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MUC LUC
HE THONG DE KIEM TRA KIEN THG'C MON TOAN LOP 9 TRUONG THPT TRANG
CHUYEN KHTN - HA NOI pa Pap 4n
bé kiém tra kién thirc mén Toan 1ép 9 ndm 2020 (Vong 1 - Dot 1) 2 17
bé kiém tra kién thirc m6én Toan 1ép 9 ndm 2020 (Vong 2 - Pot 1) 3 20
bé kiém tra kién thitrc m6n Todn 16p 9 ndm 2021 (Vong 1 - ot 1) 4 23
bé kiém tra kién thirc m6én Toadn 1é6p 9 ndm 2021 (Vong 2 - Pot 1) 5 26
bé kiém tra kién thirc mén Toan 1ép 9 ndm 2023 (Vong 1 - Dot 1) 6 29
bé kiém tra kién thitrc m6n Toan 1&p 9 ndm 2023 (Vong 2 - Dot 1) 7 32
bé kiém tra kién thirc m6én Toan 1ép 9 ndm 2023 (Vong 1 - Dot 2) 8 35
bé kiém tra kién thirc mén Toan 1ép 9 ndm 2023 (Vong 2 - Dot 2) 9 38
bé kiém tra kién thitrc m6n Todn 1&p 9 ndm 2023 (Vong 1 - Dot 3) 10 42
bé kiém tra kién thirc mén Toan 1ép 9 ndm 2023 (Vong 2 - Dot 3) 11 46
bé kiém tra kién thirc mén Toan 1é6p 9 ndm 2024 (Vong 1 - Dot 1) 12 50
bé kiém tra kién thitrc m6n Todn 16p 9 ndm 2024 (Vong 2 - Dot 1) 13 53
Pé kiém tra kién thirc mén Toan 16p 9 nam 2024 (Vong 1 - Dot 2) 14 57
bé kiém tra kién thirc mén Toan 1ép 9 ndm 2024 (Vong 2 - Dot 2) 15 60
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 04 thang 01 nam 2020
Thoi gian lam bai: 120 phut

Cau I (3 diém).
1) Gia stt phwong trinh x* —2x+a =0 v&i a 1a sd thwe c6 2 nghiém x,,x,.
Chirng minh rang (4x, —x +x7) 1a s6 nguyén
2) Giai hé phuwong trinh
{ ¥ +y +x+y=4
(

x+y+l)(5+2xy+x+y)=27.

Caull (3 dié’m).
X +1

x'+1

1) Tim x, y nguyén théa man: y=

2) V&i a,b,cla dd dai cac canh cia mot tam gic, chirng minh rang:

a(a—b)2+b(b—c)2+c(c—a)2.
2(c+b) 2(c+a) 2(a+b)

a’+b*+c*>ab+bc+ca+

Cau IIT (3 diém). Cho tam gidc 4BC vudng tai 4.Dwng hinh vudng MNPQsao cho M,N lan lwot
thudc cac canh 4B, AC, con P,Q thudc canh BC.

1) Chéng minh rang BQ.CP = MN">.
2) Goi giao diém clia BN va MQIa E.Ching minh rang PE//CM .

3) Puong tron (O) ngoai ti€p hinh vuéng MNPQ cat NB, MC theo thirtw taik ,L (K #N,L#M),
OK cat PLtai S, CM cat NP tai F.Ching minh rang: Z/KSE = /LSF

Cau IV (1 diém). Véi —-1<x<1, a,,a,,a, >1. Chitng minh rang:

(a,+x)(a, +x)(a, +x) <4(aa,a, +x)

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 2



CLB Toan bdi duéng MathExpress | : |www.mathexpress.vn

TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 05 thang 01 nam 2020
Thoi gian lam bai: 150 phut

Cau I (3 diém)
1) Chirng minh rang:
S=1"-2+3 -4 +5"—...-2018* + 2019 =2039190
2) Giai phwong trinh:
3+2V1-x* + 21— x =x+5+2x +1

Cau Il (3 diém)
1) Tim tdt ca cac cdp s§ (m,n) nguyén dwong théa man:

n'+505=m’

2) Tim gia tri nho nhit ciia ham so:

Y =N9x% +6x+2 + 33 xd = 2x+2
CAu III (3 diém) Cho tam gidc 4BC nhon, khong can, ndi tiép trong dwong tron (O) H 1a tryc tam
tam gidc ABC. M latrung diém BC. N d6i xieng M véiqua O.

1) Duwong thang qua 4 vudng goc véi AN cat dwong thang qua B vudng géc véi BC tai P. CP
cit AH tai Q.Chirng minh rang dién tich tam gidc 4BC gip doi dién tich tam gidc QBC.

2) Goi giao diém khac N cia AN véi duwong tron dwong kinh MN 1a K . L d6i x&eng véi K qua O.
Chtirng minh rang LH va AP cdtnhautai G trén (0O).

3) Goi J la truc tAm tam giac OBC. Chirng minh rang JH di qua diém déi xirng ctia G qua BC.
Cau IV (1 diém) C6 thé chia tap hop M ={1,2,3,4,...,20 } thanh cac tdp hop con khong giao nhau

do6i mot sao cho moéi tip hop con ton tai mot s6 bang téng cac s6 con lai clia n6 hay khong?
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 27 thang 03 nam 2021
Thoi gian lam bai: 120 phut
Caul (3 diém).
1) Giai phwong trinh
8x” +x° =3x" +4x+2
2) Giai hé phwong trinh
{(x+y)(x+l)(y+1)—8

7y’ +6xy(x+2y)=25
Cau II (3 diém).
1) Tim x, y nguyén khéng am théa man:
(x+y)(x3 +1) =x'+3
2)Véi 0<a<bhb<2,b+2a>2ab,tim gid tri lén nhit cda:
M=d"+b"
CAu III (3 di€m). Cho tam gidc 4BC ndi tiép dwdng tron (O). Cac di€ém E, F lan lwgt thudc cac
canh C4, AB sao cho néu dwdong tron ngoai ti€p tam gidc AEF cat (0) tai Gkhac 4 thi G nam trén
cung 4B khéng chira C cia (0).

1) Chitng minh rang hai tam gidc GEC va GFB dong dang.
2) Goi 4D la dwong kinh ctia (O). GD cat dwdng tron ngoai tiép tam gidc GEF tai K khac G.

Chirng minh rang ZE _ 40y
BC 4D
2 s . o . . s GE KE
3) Gia str trung truc cua EF di qua trung diém cua BC . Chirng minh rang CFCKE

CAu IV (1 diém). Chung ta thém diu "+ "hodc "-"vao diy cac s6 1,2,3,...,2005 sao cho tong dai s6
cta diy nhin dwoc la khéng Am. Tim gia tri nho nhit cua cic tong dai s6 nhin dworc.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 28 thang 03 nam 2021
Thoi gian lam bai: 150 phut

Cau I (3 diém).

1) Giai hé phwong trinh

X'+t =2
x8(1+x2)+y8(1+y2)=4

2) Chirng minh rang 7.5" +12.6" chia hét cho 19 v&i moi n nguyén dwong.
Cau II (3 diém).

1) Tim x, y,znguyén dwong théa man

x+y+l=xyz.

2) V6i x,y,z>0théamin xy+ yz+zx =1, tim gia tri 1én nhat cta biéu thic
1-x 1-y° 2
P= >+ >+ :
I+x° 1+y \/14_22

Cau 111 (3 di€m). Cho tam gidc 4BC c6 dwdng tron noi ti€p (/)tiép xdc voi cac canh BC,CA, AB lan
lwot tai cic diém D, E, F . Cac dudng thang IB, IC theo thi tw cat tai EF taiM,N.
1) Chirng minh rang tr gidc BCMN noi tiép.
2) Giao diém cua hai dwong thang DM, DN v6i (1)1a Q, P khac D. Chirng minh riang PQ|| BC
3) Goi giao diém ctiaCP va BQla J. Goi K la hinh chiéu vuéng géc cia Dtrén EF. Chirng minh
rang DJ va AK cit nhau trén dwdng tron ngoai tiép tam gidc 4BC.

Cau IV (1 diém). Cho day s6 thuc x,,x,,...,x, thudc doan [-1,1].

Hay tim gia tri nhé nhdtctia = 3 xx,.

1<i<j<n
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 18 thang 02 nam 2023
Thoi gian lam bai: 120 phut
Cau I (3 diém).
1) Giai hé phwong trinh
X+y+xy=3
X+ +12(x+y):26
2) Giai phwong trinh
Xx+5+33x+5=8x".
Cau II (3 diém).
1) Tim x, y nguyén thoa man
()H—y)(x2 +x+2)=x+3
2) Véi a,b,c>0,théamin 2 +a+b+c =abc, tim gia tri nhé nhit cta biéu thirc
a+b+c
ab+bc+ca

M =

Cau I1I (3 diém). Cho tam gidc 4ABC nhon v&i AB < AC . Phan gidc /BAC cat BC tai D. Trén trung
truwc AD 14y diém K sao cho KD 1 BC .

1) Chirng minh rang ZKAB =90 — ZACB
2) Goi J1a hinh chiéu vudng géc cia DIlén KB. Chirng minh rang t gidc AJDC noi tiép
3) Puwong tron ngoai ti€p tam gidc JBC cit KC tai LkhacC . Chitng minh rang DL 1 KC.

Cau IV (1 diém). Hinh chit nhit 4BCD c6 chiéu dai cac canh 4B = DC =4cm, AD = CB =5cm. Cho 9
diém phan biét d6i mot bén trong hinh chit nhat. Chirng minh rang c6 ton tai mot tam gidc c6 3
dinh thudc tdp M gom 4 dinh 4, B,C,Dva 9 diém trong phan biét, c6 dién tich nhé hon hodc bang

2
lem”.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 19 thang 02 nam 2023
Thoi gian lam bai: 150 phut
Caul (3 diém).
1) Giai hé phwong trinh

{(x+2y)(2y+l)(x+l)+2xy—20
(3+xy)(2xy+2y+x)=20

2) Giai phwong trinh

V2x—1+42-x" =2+[x-1|.

Cau II (3 diém).
1) Tim x, y nguyén dwong théa man
3x* +8x+29= y(2x + y).
2) V6i x,y,z >0, tim gia tri nho nhat cta biéu thirc
M=N+x++y+qN+z-Yl+x+y+z

CAu 111 (3 diém). Cho hinh vudéng 4BCD noi ti€p dwong tron (0). Pi€ém P di chuyén trén cung nhé
AD . Goi giao diém cua PBva PC vdi ADlan lwotla M va N; giao diém ciia PBva ACla Q; giao
diém ctia PCva BDla R.
1) Chitng minh rang MR L NQ.
2) Chitng minh rang hai tam gidc AMQva DRN dong dang.
3) Goi S la hinh chiéu vudng géc ctia Q1én AB; goi T la hinh chiéu vudng géc ctia R1én CD;
1a giao di€ém ctia QRva ST . Chirng minh rang dwong thang PIludn di qua diém cé dinh khi P
thay doi.

Cau IV (1 diém). Xét 20 s6 1<q, <a, <a, <...<a,, <70 nguyén dwong.

Chtrng minh rang trong cac s6 hiéu a, —a, (1<k < j <20)c6 it nhat 4 s6 bang nhau.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 2)
Ngay 18 thang 03 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).
1) Giai phwong trinh 7x+63x+2 +2=2v7x" +16x+4 +3/7x +2.

2) Giai hé phwong trinh {xy(2x ~y)=1 .
8x’ =y’ =x"y> +6
Cau II (3 diém).
1) Tim cac cdp s6 nguyén dwong x, y thod man
X’y +4=4x"+y" +3x+3y.

2) Véi cac s6 thue dwong a va b, tim gia tri 1én nhat ca biéu thirc

a+3b 3a+b

P= + 3
\/2a2 +2ab + 5b* \/5012 +2ab+2b*

Cau I1I (3 diém). Cho tam gidc 4BC nhon ndi tiép trong dwdng tron (O). P 1a mot diém nam
trong tam gidc ABC sao cho /PBA= /PCA. Trén cac canh CA4, AB lan lwot 1dy cac diém E, F sao
cho AEPF 1a mot hinh binh hanh.

1) Chitng minh rang hai tam gidc PFB va PEC dong dang.

2) Goi giao diém ctia dwong thang EF véi dwong tron (O) la X, Y. Chirng minh rdang
EX.EY =FX.FY.

3) Goi AZ la dwong kinh ctia (O). Chirng minh rang P 1a tryc tim tam gidc XYZ.
CAu IV (1 diém). Cho cac s8 thwc dwong a, b, c. Chitng minh rang

a b c a+b+c 5
+ + + =.
b+c c+a a+b \/3(a2+b2+c2) 2
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 2)
Ngay 19 thang 03 nam 2023
Thoi gian lam bai: 150 phut

1) Giai phwong trinh 3x* +3x =(3x —1)Vx’ +3x +2

X+ =ldx—y-11

2) Giai hé phwong trinh
3x* —y* =14x+y-13

Cau Il.
1) Tim céc s6 nguyén t6 p,q sao cho 4p+qva 9p+qla cac binh phwong cia s6 tw nhién.

2) Véi céac s8 thue dwong a,b c6 tdng bang 1, tim gia tri nhé nhit ca

P:\/l—a +\/1—b
1+7a 1+7bh

Cau III. Cho hinh thang cadn 4BCDc6 AB//CD va DA= AB=BC. (K) 1a dwong tron diqua 4 va B

dong thoi tiép xic 4D va BC. P lamot diém thudc (K) va nam trong hinh thang. Gia st P4, PB
lan lwot cat canh CD tai E,F.Gia stt BE, AF theo thi tw cat 4D,BC tai M,N.

1) Chng minh rang ba tam gidc PAB,CBF va DEA dong dang.

2) Chrng minh rang NF.ME = NA.MB

3) Chitng minh rang PM = PN

Cau IV. Cho n la s6 nguyén dwong. Xét 2xn+1 s6 nguyén dwong phan biét c6 tong nho hon
(n+1)(3x+1). Chirtng minh rang trong 2n +1 s6 nguyén dwong dwoc xét trén, ton tai hai s6 c6 tong

la 2n+1.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Pot 3)
Ngay 15 thang 04 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).

X’ +8y° =9

1) Giai hé ph trinh '
) Giai hé phuong trin {(x+2y)(6xy+1):21

2) Giai phwong trinh 3x+2v4x+5 =1+4+/x+3.
Cau II (3 diém).

1) V&i a,b,c 12 nhitng s6 nguyén thod man «’ +5° = 29¢° +30. Chitng minh rang a+b+c chia hét
cho 30.

2) V&i a,b,c>1, chitng minh rang va—1++b—-1++/c-1< \/a(bc+l).

CAu I1I (3 diém). Cho hinh binh hanh 4BCD. Gia stt P 1a diém nam trong hinh binh hanh sao cho
APB +CPD =180°.

1) Chirng minh rang dwdng tron ngoai tiép tam giac 4PB va CPD c6 ban kinh bang nhau

2) Chirng minh rang diy cung chung ctia dwdong tron ngoai ti€p tam giac PAB va PCD vudng goc
BC.

3) Chirng minh rang hai tam gidc P4AB va PCD c6 cung truc tam.

Cau IV (1 diém). Tim p nguyén t6 sao cho p* - p+1 lalap phwong cta sd nguyén dwong.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 3)
Ngay 16 thang 04 nam 2023
Thoi gian lam bai: 150 phut
Caul (3 diém).
1A \ x+y+xy=3
1) Giai hé phwong trinh | | ,
V. +10x+13y+2=26x
2x

2) Giai phwong trinh /x +1/2-x =
) Gidi phwong v e
Cau II (3 diém).
1) Tim x, y nguyén dwong théa man 9* -7* =2"
Jab—1 ~be—-1 ea-1 _a+b+c
+ - <
b+c c+a a+b 4
Cau II (3 diém). Cho tam gidc ABC nhon c¢6 dwong cao BE, CF (E, F lan lwot thudc canh
CA, AB) va M latrung diém ctia BC. Goi (K) va (L) lan lwot 1a dwong tron noi tiép cac tam giac
MFB va MCE.
1) Chtng minh riing BKF — CLE = ACB— ABC

2) Vi a, b, ¢ 21, chltng minh rang

2) Goi R, va R, 1an luot 1 ban kinh ctia (K) va (L). Chimg minh ring & = 2% B
R, ML CE

3) Chirng minh rdng MH va hai tiép tuyén chung cia (K ) va (L) dong quy.

Cau IV (1 diém). Gia st tai moi diém clia mot ngil giac ta viét mot s6 nguyén sao cho téng cac s 1a
dwong. Néu 3 dinh lién tiép viét cac sd x, y, z va y <0 ta thay thé 3 s6 nay b&i cac s

x+y,—y, z+y twong ng. Nhwng phép bién do6i nhw vy dwoc thyce hién néu it nhit mot trong 5
s6 1a Am. Hbi qua trinh nhuw trén c6 két thic sau mot sé hiru han buéc?
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 20 thang 01 nam 2024
Thoi gian lam bai: 120 phut

Caul (3,0 diém).

1) Giai phwong trinh 2x++/3x+1=2+2+2—x.
x+y)x+1)(y+1)=8

2) Giai hé phwong trinh (3 Y1)+
¥ +17=6x(x+2).

CAau II (3,0 diém).

x*+1

X410

bt [a+b+c]4

1) Tim x,y nguyén thod mén y =

2.V6i a,b,c € R, chirng minh rang a* +§+EZ 6 -

Cau I1I (3,0 diém).
Cho tam gidc nhon 4BC ndi tiép trong dwong tron (0). Cac diém £ va F lan lwot nam trén cac
canh C4 va 4B sao cho EF songsong v&i BC. Cac dwong thang BE va CF theo th( tw cit cac
tiép tuyén tai C va B cia (O) lan lwot tai K va L.
1) Puong thang qua B va song song véi AC theo thit tw cat KC va K4 tai X va Y. Chitng minh
rang hai tam gidc XBC va BC4 dong dang.
2) Puwong thang qua C song song voi AB theo thir tw cat LB va L4 lan lwottai Z va T. Chitng

. N XB AF
minh rang —=——.

ZC AE

3) Puong thang qua E song song véi 4B 1an lwot cat 4K va AL tai M va N. Puong thang qua
F song song v&i AC lan lwot cit 4K va AL tai P va Q.Chirng minh rang bon diém M, N, P va

Q cung thudoc mot dwong tron.

Cau IV (1,0 diém). V&i a,b,c >0 thod man a4 b+ c+ 2 = abc. Chitng minh rang
(a+1)(b+1)(c+1)>27.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 21 thang 01 nam 2024
Thoi gian lam bai: 150 phut
Caul (3,0 diém).
(x+29) (3 +1)+(y+2x)=3(y* +2)

1) Giai hé phwong trinh
(y—l—2x)<x2 —H) =x+2y+3x°

2) Giai phwong trinh #x +43—2x =1+42—x.

Cau II (3,0 diém).

1) V&i p,q,r,s lanhitng s6 nguyén t6 thod man 5< p<qg<r<s<p+10.

Chirng minh rang tong clia 4 sd nguyén td chia hét cho 60.

2.Véi a,b,c >0 thod man a+b+c=1. Tim gia tri nhé nhit cta biéu thirc
a’ b’ c

= + +
a+b b+ A+d

CAu I11 (3,0 diém). Cho tam gidc 4BC nhon dwong cao BE, CF catnhautai H (E,F lanlwot nam
trén cac canh CA4, AB). Goi M la trung diém BC. Goi K la hinh chiéu ctia H trén 4M .

1) Chirng minh rang bén diém B,C,K,H cung thudc mot dwong tron.

2) Goi (J) va (L) lan lwot la dwong tron ngoai tiép cac tam gidc MBF va MCE. Chirng minh rang
(J) va (L) cung di qua K.

3) Goi P 1a diém déi xtrng cia 4 qua BC. Chtrng minh ring phan gic cic goc BPC va JML dong
quy voi JL.

Cau IV (1,0 diém). Véi x, y,z1a nhirng s6 nguyén dwong thod man x+ y +z =100. Tim gia tri nho
nhat ca biéu thirc P=x!y!z!.

(Trong d6 x!=x(x—1)(x—2)..2x1)
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 2)

Ngay 9 thang 03 nam 2024
Thoi gian lam bai: 120 phut

Bai L.

1) Gidi phwong trinh (\/x +3 - \/;)(\/xz +3x + 4) =6.

cre1 A . x2+xy+y2=3
2) Giai hé phurong trinh ,
Sx+4y+y —xy=09.
Bai IL.
1) Chrng minh rang khong ton tai cac s6 nguyén x,y théa man:
7x* =30xy +7y* =4(x+y)+932024.
2) Véi cac s6 thue dwong ¢ va b thod man a + b =2, tim gia tri Ién nhat cta biéu thic:
1 N 1
a+b b +a

Bai III.

Cho tam gidc 4ABC ndi ti€p (0), ngoai tiép (7). (I) ti€p xic véi AC, 4B lan lwot tai E, F. P la diém
bat ki nam trén (7) va khong ndm trong tam gidc AEF . (J), (K) lan lwot 1a dwong tron ngoai tiép
tam gidc BPF, CPE. (J) giao (K) tai M khac P.

1) Chtrng minh riing EPF = 90° —%]ﬂ%

2) Chitng minh rang B, C, I, M cung thudc mot dwdng tron.

3) Goi L 1a diém chinh gitta cung BC khéng chtta 4 ctia (0).Chirng minhrang L, I, J, K cling
thudc mot dwong tron.

Bai IV.

Cho cac s thwe dwong x, y, z thod man /x + \/; ++/z =3. Chitng minh ring:

2 2 2
x+yz+y+zx+z+xy23\/§.
x\/y+z y\/z+x z\/x+y
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 2)

Ngay 10 thang 03 nam 2024

Thoi gian lam bai: 150 phut
Bai L.
1) Giai phwong trinh 3(x+1)+/3x+1=x"+3x* +5x +3.
S)C(y2 —1) =4(x2 +y2)
2) Giai hé phwong trinh

Sy(x2 +1) =3(x2 +y2)
Bai II.
1) Tim céc s6 tw nhién » sao cho 3" +»° +3 1a binh phwong ctia mot sé tw nhién.
2) Vi cac s6 thue dwong a,b,c thod man ab+bc+ca =1, tim gia tri I&n nhat cia
1 1 1
P= + + .
Jl+a2 1+6° 1+¢°

Bai IIL

Cho tam gidc ABC c6 BC la canh nho nhit. Trén canh AC, AB 13y cic diém E,F sao cho

EBC = FCB =BAC . Tiép tuyén tai E va F clia duong tron (/) ngoai tiép tam gidc AEF giao nhau
tai Q. BE giao CF tai K.

a) Chirng minh rang E,F,0,K cung thudc mot dwong tron.

b) Chrng minh rang JB =JC.

c) OK giao 4B, AC lanluwot tai 7,S . Chirng minh rang OT = KS.

Bai IV.

Cho » 1a s6 nguyén dwong. Ban dau, trén mot bang trang c6 viét ding (n+1)* s6 nguyén dwong
phan biét 1a cAc wéc cia 10" . Moi bwdc ta chon 2 s6 a,b phan biét bat ky trén bang, sau d6 xoa s6
nay va viét thém 2 sd (bang nhau) cé gia tri 1a wéc chung 1om nhit cia « va b. Tiép tuc thuc hién
nhw vay cho dén khi tit ca cac s6 trén bang bang nhau. Tim gi4 tri nh6 nhit cia cac bwdc thuc
hién c6 thé co.
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HUGNG DAN GIAI PE THI TH CHUYEN KHTN
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 04 thang 01 nam 2020
Thoi gian lam bai: 120 phut

Cau I (3 diém).

1) Gia stt phwong trinh x* —2x+a =0 v&i a 1a sd thwe c6 2 nghiém x,,x,.
Chirng minh rang (4x, —x +x7) 1a s6 nguyén

2) Giai hé phuwong trinh

¥ +y +x+y=4
(x+y+l)(5+2xy+x+y)=27.

Lo giai
1) 4x, —x12 +x22 =(x2 +x1)(x2 —xl)+4x1
Theo dinh Iy Viet: x, +x, =2 = 4x, —x” +x,” =2(x, —x, ) +4x, =2(x, +x,) = 4

X+ +x+y=4
(x+y+1)(5+2xy+x+y)=27

:>(x+y+1)(x2+y2+1+2xy+2x+2y):27

+y=2
<:>(x+y+l)3=27:>{x 7 S V&
xy=1
Cau Il (3 diém).
x +1
1) Tim x, ynguyén théa man: y=—; .
x'+

2) V6i a,b,cla dd dai cAc canh cia mot tam giac, chirng minh rang:

a(a—b)2+b(b—c)2 c(c—a)z.
2(c+b) 2(c+a) 2(a+b)

a’+b*+c*>ab+bc+ca+

Loi gidi
x +1

1) y= Z 1:x4+1‘x3+1:>x4+1‘x4+x:x4+1+x—1
X +

Taco: x' +1|x—1=x' +1[x’ ~1=x"+1-2= x* +1]2 = x" +1e{1;2}

Tw x4+1=1:>(x:0,y:1),x4+1:2:>(x:1,y=1),(x:—1,y=0)
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2)Tacé (1-a)(a—b) >0 (0<a<l) suyra a’+b” 22ab+a(a—b)

V&i 0<a,B,7<1tacd b +c”>2bc+ B(b—c) ; cz+61222ca+7/(c—a)2

Cong 3 bat dang thirc = a’ +b” +¢° 2ab+bc+ca+%(a ~-b)’ +§(b—c)2 +%(c—a)2

N N . a b c
Vi a,b,c 1a Ao dai 3 canh tam giac, chon o = , B= , 7=
c+b c+a a+b

Ta thu dwoc bat dang thirc can chirng minh.

Cau III (3 di€ém). Cho tam gidc 4BC vudng tai 4.Dwng hinh vudng MNPQsao cho M,N lan lwot
thudc cac canh 4B, AC, con P,Q thudc canh BC.

1) Chéng minh rang BQ.CP = MN">.
2) Goi giao diém clia BN va MQIa E.Ching minh rang PE//CM .

3) Puong tron (0) ngoai ti€p hinh vuéng MNPQ cat NB, MC theo thirtw taik ,L (K #N,L#M),
OK cat PLtai S, CM cat NP tai F.Ching minh rang: ZKSE = ZLSF

Loi giai

1) Ta dé thay hai tam giac vudng QMB va PNC dong dang. Nén BQ.CP = QM .NP = MN’

EM MN CP CP
EQ OB MN PQ

2) Str dung cau 1) va dinh ly Thales, ta cé:
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Suyra PE||CM .
3) Twong tw cAu 2) thi QF || BN nén dé suy ra FN = EQ,FP = EM
Do d6: EK.EN = EM .FP=FL.FM

EK FM FM PQ CM BP
FL EN PQ EN CO BN

Ta thu dworc:

(1)

Goi BN cat CM tai T . Dé thdy tir gidc SKTL noi ti€p dudng tron dwong kinh ST

Do d6 ZKTS = Z/KLP = /KNP = /BNP nén hai tam gidc vuébng PBN va KST dong dang.
Twong tw hai tam gidc vudng QCM va LST déng dang

Tw dé C_MEZQS_K:S_K (2)
CO BN SL ST SL

Tu (1)va (2), tasuy ra % = i—lz, hay hai tam gidc vudng KESva LFS dong dang
Vay /KSE = ZLSF .
Cau IV (1 diém). Véi —1<x<1, a,,a,,a, >1. Chirng minh rang:
(a,+x)(a, +x)(a, +x) <4(aa,a, +x)
Lo giai
Ta chirng minh :

= x*+(a,+a,-2)x—aa, <0

7 , [ a+X a,+Xx aa,+Xx
Voi —13xsl,al,a221taco( 12 j( - Jg 12

2
Ve trai <1+(q, +a,-2)x—aa, =—(a,—-1)(a, -1) <0 ( dling)
(vilx]<1) Vi a,,a,21)
Suv ra (al+xj(a2+xJ(a3+x <(ala2+xj(a3+xJ< a1a2a3+x]
y 2 2 2 ) 2 2 ) 2

= (a,+x)(a,+x)(a, +x)<4(qa,a,+x) (dpcm)

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 19



CLB Toan bdi duéng MathExpress | : |www.mathexpress.vn

TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 05 thang 01 nam 2020
Thoi gian lam bai: 150 phut

Caul (3 diém)
1) Chtrng minh ring: §=12-22+3* 4> +5% —_.— 2018 + 2019* = 2039190
2) Gidi phwong trinh: 3+2y1-x" +241—x = x+5+2v/x+1
Lo giai
1) Ta c6 cOng thirc: 2) Tacé: 3+21-x> +241—x =x+5+2/x+1
(n+l)2—n2:2n+1:(n+l)+n
S3+21-x" + 241 —x +2Jx+1 =x+5+4/x +1
Suy ra: 2 2
S =1 4(3 ~27)+ (5>~ 4*)+...+(2019° ~2018?) o (Vimx Ve 1+1) =(Vrr1+2)

<:>\/1—x+\/x+1+1:\/x+1+2

S=1+2+3+4+5+...+2018+2019

2019.2020 S Vl-x=1
§ = 22039190 - o0
Vay x=0.

Vay §=2039190.

Cau II (3 diém)

1) Tim t4t ca cac cdp s6 (m,n) nguyén dwong théa man: nl+505=m’

2) Tim gi4 tri nhé nhat cia ham s6: y =~+/9x> + 6x+2 +3vx> = 2x +2
Lori giai
1) Ta c6: 1!+ 505 =506 ; 2!+ 505 =509 ; 31+ 505 =511 déu khéng la binh phwong
414505 =529 =23%; 54+505=625=25"; 6!+505=1225=35"
= C6 3 nghiém 1a: (4,23),(5;25),(6;35)
74+ 505 =5545 ; 9+ 505 = 363385 déu khéng la binh phwong vi khéng chia hét cho 25
8+ 505=40825=25.1633 khong la binh phwong vi 1633 khong la binh phwong
Xét n>10=10! cé hai s6 0 tin cung =10+505 c6 2 sé tin cungla 05
= n” +505 chia hét cho 5, khéng chia hét cho 25 = Khéng la binh phuwong
Vay cac cdp s6 thoa man la (4;23),(5;25),(6;35).
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2) Ta co: y=\/9x2+6x+2+3\/x2—2x+2

:y:\/(3X+1)2+12 +\/(3—3x)2+32 Z\/m:4\/5

[ »n

DAu “=" xay rakhi: 3x+1=1-x=x=0

VAy GTNN ctia ham s& d4 cho 1a 4+/2 khi x=0.

CAu III (3 diém) Cho tam gidc 4BC nhon, khong can, noi ti€p trong dwong tron (0) H la tryc tam
tam gidc ABC. M latrung diém BC. N doixtrng M véiqua O.

1) Pwong thang qua 4 vudng goc véi AN cat dwong thang qua B vudng goc voi BC tai P. CP
cit AH tai Q.Chirng minh rang dién tich tam gidc ABC gip doi dién tich tam gidc OBC.

2) Goi giao diém khac N cua AN v&i dwong tron dwong kinh MN 1a K . L do6i xtrng véi K qua O.
Chtrng minh rang LH va AP catnhautai G trén (O).

3) Goi J 1a trwc tAm tam gidc OBC. Chirng minh rang JH di qua di€ém ddi xing ctia G qua BC.

R 1) Goi giao diém cua 4H vé&i BC la D, AX la dwong kinh
J cta (0), AC cat BP tai R
Dé thiy cac tam gidc ABR va XBC c6 canh twong (rng
vuong goc nén trung tuyén twong rng vudng goc
Cé XM latrung tuyén ctia tam giac XBC
P Lai do tinh d6i xdng nén XM //AN 1 AP
G Do viy AP la trung tuyén ctia tam giac
Khi dé P la trung diém BR
H = Q latrung diém 4D
Vay S.isc =2Ss0sc -
2) Goi giao diém cta XM véi (O) 1a G khac x
X = AG L XM | /AN 1 AP
Y = A4,P,G thang hang (1)
Do tinh chat doi xrng nén XL//AK / /XM
= Lnam trén XM = L, H,G thang hang (2)
Tw (1), (2) tasuyra LH va AP catnhautai G thudc (O).
3) Goi T d6ixing vdi J quaBC
Do J la trwc tam tam giac OBC
d Nén 7B,TC tiép xic (0) = TGB = XGC
Goi Y la giao diém cta GT véi (O)
= XY //BC = D latrung diém cua YH
= GT di qua diém doi xtrng ctia H qua BC
Liy d6i xirng qua BC thi JH phai di qua diém déi xirng cta
G qua BC.
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Cau IV (1 diém) C6 thé chia tdp hop M ={1,2,3,4,...,20 } thanh c4c tap hop con khong giao nhau
do6i mot sao cho moi tip hop con ton tai mot s6 bang téng cac s6 con lai clia n6 hay khong?

Loi giai

C6 thé chia thanh 6 tip con nhu sau:
{20;14;6},{19;12;7},{18;10;8} ,{17;13;4},{16;11;5} ,{15;9;1;2; 3}
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 1)
Ngay 27 thang 03 nam 2021
Thoi gian lam bai: 120 phut

Caul (3 diém).

1) Giai phwong trinh 8x° +x° =3x* +4x+2
(x+y)(x+1)(y+1)=8
7y’ +6xy(x+2y)=25

2) Giai hé phwong trinh {
Lo gidi
1) Ta c6: 8x” +x° =3x2+4x+2<::>(2x3)9+2x3 =(x+1)3+x+1
2 —x+le 2 —x-1=0e (x-1)(2F +2x+1)=0=x=1
Vay x=1.

2) Tacd: x* +8y° +6xy(x+2y)=x"+y* +1+3(x+y)(y+1)(x+1)

<:>(x+2y)3=(x+y+1)3<:>y=1:>(x+1)2=4:>Bj1_3
Vay x=1;y=1va x=-3;y=1.
Cau II (3 diém).
1) Tim x, y nguyén khong am théa man: (x+y)(x3 +1):x4+3
2) V6i 0<a<b<2, b+2a>2ab,tim gia tri 16n nhat cia: M =a* +b*
Lo giai

4 3 -
+3 x(x +1)+3 X 3—x
1) x+y=2 = =x+

) Xty x*+1 X +1 X +1

= X’ +13-x
Suy ra: x’ +1[27-x' =28—(x’ +1) = x’+1[28 (chuy »’ +1>1)
= x* +1€{1,2,4,7,14,28}
Khi dé:
e X +1=1 = (x=0,y=3)
e xX'+1=2 = (x=1y=1)

e X +1=4 (loai)
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e X +1=7 (loai)
e x +1=14 (loai)
o X’+1=28 = (x=3,y=3)

4 4

2)Tacé 17=1*+2* :a4(1—+2—J+(b4 —a*). >

4 4
a b

=>M,, =17 (a=1,b=2)
CAu III (3 di€m). Cho tam gidc 4BC ndi tidp dwdng tron (0). Cac diém E, F l4n lwgt thudce cac
canh C4, AB sao cho néu dwong tron ngoai ti€p tam gidc AEF cat (0) tai Gkhac 4 thi G nam trén

cung 4B khéng chira C cia (0).

1) Chirng minh rang hai tam gidc GEC va GFB dong dang.
2) Goi 4D 1a dwongkinh cia (O). GD cit dwong tron ngoai tiép tam gidc GEF tai K khac G.

Chirng minh rang EF _AK
BC AD
2 ) : . - , . s GE KFE
3) Gia str trung trwc cua EF di qua trung diém cua BC . Chirng minh rang CF KF
Loi gidi
4 //f_—__ﬁ“m
AN \\
/4 A
& E
L
Il \\
F o |I
; |
/
B \ M -./ff C
RN
D
N
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1) Tir cac goc ndi ti€p bang nhau L GEC = Z/GFA va Z/GCA= ZGBA
Tasuyra AGEC ~ AGFB (g.8).
2) AGEC ~ AGFB suyra AGFE ~ AGBC (c.g.c)
Ta dé thdy ZAGK = ZAGD=90"nén 4K 1a dwong kinh cta dwong tron (GEF)
Ty 1&é dong dang bang ty 1& ban kinh (hay dwong kinh ) cia dwdng tron ngoai tiép twong rng
nén EE A—K
BC 4D
3) Goi M la trung diém BC thi ME = MF . Ly N d6i xrng Equa M = FN L FE.
= /BFN = /KFE (gbc c6 canh twong &rng vudng goc).
Do tinh d6i xi*ng nén BN || CE 1. KE = /BNF = ZKEF (gbc c6 canh twong (rng vudng goc)
= AKEF ~ ABNF (g.g). Tr 1) ta c6:

KE BN EC GE
KF BF FB GF

Cau IV (1 diém). Ching ta thém d4u "+"hodc "-"vao day cac sé 1,2,3,...,2005 sao cho tong dai s6
cta day nhin dwoc 1a khong Am. Tim gia tri nhé nhit cia cac tong dai s6 nhan dwoec.

Lo gidi
Tacd 1+2+3+...2005=2005.1003 lasd lé.

Mobi 1an ddi d4u tdng thay ddi mot lwong chan (bang 2)

— T6ng dai s6 khong thay d6i tinh chit chdn 1é = Moi tdng dai s6 1a sd 1&.

Téng dai s6 1+(2-3—4+5)+(6-7-8+9)+...+(2002 - 2003 — 2004 + 2005) =1 12 58 1& nh6 nht
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 28 thang 03 nam 2021
Thoi gian lam bai: 150 phut

Caul (3 diém).

X’ +y' =2

1) Giai hé phwong trinh {x8(1+x2)+y8 (1+y2)=4

2) Chirng minh rang 7.5 +12.6" chia hét cho 19 v&i moi » nguyén dwong.

Loi giai

2, 2\* s 2N
1) Ta c6 BDT: x8+y822(x 42‘)/ j =2;x10+y1022[x 42-)/ J )

=x*(1+2%) +)*(1+ ") 2 4. Ding thirc xdy ra khi x* = )7 =1.

2)Tac6 7.5 =7(19+6) =7.6" (mod 19)
= 7.5 +12.6" =7.6" +12.6" =19.6" (mod 19) (dpcm)
Ciu II (3 diém).
1) Tim x, y,znguyén dwong théa man
x+y+l=xyz.

2) Véi x,y,z>0thoéaman xy+ yz+ zx =1, tim gia tri 1&n nhit cua biéu thic
1-x* 1-y° 2
P= >+ >+ .
I+x° 1+y \/1+ZZ

Lo giai

1) Vivai tro cta x, y nhw nhau trong phwong trinh, ta cé thé gid st 1<x<y
+Néux=y=2y+1=yz=y’[2y+1=)° 4y2—1:>y2‘1:>y:1; z=3
Papso: x=y=1;z=3

+ Néu x<y¢2y—|—1>x+y—|—l>xyz:>2y2xyz:>xz§2¢xz6{1;2}

Xét trwong hop

TH1: xz=1=x=z=1=y+2=z (loai)
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TH2: xz=2

x=1
+ { 2:>y+2:2y:>y:2:>(x;y;2)=(1;2;2)
z =

x=2
+{ 1:>y—|—3:2y:>y:3:>(x;y;z):(2;3;l)
L=

2 2
2) Tir didu kién xy + yz + zv =1, ta ¢ cong thie -~ 4 1=7 _ 2z(1+ )
I+x7 I+y \/(1+x2>(1+y2)(1+22)
2 2
P 2x N 2y N 2z(l+xy)

(x+y)(x+z) (y+z)(y+x) (x+p)(y+z)(x+2)
:>(Z+y)(l+x2):xz(y+z)+y2(z+x)+z(1+xy)
= y+z=y"(z+x)+z(1+xy)
= y=y"(z+x)+xyz
= l=xy+ yz+zx (dung)

1+xy <1 1-x7 l—yz< 2z

Jaro) ey e i

Vi

Suy ra PSM = ta cin CMR 2(1+Z)£2\/§

V1422 V1422

= (1+2)’ <2(1+2%) = 1+ 2% 22z (diing)

=22

CAu I1I (3 diém). Cho tam gidc 4BC c6 dwong tron néi tiép (7)tiép xic voi cac canh BC,CA4, AB lan
lwot tai cac diém D, E, F . Cac dwong thang IB, IC theo thit tw cat tai EF taiM, N.
1) Chirng minh rang tir gidc BCMN noi tiép.
2) Giao diém cua hai dwong thang DM, DN véi (1)1a O, P khac D. Chirng minh rang PQ|| BC
3) Goi giao diém ctiaCP va BQla J. Goi K la hinh chiéu vuéng goc cia Dtrén EF.Chirng minh
rang DJ va AK cat nhau trén dwdng tron ngoai tiép tam gidc 4BC.
Lo giai
1) Tl cac goc noi ti€p bang nhau LGEC = ZGFA va £/GCA= ZGBA

Ta suy ra AGEC ~ AGFB (g.8).
2) AGEC ~ AGFB suy ra AGFE ~ AGBC (c.g.c)

Ta dé thiy ZAGK = ZAGD =90"nén AK la dwong kinh ctia dwong tron (GEF)
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Ty 1& dong dang bang ty 1é ban kinh (hay dwdong kinh ) cia dwong tron ngoai tiép twong rng nén
EF AK

BC AD'
A /‘,#—_—_——ﬁ‘m‘-"“m
AN "
4 "
G E b

F l"‘\
( b,
F = 3

3)Goi M latrung diém BC thi ME = MF .Lay N d6ix&ng Equa M = FN L FE.
= /BFN = /KFE (goc c6 canh twong (rng vudng goc).
Do tinh déi xirng nén BN ||CE 1. KE = Z/BNF = ZKEF (gbc c6 canh twong (rng vudng goc)

KE BN EC GE
KF BF FB GF

= AKEF ~ ABNF (g.g). Tir 1) ta co:

Cau IV (1 diém). Cho day s6 thuc x,,x,,...,x, thudc doan [-1,1].

Hay tim gia tri nh6 nhdtclia = 3 xx,.

1<i<7%n
Lori giai

Tacd 1+2+3+...2005=2005.1003 la so 1é.

Moi l1an ddi d4u tong thay d6i mot lwgng chan (bang 2)

= T6ng dai s6 khong thay d6i tinh chit chdn 1é = Moi tdng dai s6 1a sd 1&.

Téng dai s 1+(2-3—-4+5)+(6—-7—8+9)+...+ (2002 — 2003 — 2004 + 2005) =1 I3 5§ 1& nhé nht.
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TRUONG PAI HOC KHOA HOC TU NHIEN

PE KIEM TRA KIEN THUC LOP 9
TRUONG THPT CHUYEN KHTN

Moén: Toan (Vong 1- Dot 1)
Ngay 18 thang 02 nam 2023
Thoi gian lam bai: 120 phut

Cau I (3 diém).
1) Giai hé phwong trinh
X+y+xy=3
x3+y3+12(x+y):26
2) Giai phwong trinh
X+5+33x+5=8x".
Loi gidi
xX+y+xy=3 .
SR O
y +12(x+y)—26
(*) @ X+ +1+43(x+y)(x+1)(y+1)=27 (vi (x+1)(y +1)=4)
& (x+y+l) =27 <:>{x+y:2
xy=1
2) x+5+33x+5=8%" <:>3x+5+\3/3x+5=(2x)3+2x

Néu /3x+5>2x = VE&tradi > V& phai (loai)

(loai)
Suy ra J3x+5=2x < 8x' —3x—5=0 < (x—1)(8x" +8x+5)=0

Néu /3x+5<2x = VEtrai < V& phai

Vay x =1
Ciu II (3 diém).
1) Tim x, y nguyén thoa man

(x+y)(x2+x+2)=x+3

2) Véi a,b,c>0,théaman 2+ a + b + ¢ = abc, tim gia tri nho nhit cta biéu thirc

B a+b+c
ab+bc+ca
Lo giai
1) (x+y)(x2+x+2)=x+3
:>x+y=2x;3€Z:>x2+x+2|x+3
X +x+2
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:>x2+x+2‘x2—9:(x2+x+2)—(x+3)—8:>x2+x+2|8
Vix*+x+2>1 = x’+x+2€{2,4,8}
o X +x+2=2=x=0(loai), x=-1y=2
o X +x+2=4=x=1,y=0, x=-2(loai)
e xX'+x+2=8= x=2(loai), x=-3,y=3
1 1

2) biéu kién < ! + + =1
l+a 14b 1l+c

2
Ta cé (a+b+c)2 <(ﬁa\/l+a +ﬁb\/1+b +\/11+_cc\/1+cj

L (a3+b3+c3+a2+b2+c2)
l+a 1+b 1+c

& 2(ab+bc+ca)£a3 +h+=>M=>2
Véy Mmin = 2 -
CAu I11 (3 diém). Cho tam gidc ABC nhon v&i AB < AC . Phan gidc ZBAC cat BC tai D. Trén trung

truc AD14ay diém K sao cho KD 1 BC.

1) Chirng minh rang ZKAB =90 — ZACB
2) Goi J1a hinh chiéu vudng géc cia D1én KB. Chirng minh rang t gidc AJDC noi tiép
3) Puwong tron ngoai ti€p tam gidc JBC cit KC tai LkhacC . Chitng minh rang DL 1 KC.

Loi giai

A

1) (1 diém) Ta c6 bién d6i goc:
ZLKAB = /ZDAB + £LKAD = ZDAC + ZKDA = ZDAC = AZDC —90°
=180"-ZLACB-90° =90" - ZACB
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2) (1 diém) Ap dung hé thirc lwong trong tam gidc vudéng thi K4* = KD? = KJ.KB.
Két hop cdu 1) tasuyra ZKJA=/KAB=90"— ZACB

Tir d6 £AJD + ZACB :(90° - 4ACB)+90° — /ACB =180°

Ta suy ra t& gidc 4JDC ndi tiép.

3) (1 diém) Goi L1a hinh chiéu vudng géc ciia D1én KC.
Chirng minh twong tw cu 2) thi t& gidc ALDB noi tiép
T d6 ta thu dwoc ZBJC =90° + ZDJC =90° + ZDAB =90° + /DLB = /BLC
Ta suy ra tir gidc BCLJ noi tiép
= L 12 giao diém (khac C) chia LC va dwdng tron ngoai ti€p tam gidc JBC
Hay L =L.Twd6é DL 1 KC.

Cau IV (1 diém). Hinh chit nhit 4BCD c6 chiéu dai cac canh 4B = DC =4cm, AD = CB = 5cm. Cho 9
diém phan biét d6i mot bén trong hinh chit nhat. Chirng minh rang c6 ton tai mot tam gidc c6 3
dinh thudc tip M gom 4 dinh 4, B,C,Dva 9 diém trong phan biét, c6 dién tich nhé hon hoic bang

2
lem”.

Lo gidi
Lay 1 diém cung véi 4 dinh 4, B,C, D tao dwoc 4 tam giac
Mobi lan 14y thém 1 dinh thi s tam gidc ting 2 (trong 2 truwong hop)

Suy ra sd tam giac bang 4 + 8.2 = 20.Dién tich hinh chi nhat 4BCD bang 5.4 =20cm’

2
2
=lcm

s
= Dién tich trung binh bang rn

=>¢0 ton tai 1 tam giac dién tich nho hon dién tich trung binh bang (dpcm).
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)

Ngay 19 thang 02 nam 2023
Thoi gian lam bai: 150 phut

Caul (3 diém).

1) Giai hé phwong trinh
(x+ 2y)(2y +1)(x+1)+ 2xy =20
(3 +xy)(2xy +2y +x) =20

2) Giai phwong trinh
V2x—1+42-x" =2+[x-1|.
Loi gidi
1 (x+2y)(2y+l)(x+1)+2xy=20
) (3+xy)(2xy+2y+x)=20
x+2y+1)(2xy+2y+x)=20
< (3+xy)(2xy+2y+x)=20
=>x+2y=2+xy <:>(x—2)(y—1):O

2) Tacod v2x—-1< @ =x (dang thitc khi x =1), suy ra:

2 p
VEtrdi <x++42-27 <ix’ #4227 <2 %:2
V& phai >2. Suyra VE&trai < V€ phai, ding thitcxdyra < x=1

Ciu II (3 diém).
1) Tim x, y nguyén dwong thda man
3x” +8x+29= y(2x + y).
2) Véi x,y,z >0, tim gia tri nh6 nhit cia biéu thic
M=Y+x+31+y++z-Yl+x+y+z

Lo gidi
1) 3x? +8x+29=y(2x+y).
& 4> +8x+29=(x+y) = 4’ +8x+29=0’(a e Z")
S (2x+a)(2x—a)+(2x+a)+(2x—a)+4—4+29=0
o (2x+a+2)(2x—a+2)=-25= 2x+a+2[25
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. 2x+a+2=25
Vi2x+a+2>9 > =>4x+4=24= x=5
2x—a+2=-1

= (y+5) =13*= y=3.
Vay x=5,y=8.
2) Tachirng minh kétqua J1+x+3/1+y >1+31+x+y

o (%/E+Q/E—l)3 Sltx+y o 3(%/1+x +3/1+y)(g/1+y—1)(%/E—1)20

Suy ra M21+%/1+x+y+i/1+z—%/1+x+y+z

>1+1+31+x+y+z-Yl+x+y+z=2=M,, (y=2=0)

CAu III (3 di€m). Cho hinh vudng 4BCD ndi tiép dwong tron (O). Piém P di chuyén trén cung nho
AD . Goi giao diém ctia PBva PCv6i ADlan lwgtla M va N; giao diém clia PBva ACIla Q; giao
diém cia PCva BDla R.
1) Chéng minh rang MR 1 NQ.
2) Chirng minh rang hai tam gidc AMQ va DRN ddng dang.
3) Goi S la hinh chiéu vuéng géc cia Q1én AB; goi T la hinh chiéu vudng géc ctia R1én CD; I
1 giao diém ctia QR va ST . Chirng minh rang dwong thang PIluén di qua diém cd dinh khi P
thay doi.

Loi giai

1) (1,5 diém) Ta c6 ZMPR=45"=/MDR (Do cung chdn mo6t phan tu dudng tron)
= T gidc PMDR ndi tiép = ZRMD = /RPD =45" = Z/CAD hay MR | AC
Chirng minh twong tw ON || BD.Ma AC L BD,tasuyra MR 1 NQ.

2) (1 diém) Ta dé thdy £QAM =45 = /RDN
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Mat khac str dung géc c6 dinh & trong dwdng tron, ta co
samo =L a8+ pp=LB5c+ D= sNRD.
2 2 2 2
Tl d6 hai tam gidc AMQva DRN dong dang (g.g).
3) (0,5 diém) Tl cu 2), AAMQO«»ADRN va ANRD«»AMNP (do t& gidc PMDR ndi tiép tlr ciu 1)

ta c6 bién ddi ty s6 AQ _AQ ND _OM PN (1)
RD ND RD RN PM

40 250 S0 _IQ 2)

Dé thay cac tam giac 4SO va DTR vuong cin = = =
Y & © 5 RD 2RT RT IR

. 10 RN MP , .

Tw (1),(2), tasuy ra R NP MO =1= PI,ON,MR dong quy tai J
Ciing theo cau 1) dé thiy tam gidc JMN vudng can tai J

Dwng tam gidc XBC vudng can tai X ra ngoai hinh vudng

= APBC U X ~ APMN U J (do hai tam gidc PBC va PMN d6ng dang)
Khi d6 P,J, X thing hang. Vay PI di qua X cd dinh.

Cau IV (1 diém). Xét 20 s6 1<q, <a, <a, <...<a,, <70 nguyén dwong.

Chtrng minh rang trong cac s6 hiéu a, —a, (1<k < j <20)c6 it nhat 4 s6 bang nhau.

Lo gidi

Xét 19 sO nguyén dwong a,, —a,y, G,y — g, Aig —Qy7, -y Ay — 4, -

Gia st phan chirng khéng c6 4 s6 nao bang nhau

Ta ki hiéu vaxép thirtw 19s6 dola 1<h <b, <...<h,

Tir gia thiét phan chitng = trong day so trén khong c6 4 s lién tiép bang nhau

Suyra: 1<), <b,<b, = 2<b,<b,<b,,3<b,<b,<bh,, 4<b,<b,<bh,
5<b,<b,<b,, 65b,<b,<b,, 7T<bh,

Suyra (b +b, +b,+...+b,)23(1+2+3+4+5+6)+7=70 (1)

Mat khac b +b, +b, +...+ by =a,, —a, <69 (2)

Tt (1),(2) = Mau thudn = dpcm
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 2)
Ngay 18 thang 03 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).
1) Giai phwong trinh 7x+63x+2 +2=2v7x" +16x+4 +3/7x +2.

xy(2x—y)=1
2) Giai hé phwong trinh o ») .
8x’ =1y =x*y" +6
Loi giai
1) biéu kién x> —%. Pat a=v7x+2,b=x+2 (a;b> 0).
Phwong trinh da cho tré thanh a* + 66 =2ab +3a < (a—3)(a—2b)=0.

Truonghop 1: a=3=+7x+2 =3 < x=1 (thoda man).

Truomg hop 2: a=2b=7x+2 =2Jx+2 < x=2 (thod min).

Vay tap nghiém cta phwong trinh 1a S ={1;2}.

2
2) Taco 8x3—y3—6xy(2x—y)=(xy)2 hay (2x—y)3=(2 1 J =2x-y=1.

xX—=y

=1

Thé vao hé, ta co {xy = (x;y)e {(1;1);(_1;—2}.
2x—y=1 2
Cau II (3 diém).
1) Tim céc cdp s6 nguyén dwong x, y thod man
¥’y +4=4x"+y* +3x+3y.
2) Véi cac s6 thue dwong a va b, tim gia tri 1n nhat ca biéu thirc

B a+3b N 3a+b
\/2a2 +2ab + 5b* \/Sa2 +2ab+2b*

P

Loi giai

1) Tacé (xy+2)2 :(2x+y)2 +3x+3y.
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Ma x, ye N* nén (2x+y)2<(2x+y)2+3x+3y<(2x+y)2+4(2x+y)+4.
T do, ta cé (2x+y)2<(2x+y)2+3x+3y<(2x+y+2)2 =Sxy+2=2x+y+1

< (x-1)(y-2)=1=(x;»)=(23) (thoa man).

a+3b N 3a+b _a+3b+3a+b
Ja* +4ab+4b>  \4a® +4dab+b> a+2b 2a+b

_p_ath ,_atb =4—(a+b) L <4—(a+b)- LA
a+2b 2a+b a+2b 2a+b 3a+3b

2) Taco a’ +b*>2ab nén P<

w | oo

Vay P,

ax

_8 khi a=b.
3

Cau I1I (3 diém). Cho tam gidc 4BC nhon ndi tiép trong dwong tron (0). P 1a mot diém nam
trong tam gidc ABC sao cho /PBA= /PCA. Trén cac canh CA4, AB lan lwot 1y cic diém E, F sao
cho AEPF 1a mot hinh binh hanh.

1) Chitng minh rang hai tam gidc PFB va PEC dong dang.

2) Goi giao diém cta dwong thang EF véi dwong tron (0) la X, Y. Chirng minh rdng
EX.EY =FX.FY.

3) Goi 4Z 1a dwong kinh cta (0). Chirtng minh rang P 1a tryc tim tam gidc XYZ.

Loi giai

Z

1) T gia thiét Z/PBA=/PCA va tlr AEPF la hinh binh hanh, ta suy ra Z/PFB=/BAC = /PEC. Tl
d6 hai tam gidc PFB va PEC dong dang.
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2) Tir hai tam gidc PFB va PEC d6éng dang, ta suy ra PE.BF = CE.PF hay FA.FB=EC.EA (do
PE =FA, PF = EA).

Tl d6 theo tinh chit dy cung cat nhau, suy ra FX.FY = EX.EY.
3) Goi R labankinh cta (O) thi FX.FY =R>-OF”* va EX.EY =R’ - OE”.

Két hop ciu 2, ta suy ra OE = OF. Mat khac OX =0OY. Vdy EF va XY c6 cung trung diém. Lai tir
ZA la dwong kinh cta (O) ngoai tiép tam gidc XYZ, P lai d6i xtng véi 4 qua trung diém XY
(cling la trung diém EF ) nén P la trwc tAm tam giac XYZ.
Cau IV (1 diém). Cho cac s thuc dwong a, b, c. Chirng minh rang
a b c a+b+c
+ + +
b+c c+a a+b \/3(a2+b2+02)

>2
2

Loi giai

., a b c a’ b? c?
Ta co + = + +
b+c c¢c+a a+b ab+ca bc+ab ab+bc

+h+ 2 2 2 2 2 2 2
> (e ‘) = @ ¥b e —1+— trong do x—MZI.
2(ab+bc+ca) 2 ab+bc+ca ab+bc+ca

M3 a+b+c / 1+ >_ 1 __+_
\/3(a2+b2+c x 2 2x

Do dé P> % + %(x - l) > g Ta c6 diéu phai chirng minh.
x

Diu "="xay rakhi a=b=c.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 2)
Ngay 19 thang 03 nam 2023
Thoi gian lam bai: 150 phut

1) Giai phwong trinh 3x* +3x =(3x —1)Vx’ +3x +2

Y1yt =14x—y—11
2) Giai hé phwong trinh Yy e
3x* —y* =14x+y-13

Loi giai

1) biéu kién x>0 hodc x<-3.Tacd x2+3x—(3x—1)\/m+2x2—2:0

Hay (mf —(Bx=1)Vx? +3x +(2x-2)(x+1) =0

Hay (V" +3x—(2¢-2))(V +3x = (x+1)) =0

THI:AY +3x =2x—2 < x> +3x =4x* —8x + 4 v6i x2 1= 32 —11x+4:0:x:%ﬁ+%

TH2:NX* +3x=x+1oxX* +3x=x"+2x+1 véi x>0= x =1

¥+ =ldx—y-11

2) Tacod
9x* —3y° =42x+3y -39

Trlr 2 phwong trinh theo vé€ ta cé x* +y° —9x° +3y” =—28x—4y +28 hay

X’ —9x” +28x =30+’ +3y’ +4y+2=0 hay (y+1) +(y+1)=(3-x) +(3-x).

Twrdoésuyra y+1=3—x hay x+y=2

Thé y =2-x vao phwong trinh thit hai cia hé ta c6 3x2—(2—x)2 =14x+2-x-13 hay 2x* -9x+7=0
7 3

tr d6 ta dwoce cac nghiém (1;1),(5;—Ej

Cau Il.
1) Tim céc s6 nguyén t6 p,q sao cho 4p+qva 9p+qla cac binh phwong cia s6 tw nhién.

2) Véi céac s8 thwe dwong a,b c6 tdng bang 1, tim gia tri nhé nhit ca

P:\/l—a +\/1—b
1+7a 1+7bh
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Loi giai

dp+qg=x"

9p+q=y2(x’yEN)

1) gia s {
Khi d6 (y—x)(y+x)=5p.Dothdy p,g>2 nén x>3,y>4 néntaco 2 TH:

_ :1 _ ~ " 9 12 .~ ]
TH1:07 " :>x:5p—1. Khi dé 4q:4(x2—4p)=(25p—1)(p—1). Dé thay p,q 1€ 1a hai so chan
y+x=5p 2

ma 25p—-1<p-1tasuyra 25p—1=2p,p—1=2 tathu dwoc p=3,4=37
y—x=35 p-5 . as ) c s A .
TH?2: = x=-—-.Khido 4q:4(x —4p):(p—1)(p—25).G1a1tu'o'ngt1_rnhu'trenta cé
y+x=p 2
p-1=2¢;p—-25=2= p=27,1=13 loai vi p khdng nguyén to.

2)Tac()P=\/ a +\/ b
a+8b b+8a

s a b 2 Jab __a b . \/ab(a+8b)(b+8a)
a+8b b+8a  [(a+8b)(b+8a) a+8b b+8a (a+8b)(b+8a)

=P

Ma /(a+8b)(b+8a)>~ab +8ba =9ab

a b 18ab 84 +20ab+8b° S 4

Suyra P’ > + + = >
y a+8 b+8a (a+8b)(b+8a) 8a’ +65ab+8b> 9

D4u bang xay ra khi a =b=%. Vay P, =1

Cau III. Cho hinh thang cadn 4BCDc6 AB//CD va DA= AB =BC. (K) la dwong tron di qua 4 va B
dong thoi tiép xic 4D va BC. P la mot diém thudc (K) va nam trong hinh thang. Gid st P4, PB
lan lwot cat canh CD tai E,F . Gia sit BE, AF theo thi tw cit 4D,BC tai M,N.

1) Chirng minh rang ba tam gidc PAB,CBF va DEA ddong dang.

2) Chitng minh rang NF.ME = NA.MB

3) Chitng minh rang PM = PN

Loi giai
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N

1) Ta c6 cac goc tao bai tiép tuyén va goc so le trong bang nhau PAB = FBC,PBA = BFC suy ra
APAB«» ACBF , twong tw APAB« ADEA

2) T&r AD = AB = BC, cac tam giac dong dang ciu 1) va dinh li Thales ta c6 bién déi ty s6

NF _FC_FC_PB . MB_AB_AD _PB

NA AB BC PA ME DE DE PA

Tw dé NE =@ hay NF.ME = NA.MB
NA ME

3) Goi phan gidc ngoai tai dinh P ctia tam gidc PAB cit AB tai G, p dung ciu 2) va tinh chit
N Ny , GB PB NF MB
dwong phan giac,tac6 —=—=—=—+
GA PA NA ME

Theo dinh ly Thales dao, ta suy ra FB// NG va AE// MG . Tiép tuc ap dung dinh ly Thales ta lai c6
GM _GM AE BF _GB PA AB_PA GB _

GN AE BF GN AB PB GA PB GA

Dang thirc cudi do tinh chit dwong phan giac. Vay suy ra GM = GN.
Vi PG 1a phan gidc ngoai nén cac goc lo se trong bang nhau PGM = EPG = BPG = PGN

Tw d6 AGPM =AGPN(c.g.c) suyra PM = PN
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Cau IV. Cho n la s6 nguyén dwong. Xét 2n+1 s6 nguyén dwong phén biét c6 tong nhé hon
(n+1)(3x+1). Chirtng minh rang trong 2n +1 s& nguyén dwong dwoc xét trén, ton tai hai s6 c6 tong
la 2n+1.

Lo gidi

Gia st cac sO nguyén dwong d6 1a g, <a, <..a,,,,. Do cac s6 nguyén dwong phan biét nén

a,>2,a,>2..Néu a,, >2n+1 khidb a,,,>2n+2,..,a,,, 23x+1

n+2 —

Suyra g +..+a,21+...+n= vaa, +..+a,,, 2(2n+1)+...+(3n+1)=_(5n+2)(”+1)

n+l

n(n+1)
2

n(n+1)+(5n+2)(n+1)

Khi dé tong cacs6la S=(a,+..+a,)+(a 5 )

totdy,, )2

- =(n+1)(3n+1) mau
thuan véi gai thiét.
Do d6 a,,, <2n,khidén+ 156 a,a,,....,a,,, thudc ntap hop {1;2n},{2;2n-1},...{n;n+1} nén theo

nguyén li Dirichlet, ton tai 2 s6 thudc cung 1 tip, tirc la ching cé tong 2n + 1.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Pot 3)
Ngay 15 thang 04 nam 2023
Thoi gian lam bai: 120 phut

Caul (3 diém).

1) Giai hé phwong trinh {Zi I i);) (:6;} 1) oy

2) Giai phwong trinh 3x+ 2Wax+5 =1+4/x+3.

Loi giai

1) Cong 2 phuwong trinh thu duoc (x+ 2y)3 +(x+2y)=30.
bat ¢ = x+2y. Khi d6 phwong trinh tré thanh

x+2y=3=>x=3-2y

t3+t—30:0c>(t—3)(t2+3t+10):0<:>t:3 thu dwoc {
xy=1

—

x=1

y:
:>y(3—2y):1<:>2y2—3y+1=02> y=tiion

1
2 3
2) Phuwong trinh twong dwong véi 4x+6+2y4x+5=x+7+4Jx+3

@(MH)Z :(\/E+2)2 o Jdx+5=x+3+1

SA4x+5=x+4+2Ux+3 & 2Vx+3 =3x+1 (xZ—éj

, , o~ < 11 :
Binh phuwong 2 v€ = 4(x+3)=9x" +6x+1 < 9x’ +2x-11=0 < x =1 (thod min) hodc x==3 (loai)

Cau II (3 diém).

1) V&i a,b,c 12 nhitng s6 nguyén thod man «’ +5° = 29¢° +30. Chitng minh rang a+b+c chia hét
cho 30.

2) V&i a,b,c>1, chitng minh rang va—1++b—-1++/c—-1 S\/a(bc+l).
Lo giai
1) Tacodn’ —n= n(n—l)(nJrl)(n2 +1)

6|n(n—-1)(n+1)=6|n’ —n.Ta chitng minh 5|n’ —n
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n=5k=5|n"-n
n=5k+1=5|n-1=5|n’-n

n=5+4=5|n-1=5|n"-n

n=5k+2=5|n*+1=(5k+2)’ +1=25k +20k +5=>n’ —n chia hét cho 5

n:5k+3:>5|n2+1:(5k+3)2+1:25k2+30k+1035|n5—n
Tém lai tacé 30|n° —n

Ta cé o’ +b° +c’ =30¢° +30 chia hét cho 30

Tacod a’+b’ +c =(a5—a)+(b5—b)+(cs—c)+(a+b+c)
Vi30|a’—a;30|b°~b;30|c’—c=30|a+b+c (dpcm)

2) Taco (\/E+\/;)2 <(b-1+1)(1+c-1)=bc

= Vb—1+yc—1<+be (1)

Ta cin phai CMR be ++a—1< Ja(bc+1)

Ta c6 (\/E+\/E)2 <(1+a-1)(bc+1)

= bc+\/a—lé\/a(bc+l) (2)

Tt (1) va (2)= dpcm

1) Tacéd n’ —n=n(n—1)(n+1)(n*+1)
6|n(n—1)(n+1)=6|n’—n.Ta chitng minh 5|n’ —n
n=5k=5|n"-n

n=5k+1=5|n-1=5|n"-n

n=>5k+4=5\n-1=5|n"-n

n=5k+2:>5|n2+1:(5k+2)2+l:25k2+20k+5:>n5—n chia hét cho 5

n=5k+3=5[n* +1=(5k+3) +1=25k> +30k+10=5|n" —n
Tém lai tacé 30|n’ —n

Tacd o’ +b° +¢° =30¢° +30 chia hét cho 30
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Tacod a’+b’ +c :(a5—a)+(b5—b)+(c5—c)+(a+b+c)
Vi30|a’—a;30/b°-b;30|c—c=30|a+b+c (dpcm)
2) Taco (\/E+\/;)2 <(b-1+1)(1+c—-1)=bc

= Vb—1+e-1<+be (1)

Ta can phai CMR \/E+\/E£\/m

Ta c6 (\/E+\/E)2 <(1+a-1)(bc+1)
= bc +\/ES1/a(bc+l) (2)

Tt (1) va (2)= dpcm

Cau III (3 diém). Cho hinh binh hanh ABCD. Gia st P 1a diém nam trong hinh binh hanh sao cho
APB+CPD =180°.

1) Chrng minh rang dwong tron ngoai ti€p tam gidc 4PB va CPD c6 ban kinh bang nhau

2) Chirng minh rang diy cung chung ctia dwdong tron ngoai ti€p tam giac PAB va PCD vudng goc
BC.

3) Chirtng minh rang hai tam gidc PAB va PCD c6 cung truc tAm.

Loi giai

1) (1 diém)

Goi (K) va (L) 1a dwong tron ngoai tié€p tam gidc PAB va tam giac PCD.
Tir APB+CPD =180°. ta c6 thé gia st APB<90° thi CPD>90°.

Khi d6 AKB =24PB =2(180°~CPD)=360°~2CPD~CLD.

Két hop 4B =CD, ta suy ra hai tam gidc cAn 4KB va CLD bang nhau (g.c.g)

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 44



CLB Toan bdi duéng MathExpress | , |www.mathexpress.vn

2) (1 diém)

Goi M,N latrung diém 4B va CD

Tt hai tam gidc cAn AKB va CLD bang nhau & ciu 1) suy ra KM song song va bang LN

= KL// MN //BC. Dé thdy day cuing chung ctia (K) va (L) vudng géc KL nén day cung chung do6
vudng goc BC.

3) (1 diém) Goi H 1a truc tdm tam gidc PAB thi PH//KM va PH =2KM.

Theo ciu 2), KM song song va bang LN nén PH//LN va PH =2LN

Ta suy ra H la truc tam tam giac PCD (do CPD >90° thi P va H cung phia CD).
CAu IV (1 diém). Tim pnguyén t6 sao cho p*>— p+1 1a14p phwong cia sd nguyén duwong.
Lo gidi

Tw gid thi€tsuyra p’ —p+1=b=b <p’<p’=b<p

Néu p=2= p*—p+1=3 (loai)

p=3=p —p+1=7 (loai)

= p lasd nguyéntd >5

=b'>21=b>2

+Taco p(p-1)=b-1=(b-1)(b>+b+1)

Vib<p=p|b-1=b’+b+1 chiahétcho p =b’+b+1=kp

= p(p-1)=(b-1)kp=k(b-1)=p—1 (suyra k22 vib<p)

+Tacod b’ +b+1=k(k(b=1)+1)=k’b+k—k’

Vik-k>-1<0=b>+b<k’b

Hién nhiénsuyra b’ +b-1=k’b+k—k>-2=k>(b-1)+k-2
Vik22=b"+b-12k*(b-1)

2 J—
+Vi b>2:>b+1<k2s%=b+2+il<b+3

=k’ =b+2=b"+b+1=(b+2)(b-1)+k=b"+b-2+k=k=3

2 —
:>b+2:9:>b:7:>p:%:19.v<§y p=19.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 3)
Ngay 16 thang 04 nam 2023
Thoi gian lam bai: 150 phut

Caul (3 diém).

. o JXtytxy=3
1) Giai hé phwong trinh | | ,
V. +10x+13y+2=26x

2x

2) Giai phwong trinh x +/2-x =
JGlatphuong tinh V2=

Lo giai

1) Hé phuwong trinh twong dwong véi:

{(x+1)(y+1)=4

X+ +1412(x+ y)+x+y+1=27x" +3x (2)

2)ex+)’ +1+3(x+y)(x+1)(y+1)+(x+y+1):(3x)3 +3x
<:>(x+y+1)3+(x+y+1)=(3x)3+3x

Néu x+ y+1>3x suy ra vé trai > vé phai (loai)
x+y+1<3x suyra vé trdi < vé phai (loai)

2x—y=1=y=2x-1
Suy ra x+y+1:3x,thudu’qc:{ 4 g

xX+y+xy=3
=1 W T
S22+ 2x=4x +x=2= 4
x=-2 ;y=-5
e A% . ; 2—
2) Theo bat dang thirc Cauchy ta cé: Jx+2-x<2 XreTx
Pt bl S SN B S
2 \V2x—1 2x—1
Jx+2-x=2 PN
bé vé trai = vé phai thi: 2x = = x=1
=2 2x—1=1
V2x -1

Caull (3 diém).
1) Tim x, y nguyén dwong théa man 9* -7* =2"
Jab-1 ~be—=1 ea-1 a+b+c
+ + <
b+c c+a a+b 4

2) Vi a, b, ¢ 21, chltng minh rang
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Loi giai

1) 9°-7"=2"(1)

-Véi y=1thi 9" -7 =2

Néu x>2 tacé: 9" -7 =(2+7) 7" >2"+7" =7 =2"22° > 2 (mAu thuan)
Suy ra x =1 (théa man).

-Voi y=2thi 9" -7"=4

Néu x>2 tacé: 9" =7 =(2+7) -7 >2"+7" =7 =2" > 2°(mau thuan)
Suy ra x =1(khong théa man).

-Vé&i y >3 thi: 27 =0(mod?8)

Vi 9" =7 =1-(=1)" (mod8) .

Ma 27 =0(mod8) nén x chan.

DPat x =2k (k e N"). Phwong trinh (1) tré thanh:

9 72 =2

(94 =7)(9" +7")=2"

9f —7% =2¢

bat (a,beN',b>a,a+b=y)
{9k+7"=2b

Suyra 2’ -2*=2.7"

Néu ¢>2 thi 2°-2¢:2°. Ma 2.7°/2° nén a=1.

Suyra 9 -7 =2.

Néu k>2 tacéd: 9" -7" =(2+7) -7 > 2" +7* = 7" =2 > 2 > 2 (mAu thuin)

Suyra k=1.Doddé x=2,y=>5 (thdéa man).

Vay (x.0) e {(11):(2.5)}-

2)

Theo bat dang thitc Cauchy ta c6 b+c > 2+/bc
Jab—1 _ab-1 1\/ab—1
< _—

b+c 2dbc 2\ be

Suy ra
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Ma L @bl _1 (a_lJl Sl[a_lJrlj
2\ bc 2 b)c 4 b c
Suy ra Yab=1 l(a—l+lj (D

btc 4
Twong tu, ta c6 be 1 Sl(b—l+lj (2)
a

Cong vé theo vé (1), (2) va (3), ta dwoc dpcm.
DAu"="xayrakhi a=b=c=+2.

Cau II (3 diém). Cho tam gidc ABC nhon c¢6 dwong cao BE, CF (E, F lan lwot thudc canh
CA, AB) va M 1atrung diém ctia BC. Goi (K) va (L) lan lwot 1a dwong tron noi tiép cac tam giac
MFB va MCE.

—  —

1) Chirng minh rang BKF — CLE = ACB— ABC

2) Goi R, va R, lan lwot1a ban kinh ctia (K) va (L). Chirtng minh rang R _MK BF
R, ML CE

3) Chirng minh rdng MH va hai tiép tuyén chung ctia (K ) va (L) dong quy.
Lo gidi

1) (1,5 diém)

Dé thiy cic tam gidc MBF va MCE cAn tai M .

Vay BMF =2.BCF =2.(90°~ 4BC).

BMF

T d6 BKEF =90°+ —180°— ABC.

Tuwong tw CLE =180° - ACB

T d6 BKF — CLE = ACB— ABC.

2) (1 diém) Dé thdy (K) ti€p xtc BF tai trung di€ém Q cta BF, (L) tiép xuc CE tai trung diém
LR CR CE
LM CM CB " KM BC

R cia CE. Theo tinh chit phan giac, ta cé

T do Re - KQ _MK BF
R, LR ML CE

3) (0,5 diém) Ky hiéu d(X, Y, Z) lakhoang cach tir X téi dwong thangdiqua Y va Z
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PK MK BE
PL ML CE

Goi P la giao hai tiép tuyén chung trong ctia (K ) va (L). Dé thdy

d(P,MK) S,,. /MK PK(BE PL j _BE FQ d(H,MK)

Tir d6 = = ===t
d(P,ML) S,,, /ML PL\CE PK) CE ER d(H,ML)

MPL

Tir dang thirc trén ta két hop dnh ly Thales dao dé suyra M, P, H thang hang

Cau IV (1 diém). Gia st tai moi diém ctia mot ngli giac ta viét mot s6 nguyén sao cho téng cac s 1a
dwong. Néu 3 dinh lién tiép viét cac sd x, y, z va y <0 ta thay thé 3 s6 nay b&i cac s
x+y, -y, z+y twong &rng. Nhwng phép bién d6i nhw vy dwoc thue hién néu it nhit mot trong 5
s6 1a &m. Hoi qua trinh nhw trén c6 két thic sau mot s6 hiru han bwéc?
Lo giai
5 5
Xét I(a,,ay,a5,a,,a5) =Y. al +Y (a,+a,, )2.
1 1

(Chuy: a, =a, trong cong thixc).

Gia st a, <0, ta thyc hién phép bién déi va tinh

[(a,+a,,~ay,a,+ay,a,,a5) = (a,+a,) +ai+(a, +a,) +al +a? +a’ +a?
+(ay+a,+a,) +(a, +a;) +(a;+a,+a,)

=alvalvalvalval+(a,+a,) +(a,+ay) +(a+a,) +(a, +a) +(a+a)

+2a,(a, +a,)+2a,(a, +a;)+2a;

=1(a,,a,,a,,a,,a;)+2a, [a3 +a,+a +a; +a2J (theo gia thiét).
—
<0

>0
Suy ra sau moi phép bién ddi thi 7 gidm thuc su.

Do d6 sau mét s6 hiru han buwéc phép bién déi phai két thuc.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 49



CLB Toan bdi duéng MathExpress

| @ | www.mathexpress.vn

TRUONG PAI HOC KHOA HOC TU NHIEN
TRUONG THPT CHUYEN KHTN

PE KIEM TRA KIEN THUC LOP 9
Moén: Toan (Vong 1- Dot 1)

Ngay 20 thang 01 nam 2024
Thoi gian lam bai: 120 phut
CauI (3,0 diém).
1) Gidi phwong trinh 2x++/3x+1=2+22—x.
x+y)x+1)(y+1)=8
2) Giai hé phwong trinh (o)l +1)
V' +17= 6x(x—|—2).
Lot giai
1) biéu kién: —% <x<2

Phwong trinh twong dwong voi 4x +2+3x+1=4+4v2—x
S3x+14+23x+1+1=2—x+4y2—x +4

e (Brri+l) =(Va—x+2) eVl +1=v2—x+2
S3x+1=3—-x4+2V2—x+14x—-2=2J2—x & 2x—1=+2—x [xZ%]

&4y’ —dx+1=2—x&4x’ —3x—1=0<« x=1 (thod man) hoic x:—% (loai)

Vay PT c6 nghiém duy nhatla x=1.

2) Hé phuwong trinh twong dwong véi {E; 13)’}2 (j :j)z(i’:gjix(x s
(x+y)(x+1)(y+1)=8 (x+y)(x+1)(y+1)=38

©<x3—l—y3+1+3(x—|—y)(x+1)(y+l):(x+2)3 ﬁk(x+y+1)3_(x+2)3

2 T — |
<:>«<x+1) _4@ x=-3.
y=1 b N

Vay HPT c6 tap nghiém 1a (x;») € {(1;1);(—3;1)}
Cau I (3,0 diém).
x> +1
X1
! [a +b+ 0]4

2.V&i a,b,c € R, chirng minh rang a* +§+EZ 6 .

1) Tim x,y nguyén thod mén y =

Loi giai
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2
1) y= il +1:>x3—|—1‘x2—|—1:>x3+1‘x3+1+(x—1):>x3+1‘x—1

x3—|—
:>x3+1‘(x—1)<x2+x—|—1)=x3—1:x3+1—2:>x3—|—1‘2
Suyra x’ +1€{xL+2}=(x;») G{(O;l);(l;l)}

4 4 4 4
2) Ap dung bit ding thic < +o +e 2[a+b+c] ta co
4 4 a+é+é4 4 4
VT = 4+[2] +[9] NN 2 2 +3[5] >6[Lb+c]
2 27 3 3) 6

Cau I1I (3,0 diém).

Cho tam gidc nhon 4BC noi tiép trong dwdng tron (O). Cac diém E va F lan lwgt nam trén cac

canh C4 va 4B sao cho EF songsong vdi BC. Cac dwong thang BE va CF theo thir tw cit cac

tiép tuyén tai C va B cia (0) lan lwot tai K va L.

1) Pwong thang qua B va song song v&i AC theo thir tw cat KC va K4 tai X va Y. Chirng minh

rang hai tam gidc XBC va BC4 dong dang.

2) Puwong thang qua C song song v&i AB theo thir tw cat LB va L4 lan lwottai Z va T. Chirng

. s XB AF
minh rang — =—.
ZC AE

3) Puong thang qua E song song v&i 4B 1an lwot cit 4K va AL tai M va N. Pwong thang qua
F song song v&i AC lan lwot cdt 4K va AL tai P va Q.Chtrng minh rang b6n diém M, N, P va

Q cung thuoc mot dwong tron.

Loi giai

1) D& thiy XBC = ACB (do BX// AC) v XCB = BAC (do CX la tiép tuyén ctia (O)).

Vay AXBC« ABCA (g.8)

2) Twong tw ciu 1) ta c6 AZCB«» ACBA. Tir cac tam gidc ddng dang dé ta c6 BC* = XB.CA va

BC? =ZC.AB. Tir day ta co 2By AB _ AF
ZC AC AE

3) Tlr cau 2) tasuy ra BX.EA= ZC.FA

Theo dinh ly Thales ta cé B’ 51 va FA_CT
EC BX FB
Tir ddy ta thu dwoe 2L — I8 _ 4B
CT EC AC

K&t hop v6i YBA = TCA ta suy ra ABYAx» ACTA (c.gc)

Tir d6 ta c6 ANE =T =Y = APF
Suy ra tx gidc MNPQ ndi tiép.

o do d6 BY.EC = BX.EA= ZC.AF = FB.CT
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Cau IV (1,0 diém). V&i a,b,c >0 thod man a+ b+ ¢+ 2 = abc. Chirng minh rang
(a+1)(b+1)(c+1)>27.

Lo giai

bat x=a+1,y=b+1,z=c+1

bitukién a+b+c+2=abc < x+y+z—1=(x—1)(y—1)(z—1) =xyz—(xy+yz+2zx)+x+ y+z—1
S XY+ yz+zx=xyz

Suy ra xyz >33 (xyz)2 & xyz>27 < (a+1)(b+1)(c+1)>27 (dpcm)
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 1)
Ngay 21 thang 01 nam 2024
Thoi gian lam bai: 150 phut
Caul (3,0 diém).
(x+29) (3 +1)+(y+2x)=3(y* +2)

1) Giai hé phwong trinh
(y—l—2x)<x2 —H) =x+2y+3x°

2) Giai phwong trinh #x +43—2x =1+42—x.
Lo gidi
x+2y-3)(y* +1)=3—(y+2x
1) Hé phurong trinh twrong dwong véi ( g )(y ) o )
(y+2x=3)(x* +1)=(x+2y)-3
Gid st x+2y>3=(x+2y-3)(x’ +1)> 0= y+2x <3= (y+2x—3)(x +1)< 0= x+2y <3

x+2y=3 x=1
y @{

Vay ta thu duorc
y+2x=3 y=1

2) Tacod

a’ +b* + ¢ [a—l—b—I—ch at+b*+¢t [a2+b2—|—02
> = >

2 b 4
> Za+ +c
3 3 3

3

4
4 4 4 4 4 4
Suy ra Yardb+de| _a+bre  Yat+db+de  Jatb+e 0
3 3 3 3
Ap dung (1) ta c6
Yo+t _ Jat2b Yp+detde _ [b+2e Yetda+ia _ [ct+2a
3 N o3 7 3 v 3¢ 3 V3

Cong 3 bat dang thic $%+%+%§4\/a22b+4{/b—;2c+4{/0—f—32a
Suyra x +4x +4B3—2x <¥x+i2—x +1e Y +B-2x <i2—x+1
Diu“="xdyra © x=3-2x < x=1

Cau II (3,0 diém).

1) V6i p,q,r,s lanhitng s6 nguyén t6 thod man 5< p<q<r<s<p+10.

Chirng minh rang téng clia 4 s6 nguyén t6 chia hét cho 60.
2.Véi a,b,c >0 thod man a+b+c=1. Tim gia tri nhé nhit cta biéu thirc
3 3 3
a b c

= + +
a+b b+ F+ad’

Loi giai
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1) 4 s6 nguyén t6 trong khodng 5< p, s < p+10 chicé théla 4 s6 trong 5 s6
p,p+2,p+4,p+6,p+8.Vay ching ta phai b6 di mot sé
Khoéng thé b p,p+2,p+6,p+8 bdivikhi bd s6 nay thi trong 4 s6 con lai c6 3 s 1é lién tiép ma
mot trong 3 s6 nay phai cé 1 s6 chia hét cho 3 nén khong la s6 nguyén té.
Véy phai bé 3|p+4.
Trong 5 s0 1é lién tiép phai c6 1 s6 chia hét cho 5 = S6 nay phaila p+4=5|p+4=15|p+4
Suyratacé p+q+s+r=p+p+2+p+6+p+8=4(p+4)
:>60|p+q+s+r (dpcm)

a’ b’ c a+b+c

2 2+ 2 2+ 2 2 Z
a+b" b+c ¢ +a 2

a b’ c’ a+b+c

—a+ —b+ —ex>TC

a’+b’ b +c? c+a>

ab’® bc? ca’ a+b+c
& + + <

a+b b+ C+ad T 2

2 2
ab < ab” b

a’ +b? ~2ab 2

2) Ta chlrng minh

& —(a+b+c)

Ta cd a* +b* >2ab &

b ¢

:M§§+E+% (dpcm) = M, =—.Dau “=" xay ra khi a:b:c:%

1
2
CAu I11 (3,0 diém). Cho tam gidc 4BC nhon dwong cao BE, CF catnhautai H (E,F lanlwot nam
trén cac canh CA4, AB). Goi M la trung diém BC. Goi K 1a hinh chiéu ctia H trén 4M .

1) Chirng minh rang bén diém B,C,K,H cung thudc mot dwong tron.

2) Goi (J) va (L) lan lwot 1a dwong tron ngoai tiép cac tam gidc MBF va MCE. Ching minh rdng
(J) va (L) cung di qua K.

3) Goi P 1a diém déi xtirng cia 4 qua BC. Chtrng minh ring phan gic cic goc BPC va JML dong
quy voi JL.

1) (1,5 diém) Lay D déi xikng véi 4 qua M

Dé thdy 4BDC 1a hinh binh hanh do d6 CD// AB 1 CH

Suy ra C nam trén dudng tron dwong kinh HD.

Twong tw B cling nam trén dwong tron dwong kinh AD.

Vay cac diém B,C,K déu nam trén dwong tron dwdng kinh HD.

2) (1 diém) Goi giao diém cia 4H va BC la N

Tir HKM =90° d& thiy HKMN ndi tidp. Pong thoi HECN ciing ndi tiép
Suyra AK.AM = AH.AN = AE.AC
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Tlr d6 KMCE ndi tiép. Twong tw KMBF cling noi tiép

3) (0,5 diém) Goi S 1a trung di€ém cung BC chtra H ctia (BHC). Goi I 1a giao diém ctia phan giac
JML v6i JL.

Ta sé chitng minh P,1,S thang hang, khi d6 PI 1a phan giac BPC

That vay, tir cAc tam gidc MBF va MCE cantai M déthdy MJ L BF 1 HC va ML 1 CE 1 HB.

Ta suy ra phan giac JML va phan giac ngoai BHC vuong goc, hay MI | HS

Kéthop HK | MK ta suy ra IMK = KHS = KHT —90° = 180° — KST | —90° = 90° — KSM

V6i ST 1a dwdmg kinh ctia (BHC). Vi AIKM can tai I nén KIM —180°—2IMK = 2KSM

Tl day két hop v&i IK = IM , ta suy ra [ 1a tdm ngoai ti€p ctia tam giac MKS. Tt d6 véi cac cha y
MI//HT (do cung vudng géc véi HS ) va HP// ST, ta c6 bién ddi géc nhw sau;

e~ —

IST = ISM = IMS = HTS = PHT = PST.
T d6 suy ra S,7, P thiang hang. Ta hoan thanh 1oi giai.

Cau IV (1,0 diém). V&i x, y,z1a nhirng s6 nguyén dwong thod man x+ y +z =100. Tim gia tri nho
nhit cta biéu thirc P=x!y!z!.
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(Trong d6 x!=x(x—1)(x—2)..2x1)

Lo giai

Gid st x,+y, +2z, =100 , x,—y,>2

Ta di chitng minh x,!y,!z,! khéng la nhé nhit.

Tadat x, =x,—1; y,=y,+1;z =z,

Ta c6 x,+y,+z =100 va ta chitng minh x,!y,!z,!> x, !y, !z!

S x> (X =)y + )& x, >y +1 6 x, — p, > 1= x—y >2 (dang)
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 1- Dot 2)
Ngay 9 thang 03 nam 2024
Thoi gian lam bai: 120 phut

Bail. (1,5 diém + 1,5 diém)
1) Gidi phwong trinh (\/x +3 - \/;)(\/xz +3x + 4) =6.

2 2
=72 = A \ = 3
2) Giai hé phurong trinh ¥y +2y
Sx+4y+y —xy=09.
Lo giai:
1) biéu kién x>0
Phuwong trinh da cho twong dwong véi

\/_ 3_(\/x +3x+4)=6
Hay vx* +3x +4 = 2M+2\/—hay( )( x+3- 2)=0.

Giai cac truong hop ta cé: x e {1;4}.
2) Trilr hai phwong trinh theo vé ta c6: x* +2xy -4y —5x+6=0
Hay x* —(5-2y)x+ 2(3-2y)=0 hay (x-2)(x+2y-3)=0.
TH1: x=2,thayvaohétacé: y* +2y+1=0= y=—1.
TH2: x=3-2y, thayvaohétacé: 3-2y)*+(3-2y)y+y* =3
=3y"=9y+6=0 =[x=-1.0,y=2.0][x=1.0,y=1.0]
Véy hé c6 ba nghiém [x=2.0, y=-1.0); [ x=-1.0, y=2.0];[x=1.0, y=1.0].
BaiIl. (1,5 diém + 1,5 diém)
1) Chrng minh rang khong ton tai cac s6 nguyén x,y théa man:
7x* =30xy +7y> = 4(x+ ) +932024.

2) Véi cac s6 thue dwong ¢ va b thod man a + b =2, tim gia tri Ién nhat cta biéu thic:
1 N 1
a+b b +a

Loi giai:

1) Tacd 11(x—y)* =4(x+y)* + 4(x+ y)+ 932024

Hay 11(x - y)* =(2x+2y+1)" + 932023 (¥)

Xét modll tacd (2x+2y+1)°=0;1;4;9;5;3 va 932023 =4 (mod 11)

Khi d6 VT (*)=0(mod 11) va VP(*)=4;5;8;2;9; 7 (mod 11)

Nén phuwong trinh (*) khéng thé xay ra véi bat ky gia tri nguyén nao cua x,y

Tirc 1a khong ton tai cac sO nguyén x, y théa man phwong trinh da cho.
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2) Ap dung bat ddng thitrc Cauchy-Schwarz ta c6 4 = (a +b)’ < (a2 + b)(l +b)

Suy ra <1+b. Twong tu <l+a.Suyra PS%(1+b+1+a):l

a’+b

b’ +a
Diu” ="xayrakhi a=b=1.Vay P, =1.

Bai 1L (1,0 diém + 1,0 diém + 1,0 di&m)

Cho tam gidc 4BC ndi ti€p (0), ngoai tiép (7). (I) ti€p xic véi AC, 4B lan lwot tai E, F. P la diém
bat ki ndm trén (7) va khéng nam trong tam gidc 4EF . (J),(K) lan lwot la dwong tron ngoai tiép

tam gidc BPF, CPE. (J) giao (K) tai M khéc P.

1) Chtrng minh ring EPF = 90° —%ER’

2) Chitng minh rang B, C, I, M cung thudc mot dudrng tron.

3) Goi L 1a diém chinh gitta cung BC khong chtta 4 ctia (0).Chirng minhrang L, I, J, K cing

thudc mot dwong tron.
Loi gidi:
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1) Ta 6 ﬁ,ﬁ/ﬁ%%ﬂ\c

— e~ e~~~

2) Taco BMC BMP + CMP = BFP + CEP = FAE + FPE BAC+90°—%BAC 90° + ;BAC BIC.
Nén B, C, I, M cung thudéc mot duong tron.

3) Taco ﬁzé(@+ﬁ):ﬁ*+ﬁ::fm nén LI =LB

Twong tw LI = LC, suy ra L la tim dwong tron ngoai ti€p ABIC

(/) giao (L; LB) tai B va M nén JL 1 BM . Twongty LK L CM .

— — 1 — —
Suyra JLK = ISOO—BMC=90°—§BAC = EPF

Lai c6 IJ L PF, IK | PE nén JIK =180° — EPF

Suy ra JIK + JLK =180°. Vay L, 1, J, K cung thuoc mét dwong tron.

Bai IV.

Cho cac s thue dwong x, y, z thod man /x + \/; ++/z =3. Chitng minh ring:
X'+ yz N V' +zx N z +xy 5342,
x\/y+z y\/z+x z\/x+y

Loi gidi:
Ta c6 (x2 +yz)(y2 +Zx) =x"y +(x3 +y3)z+xyz2 >x’y +(x+y) vz +xyz’ = xp(z+y)(z +x)

X’ +yz Y +zx
S > >
uy ra ST Jz+x)(z+y)2z+4xp

Twong tw cho 2 bat dang thirc con lai
Khi d6 két hop véi bat dang thitc (a+b+c)’ = 3ab+3bc +3ca ta thu duoc:

0?2 3x+3y+3z+3Jxy +3/yz +3/zx
>2x+2y 422+ dfxy +4fyz + d4/zx

=2(\/;+\/;+\/;)2=18
Suy ra O >3+/2.D4u “=" xay ra khi va chi khi x=y=z=1.
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TRUONG PAI HOC KHOA HOC TU NHIEN DE KIEM TRA KIEN THGC LOP 9
TRUONG THPT CHUYEN KHTN Moén: Toan (Vong 2- Dot 2)
Ngay 10 thang 03 nam 2024
Thoi gian lam bai: 150 phut
Bai I.
1) Giai phwong trinh 3(x+1)+/3x+1=x"+3x* +5x +3.
5x(y2 —1) =4(x2 +y2)
2) Giai hé phwong trinh
Sy(x2 +1) =3(x2 +y2)

Loi giai:

1) biéu kién: xZ—%.Ta €6 (3x+1)V3x+1+243x+1=(x+1)° +2(x +1).
Pat a=\3x+1,b=x+1tacod a’+2a=5b"+2b suyra a=b,hay V3x+l=x+1<xe {0;1}.
5x(y2—1)24(x2+y2)
2) Giai hé phuwong trinh
5y(x2+1):3(x2+y2).

. Ta thu dwoc (5x-4)(5y-3)=12.Suyra 5y—-3#0 va x=——.

Ta c6 {(5)‘_4)02‘1)—4("2“)
5y-3

(5y-3)(x*+1)=3(»"-1)

Thé vao phwong trinh thir nhit ctua hé ta c6 20y(y2 —1)(5y—3) = 4(16y2 +y2(5y—3)2) hay
20y (3y” ~10y+3)=0.

Tir d6 suy ra hé ¢6 3 nghiém: (x, ) e {(O;O)’(‘I%)’(m)}-

Bai IL.

1) Tim céc s6 tw nhién » sao cho 3" +#»” +3 1a binh phwong clia mét s6 tw nhién.

2) Véi cac s6 thwe dwong a,b,c thod man ab+bc+ca =1, tim gia tri I¢n nhat cta
1 1 1

+ + .
J1+a? 146" 1+¢

P=

Lo gidi:

1) Pat A=3"+n>+3.Néu »n 1éthi 4=3+1+3=3(mod 4) nén 4 khéngla sé chinh phwong.

Né&u n=2k,keN tacd A=3"+4k*+3 >(3")2 nén 4> (3" +1)2 suy ra 3* +4k>+3>3% +2.3" +1 hay
267 +1234(1).

Ta sé chirng minh bat dang thirc 3° > 2k* +1(2) ding v6i £ >3. That vy v6i k=3 tacé 3’ >2.3* +1

dung. Gia st (2) ding v6i k=m >3, tirc1a 3" >2m” +1. Ta sé chirng minh (2) ddng véi k=m+1,
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that vay 3" =3.3" >3(2m2+1): 2(m+1)* +1+4m(m—1)>2(m+1)*+1 do m>3.Do d6 ta c6 (2) ding

v&éimoi k>3.

Khi dé tir (1) suy ra k<2 hay & e {0;1;2}. Thir Ian lwot cac gia tri clia & ta thu dwoc ne{0;2;4}, ca

3 gia tri nay déu thod min.

2) Tacé L S 1 N 1 _ 2a+b+c _a+(a+b+c)(ab+bc+ca)
1+6* 1+¢2 (b+c)(b+a) (c+a)(c+b) B (a+b)(b+c)(c+a) B (a+b)(b+c)(c+a)
a+abe +1.Ma (a+b)(b+c)(c+a)=,/(1+a* )(1+b*)(1+c*) =V1+a* (1+bc). Suy ra
(a+b)(b+c)(c+a)
1 1+ e _
PS\/HGZ+\/lja2+1=TZZ+IS\/5+1.Daubangxayrakhla=1,b= c=+2-1.
Bai III.

Cho tam gidc ABC c6 BC la canh nhé nhit. Trén canh AC, AB 14y cac diém E,F sao cho

EBC = FCB=BAC . Tiép tuyén tai E va F clia duwong tron (/) ngoai tiép tam gidc AEF giao nhau
tai Q. BE giao CF tai K.

a) Chirng minh rang E,F,0,K cung thudc mot dwong tron.

b) Chrng minh rang JB =JC.

c) OK giao 4B, AC lan luot tai 7,S . Chirng minh rang QT = KS.

Loi gidi:
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a) Ta c6 EKF = BKC =180°— EBC — FCB =180°—2BAC = EQF .
Suyra E,F,Q,K cung thudéc mét duwdng tron.
b) Tl cAu a) ta c6 K nam trén dudng tron dwdng kinh OJ.
Do JF =JE nén KJ la phan gidc cua FKE, hay l1a phan giac ctia BKC.
Suyra KJ 1 BC.Vay JB=JC.
c) Goi L la diém d6i xttng véi 4 qua trung trwc BC. Do JB=JC nén L nam trén (J;J4).
Goi P la giao hai ti€p tuyén tai B,C cla (O) ngoai ti€p tam gidc 4ABC.M la trung diém ctia BC.
LQ cat (J) tai U khac L,LP cat (0) tai ¥ khéc L.
Ta cé PV-PL=PB’=PM -PO.Suy ra OMVL ndi tiép.
Ma OL =0V ,MO L MC nén MC la phan giac cua VML .
Suy ra 4,M,V thang hang.
Ta lai co LFE = LAE = LBC, twong tw suy ra ALFE« ALBC.
O, P 1a giao diém ctia hai tiép tuyén tai E,F cla (LEF) vatai B,C cua (LBC) nén Q twong ing
véi P,U twong eng véi V' trong hai tam giac dong dang trén.
Suy ra UL _ E Ta thu dwoc UV // PQ.
vo Ve
Ma UAE = ULE =VLC =VAC nén A,U,V thing hang. Viy AM // PQ.
Suy ra AM di qua trung diém cia QK . Lai theo b6 dé hinh thang, 4M di qua trung diém cda 7S .
Vay TQ = KS.

Bai IV.

Cho » 1a s6 nguyén dwong. Ban dau, trén mot bang trang c6 viét ding (n+1)* s6 nguyén dwong
phan biét 1a cAc wéc cta 10" . Moi bwdc ta chon 2 s6 a,h phan biét bat ky trén bang, sau d6 xoa s6
nay va viét thém 2 sd (bang nhau) c6 gia tri la wéc chung 16m nhit clia ¢ va b. Tiép tuc thuc hién
nhw vay cho dén khi tit ca cac s6 trén bang bang nhau. Tim gi4 tri nho nhit cia cac buéc thuc
hién c6 thé cé.

Sau modi bwérc, cac s6 khong tang. Ma s6 nhé nhat trén bang 1a 1 nén sau bwéc cudi cling, cac s§
bang nhau va déu bang 1. Ta s& chirng minh s& bwéc téi thi€u 1a n* +n.

Moi wéc ctia 10" déu c6 dang 2'5/,0<i, j <n.Chu y1a s wéc nguyén td ctia s6 2’5’ chicd thé1a 0
néui=,;=0;1a1néui=0,;>0 hodci>0,;=0vabang2néui,j>0.

Nhin xét: sau moi buwédc téng s6 cac wéc nguyén t6 cia cac so viét trén bang gidm di khong qua 2.
That vay, voi i, j,k >0 tacod

e Néu (a;b)= (1; 2f) hodc (a;b)= (1;5"), ta c6 cdp méi (1;1), tong s6 cac wéc nguyén t6 giam di 1

e Néu (a;b)= (2f;5f), ta c6 cdp méi (1;1), tong s6 cac wéc nguyén to giam di 2 ;
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e Néu (a;b)= (2"51';1), ta c6 cdp moéi (1;1), tong s6 cac wéc nguyén to giam di 2 ;

e Né&u (a;b)z(z"sf;zk) hoac (a;b):(z’Sf;S"), ta c6 cap maéi (2mi“(i;k);1> hoac (2min(f;k);1), tong s6

cac wéc nguyén t6 giam di 1;

o Néu (a;b)= (2’5%2"5” ) , ta c6 cap mai (Zmi“(i;");smi“(j;’“)), tong sd cac wéc nguyén td khong thay

doi.

Ky hiéu (x, y,z,7) la trang thai trén bang ma trong d6 c6 x s6 1,y s6 dang 2',z s6 dang 5’ va ¢ s6

dang 2'5’ v&i i, j > 0. Trang thai ban dau la (l;n;n;nz), trang thai cudi cung la (n2 +2n+1;0; 0;0).
Theo cac buéc phan tich nhw trén, ta thay dé chuyén trang thai (y,z,7) vé (0,0,0) ta can it nhat
max (y,z)+¢ bwéc. Do d6 ta can it nhit »”° +n budc dé chuyén cac s6 trén bang vé toan so 1.

Bay gi¢ ta chi ra mot cach thuwc hién »* +» buwdc dé thu dwoc bang toan sé 1 :
e thuwc hién » bwdc cho cac cap so (Zi,Sf) v&i 1<i<n.,khido6 trén bang c6 2n+1s6 1va n
s6 dang 2’5/ v&i 1<i,j<n.
e thuwc hién n* bwéc cho cac cdp s (2’5@1) vOi 1<i, j<n.Khi d6 trén bang chi con cacs6 1

Vay gia tri nho nhitla »* +n.
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