q, chdng minh rang Q cling nam trén dudng
tron (K)

PB BD

3)T trusng hap P, |, Q thang hang, chd inh rang —=—-.
) Trong truéng hgp Q thang hang, ching minh rang PC - CA

Lai giai
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1) T& gidc BPIM nditiép va AD//BC, suy ra MAD = BPM = BIM
nén tu gidc AMID ndi tiép.

Tudng tu td gidc DNIA ndi tiép.

Vay céc diém A, M, |, N, D thubéc mdt dudng tron (K)

2) Do cdc t& gidc BPIM va CPIN ndi tiép nén ta c6 4
6!\71 _BPI = ENI, suy ra t gidc MINQ noi tiép.

Ma M,|,Ne (K) suy ra t& gidc MINQ ndi ti€p dudng tron (K)
Vay Q thubc dudng tron (K)

3) Khi P, 1, Q théng hang, két hgp vdi Q thuge dusng tron (K)

ta cé m —PIC (d@6i dinh); PIC = PNC (do t& gidc NIPC nbi
tiép)

PNC QND (dm dinh); QND QID (do t gidc INDQ nbi tlep)
Suy ra AIQ QlD =1Q la phan gidc DlA nén IP |a phén gidc BIC.
PB lB_lD_lB+lD_BD PB BD

=—= -—— ==
PC IC IA IC+IA AC PC CA
Cau IV. Gid st A 1a mdt tip con cla tdp cdc s6 tu nhién N. Tdp A cb phan tir nhd nhatla 1, phan

Do dé

t 16n nhét Ia 100 va mdi x thudc A (x 1) lubn tén tai a; b ciing thuéc A sao cho x=a+b (a

cé thé bang b). Hay tim mét tdp A ¢ s6 phan td nhé nhat.

L&i giai
Gid sif A c¢é n s6, ching ta xép chiing theo thi tu 1 = x, <x, <x, <..<x_=100. (1)
Suy ra véi mbi k e {1;2;3;...;n—1} tacd x,,, =x +X, SX X, = 2x, véi 1<i, j<k (2)

Ap dung két qua (2) ta thu dugc x, <1+1=2;x, <2+2=4;x, <8 x, <16; x, <32; x, <64.
Suy ra tdp A phai cd it nhat 8 phan tu.

+) Gid sl n=8= x, =100.

Vi x, +x,<32+64=96= x, =2x, = x, =50.

Vi x, +x,<16+32=48= x, =2x, = x, = 25.

Vi x, +x, <8+16=24<25= x_ =2x, =X, :2—25 (m&u thuan).

+) n=9 ta cé tap {1,2;3;5;10;20;25;50;100} thoa man yéu cau bai todn .
Vay n=9.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. 1) Gidi phudng trinh Vx+9 +2012Vx+6 =2012 + (x+9)(x+6).

2) Gidi hé phudng trinh {xz tyir2y =4
2x+y+xy=4

L&i giai

1) Diéu kién x> —6.

Ta 6 \/x+9 +2012v/x +6 =2012 +,/(x +9)(x +6)

N (m—zolz)(M—l)w

Jx+9-2012=0 [+/x+9=2012 {x=4048l35
f— f— = .
Vx+6-1=0 Vx+6=1 x=-5

Vay tap nghiém cla phudng trinh la S = {—5;4048135}.

242 = 24 (y+1) =5
2) Tacé Xy 2y 4<:> X (y )
2x+y+xy=4

x(y+1)+x+(y+1)=5.

bat {uzx+(v+l):>x2+(y+1)2 =(x+y+1)2—2x(y+1)=u2—2v.

v:x(y+1)
{u=3
2—2 :5 V:2
Ta cb hé phudng trinh 4 NS .
u+v=>b u=-b
v=10

= :1
u=3 X+y+1=3 X=Y
= x(y+1)—2<:> xX=2

0

u=-5 Xx+y+1=-b
=
v=10  |x(y+1)=10

Trudng hgp 1: {

Trudng hdp 2: { (v6 nghiém).

Vay hé phuong trinh ¢é hai nghiém (x;y) e {(1;1);(2;0)}.
Cau ll. 1) Tim tat cd cdc cdp s6 nguyén (x;y) thda man dang thic

(x+y+1)(xy+x+y):5+2(x+y).
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2) Gid str (x;y) 1a céc s8 thuc dudng théa méan diéu kién (\/;+1)(\/;+1) > 4. Tim gid tri nhd nhat

2 2

ctia bidu thie P =2+ Y.

y X
Lgi giai

1) Tacé (x+y+1)(xy+x+y)=5+2(x+y)
<:>(x+y+1)(xy+x+y):2(x+y+1)+3
@(x+y+1)(xy+x+y—2)=3

= x+y+1 la udc cla 3.

(v6 nghiém).

1=1 =0
Trudng hgp 1: {X+Y+ <:>{><er

Xy+x+y—-2=3 xy =5

oS x=y=-1.

1=-1 =-2
Trudng hdp 2: {x v S {x+ Y

Xy+x+y—-2=-3 xy =1

S x=y=1

1=3 =2
Trudng hdp 3: {X+Y+ @{x+y

Xy+x+y—-2=1 xy =1

(v6 nghiém).

1=-3 =4
Trudng hgp 4: {x Ty < {XJF 4

xy+x+y-2=-1 |xy=5
V4ay phuong trinh cé hai nghiém nguyén |3 (x;y) = {(_1;_1);(1;1)}_

2) Ta c6 (\/§+1)(\/§+1)z4@ Xy + /% +fy = 3.

x+y+x+1+y+1

Ap dung bat dang thic Cosi, ta cé 3£\/xy+\/;+\/7s 5 5 5 =xX+y>2.
2 2
Laicé:x—+y22xvéy—+x22y.
y X
2 2
Suy ra P:X—+y—2x+y22.
y X

VAy gid trinho nhatctda P 1a 2 khi x=y =1.

Cau lIl. Cho tam gidc nhon ABC ndi tiép dutng tron tdm O. Goi M |a mét diém trén cung nhé BC (M
khdc B; C va AM khéng diqua O). Gid st P la mdt diém thudc doan thdng AM sao cho dudng tron
dusng kinh MP cat cung nhé BC tai diém N khac M.

1) Goi D la diém d6i xing vdi diém M qua O. Chilng minh rang ba diém N, P, D thdng hang.

2) Dudng tron dusng kinh MP cat MD tai diém Q khdc M. Chdng minh rang P la tAm dudng tron
ndi ti€p tam gidc AQN.

L&i gidi
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D
A

1) Vi MP |a dudng kinh suy ra PN L MN. (1
Vi MD la dudng kinh suy ra DN 1L MN. (2

TU (1) va (2) suy ra N, P, D thdng hang.

2) Tt gidc APQD nbi tiép (do PQD = MAD = 90°) nén PAQ = PDQ = NDM. (3)
Xét (O) ta c6 NDM = NAM. (4)
TU (3) va (4) suy ra FTAB —NAP = AP I3 phan gidc cta géc N/A\Q (*)

Xét (O) ta cé AND = AMD |

Xét dutng tron dudng kinh MP cé CﬁA\P = Q/I\W3 =, ANP = Q/I\WD

— NP I3 phan gidc cia ANQ. (**)

TU (*) va (* *) suy ra P la tdm dudng tron ndi ti€p tam gidgc ANQ.

Cau IV. Gid s a, b, ¢ 1a cdc s6 thuc duong thdoa man a<b<3;c>b+1;a+b>c. Tim gid tri nhd

2ab+a+b+c(ab-1)
(a+1)(b+1)(c+1)

nhat cda biéu thic Q =

Lai giai
(abc+ab+ac+a)+(abc+bc+ba+b)—(abc+ca+cb+c)

Taco Q= (a+1)(b+1)(c+1)

:a(b+1)(c+1)+b(c+1)(a+1)—c(a+1)(b+1): a . b __c
(a+1)(b+1)(c+1) a+1l b+l c+1
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b C 1 2 3 5
+ - > + - =—.
a+l b+1 c+1 1+2 1+2 1+3 12
Bat d3ng thuc trén tuong duong vdi

Ta chdng minh rang

(1?3 _1ic]+(1ﬁb_1i2j+(lia 111}20@ 4?1_+CC)+ 3'(Ob_+21)+251_+1a) >0
M e R Re Ere ]

[(3-c)+(b-2)+(a-1)] = 20.

2(1+a)
N 3b-4c-1
Vic=3,0<b<c nén (3_C)'12(b+1)(c+1)20' (1)
Vib+1<c 0<a<b nén (b+1—c).%2 . (2)
+1)(a+
Vi a+b>c,0<a nén (a+b—c).2(1 1)20. (3)
a+

Tu (1) (2) va (3) suy ra diéu phai ching minh.

Vay gid tri nhd nhatcda Q 1a % khia=1b=2c¢c=3.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
xy(x + y) =2

Cau |. 1) Gidi hé phuadng trinh .
{9xy(3x—y)+6 =26x> -2y°

2) Giai phudng trinh (m_z)(m+ 2) ~2x.

LgGi giai
xy(x+y)=2 xy(x+y)=2
1) Tacé ( ) o ( )
9xy(3x—y)+6 =26x> -2y X2 +y?+6=27x3-y? —9xy(3x—y)
xy(x+y)=2 xy(x+y)=2 xy(x+y)=2
g 3 < 3 3 Ad
x3+y3+3xy(x+y)=(3x—y) (x+y) :(3x—y) X+y=3x-y
+y)=2
= xy(x y) Sx=y=1.
X=Yy
Vay hé phuong trinh ¢ nghiém duy nhéat (x;y) = (1;1).
2) Diéu kién -4 < x < 4.
Phuong trinh d3 cho tudgng duang vdi ;(\/4—x +2) = 2x.
VX+4+2
V@i x =0 la nghiém.
Giai \/4—x+2=2(\/x+4 +2).
bat u=\/x+4, v=\/4—x (u, vZO) ta thu dudc
v=2u+2 2 UZZ
, B :u2+(2u+2) =8<5u’+8u-4=0< 5 .
u+v: =
u=-2
Viu>0 nén u=z:>v=£:>x=—% (thod man).
5 5 25
A \ 7/ N - A \ 96
Vay phudng trinh cé tap nghiém la S=<0; e ("
C4u II. 1) Tim hai chif s8 tin cling cla s6 A = 41'%° + 57712,
J5

2) Tim gid tri I6n nhat ctia ham s8 y = 3v2x -1 + x3/5—4x?, véi §< ST'

L&i gidi
1) Ta cé 417 =(40+1)2 =40?+80+1=81 (mod 100)
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— 41* =81% (mod 100) =(802 +160+1)561 (mod 100)

— 415=61.41 (mod 100) =60.40+100+1 (mod 100) =1 (mod 100)
= (41%)" =41 =1 (mod 100) = 41" =41 (mod 100).

Lai c6 57* =1 (mod 100) =572 =(57¢)" =1 (mod 100).

Suyra A=41"° 15722 =41 +1 (mod 100).
Vay 2 chir sé cubi cung cla A 13 42.

2) Tap xac dinh lngﬁ.
2 2

2 A2 _ 22 _ 3(x*+1

Tacd xv5—4x2£x +52 4x =5 23x va 3V2x—l£3.¥:3xé¥.

Cong hai bat d&ng thic trén ta thu dugc y = 3v2x -1 + x\5—4x2 < 4.,
Vay GTLN cla y bang 4 khi x =1.
Cau lll. Cho tam gidc nhon ABC (AB > AC) ndi ti€p dudng tron (O) Gid s M, N |a hai diém

thudc cung nhd BC sao cho MN song song véi BC va tia AN ndm gilra hai tia AM, AB. Goi P I3
hinh chi€u vudng gdc clia diém C trén AN va Q la hinh chi€u vudng géc cla diém M trén AB.
1) Gid sir CP cat QM tai diém T. Chdng minh T nam trén dudng tron (O)

2) Goi giao diém cda NQ va (O) la R khdc N. Gid s« AM cat PQ tai S. Chiing minh rang bén
diém A R, Q, S cung thudc mdt dudng tron.

L&i gidi

1) Vi TPA = 'FQTA =90° nén t& gidc TAPQ ndi tiép.

Do d6 MTC = Q/ﬁD = @\P (do t gidc TAPQ ndi tiép) = BAN = MAC (do MN//BC), suy ra t giac
MTAC noitiép,suyra T e (O)

2) TU t& gidc TAPQ noi tiép ta cé P/QTA _PTA=CTA=ABC = PQ//BC //MN.
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Tir d6 QSA = NMA. (1)
Ma td gidc AMNR ndi tiép, suy ra ARN+ AMN = 180°. (2)

TU (1) va (2) suy ra Q/RTA-FQ/-STA =180° = T gidc ARQS néi tiép, ta c6 diéu phai chiing minh.
Cau IV. V8i mbi s8 n nguyén I8n hon hoac bang 2 ¢8 dinh, xét cdc tdp n s6 thuc déi mot khac
nhau X = {xl; Xy o xn}. Ki hiéu C(X) |3 s6 cdc gid tri khdc nhau clia tdng x, + x; (1 <i<j< n).
Tim gid tri I6n nhat va gid tri nho nhat cda C(X).

L&i gidi

Gid slr cdc s6 cla tap hgp X dudc sép theo thif tu (danh s6 lai) la x, <x, <..<x .

Tach X, +X, <X, +X; <. <X, +X <X, +X <X;+X <..<X  +X_, suyrad6ivdéimottap n s6thuc
phan biét bat ky ta luén cd it nhat (n—1)+(n—2) =2n-3 gid tri phan biét clia cdc tong x, +X;.
Vay C(X)=2n-3.

Xéttap X, ={1;2;...;n}, khi @6 v8i moi 1<i< j<n thi x, +x;=i+je€ {3;4;...;2n—1}

= C(X,)=2n-3.

Vay [c(x)} -2n-3.

min

S6 cécténg x, +x, (1<i<j<n) bing
Xét tap X, ={2;22;...;2”}, véimoi 1<i<j<n thi x +x, =2"+2.
Gidsirtontai 1<r<s<n:x +x =x+x, =2 +2°=2'+2

22 -
2i‘2r:>r=i:s=j:>C(X2)=n(n2 1).

:>2r(1+zs-f)=2‘(1+2i-"):>
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| DECHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang

Cau |. 1) Giai phuong trinh v/3x+1 +~/2—x = 3.

1 1 9
X+y+—+—==
X y 2

2) Gidi hé phuadng trinh 1 1
T X+ | =xy+—
4 2( yj Xy
L&i gidi

1) Didu kién: —%gxgz.

Phugng trinh @4 cho tudng dudng véi 2x+3+2,/(3x+1)(2—x) =9

- 3-x>0 . =1
SA-3x"+5x+2=3-x & ) 5 S4x" -1lx+7=0& 7.
—3x"4+5x+2=x"—6x+9 x:Z
Dai chiéu vdi diéu kién ta duge dudc nghiém: x=1; x:%.
1 1] 9
x+—+y+; :E
2) Hé phuadng trinh tudgng dudng vdi )
1 3 1 1 1
—t+—|x+t—|=|x+—|ly+—|-2
4 2 y y x
1
Uu=x-+—
Pat ?
v=y+—
X
9
u+v:2 U:E—M
Hé phudng trinh trd thanh . - 2 19 3y 9 )
S+ y=uv— —+—=u|——u
4+2u Uy —2 i 5 [2 ]
1 3
9 3u 9u 9 3) T
Suyra - +—="—"—weu -3u+-=0su——| =0= 2 & Y
4 2 2 4 2 1
v=3 |y+—==3
3y 1
1= 3 =l=x==
& Xyt 2 :>—y:3x:>x:%:>y+—=3 @y2—3y+2—0:>y - 2.
xy+1=3x Y y=2=x=1

Hé phuang trinh ¢ nghiém (x; y)z[%; 1], (1; 2).
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Cau Il. 1) Cho céc sb thuc a, b, c # 0 thda man (a+b)(b+c)(c+ a) = 8abc. Chitng minh rang

a N b N c =§+ ab N bc N ca
a+b b+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b).

2) Cé bao nhiéu sé nguyén dudng cé 5 chif s6 abcde sao cho abc—(10d+e) chia hét cho 1017

Lai giai
1) Bang thidc can chdng minh tuong ducng véi

S e ey o

a+b b+c)] b+c ct+a) c+a a+b) 4
N ac n ba N cb
i ore) Treera feralart)

_3
4

@ac(a+C)+ba<b+a)+cb(c+b):%(a+b)(b+0)(c+a)
& ac(a+c)+ba(b+a)+cb(c+b) = 6abe
& ac(a-+c)+b*(a+c)+ (ba® +abe)+ b + abe = 8abe
& (a+c)(ac+b + ab+ be) = 8abe
& (a+c)(c+b)(b+a)=8abc (diéu phai ching minh).

2). Ta c6 abede = abc00 + de = abc-100 + de = abe (101 —1)+ de = abe-101— abe + de

Suy ra abcde chia hét cho 101 abc —de = abc — (10d +e) chia hét cho 101.

Tacé 101m<99999 = m< 99999 = 990+i.
101 101
Vay s8 c6 5 chir s6 I16n nhat chia hét cho 101 la 990.101.
9999

=99.

Tacd 101n <9999 = n <
101

VAy s6 cd 5 chit sé nhé nhat chia hét cho 101 15 101.100.

S6 cdc s6 ¢ 5 chir s6 théa man yéu cau cla bai todn 1a 990 -100+1 =891.

Vay c6 891 s6 thod man yéu cau bai todn.

Cau lIl. Cho tam gidc nhon ABC ndi tiép dudng tron (O) vdi AB < AC. Budng phén gidc cla

BAC cit (O) tai diém D khac A. Goi M la trung diém cGa AD va E la diém d8i xing véi D qua
tdm O. Gia s dudng tron ngoai ti€p tam gidc ABM cat doan thdng AC tai diém F khdc A.

1) Chiing minh rang tam gidc BDM va tam gidc BCF déng dang.

2) Ching minh rang EF vudng géc véi AC.

Lgi giai
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'10)

D
1) Ta c6 BDM = BCF (1) va BMA = BFA suy ra 180° - BMA = 180° - BFA hay BMD = BFC. (2)
Tur (1) va (2) suy ra ABDMe>ABCF (g.9).

2) TU AD la phén giac BAC suyra DB=DC. v
Vay DE vudng géc véi BC tai trung diém N cta BC.

Theo ching minh trén, ta c6 ABDM« ABCF = DM _ @
CF BC
Viy ta c6 bién déi sau 22 -20M _28D _CD _DE (3)
CF CF BC CN CE

Ta laicé ADE = FCE. (4)
Tir (3) va (4), suy ra AEAD AEFC = EFC = EAD = 90°.

Vay EF 1 AC.
Cau IV. Gid s a, b, ¢, d 1a céc s6 thuc dudng thda man diéu kién abc +bcd + cda+dab =1. Tim

gid tri nhé nhat cla biéu thic P = 4(a3 +b? +c3)+9d3.

Lai giai

V@i a la s6 thuc duong ta cé
@ @ b®* _dab d*®* b? ¢ _dbc & ¢ a’ _dca a*+b*+c® _ abc
' > P — > —+ + > ; > .
3 3a¢® 3¢ & 3 3a° 3¢ & 3 3¢ 3¢ & 3a’ a’

Cdng vé véi vé 4 bat dang thuc trén ta thu dugc

3a® 3a’ a’
3 +312 :gc>2+a:%a3<:>4a3—3a:6.
o o

3
Chon 04:l x+l , ta duocl x+l —E x+l =0
’ p X T2 X 2 X

@1()(3 +ij+§[x+lj—g(x+lj:6©x6 —-12x3+1=0.

2 x> 2 X X

d3+( 2 + 1 J(a3+b3+c3)2i(abc+bcd+cda+dab).

Tatim a >0 sao cho
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Ta c6 nghiém dudng 13 x =36 ++/35, x =36 -+/35 = a =

Vdéi a xdc dinh nhu trén ta thu dudc d® +g(a3 +b? +c3) >

9 36
2

%(3/6+\/£+%/6—\/£j.

1
aZ

c>9d3+4(a3+b3+c3)2

“ 3/6+x/£+3/6
(

_@)2'

1

Dang thuc xay ra khi a:b:c:i/ ¢ ;dzi/
a+3

VAy gid tri nho nhat clda P 13 36

a®+3a®

3/6+\/£+3/6—
[
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

X +y =14y —x+xy

Cau l. 1) Gidi hé phuadng trinh
Xy +y—x=7

2) Gidi phudng trinh x+ 3 ++41-x* =3vx+1 ++/1-x.
Li gidi
1) Céng vé& vdi V& cua hai phudng trinh, ta dugc x° +y® +6xy =8

<:>x3+y3+(—2)3—3xy(—2)=0<:>(x+y—2)(x2+y2+4—xy+2x+2y)=0.

Ta cé x* +y? +(—2)2 > xy+(—2y)+(—2x).D§ng thdc xay ra khi va chi khi x=y =-2.
Suyra x*+y? +4—-xy+2x+2y=0 < x=y =-2 (loai Vi khéng thod man 7xy +y-x=7).
_x:yzl

=2 _
Do d6 xTy =ik
Ixy+y—x=7

Vay hé phuadng trinh cé hai nghiém Ia (x;y) € {(11)(;;}}

2) Diéu kién —1 <x<1.

Tacd x+3+41-x2 =3Jx+1 +41-x

<:>2+(\/x+1)2+\/1—x2 —Jx+1+vV1-x+2vx+1

<:>(\/x+1+\/1—x)+2x/x+1 :2+\/x+1(\/x+1 +\/1—x)
<:>(\/x+1 +\/1—x—2)(\/x+1—1)=0.
Trudng hop 1: Vx+1+V1-x=2=2+2J1-x* =4 o VJ1-x* =1 < x=0.

Trung hdp 2: Vx+1-1=0<+Vx+1=1< x=0.
Vay tap nghiém clha phuong trinh la S = {O}

Cau Il. 1) Tim céc cap s6 nguyén (x;y) théa man 5x* +8y* =20412.
2) Vi (x;y) la céc s6 thuc dudng théa man x+y <1, tim gid tri nhd nhat cha biéu thic

P= [l+lj.\/1+x2y2.

Xy
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Lai giai
1) Nhan xét: Néu a, b |3 cdc s6 nguyén thda man a’ +b*:3 thi a, b:3.
That vay, vi @ =0 hodc 1 (mod 3); b>=0 hodc 1 (mod 3).

a°=0 (mod 3)

b2 20 (mod 3)<:> a, b:3.

Do d6 dé a’ +b* =0 (mod 3) thi {

Tacé 5x% +8y? =20412 < (6><2 +9y2)—(x2 +y2) =28.9°
X =3x,

y =3y,
Thay vao phudng trinh ta dugdc 5.9x7 +8.9y? = 28.9° < bx’ + 8y’ =28.9%

:>x2+y250(mod3):>x,y53:>{ Vvéi x,,y, €Z.

A A Z Xl = 3X2 %
Lap luan tudng tu, ta cé VGi x,, Y, € Z.
Y, = 3V2
Thay vao phudng trinh ta dudc 5.9x2 +8.9y3 = 28.9° < 5x2 +8y2 = 28.9.
A A Z X2 = 3x3 4
Lap luan tuong ty, ta cé Vi X, Y, € Z.
Y, =3y,

Thay vao phudng trinh ta dudc 5.9x2 +8.9y? = 28.9 & 5x? + 8y? = 28.
Suyra y? S§<22 =y’ e{O;l}.

Néu yi =0=x3 :2—58 (loai).

x =154
y =427
Vay phudng trinh da cho cé 4 nghiém nguyén la (x;y) € {(—54;—27);(—54;27);(54;—27);(54;27)}.

Né&u y§:1:>x§:4<:>{

2) Tacd PZ%.\/1+x2y2 =2 xy+i.
Xy X

y

2
Pat t=xy < Y sl.
i 2 4

Ta thu dudc gz\/t+%=\/16t+%—15t ZJZJE—%:gSPZ\/E.

D3u " =" xay ra khi va chi khi x=y =%.

Vay GTNN clia P bing /17 khi x=y =%.

Cau lIl. Cho tam gidc nhon ABC ndi tiép dudng tron (O) ¢ truc tdm H. Goi P 1a diém nam trén
dugng tron ngoai ti€p tam gidc HBC (P khdc B, C va H) va nam trong tam gidc ABC. PB cit
(O) tai M khdc B, PC cat (O) tai N khdc C. BM cit AC tai E, CN c3t AB tai F. Budng tron
ngoai tiép tam gidc AME va dudng tron ngoai ti€p tam gidc ANF cat nhau tai Q khac A.

1) Chiing minh rang ba diém M, N, Q thdng hang.
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2) Gid sir AP 13 phan gidc MAN. Ching minh rang khi dé PQ di qua trung diém cda BC.
Lgi giai

e e WS O .

M3t khdc ti cdc t gidc AQFN, AQEM néi tiép ta c6 MQN = MQA + NQA = MEA + NFA = 180°.
Vay 3 diém M, N, Q thang hang.

2) Ta c6 cdc gdc ndi tiép bang nhau A/F\Q = A/NT) — ANM = ABM suy ra FQ//BE.

Tuong tu EQ//CF.

TU d6 t gidc EQFP 1a hinh binh hanh

— e~ e~

— QAN = QFP = QEP = QAM hay AQ I3 phan gidc MAN.
Néu AP la phéan gidc MAN thi A, P, Q th3ng hang.

—_—

Tir @6 néu PQ giao BC tai K thi KAC = QAC = QME = NMB = PCK.

Vay AAKC «» ACKP = KC? = KP.KA.

Tudng tu, ta chiing minh dudc KB? = KP.KA.

Suy ra KB=KC hay K la trung diém BC. Tl dé, ta c6 diéu phai chiing minh.

Cau IV. Gid s day s6 thuc cé thif ty x, < x, <...<x,,, thda man cdc diéu kién x, + X, +...+X,o, =0
2013

va ‘xl‘+‘x2‘+...+‘xlgz‘ =2013. Ching minh rang x,,, —x, > 96

Lai giai
Giast k lachisdma x, <x,<.<x <0<x_, <..<X,,.
’ oA - _ pY + _
Ky hiéu S™ =x, +x, +..+x,va S =x_, +X_, +...+ X,
“+S7=0 2013

Theo bai ra, ta cd S =S =-S5 ="
S'—-S =2013 2

Do x, <x, <..< Xy, suyra S >kx,, S' <(192-k)x,g,
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s s S* S*
=>X <{—=—=-X, 22— X, ., > ———
YTk k LT kT2 T 192k
s+ s 2013 2013 2013.192
= Xigy =X, 2 +—= + = .
192-k  k 2(192-k) 2k 2k(192-k)
2
192 —k)+k 2
Ta c6 2k(192-k) <2 ( Jok | 192 = xy, - x, 2 2013192 2013
2 2 1922 96
£ 0n " 2 H 2013 2013
Dau "=" xay ra khi x, =x, =...= Xy, :—19—2 Va Xy, = Xgg = .o = Xy, =19—2
-------------------------------- [
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Gidi phudng trinh (\/1+x +\/1—x)(2+2 1—x2)= 8.

x> —xy+y’ =1
2

2) Gidi hé phuadng trinh )
x> +xy+2y* =4
Lgi giai

1) Diéu kién: -1 <x<1.

Ta cé (\/1+x+\/1—x)2 —2+241-%2.
Do d6 phuadng trinh da cho tuang dudng vdi (\/1+x+\/1—x)3 =8 Vl+x+41l-x=2
S2+201-xX =4 oV1-xX =1 X :O<:>x:Oe[—1,1].

Vay phuadng trinh da cho cé nghiém duy nhat x=0.
2) TU hé phuang trinh, ta cé:

4(x2 —xy+y2) =x*+xy+2y* ©3x* -bxy+3y* =0 (x—y)(3x—2y)= 0.
Véi x—y =0 hay x =y, thay vao phugng trinh th nhat ctia hé phugng trinh ta cé

XX =x+x* =1 x=+1.
VGEi 3x—2y =0 hay y = %x , thay vao phuadng trinh thd nhat cla hé phuong trinh ta cd:
3 9 2 3
XX —=x+=x'=lox=t-——>y=1t—.
2" "4 N

Vay hé phuadng trinh cé 4 nghiém la: (x;y) € {(1;1);(—1;—1){1;1}(— 2 —iJ}

V77

Cau ll. 1) Gid st x, v, z la ba s8 dudng thda man diéu kién x+y +z = xyz.

2y 35 xyz(5x + 4y +32)

Chdng minh rang: — +1+y2 +1+ZZ (x+y)(y+z)(2+><).

2) Tim nghiém nguyén ctia phudng trinh: x’y? (x + y) +X+y+3+xy.
L3 gidi
l 1

,b:l,c:—.
X y z

1) bat a=

TU gid thiét ta cd ab+bc+ca=1.
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2b 3c 5bc +4ca+3ab

Do d3d, ddng thuc can ching minh tusng dudng vai: + +
9 9 9 g 1+a’> 1+b%* 1+c (a+b)(b+c)(c+a)

- a N 2b N 3c _ bbc+4ca+3ab
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) (a+b)(b+c)(c+a)

& a(b + c) + 2b(c + a)+ 3c(a + b)5bc +4ca+3ab (luén ding)

Vay dang thidc dudc chiing minh.

v+3

2) Bit u=x+vy, v=xy phudng trinh da cho trd thanh: viu+u=3+v <o u= R
ve+

Dox;yeZ nénuveZ suyra v’+1 laudccla v+3=v>+1 laudccla v -9 =V’ +1 |a udc
cla v’ +1-10= v’ +1 I3 udc cta 10.

Lan lugt xét cdc udc nguyén cta 10 dé xdc dinh v, u rdi tim nghiém nguyén dudng x, y tuong (ng,
th lai v8i phudng trinh ban dau.

Vay phuadng trinh cé ba nghiém nguyén duadng la: (x;y) € {(0;3);(3;0);(1;1)}.

Cau lll. Cho tam gidgc ABC nhon véi AB<BC. Goi D la diém thudc canh BC sao cho AD la phan
gidc cla BAC. Dudng thing qua C song song vdi AD cat trung truc cla AC tai E. BDudng thing
gua B song song vdi AD c3t trung truc cla AB tai F.

1) Chiing minh tam gidc ABF déng dang vdi tam gidc ACE.

2) Chiing minh rang cdc dudng thang BE, CF, AD déng quy tai mét diém, goi diém dé la G.

3) Dudng thang qua G song song véi AE cat dudng thdng BF tai Q. BDudng thang QE c3at dudng
tron ngoai ti€p tam gidc GEC tai P khdc E. Chdng minh rang cédc diém A, P, G, Q, F cung thudc
mot dudng tron.

L&i giai

1) Ta c6 AABF va AACE déng dang do ching lan lugt cén tai F, E va FBA =BAD =DAC =ECA.
2) Goi G |a giao diém cda BE va CF.

Ta cé: GF _BF _AB %:DG//BF.

"GC CE AC DC
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Mat khdc DA//BF suyra A, D, G thang hang, suy ra diéu phai chiing minh.

— — e~ — e~~~

3) Ta cé BQG = QGA = GAE = GAC + CAE = GAB + BAF = GAF suy ra AGQF la td gidc ndi tiép.

M3t khdc QPG = GCE = GFQ nén QGPF I3 td gidc nbi tiép.
Cau IV. Gid s a, b, ¢ 1a cdc s6 thuc duong théa man dang thdc ab +bc +ca=1.
Ching minh ring 2abc(a +b+c) £g+a4b2 +b*c? + c*a’.
L&i giai
Ap dung BDT Cauchy ta cé:
a‘b? +labc2 +lca > a’bc;
3 9
4 2 1 2 1 2
b*c® + =bca® + —ab > b“cg;
3 9
c*a? Jrlcab2 + lbc > c?ab.
3 9
Cdng theo tung vé cha ba BDT trén thay ab + bc + ca = 1 vao va rit gon ta dugc:

zabc(a+b+c) <a'b? +bic? +cta? 4+ 1. (1)
3 9

Tacé abc(a+b+c) =ab.ca+bc.ab+ca.bc sl(ab+bc+ca)2 =1:>£abc(a+b+c)si.
3 3 3 9

Cdng theo tung V& (1) va (2) ta cé dpcm.

J3

D3ng thic xay ra Qa:b:c:?.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2 4 4
Caul. 1) Gia sif x, y 3 nhilng s6 thuc dudng théa man: —Y—+—2Y_, 4 . 8" _,

Chdng minh rang: by = 4x.

2% —3y? +xy =12
2) Gidi hé phuong trnh <% ~> TXY .
6x+x’y =12+ 6y + y°x

Li gidi

1) Dé thay dang thic sau ding véi Va=+b.
b b _-w b _ b 2w
a+b a-b 2_p?’ Y ab a2 —p?

Do dd dang thic da cho tuong duong vdi

2 2 4 4 8

y 2y y 2y y 2y 8y” _
x—y_x2—2+2 2 2 4_4+4 4 4 8 8 _8_4
y -y x-y Aoy o x 7Yy X -y
. =4 & y=4x—4y < 5y =4x, diéu phai chling minh.
X—=y

(x—y)(2x+3y)=12

2) Hé d3 cho tuong dud i .
) He da cho tdng dudng v I{6(x—y)+xy(x—y):12

x—y=0 .
Suyra (x—vy)(2x+3y)=(x—y)(6 = loai).
Y (x y)(x y> (x }/)( +xy) 2x+3y:6+xy.( )
x=3
Tacé 2x+3y=(6 &(x-3)(y—2)=0«< .
w+3y=(6+my)e(x-3)y-2)=0s
+ V@i x =3, thay vao phuong trinh d4u cla hé ta cé
=-1
18- 312 +3y=12c|"
y=2
+ V4i y=2, thay vao phudng trinh dau cta hé ta ¢
2 x:?)
2x°4+2x—-12=12 & .
x=—4

Vay hé cé nghiém (x; v)=(3; -1),(3;2), (4 2).

Cau ll. 1) Cho x, y 1a nhitng s8 nguyén I18n han 1 sao cho 4x’y? —7x+ 7y |a s6 chinh phudng.
Chidng minh rang: x = .

2) Gid st x, y |a nhitng s6 thuc khdng 4m thda man: x* +y* + xy = x* + y2. Tim gid tri I6n nhat va
1++/x N 2+4/x

2+\/; 1+\/;'

nhod nhat cla biéu thic: P =

L&i gidi
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1) Do x; y la céc s6 nguyén I6n hdn 1 nén x; y>2
= —dxy+1<-7x+7y<4xy+1

= 4x2y2 —dxy+1< 4x2y2 —7x+7y< 4x2y2 +4xy+1
= (2xy—1)2 < 4x2y2 —7x+7y< (ny +1)2.
Ma 4x*y* —7x+7y la s6 chinh phuong va 1<2xy—1<2xy+1;
nén ta cé 4x%y? —7x+7y:(2xy)2 & x =y, diéu phai chiing minh.
2) Tacd ¥ +y° =x* +y* —xy
<:>(x+y)(x2+y2—xy):x2+y2—xy @(x+y—1)(x2+y2—xy):0

x=y=
x+y=1"

x2+y2—xy:0
x+y—-1=0

= =

+V&x=y:0:P:§.

+V3éi x+y=1=0<x; y<1,

1 1 2 1 How_n 2 V3 i i
suyra P< YL 28Vl s e chikhi x= 1 y—0.
2440 1+40
1 2 4 2ok n 2 v i i
pu 0 2430 4ol hiva chi khi x=0; y=1.
2441 1441 3

Vay P,

m:4©xzkyzovéﬂmn:§®x:&y:1

Cau lll. Cho tam gidc ABC ndi ti€p dudng tron (O) va diém P nam trong tam gidc thda man

PB =PC. D Ia diém thuéc canh BC (D khdc B va D khdc C) sao cho P nam trong dudng tron
ngoai tiép tam gidc DAB va dudng tron ngoai ti€p tam gidc DAC. Dudng thidng PB cat dudng
tron ngoai ti€p tam gidc DAB tai E khdc B. Budng thdng PC cat dudng tron ngoai ti€p tam gidc
DAC tai F khac C.

1) Chidng minh rang bén diém A, E, P, F cung thuéc mot dudng tron.

2) Gia s dusng thang AD c&t dudng tron (O) tai Q khdc A, dudng thang AF cat dudng thang
QC tai L. Ching minh rang tam gidc ABE déng dang vdi tam gidc CLF.

3) Goi K |a giao diém cla dudng thang AE va dudng thang QB.

— e~ -

Chidng minh rang: QKL +PAB = QLK +PAC.
Lgi giai
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1) Ta cé AFC + AEB = ADC + ADB =180° suy ra t gidc AEPF ndi tiép.
2) Ti t& gidc AEPF ndi tiép, suy ra AEB=LEC (1).

Ta lai c6 FCL=FCB + BCL = PBC + BAQ = DAE + BAQ = BAE (2).
TU (1) va (2), suy ra AFCL»AEAB.

3) Tu AFCL <> AEAB, suy ra %=% hay FL.EA=FC.EB (3).
Chung minh tuong tu EK.FA=FC.EB (4).
TU (3) va (4), suy ra FLEEA=EKFA hay %=% suy ra EF//KL.

—_—

Ta lai cd QLK=ALK—-ALQ= AFE— ABE= APE— ABE=PAB.

Tuong tu ta cé (5154:13/14? :

Suy ra §\KL+@:§L\K+I7AE.

Cau IV. Cho tdp hgp A gbém 31 phan tir va ddy gém m tdp hgp cla A thda man déng thai céc
diéu kién sau:

i) Mdi tap hgp thubc day cé it nhat hai phan tu.

ii) Néu hai tap hdp thudc day cé chung nhau it nhat hai phan t thi s6 phan ti cta hai tip hgp nay
khdc nhau.

Ching minh rdng: m<900.

Li giai

TU gid thiét dé thdy m tap con thudc day la phan biét.

e A ? Y ~ A /7 4 A ? 2 \ 31'30
Vi A ¢c6 31 phan t&r nén s6 tap con cé ding 2 phantd cda A Ia

- Ky hiéu a, (2<k<31)

la s6 cac tap co dung k phan tu, ndm trong day da cho, suy ra m=a, +a, +...+a,,.
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kik—-1
Xét mdt tAp hgp cb k phan t suy ra s6 cdc tap con c6 2 phan tl cta tip dé |1a ( > )

k.(k—1)

=a, tap nay sé cd a,. tdp con 2 phan tl. Ma theo gid thiét véi 2 phan tir bat ky cda A thi

ching khéng thé dong thai thubc 2 tdp cd k phan ti cha day
= C4c tdp con 2 phan ti néi trén la phan biét.

k(k_l)ak < 31-30 =a; §31.30.;
2 2 k(k—1)

11 1
S, 4y 4ty <3130 — 4 — 4 b ——
20 31— [1.2 2.3 30.31]

Suy ra

1.1 1 1 1
S m<3130[1 -2 b |.
" [ 272 3 a0 31]

Vay m<99 (diéu phai chitng minh).
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
Cau l. 1) Gid st a; b 1a hai s6 thuc phan biét thda man a* +3a=b” +3b=2.
a) Chiing minh rang a+b = -3.
b) Ching minh ring a® +b® = —45.

N . 2x + 3y =bxy

2) Gidi hé phudng trinh ., -
4x° +y* =bxy

Lgi gidi
1) Gid st a; b 13 hai sé thuc phan biét théa man.

2

=2 —b=

a) | o =0 b +3(a—b)=0 & (a—b)(a+b)+3(a—b)=0 & (a-b)(a+b+3)=0 | =00

b +3a=2 a+b=-3

b) V&i a+b=-3 = (a+b)’ =27 & a +b° +3ab(a+b) =27 & a> + b’ —9ab=—27
@az+3a+b2+3b:4©(a+b)2—2ab+3(¢1+b):4@ab:—2.

Viy @’ +b° =—45.

2) Tathay x—y =0 la nghiém cla phuadng trinh.

Néu y =0, nhan hai vé cla phuadng trinh véi v, ta dugc

2 3y* = 5xy” 2x+3y=>5x 2x+3y=5 2x+3y=5
{xy+y xy(:){ y y(:){x y =5xy @[" y=5xy

4+t =5y’ (40 4y =5xy’ (27 —ay—yt =0 |4+t =5y

2x + 3y = 5xy
Sx=y=1
2x+3y =5xy 2x+3y =5xy (x—y):0
= = .
(x—y)(Zx—l—y):O (x—y)(2x+y):0 2x + 3y =5xy ) _4
(2x+y)=0 ~ 75V s

Cau Il. 1) Tim céc s6é nguyén (x;y) khéng nhé han 2 sao cho xy —1 chia hét cho (x—l)(y—l).
2) V3i x; vy la nhitng s8 thuc thda man d3ng thic x’y” +2y +1 =0. Tim gid tri I6n nhat va nhd nhat

xy
3y+1°

cla biéu thic P =
L&i gidi

1) Tacd xy—1i(x—1)(y—1),suyra xy—Lixy+1—x—y.

Ma xy+1—x—y§xy+1—x—y:>(x—1)+(y—1)E(x—l)(y—l).

Suyra x—1:y—1vay—1ix—1,nén x=y

xz—li(x—l)2 tacéd x+1:x—1,suyra2:x—1,nén x=2 hoac x=3.

2) Tacé x2y2+2y+1=0@2y:—x2y2_1@y:L1
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xy xy 2 2
P= = & 3Px"y" +2xy+P=0.
3(—x2y2 —1)—1—2 (—3x2y2 —1) / Y
Tacéd A=4-12P°.

1 1
Phudng trinh cé nghiém khi A>0 < 4-12P> >0 —1<+3P<1& ~<P<-—=P<-—
Rt R

Vay MaxP=£<:>x=—% va y:—z.
3 21 6

Cau lIl. Cho tam gidc nhon ABC khéng can c6 tdm dudng tron ndi tiép la diém |. Dudng thang Al

c3t BC tai D. Goi E, F 1an lugt |a cdc diém d6i xiing ctia D qua IC, IB.

1) Chiing minh rang EF song song véi BC.

2) Goi M, N, J 1an lugt |a trung diém cdc doan thang DE, DF, EF. Budng tron ngoai ti€p tam gidc

AEM c3t dudng tron ngoai ti€p tam gidc AFN tai P khdc A. Chdng minh rang bén diém M, N, P,

J cung nam trén mét dudng tron.

3) Chiing minh rang ba diém A, J, P thang hang.

L&i gii

C

1) Tacd AD la phan giac :@:ﬁ ma ABED; ACDF la tam gidc can:>§:£ = BC|| FE.
DC CF AC

AC
2) Ta 6 BC||EF = EFD = EDB=BED.
M3 APM =180° — AEM = BED = APM = DEF .

—_—
—_—

—_—

3) Taco APM = DEF v3 JPM = JNM = JEM = JPM = APM , suy ra 3 diém A; P; ] thang hang.
Cau IV.

1) Cho bang 6 vudng 2015x2015. Ki hiéu 6 (i;j) la 6 & hang thu i, 11316 [10
cot th j. Ta viét cdc s6 nguyén duong tu 1 dén 2015 vao céc 6 cla

bang theo quy tic sau: 21519

i) S6 1 dugc viét vao 6 (1;1). 4|8

i) Néu s6 k dudc viét vao 6 (i;j) (i > 1) thi s6 k+1 dudc viét vao 6 7

(i-1j+1).

iii) NEu s8 k dugc viét vao 6 (l;j) thi s6 k+1 dudc viét vao 6 (j+1;1) Hinh 1

(xem hinh 1).
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Khi d4 s6 2015 dugc viét vao 6 (m;n).

Hay xac dinh m va n.

2) Gid s( a, b, ¢ 1a céc s6 thuc duong théa man ab +bc +ca+abc < 4.

Ching minh rdng a’ +b*+c*+a+b+c> 2(ab+bc+ca).

Lgi giai

1) Theo dé bai, cdc sd nguyén dudng dudc sap xép theo tirng hang chéo cla bang: Hang chéo thd

nhat ¢ 1 s6, hang chéo th( hai cé 2 s6.......
k(k—1 k(k+1) —144 J
( )< < ( ) 1+ 1+8x<k<1+ 1+8x

-2

—1++1+48x
2

Gid sir s x nam & hang chéo thd k thi ta cé:

=k=

—1+1+82015| _

2 | B

Ap dung x=2015 ta cé k_I

Sé dau tién 8 hang chéo tht k=63 |a @+1:1954.
Nhu vay s6 2015 ndm & vi tri th 20151954 +1=62 cla hang chéo thd 63 (vi tri dp chdét).
Toa db ciand la (2,62) )
2) Ap dung bt ddng thdc Cosi cho 4 s6 ta cé
4> abc + ab+ be + ac > 420 = 1>abc = a+ b+ ¢ > 33abe > 3/a?v?c? .
BDT tudng duong a* +b* +¢* +3W22(czb+bc+ac) (1).
Pat I = =y VP =z (xy;2>0) e 4y +2° +3xy222\/x3y3 NG —I—Z\/zsy3 .
Ap dung bat dang thic Schur bac 3: x* +y° +2° +3xyz > xy(x +y) + yz(y + z) + xz(x + 2)

sx(x+y)(x—z)+y(y—x)(y—z)+z(z—x)(z—y) >0 véi moi s& thuc khdng am x; y; z .
Chdng minh bat dang thdc trén nhu sau:

Do vai trd x; y; z nhu nhau, gid s x>y >z =z(z—x)(z—y) >0.

Taxét x(x—z)—y(y—z)=x"—xz+yz—y’ =(x—y)(x+y—2) >0
éx(x—z)(x—y)—y(y—z)(x—y)20@x(x—z)(x—y)+y(y—z)(y—x)20

= x(x—y)(x—z)+y(y—x)(y—2)+z(z—x)(z—y) >0 (diéu phai chiing minh).

Tacd X +y° +2° + 3wz >xy(x+y)+ yz(y + z) + xz(x + 2) 22\/x3y3 NS +2\/23y3 .

D&u " =" xay ra khi 5
x=1y;z2=0

=a=b=c=1.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
Caul. 1) Véi a, b, c 1a céc s6 thda man
(3a+3b+3c) =24+ (3a+b—c) +(3b+c-a) +(3c+a-b) .

Ching minh rang (a+2b)(b+2c)(c+2a) =1.

N . 2X+2y+xy =5
2) Giai hé phuadng trinh 3 3 ) .
27(x+y)+y +7 =26x" +27x" +9x
Lgi gidi
3a+b—c=x
1) Dat 3b+c—a=y.
3c+a—-b=z

Tacé (3a+3b+3c)3 :24+(3a+b—c)3+(3b+c—u)3+(3c+a—b)3 @(x—i—y—i—z)s =24+ +y +72°
<:>(x+y+z)3 :244—(x—i—y—i—z)3 —3(x+y)(y+z)(x+z) @24—3(x+y)(y+z)(x—l—z)20
& 24 —3(2a+4b)(2b+ac)(2c +4a) =0 < 24 —24(a+2b)(b+ 2c)(c +2a) =0 < (a+2b)(b+2c)(c+2a) =1.

242y +xy=5 {(x+2)(y+2)—9

2 Tace 27(x+y)+y  +7=26x" +272" +9x 7 |27(x 4 y) 4y +7 = 262° +27x> +9x
Sy +x° +74+3(x+y)(x+2)(y +2)=27x" +27x° +9x
S+ +8+3xy(x+y)+12(x +y)+6(x+y) =(3x+1)

S(x+y+2) =(Bx+1) > x+y+2=3x+1

x=1=y=1
ovst-zesteoatieosof 0

Vay hé phudng trinh cé nghiém 13 (x; y)=(1 1), [—%; —8].

Caull. 1) Tim sé tu nhién n d€ n+5 va n+30 la s chinh phudng (s6 chinh phuang la binh phudng
clia mot s6 nguyén).

2) Tim (x;y) nguyén thda man dang thic 1+ \/m = \/;+\/;

3) Gid st x; y; z la cdc s6 thuc 18n hon 2. Tim gid tri nhé nhat cha biéu thic:

X y z

P= .
\/y+z—4 +\/z+x—4 +\/x+y—4

L&i gii
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n+5=x2

1) bat
n+30=y>

(xyeN) ey —x =25 (y—x)(y+x)=125 Vi x,y e N".

‘ A —x=1 =1
LaiCOy—x<y+xnen{y * @{y X

y+x=25 x=12"
Thay vao ta tinh dugc n=139 thod man.

2) Ta thay 1+\/x+y+3:\/;+\/§ va X,y e N= x, y la s6 chinh phusng = /x+y + 3; \/;;\/;eN.
Dat \/_=a,\/;=b, \/x+y+3=c(a, b,CEN)

a+b=c+1 b 1
a+o=c+
- x+y—a2+b2:>{z sy 3:>(a+b—1)2—a2—b2:3 = 20+2b+—2ab=-3
cc—a —b" =
x+y+3=c

4
9

a=2 |[x
e(a-1)(b-1)=2 = EEJEZ

Cau lll. Cho tam gidc ABC nhon khéng can véi AB< AC. Goi M I3 trung diém cla doan thang

BC. Goi H la hinh chiéu vuéng géc cGa B trén doan AM. Trén tia ddi cGa tia AM |4y diém N sao
cho AN =2MH.

1) Chdng minh rang BN = AC.

2) Goi Q la diém ddi xiing véi A qua N.Dudng thdng AC cat BQ tai D. Chiing minh rang bén
diém B, D, N, C cung thudc mdt dudng tron,goi dusng tron nay |a (O)

3) Budng tron ngoai tiép tam gidc AQD cat (O) tai G va D. Ching minh rang NG song song
véi BC.

L&i giai
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1) Goi P la diém ddi xing cla A qua M

= HP = HM + MB=2HM + AH = HN

= H |a trung diém cha NP .

Ma BH L NP, suy ra tam gidc APNB can tai B= BN =BP.

M3c khdc lai ¢ M Ia trung diém cla BC; AP . Do dé td gidc ACPB la hinh binh hanh, suy ra
AC=BP= AC=BN.

2) Do t gidc ACPB la hinh binh hanh, suy ra PAC = APB.

Ma tam gidc APBN céan tai B — APB= ANB = ANB = PAC

= CAN = BNQ

Tacé AC=NB; NQ= AN

=ABNQ —ACAN = NBD = NCD = N; B; C; D clng thudéc mot dusng tron C; G la giao diém(DQG) vdi
(DBC), suy ra CAG=DBQG.

3)Tacé@:@.
Ma GBQ=GCA =aGBQoaGCA = 24 68 . &4 _ 69,
ACT QB  NB NC

v3 BNC = BDC = AGQ =ANBC »AGAQ ;

= GQA=NCB= NCB=GDC=GC=NB=NG||BC.

Cau IV. Ky hiéu S a3 tdp hdp gém 2015 diém phan biét trén mdt mat phang. Gia s tat ca cac
diém cla S khdng cung nam trén mét dudng thang. Chiing minh rang cd it nhat 2015 dudng
thang phén biét ma mdi dudng thang di qua it nhat hai diém cda S.

Li giai

Gid s trén mat phdng cé n diém thdng hang thi tén tai mét dudng thang.

Theo bai ra cdc diém da cho khéng cung nam trén mot dudng thang nén tén tai it nhat mét diém
khéng cling nam trén dudng thang dé ndi diém dé véi n—1 diém da cho ta dugc n—1 dudng thang
véi dudng thang di qua n—1 diém ta dudc n dudng thang, thay n=2015 thi ton tai it nhat 2015
dudng thang.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

x*+y? +xy(x+y)=4
(xy+1)(x2 +y2):4

2) Giai phuong trinh \7x+2 —/5—-x = 8"5‘3.

Cau l. 1) Gidi hé phuadng trinh {

Lgi giai
1) Hé phuang trinh d3 cho 1a hé phudng trinh déi xing dang 1, do dd ta cé thé s dung phép dat
an phu S =x+y;P =xy. Tuy nhién dé don gidn hda ta can bién déi hé phuong trinh trudc.Bién ddi
tudng dudng hé phuadng trinh ta dugc
v exy(xey)=4 [(ery) “Bylxey)eylxey) =4
(xy+ 1)(><2 + yz) 4 (xv +1)[(x+ y)2 —2xy} =4
(X+V)3—2XV(X+Y)=4 (x+y)3—2xy(x+y):4
& 5 & ,
(xy+1)[(x+y) —2xy}=4 (xy+l)(x+y) —2xy(xy+1):4
Dén day ta cd thé st dung phép dat n phu, tuy nhién dé y dén vé phai hai phuong trinh ta |y
hiéu theo vé cla hai phudng trinh clia hé thi dudc
(x + y)3 —2xy(x + y) = (xy + 1)(x + y)2 —2xy(xy + 1)
<:>(x+y)z(x+y—xy—1)—2xy(x+y—xy—1): 0

<:>(x+y—xy—1)[(x+y)2—ZXV}:O

- X+y—-xy—-1=0 - (><—1)(y—1):0<:> xii - x=Ly=1
(x+y)2—2xy=0 x> +y”>=0 Z;y:O x=y=0

Thay vao hé phuadng trinh da cho ta dudc (x;y) = (1;1) la nghiém cla hé.

2) Diéu kién xac dinh cha phuong trinh I3 _72 <x<5.

Dat V7x+2 =a;4/5-x =b(a20;b20) .Khi dé tacé a* —b* =8x-3.

Nhu vy phuong trinh da cho dudc viét lai thanh
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22 -b
a—b=a b <:>(a—b) 1_a+b =0 @
5 5 a+b=5

+ V4i a =b ta co phuang trinh J7x+2 =/5-x :x:g

+V4i a+b =5 ta cé phudng trinh J7x+2+5-x=5 hay ta dudc

7x+2+5-x+2V7x+2V5-x =25 < +33x—-7x* +10 =9-3x
{9—3x20 <3

= X = 5 =S x=1
33x - 7x +10=(9—3x) 16x> -87x+71=0

K&t hdp vdi diéu kién xdc dinh ta dudc tdp nghiém cda phucng trinh 13 S = {%;l}

Cau Il. 1) Tim t4t ca céc gid tri cla m sao cho ton tai cap s6 nguyén (x;y) thda man hé phuadng
- {2 +mxy” =3m .

2+m(x2 +y2) =6m
2) V4i x, y 1a nhitng s6 thuc thda man cdc diéu kién 0 <x <y <2; 2x+y > 2xy.
Tim gid tri 18n nhat cda biéu thic P = x? (x2 + 1) +y° (y2 +1).
Lgi giai
1) L&y hiéu theo vé& hai phudng trinh clia hé ta dugc m(xy2 -x* —yz) =-3m.
+ Néu m =0, ta thdy hé phuong trinh vé nghiém.
+ Néu m =0, khi d4 tir phuong trinh ta dugc

xy’—x' -y’ =-3& yz(x—l)—(x2 —1)=—2
SN (y2 —x—l)(x—1)=—2 <:>(y2 —x—l)(l—x)=2

Do (x;y) nhén xdac gia tri nguyén nén ta xét cdc truéng hdp sau

1-x=1 x=0

+ Trudng hop 1. Véi ¢ | S , hé phuong trinh khdng cé nghiém nguyén.
y —x-1=2 y-=3

. o ll-x=-1 x=2 xX=2

+Trudng hgp . VGi 1 <9, =
y'—x-1=-2 y =1 y==1

+ Trudng hgp 1. V@i § | <9, =
y--x-1=1 y =1 y==1

1l-x=-2 x=3
+ Trudng hap 1. VGi { X 1- 1 <:>{ X , hé phudng trinh khdng cé nghiém nguyén.
y'—x-1=- y

Vay phudng trinh trén cé cdc nghiém nguyén Ia (x;y) = (—1;—1),(—1;1),(2;—1),(2;1).
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Thay céc nghiém trén vao hé phuadng trinh da cho ta tim dudc m = %;m =2 thda man.
N 1 2 ~ N ~ \ . z
Vay me 5;2 thoa man yéu cau bai toan.
N .2 o~ 1 2 4 ~ 2 ’ 2 2 1 2 7
2) Tu giad thiét 2x+y > 2xy ta dudc —+—=>2. Ap dung bat dang thdc a“ +b 2§(a+b) ta cé
Xy
y
2
Hoan toan tudng tu ta dudc i+1—2%(i+i >2= %2 Z—E.
XZ 4 2
Do O<x<y<2néntacd |1-— (y2—4)£0:>y2 <SA4x———.
y y

TU dé két hgp vdi iz >2 —iz ta dugc

x y
2 2
y2£4+x2—4>; :>x2+y2£4+2x2—4izz4+x2 Z—i2 §4+x2.i2:5
V4 y X
x* 16x*
Hoan toan tudng tu ta cling cé | 1-— (y4—16)£0:>y4£16+x“— —.
y y
Tu d6 két hgp vdéi % > 2—@ ta dugc
X Yy
4 4
v <164xt -2 oty <164 2x -1 =16+x4(2—§J316+x4.i4=17
y y X

Do vay P=x2(><2 +1)+y2(y2 +1)=x4 +y* +x*+y? <17 +5=22. Dau bing x4y ra khi va chi khi
x=1y=2.
Vay gid tri I6n nhat cia P 1a 22, dat dudc tai x =1,y =2.

Cau lIl. Cho tam gidc ABC nhon ndi tiép dudng tron (O) véi AB < AC. Phan gidc cla BAC cit
BC tai D va cat dudng tron (O) tai E khdc A. M la trung diém clia doan thang AD. Budng thang
BM c3t dudng tron (O) tai P khdc B. Gid s cdc dudng thdng EP va AC cat nhau tai N.

1) Chiing minh rang t& gidc APNM ndi tiép va N la trung diém cla doan thang AC.

2) Gia st dudng tron (K) ngoai tiép tam gidc EMN cat dusng thang AC tai Q khdc N. Chldng minh
rang B va Q déi xding nhau qua AE.

3) Gia st dudng tron (K) c3t dudng thdng BM tai M. Chiing minh rang RA vubng géc RC.

Lai giai

1) Chiing minh rang td gidc APNM néi ti€p va N la trung diém cta doan thang AC.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 85



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Do AE la phan giac ctia géc BAC nén ta c6 E I3 diém
chinh gilra cung BC.

Ti d6 ta dudc AMP = ANP nén t(f gidc AMNP néi
ti€p dudng tron.

Do d6 APM = ANM. Lai co APM = ACB nén suy ra
ANM = ACB.

TU dé dan dén MN dong song véi BC, ma M Ia trung

diém AD nén suy ra N la trung diém AC
2) Gid sr dudng tron (K) ngoai ti€p tam gidc EMN cat
dudng thang AC tai Q khdc N. Chidng minh Bva Q
ddi xiing nhau qua AE.
Khdéng mat tinh téng quét ta gid s&r Q nam gilra N va C(céc trusng hgp con lai chding minh tuong
tu).
Do t gidc EMNQ ndi tiép nén I\TETQ =m. M3 ta c6 MNA = ACB vi ACB = AEB nén ta suy ra
dugc KE\Q — AEB. Lai cd BAE = CAE v AE chung nén suy ra AABE = AACE.
Do d6 AB=AG va EB=EQ nén AE la dudng trung truc cdia BQ, suy ra Q va B déi xiting nhau qua
dudng thang AE.

3) Gia st dudng tron (K) c3t dudng thdng BM tai M. Chidng minh rang RA vudng géc RC

T gidc ERMN ndi ti€p dudng tron nén ta cé ENR = EMR = AMP.

Lai cé ENC = ANP = AMP nén ta dudc ERN =ENC.

— -

Ta c6 REN=PMN = PAN = PEC va REN = CEN
Két hdp vdi canh NE chung ta suy ra dugc AREN = ACEN

Suy ra RN=NC=NA nén RN = %AC, diéu nay dan dén tam gidc RAC vudng tai R hay ta dudc

RA vudng gdc véi RC.

Cau IV. S8 nguyén a dudc goi la sd “dep” néu véi moi cdch sap xép theo th tu tly y cha 100 sé
1,2, 3,..., 100 lubén tén tai 10 s6 hang lién tiép c6 téng I8n hon hodc bang a. Tim sé “dep” I8n
nhat.

L&i giai
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(1 + 100)100

Téng clha 100 s6 cha day sb la =5050. Chia 100 s6 thanh 10 bd s6 gébm 10 sé6 lién

tiép thi trung binh téng clia 10 bd s8 nay la 505. Khi d4 tén tai it nhat mét bd s8 ma téng 10 sé d6
I8n han hodc bang 505. Ta sé ching minh a I8n nhat chia cé thé bang 505 bang cédch cdch chon ra
vi du ma téng 10 sé lién ti€p bat ky nho hon hodc bang 505, khi d6 moi sé a I16n han 505 déu khéng
thda man.

Théat vay, xét cdch s3p xép sau 100,1,99,2,98,3,...,51,50 (chia thanh céc cdp cé téng bang
101, viét s6 18n ding trudc rdi xép céc cdp canh nhau theo th( tu gidm dan clda s6 16n han). Néu
10 s6 lién tiép gdm 5 cap s nhu vy thi tdng 10 s6 nay Ia 505. Néu khéng 10 s6 gdm s8 d4u nhd
han trong mot cap va két thic 13 s6 18n han trong mét cap khdc. Céc sd nay thudc sdu cdp khac
nhau 13 x,101 —x,x—1,102 - x,...,x—4,105-x va 10 s8 dudc chon |a cdc s6 dudc chon la céc sb
101-x dén x-5 (trong day trén ). D& thay t6ng 10 s4 lién tiép bat ky déu khéng vugt qud 505.
Vay a=505.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
x> +4y* =5
4x2 +8xy? +5x+10y =1

3
2) Gidi phudng trinh v/5x? + 6x + :6421x—+4x~
5x° +6x+6

Cau l. 1) Gidi hé phuadng trinh {

Lai giai
1) Bién ddi tusng duong hé phudng trinh ta cé

X2+4y2:5 (X+2y)2_4xy:5 (X+2y)2_4xy:5
N SN
4x* +8xy” +5x+10y =1

4xy(x+2y)+5(x+2y)=l (4xy+5)(x+2y)=1

Pat a=x+2y;b =4xy, khi d6 hé phuong trinh trén trd thanh

a’-b=5 b=a*-5 b=a’-5 b=a’-5 [b=-4
= 2 = 3 = 3 =
ab+5a=1 |a(a’-5)+5a=1 |a’-Ba+ba=1 |a’=1 a=1

x=-1y=1
N 7 7 N N x+2y=1
Tu d6 ta cé hé phudng trinh & 1.

Vay hé phuadng trinh da cho cé cac nghiém la (x;y) = (—1;1)(2;—%].

2) D& thay 5% +6x+5 >5x% + 6x +5 = 2x +2+3(><+1)2 >0 véi moi x. Do d6 diéu kién xac dinh

clia phuong trinh 1a x € R. Phuang trinh da cho dudc viét lai thanh
m<5x2+6x+5+1)=(4x)3+4x

Dat a=+5x?+6x+5;b= 4x(a > O). Khi d4 phuong trinh trén dudc viét lai thanh

a(a2+1)=b3+b<:>(a—b)(a2+ab+b2+1)=0c>a=b

TU d6 ta dudc V5x* +6x+5 = 4x, phudng trinh tudng ducng vdi

x>0 x>0
= Sx=1
5x? +6x+5=16x" 11x* -6x-5=0

Vay phuong trinh d3 cho cé nghiém duy nhatla x=1.
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, x2-1 y*-1
Cau ll. 1) VGi x, vy |a nhitng s6 nguyén thdéa man dang thuc > ="3

Ching minh x*> —y?:40.
2) Tim tat ca cdc cdp s6 nguyén (x;y) théa man ddng thic sau x* +2x* = y°.
Lgi giai

x(-1 y*-1

e~ Re .2 . _ 2_ _ 2_ 2_ 2 _
1) Bién d5i gia thiét =5 <:>3(x 1)_2(y 1)<:>3x 2y? =1

Vi s8 chinh phuang chia 5 du 0 hodc 1 hodc 4, ma 3x* —-2y? =1 nén x> va y? chia cho 5 cé cling
s6 du 1, tir d6 ta dugc x> —y?:5
Vi s8 chinh phudng chia 8 du 0 hodc 1 hodc 4, ma 3x? —2y* =1 nén x? va y? chia cho 8 ¢cé cling
s6 du 1, tir d6 ta dudc x> —y*:8
Do 5 va 8 nguyén t6 cung nhau nén ta dudc x* —y?:40
2
2)Tacd x* +2x* =y® < x* +2x2+1=y3+1<:>(x2+1) =(y+1)(y2 —y+1).
Goi d:(y+1;\/2 —V+1). Khi dé ta cé (y+1)23d va y? —y +1:d nén ta dudc
(y+1)2 —(yz —y+1)5d = 3y:d
Do d la nguyén t6 nén ta cé hai trudng hop
. 2 . A 2. . PN \ A ’ \ ~
+ Khi 3:d ta dudc (x2 +1) =(y+1)(y2 —y+1):9 nén (x2 +1) 9= x*+1:3.Diéunayvd lyvisd
chinh phuong chia cho 3 khéng thé cé sé du la 2.
+ Khi 3:d ta dugc y:d, két hdp véi y+1:d tasuy radudgc d=1.
Do d4 (y+1;y2-y+1)=1.
Khi @6 do (y+1)(y2 —y+1) la s& chinh phudng nénta dat y+1=a*;y* —y+1=Db’ trong dé a, b la

céc s6 nguyén dudng va (a;b) =1.T& d6 ta dudc

3

b? = (a2 —1)2 —(a2 —1) o 4b? =4a* -1222 +12 & (2b—2a2 +3)(2b+ 23’ +3)

2 2 2 2 A z z A
Vi (2b) > (Za —3) = 2b > 2a“ — 3 nén ta xét céc trudng hdp sau

= , hé khong cé nghiém nguyén.
2b+2a*>-3=3

2b-2a?+3=1 [b=1
+ Trudng hdp 1. Vc’si{ ar {2
a

< x=y=0.

2b-2a°+3=3 b=1 =1 +1=1
+ Trudng hdp 2. Vi { ar <:>{ <:>{a :{y

2b+2a*-3=1 a’=1 b=1 y’-y+1=1
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Thir lai vao phuang trinh ban dau ta thdy thda man. VAy phuang trinh c¢é nghiém duy nhét |a (O;O)

Cau lIl. Cho hinh vuéng ABCD néi ti€p dudng tron (O) P 13 diém thudéc cung nhé AD cla dudng
tron (O) va P khdc A, D. Céc dudng thdng PB, PC lan lugt cadt AD tai M, N. Budng trung truc
clla AM c3t dudng thang AC, PB lan lugt tai E, K. Budng trung truc DN c3t cdc dudng thang
BD, PC Ian Iugt tai F, L.

1) Chiing minh rang ba diém K, O, L thang hang.

2) Ching minh dugdng thdng PO di qua trung diém cla EF.

3) Gid s dusng thang EK cat dusng thang FL va AC cat nhau tai T. Dudng thdng ST cat céc
dudng thang PB, PC lan lugt tai U va V. Chldng minh rang bén diém K, L, V, U clng thudc mét
dudng tron.

Li giai

B
5
4 B
U
K £ i
F

E R

A 1 N/N D

P
1) Chiing minh rang ba diém K, O, L thang hang.

Ta cé KA =KM suy ra tam gidc AKM cén. Do dé ta dudc KAM = I@\
Ma ta lai cé KMA +KBA = 90° vi KAB +KAM = 90° nén suy ra KAB = KBA hay tam gidc AKB céan
ta K. Do d6 ta dudc KA =KB =KM.

Lai c6 OB=0D nén OK la dudng trung binh cGa tam gidc DKM, suy ra OK // MD.

Chiing minh tudng tu ta c6 OL la dudng trung binh clia tam gidc NCA, suy ra OL // AD
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Theo tién d@é Gclit thi ba diém K, O, L thdng hang.

2) Ching minh dudng thdng PO di qua trung diém cla EF

Ta cé E thubc dudng trung truc AM va EAM = 45° nén tam gidc EAM vudng can.

Do d6 suy ra ME vubéng géc vdi AC. Hoan toan tuong tu ta cling cé NF vuéng gdéc vdéi BD.

Ta cé MN song song vdi BC nén theo dinh Ii Talet ta cé PB =E.
MB NC

Ha PX vudng gdc véi AC va PY vudng géc véi BD, khi d6 ta cé PX, EM, BO cung song song vdi

nhau.
Do d6 ta dugc &zﬁ
" EO PM
Lai cé PY, FN, CO cung song song vdi nhau nén ta cling cé Yo :E.
FO NC

TU d6 dan dén % :% nén suy ra XY va EF song song vdi nhau.

Ta c6 PXO = PYO = XOY =90° nén td gidc PXOY I3 hinh chif nhat, do @6 PO di qua trung diém
cta XY. Do XY song song vdéi EF nén PO di qua trung diém cuda EF.

3) Gia st dudng thang EK c3t dudng thdng FL va AC cat nhau tai T. Pudng thang ST cat céc
dudng thang PB, PC Ian lugt tai U va V. Chiing minh rang bdn diém K, L, V, U cung thudc mét
duang tron.

Ta ¢6 LK song song v8i AD nén LK vudng géc vdi ES. Do dé KOA = OAD = 45° nén KEO = 45°.
M3 ta c6 EOS = 90° nén OK I3 phan gidc cla gdc EOS.

Suy ra tam gidc EOS cdn nén ta cé KS =KE, suy ra KL |a dudng trung truc cla ES hay E va S d6i
xUng véi nhau qua KL. Hoan toan tudng tu ta cé F va T déi xiing qua KL.

Ti dé ta dudc AEOF = ASOT nén EFO =STO.

Goi giao diém cta OP va EF Ia |, ta c6 | 1a trung diém cla EF.

Do tam gidc OEF cdnnéntacé IO=IE=IE.

Suy ra tam giac IOF can nén IOF =IFO = OTS.

M3 IOE +IOF =EOF = 90° nén IOE + OTS = 90°.

Goi giao diém cta OP va ST la H nén ta c6TOH = IOE ,suyra TOH+HTO = 90°.

TU d6 suy ra THO = 90° hay PO vubéng gdc vdi ST.
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Ta c6 PLF = PCD va PCD = PBD =BPO nén PLF = PBO = PVH.

Lai ¢ PH vudng gdc véi UV nén VPH +HVP = 90°.

Ma ta lai cé PLF +PLK = PLK = 90° nén PLK = HVP.

TU d6 suy ra PLK = UVP hay t gidc KLUV ndi ti€p dudng tron.

Cau IV. Chiing minh rang véi moi s tu nhién n >3 lubn tén tai cdch xép bd n s6 1,2, 3,...,n

X +X

thanh b6 s6 x, x,, X5, ..., X, sao cho x; #———*

véi moi bd chi sé (i;j;k) mal<i<j<k<n.
Li gidi

a. +a

Day a,,a,.a,,..,a, chiéudai s>3 tuyy dudc goi la day “t6t” néu a, » L —

véi moi chi sé (i, j, k)

thdaman (1<i< j<k<s).

Néu daya,,a,,a,,....,a, la ddy tét thi ddy 2a,,2a,,2a,,..,2a va day 2a, —1,2a,-1,2a,-1,...2a -1
cling |a day tét.

TU nhan xét trén ta suy ra néu day x,,X,,X,,...X, la ddy tét clla cdcs6 1, 2,3, ..., s (s > 3) thi ddy
2X,,2X,,2X,,..,2X_,2x, —1,2x, —1,..,2x_—1la ddy t6t clia cédc s6 1, 2, 3, ..., 2s (chl y rang

W khéng |a s6 nguyén).

+) (1, 3, 2) laday tét cllacdc s6 1, 2, 3.

+) V8i n >3 1udn ton tai k dé 3.2" <n <3.2%. Theo nhan xét trén, ta xay dung dugc day tot tir cac
day t6t tif cdc s8 1, 2, 3.,..., 3.2° sau dé ta bd di cdc s6 n+1,n+2,n+3,....,3.2“ching ta nhan dugc
day tét tlr cdc sé 1, 2, 3, ..., n (trén day t8t ta bd di cdc s6 hang bat ki thi day con lai van |a day t6t).
Cach khac:

Vé8i n=3 ta cd cich sdp xép 1, 3, 2.

Ta chifng minh rdng néu bai todn ding véi n sé ding vdi 2n.

That vay, gid st ta cé céch xap x€p diing vdi n thi céch sap xép d6 cé dang x,,x,,x,,X,,...x_ thda

X, + X,

mén vdimoi 1<i<j<k<ntacd x, # . Ta chthg minh ton tai ddy 2n théa man dé bai .

Xét day sau 2x,,2x,,2X,,....2%_, 2x, —1,2x, =1,2x, —1,..,2x_—1, ddy s6 gbm tat ca cdc so tif 1 dén

3000

2n. Xét a < b bat ky cung thubc day

+ Né&u a, b khdc tinh ch3n 18 thi anr—b khéng thudc day (thda man)
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+ Néu a, b cling tinh chan 1é thi % thudc day

Né&u a, b cing chdn (trudng hop a, b cung |1& chithg minh tucng tu)

Trudng hdp 1. Khi a;b & thi 2

;b khéng thé nam gitra a, b do cdch xay dung day (thoa man)

a+b

Trudng hop 2. Khi chan.

a+b

Gid sl rang nam gitfa a, b trong day khi d6 a=2x,,b = 2xk,# =2x; véi i< j<k suy raday
ban dau x,,x,.X,,...X_la cdch sdp x€p khéng thda man dé bai (mau thuan )

a+b khéng nam giifa a va b trong day.

Vay diéu gia s |a sai nén
Vay véi moi trudng hgp trung binh céng cla a, b khéng thé nam gilra a, b suy ra da xdy dung dudc
cdch x&p thda man cho trusng hdp 2n. Nhu vy da chiing minh dudc rang néu bai todn didng vdéi n
thi dung vdi 2n.

Mat khdc bai todn ding vdi n thi ding véi n—1. Nén theo nguyén Ii quy nap ta cd diéu phai ching

minh.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
x> +y?—xy=1

Cau |. 1) Gidi hé phuadng trinh !
X+ Xy =2y°

2) Giai phudng trinh 2(x+1)\/x+1 =(\/x+1 +\/1—x)(2—ﬂ).
Lgi giai
1) Phudng trinh th( nhat cta hé dudc viét lai thanh xy = x> +y* —1. Thé vao phudng trinh thi hai
clia hé ta dudc
x+x(x2+y2—1)=2y3 Sx+x3+xy’ —x=2y & X’ +xy?-2y* =0
X —y e xy?—y? =0<3(x—y)(x2+xy+y2)+y2(x—y)=0

<:>(x—y)(x2 +xy+2y2):0<:> ;—+yx:y(12y2 P @[i:;/
Dé thay x =y =0 khdng thda man phudng trinh tht nhat cda hé.

Do dé tif x =y thay vao phuong trinh thd nhat cla hétadugec x> =1 < x=+1=>x=y ==1.
Vay hé phuang trinh da cho cé cédc nghiém la (x;y) = (1;1),(—1;—1).

2) Diéu kién xdc dinh cha phudng trinh la —1 < x<1.

Bién déi tuong dudng phudng trinh ta dudc

2(x+1)\/x+1 :(\/x+l+\/1—x)(2—\/1—x2)

2(x+1)Vx+1 :2\/x+1+2\/1—x—\/(x+1)2(1—x)—\/(l—x)2(1+x)
& 2(x+1)Wx+1=2x+ 1+ 2V —x —(x+1)Vx—1 —(1-x)v/x+1

<:>(x+1)(\/x+1 +\/1—x):2\/1—><

Pat a=\/x+1;b=\/1—x(a20;b20),khi détacd a’+b?=2.

a’+b*=2

Phuang trinh trén dudc viét lai thanh a’ (a+b)=2b. Tir d6 ta c6 he phuong trinh { 2( b) b’
a’(a+b)=

+ Xét trudng hdp b =0, hé phudng trinh trén vo nghiém.

+ Xét trudng hgp b # 0, khi d6 phudng trinh th nhat cla hé tudng duong vdi b(a2 +b2) =2b.
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Khi dé ta cé hé huang trinh {b(az +b2) =2 & {a2b+b3 - Zb.
az(a+b)=2b a’+a’b=2b

TU dé ta dudc a’b+b’* =a’+a’b=2b=2a’=b’ = a=b.
Thay vao phudng trinh thi nhat cdia hé va chd y dén didu kién ta dudc @’ =1<a=1=a=b=1.
TUr d6 ta dude Vx+1 =v1-x =1 x =0, thda man diéu kién xac dinh.
Vay phuong trinh ¢ nghiém duy nhatla x=0.
Cau Il. 1) Chdng minh rang khdng tén tai cdc sé nguyén x, y thda man d3ng thic

12x? + 26xy +15y% = 4617.

2) Vi a, b 1a céc sb thuc dusng. Tim gid tri I6n nhat cda biéu thic

Li gidi
1) Trudc hét ta chitng minh bé dé: V8i moi sé nguyén t6 cé dang p = 4k + 3 thi ta luén cé

) a:p
a’+b’ip o {bfp(a’be Z)

That vay, ta xét hai truGng hgp sau
+ Trudng hop 1. Néu mdt trong hai s6 a va b chia hét cho p thi ta suy ra diéu can chdng minh.

+ Trudng hgp 2. Néu ca hai s6 a va b cling khdng chia hét cho p. Khi d6 ta cé (a;p) = (b;p) =1.

—y g%k+2 | k2 2(modp)

a** =1(mod a**? =1(mod
Theo dinh Ii Fecmat ta cé { ( p) { ( p)

b 1(modp) - b**2 = l(modp)

2k+1 2k+1
M3t khdc ta cé a***? + b*+? = (az) ’ +(b2) chia hét cho a* +b? nén chia hét cho p.

TU d6 suy ra 2 chia hét cho p, ma p 1a s8 nguyén té nén ta dudc p = 2. Diéu nay mau thuan vip la
s8 nguyén té 1é.

Nhu vay trusng hop 2 khéng xay ra hay bd dé dudgc chiing minh.

Trd lai bai todn. Do 4617 chia hét cho 19 nén 12x* + 26xy +15y?:19 hay ta dugc

12x* —12xy +15y? +38xy 19 < 12x* —12xy +15y?:19
<:>3(4x2 —4xy+5y2)519<:>4x2 —4xy +5y?i19

& (4x2 —4xy+y2)+4y2 19 & (Zx —y)2 +(2y)2 ‘19

Do 19 Ia s8 nguyén t6 cé dang 4k +3 nén dp dung bd dé trén ta suy ra dudc

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 95



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

2x-y:19 3x—-2y:19 3x:19 x:19
. < . = RIS = T
2y:19 2y:19 2y:19 y:19

TU d6 ta dudc 4x? — 4xy +5y?:19%. Diéu nay dan dén mau thuin vi 4617 khéng chia hét cho 192.
Vay khéng ton tai cdp s6 nguyén (x;y) thda man yéu cau bai toan.

2) Ap dung bat ddng thic Bunhiacopxki ta cé

(@’ +b)(%+bj >(a+b) ;(b? +a)(%+a] >(a+b)

1 1

~+b ~+a
TU d6 ta dudc a+b <a ;a+b <b__ podssuyra
a+b a+b b*+a a+b

1+b 1+a a+b+1+l
(a+b) 1 + 1 :a+b+a+b<a +b a b
a’+b a+b®) a*+b b*+a a+b a+b a+b
1 1
at+b+=+=
a b_i_ab(a+b)+a+b—(a+b)_ab(a+b)_
Suyra M< a+b ab (a+b)ab _ab(aer)_1

Vay gid tri I6n nhatchtaM 1a 1, dat dugctai a=b=1.

Cau IIl. Cho hinh thoi ABCD c¢é BAD < 90°. Dudng tron tdm | ndi tiép tam gidc ABD tiép xuc vdi
BD va BA lan ludt tai J va L. Trén dudng thdng LJ 13y diém K sao cho BK song song ID.

1) Chidng minh rang CBK = ABI.

2) Ching minh rang KC LKB.

3) Chiing minh rang bdn diém C, K, | ,L cung nam trén mét dudng tron.

Lai giai
1) Chdng minh rang CBK = ABI. B
Ta cé L
CBK = CBD-KBD:ABl= ABD—-IBD.Lai R c
c6 ABD =CBD. Mat khdc do ID song
K
song vdi BK nén ta cé IBD = IDB = DBK. D

Tu d6 suy ra CBK = ABI
2) Chitng minh rang KC LKB.
D& thdy KJC = LJI. Lai c6 )L = IBJ = LBI. K&t hgp vdi CBK = ABI ta dudc CBK = CJK nén t gidc

BCKJ néi tiép dudng tron. Do d6 BIC = BKC = 90° hay KC L KB.
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3) Chiing minh rang bdén diém C, K, | ,L cing nam trén mot dudng tron.

Tam gidc IJL can tai | nén ta cé IL=1L=IBJ. M3 ta c6 IBJ = JBK nén ILJ = JBK

M3t khdc do t gidc BCKJ nbi tiép dudng tron nén JBK = JCK.

TU d6 ta dudgc ILJ=JBK = JCK nén suy ra t gidc CKIL ndi tiép dudng tron.

Cau IV. Tim tdp hdp s8 nguyén dudng n sao cho ton tai mét cdch sdp xép céc s6 1;2;3;...;n thanh

a,;a,;a,;..;a, ma khi chia céc s6 a,;a,a,;a,a,a,;..;a,a,...a_cho nta dugc cic s6 du d6i moét khac

nhau.

Lai giai

Trudc hét ta chiing minh bé dé: V3i hop s6 n > 4 ta lubn cé (n—l)!in.

Thit vy, do n 1a hgp s6 va n >4 nén ta viét dudc n=ab trong dd a,beN;1 <a,b<n.Khidéta

suy ra dudc 2<a,b<n-1.TUu d6 dé thdy ta luén cé (n—l)!fn.
Trd lai bai todn. Tathdy a, =n vinéu a_#n thi a, =n(i € [1;n—1]).

. 7 7 al'az"'a;sn . A N A = 4 e 2 . 2 ] 7
Khi d6 ta cd ., diéu nay mau thuan vdgi gia thiét cda bai toan.

a,.a,..a,:n

Dovdy a, =n.Gid s nlahdp s6 va n> 4, khi dé theo b6 détacé a,.a,..a, , = (n—l)!in

M&t khdc theo baira ta lai ¢é a,.a,..a in.Nhuvay a .a,..a , va a,.a,..a :n cb cung s6 du khi chia
cho n. Diéu nay méau thuan vdi gia thiét cta bai toan.
TUuddsuyran<4.Madonlahdpsdnéntadugcn=4.

Ta thdy vdi n=4 thibd s6 1;3;2;4 viét dugc day s6 1;1.3;1.3.2;1.3.2.4 chia cho 4 ¢4 s6 du lan
luct la 1;3;2;0.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Gidi hé phuong tinh XY =VX+3Y
x> +y>+xy =3
2) V4i a, b la céc sé thuc duong théa man ab+a+b =1. Chdng minh rang:

a N b _ l+ab
1+a®> 1+b? \/2(1+82)(1+b2).

Lgi giai
x+y)2=x+3y
1) Hé phuadng trinh tuong dudng vdi
(x+y) =3+xy
e e \ x:3
Dodotacoperdngtrlnhx+3y=3+xy<:>(x—3)(y—1)=0<:{ 1
y:
. | X=3 x=3 A . A
+ VGi ., <9, , hé phucng trinh v6 nghiém.
X +y +xy=3 vy +3y+6=0
V6 LY oY P b LVl
X2 +y?+xy=3 x> +x-2=0 |x=-2y=1

Vay hé phuang trinh da cho cé nghiém Ia (x;y) = (1;1).
2. Vi a, b la céc sé thuc dudng thda man ab+a+b =1. Chiing minh rang:

a b b _ l+ab
1+a*> 1+b° \/2(1+82)(1+b2)

Céch 1. Do ab+a+b =1 nén ta dugc
a2+1=a2+ab+a+b=(a+b)(a+1);b2+1=b2+ab+a+b=(a+b)(b+1)

Dang thuc can ching minh tuong dudng vdi
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a N b _ 1+ab
(a+b)(a+1) (a+b)(b+1) \/2(a+b)2(a+1)(b+l)
- a(b+l)+b(a+1) 1+ab

(a+b)(@+1)(b+1)  L(asb) (a+1)(b+1)
<:>(a+1)(b+l)= 2(a+1)(b+1) <:>(a+1)(b+1):2<:>ab+a+b:1
Do dang thic cudi cung ludn ding nén d3ng thic can chiing minh didng.
b* b(a?
Céch 2. Bang thic can chidng minh tuong dudng véi a( +1)+ (a +l) = 1+ab

(a*+1)(b*+1) \/2(a2 +1)(b? +1) '

M3 ta cé a(b2 + 1)+ b(a2 + 1) = (a + b)(ab + 1) nén ddng thuc trén tusng dudng vdi

a+b =i<:>2(a+b)2 =(a2+1)(b2+1)<:>a2+b2+4ab=a2b2+1

\/(az +1)(b2 +1) V2

<:>(a+b)2 :(ab—l)2 < a+b=ab-1l<ab+a+b=1

Do dang thic cudi cung ludn ding nén d3ng thic can chiing minh ddng.

Cau ll. 1) Gid st p va g la cdc s6 nguyén té thdoa man dang thuc p(p—l) = q(q2 —1).
a) Chiing minh rang tén tai s6 nguyén duong k sao cho p—1=kq,g° -1 =kp.

b) Tim tat cd cdc s6 nguyén t6 p, g thda man dang thic p(p—l) = q(q2 —1).

2) Vi a, b, ¢ la céc s6 thuc dudsng thoa man ab + bc + ca +abc = 2. Tim gid tri I6n nhat cla biéu

a+1l b+1 c+1

thic M= + + )
a’+2a+2 b>+2b+2 c*+2c+2

Li gidi
1. Gid st p va q la cdc s6 nguyén t6 théa man dang thuc p(p—l) = q(q2 —1).
a) Chiing minh réng tén tai s6 nguyén dudng k sao cho p—1=kq,q*> -1 =kp.

L diéu nay vo Ii vi p, g |a cdc sé nguyén t6.
p:q =

Néu p = q thitacé p—1:q2—1:>[

Do vy p # q, khi @6 do p va q |a cdc s6 nguyén t8 nén p—1:q va q° -1:p.
Nhu vay tén tai cdc s6 nguyén dusng m, n théa man p—1=maq;q°> —1 =np, thay vao dang thuc da

p-1=kq

cho ta dugc m=n. Do vay ton tai s6 nguyén dudng k sao cho { 2 1 —kp’
q —1=Kp

b) Tim tat ca cdc s6 nguyén t8 p, g thda man dang thic p(p —1) = q(q2 —1).

Thé p =kqg+1 vao hé thic g -1 =kp ta dugc q° -1 =k(kq+1) < g* —k’g—k-1=0.
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Xem phuong trinh |a phudng trinh bac hai an q, khi d6 dé phuang trinh cé nghiém nguyén duong

thi
A=k +4(k+1) =k* + 4k + 4 phai |3 s6 chinh phudng.

2

Ta cé k* <k“+4k+4<(k2+2)2 nén ta dudc A:(k2+1)

Tir d6 ta dudc k4+4k+4=(k2+1)2<:>k=k2<:>k=1.

Thay vao hé thiic d3 cho ta dudc > —q-2=0<=q=2=p=3.

Vay cdc s6é p =3;9=2 la cdc sd nguyén t6 can tim.

2. Vdia, b, c la céc s6 thuc dugng théa man ab + bc + ca+abc = 2. Tim gid tri I6n nhat cla biéu

thuc
a+1l b+1 c+1
= + +
a’+2a+2 b*>+2b+2 c*+2c+2

Bién d6i gid thiét ab +bc + ca+abc =2 ta dugc

(1+a)(1+b)(1+c)=(1+a)+(1+b)+(1+c)
1 1 1
T +a)(t+b) (1+a)(1+c) (1+b)(1+c)

bat x= 1 Y = Z= 1 , khi d6 ta thu dudc xy +yz+zx=1.
l+a 1+b l+c

Biéu thic M dudgc viét lai thanh

1 1 1
=a+21+b+21+c+21=><+yJrZ
(a+1) +1 (b+1) +1 (c+1) +1 iﬁl iﬁl %+1

X y z

X y z

= + +
x*+1 y*+1 Z*+1
Pévytacé xz+1=x2+xy+yz+zx:(x+y)(x+z). Ap dung tudng tu ta dugc

M= X + 14 + z

(x+y)(x+2) (v+z)(x+y) (x+z)(y+2)
:x(y+z)+y(z+x)+z(x+y): 2(xy +yz+2x) _ 2
(x+y)(y+2z)(z+x) (x+y)(y+2z)(z+x) (x+y)(y+z)(z+x)

Ta chdng minh dudc 9(x+y)(y+z)(z+x) > 8(x+y+z)(xy+yz+zx).

Vi (x+y+z)2 23(xy+yz+zx):3 nén x+y+z£\/§. Nén ta dugc

€3 | www.facebook.com/mathexpress.vn (O]1900 633551

100



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

V< 2 9 _ 9 3
S(cryra)(ayryzra) AxHVEZ)avs
VéygiétrildnnhétcﬂaMlé#,daduqctaix:y:z:%aa:b:c:\/g—l.

Cau Ill. Cho tam gidc ABC nhon véi AB<AC. Goi E, F lan lugt Ia trung diém clia CA, AB.
Pudng trung truc clia EF cat BC tai D. Gid si P nam trong EAF v nim ngoai tam gidc AEF

sao cho PEC = DEF v PEB = DFE. Pudng thang PA c3t dudng tron ngoai tiép tam gidc PEF tai
Q khdc P.

1) Chiing minh rang E/Q\F _ BAC +EDF.

2) Tiép tuyén tai P cha dudng tron ngoai tiép tam gidc PEF cat CA, AB Ian lugt tai M, N. Ching
minh rang bén diém C, M, B, N cung nam trén mdt dudng tron. Goi dudng tron nay la dudng tron
(K)-

3) Ching minh réing dung tron (K) tiép xtic véi dudng tron ngai tiép tam gidc AEF.

Lgi giai

Hinh 1
1) Chiing minh rang E/Q\F _ BAC +EDF .

Vit gidc PEQF ndi tiép dudng tron nén ta cé

o~~~

- (EAD+EDA| +(FAD + FDA) - BAC + EDF
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2) Tiép tuyén tai P clia dudng tron ngoai ti€p tam gidc PEF cat CA, AB lan lugt tai M, N. Chiing
minh rang bdn diém C, M, B, N cuing na trén mét dusng tron. Goi dudng tron nay la dudng tron
(K).
Khdng mat tinh t8ng quét ta gid sir M nam gilra A, C va N nam trén tia déi cla tia BA (cic trudng
hdp con lai chiing minh tudng tu). Khi dé ta cé

MNB = 180° — NPF — PFN = 180° — PEF — DFE

—~180° - DEC - DEF =180° - CEF = AEF = ACB

Do &6 t gidc NCMB néi tiép dudng tron (K).
3) Chiing minh rang dudng tron (K) tiép xuc vdi dudng tron ngai tiép tam gidc AEF.
Ta c6 nhén xét: PAB = DAC. That véy, goi X, Y, Z 1an Iugt I3 diém ddi xiing véi P qua EF, AE, AF
thi tur gia thiét PEC = DEF suy ra DEY = EIS( ma ta cé EX =EY nén DX =DY . Tudng tu thi ta cé
DX =DZ nén DX =DY = XZ, lacé AY = AP = AZ ta dudc DAZ = DAY . K&t hdp tinh ddi xdng ta
dugc I:A\B = D/A\C .
Dudng tron ngoai tiép tam gidc PEM cat dudng tron ngoai ti€p tam gidc AEF tai R khéc E.

Ta thdy RPN = REM = RFA nén tf gidc PRFN ndi tiép dung tron. Lai do td gidc BNCM ndi tiép

— — -

dudng tron nén BAC = 180° —NBC = 180° — CMN = AMN..

el -~ = ..

T d4y ta thu dugc ARE = AFE = ABC = AMN = 180° — PRE nén ba diém A, R, P thang hang.

Goi giao diém cla EF va AD I3 |, theo tinh chat dudng trung binh thi | 13 trung diém cda AD.

Talai cé AEl = A/R\F két hgp véi nhan xét ta dudc AAEI > AARF .

Tu dé ra suy ra dugc AAED «» AARB. Ta thu dudc

— —

ABR = ADE =DEC —-DAE = PEF -PAB = PEF = FER PER RMP
TU d6 ti gidc NMRB néi tiép dudng tron hay nam diém M, N, R, B, C cung nam trén dudng tron

(K).
Lai cé E/RTA E/PTA E/F\P E/FT?JrR/FT:’ RAE+RNM
Vay dudng tron ngoai ti€p tam gidc REF va dudng tron (K) tiép xUdc nhau tai R.

Cau IV. Cho n la s6 nguyén dudng véi n > 5. Xét da gidc 16i n canh. Ngudi ta mudn ké mét sé
dudng chéo cua da gidc ma céc dudng chéo nay chia da gidc thanh ding k mién, méi mién la mot

ngl gidc 16i (hai mién bat ki khéng cd diém chung trong).
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1) Chidng minh rang ta cd thé thuc hién dugc véi n=2018, k=672.

2) V8i n=2017, k=672 ta cé thé thuc hién dudc khdng? Hay gidi thich.
Li giai

1) Chidng minh rang ta cd thé thuc hién dudc véi n=2018,k =672.

Ki hiéu da gidc 2018 canh la A /A A,..A ké cdc dudng chéo A A A AGAA A A, . khidd

20187 1757717 '8 1 11’

da gidc A/AJA,..A, .. dudc chia thanh 672 ngii gidc 16i gom:

2018
AAAAAAAAAA AA A A A CAA A A A

2) V8i n=2017,k =672 ta cd thé thuc hién dudc khéng? Hay gidi thich.

Gid s ta cé thé chia da gidc 16i 2017 canh thanh 672 ngi gidc 16i bang cdc dudng chéo cla nd.

Goi p la s8 giao diém cla cdc dudng chéo nam trong da gidc. Do mdi dinh ctia ngll gidc 16i 13 13

dinh cla da gidc da cho hoac la mdt trong p giao diém cla cdc dudng chéo nén téng s6 gdc céc

ngl giac nay la

p.360° +(2017-2)180° = (2p —2015)180°

M3t khdc s6 ngli gidc 16i 13 672, m8i ngii gidc 16i cé téng s8 géc & dinh 1a 3.180° nén tng s6 gdc

cla cac ngl gidc 16i 13 672.3.180°.
Tl d6 ta dugc (2p0-2015)180° =672.3.180° < p =%, vo Iy.

Véy ta khong thé thuc hién dudc véi n=2017,k =672.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Giai phudng thinh x2 —x + 24x® +1 = 24/x + 1.
+y? =1+
2) Giai hé phudng trnh 47 7Y 4 .
x> +2y* +2xy =4+ x
L&i giai

1) Diéu kién xdc dinh ctia phuong trinh 13 x> -1. D&y ring x> —x+1>0.

Pit a=vx+1;b=+x —x+1(a20;b>0).

Khi dé phudng trinh da cho dudc viét lai thanh b’ —1+2ab=2a < (b —1)(b+ 1 +2a) =0
Do a>0;b>0 néntacd b+1+2a>0.Khiddtl phuong trinh trén ta dugc b=1.

Do d6 ta c6 phudng trinh xz—x+1:1<:>x2—x:0<:>><e{0;1}.

K&t hdp vdi diéu kién xdc dinh ta dudc tdp nghiém cla phuong trinh 13 S = {0;1} .

2xy +2y° =2+2y

2

2) Hé phuong trinh da cho dudc viét lai thanh .
x> +2y* +2xy = 4+ x

Céng theo V& hai phuang trinh cdia hé phuong trinh trén ra thu dugc

x2+4y2+4xy=6+x+2y<:>(x+2y)2 =x+2y+6<:>(x+2y)2—(x+2y)—6=0
x+2y—3=0®{x=3—2y

<:>(x+2y—3)(x+2y+2)=0<:{ x=_2y_2

Xx+2y+2=0
+ Thé x =3 -2y vao phudng trinh th& nhat cta hé da cho ta dudc

y(3—2y)+y2 :y+1<::>y2—2y+1:0<:>(y—1)2 —0oy=1
Tu dé tudng Ung ta dudec x =1.

+ Thé x = -2y —2 vao phuadng trinh th nhat cda hé da cho ta dugc

—3—\/5;—3+\/g}

y(—2y—2)+y2=y+1<:>y2+3y+1=0<:>ye{ 5 >

TU d6 Vi y = ta dugc x=1++/5 vavéi y = ta dugc x=1-+/5

3-45 3145
2 2
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Vay hé phuadng trinh cé cac nghiém (x;y) — (1;1),(1+\/g; —3;\@},(1_\@; —3-;\/5].

Cau ll. 1) Tim tat cd cdc cdp s6 nguyén (x;y) thda man (x+y)(3><+2y)2 =2x+y-1.

2) Vi a, b 1a céc sb thuc dudng thay déi thda man va+2b =2+ \/g

a b

Tim gid tri nhd nhat cta biéu thic M = + :
Ja+2b +b+2a

L&i giai

1) Dgé’ y réing 2x+y = (3x+2y)—(x+y) nén phudng trinh da cho dugc viét lai thanh
(x+y)(3x+2y) =(3x+2y)-(x+y)-1

D3t a=x+y;b=3x+2y.Khidétacé ab’ =b—a—1 hay a(b2 +1)=b—1.

Tir d6 suy ra b1 chia hét cho b? +1. Do d6 ta dudc b® +1—(b—1)(b+1) chia hét cho b? +1 hay

2 chia hétcho b” +1.Suy ra b* +1€{1;2} nén be{-1;0;1}.

+Vdi b=-1 tadugc a=-1, khi dé ta dugc (xy)=(1;-2).

+V4i b=0 tadugc a=-1, khi dé ta dugc (xy)=(2-3).

+Vdi b =1 ta dugc a=0, khi d6 ta dugc (xy) = (L;-1).

Vay céc cdp s8 nguyén (x;y) =(1,-2),(1,-2),(2-3) thoa mén yéu cau bai toan.

2) Ta sé chdng minh M > 2 véi diu dang thic xay ra chdng han khi a=b=3.

b bv3b N 26336 by3b

Jbi2a \/3b(b+2a) “3b+b+2a a+2b

Théat vdy, dp dung bat ddng thiic AM — GM ta cé

bv3b

Nhu vay ta can chi ra dudc + >
Ja+2b a+2b

D3t x=+/a+2b;y = \E(x > 0;y 2 0). Khi d6 gié thiét dugc viét lai thanh x—y =2.

Cling tir trén ta cé b = 3y?*;a = x* —6y . B4t ddng thiic can chiing minh trén dudgc viét lai thanh

2 a2 3 2 a2 3
ﬂﬂ%zzbﬂﬂ%m_%
X X X X

Bién d6i tusng ducng bat dang thic trén ta dudc
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x(x2 —6y2)+9y3 > xz(x—y) o xP —6bxy” +9y°® > x* —x%y
<97 —6xy?+xy >0 <= y(9y2 —6xy+x2)2 0= y(3y—x)2 >0

Bat d3ng thic cudi cling trén ludén ding. VAy bai todn dudc gidi quyét hoan toan.
Cau lll. Cho tam gidc ABC cé dudng tron ndi tiép (l) tiép xuc véi cdc canh BC, CA, AB 1an lugt
tai cdc diém D, E, F. Goi K a3 hinh chiéu vudng géc clia B trén dudng thdng DE va M 1a trung
diém cla doan thang DF.

1) Chiing minh rang hai tam gidc BKM va DEF déng dang vdi nhau.
2) Goi L la hinh chiéu cla vudng géc cta C trén dudng thdng DF va N la trung diém cla doan
thang DE. Chidng minh rang hai dudng thang MK va NL song song vdi nhau.
3) Goi J, X lan lugt |a trung diém cla cdc doan thdng KL va ID. Chiing minh rang dudng thang
JX vubng géc véi dudng thing EF.
Li giai

1) Budng tron (l) ndi ti€p tam gidc ABC nén A

ta c6 BD va BF la céc tiép tuyén. Do dd Bl |a

dudng trung truc cha doan thdng DF nén Bl

E
vudng géc véi DF tai M. Tir @6 BMDK néi tiép F
dudng tron, do dé BMK = BDK = CDE . Cing
do CE I3 ti€p tuyén vdi dudng tron (l) tai E
B C
nén ta c6 CDE=DFE . Tu d6 suy ra P
— — — — — J
BMK =DFE . Mat khic BKM =BDM =DEF Ny

nén hai tam gidc BKM va DEF déng dang.
2) Ta cé céc t& gidc BKMD va CLDN néi ti€p dudng tron nén suy ra DMK =DBK vi DCN =DLN.

Mat khac do BK song song vdéi CN nén ta cé DBK = DCN. Tir d6 suy ra DMK =DLN nén MK song

song V@i LN.

3) Ta c6 DMK =DCN = 90° — CDN = 90° — DFE = 90° ~DMN, do d6 KMN =90°. Do viy td gidc

KMNL Ia hinh thang vuéng. Ta ¢4 J |a trung diém cda KL nén J nam trén dudng trung truc cldia doan

thang MN hay JM = JN. Mat khdc XM =XN = %ID nén suy ra X nam trén dudng trung truc cia MN.

Do dé XJ vubng gdc véi MN. Trong tam gidc DEF thi MN la dudng trung binh nén ta cé6 MN song

song V@i EF. Do dé suy ra JX vubng gdc véi EF
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Cau IV. Trén mat phang cho hai diém P va Q phan biét. Xét 10 dudng thdng ndm trong mat
phang trén thda man céc tinh chat sau:

i) Khéng cé hai dudng thang nao song song hodac triing nhau.

ii) Mbi dudng thang di qua P hodc Q, khéng cé dudng thdng nao diquacd P va Q.

H&i 10 dudng thang trén cé thé chia mat phang thanh t6i da bao nhiéu mién? Hay giai thich.

Li giai

Goi m, n theo thif tu |13 s8 dudng thdng di qua P va Q. Goi S s6 mién dudc tao thanh. Do méi dudng
thang chi di qua diém P hac diém Q nén ta cé m+n=10. Ta xét cdc trudng hgdp sau.

+ Trudng hdp 1. Néu m=0 hodc n=0, chdng han m=0 thi tat cd 10 dudng thdng da cho cung
déng quy tai P. Khi dé dé thay sé mién dudc tao ra trén mat phdng 1a 20. Do déta cé6 S=20.
+Trudng hdp 2. NéEu m>0 va n>0,khidd m>1 va n>1. TuU mat phang da cho vdi hai diém P va
Q ta vé thém m dudng thdng di qua diém P, s6 mién dugc tao thanh 1a 2m.

Lan lugt vé thém cdc dudng thang di qua diém Q. Khi vé dudng thdng d3u tién thi dudng
th3ng nay cdt m dudng thdng di qua P tai m diém phan biét, m diém phan biét nay chia dudng thang
vUa vé thanh m +1 phan. Néi cdch khac thi dudng thdng vira vé di qua (vi thé chia ddi) ding m+1
mién trong 2m mién dudc tao ra. Do dé Idc nay s6 mién dudc tao ra la 2m+(m+1).

Ké tUr dudng thdng th( hai dén dudng thdng thd n di qua diém Q thi mdi dudng sé cdt m
dudng thang phan biét di qua diém P tai m diém phan biét khdc Q. C4c diém phan biét d6 cung vdi
diém Q chia dudng thang vlra vé thanh m + 2 phan. Do dé mai lan vé dudng thang thi sé mién tang

thém m+ 2. Do dd s6 mién dudc tao ra ti cdc dudng con lai diqua Q 13 (n—l)(m+ 2).

Nhu vay ta cé S=2m+(m+1)+(n—1)(m+2)=mn+2m+2n—1=mn+2(m+n)—1=mn+19.

Ap dung bat dang thiic AM — GM ta cé mn < %(m+n)2 =%.100 =25.

TU d6 ta dudec S<25+19 =44 . D4u bang x4y ra khiva chikhim=n=5.
Vay s6 mién dudc tao ra tdi da la 44 khi s6 dudng thang di qua P 13 5 va s8 dudng thang di qua Q
la 5.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

xy(x+y)=2
x? +y? +x%y° +7(x+1)(y+1)=31'

2) Gidi phuong trinh 9+ 3,/x(3-2x) = 74/x + 54/3 - 2x.

Lai giai

Cau |. 1) Gidi hé phuadng trinh {

o . xy(x+y):2

1) Ta c6 hé phudng trinh: < (x+v) (3 =xy +y?)+ (xv) +7(x+y +xy +1) =31
xy(x+y):2

e 3 i o) 7o) o1

Pat a = x+y;b = xythi hé trén trd thanh: {z?ajfBb)+b3 +7(a+b+1):31
ab=2

®{a3—3ab+b3+7(a+b+1):31

:(a+b)[(a+b)2—3ab}—3ab+7(a+b+1)=31

<:>(a+b)3—3ab(a+b)—3ab+7(a+b)—24=O

= (a+b) —6(a+b)~3.2+7(a+b)-24=0

o (a+b) +(a+b)-30=0

o (a+b) ~27+(@+b)=3

<:>(a+b—3)|:(a+b)2+3(a+b)+10}=0

:a+b=3(do (a+b)2+3(a+b)+10>0)

a+b=3 a=2 2
do @’ =(x+y) >4xy =4b
:{abzz :{bzl( oa (x y) Xy )

=2
:{Xﬂ/ =>x=y=1
xy =1

Vay hé cé nghiém duy nhat (x;y) = (1;1)

2) Diéu kién xdc dinh: 0 < x < %
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bat a =\/;,b= \/ﬁ(a,bz 0). Khi d6 phuaong trinh tucng dudng vdi:
9+3ab=7a+5b

{2a2+b2 =3

< 2a’+2ab-4a+ab+b*-2b-3a-3b+6=0
& 2ala+b-2)+b(a+b-2)-3(a+b-2)=0
& (a+b-2)(2a+b-3)=0

—=2a’+b’>+6+3ab=7a+5b

la+b=2=b=2-a=9+3a2-a)=2a+10
2a+b=3:>b=3—2a:>9+3a(3—2a)=7a+5(3—2a)

(3a-1)(a-1)=0 _1 1
(3 )(a ) o|3=3=x=g (tm)

(3_1)220 a=l=>x=1 (tm)

=

A . N = 1
Vay phudng trinh trén cd tap nghiém S = {51}

Cau ll. 1) Cho x, y la cdc s6 nguyén sao cho x* —2xy —y*; xy —2y* —x déu chia hét cho 5.

Ching minh 2x? +y? + 2x +y cling chia hét cho 5.

2) Cho a,, a,, ..., a , la cdc s6 nguyén théa man: 1<a, <a,....<a, <50, a, +a, +....+a,, =100.

Ching minh rang tur cdc s8 da cho cé thé chon dugc mét vai s6 cé téng la 50.

Lgi giai

1) Ta cé:(x2—2xy—y)+(xy—2y2—x)zxz—xy—Zy2 — X
=x2+xy—(2xy+y2)—(x+y)=(x+y)(x—2y—1).

Lai cé: x* —2xy —y,xy —2y? — x chia hét cho 5

= (x+y)(x—2y—1)chia hét cho 5

TH1: Néu x+y chia hét cho5 thi y = —x(mod5)

=0=x-2xy-y=x’+2x*+x = x(3x+1)(mod5), do vy x chia hét cho 5 hodc chia 5 du 3.

+)Néu x chia hét cho 5 thi y cling vy, bai todn dudc chiing minh
+)Néu x chia cho 5 du 3 thiy chia 5 du 2, thi

2x* +y* +2x+y =2.9+4+2.3=30=0(mod5)

Ta cling cé diéu phai ching minh.

TH2) Néu x -2y —1 chia hét cho 5 thi x = 2y +1(mod5)

= 0=x-2xy-y =(2y +1) ~2yly +1)~y =y +1(mod5)
Do d6 y chia 5 du 4 va x cling chia 5 du 4 nén:
2x* +y® +2x+y =2.16 +16+2.4 +4 =60 = 0(mod5)

Vy ta ¢ diéu phai chiing minh.
2) Néutontai n:1<n<50:a, +a, +....+a_ =50thi két ludn bai todn hi€u nhién
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Xét:lﬁns49:{ 12

Trusng hgp 1: a_;

an+2 + an+3

Nénnéun<24=a <a ,;a,<a

n+2? n+3?

=49=3 +a,+...+a <a _.+a .+...+a <a .+ +a, +a
n n+2 n+3

Diéu nay v ly nén:

n>25=49=a +a,+..+a 2na, 2253 = a<2=a=1

Truong hgp 2: a_ . >3

n+l —

a,,+8,,+.+tay =100—(a, +a,+..+a  )<49

n+3

=49>(49-n)a,, >(49-n).3=n=>33

=49>(a, +a, +..+a,)+(a, +...+a,)216+(n-16)a,, 216+17a,,

=a,<2=a,=1l=a =a,..=a,=1

Néu a, <18d3t a, +a, +...+a,, =50+k(k>1)

n+l

—18>a >(50+k)—49=k+1

n+l —

=>k<17=a _, +...+a , =50

Néu a , >19
:492(49—n a,., 2(49—n)19—>n247
=a =a,=... :a45:1

45 —

Vindu a, >2=(a, +a, +uwt3y, )+ (3, +o+a,) 244 +(n-44)a,, > 44 +(47 - 44).2 > 49Dt
an+1=50—k(Osks31):>al+ ..... +ak+an+1=50(do a=...=a =1)

Vy ta ¢ diéu phai ching minh.

Cau lIl. Cho ngli gidc 16i ABCDE ndi tiép (O) cé CD//BE . Hai dusng chéo CE va BD c3t nhau tai

P. Diém M thubc BE sao cho MAB = PAE . Diém K thudc AC sao cho MK song song AD, diém
L thudc dudng thdng AD sao cho ML// AC. Budng tron ngoai ti€p tam gidc KBC cat BD, CE tai
Qva S (Q khac B, S khac C).

1) Chidng minh 3 diém K, M, Q thang hang.

2) Budng tron ngoai ti€p tam gidc LDE cat BD, CE tai T va R (T khac D, R khdc E). Ching
minh M, S, Q, R, T cung thudéc mot dudng tron.

3) Chiing minh dudng tron ngoai tiép tam gidc PQR tiép xuc (O)

L&i giai
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1) Do céc ti gidc BCKQ va BCDA ndi ti€p nén: C/K\Q = C/é\Q -CAD= KQ// AD.
M3t khdc MK // AD nén K, M, Q th3ng hang.
2) Chidng minh tudng tu ta cé: R, M, L thang hang.

MQ// AD nén I% _RLD =ETD =t gidc RTMQ noi tiép.

Chuiing minh tugng tu RMSQ néi ti€p do dé: M, S, Q, R, T cling thudéc mét dudng tron.

3) B6 dé: Cho tam gidc ABC, M nam trén d//BC |3y E khdc M trén d, AM c3t BC tai |. DPudng qua
M song song véi AB cat BE taiJ, khi dé lJ// AE.

Chuing minh MJ cat AE, AC tai S va T, ME cat AC tai G.

Ta c6 MG//BC suy ra %zﬁ ME c3t AB tai P ta Cé;ﬁ:ﬂ:ﬁ:%:mﬂ/u
Ml GC M) PB GC M

Quay trd lai bai toan:

AM c3t BC, (O) tai | va J khdc A. Ap dung bd dé ta cé: IR// AE, IQ// AB.

Do d6 IRE = AEC = AJC = RUC Ia td gidc nbi tiép .

Chdng minh tuong tu ta ¢ DQIJ I3 t gidc ndi ti€ép

Do d6: RJI +U/(\3 +RPD = 2PCD + CPD = 180° nén RPQJ ndi tiép. Ké tiép tuyén Jx cla (O)

— e~~~ — — — — —

Tacé: xJR=xJA-RJA=ADJ-PDC = ADP +MAC = ADP +PAD = APB
— PEJ=MAC = PED
Suy ra: Jx tiép xuc vdi (PQR)hay ta thu dugc: (PQR)tiép xuc véi (O)

VAay ta cd diéu phai chiing minh.
Cau IV. Cho a, b, ¢ 13 céc s6 thuc dudng.

Chdng minh rang ,f ab +,/ be [ ! + ! ]SZ.
a+b Vb+c )\Jat+b +b+c

L&i giai

Ap dung BT Cauchy-Schwarz ta cé:
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ab bc 1 1 ab bc 1 1
+ + < 2. + .12 +
a+b \b+c J\\Ja+b +b+c a+b b+c a+b b+c
a C b b a c b b
=2 + + < + + +
a+b b+c)la+b b+c a+b b+c a+b b+c

a b c b
= + + + =2
at+b a+b b+c b+c

VAy ta cé diéu phai chiing minh
D&u " =" xay ra khivachikhia=b=c.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

26x+5

Vx* +30
x> +y? =2
(x+2y)(2+3y2 +4xy) =27

Cau . 1) Gidi phuadng trinh +2426x+5 = 3\/x2 +30.

2) Gidi hé phuadng trinh {
Lgi giai
A1 a 5
1) Diéu kién x> ——.
26

Dt a=+/26x+5 va b=+x%+30 (azO,b>O).

Phugng trinh trd thanh

%+Za:3b<:>(a—b)(a+3b):0<:>a:b<:>\/26x+5=\/x2+30 =N 3N

x=25
Vay tap nghiém cla phudng trinh la S = {1;25}.
2) Thay 2 = x* +y? vao phuagng trinh thi 2 ta dugc (x + 2y)(x2 +y? +3y* + 4xy) =27
<::>(x+2y)3 =27 < x=3-2y.

, y=1=x=1
Thay vao phudng trinh thi nhat ta dugc (3—2y) +y'=0<

}.

Cau II. 1) Tim tat ca cdc cap s6 nguyén théa man: (x2 - X+ 1)(y2 + xy) =3x-1.

5 5

o
o+~

’

Vay hé phuang trinh cé 2 nghiém la S = {(1;1);(

2) V3i x, y la cdc s6 thuc thay dbithdaman 1<y <2 va xy+2>2y.

x> +4

i+l

Tim gid tri nhé nhat cda biéu thdc M =
Lai giai

1) T bidu thic (x2 -><+1)(y2 +xy) =3x -1 tanhan thdy 3x -1 phai chia hét cho (x2 —x+1).
Ta cé (3x—1)(3x—2) =9x? —-9x+2 = 9(x2 —x+1)—7 cling phai chia hét cho (x2 —x+1).

Z_ 1=1
Suy ra 7 chia hét cho (xz—x+1):> X omx .
x> —x+1=7
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Tim dudc x e {0;1;—2;3}, thay vao tim dugc v.
Phuong trinh cé 3 nghiém Ia (x;y) € {(1;1);(1;—2);(—2;1)}.
2) TU gid thiét xy +2>2y = 4xy +8>8y.
Ma ta lai cd 4x* +y? > 4xy
= 4x° +y* +8>4xy +8>8y
:4(x2+4)28y+8—y2
= 4(x* +4) 2 4(y* +1)+(5y+2)(2-y) 2 4(v* +1)
_ x’+4 N

>1.
v +1

=M

Diu"="xdyrakhix=1vay=2.

Vay GTNN clla M bang 1 khi x=1 va y =2.

Cau lll. Cho hinh vuéng ABCD, dudng tron (O) ndi ti€p hinh vudng tiép xdc véi cidc canh AB, AD
tai hai diém E, F. Goi G la giao diém cdc dusng thang CE va BF.

1) Chiing minh rang nam diém A, F, O, G, E cung nam trén mét dusng tron.

2) Goi giao diém clia dudng thidng FB va dudng tron la M (M # F). Chung minh rang M la trung
diém cla doan thing BG.

3) Ching minh réing tryc tam clia tam gidc GAF ndm trén dudng tron (O).

L&i gidi

D J c

1) Do dudng tron (O) ndi ti€p hinh vuéng ABCD nén E va F la trung diém cdc canh AB va AD

— AABF = ABCE = EBG = BCG = BCG = 90°
=4 diém A, E, G, F cung nam trén mot dudng tron.

Ma A, E, O, F cling nam trén mot dusng tron = A, E, G, O, F cung nam trén mot dudng tron.

2) Ta cé AB la ti€p tuyén cla dudng tron (O) nén EFM = BEM..
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Lai cé EAG = EFG (cung chdn cung EG) nén EAG = EFG = EM// AG.

Ma E la trung diém cia AB=M la trung diém cla BG.

Cau IV. Cho x, y, z la cdc s6 thuc dusng thda man xy +yz+xz =1.
1 1

Chuing minh rang: 12+ —+ 223
1+x° 1+y° 1+z° 3

3

X y z
+ + :

N1+x2  1+y? \/1+22J

Lai giai
Ta cd: 1+ %% =Xy +yz+ Xz + X =(x+y)(x+z);
1+y? =xy +yz+xz+y? :(x+y)(y+z);

1+2> =xy+yz+xz+2° =(z+y)(x+z).

2
raco [Jlszwliyzwljzzji(“yu)[lsz+1+Vy2+1j22]
b e T E ) e
T ced

S 2N -
V14X’ 14y V142
Tacd 2 = X sl( . ]; LA 14 sl[ y Y ];

J1+x2 \/(x+y)(x+z) 2\x+y x+z) 14y \/(x+y)(y+z) 2\x+y y+z

B4t dang thuc trd thanh Sg.

z z <1( z z J
1+2 \/(x+z)(y+z)_2 X+z y+z
X

y
= + +
J1+x2 \/1+y2 N

3

2

x ; . 1
Dau " =" xay ra khi x:y=z:T.
3

V4
<
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3x* +y*+4xy =8
(x+y)(x2+xy+2):8'

N27+x*+x  N27+2x

2+,/5—(x2+x) C2+445-2x

Cau |. 1) Gidi hé phuadng trinh {

2) Gidi phuadng trinh

L3 gidi
3x?+y?+4xy =8 (x+y)(3x+y):8
1) Tacéd IS .
(x+y)(x2+xy+2)=8 (x+y)(x2+xy+2)=8

Do phuong trinh th& nhat nén x+y # 0 do dé ta két hgp hai phudng trinh lai ta ¢

=1
X 4xy+2=3x+y o (x—1)(x+y-2)=0| ¥ r
o2y (eoty-2)-0e] 5
N 2 y:]'
Truéng hdp 1: x=1=3+y +4y=8< 4
y=-

Trudng hdp 2: x =2 -y thay vao phuadng trinh thd nhat ta cd —4(y —1) =0cvy=1.
Vay hé da cho c6 hai cdp nghiém (x;y) la (1;1);(1;—5).

2) Diéu kién: xsg;x2+x$5.

Pit a=,/5—(x2+x) va b=+5-2x(a,b>0).

_ 2 _ 2
Tacé \/32 e \/32 2 . (1)
2+a 2+b
Tathdy, néu a>b>0 thi 32 —a% <v/32-b? va < tdc 13 VT < VP, mau thuln.
a+2 2+b

Tuong tu véi a <b cling mau thudn. Do dé a = b, tdc la phugng trinh ban d4u tudng duang vdi

=1
5—(x2 +x)=5—2x<:>[x (thod man).

Vay phudng trinh cé hai nghiém x=1, x=0.

Cau ll. 1) Chdng minh rang véi moi sé nguyén duasng n, ta luén cé
7 7 7
[(27n +5) + 10} + [(10n +27) + 5} + [(Bn +10) + 27}

chia hét cho 42.
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2) Véi x, y la cdc s8 thuc dudng thay d6i thda man diéu kién 4x* +4y* +17xy +5x+5y >1.
Tim gid tri nhd nhat cda biéu thic: P =17x* +17y* +16xy .

Li giai

1) Trudc hét ta chiing minh rang x’ = x (mod 42), VxeZ. (1)

Thatvay, tacé x’ —x = x(x —1)(x +1)(x4 +x*+ 1).

Dé thay x(x—l)(x+1) |3 tich 3 s8 nguyén lién ti€p nén né chia hét cho 6.

Theo dinh If Ole thi x” —x=0 (mod 7), VxeZ ,tdcla x’ —x chia hétcho 7.

Vay x” —x chia hét cho BCNN(6;7) = 42. Khang dinh (1) dugc chdng minh.

Tir d6 [(27n +5) + 10}7 " [(IOn +27) + 5}7 " [(Bn +10) + 27}7

=(27n+5) +10+(10n+27)" +5+(5n+10) +27(mod42)
= 27n+5+10+10n+27+5+5n+10+27(mod42)
=42(n+1)(mod42)

=0(mod42).

TU d6 ta b khang dinh cla bai todn.

(X+Y)2 a’ 5 ’
2) Dat a=x+y. S dung bat dang thic AM-GM, ta cé xy < R hay (Ea+lj >2.

TU do, ta cé az%(\/z—l).

2
Suy ra P=17x% +17y? +16xy = 173’ —18xy217az—§az 22(\5—1) —6-42.

J2-1

D3u " =" x3y ra khiva chikhi x=y =—"—=.

Cau lll. Cho tam gidc ABC can tai A, c6 dudng tron ndi ti€p (l) Céc diém E, F theo th tu thubc
céc canh CA, AB (E khdc C va A; F khdc B va A) sao cho EF tiép xdc vdi dudng tron (1) tai
diém P. Goi K, L 1an lugt Ia hinh chiéu vudng gdc cla E, F trén BC. Gid st FK c3t EL tai diém J.
Goi H la hinh chiéu vudng géc cua J trén BC.

1) Chiing minh rang HJ la phén gidc cla géc EHF.

i BF?

S, CE*

2

2) Kifhiéu S,, S, lan lugt la dién tich cla cdc tf gidc BFJL va CEJK. Ching minh réng

3) Goi D la trung diém clia canh BC. Chiing minh rang ba diém P, J, D thdng hang.
Lai giai

1) S& dung dinh I Talet trong tam gidc LKE véi JH//EK, ta cé % =%.
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S dung dinh Ii Talet trong tam gidc JHE vdéi FL//EK, ta cung cé %z%
Dods Fo_LH.
EK HK

Hai tam gidc FLH va EKH c6 FLH = EKH = 90° v %:% nén AFLHo AEKH

= LFH = KEH.

Mat khac, ta lai cé LFH = FHJ (so le trong) va KEH = EHJ (so le trong).
Do d6 HJ la phan gidc cla géc EHF.
2)Do HI//FL nén S_, =S,,,,-Suyra S, =Sgr +Shy = Sern- (1)
Chiing minh tudng tu, ta cung cé S, =S, - (2)
Theo chiing minh cdu 1, AFLH«» AEKH nén FHB = FHL = EHK = EHC .

Hai tam gidc FHB va EHC cé FBH = ECH v FHB = ECH nén déng dang vdi nhau.

S 2
Suy ra —BH = BFZ :
SECH CE
S, S 2
Ta két hgp (1) va (2), ta thu duge —+ =~ = BFZ :
SZ SECH CE
Diéu phai chiing minh.
A
F = \
T N
J
C
¥ T° WD K

M

3) Khéng mét tinh tdng quét, ta c6 thé gid sir P nam cung phia véi B so véi AD nhu hinh vé &
trén. Goi M la giao diém cla PJ va EK.

Ap dung dinh I Menelaus cho tam gidc KFE vdi cét tuyén MJP, ta cé %ﬁiz
ME PF JK
Ma hai tam gidc BFH va CEH déng dang vdi nhau cé FL va EK |a hai dung cao tusng ing nén
JF_FL BF
JK EK CE’
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Suy ra %E%zl (3)
ME PF CE

DE& ching minh ba diém P, J, D thdng hang, ta chi can chiing minh M, D, J thang hang.
Theo dinh I Menelaus ddo dp dung cho tam gidc LKE , diéu nay tudng duong vdi ta phai ching

i MK JE DL _
ME JL DK
Laicé £ JE EK CE vi DL DL DC DB AF AC 1 ﬁ
JL FL BF DK DB DK DC AB AE~ AE’
Do dd, chi can chiing minh % CE Ez 1. (4)
ME BF AE
Két hap (3) va (4) ta dua bai todn vé chdng minh E ﬁ PE BF.
BF AE PF CE
AF PF _BF?
AF PF_BF* 5
Y AEPE P (5)

Goi T, N 1an lugt I3 tiép diém cha dudng tron (1) véi AB, AC.
D3t a=AB=AC, x=BD=CD, y=PF=TF, z=PE =EN.

x(x+y)(x+z). (6)

x* —yz

Ta sé chiing minh a=

Thét vay, st dung dinh Ii cosin trong céc tam gidc ABC va AEF, ta cé
AE® + AF? —EF*  AB? + AC* -BC?

2cosA= =
AE.AF AB.AC
Suv ra (a—x—y)2+(a—x—z) (y+z) p —4x?
Y (a—x—y)(a X — z) a2 ’
Ha 2_(a—x—y)2+(a—x—z) —(y+z) _2_2a2—4x2
Y (a—x—y)(a—x—z) - a?
TU day, ta cé g —é,

—(2x+y+2z)a+(x+y)(x+2) a
Hay (xz —yz)az—x2(2x+y+z)a+x2(x+y)(x+z)=0.
Nhu thé, ta cé (a—x)[(x2 —yz)a—x(x+y)(x+z)} =0.

Do a>x nén (6) dudc ching minh, S dung (6) vifa chiing minh ta cé

x(x+y)(x+2) )
AF PF_a-x-yy__ x*-yz 'y _(x+y) B8P
E'E_a—x—z;_x(x+y)(x—z) ';_(XJFZ)Z_CEZ'
oy XE

Ding thic (5) dugc ching minh. Ta cé diéu phai chiing minh.
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Cau IV. Cho M la tip tat cd 4039 sb nguyén lién tiép tir —2019 dén 2019. Chidng minh rang
trong 2021 s d6i mot phan biét dudc chon bat ki tir M ludn ton tai ba s6 phan biét c6 téng bang
0.

Lgi giai

batM = {xlx € Z,‘x‘ < 2n—1}. Ta chdng minh ménh dé téng quét: Trong 2n+1 sé phén biét tu tap
hgp M_, luén ton tai ba s6 phan biét cd téng bang 0. Ta chiing minh bang phudng phdp phan
chiing. Gid stf ton tai s6 nguyén dudng n sao cho thé chonra 2n+1 s6 phan biét tir tap hop M_
ma trong dd khéng cé ba sé phan biét nao cd téng bang 0. Goi n |a s6 nhd nhat cd tinh chat nhu
vay. Khidé n>1 (vivdi n=1 thi ménh dé ding). Vi n 1a s6 nho nhat lam cho ménh dé khéng
ding nén ménh dé ding vdi n—1. Néu trong cdc s6 dudc chon cé it nhat 2n—1 s6 thudéc M, thi
do ménh dé ding vdi n—1, sé ton tai ba s6 phan biét trong céc s6 dudc chon cé téng bang 0.
Mau thudn. Vay cé t6i da 2n-2 s6 dudc chon thudc M, . Suy ra trong bon s6
-2n+2,-2n+1,2n-2,2n -1, ¢4 it nhat ba s6 dudc chon. Suy ra 0 khéng dudc chon.

e NE&u cd hai s6 cha cdp (—2n +1,2n —1) dugc chon. Chia tap M_ \{—Zn +1,2n —1,0} thanh
2n—2 cap (1;2n - 2),(2;2n - 3),...,(—1;—2n + 2),...,(—n + 1,—n) ta thdy tUr mdi cap ta chi
chon dudgc t6i da mot s8. Suy ra chi 18y dugc t6i da 2 +2n—2 = 2n s6. M3u thuan.

e Néu chi céd mét s6 cia cap (—2n+1,2n—1) dugc chon thi theo I luén & trén, cap
(—Zn + 2,2n—2) dudgc chon. Khéng mat tinh téng quat ta gid s&r 2n—1 dudc chon con
1-2n khéng dudc chon. Ldc nay chia cdc phan td con lai thanh 2n-5 cdp
(1;2n—3),(2;2n—4),...,(n—2;n),(—2;—2n+3,...,(—n+3;—n—1), mot bd ba s6
(—n +2,-n+ 1,—n) va mot phan tr1é cdp la n—1. TU mdi cap ta |4y dudc t6i da mot s6, tur bd
ba s6 ta cling |8y dudc t6i da mot sé. Tu dé ta 18y dudc téida 3+2n—-5+1+1=2n s6. Mau
thuan.

Vay trong moi trudng hgp déu dan dén mau thuan, tdc diéu giad su sai. Ménh dé dudc ching minh.
Ap dung ménh dé cho n=1010 ta cd diéu phai chiing minh.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
x> +y +xy=7

Cau l. 1) Gidi hé phuaong trinh :
) P d {9x3 = xy’ +70(x—y)

2) Gidi phuong trinh: 1135 - x +8v2x -1 =24 +3,/(5-x)(2x 1)
L& gidi

3x* =7

3

7
= 1%7 i\/; (V6 nghiém), do dé x =y
8x° =0

1) Néu x =y, hé phudng trinh trd thanh {
x=0

Nhéan cd hai vé cla phuong trinh (1)vc’5i x—y #0ta cé:
(1)<:>(x—y)(x2+y2+xy)=7(x—y)<:>x3 —y? =7(x—y)<:>10(x3—y3)=70(x—y)
Thé vao phuadng trinh (2)ta co:

(2) & 9% =xy’ +1o(x3 —y3)<:>x3 +xy?—10y3 =0

=3 (x - 2y)(x2 +2Xy + 5y2) =0 [;_f;x:yi 5y2(jz) (4)
Ta cé: (3) & X =2y

=1 =2
Thé vao phudng trinh (1) ta cé: 4y’ +y* +2y° =7 < 7y’ =7 < y=i=x
y=-1l=>x=-2

(4)<:>x2+2xy+y2+4y2 =O<:>(x+2y)2+4y2 =0
2y =0
<:>(x+2y)2+(2y)2=0<:>{>;10y < x =y = 0(ktm)

Vay nghiém clia hé phudng trinh la (x;y) € {(2;1);(—2;—1)}

2) 115 -x +8V2x-1=24+3/(5-x)(2x-1)  (¥)

5-x=0

DKXD: o
{2x ~1>0

l£x£5
2

.. |VB-x=a(a=0) {a2=5—x
Pat: =
J2x—-1=b(b>0)  [b*=2x-1

= 2a% +b? =2(5—x)+2x—1=9
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11a+8b=24+3ab (1)

Khi d6 ta cé:
2a°+b* =9 (2)

Gidi phudng trinh (1)ta cé: (1) < 11a-3ab=24-8b < a(11 - 3b) =24 —8b(*)

V4i 11—3b=0<:>b:13—1:>

—

24-8b 8b-24 8b-24
a= = y aya:
11-3b 3b-11 3b-11

2
(2)@2(2‘;:ﬁj +b?=9

vao (2)ta dugc:

*) < 0a= —% (Voly)=b= 13—lkh6ng la nghiém cda phuadng trinh (¥)

N 2(64b2 —384b+ 576) +b? (9102 —66b+121) = 9(9to2 —66b + 121)

< 128b* -768b+1152 +9b* —66b°> +121b* —81b* +594b-1089 =0
< 9b* —-66b° +168b* —~174b+63 =0 < 3b* —22b> +56b* -58b+21 =0

& (b-1)(3b°-19b* +37b-21) =0 (b-1)(b-1)(b-3)(3b-7) =0

b-1=0 b=1 V2x-1=1 2x-1=1
S| b-3=0 ©|b=3 < |Vv2x-1=3 < |2x-1=9 <
3-7=0 1, _7 x-1=L |2x-1=22
- 3 L 3 L 9

Vay phudng trinh cé tap nghiém S = {1;29_9;5}

x =1(tm)
x =5(tm)

X = g(tm)
9

Cau ll. 1) Tim x,y nguyén dudng thda man x’y? —16xy + 99 = 9x* + 36y” + 13x + 26y
2) Véi a,b 1a nhitng s6 thuc dudng thda man 2<2a+3b<5 va 8a+12b <2a’+3b’+5ab+10

Ching minh ring: 3a’ +8b? +10ab < 21.
Li gidi
x?y? —16xy + 99 = 9x? + 36y* +13x + 26y
1) < x?y? +20xy + 99 = 9x* + 36xy + 36y~ +13x + 26y
& (xPy? +20xy +100) -1 = (3x +2y) 13(x +2y)(*)
x+2y=ala>0
xy +10 =b(b >10)
= (*)eb’-1=9a°+13a
13 169 169 ,

<932 +23a. "+ 2 "~ _p>-1
6 36 36
2
o323 —b2=@@(18a+13)2-362=133
6 36

< (18a—6b+13)(18a+6b+13)=133 (1)

Talaicdé:a,b>0=18a+6b+13>18a-6b+13>0
Laicé 133=133.1=19.7
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[(b=11
18a+6b+13=0 18a+6b=120 ||, _3 (™)
18a-6b+13=1 18a-6b=-12 19

:>( )C> < a=—
18a+6b+13=19 18a+6b =32 6 (ktm)
18a—6b+13=7 18a—6b =6 ,__25

18
X+2y =3 x=3-2y Xx=3-2y x=3-2y

= & & =S A

xy+10=11 xy=1 y(3—2y)=1 2y*-3y+1=0
x=3-2y

- x=3-2y - 1(kt ) x =1(tm)

== (ktm
(2y-1)(y-1)=0"1|Y "2 y = 1(tm)
y=1

Vay phudng trinh cé nghiém (x;y) = (1;1)
2) (2) < 8a+12b<(2a+3b)(a+b)+10<5(a+b)+10

<> 3a+7b<10.Matkhdc 2a+3b <5
Dudodndiu "="xadyra < a=b=1

Ta cé: 3a° +8b” +10ab = (3a+4b).(a+2b)
()

) o (A+B)2
Ap dung bat dang thic AB < 1 ta cé:

(9a+12b+7a+14b)’
4

21.(1)=[3(3a+4b)].[7(a+2b) | <

(16a+26b)’

=21.(1)< = (8a+13b)’

Ta biéu dién 8a+13btheo 3a+7b va 2a+3bbang cdch déng nhat hé s6
Xét 8a+13b =x(3a+7b)+y(2a+3b)

< 8a+13b= (3x + 2y).a +(7x+ 3y).b

2

3 = X=T
= N = £
7x+3y =13 17

5
2 17 * (2 17 Y
:>21.(l)£(8a+13b)2={g.(3a+7b)+€.(2a+3b)} S(E'lm?'Sj =212
:>(l)§21.
Diu "="xdyra < a=b=1

Cau lll. Cho tam gidc ABCcé BAC I3 g6c nhd nhéat trong ba gdéc cda tam gidc va ndi ti€p dudng

tron (O). Diém Dthudc canh BC sao cho ADIa phan gidc BAC. L&y cdc diém M,Nthudc (O) sao
cho dudng thdng CM,BN cling song song vdi dusng thdng AD
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1) Chiing minh rang AM = AN

2) Goi giao diém clha dudng thdng MN véi cdc dudng thdng AC,AB lan lugt 1a E,F. Chdng minh
rang bdn diém B,C,E,F cung thudc mot dusng tron

3) Goi P,Q theo th tu la trung diém cla cdc doan thang AM,AN. Chiing minh rang cdc dudng
thang EQ,FP,AD déng quy.

Li giai

1) Ching minh rang AM = AN

Ta c6: NBA = DAB (so le trong do BN/ /AD)

DAB = D/A\C(gt);D/A\C — ACM (so le trong do CM//AD)

— NBA = MCA = sdAN = sdAM (trong mét dudng tron, hai géc ndi ti€p bang nhau thi chan hai
cung bang nhau).

Vay AM = AN (trong mét dudng tron, hai ddy bang nhau cdng hai cung bang nhau)

2) Ching minh rang 4 diém B,C,E,F cung thudc mdt dudng tron.

Ta c6: AEF = %(sdAT\HsdaA) (96c cé dinh & bén trong dudng tron)

B %(Sdm ' Sda\\/,) T %sd,’AE — ABC (géc ndi tiép biing nira s6 do cung bj chan)

VAay t gidc BCEF |la t gidc ndi ti€p (tU gidc cé géc ngoai va gdéc trong tai dinh d6i dién bang nhau)
hay B,C,EF cung thudéc mét dudng tron.

3) Ching minh céc dudng thing EQ,FP,AD déng quy

Ap dung dinh ly Mé-1&-na-uyt trong tam gidc AHN, cat tuyén EKQ, ta cé:

EN KH QA EN KH

— — = =1=—.—=1(do Qlatrung diém cta AN(gt)nén QA =QN
EH KA QN EN KA (do Q g (gt) QA=0N)
jﬂ:@(,)

EH KH

Goi ADNPE = {K'}.Ta di chiing minh K'=K
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Ap dung dinh ly Mé-1&-na-uyt trong tam gidc AHM, cét tuyén PKF ta cé:
FM K'H PA 1 FM K'H

———.—=1=—.——=1(Do Platrung diém cla AM(gt) nén PA =PM)
FH K'A PM FH K'A

FM K'A
= —=——(I)
FH K'H
Ta sé chiing minh EN_FM =3 FM_FH_FM-FH_ HM(*) (tinh chat day ti s6 bang nhau)
EH FH EN EH EN-EH HN
HM DC
Vi BN//AD//CMnén dp dung dinh ly Ta —letta c6: — =—
' P aung dinh iy HN DB
DC AC HM AC
Lai cd : =— =—(dinh ly dud h do dé: —=——(1
aicod DB~ AB (dinh ly ng phan gidc), do dé: ON AB()
Xét AAEFva AABC cé: AEF=ABC(cmt),BAC chung
AC AF
AAEF ~ AABC 2
= (99)="25=2£(2)
HM _ AF
Tu (1 2 3
mva@=15=7¢ (3)

Tiép tuc dp dung dinh ly dudng phan gidc trong tam gidc AEF ta c6: — G HF(4)
p p g Y gp g g g AE HE
TU (3) va (4) tasuyra —HM =£ ,do dé ( )du0c ching minh, tdc la ﬂz M (Hl)

HN HE’ EH FH
KA _K'A
TU (1), (1), () suy ra — ,do ddé K=K
(1), (1), (1) suy ra 22 =

Vay EQ,FP,ADdéng quy tai K

Cau IV. Véi a,b,c 1a nhitng sé thuc dudng théda man a+b+c=3. Chiing minh rang:
a(a+bc)2 + b(b+ca)2 ) c(c+ab)2
b(ab+2c?) c(bc+2a’) a(ca+2b’)

L&i gidi
Vdi a,b,c >0,a+b+c=3tacé:
2 2 2 2 2 2
_ a(a+bc) \ b(b+ca) . c(c+ab) _ az(a+bc) N bz(b+ca) N cz(c+ab)
b(ab+2c2) c(bc+2a2) a(ca+2b2) ab(ab+2c2) bc(bc+2a2) ca(ca+2b2)

Ap dung

a? b? 2 (a+b+c)2
BOT —+—+—>2>— 7 tacé:
X y z X+y+z

2 2

(a2 +b%+c*+ 3abc) (az +b%*+c?+ 3abc)

P> =P>

- @%b’ +b’c’ +c’a’ +2abc(a+b+c) B (ab+bc+ca)2
atb+c=p
bat {ab+bc+ca=q,dp dung BDT Schur ta cé: 9r > p(4q —pz)
abc=r
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= 9abc > 3[4(ab+bc+ca)—9] < 3abc > 4(ab+bc+ca)—9
Khi d6 ta cé:

o [az+b2+c2+4(ab+bc+ca)—9]2

(ab +bc+ ca)2

[(a+b+c)2 +2(ab+bc+ca)—9}2
P

(ab +bc + ca)2

[32 +2(ab+bc+ca)—9]2 . 4(ab+bc+ca)2
-

P> 2 = 2
(ab+bc+ca) (ab+bc+ca)
Diu "="xdyra ©a=b=c=1
Vay P >4 (dpcm)
-------------------------------- [
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
(x+y)(x+1)=4

Cau l. 1) Gidi hé phuong trinh:
) - P g {(y2+xy+x+y+5)(x3+y3+12y+13)=243

2) Gidi phugng trinh: (x—12)" +(2x-12)" +(24-3x)’ =0
Lai giai
1) Thay (x+y)(x+1) =4 vao phuadng trinh (2), ta cé:
YVoAxy+x+y+5=(x+y)y+1)+(x+y)(x+1)+1=(x+y)(x+y+2)+1=(x+y+1)
va x> +y3+12y +13 =2 +y3 +3(x+ y) (x+ 1)y + 1) +1=(x+y+1)>® = (x +y +1)° =243
=>x+y+1=3.
=>x+y=2
Thay vao phudng trinh (1) tacé: x=y =1
2)Dat x—12=ava 2x-12=btacéd: a’ +b’ —(a+b)’ =0
- (a+b)(a6 —a’b+a’b? —a’b® +ba’ —ab® +b6)—(a+b)(a+b)6 =<0
= (a+ b)(a6 —a’b+a'b? —a’b? +b*a’ —ab® + b® —a® —6a°h —15a*b? —20a°b® — 15a’b* —6b°a — b6) =0
= (a+ b)(—7a5b ~14a*b? —21a°b* —14a°b* - 7ab5) =0.
- (a+b)7ab(a4 +2a’b +3a’b’ + 2b3a+b4) L
— 7ab(a+ b)[(az +ab) +a%? +(b” + ab)z} -0
Tudadytasuyraa=0 hoac b=0 hodca+b=0.
= x=12;x=6hoac x=8.
CAu II. 1) Tim t&t ca cdc s6 nguyén duang a, b, ¢ sao cho ca ba s6 4a* + 5b;4b? +5¢;4c” +5a déu
I3 binh phudng cta s6 nguyén duong.
2) TU moét bd bén sé thuc (a,b,c,d) ta xay dung bd sé mdi (a+b,b+c,c+d,d+a) va lién ti€p xay
dung cdc bd s6 mdéi theo quy tic trén. Chitng minh rang néu & hai thai diém khéc nhau, ta thu dudc
cung mot bd s8 (cé thé khdc thir tu) thi bd s ban dau phai cé dang ( a,—a,a,—a)
L&i gidi
1) Khdng mat téng qudt, gid st a =max{a,b,c}. Ta cé: (2a)’ <4a’ +5b < (2a+2)* =

16a+9 hay a < 25c-9

43 +5b=(2a+1)>.=>5b=4a+1.Tusng tuta cé: 5c>4b+1= <2c.Tu

dd (2¢)* < 4c? +5a < (2c+3)* nénta phai cé 4c’ +5ae {(2c +1)%,(2c + 2)2} . TU day, xét hai trudng

hap
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- Néu 4c? +5a=(2c+1)* thi Ba=4c+1 va do a>c néntrong trudng hdp nay thi a=b=c=1

2) Gia sl & thdi diém thi n ta thu dudc bd s8 (a,.b,,c,.d ) va néu dt S =a +b, +c +d, th
S, =2S,_
bés6nén S;=0,kéo S =0 vdi moi ne N.N&Eu dat P, =a’ +b>+c? +d?> thi

P.=2P +2(a +c,)(b,+d,)=2P +2S? =2Pvn>1.

n+

,Nénsuyra S =2"S vdi S, =a+b+c+d.Viton tai hai thai diém ta thu dugc cing mot

Suy ra P, =2""P, véi moi n>2. Cling Vi ton tai hai thdi diém thu dugc hai b s6 gidbng nhtau nén
P, =0,suyraa, =b, =c, =d, =0. Diéu d6 ¢ nghia la bd s6 ban dau phai la (a,-a,a,-a).

Cau I1l. Cho tam gidc ABC cén tai A véi BAC < 90°. Diém E thudc canh AC sao cho EAB < 90°.
Goi P 13 giao diém cla BE vdi trung truc cta BC. Goi K |3 hinh chiéu vuéng géc cta P 1én AB. Goi
Q 13 hinh chiéu vudng géc cla E 1én AP. Goi giao diém cia EQ va PK |a F.

1) Chiing minh rang bén diém A, E, P, F cung thuéc mét dudng tron.

2) Goi giao diém cta KQ va PE la L. Chiing minh LA vuéng gdc LE.

3) Goi giao diém cua FL va AB |a S. Goi giao diém cha KE va AL Ia T. Ly R 13 diém ddi xing vdi
A qua L. Chdng minh rang dugng tron ngoai tiép tam gidc AST va dudng tron ngoai tiép tam gidc
BPR tiép xuc vdi nhau.

Li giai

1) Ta c6 PAE = PAK = EFK nén td gidc AEPF ndi tiép.

2) Diém A nam trén dudng tron ngoai tié€p tam gidc PEF nén theo dinh ly vé dudng thang Simson,
hinh chi€u vuéng gdc cta A trén ba canh cha tam gidc PEF thing hang. Do K, Q lan lugt la hinh
chiéu vudng géc cla A trén PF va PE, KQ c3t PE tai L nén AL L PE.

3) Ta phat biéu mot bé dé nhu sau.

N

F

R N
\/
N /" N\
> c

B

B& dé. Cho tam gidc ABC. Dudng cao AD. P |a diém bat ki trén AD.BP,CP cat AC, AB lan luct tai

E, F. Khi d6 DA I3 phan gidc EDF.
Chdng minh. Qua A ké dudng song song véi BC, cat DE, DF tai X, Y.
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o} ﬁzﬁﬁzﬁ ma E-Q-ﬁzl (dinh ly Céva) nén AX =AY . Laicd AD L XY nén
DC EC DB FB EC DB FA

AD I3 phan gidc EDF.

Trd lai bai toan:

Tac

Ta c6 KLE = 6!}5 = Cj‘:E = Q/AT< — EFK nén td gidc ELFK noi ti€ép. Goi T' |a giao cla dudng thang

qua S song song v3i BCvéi AL. Tacé AT'S = APL = AKL nén td gidc SLT'K nbi tiép.
Suy ra LKT'=LST'=LFE= LKE, suy ra K,E,T' thdng hang. TuUdé T'=T.
Goi Y 13 hinh chiéu vudng géc cla P trén AC. BY cit (AKP) tai X, cat AL tai T". Ta ¢ PY =PK
nén LP 1a phan gidc KLY . M3 BL L AT" nén theo bé dé trén, K,E,T" thang hang.Suyra T"=T.
Ta cé AXT = APY = APK = ABC = AST nén X e (AST).
PXB =PAY =PAB =PRB nén X < (BPR).
Do AXP = 90" = ATX + PBX nén ké tiép tuyén Xt cda (AST) thi Xt cling |a tiép tuyén cla (BPR).
Vay (AST) tiép xtc vdi (BPR) tai X.
Cau IV. Vdi a, b, c la nhitng s8 thuc dudng thda man a+b+c=3.
Ching minh rang: 3[1+l+l—1j2 +1 2i+3(i+£+ij.
a b c abc bc ca ab
L&i gii
Bai todn can chdng minh tuong ducng vdi:

2 3(a* +b* +c?
3(1+l+£] +4> 4 + ( )+6(i+l+1j
a

a b c bc abc a b c
2 5 2
<3 l+l+l +42 4 +3(a+b+c) <3 l+£+l +42£
a b c abc abc a b c abc

Quy déng va rdt gon ta dua vé chiing minh:

3(a2b2 +b’c* + c2a2)+ 4a°b°c* > 13abc

<3 (azb2 +b’c? +c’a®> —abc(a+b+ c)) > 4abc(1l —abc)

<81 (azb2 +b%c? +c?a’ —abcla+b + c)) > 4abc((a +b+c) - 27abc)
Khdéng mat tinh téng quét, gid s a<b <c, ta c6 cédc phan tich sau:
a’b” +b’c” +c’a®* —abcla+b+c)=c’(a—b)* +abla—c)(b—-c)
(@+b+c)*—27abc=(a+b+7c)(a—b)* +(4a+4b+c)(a—c)(b—-c).
Khi d4, bai todn can chifng minh tudng dudng vdi:

81c?*(a—b)* +81lab(a—c)(b—c)>4abc(a+b+7c)(a—b)* +4abc(4a+4b+c)(a—c)(b—c).
Véi a<b<c, kéthgp a+b+c =3 ta dé cé 2 danh gid sau:

81c? > 4abc(a+b+7c) va 8lab > 4abc(4a+4b+c)

Két hdp (a—c)(b—c) >0 ta cé dpcm.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Gidi phuong trinh 13v5 - x +18vx +8 =61+ x+3,/(5-x)(x+8) .
L&i giai
Céch 1. Diéu kién xdc dinh: -8 <x<5.
a=+v5-x (azO)

bat:

b=+x+8 (b>0)
Phuong trinh da cho cd thé viét lai thanh:
13a+18b=a’ +2b’ +40+3ab < (a+b)(a+2b)+40=8(a+b)+5(a+2b)

a+b=5
a+2b=8"

a’+b? =13

. Khi @3, ta cé: .
6l+x=2a’+2b*+40

<:>(a+b—5)(a+2b—8)=0<:>[

Trudng hdp 1: a+b=5. Thay a=5-b vao ding thic a’ +b? =13, ta dudc:

(5—b)2+b2 =13<:>2(b—2)(b—3):0c{zzzc{iiJ' (thda man).

=3 =1
Trudng hgp 2: a+2b=8.Thay a=8-2b vao dang thic a’ +b* =13, ta dugc:
, b=3 x=1
(8-2b) +b* =13« (b-3)(5b-17)=0« 17 & g9 (thda man).
b=? X:%

Vay phudng trinh d3 cho cé ba nghiém la x=1, x=-4 va x =@.

‘ 5—x>0
CéchZ.Diéukiénxécdinh:{ X=" o _8<x<5.

x+8>0
bata=+5-x,a=0.
Phudng trinh trd thanh: 13a+18v13-a*> =61+5-a° +3aV/13-2a°
2 2
«3V13-2° (6—a)=—a2—13a+66:9(13—a2)(6—a) :(a2+13a—66)
o 9(13—a2)(a2 —12a+36) —a* +26a° +37a% —1716a+ 4356

< 10a* —82a% +244a> -312a+144 =0 & (a—2)(a—3)(10a2 —32a+24) -0

a=2 x=1
& la=3 | x=-4 (thda man).

6 89

a=— X=—

L 5 L 25
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Vay phuong trinh cé tdp nghiém S = {1 —4; %}

) L C Xt evteexy?t =1 (1)
Cau Il. Giai hé phudng trinh: 4 .
x(x+y) =X-y (2)

Lgi gidi

Cach 1. Ta cé:

(x+y)4 =x" +4x%y +6x°y* + 4xy® +y* = x* +y* +6x%y? +4xy(x2 +y2) :1+4xy(x2 +y2)
Thay vao phuadng trinh (2), ta dudgc:
x[1+4xy(x2+y2)}=x—y<:>x+4x2y(x2 +y2)=x—y
<:>4x2y(x2+y2)+y=0<:>y[4x2(x2 +y2)+1}=0<:>[2;2(()x2+y2)+120

Vi 4x? (x2 +y2)+1 >0 vdi moi x,y nén phudng trinh 4x? (x2 +y2)+1 =0 vb nghiém.
x* =1

Thay y =0 vao hé phuong trinh d3u, ta dugc: { .
X

x=1

<:>x4:1<:>[ 4
x=-1

X

: —1;0)}.

Vay tap nghiém ctia hé phudng trinh 13 S = {(1;0)

—_

Céch 2. Tacé: (1) < (x2 +y? )2 +4x%y? =1
4

7/ \ A \ = 1 A 7
Xét x =0, thay vao hé phuadng trinh ta dudgc: {y (VO Iy).

Xét x # 0, chia ca hai vé& cla (2) cho x ta dugc:

(x+y) =1-Y o (x+yPP=1-Y
X X

S +2xy+y)=1- y<:>(x V2P 4 Ay 4 2.2xy. (2 +yY) =1 -Y s 1+ dxy. (P +y?) =1L
X %

< AxPy.(x*+y*)+y =0, (dox=0)
<:>y[4x2(x2+y2)+1}=0<:>y=0 (Vi 4x%3(x* +y?)+1>0.)

1<:>x —1<:>[x:1 (tm).
X =-1

Thay y =0 vao hé phudng trinh ban dau ta dudc: {XS
X

Vay tap nghiém clia hé phuong trinh 13 S = {(1 0); O)}

Céach 3. Tu hé phuong trinh, ta cé:

x(x+y)4 = (x—y)(x4 +y* +6x2y2)

& X +4x'y +6x°y° +4x7y? + xy? = x> +xy* +6x°y? —yx* —y® —6x7y?
< Bx'y +10x%y? +y° =0

o y(5x4 +10x%y? + y“) =0 (¥).
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Né&u y # 0 thi 5x* +10x?y* +y* >0,Vx R nén (*) vd nghiém.

Néu y =0 thi ta thay vao hé phudng trinh ban dau dugc: {

Vay tap nghiém clia hé phuong trinh 13 S = {(1;0),(—1;0)} .

Cau lIl. Tim s8 nguyén duong n nhd nhat, biét rang khi chia n cho 7,9, 11, 13 dudc céc sé du
tusng Ungla 3,4,5,6.

L&i giai

Vi n chia 7 du 3 nén 2n chia 7 du 6.

Vi n chia 9 du 4 nén 2n chia 9 du 8.

Vi n chia1lldu5nén 2n chial1ldu 10.
Vi n chia 13 du 6 nén 2n chia 13 du 12.

Suy ra (2n+1) chia hétcho 7,9, 11, 13.

Ma n I3 s8 nguyén dudng nhé nhdt nén 2n+1=BCNN(7,9,11,13)=7.9.11.13 = n = 4504.
Cau IV. Cho tam gidc nhon ABC cé diém P nam trong tam gidc (P khdéng nam trén cdc canh).
Goi J,K,L 1an lugt la tdm dudng tron ndi ti€p cédc tam gidc PBC, PCA, PAB.

1. Chiing minh rang BJC + CKA + ALB = 450°.

2.Gid sit PB=PC va PC <PA. Goi X,Y,Z lan luct la hinh chiéu vuéng géc cla J,K,L trén céc
canh BC,CA, AB. Dung hinh binh hanh XYWZ. Chiing minh W n3m trén phan gidc BAC.

Li giai

1. Chidng minh rang BJC + CKA + ALB = 450°.
BIC =90°+%§3\c

— -

Ta cé: @:90°+%@; do d6 §JE+6K\A+,@:270°+%(BPC+CPA+APB):450°.

,@:90°+%A/PTB
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2. Gid sir PB=PC va PC <PA. Goi X,Y,Z lan lugt |3 hinh chiéu vuéng géc cta J,K,L trén céc

canh BC,CA,AB. Dung hinh binh hanh XYWZ. Chitng minh W nam trén phéan giac BAC.
Lai giai

Céch 1.

P 1 C
Tinh chat: Cho tam gidc ABC cé K |a tAm dudng tron ndi tiép, cac diém tiép xdc 1a 1,J,Y nhu hinh

AC+AP-PC

vé. Khi dé AY = >
Chuing minh:
Tacéd: AY=AJ, PI=PJ, CY =ClI.

, AC+AP-PC AY+CY+AJ+PJ—-(PI+IC)
Ta co: > = > =

Trd lai bai toan:

AY.

Goi R,S 1an lugt la hinh chiéu vuéng géc ciia W 1én AB,AC. Ta sé chiing minh WR =WS.
Théat vdy, goi M 1a trung diém cta AC, E |a hinh chiéu vudng géc cda Y 1én MX.

Do tam gidc BPC cén tai P nén X |3 trung diém cta BC, suy ra XM// AB.

Lai cé: YE//WR,YX//WZ va YX =WZ nén AYEX = AWRZ (canh huyén — géc nhon)

TU d6 ta cé: WR = YE = MY sin YME = MY sinBAC =
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— (AY — AM)sinBAC = [AC+A2P‘PC - AzcjsinB/A\C - [gjsingA\C. (1)

Chuing minh tuong tu ta cé: WS = (nginBA/\C. (2)

Do BP =CP nén tir (1)va (2)ta c6: WR =WS. Viy W nam trén phéan gidc BAC.
Céch 2.

L4y EcAC;F € AB sao cho BE//XY,CF// XZ.
Tam gidc PBC cantai P nén X I3 trung diém cta BC suyra Y,Z la trung diém cta CE, BF.

XZ[/CF
Ta cé: { I = YW//CF, suy ra W la trung diém cla EF.

XZIIYW
AE=AC-CE=AC-2CY :AC—(AC+CP—AP)= AP -CP
TU day ta co: i
AF = AB-BF = AB-2BZ = AB-(AB+BP - AP) = AP -BP
Ma PB =PC suy ra AE = AF nén tam gidc AEF cantai A.
Mat khdc W 13 trung diém EF suy ra W nam trén dudng phan gidc cha géc BAC.
Cau V.Chotip A= {1; 2; 3;...;2021}. Tim s nguyén dudng k I8n nhat (k > 2) sao cho ta c6 thé
chon dudgc k s6 phan biét tir tdp A ma téng cla hai sé phan biét bat ky trong k s& dudc chon
khong chia hét cho hiéu cda ching.
L&i giai
Cach 1.

tagidsla, <a,<..<a,.

D&thdy a,, —a >1Vie{l;2.;k-1]

M3t khdc néu tdn tai i e {1; 2;...;k—1} saocho a_, —a =2 khidé a, va a_, clng tinh chan |é nén ta
c6 a_, +aa , —a, (trdi vdi gid thiét) tidésuyra a , —a >3

=a, >(k-1).3+a, >3k-2 talai c6 a, <2021 =3k-2<2021=k< 20323:>ks674.
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Nhan xét néu cé hai sé cling chia cho 3 du 2 thi téng cta chiing chia cho 3 du 1, cdn hiéu cla
chudng chia hét 3. Nén téng hai s8 nay khdng chia hét cho hiéu cha ching. Céc sd thudc tip A cé
tat cd 674 sé chia cho 3 du 2.

VAy gid tri I6n nhat cta k 1a 674.

Cach 2.

Goi B 13 tip con cha tdp A thda man hai phan td bat ky ciia B ¢6 téng khdng chia hét cho hiéu.
Dé& thay trong 3 s8 tu nhién lién ti€p ta chi cd thé chon 1 phan tf vao B. Thit vay véi 3 s6
x,X+1,x+2 néu cé 2 phan ti trong B thi

x+(x+2)=2x+2 chia hét cho (x+2)—x=2
x+(x+1)=2x+1 chia hét cho (x+1)—x=1
(x+1)+(x+2):2x+3 chia hét cho (x+2)—(x+1):1

2021

VAy véi cdch xay dung tdp B nhu vy thi s6 phan tl cGa B khéng thé I6n hon { +l} =674

Tép B= {1,4,7,...,2020} ¢4 674 phan tir thda man yéu cau bai todn.
VAy gid tri I6n nhat cla k 1a 674.
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. 1) V@i a,b,cla cdc s6 thuc thdaman a+b+c=0va (a+b)(b+c)(c+a)=1.

a b _1+abc+ab(a+b+c)‘

Ching minh rang — +— = >
a“(a@a+b+c)+1+abc b(a+b+c)+1+abc (@+b+c)

x? +4y? +4xy +2x%y? =11

2) Gidi hé phuadng trinh: )
3xy(x+2y)+3l =9x +18y +13xy

Lai giai
1) Ta cé:
az(a+b+c)+1+abc:a(a2 +ab+ac)+abc+(a+b)(b+c)(c+a)
:a(a2 +ab+bc+ca)+(a+b)(b+c)(c+a):a(a+b)(a+c)+(a+b)(b+c)(c+a)
=(a+b+c)(a+b)(a+c)
a a(b+c) _a(b+c)

Turd6 tacd az(a+b+c)+l+abc - (a+b+c)(a+b)(a+b)(c+a)(b+c) Ca+b+c

b _ bl@a+c)
b*’(@+b+c)+1+abc a+b+c

Bién d6i tucng tu ta cé

a N b _a(b+c)+bla+c)
a’(@a+b+c)+1+abc b*(@+b+c)+1+abc a+b+c

Suyra (1)

M3t khéc tir dang thic(a + b) (b +c)(c +a) + abc = (ab+bc+ca)(a+b+c)
Nén ta lai cé:
l+abc+abl@a+b+c)=(@a+b)(b+c)(c+a)+abc+abla+b+c)
=(ab+bc+ca)(a+b+c)+ab(a+b+c)=(a+b+c)(2ab+bc+ca)
=(a+b+c)[a(b+c)+b(a+c)]

l+abc+abla+b+c) b(a+c)+alb+c)

TU d6 ta cé >
(a+b+c) atb+c

(2)

a b _1+abc+ab(a+b+c)

Tu (1) va (2) tacd — +— = >
a‘(a+b+c)+1l+abc b(a+b+c)+1+abc (@+b+c)

Suy ra diéu phai chdng minh.
(x+ 2y)2 +2x%y% =11

2) Cach 1. Hé da cho <
3xy(x+2y)+ 31=9(x+2y)+13xy
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242p% =11
Pat a=x+2y,b=xy ta dudc hé mdi: {a *

Dé thay b =3 khdng thda man phuang trinh (2).
Xétb=3:

TU phucng trinh (2) tacé a= % thay vao phudng trinh (1) ta dudc:
2
13b-31 +2b? =11 & (13b-31) +18b%(b-3) =99(b-3)’
3(b-3)
b=1 a=3b=1
4 3 2 5 7 5
< 18b" -108b° +232b° -212b+70=0 < b:§:> a:§;b:§.
b7 |ty 7
. 3 L 3 3
[(x=1
x+2y=3 [x=3-2y y=1
Trusnghdp 1: a=3;b=1= S S | S
xy =1 (3—2y)y—1
1
=2
7
7 g X+2y == X=§—2Y
Trudnghgp 2: a=—b==— = &
3 3 o 5 Z—Zy _5
1
L7 X+2y == X:§—2Y
Truonghgp 3:a=—b=— = &
S YA Zoayly=L

Vay hé cd hai cap nghiém (x;y) = (1;1), (x;y)

X2 +4y? +4xy +2x°y? =11 (*)

Céch 2.
3xy(x + 2y) +31=9x+18y +13xy (*¥)

Xét phugng trinh (*) ta cé: (x+ 2y)2 =11-2x%y>.

Xét phuang trinh (**) ta co: 3(x + 2y)(xy - 3) =13xy-31=> 9(x + 2y)2 (xy - 3)2 = (13xy —31)2.

& —2(3xy—5)(3xy —7)(xy—1)2 =0.

Ta c6 céc trusng hgp: xy=1:>3(x+2y)+31=9(x+2y)+13:>x=3—2y.
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3ab+31=9a+13b

|

, hé v6 nghiém.

, hé v6 nghiém.

a’+2b% =11
3a(b—3):13b—31(2)
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/—A—\
< X
(1

y:
Khi d6 (3—2y)y:l<:>
y:

N[
0
X
Il

1
1
2 .
1
2

y:

Th{ lai ta thdy hai cdp nghiém nay thda man hé phuong trinh.

7
5 . X+2y=— X=§—2V
Xy=—=Xx+2y=— = & , hé vd nghiém.
y 3 y 3 ) _§ Z_zy ZE : ghie
Y=3 3 3
1
X+2y = X===-2y
xy=Z:>x+2y=—:> & 3 hé vo nghiém.
=3 3 3

A LA s s A 1
Vay hé cd hai cap nghiém (x;y) = (1;1), (x;y) = (23) .

Cau ll. 1) Tim x,y nguyén dudng théa man 3* +29 =2".
2) V4Gi a,b,c |a céc sb thuc dusng thda man diéu kién Z(a + b+c)+ ab+bc+ca=9.

a+1 b+1 c+1

Tim gid tri I6n nhat cta biéu thic M= — +— +— ‘
a“+10a+21 b*+10b+21 c“+10c+21

Lai giai

1) Xét x =1 thay vao phuong trinh ta dudc 3' +29=2" <y =5
Xét x >1 ta cé 3*chia hétcho 9

= 2" =2 (mod 9)

Dévy:

y =6k thita dugc2’ =1 (mod 9)

y =6k +1 thita dudgc2’ =2 (mod 9)

y =6k + 2 thita dugc?2’ =4 (mod 9)

y =6k + 3 thi ta dugc2’ =8 (mod 9)

y =6k +4 thita dugc2’ =7 (mod 9)

y =6k +5 thita dugc2’ =5 (mod 9)

TU d6 ta thdy dugc y =1 (mod 6)

V@i y =1 (mod 6) thi 2" =2 (mod 7) = 3" =1 (mod 7)
Dévy:

x =6k thita dugc3* =1 (mod 7)

x =6k +1 thi ta dugc3* =3 (mod 7)

x =6k +2 thita dugc3* =2 (mod 7)
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x =6k + 3 thi ta dugc3* =6 (mod 7)
x =6k + 4 thita dugc3* =4 (mod 7)
x =06k +5 thita dugc3* =5 (mod 7)
TU dé ta thdy dudc x=0(mod 6) =3 =1 (mod 4) =2 =2 (mod 4) =y =1 (Vb ly)
VAy cé duy nhat cap (x;y) = (1;5) thdoa man dé bai.
2) Tacé 2(a+b+c)+ab+bc+ca=9:>(ab+a+b+1)+(bc+b+c+1)+(ca+c+a+1)=12
:>(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1):12
Va a2+1Oa+21=(a+1)2+8(a+1)+12.Dét a+l=x;b+l=y;c+l=2z.
Khi dé: xy +yz+zx=12.Suy ra
X y z

T +8x+12 yi48y+12 2 +82+12
- X + y N z

(x+y)(x+z)+8x (y+x)(y+z)+8y (z+x)(z+y)+8z

Véi xy+yz+zx=12 :>(x+y+z)2 23(xy+yz+zx)=36:x+y+226.

ApdungBDT:lJrlz 4
X Yy X+y

X 1 y 1 z 1]

tacd:

M<

(x+v)(x+2) 8 (v+x)(v+z) 8 (z+x)(z+y) 8

et s e e

Taclingcé: 12 =xy+yz+2zx> 33/x2y222 = i/xzyzz2 <4 = x’y?7* <64 = xyz<8

Suy ra: (x+y)(y+z)(z+x)=(x+y+z)(xy+yz+zx)—xyz26.12—8:64

:Msl. ﬁ+§ :i.DéudéngthL’rc xdyrataia=b=c=1.
464 8 16

Vay M =% khiva chikhi a=b=c=1.

max

Cau I1l. Cho hinh thoi ABCD ¢é BAD nhon cé dusng tron ndi tiép (0). Céc diém M,N lan lugt
thubc céc canh CB,CDsao cho MN tiép xic (O)tai P va tam gidc CMN khéng cdn. MN |an lugt
cit AB,ADtai E,F. Goi K,L Ian lugt Ia truc tdm cdc ABME,ADNF .

1) Chiing minh OP di qua trung diém | cta KL.

2) Goi H la truc tdm tam gidc CMN. Chidng minh O _EF = —l.
CH 2MN 2

3) Goi EK, FL Ian lugt cit BD tai S,T. NS cat MT tai Q. Dudng tron ndi ti€p tam gidc CMN tiép
xutc MN vdi tai G. Chidng minh PQ song song vdi GH.
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Lai gidi

1) Chidng minh OP di qua trung diém | cta KL:

Ta cd K,L 1an lugt la truc tdm cdc ABME,ADNF va MN ti€p xic (O)tai P = BK//DL//OP (cung
vuong géc véi FE).

Trong hinh thang BDLK c¢é ddy BD c6 O la trung diém BD va OP//BK = OP di qua trung diém
| cha doan thang KL.

2) Goi H la truc tam tam giac CMN. Ching minh — =—

F
Ol FEF 1,
CH 2MN  2°

Ta cé:

+) Ol 13 dudng trung binh hinh thang BDLK = Ol = %(BK +DL).

+) EF =EM+MN+NF

O EF _BK+DL ME+MN+NF 1(BK DL ME NF
Khi a6 — St el [P (*)
CH 2MN  2CH 2MN “2lCH CH MN MN
Mat khac:
+) AMBK ~ AMCH = EiS :% :AMKE ~ AMHN = MK _ ME . Do dé6 BK =%
CH MH’ MH MN CH MN
+) ANDL ~ ANCH = B = N :ANLF ~ ANHM = NL _ NF . Do dé bt = E
CH NH’ NH NM CH MN

N 0]] EF 1 1 ... Ol EF 1
Tur(ry QLo EF _Lg) 1y O EF _ 1
CH 2MN 2 2 CH 2MN 2

3) Ching minh PQ song song véi GH.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 140



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Goi Y, la giao di€ém cta TF va QP, Y, la giao diém cta SE va QP.

Ap dung dinh Iy Menelaus cho AQMP ¢é T € QM, Y, € QP, F e MP thang hang:
TQ FM YP _,  YP _TM FP
™ FP Y,Q YQ TQ FM
Tucng tu cho APQN (S€QN, Y, € QP, E €PN thdng hang):

SQ EN Y,P_, _ YP_SN EP

(1)

=1= = —
SN EP Y,Q Y,Q SQ EN
. YP YP

D'é Chd’ng minh YIEYZ ta can 14 2 \ hay mizﬁg @Mg:ﬁm
YQ Y.Q TQ FM SQ EN TQ SN EN FP

Ap dung dinh Iy Menelaus cho AQMN cé TeQM, SeQN, X e MN (X =BD nMN) va cho ACMN
c6 BeCM, DeCN, XeMN:
TM SQ XN _; _TM SQ_XM.

TQ SN XM TQ SN XN’
BM DC XN . BM DC XM

(2)

(**)

BC DN XM ~ _BC DN XN

Suy ra:m.EZ%.D_C:% V\l DC:BC) (***)
TQ SN BC DN DN

. EP_EPPN

Tacd —=
EN EN.PN

Do EO la tia phén giac clia AEN = OEN =%XE\N

NO la tia phén gidc cla DNE = ONE =%D/I\WE
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N CTET\HO/\AJE:%(A/ET\HD/\!\JE):goO (do AE//DN)

EP_OF?

EN ON?’

FM OM2 EP FM OM?
—.Suyra — - —=——+

FP ~ OP? EN FP  ON?

Xét ACNM c6 O la tdm dudng tron bang ti€p ACNM = MON 900—2 = @

= OE L ON = EP.PN =0P? va ENPN=0N? =

Chung minh tuong tu, AOFM vudng tai O: — (3)

—_ -

Ma MO la phén gidc cla BMN nén ABMO ~ AOMN (g.g) (MON =MBO, NMO =BMO)
Tudng tu ADON ~ AOMN (g.9).

2 2
—. ABMO - ADON = 2M _BO _OM__BM BO _OM _ BM_OM" _ (do DO=BO) (4)
DO DN ON DO DN ON? DN ON?

BM EP FM

WEvad=gy=gnvree O

TU (***) va (****) = (*) = Y, =Y, = PQ, TF, SE dbng quy.

Tacé TF L AE (do AE//DN)va SE L AF (doAF//BM) = Y, latructam cla AAEF.
Ma AAEF va ACNM cé céc canh tudng U'ng song song

= HG//PY, vivaitro cia HG va PY, la nhu nhau = HG//PQ (dpcm).

a a

Cau IV. Gid sf a,,a,,.....,a,,,, la nhitng s6 thuc théa man 1+af + 1+za§ ...... +ﬁ_
. e a N 2 k
Chdng minh rang ton tai sé nguyén k(lsks2021) sao cho =+ 822+ ...... ak2_2k+1
l+a; 1+a; 1+a, 8
L&i giai
. a,
bat x, =——:i=1,..,2021
1+a
2
l+a
Xétx,+l— a"z l=( ') _O:>x,2—l
2 1+a’ 2 2(1+a‘?) 2
2
—(1-a
Xétxi—lz 2 2—1: ( ') <0=x <=.Suyra ——SX‘SE,I=1 ..... 2021
2 1+al 2 2(1+a) 2
a a a
Vi——+—2 4 .. +—2%2 0= x +X, +.tx, . =0
l1+a} 1+a’ 1+al,, v 2021
2 A s A a 2a ka 2k +1
Gid st khong ton tai s6 nguyén k;1 <k <2021 sao cho |——=+—%+..... K
l+a; 1+a; 1+a; 8
2 k
Ngha 12 véi moi ki1 <k <2021 taludn 6 |2+ 222y o <% |, 2k+]
l+a; 1+a 1+a, 8

Pitg =) ix;i=1,..2021
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Nhan thdy g,;9,;....:9,,,, ludn dong dau.
Théat vy, gid st néu cé 2 s6 9,‘71'9,‘(1 <i< 2021) trdi dau.

i 2(i-1)+1
2,+1+ ( ) =L:x.>l(méuthu§n)
8 8 2 2
Nghia la g,;9,;......9,,,, ludn dong dau

2021
. 7z g,' A =
Laico O=x, +X, +..+ X, = E = %0 (mau thuan)
i=1

Véy ta cé diéu phai chdng minh.

Do dé ‘i.xi‘ = ‘9.- _9.‘71‘ = ‘9," +‘gi71‘ >
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
6(xy+5)+x3y+5x2 =42
x3 1+ 5x2y + 6x+ 30y =42

2) Giai phudng trinh : (%/x+6 +\3/3—x)(2+3§/(x+6)(3—x)) ~24.
Lai giai

1) Tru vé€ vdi V& cla 2 phudng trinh ta dugc :

(xzy -x* ) + (6xy - 6x) - (5x2y - 5x2) - (30x - 30) =0

Cau |. 1) Gidi hé phuadng trinh {

Tuong dusng vdi (y —1)(x— 5)(x2 + 6) =0
Tudaysuyray=1hoac x=5
-113

Véiy=1=>x=1, v8i x=5thi y=—+
Y Ve 'Y= 155

Vay hé phuadng trinh cé nghiém (x;y) 13 (1;1)’[5; —115153j

2) bat Yx+6=2a,33-x =b.Khidé, ta cé hé phuong trinh :
{(a+b)(2+3ab) =24

. Céng hai phuong trinh lai ta suy ra
a’+b’°=9

(a+b)2+2(a+b)—33=O<:>(a+b—3)[(a+b)2+3(a+b)+11}:0
Luuy (a+b)2+3(a+b)+11>0nén ta phdicé a+b =3, kéo theo ab=2.
(20)=(12)
ab)

(25)=(21)

+)a=1lb=2=x=-5
+t)a=2b=1=>x=2
Vay S ={2,-5}.

Giai ta tim dudc [ . Xét hai trudng hgp:

Cau Il. 1) Tim t4t ca cdc cap s6 nguyén (x,y)théa man dang thic:

25y? +354x + 60 = 36x* + 305y + (5y —6x

)2022

2) Trén ban cé 8 hdp rdng (trong céc hép khdng cd vién bi nao). Ngusi ta thuc hién cdc 1an thém
bi vao cdc hdp theo quy tic sau : mbi lan ta chon ra 4 hép bat ky va bd vao hdp 1 vién, mbt hdp 2
vién, hai hép con lai mdi hdp 3 vién. Hai s6 1an thém bi it nhat cé thé dé nhin dudc s8 bi 6 8 hdp

trén |1a sé tu nhién lién ti€p?
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Lai giai
1) Phudng trinh d3 cho cé thé viét lai dudi dang (5y —6x-1)(5y+6x—60) = (5y —6x

)2022

R6 rang (5y —6x—1,5y —6x) =1nén (5v ~6x-1,(5y —6x)2022) =1, tir d6 ta phai cé By —6x—1 = +1

Xét hai trudng hop

+) Néu By —6x—1 =1thi 5y +6x —60 =2***. Cdng lai, ta cd :

10y = 2°°? + 62.Tuy nhién 2%°%% = (24)505 22 =16°®.4c6 tn cung la 4 nén 2%°*2 1+ 62 ¢4 tan cung la
8 khéng chia hét cho 10. Trudng hgp nay vd nghiém

+)Néu By —6x—1=-1thi by +6x—-60=0. Tl ddy tim dudc y =6,x=5

Vay phuadng trinh da cho cé ding mo6t nghiém la (5;6)

2) Goi sé 1an thém it nhat 1a n thi cdc hdép bitusng Ung la a,a+1,a+2,...,a+7

M&i Ian thém t4t ca 1a 9 binén ta cé :

a+(a+1)+(a+2)+(a+7)=9n<:>8a+28=9n

Suy ra 4(2n +7)chia hét cho 9, kéo theo 2a+7 chia hét cho 9.

TU d6 ta phdicd 2a+7>9=n=>4.Tachdng minh n=4thda man
Goi cdc hdp tuong Ung la 1,2,3,4,5,6,7,8 va thuc hién thém bi & cdc |1an nhu sau :
- Lan1:1,2,0,0,0,0,3,3
- Lan2:0,0,1,0,2,3,0,3
- Lan3:0,0,2,1,3,0,3,0
- Lan 4:0,0,0,3,0,3,1,2
Céu lII. Cho hinh chif nhat ABCD (AB < AD)ndi ti€p duting tron (O). Trén canh ADIdy hai diém

Eva F (E,F khong trung véi A,D)sao cho E ndm gitra A va F, ddng thdi ABE +DCF = %BO/\C

1) Chiing minh rang BE va CF cat nhau tai mét diém nam trén dudng tron (O)

2) Budng thing qua O song song vdi BC cat BE,CF theo th( tu tai M,N.

Ching minh rang EAT/H@T\H%A/OTD =180°

3) Dung hinh chit nhdt MNPQ sao cho NQ song song véi BD, déng thdi MP song song vdi AC.
Chiing minh réing dudng trdn ngoai ti€p hinh chif nhat MNPQ tiép xtc vdi duting tron (O).

Lgi giai
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1) Ching minh rang BE va CF c4t nhau tai mét diém nam trén dudng tron (O)
D3t BEACF =K

Goi H Ia hinh chiéu clta K trén AD.

Déyrang KH//ABva KH//CD nén tacd:

— — e~

BKC =BKH + CKH = ABE + DCF = %BOC Tir dé suy ra Ke(O)
2) Pudng thang qua O song song véi BC cat BE,CF theo thi tu tai M,N. Chiing minh rang

EATAJFA/D\!\H%A/OTD:lSOO

— -

Trudc hét dé y rang KMO =KBC = KAC = KAO ta tim dudc td gidc KAMO la td gidc ndi tiép
Chdng minh tuong tu, ta cling cé KDNO la t gidc ndi ti€p DatAMNDN=T

Khi dé ta cé TAC =MAO =MKO =BKC -NKO =BDC -NDO =TDC
TuddsuyraTe (O) . Vivay,

;K(_)TD 180°

DTJ/HXDT\H%@zlSO" ,EI'\D+
3) Dung hinh chit nhit MNPQ sao cho NQ song song véi BD, déng thdi MP song song vdéi AC.

Chidng minh rang dudng tron ngoai ti€p hinh chit nhit MNPQ tiép xuc véi dudng tron (O)

Goi MPANQ = J.D&y ring JMN = OCB = OBC = JNMnén JM = JN,
Nhu vay, ta quy vé chiing minh dugng tron (J;JM)tié’p xuc vGi (O).Thét vay, ta can chiing minh
JM+0J =RVéi R la ban kinh cta (O)

Pt KOABC = X.Khi d6 ta c6 2 = X8 14 thay
ON XC

AJMN ~ AOBC. Do d4, ta dudc :

KO _OM _MN_JO JM _JM_JM+JO _IM+JO

KX BX BC OX OB OK OK+0X KX

Suy ra, JM+JO = OK =R.Nhu vy (MNPQ) =(J,JM)tiép xtic trong vdi (O)

Cau IV. Cho a,b,cla nhitng sé thuc ducng.
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2a a+b 6Ga+2c 4a+3b+c> 32a

Chdng minh rang + + + > )
a+b a+c 3b+c b+c 2a+b+c

Li giai
Ta viét lai vé trdi dudi dang

2a (2a b+c 2(a+c)  4a 4a  3b+c  3b+c
P= + + -1+ +

= + + +
a+b la+c a+c 3b+c  3b+c| | b+c 2(b+c) 2(b+c)

2a 2a 4a 4a 3b+c [b+c 2(atc) 3bsc
= + + + + + + -1
atb a+c 3b+c b+c 2(b+c) |atc 3b+c  2(b+c)

b+c 2(a+c) 3b+c
+ +
a+tc 3b+c 2(b+c)

2a 2a 43 43 3b+c

Ap dung bat ddng thiic AM—GM thi >3nén

P> + + + +2.Chlyrang:

a+b a+c 3b+c b+c 2(b+c)
2a N 2a S 8a . 4a N 3b+c S 2a va 4a 12354 2a mar
a+b a+c 2a+b+c 3b+c 2(b+c) b+c b+c b+c

P> 8a +6/Za _ 8Ba N 12 8a N 24a 32a
~2a+b+c b+c 2a+b+c \/23(b+c)_2a+b+c 2a+b+c 2a+b+c

Diéu phai chiing minh
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. 1) Véi a,b,cla nhitng sé thuc dusng thda man diéu kién l+%+l =1.Chdng minh rang :
a c

1( S J: abc
2la+bc b+ca c+ab (a+bc)(b+ca)(c+ab)

2x* +3xy+y* =6

3x+2y+1=22x+y+6

2) Gidi hé phuadng trinh {

Li giai

1) TU gid thiét suy ra ab+bc+ca=abc. Ta cé:
1 a’ a

atbc a’+abc (a+b)(a+c)

B b 1 c
b+ca_(b+c)(b+a)’c+ab _(c+a)(c+b)

Tuong tu, ta co: .Tu dé suy ra

~ a(b+c)+b(c+a) B abc s
VT 2aen)brclcra) arp)peocra)) v

(abc)2 abc
P = = doa,b,c>0})(2
(a+b)2(b+c)2(c+a)2 (a+b)(b+c)(c+a)( )( )
TU (1), (2) suy ra diéu phai ching minh.
2) Diéu kién : 2x+y+6>0. Nhan 4 vao phudng trinh th( nhat cla hé ta cé:

4(2><2 +3xy+y2)—24 =0

Phuadng trinh thd hai cda hé tusng duong Vvdi :
{3x +2y+12>0

5 . Ta viét lai thanh hé mdi :
(3x+2y+1) —4(2x+y+6)=0

3x+2y+120(1)

4(2¢ +3xy +y*)-24=0(2)

(3x+2y+1) —4(2x+y+6)=0(3)
L4y phuong trinh (3) trir di phucng trinh (2), vé vdi vé, ta thu dugc :
(x—l)2 =0eox=1
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y=1
y = —4(ktm)

=2 +3xy+y’ =6y’ +3y—4:0<:{

Vay (xy)=(11).

Céu II. 1) Tim t4t ¢4 céc c3p s6 nguyén dudng (x;y) thda man dang thic
(x+y)(5x+ y)3 +xy® = (5x+ y)3 +x%y° + xy*

2) Vi a,b,c 1a nhitng s6 thuc duong théa man cdc diéu kién sau

c<b<a<3b?+2a<10;b’+2a+2c<14

{(a2 +1)(b* +1)+4ab<2a’ +2b° +2a+2b’

Tim gid tri 18n nhat cla biéu thidc: P =4a* +b* +2b* + 4c2.

L&i gidi

1) Ta bién d&i nhu sau:

(x+y)(5x+ y)3 +xy® = (5x+y)3 +x2y° + xy?

<:>(x+y—1)(5x+y)3 :xy3(x+y—1)

Vi x,y 14 hai s6 nguyén duong nén x+y > 1. Do d6, ta suy ra (Sx +y)’ =xy’

Do d6, ta suy ra xcling 13 14p phudng clia mot s6 nguyén dudng.Dat x = z°, ta cé:

(523 +y)3 = (zy)3 b +y=zy o y(z—l) =57°

N&u z =1 (ktm). Xét z # 1. Khi d6, ta c6 52°i(z—1). Vi 52° =5(modz-1) = 5iz-1

Tir déy ta tim dugc z € {2;6}. Suy ra :

(zy)e {(2;40);(6;216)} = (xy)e {(8,40);(216;216)}

2) Tacd: (a®+1)(b”+1)+4ab-2a(a’ +1)-2b(b* +1) <0

& (a?+1-2b)(b*+1-2a) <0< b’ +1<2a

Tacé: P =(2a)2 +(b2 +1)2 +(2c)2 —~1.Do dé:

P-76=(2a-6)(2a+6)+ (b’ -4)(b* +6)+(2c-4)(2c+4)

= (2a-b?)(2a-6)+(b* ~2c+2)(2a+b* ~10) +(2c +4)(2a+2c+b* ~14) <0

Do d6 P <76.Vay MaxP =76 < (a,b,c)=(3,2,2).

Cau Ill. Cho tam gidc ABC nhon, khéng cén, ndi tiép dudng tron (O). Diém P nam trong tam gidc
ABC. Goi E,F1an lugt Ia hinh chiéu vudng gdc cla Ptrén cdc canh CA,CB. Gid s t gidc BCEF
ndi ti€p trong dudng tron (K)

1) Chiing minh rang AP vuéng géc véi BC

2) Ching minh rang AP =20K
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3) Budng thang qua P vudng géc véi AP cat dudng tron tai hai diém Q,R. Chdng minh rang
dudng tron tAm Abdn kinh AP tiép xuc véi dudng tron ngoai tiép AKQR.
Lai giai

A

1) Ching minh rang AP vudng géc véi BC

Do t gidc BFEC ndi tiép dan dén AEF = ABC

D&Y ring OAC = 90° —B d3n dén OA L EF

Ta c6 OAC = 90° - AEF = PAF (do AP I dudng kinh clia (AEF))

Do d6 dan dén PAB+B =90° = AP | BC
2) Ching minh rang AP = 20K
Goi (AEF)c3t (O) tai diém thif hai 13 ). Goi S, T Ian lugt I3 trung diém cdia EC va FB, ta c6

JFB =180°— JFA =180°— JEA = JEC

Péng thdi, JBF = JCEdo d6 : AJFB > AJEC

= AJTF «> AJES(c.g.c) = ZITA = ZJSA

Do d6 J,T,S,A,Kcung thuéc mot dusng tron

D3n dén J,P,K thdng hang va dudng thang nay di qua X la d&i xitng cliia Aqua O

Do d4 chd y rang PECX la hinh thang vudng ma SK la dutng trung binh nén dan dén K la trung
diém PX hay AP =20K

3) Pudng thang qua P vuéng géc véi AP cat dudng tron tai hai diém Q,R. Ching minh rang
dudng tron tdm Abdn kinh AP ti€p xuc véi dudng tron ngoai ti€p AKQR

Goi G d8i xiting vdéi P qua J

Ta cé AJP = 90°din dén AG = AP hay G thubc (AAP)

Ta cé K la trung diém clda PXdo dé

PX.PJ =2PK.PJ=PK.2PJ = PK.PG = PQ.PR (do t& gidc JRXQndi tiép (0))
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Suyra Ge (KQR)

Cau IV. Cho céc diém A A,,....,A, theo thif tu ndm trén mét dudng thang sao cho d6 dai céc
doan A A, bdng k (ddn vi dai), vdi k =1,2,...,29. Ta t&6 mau méi doan thang A A,,.....A A, bdi 1
trong 3 mau (mdi doan dudc t6 bdi ding 1 mau). Chiing minh rang véi moi cdch t6 mau, ta ludn

chon dugc hai sé nguyén dudng 1< j<i<29sao cho hai doan AA

A va AA, duge td cuing mau
va i— jla binh phudng cta s6 nguyén duadng.

Lai giai

Goi d.lamau AA

wi=1..,29.d € {1;2;3]
Phan ching d. = djv‘i—j‘ 14 s6 chinh phudng
di:¢ Cii+9’

Ma trong d;;d

di;td #d.

is16 7 G250

1900167

Khéng mat tinh téng qudt, gid s d, =1,d, =2;Cé d,, =d, =1.
« Néu dy,=3=d,=d,=d ¢=d 4=d,=3

d,#d,=3d,#d =d, =2

d,#d,=3d,#d,=2=d, =1

d,#d,,=2d,#d,=1=d,=3=d

d,=2=d,=2d,,=3=d,=3

d,.+9 #d ;d. . #d

i+257 7i+16 i+25

cé hai s6 bang nhau, nén d,, =d. . Vi>1

i+25 i+16°

20 =3
Suy ra d, =d,, (mau thuan)

e Néud, =2=d,=d_=d =2
d,#d,=2d,#d, =1=d,=3=d,=d,
Suyrad, =1dod, #d,=3d, #d, =2=d, =d, =d, =1
d,#d,d,#d,=>d,=1=d, #d,=1,d,,#d,,=2=d,,=3

=d,, =d,, =d_ =d,=3nhungdo d,, =2, ta cé diéu mau thuan

12

Vay ton tai i, j sao cho ‘i—j‘lz‘a s6 chinh phucng va d, =d,
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Gidi phudng trinh: vx? +6x + 2023 ++/x+3 = Vx? + 5x + 2025 + /5.
X+6y)(3x+2y)=12
2) Gidi hé phuadng trinh: ( y)( y) .
2x% +6y° +15x%y +19y*x + x + 6y =12
Li giai
1) DKXD: x > - 3.
Phugng trinh da cho tudng dudng vdi
(Vi + 6x +2023 - |x* + 5x+ 2025 ) + ({fx + 3 -\5) =0
o X—2 N X—2 B
JX* +6x + 2023 +,/x? + Bx + 2025 Vx+3++6
= (x—2) 1 + 1 =0
JX* +6x + 2023 +,/x? + 5x + 2025 Vx+3++/5

< x =2 (tm).

0

(Vi ! + ! >0
X+ 6x +2023 +/x* + 5x + 2025 x+3+5
Vay phuong trinh d3 cho cé nghiém duy nhat x = 2.
2 {(x +6y)(3x + 2y) =12 (1)
2x3 +6y° + 15x°y + 19y*’x + x + 6y =12 (2)
Thé phudng trinh (1) vao (2) ta cé: 2x° + 6y® + 15x°y + 19y°x + x + 6y = (x + 6y)(3x + 2y)
Phudng trinh tusng duang vdi (x + 6y)(2x2 +3xy+y2) + (x + 6y) =(x + 6y)(3x + 2y).

)

TU phudng trinh (1) ta suy ra: x + 6y # 0. Do d6 2x* +3xy +y? + 1 = 3x + 2y
Suy ra (2x+y)(x+y)+1:(x+y)+(2x+y)<:>(x+y—1)(2x+y—1):0

Xét cac trudng hdp:

- Néu 2x + y =1 thay vao phuong trinh (1) ta cé: (6—11x)(2—x) =12

Giai phuong trinh trén ta thu dugc x = 0 hodc x = %

TU d6 ta thu dudc hai nghiém (0, 1) va (% #)

- Néu x +y =1 thay vao phuadng trinh (1) ta cé: (1 +5y)(3 —y) =12

Gidi phuong trinh trén ta thu dugc y =1 hoac y =

o] ©
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TU d6 ta thu dudc hai nghiém (0, 1) va [% gj

C3u ll. 1) Gid sif n 13 s6 nguyén sao cho 3n® —1011 chia hét cho 1008. Chiing minh ring n—1
chia hét cho 48.
2) Vi a, b, ¢ la cdc s6 dudng thod man diéu kién ab + bc +ca=1.

Chdngminhréng:(1+1l ](1+ 1 ](1+ 12]>4.

+a’ 1+b? 1+c
L&i giai
1) Tacé: 3n*-1011 = 3(n3 ~337)=1008k (k e N*) nén n? — 337 = 336k, dan dén
n’-1=336(k+1),
hay
(n—1)(n2 +n+1) = 48.7(k +1)

Do n*+n+1 las61& nén n” +n+1 khdng chia hét cho 16.
Bai vy n—1 chia hét cho 16. (1)

Thém nita, néu n=0; 2 (mod 3) on +n+l=1 (mod 3): n-1:3
Néu n=1 (mod 3) <n-1:3
Vay n-1:3 (2)
TU (1) va (2) = BPCM.
2) B4t d3ng thidc can ching minh tusng dudng véi:
(a2 + 2)(b2 +2)(c2 + 2) > 4(a2 + 1)(b2 + 1)(c2 + 1).
Khai trién va rdt gon, BDT nay tuong duang vdi: 3a’b’c? + Z(azb2 +b’c? + czaz) <4. (1)
Mat khdc, vi ab+bc+ca=1, ta cé:
o a’b’+b’c® +c’a’ <(ab+ bc+ca)2 =1.
(ab +bc + ca)3 1

° a2b2c2 <— <+ =—,
27 27

Do d4, VT(l)

<%+2 < 4. Ta cé diéu phai chiing minh.

Cau lIl. Cho hai dudng tron (O) va (O') ¢6 dinh cdt nhau tai A va B sao cho O nam ngoai (O')
va O' nam ngoai (O) Trén dudng tron (O) |&y diém P di chuyén sao cho P ndm trong dudng
tron (0'). Budng thing AP cit (O') tai C khéc A.

1) Chiing minh rang hai tam gidc OBP va O'BC dbéng dang.

2) Goi Q Ia giao diém cla hai dudng thang OP va O'C. Ching minh rang 6!??3 + ABP = 90°.
3) Lay diém D thudc (O) sao cho AD vuéng géc O'C. Chidng minh rang trung diém cla doan

thdng DQ luén nam trén mdt dudng tron cd dinh khi P thay déi.
Lai giai
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1) Ta cé: POB = 2PAB =BO'C nén hai tam gidc OBP va O'BC dbéng dang.
2) Tu céu 1) ta thu dudc OPB=0'CB nén td gidc BPQC ndi ti€p. Suy ra

1/\

6B\C:6P\C:@:90°—§AOP:90°—@.

3) CQ cat AD tai N. M la trung diém cla DQ.

Ta cé: BYQ\C — BPC = BAN nén tut gidc DNQB ndi tiép.
Suy ra D/B\Q =90°.

Suy ra MD = MB =MQ, ta thu dugc OM L BD.

TU cau 1) ta cling cé B/OTQ = Bf)?) nén t gidc BOO'Q ndi tiép (K).

Ké dudng kinh QS cuda (K) thi D, S, B thang hang.

Ta cé: MK // DS nén OMK = 90°. Do O, B, Q' ¢6 dinh nén K ¢8 dinh.

Vay M chuyén dong trén dudng tron dudng kinh OK ¢8 dinh.

Cau IV. Gid st A 1a tdp hdp con cla tdp hgp gom 30 s8 tu nhién du tién {0;1;2; 3;...;29} sao cho

véi k nguyén batky, a, b € A batky (céthé a=b) thi a + b + 30k khdng la tich cha hai s6 nguyén

lién tiép. Chiing minh rang sé phan ti cda tdp hdp A nhéd hon hoac bang 10.

Lai giai

Nhén xét: Néu n nguyén thi n(n+1) =0,2,6,12, 20, 26 (mod 30).

Do dd,néu ae X={0,1, 3,6,10, 13,15, 16, 18, 21, 25, 28} thi 2a=0, 2, 6, 12, 20, 26 (mod 30).

Do dd, ludn ton tai k, n nguyén dé 2a+ 30k = n(n + 1).

Vay, tdp A khdng chilra phan tr nao cla tap X.

Mat khdc, néu (a, b) €{(2, 4), (5, 7), (8,12), (9, 11), (19, 23), (20, 22), (24, 26), (27, 29)} thi
a+b=0,2,6,12, 20, 26 (mod 30).

Khi d4 cling tén tai k, n nguyén dé a+b+ 30k = n(n+ 1).

Nhu vy, mbi nhdm & trén cd tdi da 1 s6 thudc A. TU ddy suy ra tdp A c6 khéng qud 10 sé.

Chd y: Ta cling cé thé chiing minh 10 13 s6 phan t& nhiéu nhat cé thé cha tip A. Thit vay, 1ay

A=1{2,5,8 11,14, 17,20, 23, 26, 29}
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thi vdi a, b bat ki thudc A, a+b=1 (mod 3). Khi dé:
a+b+30k =0, 2,6,12, 20, 26 (mod 30).
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S3 GIAO DUC VA BDAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. 1) Giai phudng thinh: 2x+ 1+ 2v/4x? +6x = 44/5x - X
xy(x + y) =30

x*+y?=30+3x+y+120

2) Gidi hé phuadng trinh: {
L&i giai

1) Ta cé:

2%+ 1+ 24/4x% +6x = 4/5x - X2 (DK 0<x<5)

© X+2,|x(4x+6) +4x+6 = 4x +4Vx = x* +5—X
<:>(\/;+M)2 =(2\/§+\/E)2

<:>\/;+\/4x+6 :2\/;+\/5—x
< \V4x+6 =Jx+/5-x

<:>4x+6:5+24/x(5—x)
@4x+1=2,/x(5—x)

<:>16x2+8x+1:4x(5—x)

©20x* -12x+1=0
& (10x-1)(2x-1)=0
1

“10

1
X==
2

2) Phuadng trinh thd hai tuang dudng vdi:
(x+y)3—3xy(x+y)=30+m

<:>(x+y)3+(x+y):(x+y+120)+€/m

+ Néu x+y>€/m thi VT > VP.

+ Néu x+y<m thi VT < VP.

Do vay x+y=m hay (x+y)3:x+y+120.

D3t t=x+y thi t3—t—120=0<:>(t—5)(t2+5t+24)=0.

X
f=

Dé& thdy t* +5t+24 >0 nén t=5 hay x+y =5, thay vao phuang trinh dau tién ta cé xy =6. TU
day ta tim dudc (x,y) = (2,3); (3,2) la nghiém cla hé da cho.

Céu II. 1) Tim t&t 4 céc cdp s6 nguyén dudng (x; y) thda mén:
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A+ (1+3")(1+77)=2°(3'+7" +2)
2) V4Gi x, y, z la nhitng sé thuc dudng, tim gid tri nhd nhat cda biéu thic:

M< x"*—x®+3 y*—y®+3 N 7" -z°+3
XV2 +zx+zy  VZP4xy+xz  Z2XP +yz+yx
Lai giai
1) TU gia thiét suy ra (2x -3 —1)(2X ~7 —1) =0
2°=3"+1
Tl d6 ta cé:
=7 +1

Ta xét 2 trudng hap:
+) Trudng hp 1: 2° =3" +1. Suy ra 2* =1 (mod3) nén x chan.
D3t x = 2a thi 37 =(2a —1)(2a +1).
Dandén 2°-1=3",2"+1=3"v8i m<neN.
TUdé2=3"-3" =3m(3"*m—1) nén m=0,n=1.Dodé a=1 nén x=2;y=1.
+) Trusng hgp 2: 2* =7" +1
Khi @6 2" =1 (mod7). Lan lugt xét x = 3k; 3k +1; 3k +2, ta thy:
2% =1 (mod7)
2°** =2 (mod7). Do d6, x =3k (ke N).
22 =4 (mod7)
Khi d6, ta c6: 7" =2% ~1=(t-1)(t" +t+1) véi t=2"eN".
Vit-1<t’+t+1 vacda 2 déu phailally thira cla 7, ta suy ra:
t?+t+1it-1
Dan dén 3it—1nén te{2;4}. TUd6, ke{lL; 2}.
Thay vao ta thdy chicd k=1 thi x=3,y =1 thoa man.
Vay phudng trinh cé nghiém (x, y) = (2, 1), (3, 1).
2) Ta cé: (x6 —1)(x8 —1)2 Onén xX*+1>2x3+x* = x™ -x*+3>x%+2.
Tuadng tu vdi vy, z thi khi dé:

M> x?+2 N ve+2 . 2#+2

Xy2 +zx+zy YZP4xy+xz Z2°XP+yzZ+yx
Ap dung bat dang thic AM-GM 3 s6 ta cé:

_ (x8 +2)(y8+2)(28+2)

(x y2 +zx+ zy)(yzz2 + Xy + xz)(zzx2 +yz+ yx)

M> 33

Ta di chiing minh M >3 hay

(xs + 2)(y8 + 2)(28 + 2) > (xzy2 + 22X+ zy)(yzz2 + Xy + xz)(zzx2 +yz+ yx)
Ap dung bat dang thifc Cauchy-Schwart ta cé:

(x8 +1+1)(1+y8 +1)2(x4 +y* +1)2

Tudng tu nhan theo V& ta suy ra dudc:
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(x8 + 2)(y8 + 2)(28 + 2) > (x4 +y*+ 1)(y4 +z* +1)(z4 +x* + 1)

Tiép theo lai cd:

(x“ +y* +1)(1+y4 +z4)2 (x2 +y* +zz)2

Tudng tu nhén theo vé ta suy ra dugc:

(x“ +y* +1)(y4 +z* +1)(z4 +x* +1) > (x4 +y? +22)(y4 +2z° +x2)(z4 +x° +y2)

Lai co:

(x“ +yi+ zz)(y4 +Z2° + xz) > (xzy2 +yz +z><)2

Tudng tu nhan theo vé ta suy ra dudc:

(x4 +y?+7° )(y4 +77 4 xz)(z4 +x% + yz) > (xzy2 +ZX + zy)(yzz2 + XY + xz)(zzx2 +yz+ yx)

K&t hgp céc BDT trén ta suy ra diéu can chiing minh.

Vay gid trinhd nhitcda M |a 3, khix=y=z=1.

Cau Ill. Cho tam gidc ABC nhon véi AB < AC ndi ti€p trong dudng tron (O) c6 tiép tuyén tai A
clia (0) c&t BC & T sao cho TB>BC. Goi P va E lan lugt 1a trung diém clia TA va TC.

1) Chiing minh rang td gidc APEB ndi tiép.

2) Goi giao diém th( hai cia AE vdi (O) la F. Ldy G thudc (O) sao cho FG song song véi AC.
Chung minh rang ATG = TAF.

3) Goi H la truc tdm cla tam gidc ABC, D la giao diém cla AH va BC. M |a trung diém cua BC.
K d&i xiing véi A qua BC. N thudc dudng thang AM sao cho KN song song véi HM . Ldy S thubc
BC sao cho NS L NK. Dung R thudc tia AK sao cho AR-AH = AD?. Q la diém sao cho PQ L AS
va SQ L AO. Chiing minh rang diém d6i xiing cdia A qua QR thudc dudng tron dudng kinh DN .
Li giai

A

<A
TWC

1) Vi AT la tiép tuyén ctia (O) nén ta dugc TA=TB-TC.

Nhu vay, ta dugc TP-TA =%TA2 = %TB-TC =TB-TE.

Do dé, ti gidc APEB la t& gidc ndi tiép.
2) Vi EP 13 dudng trung binh cia ATAC, AFGC Ia hinh thang cdn va AT |a tiép tuyén cla (O)

— — e~ — e~ e~~~ -

nén ta thu dudc AEP = EAC = FAC = GCA = TAG va GAC =FCA = TAF = PAE . Nhu vy, ta dugc
AAEP » AACG (g.g) va dan dén % :%. Lai chd y ring AT =2AP va AC = 2EP, ta thu dudc
AE _2AE _2AP AT

EP AC AG AG’
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Két hop véi AEP = TAG ta thu dugc AAEP«ATAG (cg.c).
Do d6, ATG = TAF.
1%

3) Goi AY la dudng kinh cla (O) L va Y, la giao cia AY vdi QS va KN. Theo tinh chat quen
thudc ta ¢ M la trung diém clia HY nén theo bé dé hinh thang ta dugc N la trung diém ctda KY,
Vi SN LKY, va SD la dudng trung truc ciia AK nén S la tam ngoai tiép cla tam gidc AKY,.
Vi QS L AO nén AY, LSL Ia S latam (AKY,) nén L I3 trung diém AY, . Theo tinh chat dudng
trung binh ta dugc DN// AO va NL// AD suy ra ti gidc ADNL la hinh binh hanh.
Goi Z la giao diém cta DL va AN thita dugc Z la trung diém clha AN va DL.
Goi A" d6i xing clia A qua R, X la giao diém cla NL vdi BC, A' la giao cia AX Vdi (R) thi
XA'LA'A" nén A' thudc dudng tron (DN).

AD AD AH AM AM

Ap dung dinh ly Thales ta dugc: = = = -
AA" 2AR 2AD 2AZ AN

Theo dinh ly Thales d3o ta suy ra NA"//DM nén NA" 1 DA" suy ra DXNA la hinh chit nhat va
D, X, A", N thuéc (DN).

Goi U, V 1an lugt |a giao diém ctua QS va QP vdi AH; W la giao ciia AO va BC.

Ta co: AQUVwAAWS(g.g) (do 2 tam gidc nay cé céc cap canh tuong Ung vubéng gdc).

Tu V ké VG' L QS vi SQ//AT nén VG' L AT .
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Vi dusng qua T vudng géc véi AS va dudng qua S vudng géc véi AT déng quy tai truc tdm tam
gidc ATS trén AH nén VG' phai di qua trung diém J cla AS.

Mat khdc JG'//AL (cung vubéng géc véi QS nén G' la trung diém LS)

Theo tinh chit dudng trung binh cla tam gidc AANA", ADLS ta dudc G'Z//DS, RZ//INA" ma
NA"//DS nén G', Z, R thang hangva G'R L VU.

Vi AVG'U»ASLW (g.g) (VG'U=WLS=90" va VUG'=LWS) Vi LX va G'R I3 hai dudng cao

tuong Ung cda hai tam gidc nay nén tu tinh tusng ng cha déng dang ta dudc % :%.

TUr day két hop véi AQUV « AAWS (g.g) ta dugc AQUR«AAWX (cg.c) suy ra QR vubng géc
véi AX.
Vi QR L AA' ma R thudc dudng trung truc cia AA' nén A va A' ddi xiing nhau QR.
Vay diém d8i xdng cda A qua QR la A' thudc (DN).
Cau IV. Viét mot tram s6 nguyén dudng dau tién 1, 2, 3,..., 100 vao mét bang 6 vudng kich thudc
10 x 10 mdt cédch tuy y sao cho mbi 6 dudc viét ding s8. Chiing minh rang ton tai hai 6 ké nhau (
2 6 cé canh chung) ma hai sé viét & hai 6 nay cé hiéu I8n han hodc bang 10.
Lai giai
Gid s cd céch dién sd sao cho hai 6 ké nhau bat ki déu cé hiéu nhd hon 10. Ta 1an lugt dién céc sé
theo thirtu 1, 2, 3, ..., 100 vao bang (budc thi k thi dién sb k) thi phdi cé mét thdi diém dau tién
ma 10 hang/cét déu dudc dién sé.
Khéng mét tinh téng quat, ta gid st 10 hang déu dudc dién sd & thai diém dau tién la budc tha k.
Vi & thai diém nay chua hoan thanh dién s8 trén cd 10 cbt, nén phai cé mot cdt chua dién sé nao.
Do dd, trén mdi hang déu phai cé 1 cap 2 6 ké nhau ma mét 6 da dugc dién s6, mot 6 chua dudc
dién s8. D3t céc cap s6 da dién va chua dién 6 mi hang Ia (a,, b, ), (a,, b, )...., (3,0, by, )
Kihiéu A=maxa,i=1,2,...,10. Ta nhan xét:

b <a+10<A+10<k+10,Vvi=12,...,10
R rang khi dé 10 s6 b, b,, ..., b,, chicé thé nhan téida 9 gid trila k+1,k+2,..., k+9. Diéu nay
mau thuan.
Ta cé diéu can chidng minh.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian lam bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang
Cau l. (3,5 diém)

1 1 1 1

1) Gidi phudong trinh: + = +
J5x2 +10x+30 32 —-2x+6 3V5 x*+8x’+36

(E+EJ(3+xy)=8
2) Giai hé phudng trinh: 12 Y

54_&4_14_3:5

y x Xy
Lai giai

1) Chdvy I3 x4+8x2+36=(x2+6)2—4x2 =(x2—2x+6)(x2+2x+6),

nén phudng trinh tuosng ducng vdi ( ! —1]( 1 _ij =0
Jx? +2x+6 3 \/x2—2x+6 J5

Dén day, xét hai trudng hdp:

+) ;—lzo,tuong dudng x* +2x+6 =9, gidira dudc x =1 hodc x=-3.
Vx> +2x+6
1 1 2
+) ———--—=0, tudng dudng x~ —2x+6 =5, gidira x=1.
It -2x+6 5

Vay tap nghiém cda phuong trinh la {1,—3}.

2) Diéu kién xac dinh: x,y # 0.

[%+lj(3+xy):8

Y

[l+1j(x+2y+1)=8

Xy

Hé phudng trinh tuong dudng vdi

Hai phuong trinh trén cho tal+l #0 nénsuyra 3+xy=x+2y+1
Xy

Phuong trinh nay tuong dudng véi (x—Z)(y—l) =0 vatimdudc x=2 hoacy=1.

+) Khi x =2 thi thay vao phudng trinh thd hai clia hé, ta dugc y +

< |w
N | ©
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tuong duong:2y> -9y +6=0

.2 AY A AY 9i
Giai phudng trinh trén tim dugc y =

+) Khi y =1 thi thay vao phudng trinh th hai cla hé, ta dugdc x+§ =4
X

hay tuong duong: x> —4x+3=0

Gidi phuong trinh tim dugc x =1 hoac x=3.

Vay, hé da cho cé bén nghiém (x;y) Ia (1;1),(3;1),[2;

91@}

4
Cau ll. (2,5 diém)
1) Tim céc s8 nguyén dudng x,y,z thda man hé phuong trinh
27X +27x* +10y = (x + 32)3
27y +27y* +10x = (y + 32)3
2) Véi a,b,c Ia cdc s6 thuc duong théa man diéu kién (a+2)b” +(b+2)c’ +(c+2)a’ 2 8+abc.
Ching minh ring Z(ab +bc+ ca) <a’ (a + b) +b? (b + c) +c? (c + a).
Lai giai
1) Vi x,y ¢4 vai trd binh ddng nén khéng mat tinh téng quat gid s x >y . Khi dd ta cé

(3x)® <27x® +27x* +10y = (x+ 32)* < (3x +2)°

Do détasuyra (x+32)° =(3x+1)® suyra x+3z=3x+1 va 10y =9x+1.

Diéu nay tuong ducng véi 3z =2x+1 va 10y =9x+1. Thay vao phuadng trinh (2), ta cé
(By)® <27y +27y* +10x=(y+32)’ =By +1)° +x—-1 < (3y + 2)°.

Dodd,tasuyra y+3z=3y+1 vax=1suyray=1vaz=1.

Vay bd s6 (x,y,z) nguyén duong thod man duy nhat Ia (1,1,1).

2) Hodn vi vong quanh a,b,c thi bai todn khdng thay ddi nén khdng mat tinh téng quat, gid s b
nam gilta a va c. Ta cé:

ab? +bc? + ca® —abc Sb(a2 +c2)

b +1
<

(a2 +c2)

S%(az +b? +c? +1)2
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(a2 +b? +c? +1)2
TU day s dung gid thiét, ta suy ra dudc: 2(a2 +b? +c2)+ 5 >8

hay ta cé: a* +b? +c? > 3. Ngoai ra: a2+b2+c2+3=(32+1)+(b2+1)+(c2+1)22(a+b+c)
néntacé a’+b’+c’>a+b+c

(a(a+b)+b(b+c)+c(c+a))2
2(a+b+c)

Lai cé: a*(a+b)+b’(b+c)+c*(c+a)z

((a2 +b? Jrc2)+(ab+bc+ca))2
2(a+b+c)

4(a2 +b? +c2)(ab+bc+ca)

= 2(a+b+c)

> 2(ab+bc+ca)

Bat dang thuc dudc chiing minh, dau bang xay ra khiva chikhi a=b=c.
Cau Ill. (3 diém)

Cho hinh vuéng ABCD. L3y diém P thubc canh AB (P khdc A va B). Goi J la tdm dudng tron
ndi ti€p cha tam gidc PAD.

1) Chidng minh rang t& gidc PJDB ndi tiép.
2) Goi H la truc tAm cha tam gidc PJD,S la giao diém cda JH va AD. Ching minh rang SH=SD.
3) Goi L la tdm dudng tron ndi tiép clia tam gidc PBC, K |a truc tdm cla tam gidc LPC . Budng

tron ndi ti€p clia tam gidc PCD tiép xdc CD tai E. Lay F thudc doan thang CD sao cho CF =DE.
Ching minh rdng tam gidc FHK vubng cén.

Lai giai

K

H

] 7 3
x D E F c y
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1) Vi J la tdm ndi ti€p cha tam gidc PAD nén ta c6
— 1 — 1
PID = 90°+§PAD =90° +§~90° =135°

K&t hop véi vidc ABD = 45° ta dugc PJD+PBD =180°. Nhu véy td gidc PIDB ndi tiép.
2) Vi PJ L DH va PJ la phan gidc cla APD nén ta cé bién déi goc:
ADH = PDH - PDA = 90° - JPD - 90° + APD = JPD = JHD

Tuddsuyra SH=SD.
Trudc hét ta phét biéu va chdng minh bé dé sau:
Bé dé. Cho tam gidc ABC vudng tai A véi dudng tron
ndi ti€p (l) (l) ti€p xuc véi BC tai DH |a truc tAm clda
AB+AC+BC

2

Ching minh bé dé. Goi (J) la dudng tron bang tiép

tam gidc IBC . Khi dé tacé HD =

ng vdi dinh A cia AABC. (J) tiép xuc véi BC,CA,AB

tai X,Y,Z.DEéyrang HBJC Ia hinh binh hanh nén H,J

ddi xiing nhau qua trung diém cda BC. Tu d6 do tinh

ddi xng ta thu dugc HD =JX = JY =JZ.M3tkhdcchd  Z
y rang AYJZ 1a hinh vudng nén ta dudc JY =JZ = AY =

AZ . Nhu vay:

AB+ AC+BC
2

HD =AY =AZ=

J

Trd lai bai todn. Ha HX L CD va KY L CD vdéi X,Y eCD. HJ cat PD tai Q va KL cat PC tai R.
Tiry 2) két hdp véi HX // AD ta suy ra XHD = ADH = JHD, tir d6 kéo theo AHXD = AHQD (canh
huyén - géc nhon) va DX =DQ. Lai chd y rang Q chinh la tiép diém cta dudng tron ndi tiép (J)

ctia APAD vdi canh PD ., ta thu dugc DX =DQ = 2A+PD=AP _PB+PD

2 2
Mat khac, ta cling cé6 DF = CE = w
Tir d6, ta thu dugc XF:DX+DF:PB+P2C+CD:PB+P2C+BC

L4p ludn tudng tu nhu trén ta thu dugc AKRC = AKYC (canh huyén - géc nhon) nén thu dudc
KY =KR. Ap dung bé dé néi trén cho tam gidc PBC ta thu dugc

KyzKszzxp

Chung minh tuong tu ta cling dugc HX = FY'.
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Tir d6 suy ra AHXF = AFYK (c.g.c), dan dén FH = FK, XFH = YKF =90°— YFK . Do d$,
XFH+YFK =90° d3n dén HFK = 90°. Nhu vay, ta thu dudc tam gidac FHK vudng cén tai F.
Cau IV. (1 diém)

Cho bang 6 vudng kich thudc (2023 X 2023), 0 vuong co kich thudc (1 X 1) dudc goi la 6 vudng

don vi. Méi 6 vubng dan vi cha bang dudc té bang mot trong 2 mau den hodc trdng sao cho méi 6
vudng dan vi td mau den dudc ké vdi it nhat 3 6 vuéng dan vi té mau trang (2 6 vudng don vi cé
canh chung dudc goi la ké nhau). Hoi s6 6 vudng dan vi dudc td mau den nhiéu nhat 1a bao nhiéu ?

L&i giai

20227

Ta chia bang 6 vuéng 2023 x2023 thanh hinh 2x2,2022 hinh 1x2 va 1 hinh 1x1 nhu

Sau.

(Chu thich: Trong hinh trén, cdc hinh 2x 2 sé x&p thanh mét hinh 2022 %2022, cdc hinh 1x1 sé
ghép thanh hai hinh 1x2022 nam & phia bén phai va phia dudi hinh 2022 x2022, va hinh 1x1 13
6 géc dudi bén phai ciia bang 2023 x 2023 ban dau)

Hién nhién 4 6 géc cha bang 2023 x 2023 phai c6 mau trang, nén 6 1x1 & cich chia trén phai cé
mau trang.

Xét phan con lai cda bang, gid st s6 6 den trong phan con lai I8n hon sé 6 trang. Khi d4, tén tai
mbt hinh (1x2 hodc 2x2) trong cdch chia trén cd s6 & den nhiéu han sé 6 trang. Néu nhu mét
hinh 1x2 trong céch chia trén cd s8 6 den nhiéu hon 6 trdng, thi hinh d4 phai chira 2 6 den, Diéu
nay mau thuan vdi dé bai do khi dé 2 6 den trén chi cé thé ké vdi téi da 2 6 trang mdi 6.

Né&u nhu mdt hinh 2x 2 trong cdch chia trén c6 s 6 den nhiéu hon 6 trang, thi hinh dé phai chda
it nhat 3 6 den. Diéu nay mau thuan vdi dé bai do khi d6 trong 3 6 den trén sé phai cé 1 6 ké vdi 2
6 den con lai, do d6 & nay chi cd thé ké vdi téi da 2 6 trang.

Nhu vy gid st ban dau Ia vd ly, suy ra trong phan con lai cla bang thi sé 6 den khdng thé nhiéu
han s8 6 trang. Suy ra s6 & den téi da la %2_1 =2046264

M6t céch t6 thod man con s6 trén sé |a td den trdng xen ké theo kiéu ban cd.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN KHOA HOC TU NHIEN

HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian lam bai: 150 phut

(Khéng ké thdi gian giao dé)

Dé thi gém 01 trang

Cau l. (3,5 diém)

x* +4y* —5x’y* =4

1) Gidi hé phuong trinh: {(3x+4y—2)(x2 +2y*=3xy) =4

2) Gidi phudng trinh: vx ++3—2x = 1+42 —x %,/x 1
L3i gidi

(X—V)(x—Zy)(x+y)(x+2y) )
(x-y)(x—2y)(3x+4y-2)=4

Hé trén cho ta (x+y)(x+2y):3x+4y—2 hay (x+y—1)(x+2y—2 =0

1) Hé phuadng trinh tudng duong vdi {

Suyra x+y=1 hoac x+2y=2.

*Néu Néu x+y =1, thé y=1-x vao phudng trinh dau tién ta dudc

(2x—1)(3x—2)(2 —x) =4 tudng dudng véi x(6x2 —19x+ 16) =0.
19 23

Do 6x*-19x+16=6| x—— | +——>0 nén ta phaicé x=0,y =1.
12 144

*Néu x+2y =2, thé x=2-2y vao phuong trinh d4u ta dugc

(2 - 3y)(1 —2y)(2 —y) =1 tuong duang (y - 1)(6y2 —13y+ 3) =0
dén day tim dudc cdc nghiém (x,y) cla hé phuang trinh Ia

(0_1)(-1—@,1%@](—“@,13-\/5}
1) = |/

12 12

Vay hé phuadng trinh da cho cé ding ba nghiém (x;y) la

(0_1)(—1—\/5,13+\/§M—1+@,13-\/§J
e 0 12 1 e 12

1 1

2) Diéu kién xdc dinh: 1< x < E

N

Ta sé chitng minh véi diéu kién trén cla bai todn thi V2 -x +1> Ix +4/3-2x

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 166



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Thét vdy, binh phuong haivéta cé: 1+2 —-x+242-x > x+3—2x+21/x(3—2x)

hay can chiing minh V2 —x > 1/x(3—2x)
Binh phudng hai V& lai cé: 3x—2x* <2—x hay 2(x—1)> >0 (ludén ding).

Do d6: 1+4/2—x +%\/x—l >1442-x >x +4/3-2x

ddu bang xay ra khi va chi khi x =1. Nghiém nay thod man diéu kién xac dinh.

Vay phuong trinh d3 cho cé nghiém duy nhat x=1.

Cau Il. (2,5 diém)

1) Tim cdc s8 x,y nguyén dudng thda man dang thuc:
(x+y)3 +6xy +3y° +y=8x>+9x* +1

2) Gid s x,,x,,.. la céc s6 thuc dudng théa man x,x, .. =1. Hay tim gid tri nhd nhat

- X5004 %2024

cla biéu thuc:
M= (xf - X, +1)(x§ - X, +1)...(x§024 — X004 +1).
Lai giai
1) Céch 1: Ta bién ddi phuong trinh nhu sau
(x+y)3 +6xy+3y2 +y=8x>+9x% +1
< 8x° —(x+y)? +6x°—6xy+3x* -3y’ =y -1
<:>(x—y)(7><2+4xy+y2 +9x+3y)=y—1

Vi x,y nguyén duong nén VP >0, kéo theo x>y.Néu x#y thi x—y>1suyra VP=y-1>3y
hay 2y <-1 v6 livi y nguyén duong. Do vay, x =y kéo theo y=1.
Vay cé dling mdt cap s6 (x;y) thod man (1;1).
Cach 2: Phudng trinh da cho cé thé viét lai thanh:
(><+y)3+3(x+y)2+6x+y:(2x+l)3

Suy ra: (x+y)3 +3(x+y)2 +6x+y la mét ldp phucng dung. Ta cé:

(x+y)3 <(x+y)3+3(x+y)2+6x+y<(x+y+2)3
Nén (><+y)3 +3(x+y)2+6x+y:(x+y+1)3.

Khai trién va rdt gon, ta dugc 3x =2y +1 (1)
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Hon nifa vi (><+y)3 +3(x+y)2 +6X+y :(2x+1)3 nén (x+y+1)3 :(2><+1)3 va tir ddy ta cé ngay

X+y+1=2x+1 kéotheo x=vy (2)

Tu (1), (2) tatimdudc x=y =1 va cap (x;y) = (1;1) 13 nghiém duy nhat cda phucng trinh.

2) Ap dung bat ddng thiic AM-GM cho hai s8 thuc dudng ta cé x* +1> 2x, suy ra

x> +1-x>x

Ap dung vao bai todn ta cé

Mz(xf—x1+1)(x§—x2+1)...(x2 X +1)>xx X, >1

2024 ~ 72024 = A7 024 =

D&u bang xay ra khi va chikhi x, =x, =---=x,,, =1.

Vay gid trinhd nhatcia M 13 1.

Cau lll. (3 diém) Cho tam gidc ABC nhon, khdng can ndi ti€p dudng tron (O), E,F 1an lugt 13
trung diém cta CA,AB. Diém P di chuyén trén cung nhd BC (P khdc B,C). Goi M,N lan lugt I3
giao diém ctia PC,PB vdi EF. AM,AN cit (O) theo th tu tai Q.R (Q.R khdc A).

1) Chidng minh rang t& gidc AFPM néi tiép va EPF = Q/FIR’

2) Ching minh rang giao diém cta QE va RF ndm trén (O)

3) LAy S, T 1an luct thubc cdc dudng thdng CA, AB sao cho ba dudng thang ET,FS,AP song
song véi nhau. Goi K va L 1an lugt 1a tdm dudng tron ngoai tiép cla cdc tam gidc NFS va MET.

Pusng thang qua K vudng géc véi AB cat dudng thang qua L vudng géc véi AC tai J. Ching
minh rang J ludn nam trén mét dudng thang cé dinh khi P thay dai.

Lai giai
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1) Vi EF//BC va td gidc ABPC ndi tiép nén ta thu dudc PMF = PCB = PAB = PAF . Do dé, td gidc
AFPM néi tiép. Chidng minh tuong tu ta cling dudgc t gidc AEPN ndi ti€p. Tu d6 ta cé bién ddi
géc

— e~

EPF = EPA + FPA = ENA + FMA = 180°—~MAN =180°— QAR = QPR
2) TU céc tr gidc ndi ti€p AEPN va AQPR ta thu dudc PEF = PEN = PAN = PAR = PQR. Vi thé ta
dugc APEF« APQR (g.g), dan dén %:%. Két hap véi EPQ = RPQ — RPE = FPE —RPE = FPR, ta

suy ra APEQ« APFR (c.g.c). Do dd, P/R\FzP/Q\E Goi D I3 giao diém cia QE va RF . Tu

PRF = P/Q\E ta suy ra t gidc DPQR ndi ti€p. Vivdy D e (O) va ta cd diéu phai chiing minh.

3) Trudc hét ta phat biéu ba bé dé nhu sau

B6 dé 1. Cho tam gidc ABC ndi tiép (O) Trén cdc canh CA,AB |an lugt |dy céc diém E,F sao cho
t gidc BCEF ndi tiép. BE c3t CF tai diém K. Khi d6, ba duding tron (O),(AEF) va (AK) c6 mét
diém chung khdc A.

B8 dé 2. Cho t gidc ABCD ndi tiép dudng tron (o). AC cit BD tai E. Goi M,N,P 1an lugt I3

trung diém cta CD,BC,AD. K |a hinh chiéu cGa E trén BC va T |a diém déi xiing véi K qua M.
Trén cdc dudng thdng AD,BC |8y céc diém R,S sao cho MR//BD va MS// AC. Khi d4 ta cé

(a) bén diém K,M,N,P clung thudéc mét dudng tron F
(b) bén diém M,R,S, T cung thudéc mét dudng tron
Chidng minh bé dé 2 .

(a) Goi X,Y lan lugt |a trung diém cla ED,EC. TU tinh B
chat dudng trung binh thita céd XeMP va Y e MN. Dé
y rang E,K d6i xiing nhau qua XY va EXMY Ia hinh v o W S
binh hanh, ta dudc XKY = XEY = XMY , dan dén t gidc N
KXYM néi tiép. Do d6 KXM = KYM va kéo theo /X Vi
KXP = KYN . M3t khéc, dé y ring AEAD<>AEBC nén ta L
cé: D N K- ‘U’ T P
XP EA EB YN / TN
Nhu vay AKXP e AKYN (c.g.c). Vi thé KPX = KNY va /
do dé KMNP |3 t& gidc ndi tiép. f

(b) Goi U,V lan lugt |a céc diém ddi xiing véi S,R qua \
M. Ta chi can chiing minh t& gidc KMUV néi tiép, roi
dung tinh d6i xiing dé thu dudc diéu phai chdng minh. (. v
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Goi U,V lan lugt |3 cdc diém ddi xiing véi S,R qua M.
Ta chi can chiing minh t& gidc KMUV néi tiép, roi
dung tinh d6i xitng dé thu dudc diéu phai chiing minh.

—

Dau tién dé v ring NRP = EDA = ECB = NSP, vi thé td gidc NPRS ndi tiép. K&t hop véi UV //RS ta
thu dugc NUV = NRS =NPS , dan dén t gidc NUVP I3 i gidc ndi tiép.
Bay gid ta sé di chiing minh N,E,V thing hang. DGt ADNBC=F.Chdyrang DV//BC va
PV //BC, ta dugc PDV = AFC va DPV = FAC, kéo theo ADPV % AFAC (g.g). Do dé,

Dv _Dv DP _FC AD_CD EA _ED EA_ED

BN DP BN FA BC AB EB EA EB EB
TU d6 suy ra E,N,V thing hang. Chng minh tuong tu ta cling dugc P,E,U thang hang. Ap dung
bd dé 1 cho AMUV , dé y réing tit gidc NUVP ndi tiép, ta suy ra ba duting tron (MUV),(MNP) va
(ME) déng quy tai mét diém khdc M. M3t khic, tUr y (a) ta lai cd (MNP) va (ME) c3t nhau tai K.
Vi véy ta thu dugc K e (MUV).

B& dé 3. Cho tam gidc ABC. E, F Ian luct la trung diém cha CA,AB. | |a mét diém di chuyén trén
BC.Y,Z lan luct |a hinh chiéu cta | trén CA,AB.U,V lan lugt t6i xing véi Y,Z qua E,F. Trung truc
cha EU va FV c3t nhautai J. Khi dd, diém J chay trén mét dudng thang c6 dinh.

C

~

B D
Chiing minh bd dé. Goi L,M 1an lugt |a trung diém cha EU va FV . Khi dé, ta cd EL :%EY va
FM = %FZ. Trén tia ddi cla tia El 18y diém Q sao cho EQ = %El . Trén tia d6i cta tia FI 1dy diém R

sao cho FR :%Fl. Khi d6 ta dugc MR//1Z va LQ//IY va dadn dén Qe JL va Re IM.

Goi H 1a truc tdm clla AABC. AH cat BC tai D va goi K |a hinh chiéu cta J trén QR. Khi dé ta
cé JQ||HB (cung vudng géc véi CA ) va JR//HC (cung vudng géc véi AB ). Lai dé y rang
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QR//EF //BC, ta chiing minh dudc AJQR«» AHBC (g.g). Dé y rang JK va HD la hai dudng cao
tuong Ung cda hai tam gidc nay, vi thé ta thu dugc
JK QR _QR EF 3

JK EF_31_3
HD BC EF BC 2 2 4
Do d4, JK =%HD = const. Mat khdc, tU cdch dung diém Q,R thi dudng thang QR 1a mét dudng

cd dinh vdi khodng céch gilta QR va BC bang % khodng céch tir EF dén BC. Do dd, lai chd y
rang QR//BC, ta cd thé két luan rang diém J chay trén dudng thang cd dinh song song véi BC .
Tré lai bai todn. Goi | |a giao diém clia AP va BC.Y,Z lan lugt |a hinh chiéu cta | trén CA,AB.
Goi U,V 1an lugt I3 d8i xding cta Y,Z qua E,F. Ap dung hai 1an bd dé 2 cho t gidc ndi tiép ABCD
ta suy ra dugc U e(MET) va 'V e(NFS). Do d6, JK va JL tudng Ung la trung truc ctia FV va EU.
Do d4, dp dung bd dé 3 cho AABC thi diém J ludn chay trén moét dudng thang song song véi BC

cd dinh.

T by \\\
\
B 7 \
- ~ .S N
// ! i
/ N I T !
/ N\ A I :
| K \ i
l ‘
\ ! ‘\ /I
\ ! /
\ N /
\ 12 l E /
N M
) ., N \ L
--9= J AN
B I C

Cau IV. (1 diém) Tim t4t ca cdc s6 nguyén dusng m sao cho cd thé cat hinh vuéng cé canh bang
m thanh didng 5 hinh chit nhat ma dé dai 10 canh cta 5 hinh chit nhat d6 dudc |18y ti céc sb
1,2,3,4,5,6,7,8,9,10 va mbi s6 dudc |dy ding mét lan.

Lai giai

Goi kich thudc cua cdc hinh chir nhatla a, xb,,a, xb,,---,a; xb, .
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Ap dung bat ding thiic AM-GM, ta cé
m? =a,b, +a,b, + - +a.b, >5%a,a,...ab,b,...b; =5310! >100

575 —

a’+b’
Suyra m>11.Hgn nifa, vi ab, < > L néntalaico

2 Saf+bf+a§+lc§+---+a§+b§ _ 12 +2---+102 <196

Do dd, 11<m<13

*Khi m=11, ¢ thé cit hinh vudng canh 11 thanh 5 hinh chit nhit gém 1x9,2 x
8,3x6,4x7,5x10Xem hinh vé dudi day

2x8

5x 10

Ix6

* Khi m=13, c6 thé cat hinh vuéng canh 11 thanh 5 hinh chit nhat gém
1x2,3x7,4x6,5x10,8x9. Xem hinh vé dudi day

4x6

5x 10
8x9

*Khi m=12, ta sé chiing minh m =12 khdng thod man. That vdy, c6 4 hinh chif nhit nam & bén
gdéc cla hinh vuéng. Xem hinh vé dudi day
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az

Ib,; =12 - ag

b-_), =12 — {2

a3

I}z=12—&1 ay

@y

lr}l = 12—{14

Mai canh hinh vuéng dudc chia thanh hai canh cé t6ng bang 12. Tuy nhién vi hai doan d6 dai 1,6

khéng c6 canh tugng Ung dé téng bang 12. Diéu nay c6 nghia la hinh chif nhat & gilra phai la hinh

1x6.

Suy ra {12—(31 +a3)=6
12—(a, +a,)=1

Tl d6 ta tim dudc a, +a, =6,a,+a, =11.Suyra (al,a3) la (2,4) hoac (4,2); con (a a ) la (3,8)

2’74

hoac (8,3). Khéng méat téng quét cé thé gia s (al,a3) = (2,4). Nhung khidé b, =12-a, =8, tuic

la canh c6 d6 dai 8 xuat hién hai 1an, trdi vdi yéu cau bai toan.
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