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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

atb__ b a J_ (\/;_\/5)2
a-b b-_+ab a++ab 2 '

Cau . Cho bidu thic P =_27P [

N
Vi a>0;b>0 va a=b.
1) Rut gon P.

2) Tim a, b sao cho b=(a+1)2 va P=-1.
Cau Il. Cho phudng trinh x? +(m2 +1)x+m—2 =0 vdi m la tham sé.

1) Chidng minh rang véi moi m phudng trinh ludn c¢é 2 nghiém phéan biét.
2) Goi x,, x, la 2 nghiém cua phuadng trinh.

2x1—1 2x2—1 55
+ =X, X, +

X, X X1 %)

Tim tat ca cdc gid tri cia m sao cho

Cau Ill. Cho tam giagc ABC cé ACB=90° M Ia diém bat ky trén AB. Goi O, O,, O, latam céc
dudng tron ngoai tiép AABC, AMAC, AMBC.

1) Chiing minh: 4 diém O,, M, O,, C cling thudc dudng tron (C)

2) Ching minh: O ciing thudc (C).

3) Tim vi trf M dé ban kinh (C) nhé nhét.

Cau IV. Cho céc sb thuc a, b, ¢, d thod man déng thdi céc diéu kién

(i) ac—a—-c=b*—-2b.

(i): bd—b-d=c?-2c.

(iii): b, ¢ khdc 1.

Ching minh dang thic: ad +b+c=bc+a+d.

Céu V. Cho céc s8 thyc khdng dm x, y, z d6i mét khdc nhau va thod mén (z+x)(z+y)=1. Ching

minh bat d3ng thic sau 1 ~+ ! + 1 > 4.

(x-v) (z+x)" (z+y)
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Cho ba s6 dudng a, b, ¢ thod man b=c,va+vb =+, a+b=(\/g+\/5—\/z)2.
2

a+(Vae) Vaie

b+(\/5—\/g)2 \/E—\/E

Cau Il. 1) V38i mbdi s6 ducng a thod man a° = 6(a+1).

Ching minh dang thuc

Ching minh phudng trinh sau vé nghiém: x> + ax+a” -6 =0.

2) Tim t4t c3 cdc gid tri cha a va b sao cho 2(a2 +1)(b2 +1) = (a+l)(b+1)(ab+1).

Cau lll. Ba s8 nguyén a, b, ¢ d6i mdt khdc nhau va thod man dong thai ba diéu kién

(i): @ la udc cla b+c+bc.

(ii): b la udc chia a+c+ac.

(iii): ¢ laudcclia a+b+ab.

1) Hay chira b6 sé (a;b;c) thod man céc diéu kién trén.

2) Ching minh rang a, b, ¢ khdng déng thdi |a s6 nguyén té.

Cau IV. Cho tam gidc ABC. Mét dudng tron (O) di qua cdc diém A, B va cit cidc canh CA, CB tai
cdc diém L, N tuong Ung (L #A,C;N=B, C). Goi M la trung diém cuta cung LN cula dudng tron
(O) va M nam trong tam gidgc ABC. Dudng thdng AM cat cdc dudng thang BL va BN tai céc
diém D va F tuong Ung, dudng thdng BM cat cdc dusng thang AN va AL tai cdc diém E va G
tugng Ung. Goi P la giao diém cla AN va BL.

1) Chiing minh DE//GF .

2) Néu t gidc DEFG 13 hinh binh hanh, hdy chdng minh:

a) AALP«» AANC. b) DF L EG.

Cau V. Cho 13 diém phén biét nam trong hay trén canh ctia mét tam gidc déu cé canh bang 6¢cm.
Chdng minh rang ludn tén tai hai diém trong s6 13 diém da cho ma khodng céch gilra ching

khong vugt qua J3cem.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

CAu |. Cho biéu thic A = \/20a +92++a* +16a% +64 va B=a*+20a° +102a* + 40a+200.

1) Rdt gon A.

2) Tim a dé A+B=0.

Cau Il. Hai c6ng nhan cung lam mdt cdng viéc 18 gid xong. Néu ngudi thi nhat lam 6 gis va ngudi
thd 2 1am 12 gid thi dudge 50% cdng viée. Hbi néu lam riéng méi ngudi hoan thanh cdng viéc trong
bao lau?

Céu lll. Cho Parabol y = x* va dudng thing (d) cd phudng trinh y = mx+1.

1) Ching minh (d) ludn c3t (P) tai hai diém phan biét A; B véi moi m.

2) Goi A(xl;yl) va B(xz;yz). Tim gid tri I6n nhat cda M = (yl —1)(y2 —1).

Cau IV. Cho tam gidc ABC véi AB=5; AC = 3V5; BC =10. Phan gidc BK cua géc ABC cat
dudng cao AH; trung tuyén AM cla tam gidc ABC tai O va T (K e AC;H,Me BC).

1) Tinh AH.
2) Tinh dién tich tam gidc AOT.

Cau V. Céc s thuc x, y thod man dang thic (x+\/1+x2 )(y+\/1+y2 ): 1.

Ching minh x+y =0.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. C4c s6 thuc x, y thod man xy # J2 va Xy # 2.
Chdng minh rang biéu thic sau khéng phu thudc vao x, vy .
P:( 23/§xy N xy—%/i J 2xy xy .
X2y —3a 2y +232 ) xy+32 xy-32
C3u Il. 1) Cho phudng trinh x* +bx+c =0, trong d6 cdc tham s b va ¢ thod man ding thic
b+c=4. Tim céc gid trica b va ¢ dé phudng trinh cé hai nghiém phan biét x,, x, sao cho

X, = X5 +X,.

X vy

_J’__

3 12

XY,
5

z

2) Gia s« (x;y;z) la mot nghiém clia hé phudng trinh: Lzl !
)

10 3

Hay tinh gid tricia A=x+y+2z.

Cau lll. Ba s8 nguyén duong a, p, g théa man cdc diéu kién:

(i): ap+1 chia hétcho q.

(ii): ag+1 chia hét cho p.

_Pa

2(p+q)‘

Cau IV. Cho dudng tron (O) dudng kinh AB va diém C thudc dudng tron (C khéng trung véi A, B

Chdng minh a >

va trung diém cung AB). Goi H |a hinh chiéu vuéng gdc claa C trén AB. BDudng tron (01) dusng
kinh AH cdt CA tai E, dutng tron (O, ) dudng kinh BH cét CB tai F.

1) Chidng minh t gidc AEFB 13 t& gidc ndi tiép.

2) Goi (O,) la tdm duting trdn ngoai tiép tu gidc AEFB, D la diém dgi xng cda C qua O. Ching
minh ba diém H, O,, D thdng hang.

3) Goi S |a giao cua cdc dudng thang EF va AB, K |a giao diém th hai cda SC véi dusng tron (O).
Chung minh KE vubéng goc vdi KF.

Cau V. M6t hinh vubng cé d6 dai bang 1 dudc chia thanh 100 hinh chir nhit ¢ chu vi bang nhau
(hai hinh chir nhat bat ky khéng cé diém chung). Ki hiéu P Ia chu vi ctia mdi hinh chit nhit trong
100 hinh chif nhat nay.

1) Hay chi ra mét cdch dé chia P = 2,02.

2) Hay tim gid tri I6n nh&t cda P.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. Cho biéu thic A = [%—(x

x?+1) x +6x°-x-6 | 3x*+12x-36

. X +1] X —><(4><—1)—4] X% +29x+78

1) Rdt gon biéu thic A.

2) Tim t4t cd céc gid tri nguyén clha x sao cho A cé gid tri nguyén.

Cau II. Cho hai dudng théng (d, ):y = (2m2 +1)x+2m—1 (d,):y =m’x+m=2,v8i m Ia tham s8.
1) Tim toa d6 giao diém | cla (dz) va (dz) theo m.

2) Khi m thay d6i, chding minh rang diém | luén thuéc mét dudng thang cé dinh.

¢ +1l=y+
Cau IIl. Gia stf bd ba s6 thuc (x; yv; z) théaman hé:{ o~V "2 (1)
xy+z--7z+10=0

1) Ching minh x* +y* = -z* +12z-19.

2) Tim tat cd cdc bo (x; y; z) théa man hé (1) sao cho x* +y? =17.

Cau IV. Cho hinh vudng ABCD cé dd dai canh bang a. Trong hinh vudng dé 1ay diém K sao cho
tam gidc ABK déu. Céc dudng thang BK va AD c3t nhau tai P.

1) Tinh @6 dai doan thang KC theo a.

a3

2) Trén doan thang AD |3y diém | sao cho DI =" cdc dudng thang Cl va BP c3t nhau tai H.
Chdng minh t& gidc CHDP ndi ti€p mét dudng tron.

3) Goi M va L 1an lugt la trung diém cla cdc doan thdng CP va KD. Ching minh LM = %.

Céu V. Gidi phudng trinh (x* ~5x+1)(x* - 4) = 6(x 1),
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. 1) Gid sif a va b la hai s8 dudng khdc nhau va théa man a—-b = J1-b? —1-a2.
Chidng minh ring a’ +b* =1.

2) Chdng minh rang 20092 +2009? x 20102 + 20107 13 mot s6 nguyén dusng.

Cau Il. Gid st bén s6 thuc a, b, ¢, d ddi mét khdc nhau va théa man déng thdi hai diéu kién sau
(i): Phuong trinh x> —2cx —5d = 0 ¢é hai nghiém a va b.

(ii): Phuang trinh ¢é hai nghiém ¢ va d.

Chdng minh rang

l)a-c=c-b=d-a.

2) a+b+c+d=30.

C3u lll. Gid s&r m va n 13 nhitng s nguyén dudng véi n > 1. Bit S=m’n’> —4m+4n.

Chdng minh rang:

1) Néu m>n thi (mn2 —2)2 <n’S <m’n*.

2) Néu S 13 sé chinh phuong thi m=n.

Cau IV. Cho tam gidc ABC véi AB > AC, AB>BC. Trén canh AB 13y cdc diém M va N sao cho
BC =BM va AC=AN.

1) Chiing minh diém N nam trong doan thang BM.

2) Qua M va N ké MP song song vdi BC va AQ song song véi CA (P eCAQe CB) )
Chdng minh rang CP =CQ.
3) Cho ACB=90°, CAB =30° vd AB = a. Hay tih dién tich cta tam gidc MCN theo a.

Cau V. Trén moét bang den ta viét ba s6 J2: 2 i Ta bat dau thuc hién mét trd chai nhu sau: Mbi

V2

Ian chai ta xéa hai s6 nao dd trong ba s6 trén bang, gid su 1a a la b, rdi viét vao hai vi tri vira xda
N —b\

ludn cd ba s6. ChUng mlnh rang du ta cé choi bao nhiéu l1an di chang nira thi trén bang khong thé

hai s6 mdi I3 2 , ddng thai gilr nguyén sé con lai. Nhu vy sau mdi 1an chai trén bang

cé dong thdi ba s6 L; J2:1+42.

22
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

véi x>0,y >0, x =2y,

C4u I. Cho biéu thic A:( X7y .

x> +y?+y -2 4x* +4x’y +y* -4
2y—x 2y’ +xy—-x* )

X2+ Y+ Xy +X
y #2-2x°.
1) Rdt gon biéu thic A.

2) Cho y =1, hay tim x sao cho A:%.

Cau Il. M6t nhém cdng dan dat k& hoach sdn xuat 200 san pham. Trong 4 ngay dau ho thuc hién
dding muc dé ra, nhitng ngay con lai ho d3 lam vugt mdc mdi ngay 10 sdn pham, nén d3a hoan
thanh k& hoach sém 2 ngay. Hoi theo k& hoach mbi ngay nhdm céng dan can sdn xuat bao nhiéu
san pham?

Cau lll. Cho parabol (P) 1y =x* va dudng thang (d) :y=mx-m’+3, m latham s6. Tim t4t ca céc
gid tri cia m dé dudng thang (d) c3t parabol (P) tai hai diém phan biét cé hoanh d6 x,, x,. Vdi

gia tri nao cia m thi x,, x, la d6 dai cdc canh géc vuéng clia mot tam gidc vudng cé d6 dai canh

huyén bang \/%

Céu IV. Cho dudng tron (0) dudng kinh AB =10. Déy cung CD cda dudng tron (O) vudng géc Vi
AB tai diém E sao cho AE =1. Céc ti€p tuyén tai B va C cua dudng tron (O) c3t nhau tai K, AK va
CE cat nhau tai M.
1) Ching minh AAEC«» AOBK. Tinh BK.
2) Tinh dién tich tam giac CKM.
Cau V. Cho hinh thoai ABCD c6BAD =120°. Céc diém M va N chay trén cac canh BC va CD
tudng Ung sao cho MAN = 30°. Chidng minh rang tdm dudng tron ngoai tiép tam gidc MAN thudc
mét dudng thing cé dinh.

1 1

1 1
\/I+\/E+\/§+\/Z+\/§+\/g+...+m>4.

Cau VI. Chiing minh bat d3ng thuc
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

1 1 2
Caul.Cho a==,V2+= 2%,
au O a 2 f—l—g 8

1) Chdng minh riing 4a* +~/2a—~22 = 0.
2) Tinh gid tri cha biéu thiic S =a” ++/a* +a+1.

2

2, 2xy
R e . X +y 4+ =1
Cau ll. 1) Gidi hé phuadng trinh X+Yy

Jx+y =x>—y

2) Cho hai s6 hitu ti a, b thda man ding thic a’b+ab® +2a’b* +2a+2b+1=0.

Chidng minh rang 1 —ab la binh phucdng cia mdt sé hitu ti.
Cau ll. Tim t4t ca cdc s6 nguyén t8 p cé dang p =a” +b* +c” véi a, b, ¢ la cic s6 nguyén dudng

thda man a* +b* +c* chia hét cho p.

Cau IV. Cho tam gidc ABC cé ba géc nhon ndi tiép dudng tron (O) BE va CF la cac dudng cao.
Céc tiép tuyén vdi dudng tron (O) tai Bva C catnhautai S, cdc dusng thang BC va OS céat nhau
tai M.
1) Chidng minh rang ﬁ=B—S

AE ME

2) Ching minh rang AAEM«> AABS.

3) Goi N la giao diém cha AM va EF, P |a giao diém cla AS va BC. Chiing minh rang NP L BC.
Cau V. Trong hép cé chira 2011 vién bi mau (mdi vién bi chi cd diing mét mau), trong d6 cé 655
vién bi mau do, 655 vién bi mau xanh, 656 vién bi mau tim va 45 vién bi con lai la cdc vién bién bi
mau vang hodc mau trdng (méi mau cd it nhat mét vién). Ngudi ta 18y ra tir hép 178 vién bi bat ki.
Chdng minh rang trong sé céc vién bi vua ldy ra, luén cd it nhat 45 vién bi cung mau. Néu ngudi ta
chilay ra tir hdp 177 vién bi bat ki thi két ludn cda bai todn con didng khéng?
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Ja-b a-b J( a’+b’

Cau l. Cho biéu thic P = +
Ja+b+va-b +a?-b? —a+b )\ a2 —b?

]véi a>b>0.

1) Rdt gon biéu thirc P.

2) Biét a—b =1. Tim gid tri nhé nhat cda P.

Cau Il. Trén quang dudng AB dai 210km, tai cing mdt thdi diém mét xe mdy khdi hanh di tur A
vé B va mot 6 16 khdi hanh di tir B vé A. Sau khi gap nhau xe mdy di ti€p 4 gid na thi dén B va 6
td di tiép 2 gid 15 phut nira thi dén A. Biét rang xe mdy va 6 td khdng thay ddi van t6c trén sudt
ch3dng dudng. Tinh van téc cda xe mdy va 6 t6.

Cau lll. Trong mat phdng toa d6 Oxy, cho parabol (P) 1y = —x? va dudng thing

(d):y =mx—-m-2.

a) Chiing minh rang khi m thay déi (d) luén cat (P) tai hai diém phan biét cé hdanh dd x; ; x»

b) Tim m dé ‘xl —Xz‘zx/%.

Cau IV. Cho tam gidc ABC dudng tron (a)) cé tdm O tiép xuc vdi céc doan thang AB, AC tudng
Ung tai K, L. Tiép tuyén (d) clia dudng tron (a)) tai E thudc cung nhé KL c3t dudng thang

AL, AK tugng Ung tai M, N. Buting thdng KL cit OM tai P va cat ON tai Q.
1) Chiing minh MON =90°—%B/A\C.

2) Chiing minh rang dudng thang MQ, NP va OE cung di qua mot diém.
3) Ching minh KQ.PL =EMEN.

Céu V. Cho céc s6 thyc dudng x, y thod mén diéu kién x+y = (x—y)/xy .

Tim gid tri nhé nhat cha biéu thiic P=x+y.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Gidi phuong trinh: \/x2 +2X+2x? +2x -1 +2x* +4x -4 =0.
Cau . 1) Cho cédc s8 a, b, ¢ dbi mbt phan biét théa man: a? (b+c) =b? (a+c) =2012.

Tinh gid tri cGia biéu thic: M=c? (a+b).

2) Cho 5 sé nguyén dudng déi mot phan biét sao cho mdi sé dudng trong ching khéng cé udc sé
nguyén t8 nao khéc 2 va 3. Ching minh rang trong 5 s6 dd tén tai 2 s6 ma tich clGa chiing la mét
s8 chinh phuang.

, x_ la s6 18n nhat trong cdc s6

Céu lll. Cho n s6 thyc x,, X,,..., X, Véi n = 3. Ki hiéu max{x,, x,, ...

Xy Xyy ey X

X ., —X

n-1 n

J’_

X —Xl‘

n

Chdng minh rang max{xl, Koy ooy X 2

Cau IV. Trong mét I8p hoc b 36 ban hoc cd nhan, dudc xép thanh 4 hang va 9 cbt (cdc hang
dugc ddnh sb tir 1 dén 4, céc cbt duge ddnh s6 tir 1 dén 9). Si s6 hoc sinh cda I8p 1a 35. Sau mot
hoc ki ¢d gido cht nhiém x&p lai chd ngdi cho cdc ban hoc sinh trong I8p. B&i véi mbi hoc sinh cla
I8p, gid s trudc khi chuyén chd, ban ngdi 8 hang thudc hang th m, cdt thd n va sau khi chuyén
ch6, ban ngdi & hang thuéc hang a_, cét thdr a_, ta gan cho ban d6 s6 nguyén (am +an)—(m+n).
Ching minh t8ng cla 35 s8 nguyén gan vdi 35 ban hoc sinh khéng vugt qud 11.

Cau V. Cho hinh vuéng ABCD néi tiép dudng tron (O) Diém M thubc cung nhd CD cua (O) M
khdc C va D. MA cat DB, DC theo thu tu tai X, Z; MB cat CA, CD theo th( tu tai Y, T; CX cat
DY tai K.

—_—

a) Chidng minh rang: MXT = TXC, MYZ = ZYD va CKD 135°.

b) Chdng minh rang: ﬁ+ﬁ+£ 1.
MX MY CD
c) Goi | la giao diém clia MK va CD. Ching minh rang: XT, YZ, Ol cung di qua tAm dudng tron

ngoai tiép tam gidc KZT.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3
a—b] + 2a\/5+b\/5

Caul. 1) Chobié’utht’rc:Qz(\/g+\/g Jab -a véia,b>0,a%b.

+
3a? + 3byab ava—bya

Ching minh gia tri cia Q khong phu thudc vao a, b.

2) Céc sd thuc a, b, c théda man a+b+c=0.

Ching minh d3ng thuc: (a2 +b? +c2)2 = 2(a4 +b* +c4).

Cau Il. Cho Parabol (P): y = x* va dudng thang (d) Ly =-—-mx+ (tham sé m=0).

m2
1) Ching minh rang véi m# 0, (d) c&t (P) tai 2 diém phén biét.

2) Goi A(xl;yl), B(xz;yz) la 2 giao diém dd, tim gid tri nhé nha cla M =y? +y2.

Cau lll. Gid st a, b, ¢ 13 cdc s6 thuc, a #b sao cho 2 phudng trinh x> +ax+1=0, x* +bx+c=0 cd
nghiém chung va 2 phudng trinh x> + x+a=0, x* +cx+b =0 cé nghiém chung. Tinh a+b+c.

Cau IV. Cho tam gidc ABC khdéng cén, cé ba géc nhon, ndi ti€p dudng tron (O) Céc dudng cao
AA, =BB, =CC, citnhau g H, AC, cit AC tai D va X Ia giao diém th 2 clia BD va (O).

1. Ching minh DX.DB =DC, .DA,.

2. Goi M la trung diém AC. Chiing minh DH 1L BM.

Cau V. Céc sb thuc x, y, z thoa man:

Vx+2011 +4Jy +2012 +4/z+2013 =Jy + 2011 ++/z+ 2012 ++/x + 2013
Jy +2011 +4/z+2012 +z+2013 =2+ 2011 +/x+2012 ++Jy + 2013

Ching minh rdng x=y = z.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. 1) C4c sb thuc a, b, ¢ thdoa man déng thdi 2 dang thic sau:
(0): (a+b)(b+c)(c+a) =abc.
(ii): (a3 +b3)(b3 + c3)(c3 + a3) =a’h’c’.

Chdng minh rang abc=0.
2) Céc s6 thuc duong a, b thda man ab >2013a+2014b.

2

Chuing minh b4t dng thic a+b > (J2013 +J2014)

Cau Il. Tim tat ca cdc cap s hitu ty (x;y) thoa man hé phuong trinh {X3 2—2y3 =X 4y2 .

6x° —19xy +1by“ =1
Cau lIl. V8i m6i s6 nguyén duadng n, ky hiéu S_ la téng clia n sé nguyén t6 dau tién
(Sl =2,5,=2+3,5,=2 +3+5,...). Chiing minh rang trong ddy s6 S,, S,, S,, ... khong ton tai hai
s8 hang lién ti€p déu la céc sé chinh phuong.
Cau IV. Cho tam gidc ABC khdng cén, ndi tiép dudng tron (O) BD la dusng phan gidc cla gdéc
ABC. Budng thdng BD cat dudng tron (O) tai diém thd hai E. Dudng tron (Ol) dusng kinh DE
cét dudng tron (O) tai diém thit hai F.
1) Chiing minh rang dudng thang déi xiing véi BF qua dudng thang BD di qua trung diém canh
AC.
2) Biét tam gidc ABC vudng tai B, BAC = 60° va bén kinh clia dudng tron (0) béng R. Hay tinh
ban kinh ctia dudng tron (O, ) bang R.
Cau V. D6 dai ba canh cla tam gidc ABC la ba sé nguyén t6. Chifng minh rdng dién tich cla tam
gidc ABC khong thé la s6 nguyén.
Cau VI.Gid stf a,, a,, ..., a,, la cdc s6 nguyén duang I8n hon bang 2, d6i moét khéc nhau va thoa
man a, +a, +..+a,, =407. Ton tai hay khong s6 nguyén duaong n sao cho téng cdc s6 du clia cc
phép chia n cho 22s6 a,, a,, ..., a,,, 4a,, 4a,, ..., 4a,, bang 2012.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Cho céc sb thuc duang a, b; a#b.

7(a—b)3 3 —byb +2ava
(\/5_\/6) +3a+3\/£=O.

ava-bvb b-a

Cau Il. Quang dusng AB dai 120km. Lic 7 gid sdng mot xe mdy di tir A dén B. Di dudc % quang

Chdng minh rang

dudng, xe bi hdng phai dirng lai 10 phut dé sira réi di ti€p véi van téc kém van téc lic dau

w

10km/h. Biét xe mdy dén B ldc 11 gig 40 phut trua cung ngay. Giad s van téc xe mdy trén —

N

quang dudng dau khéng déi va van téc xe may trén % quang dudng con lai cling khéng déi .Hai

xe may bi hdng lic méy gis?

Cau lIl. Trong mat phang toa d& Oxy, cho Parabol (P) :y = x* va dudng thang
(d) Yy = —g(m+l)x+l (m I3 tham s6 ).
3 3

1) Chidng minh rang véi mbi gid tri ciia m dudng thang (d) cat (P tai 2 diém phan biét.

2) Goi x,; x, lala hoanh d6 céc giao diém (d) va (P) dat f(x) =x° +(m+1)x2 - X.

Chdng minh rang: f(xl)—f(xz) =_?1(x1 - X, )3.

Céu IV. Cho t gidc ABCD néi ti€p dudng tron (0) dudng kinh AC =2R. Goi K, M theo thi tu 1
chén cdc dusng vudng géc ha tir A va C xuéng BD, E la giao diém cia AC va BD, biét K thudc

doan BE (K #B; K # E). Pusng thang di qua K song song vdi BC cat AC tai P.

1) Chiing minh t& gidc AKPD néi tiép dudng tron.
2) Chiing minh KP L PM.
3) Biét ABD =60° va AK =x. Tinh BD theo R va x.

x(x*~56) 21x+22 _

4,
4-7x X3 +2

Cau V. Gidi phudng trinh:
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. Gid s a, b, ¢, x, y, z 1a cdc s6 thuc khdc 0 théda man 3+E+£=O va Xy Y2 g
X vy z a b c
2 2 2
. . s Xyt oz
Chdng minh rang a—2+b—2+c—2=1.
Cau Il. Tim tét ca cdc s6 thuc x, y, z thda man x\/l—y2 +yN2—722 +23-x* =3,
A s A \ L 26.10..(4n-2)
Cau lll. Ching minh rdng véi moi s6 nguyén n>6 thisé a =1+ la mot sb

(n+5)(n+6)...(2n)
chinh phudng.
Cau IV. Cho a, b, ¢ 1a céc sb thuc ducng abc =1.
1 1 3
+ + <=
ab+a+2 bc+b+2 ca+c+2 4

Cau V. Cho hinh vuéng ABCD vdéi tdm O. Goi M la trung diém AB céc diém N, P thuéc BC, CD
sao cho MN// AP. Chiing minh ring

Chdng minh rang

1) Tam gidc BNO déng dang vdi tam gidc DOP va NOP = 45°.

2) TAm dudng tron ngoai tiép tam gidc NOP thubc OC.

3) Ba dudng thang BD, AN, PM déng quy.

Cau VI. Cé bao nhiéu tép hdp con A cua tap hgp {1;2;3;4;...;2014} théa man diéu kién A c6 it

nhat 2 phantdva néu xe A, y e A, x >y, thi
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2
Cau |. Cho biéu thdc P = vdi a>0,b>0, a=b.
a> b* (a b
b? a’> \b a

1) Ching minh P =i.
ab

2) Giad sU a, b thay d6i sao cho 4a+b++/ab =1. Tim gid tri nhé nhat cta P.

X—my=2-4m

Cau Il. Cho hé phuadng trinh { véi m la tham sé.

mx+y=3m+1
1) Gidi hé phuadng trinh khi m = 2.

2) Chiing minh hé ludn cé nghiém vdéi moi gia tri cia m. Gia s (xo;yo) la mot nghiém cda hé.
Chdng minh ddng thdc x> +vy,’ —5(xO + yo)+ 10 =0.

Cau lll. Cho a, b la céc sé thuc khédc 0. Biét rang phudng trinh a(a—x)2 er(x—b)2 =0 cé nghiém
duy nhat. Chliing minh ‘a‘ = ‘b‘

Cau IV. Cho tam gidc ABC c6 cic géc K&I; KC\B nhon va BAC = 60°. Cac dudng phan giac
trong BB,, CC, clia tam gidc ABC cét nhau tai I.

1) Chiing minh t gidc AB,IC, ndi tiép.

2) Goi K la giao diém thd hai (khdc B) clia dudng thang BC vdi dusng tron ngoai ti€p tam gidc
BC,I. Chiing minh t gidc CKIB, ndi tiép.

3) Ching minh AK L B,C,.

C4u V. Tim cdc s6 thuc khong am a va b thdéa man (az +b+%](b2 +a+%j = (23+%][2b+%].

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 17



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caul.1)Choa=>0,a#1.

RUt gon biéu thic s:\/6—4\/5.#20+14\/5+g/(a+3)\/5—3a—1: _azl g

2) Cho x,y thdaman O<x<1,0<y<1vd —+-Y 1.
1-x 1-vy

Tinh gid tri cGa bidu thiic P =x+y ++/x* —xy +y~ .

Cau Il. Mét xe tai cé chiéu rbng 2,4m va chiéu cao 2,5m muén di qua mot cdi céng c6 hinh parabol.
Biét khodng cdch gilta hai chdn c6ng la 4m va khodng céch tir dinh céng (dinh parabol) t8i mbi chan
cong la 24/5 m (bd qua d6 day cda céng)

1) Trong mat phang toa dd Oxy, goi parabol (P) 1y =ax® véi a<0 I3 hinh biéu dién c6ng ma xe tai
muén di qua. Ching minh a =-1.

2) Hoi xe tai c6 thé qua cong dudc khéng? Tai sao?

C3u lll. Cho 2 s8 nguyén a, b thda man a’ +b? +1=2(ab+a+b). Chding minh a va b 1a hai s6
chinh phuong lién tiép.

Cau IV. Cho tam gidc nhon ABC (AB <AC). M 13 trung diém cla canh BC. O 13 t&m clia dudng
tron ngoai tiép tam gidc. Cac dudng cao AD, BE, CF cula tam gidc ABC dong quy tai H. Céc tiép
tuyén vdi (O) tai B, C cdt nhau tai S. Goi X, Y 1an lugt Ia giao diém cda duting théng EF vdi cac
dusng thang BS, AO. Chidng minh rang:

1) MX L BF.

2) Hai tam gidc SMX va DHF dbéng dang.

5 EF_BC
Fy CD

Cau V. Trong mat phang toa dd Oxy, cho tam gidc ABC cé cdc dinh la cdc diém nguyén (mét diém
dudc goi la diém nguyén néu hoanh d6 va tung dd cla diém dé |a cdc s6 nguyén). Chiing minh rang

hai 1an dién tich cGa tam gidc ABC 1a mét s6 nguyén.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cull. Chobiduthuc p=| ¥+, 1-a It 1-lvsio<a<
Vi+a-+vl-a +1-a’-1+a)\Va a

Chdng minh rang P = -1.

Céu Il. Cho parabol (P):y = -x* va dutng thang (d):y =2mx—1 vdi m la tham s6.
1) Tim toa d6 giao diém cla (d) va (P) khi m=1.
2) Chiing minh véi méi gid tri cia m thi (d) luén cdt (P) tai hai diém phén biét A, B. Goi y,, v, la

tung dd cta A, B. Tim m sao cho ‘yf —yf‘ - 35.

w

Cau lIl. Mbt ngudi di xe mdy tu dia diém A dén dia diém B cdch nhau 120km. Van téc trén =

I

quang dudng AB dau khéng déi, van téc trén % quang dudng AB sau bang % van téc trén %
quang dudng AB dau. Khi dén B, ngugi d6 nghi 30 phdt va tré lai A véi van t6c 18n hon van téc
trén % quang dudng AB d4u tién ldc di la 10km/h. Thai gian ké t ldc xuat phat tai A dén khi xe

tré vé A 1a 8,5 gits. Tinh van téc cha xe mdy trén quang dudng ngudi dé di tir B vé A?

Cau IV. Cho ba diém A, M, B phan biét, thang hang va M nam gitra A, B. Trén cung mdt nira mat
ph3ng bg Ia dudng thang AB, dung hai tam gidc déu AMC va BMD. Goi P |a giao diém cda AD
va BC.

1) Chiing minh rang AMPC va BMPD la céc td gidc ndi tiép.

2) Chiing minh ring +/CP.CB +VDP.DA = AB.
3) Budng thang néi tdm cla hai dudng tron ngoai ti€p hai t gidc AMPC va BMPD cit PA, PB
tuong Ung tai E, F. Chdng minh rang t& gidc CDFE |a hinh thang.

Cau V. Cho a, b, ¢ 1a ba sé thuc khdng &m vathda man a+b+c=1.

Ching minh: V5a+4 ++/5b+4 +Bc+4>7.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau . Ching minh biéu thiic sau nhan gid tri nguyén duong vdéi moi gid tri nguyén duong cua n.

P:{\/n2+(n+1)2 +\/(n—1)2+n2}/4n2+2—2m.

Cau II. 1) Tim cdc s6 nguyén dudng x, y thda man x® —y® = 95(x2 +y2).

2

— 2_
2) Tim céc sé thuc x, y thoa mén>< 4+y 4+8:4(\/x—1+\/y—1).
X Yy

Cau ll. Cho S |2 tip cdc s6 nguyén dudng n cé dang n = x* + 3y?, trong dé x, y |a cdc s6 nguyén.

Ching minh rang:
1) Néu a,beS thi abeS.

2) Néu NeS va N la sd chdn thi N chia hét cho 4 va %ES.

C4u IV. Cho tam gidc ABC nhon c6 AB< AC. Ké dudng cao AH va dudng tron (O) dusng kinh
AH cat cdc canh AB, AC tudng Ung tai D va E. Dudng thang DE cat dudng thing BC tai S.

1) Chiing minh rang t gidc BDEC néi tiép dudng tron.

2) Ching minh ring SB.SC = SH?.

3) Dudng thang SO cat AB, AC tuong Ung tai M, N. Budng thdng DE cit HM va HN tudng Ung
tai P, Q. Chdng minh rang BP, CQ, AH déng quy.

Cau V. Gid st mbi diém clia mat phdng dudc té bdi mét trong ba mau xanh, dd, vang. Chdng minh

rang ton tai ba diém cling mau |a ba dinh cia mét tam gidc can.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

a —a—2b—— 3 2 2
C4u . Cho biéu thic P = a |a+a +ab+ab b
a’-b’ a-b

[1—,f1+b2j(a+\/a+b)
a a
va a+b=a’

1) Chiing minh rang P =a—b.
2) Timcicsé a vab bistP=1vaa’-b’=7.

]véi a,b>0,a#b

1 2
+ = :
x*+1 y*+1 xy+1

Cau ll. Gid s x, y la hai sé thuc phan biét thda man
1 1 2
S+ .

x“+1 y*+1 xy+1

Céu lll. Cho parabol (P):y = x* va dudng thdng (d):y = -2ax—4a (vdi a la tham sd).

Tinh gid tri biéu thic P =

1) Tim toa d6 giao diém cla (d) Va3 (P) khi a= —%.

2) Tim t&t ca cdc gid tri cda a dé dudng thing (d) cat (P) tai hai diém phan biét cé hoanh &6

x,, X, théa man ‘xl‘+‘x2‘ =3.

Cau IV. Anh nam di xe dap tUr A dén C. Trén quang dudng AB ban dau (B nam gilra A va C). Anh
Nam di vdi van téc khbéng ddi a(km/h) va thai gian di tir A dén B la 1,5 gid. Trén quing dudng BC
con lai anh Nam di chdm dan déu véi van toc tai thai diém t (tinh bang gis) kE tU B 13

v=-8t+a (km/h). Quang dudng di dudc tif B dén thdi diém t dé 1a S = —-4t* +at. Tinh quang
dudng AB biét rang dén C xe ditng han va quing dusng BC dai 16km.

Cau V. Cho dudng tron (O) bdn kinh R ngoai tiép tam gidc ABC cé ba géc nhon. C4c tiép tuyén
clia dutng tron (O) tai cdc diém B, C cat nhau tai diém P. Goi D, E tudng Ung la chdn dudng cdc
dudng vudng gdc ké tir P xubng céc dusng thang AB va AC va M la trung diém canh BC.

1) Chiing minh rang MEP = MDP.

2) Gid st B, C c8dinhva A chay trén (O) sao cho tam gidc ABC Iudn la tam gidc c6 ba géc

nhon. Chiing minh dudng thang DE lubn di qua mot diém cb dinh.
3) Khi tam gidc ABC déu. Hay tinh dién tich tam gidc ADE theo R.

A . N A , e xl+x2+...+x9:10
Cau VI. Cdc s6 thuc khdng am x,; x,; ...; X, théa man hé diéu kién .
X, +2X, +...+9x, =18

Ching minh rang 1.19x, +2.18x, +3.17x, +..+9.11x, > 270.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
1,11 ,1
c

Cau . Cho cdc sé dudng a, b, ¢, d. Ching minh rang trong 4 s6 a° +%+—; b +—+a; c’+
c c

d2+£+% cé ft nhat mét s6 khdng nho hon 3.
a

Cau Il. Giai phuong trinh \/(xz +2><)2 +4(x+1) -\/x2 #(x+1) +(x* +x)2 =2017.
Cau lll. 1) Tim t4t ca cdc s6 nguyén duang a, b, ¢, d thda man a° =b>; c®> =d*; a=d +98.

~ 2 Ve ~ ~ 1 1 /7 4 A ~
2) Tim tat ca cdc s6 thuc x sao cho trong 4 s6 x —+/2; x> +242; x—=; x+— ¢ diing mot s
X X

khong phai la s6 nguyén.
Cau IV. Cho dudng tron (O) bdn kinh R va mét diém M ndm ngoai (O) Ké hai tiép tuyén
MA, MB tdi duting tron (O) (A, B la hai ti€p diém). Trén doan thing AB I8y diém C (C khdc A, C
khdc B). Goi I; K 1a trung diém MA, MC. Budng théng KA cét dudng tron (O) tai diém thi hai D.
1) Chiing minh KO? —KM? =R?.
2) Ching minh t& gidc BCDM 13 t& gidc ndi tiép.
3) Goi E 13 giao diém th( hai clia dudng thdng MD vdi dudng tron (O) va N 13 trung diém KE,
duting thdng KE c3t duding tron (O) tai diém thi hai F. Chiing minh rang bén diém I, A, N, F
clng nam trén mét dudng tron.
Cau V.
Xét hinh bén: Ta viétcdcsé 1,2, 3,4,..,9 vaovitricta 9
diém trong hinh vé& bén sao cho mbi s8 chi xuat hién diing
mot 1an va téng ba sd trén mot canh cla tam gidc bang
18. Hai céch viét dudc goi la nhu nhau néu bd sé viét 3 céc
diém (A; B: C;D: E; F; G; H; K) clia mdi céch 13 trung nhau.

H&i cé bao nhiéu cdch viét phan biét? Tai sao?

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 22



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2x —Vx+1

2 x—1
(x+l)\/x+1+(x—1)\/x—1. 1 1

Jx-1 _\/x+l

Cau l. Cho biéu thidc P = véi x > 1.

1) R4t gon biéu thuc P.
2) Tim x dé P =x-1.
Cau Il. M6t nha mdy chuyén san xuat mét loai sdn pham. Nam 2015, nha mdy sdn xuat dudc
5000 san pham. Do anh hudng cua thi trudng tiéu thu nén san lugng cla nha mdy trong cdc nam
2016 va 2017 déu gidm. Cu thé: sb lugng san phadm nha may san xuat dudc trong ndm 2016
gidam x% so vdi s6 lugng san phdm nha mdy san xuat dudc trong ndm 2015, sé ludng san pham
nha may san xuit dudc trong nam 2017 ciling gidm x% so vdi s6 lugng san xuat dugc nam 2016.
Biét rang sd ludng san phdm nha may san xuat dudc trong nam 2017 gidm 51% so vdi s6 lugng
san phdm nha mdy san xuat dudc trong nam 2015. Tim x.
CAu lll. Cho phugng trinh x> —x—1=0. Gid st X, la mot nghiém ctia phudng trinh da cho.
1) Ching minh x, > 0.

D xg —1
2) Tinh gid tri clia biéu thic M = Ox3 \2x2 +3x, +2.

0

Cau IV. Cho hinh chit nhdt ABCD vdéi BC =a, AB=b. Goi M, N |an Iugt |3 trung diém cla céc
canh AB, CD. Qua diém M dung dudng thang cat dudng chéo AC cla hinh chir nhat ABCD tai
diém P va cat dusng thang BC tai diém Q sao cho B namgilra C va Q.
1) Khi MP L AC, hay:
a) Tinh PQ theo a va b.
b) Ching minh a.BP = b.PN.

2) Chidng minh MNP =I\7N\Q (khdng nhat thiét MP va AC vubng géc vdi nhau).

Cau V. Céc s6 nguyén X, x;, X,, ..., X, thda man:
(1+x1)(1+x2)...(1+x9)=(1—x1)(1—x2)...(1—x9)=x.

Tinh P = XX, X, X
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. Cho cdc s6 thuc x, y khdng &m théa man diéu kién (x +1)(y + 1) =2.

Tinh gid tri cGa biéu thic P = \/xz +yi- \/2(x2 + 1)(y2 + 1) +2 +Xy.
Cau Il. Cho céc sé thuc khéng 4m x, y, z thay ddi théda man
x* +y? + 22 + Xy’ +y*2? + 2°x° =6.
Tim gid tri I6n nhat va gid tri nhd nhat cha biéu thic Q=x+y +z.
(a+b)2

Cau lll. 1) Cho a, b la hai s6 nguyén dudng phan biét. Xét biéu thiic M= — > - =
a”+ab“—ab-b

Ching minh rang M khdng thé nhan gid tri nguyén.

2) Cho a, b 13 hai s6 nguyén dudng, dat A :(a+b)2 —-2a’,B :(a+b)2 -2b°.

Ching minh rang A va B khéng déng thai la s6 chinh phuang.

Céau IV. Cho tam gidc ABC c6 ba géc nhon, AB < AC va néi ti€p duting tron (0). Budng tron
ngoai tiép tam gidc BOC c3t cdc dudng thang AB va AC theo thd tu tai D va E. Trén dudng
tron ngoai ti€p tam gidc BOC |dy diém P sao cho AP vuéng géc véi PC. Budng thiang qua B
song song véi OP c3t PC tai Q. Chdng minh rang

1) PB=PQ.

2) O la tryc tdm cla tam gidc ADE.

3) PAO = QAC.

Cau V. Cé 45 ngudi tham gia mét cudc hop. Quan sét sy quen thubc nhau gilfa ho, ngudi ta thay
rang: néu hai ngudi cd s6 ngudi quen bang nhau thi lai khdng quen nhau. Goi S |a s6 cdp ngudi
guen nhau trong cudc hop (cdp ngudi quen nhau khéng ké thi tu sdp x&p gitra hai ngudi trong
cap).

1) X4y dung vi du dé S =870.

2) Chiing minh rang S <870.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Q
+
'—\

Cau l. a) Cho a la sé thuc khdc 1 va —1. Rt gon biéu thic P:( > o i
(a_lj , @1 -l
=+

b) Cho cdc sé thuc X, y, a thodn man \/x2 +3xty? +\/y2 +3y*x? =a.

Ching minh rang 3’/x—2+€/y72:3’/a—2.

Cau ll. Trén quang dudng dai 20km, tai cung mot thdi diém, ban An di bt A dén B va ban
Binh di bd tir B dén A . Sau 2 gig ké tlr ldc xuat phat, An va Binh gdp nhau tai C va cung nghi lai
15 phut (van téc cha An trén quang dusng AC khéng thay d6i, van t8i cda Binh trén quang
dusng BC khéng thay d6i). Sau khi nghi, An di ti€p dén B vdi van téc nho hon van tdc cda An trén
qudéng dudng AC la 1 km/h, Binh di tié€p dén A vdi van téc I8n han van téc cla Binh trén quang
dudng BC la 1 km/h. Biét rang An dén B sdm hon so véi Binh dén A |a 48 phut. Héi van téc cua
An trén quang dusng AC la bao nhiéu?

Céu lll. Cho céc da thic P(x)=x* +ax+b, Q(x)=x*+cx+d Vdi a b, ¢, d Ia céc s8 thyc..

a) Tim t4t ca cdc gid tricla a, b dé 1 va a 1a nghiém cla phudng trinh P(x) =0.

b) Gid st phuang trinh P(x) =0 c6 hai nghiém phén biét x,, x, va phudng trinh Q(x)=0 c6 hai
nghiém phén biét x,, x, sao cho P(x3)+P(x4) . Q(xl)+Q(x2).

Chung minh rang ‘xl —xz‘ = ‘xB —x4‘.

C3u IV. Cho dudng tron (O) ban kinh R, ngoai tiép tam gidc ABC ¢ ba géc nhon. Goi AA_, BB,
CC, la cdc dudng cao cla tam gidc ABC (A, thuéc BC, B, thuéc CA, C, thuéc AB). Budng
thdng A C, cdt dudng tron (O) tai A' va C' (A, ndm gilta A' va C,). Cdc tiép tuyén cla dudng
tron (O) tai A' va C' cdtnhautai B'.

a) Goi H la truc tam cda tam gidc ABC. Chiing minh rang HC,.A,C = A C, HB,.

b) Chidng minh rang ba diém B, B', O thdng hang.

c) Khi tam gidc ABC la tam gidc déu, hay tinh A'C' theo R.
Cau V. Cho céc s6 thuc x, y thay d&i. Tim gid tri nho nhat cda biéu thic

P=xy(x—2)(y+6)+13x* + 4y’ —26x+24y + 46.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
Céu I Cho hai s thuc phan biét a va b thoa man diéu kién a® +b* =a’b’ (ab-3).
Tinh gid tri cla biéuthic T=a+b-ab.
Cau Il. Cho céc da thic P(x) =mx* +nx+k,, Q(x) =m, x> +nx+k,, R(x) =m x> +nx +k,
véi m, n, k. 1a cdc s6 thuc va m > 0,i=1,2,3. Gid sif phucng trinh P(x): 0 ¢ hai nghiém phéan
biét a , a,; phudng trinh Q(x):O c6 hai nghiém phén biét b, b,; phuong trinh R(x):O cé hai

1’ 2;

nghiém phan biét c , c, théa man
P(c1)+Q(cl)=P(c2)+Q(c2),
P(b,)+R(b,)=P(b,)+R(b,).

Q(al)+R(al)=Q(a2)+R(a2).
Ching minhrang a, +a, =b, +b, =c, +c,.
Cau Ill. a) Tim tdt ca céc c3p s6 nguyén (xy) thda man x’y? —4x%y +y> +4x* —3y* +1=0.

b) Cho ba s8 nguyén dudng a, b, ¢ thda man a® +b’ +c chia hét cho 14 . Chiing minh ring abc
ciing chia hét cho 14.

C4u IV. Cho tam gidc ABC cé ba géc nhon ndi tiép dudng tron (O) va AB>AC. Goi D, E 1an lugt
la chdn dudng cao cla tam gidc ABC ha tU A, B. Goi F la chdn dudng vudong goéc ha tu B |én
dusng thang AO.

a) Chiing minh rang B, D, E, F 13 bén dinh cGa mét hinh thang cén.

b) Ching minh rang EF di qua trung diém cla BC.

c) Goi P |3 giao diém th( hai cia dudng thang AO va dudng tron (O) M va N Ian ludt 13 trung
diém cla EF va CP. Tinh sé do géc BMN..

Cau V. Cho tap hdgp X thda man tinh chat sau: Ton tai 2019 tap con A, A
cho méi tap con A, A,,.., A
chung v8i moi 1 <i< j<2019. Chidng minh rang
a) Ton tai 4 tap hop trong cdctap hop A, A
phan tu.

b) S6 phan ti cia X phailén hon hoac bang 4039.

Srees A2019 cua X sao

c6 ding ba phéan ti va hai tap A, A, déu cé ding moét phan tu

270 772019

S AL S@0 cho giao clia 4 tap hgp nay cé ding mét
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

afx_ 8x ]_[\/;—1 2
2+4x  4-x) | x—2x +x

Caull. Chobié’uthd’cP:( Jvéix>0,x¢4vé x#9.

a) Rdt gon biéu thic P .
b) Tim tat ca céc s6 thuc m sao cho bat dang thuc m(\/;—3)P > x+1 didng véi moi x>9.
Cau Il. a) Trong hé truc toa d& Oxy, cho hai dudng thang (dl) 'y =5x+9 va
(dz) Y= (m2 —4)x +3m voi m la tham s8. Tim t4t ca céc gid tri cia m dé hai dudng thing (dl) Va3
(dz) song song vdi nhau.
b) Cho phudng trinh x? —2(m—1)x+2m—5 =0 vdi m |3 tham s6. Tim tat ca cdc gid tri cla m dé
phudng trinh trén cé hai nghiém thuc x ,x, thda man ( 2-2mx, +2m—1)(x2 —2) <0.
c) Hai 6 td cung khdi hanh mét Idc trén quang dudng tu A dén B dai 120 km. Vi méi gis 6 tb tha
nh&t chay nhanh hon 6 t6 thd hai la 10 km nén 6 t6 thi nhat dén B trudc 6 t6 th( hai la 0,4 gid.
Tinh vén t6c cha mdi 6 t6, biét rang van tdc clia méi 6 t6 la khdng ddi trén cd quang dusng AB .
Cau . Bdc An muén lam mét clra s6 khudn gb, phia trén cé dang nita hinh
tron, phia dudi cé dang hinh chir nhat. Biét rang dudng kinh cda nda hinh
tron ciing |1a canh phia trén cla hinh chir nhat va tdng d6 dai cdc khuén gé
(cdc dudng in ddm trong hinh vé bén dudi, bd qua dd rong cta khudn gd) la
8 m. Em hay gilp bdc An tinh dd dai cdc canh cla hinh chir nhat dé cira sé
cd dién tich I8n nhét.
Céau IV. Cho duting tron (O) va mét diém A nam bén ngoai dudng tron. Qua A, ké tiép tuyén
AB dén dudng tron (O) ( B 12 tiép diém). K& dudng kinh BC ctia dudng tron (O ). Trén doan CO
, 18y diém | khdc C va D.Pudng thing IA cit dudng tron (O) tai hai diém D va E ( D ndm gitra
A va E ). Goi H la trung diém cla doan DE.
a) Chiing minh rang AB-BE =BD - AE.
b) Budng thdng d di qua diém E song song véi dudng thdng AO cat dudng thang BC tai diém
K . Chdng minh rang HK//CD.
Cau V. Tim tat cd cdc s6 thuc x,y,z v6i 0 < x,y,z<1 théda man
X N y N z __ 3
l+y+zx 1l+z+xy l+x+yz x+y+z
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2x° =3y® =427°
Cau . Cho ba s8 thuc x,y,z thda man cdc diéu kién sau: %/2x2 +3y? 1422 =2+312 + 36
xy.z>0

Tinh gid tri cha biéu thidc P =l+l+l.
Xy z

C3u 1. Xét phudng trinh bac 2:ax? +bx+c = 0(1), trong d6 a,b,c 13 céc s6 nguyén dudng. Biét

rang cdc diéu kién sau dugc thda man: phuang trinh (1) cé nghiém; s6 a2020b chia hét cho 12 ;

s6 ¢ +3 chia hét cho c+ 3. Hay tim gid tri I8n nhat cia téng a+b +c.
Cau lIl. Tim s6 nguyén a bé nhat sao cho: x* +2x* —4x+a >0 vdi moi s6 thuc x.

C3u IV. Cho tam gidc ABC nhon ndi tiép dudng tron (O) cé AB>BC. Mt dudng tron di qua hai
dinh A,C cla tam gidc ABC lan lugt cdt cdc canh AB,BC tai hai diém K,N ( K,N khdc cédc dinh
clia tam gidc ABC ). Gid s dudng tron (O) va dudng tron ngoai tiép tam gidc BKN cat nhau tai
giao diém thd haila M (M khdc B). Chdng minh rang:

a) Ba dudng thang BM,KN,AC déng quy tai diém P

b) T& gidc MNCP néi tiép

c) BM? —PM? =BK.BA-PC.PA

Cau V. Cho hai s6 A,B cung c6 2020 chif s6. Biét rang: s6 A c6 ding 1945 chir sé khac 0, bao
g6m 1930 chi s6 ngoai cung vé bén trdi va 15 chil sd ngoai cung vé bén phai; s6 B cé ding
1954 chir sé khac 0, bao gém 1930 chi s6 ngoai cung vé bén trdi va 24 chir s6 ngoai cing vé bén
phai. Chiing minh réing UCLN (A,B) la mét s8 c6 khéng qué 1954 chi s6.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian Iam bai: 90 phdt

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang

b-a _a\/E—b\/E},(‘/B—‘/g)ZJf@
Jb-va a-b ] Ja+ib

VvGi(a>0;b>0;a=b).

Cau l. Cho P:[

a) Rutgon P.

b) Ching minh rang P>0.

Cau Il. @) Chiing minh rang: V8i moi m, it nhat mot trong hai phuang trinh sau cé nghiém:
x? —(2m+1)x+m2 +3=0 (1); x> —mx+4m-11=0 (2)

b) Mét tdm bién quang cdo c6 dang hinh tron tdm O, bdn kinh

bang 1,6m. Gia st hinh chir nhat ABCD ndi ti€p dudng tron tadm

O bén kinh bang 1,6m sao cho BOC = 45° (Hinh bén). Ngugi ta

can son mau toan bd tdm bién quang cdo va chi son mét mat

nhu & hinh bén. Biét mdc chi phi son phan t6 dadm la 150 nghin

déng/m? va phan con lai 1a 200 nghin dong/m?2. Hai s6 tién (lam

D
tron dén dan vi nghin déng) dé son toan bd bién quang cdo bang

bao nhiéu? Cho 7 =3,14.
Céu lll. Cho 3 diém A, B, C c¢8 dinh sao cho A, B, C thang hang, B ndm giifa A va C. Goi (d) la
dudng thang di qua C va vudng géc véi AB . Lay diém M tuy Vtrén(d) . Dudng thing di qua B
vudng géc véi AM cét cic dudng thang AM,(d) |an luct tai cac diém | va N . Budng thang MB
cit AN tai K.

a) Chiing minh rang t gidc MIKN ndi tiép.

b) Ching minh rang CM.CN =AC.BC.

c) Goi Ola tdm cla dudng tron ngoai ti€p tam gidc AMN. V& hinh binh hanh MBNE. Goi H |3
trung diém cla doan thang BE . Chiing minh rang OHvuéng gdc véi dudng thing (d) va

OH :lAB.
2
, T . x* +y* —4x =57 (1)
Cau IV. a) Giai hé phuang trinh sau: ‘x—l‘ml +‘x—2‘2020 1 (2)

b) Cho a va b la hai s6 hitu ti. Chiing minh rang néu av2 + b3 cling lasé hitutithi a=b=0.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caul. Cho a =

a) Tim mét da thic bac hai Q(x) vdi hé s6 nguyén sao cho a la nghiém cla Q(x).

b) Cho da thic P(x)=x®—x* —x+1. Tinh gid tri clia P(a).

Cau ll. Cho A,B Ia hai diém cé dinh nam trén dudng tron tdm O, bén kinh R. Gid st C a3 diém cé
dinh trén tia d6i cla tia BA . M6t cat tuyén thay ddi qua C cit dudng tron (O) taiD va E (D
nam gilta C,E). Cdc dudng tron ngoai ti€p céc tam gidc BCD va ACE cat nhau tai giao diém th(
hai M. Biét rang bén diém O,B,M,E tao thanh t’ gidc OBME . Chiing minh rang:

a) T gidc OBME néi tiép.

b) CD.CE =CO* -R*.

c) M luén chuyén dbng trén moét dudng tron cé dinh.

Cau Ill. Tim t4t ca cédc s6 nguyén dudng N sao cho N c6 thé biéu dién mot cédch dang duy nhat &
2
x* +
dang 14
xy +1

véi x,y la hai sé nguyén dudng.

Cau IV. Cho a, b, ¢ 1a 3 s6 nguyén duong sao cho mdi sé trong ba s8 d4 déu biéu dién dudc & dang

Ity thira ctia 2 vdi s6 mi tu nhién. Biét ring phudng trinh bac hai ax’* —bx+c =0 (1) ¢é hai nghiém
déu 1a s8 nguyén. Chiing minh rang hai nghiém cGa phuong trinh (1) bang nhau.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phuit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

><+\/§+1+ 1, 1)1
x+x-2 x-1 x+2) x-1

a) Rdt gon biéu thuc A.

CéuI.ChoAz( véi x>0 va x=1.

. 2 7z ~ A 1 pY ~ A
b) Tim tat cd cdc s6 nguyén x sao cho A la s6 nguyén duadng.

Céu Il. a) Trong mat phdng toa d6 Oxy, hay viét phudng trinh dudng thing (d):y =ax +b biét
dudng thang (d) di qua diém A(2,—1) va song song vdi dudng thdng y = -3x+1.

b) Mét clra hang kinh doanh dién mdy sau khi nhip vé chiéc tivi, d3 ban chiéc tivi d4; cira hang thu
dugc tién 13i la 10% cua gid nhip vé. Gid s clra hang tiép tuc nang gid ban chiéc tivi dé thém 5%
cla gid da bdn, nhung bét cho khdch hang 245000 déng, khi dd clra hang sé thu dudc tién |3i 13
12% cua gid nhap vé. Tim gid tién khi nhap vé cla chiéc tivi dd.

C3u lll. Cho tam gidc déu ABC ndi ti€p dudng tron (O) diém D thudc cung nhd AB (D khic A
va B). Céc tiép tuyén véi dudng tron (O) tai céc diém B va C cit dudng thang AD theo thd tu
tai E va G. Goi | |a giao diém cula hai dudng thang CE va BG.

a) Chiing minh rang hai tam gidc EBC va BCG dbéng dang.

b) Tinh s do géc BIC. TU d6, hay chiing minh rang t& gidc BIDE ndi tiép.

c) Goi K |3 giao diém cua hai dusng thang DI va BC. Chdng minh rang BK* =KI-KD.

Cau IV. a) Tim tat cd cdc sb thuc x thda man a=x+ V2 va b=x®+5v2 13 hai s6 hitu ti.

b) Cho cdc s6 thuc a,.a,.... b,.b,,....b,.,, théa man mdi phucng trinh x* +ax+b. =0 déu cé

2 a2022 ki 1772022

hai nghiém thuc phan biét x, va x. v8imoi i=1,2,...,2022.

X, X, 0+ X

Chuiing minh rang s6 thuc a = 2022 |13 nghiém cla phudng trinh béc hai

2022
4 a, +a, +--+a,,, - b, +b, +--+b,,,, 0
2022 2022
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. a) Khéng st dung mdy tinh, hiy tim gid tri cla biéu thic P =37 +5v2 + J7-542 .

b) Cho da thic P(x) =ax? +bx +c véi a= 0. Chlng minh ring, néu da thic P(x) nhan gid tri
nguyén véi mdi s8 nguyén x thi 2a, a+b, ¢ déu la nhitng s6 nguyén. Sau dé, chiing té rang néu
ba s6 2a, a+b, c la nhitng s6 nguyén thi P(x) cling nhan gid tri nguyén vdéi mdi sé nguyén x.
Céu II. Cho tam gidc déu ABC ngoai ti€p duding tron (O). Cung nhé OB clia dung trdn ngoai
tiép tam gidc OBC c3t dudng tron (O) tai diém E. Tia BE cit dudng tron (O) tai diém thi hai F.
a) Chiing minh rang tia EO |a tia phan gidc cta géc CEF.

b) Chitng minh rang t gidc ABOF ndi tiép.

c) Goi D la giao diém thdf hai cia dudng thdng CE va duing tron (O). Chiing minh réng ba diém
A,F,D thing hang.

Cau lll. Cho a, b, ¢, d la céc s6 nguyén dugng théa man ab = cd . Chling minh rang s6

N — a2022 + b2022 + C2022 + d2022 I\a hdp 56.

Cau IV.

Ta viét mudi s6 0,1,2,...,9 vao mudi 6 tron trong
hinh bén dudi, mdi s6 dudc viét ding mot Ian. Sau
dd, ta tinh tdng cha ba sé trén mdi doan thang dé
nhan dugc sdu téng. C6 hay khéng mot céch viét
mudi s8 nhu thé sao cho sdu téng nhén dudc la

bang nhau?

Cau V. a) Trong mat phdng cho ndm diém sao cho khéng cé ba diém nao thdng hang. Ching
minh rang ton tai it nhat mot tam gidc tu cé cdc dinh dudc 18y tir nam diém da cho.

b) Trong mat phang cho 2022 diém sao cho khéng cé ba diém nao thang hang. Chiing minh rang
tén tai it nhat 2018 tam gidc tu ma mdi tam gidc tl d6 cb céc dinh dudc 18y tir 2022 diém da cho.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phuit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

X +8Jx_ 2x+x  16-4x >
x—2x+4  x  x+2
b) M6t khay nudc cé nhiét dé 125°F khi b3t dau cho vao ta dd. G trong td dd, ci sau mdi gid, nhiét
d6 khay nudc lai gidm di 20%. Hai sau bao nhiéu gid, nhiét dé khay nudc chi con la 64°F?

C3u Il. a) Cho phudng trinh: x> —(2m —1)x —(m2 + 1) =0. (1)

Cau I. a) Rat gon biéu thic A= x> 0.

Chdng minh rang véi moi gid tri cia m, phudng trinh (1) ludn cé hai nghiém x,, x,. Tim hé thdc

lién hé gilra x,, x, sao cho hé thic dé khdng phu thudc vao m.
b) Cho Parabol (P) (Y =ax® (a - O) di qua A(—l;%). Tim toa d6 diém M trén Parabol (P) sao cho

khodng céch tir M dén truc tung gép hai 1an khodng céch tir M dén truc hoanh.

Cau IIl. Cho hinh binh hanh ABCD c¢6é ABC = 120°, BC = 2AB. Dung dudng tron tam O dudng
kinh AC. Goi E, F 1an lugt la giao diém thit hai cia AB, AD vdi duting tron (O). Budng thdng EF
1an lugt c3t cdc dudng thang BC, BD tai H, S. Chiing minh:

a) Tam gidc ABD la tam gidc vudng.

b) T gidc OBEH Ia t& gidc ndi tiép.

c) SC 1a tiép tuyén cla dudng tron (O)

2
Cau IV. Cé hay khéng cédc s6 nguyén a, b sao cho (a + b\/2023) =2024 +2023+20237

Cau V. Trén bang ta viét da thuc: P(x) =ax’+bx+c (a # O).

P(x+1)+P(x-1)
2

P (x+1)+P,(x-1)
2

Ta viét da thic mdi: P, (x) = rdi xo0d da thic P(x).

Ta viét da thic mdi: P, (x) =

roi xod da thic P, (x)

Ta tiép tuc lam thé nhiéu Ian.
Chdng minh rang néu c lam nhu vay nhiéu |an thi d&n mdt Idc nao d6 ta nhan dugc mét da thic
khong cé nghiém.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang
Cau I. a) Chiing minh rang tich cta bén s6 nguyén lién ti€p cong véi 1 |a binh phugng clia mét s
nguyén.
« R . A . 2xy —-x=10
b) Tim cdc cdp s8 nguyén (x;y) 1a nghiém cta hé phudng trinh: Y .
X+y+xy=11

Cau ll. a) Cho a, b la cédc sé thuc khdng dm, ¢ 1a s6 thuc dudng thda man dang thuc:

Ja-+a+b-c=+b++.
Chdng minh riing Ya+3¥b-Yc =Ya+b—c.

faiva
V5 b

Céu lIl. Cho tam gidc ABC. Budng tron (1) ndi ti€p tam gidc ABC lan lugt ti€p xdc céc canh

1a s& hitu ti.

b) Tim cdc s6 nguyén dudng a va b sao cho

BC, CA, AB tai céc diém D, E, G. Hai dudng thdng DE, DG 1an lugt cat dudng phan gidc ngoai
clia g6éc BAC tai M, N. Hai dusng thang MG, NE c3t nhau tai diém P. Chdng minh:

a) EG//MN.

b) Piém P nim trén dudng tron (l)

Cau IV. Bay luc gidc déu dudc sdp x&p va td mau bang 2 mau trang, den nhu Hinh 1. Méi 1an cho
phép chon ra mét luc gidc déu, d6i mau cla luc gidc dd va cla tat ca céc luc gidc déu cé chung
canh vdi luc gidc d6 (trang thanh den hodc den thanh trdng). Chdng minh rang du cé thuc hién
céch trén bao nhiéu lan di nifa cling khéng thé nhan dudc céc luc gidc déu dudc td mau nhu 3
Hinh 2.

Hinh 1 Hinh 2

02023

Cau V. Ching minh rang ton tai mét sd nguyén ducsng n>1 sao cho téng tat ca céc s6

nguyén t8 nho han n 1a mét sd nguyén t6 cung nhau véi n.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian Iam bai: 90 phdt

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang

Bai 1 (3,0 diém)

a) Cho A:\/11—6\/5+\/11+6\/E.T‘|m gid tri cia A®.

b) Cho b,c 13 hai s8 thuc thda man 24b + c = =523 . Biét phudng trinh x*> +bx+c =0 cé hai
nghiém la hai sé nguyén dudng. Tim hai nghiém d4.

Bai 2 (1,5 diém). Ban Hanh lam mot ngdi sao 6 canh cd dang hinh
ph3ng td ddm nhu hinh bén theo cdch nhu sau: Trén tg gidy, ban vé
dudng tron bdn kinh 2 cm , ngoai tiép mot luc gidc déu. Sau dé, mabi cung
tron nhé cang day cung la mét canh cla luc gidc déu dudgc |y d6i xing

qua canh dé. Hinh phang té ddm gidi han bdi 6 cung tron vira dugc vé

tao thanh ngdi sao ban dinh lam. Em hay gidp ban Hanh tim dién tich

ngdi sao 6 canh d6 (1dy gid tri clia 7 13 3,14 va gid tri cda +/3 13 1,73).

Bai 3 (3,0 diém). Cho tam gidc ABC céntai A.Trén canh BC |y diém D sao cho DB =2DC.
Dudng thang qua D song song vdi AC cat canh AB tai E. Dudng thdng qua E song song vdi
BC c3t canh AC tai F. Dudng tron ngoai ti€p tam gidc AEF cat AD tai M ( M khdc A).

a) Chdng minh t& gidc BDME va t gidc CDMF 13 hai td gidc ndi tiép.

b) Ching minh MB =2MA.

¢) Chting minh BMD =2CMD .

Bai 4 (1,5 diém). Tim sé thuc x sao cho cdc s6 x++/2024 va @—\/2024 déu la céc sb

X

nguyén.

Bai 5 (1,0 diém). Cho 45 s6 a,,a,....,a,,, mo6i s6 chi nhan mét trong ba gid tri la 0; 2; 3. Biét rang
2 2 2 . 3 3 3

(a1—2) +(a2—2) +...+(a45—2) =65 va (a1—3) +(a2—3) +...+(a45—3) =-280.

Hai trong 45 s6 ndi trén cd bao nhiéu sé bang 0?
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2024 - 2025
[ DE CHINH THUC | Mén: TOAN (VONG 2)
Thai gian lam bai: 120 phat
Pé thi 96m 01 trang (Khéng ké thdi gian giao dé)

Bai 1 (3,0 diém). a) Cho hai s6 thuc a,b thda man céc diéu kién sau: \a\ < 2024,\b\ <2024 va

Ja+2024 +2025 -a-/2024 —a =/b +2024 +/2025-b —/2024 b .

Tinh gid tri cGa biéu thic M =a**** +a?%%° —p?* _p?9%°,

b) Tén tai hay khéng céc s6 hitu ti dudng a,b sao cho Ja b = V2024 7

Bai 2 (2,0 diém). Gid s ta cé quy tic * ma v8i mdi cap s6 nguyén duong (a;b) , ta ludn xac dinh
dudc chi mét s6 nguyén dudng tusng Uing ki hiéu 1a a*b, sao cho ba diéu kién sau dudc thda man:
i) a*a=a véi moi s6 nguyén dudng a;

ii) a*b =b*a vdi moi s6 nguyén dudng a va b;

iii) a*b = (a—b)*b vdi moi s6 nguyén dudng a va b ma a>b.

a) Tinh gid tri cha 16*2024.

b) Hay chi ra mét quy t3c * thda man ba diéu kién trén.

Bai 3 (3,0 diém). Cho duting trdn (O;R) va déy cung BC c6 dinh khéng di qua tdm O. Diém A di
dong trén (O;R) sao cho tam gidc ABC nhon va AB = AC. Céc dudng cao AD,BE,CF cla tam
gidc ABC cét nhau tai diém H. Dudng thing EF cit (O;R) tai hai diém P va Q (diém F nim
gilra hai diém P va E ). Goi M |a trung diém cta canh BC . Ching minh:

a) AP = AQ?=AH-AD.

b) Bon diém P,Q,M,D cung thuéc mét dusng tron (a))

c) Tam | cla dudng tron (a)) chay trén mét dudng tron cd dinh.

Bai 4 (1,0 diém). Vdi ne N', ta ddt f(n) la téng cdc chir s6 clia s6 3n° +n+1 (Vidu: véi n=3 thi
3n’+n+1=31va f(3)= 4) . Tim gid tri nhé nhat cé thé cda f(n)(n e N*).

Bai 5 (1,0 diém). Cho bang vudng kich thudc 8x8 dudc chia thanh 8 hang, 8 cbt, 64 6 vudng don
vi c6 cuing kich thudc. Ta I3t kin bang dé bang cdc domino mau den va domino mau trdng (mdi
domino nhu thé Ia hinh gém 2 6 vudng dan vi cé chung canh) thda man ba diéu kién sau:

i) M&i domino phu ding 2 6 vudng don vi cla bang;

ii) Hai domino khdng cung phtd mét 6 vuéng dan vi clia bang;

iii) Moi hinh vuéng gém 4 6 vudng don vi clia bang déu cd it nhat mdt 6 vudng don vi dugc phu bdi
mdt domino mau den.

Tim s6 nguyén duong k nho nhat sao cho tdn tai mét cdch 14t bang ban d4u théa man ba diéu

kién trén ma trong cach |3t dé ta s dung dung k domino mau den.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phuit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

R 2 , a+b (a+b b a (\/g_\/g)z
Cau I. Cho biéu thuc Pz\/g+\/5'(a—b_b_\/£+a+\/£J_ > .
Véia>0;b>0 va a=b.
1) Rut gon P.
2) Tim a, b sao cho b:(a+1)2 vaP=-1.
L&i giai
P a+b a+b N b N a J‘\/Z—\/g‘
Va++b | (Na—b)Na+b) Vb(a—~b) a(a—~b) 2
o _atb_ ((@+bWab+ba(a+\b)+avb(a-b) [Va bl
“Ja+p’ (a —b)a +b)ab 2
p__ath (alab +b~ab + ab+bJa) +aJab — ab _\\/5—\/3\
Ja+b (Va -\b)a +~b)yab 2
p__atb_ 2Jab(a+b) _\\/5—\/3\
Na++b \ (Ja-Vb)Ya +b)Wab 2
o _atb_ (Ja-ba+B)ab [N -b|
Ja+b 2\ab(a +b) 2
o Ja—b_[Ja-
2 2
Néu a>b >0 thi P=\/E;\/Z—\/;;\/E=O
Néu 0 < a < b thi Pz\/Z;\/Z—\/E;\/Z:\/;—\/Z

2.KhiP=-1thia<b
P=va-b=a-|a+1]=-1Ja(l-a)=0
Viida>0=a=1;b=4

Cau Il. Cho phuadng trinh x? +(m2 +1)x+m—2 =0 v8i m la tham sé.

1) Chidng minh rang véi moi m phuang trinh luén cé 2 nghiém phén biét.
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2) Goi x,, x, la 2 nghiém cla phudng trinh.

2x1 -1 2x2 -1 55
+ = XX, + .

X2 X X%,

Tim t4t ca cdc gid tri cila m sao cho

L&i giai
1.Tinh A= (m?+1)2-4m-2)=m*+2m?2+ 1-4m + 8 = (m?2- 1)2+ (2m - 1)2+7>0Vv48i Vm
Vi A>0védi YV m nén phuang trinh luén c6 2 nghiém phan biét.

X, +x, =—(m* +1)
2.Vi A>0v8i V m theo vi-ét ta cé:

XX, =m—2
Tu GT tacd

2x,—1 2x,-1 S5
X + ) :x1x2+—<:>2(x12+x22)—(x1+x2)_x12x22 =55
x2 x] x1x2

< 2(x, +x,)" —dxx, —(x, +x,)—x/x; =55

& 2m* +1) —4(m=2)+(m* +1)—(m—2)* =55
S2mt+Am* +2-4m+8+m’ +1—-m’ +4m—4=55

S 2mt +4m* —48=0 < (m* —4)(m* +6)=0

Vi m>+6>0 vdi moi mnén m*>=4 suyra m=2 (Loai).

Vay m = -2.

Cau Ill. Cho tam gidc ABC cé ACB=90° M la diém bat ky trén AB. Goi O, O,, O, la tam cdc
dudng tron ngoai tiép AABC, AMAC, AMBC.

1) Ching minh: 4 diém O,, M, 0,, C cling thuéc dudng tron (C).
2) Ching minh: O cling thudc (C)

3) Tim vi tri M dé bén kinh (C) nhd nhat.

‘°
=N
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1) Ta c6 theo tinh chat quan hé gilra géc ndi ti€p va gdéc 6 tdm cung chdn mdt cung thi
COM =CBA = COM = 2CAB nén CO,M+CO,M = 2CBA + 2CAB =180°.

Véy 4 diém C, O,, M, O, cling thudc dudng tron (C)

2) Tacéd COM Ia g6c ngoai clia tam gidc cdn CBO nén COM =CBO + OCB = 2CBO = C/OZ\M nén O

cling thudc duding tron (C).

L —

3) Tacé 0,00, =90° nén O,C O, =90° nén 0,0, la dudng kinh cla dudng tron (C) dé ban kinh

dudng tron (C) nhé nhat thi 0,0, nhé nhat goi |, K 1a trung diém BC, CA ta c6 tam gidc 0,CO,

0,0, 0,C AB
ddng dang véi tam gidc ICK (g.9) nén —— =%Z 1= 00,z2IK =

IK

min(Oloz) =IK :ﬁ khi O, =1;0, = K; khi d6 M trung vdi chan dudng cao ké tir C téi AB.
2

Cau IV. Cho céc s6 thuc a, b, ¢, d thod man dong thai cic diéu kién

(i) ac—a—c=b*-2b.

(ii): bd—b-d=c*-2c.

(iii): b, ¢ khac 1.

Chung minh dang thdc: ad+b+c=bc+a+d.

Lgi gidi
ac—a—c:b2—2b<:>ac—a—c+1:b2—2b+1<:>(a—1)(c—1):(b—1)2. (1)

bd-b-d=c?-2cobd-b-d+1=c*-2c+1e (c-1) =(b-1)(d-1). (2)
Vib - 1,c -1 khdc 0 nén lay (1) chia (2) ta dudc

a-1 b-1

=——&(a-Dd-1)=(c-1)(b-1

= e a-Dd =D =(-1)b-)
<ad—-a-d+1=bc—b—-c+1<ad+b+c=bc+a+d;(dpcm)

Céu V. Cho céc s8 thuc khdng dm x, y, z d6i mét khdc nhau va thod mén (z+x)(z+y)=1. Ching

minh bat d3ng thic sau L ~+ 1 + 1 >4,

(x=v)" (z+x) (z+y)

Lai giai

> =(z+x)

1
LR

Al
(z+x)
r= 1 7t 1 P 1 2 = 2
(x=») (z+x) (+y) (x-y)
:;2+[(z+y) —(Z+x)]+2(z+y)(z+x):
(x—»)
Ap dung BDT A+B22VAB tacs
1 1 1
+ + =
(x=»)" (+x)" (z+y) (x-yp)
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+(z+y) +(z+x)°

;2+(x—y)2 +2

VT
(x—y)

+(x—y)2+222\/( ! ¥ (x—=y) +2=4
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1 1 1

A + + >4
VY x=p)? (1)’ (z+y)

x—y==1

Dau " =" xay ra khi {(Z+y)(z+x)=1'
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2008 - 2009
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Cho ba s6 duang a, b, ¢ thod man b¢c,\/;+\/5¢\/z,a+b=(\/g+\/5—\/g)z.
2

at(a-Ve] ek

b+(Vb-ve) Vb

Chidng minh dang thuc

Li giai
a+b=Ra+vb-c) < a+b=a+b+c+2ab—2Jac - 2\bc
& ¢ =2Jac +2\be —2\Jab
Tacs a+(\/5—\/2)2:a+a—2\/5+c(*)
b+(b—-~c)Y b+b-2bc+c
Thay ¢ = 2\Jac + 2be —2ab vao (*)
a+(Na-e) a+a-2ac+c  2a+2b-2b+2ac +23be —2vab - 2Jac
b+(Nb—-c)Y b+b-2Jbc+c  2a+2b—2a+2ac +2bc —2Jab — 2+/bc
(a+b)=b+~lbc—~ab  (Na+~Ib-~c) —~b(b—~c +a)
Tacé  (a+b)-a+vac—~ab (Na+\b—ey —Ja(a—c+b)
:(JZNZ—%)(\/Z—JZ):\/Z—JZ,(dpcm)
(Na+vb-e)Nb—e) b-c’

Céu Il. 1) V8i m&i s6 dudng a thod man a* =6(a+1).

Ching minh phudng trinh sau v6 nghiém: x* +ax +a* -6 =0.

2) Tim tat cd cdc gid triclla @ va b sao cho 2(a2 +1)(b2 +1) = (a+1)(b+1)(ab+1).
L&i gidi

1) D& phuadng trinh vé nghiém thi A <O.

Tacéd A=a’-4(a’ ~6)=24-3a".

) 6(a+1 24a—-18a—18 18
TU gia thist ta cé @’ = (@+!) thay vio A=24-3a> =27 °07 % _¢_"%(x
a a
Ta ching minh 0 <a < 3 ti gia thiét
a—6a-6=0=a’-3a* +3a>-9a+3a-9=-3
< (a-3)a*+3a+3)=-3
) A . 18 18
Tacd a“+3a+3>0 vé8imoianén a—3<0 suyraa<3 nen—>E=3.
a
M 4 . 18
Két hgp véi () tacd A=6-—<0.
a
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Suy ra phudng trinh x*> +ax+a? —6 =0 vd nghiém
2) Ap dung bat ddng thic BunhiacSpky cho 2 day mbi day 2

Vi (a;l) va (1;1) ta cé 2(a2 +1) > (a+1)2. Dau "=" xay ra khi a=1.

Vi (bi1) va (L1) taco 2(b* +1)2(b+1) . Dau " =" xdy rakhi b=1.

v&(ag\@(ul)mcé@¥+1ﬂw+4)z@b+1f.DéJ":"xmwamna:b:L

Suyra 4(a?+1) (b2 +1) 2 (a+1)’ (b+1) (ab+1) = 2(a® +1)(b* +1) 2 (a+1)(b+1)(ab+1).

D4u"=" xadyrakhia=b=1.

Cau lll. Ba s8 nguyén a, b, ¢ déi mdt khdc nhau va thod man déng thdi ba diéu kién

(i): @ la udc clia b +c+bc.

(ii): b la udc cha a+c+ac.

(iii): ¢ la udc cla a+b+ab.

1) Hay chi ra b6 sé (a;b;c) thod man céc diéu kién trén.

2) Ching minh rang a, b, ¢ khéng déng thdi la s6 nguyén t8.

Li giai

1) B6 s8 (a;b;c) = (1;3;7).

2) Gid s a, b, ¢ 1a s8 nguyén té.

TU gia thiét, ta cé (b+c+bc)+a(1+b+c)=(a+b+c+ab+bc+ac)5a;
(a+c+ac)+b(l+a+c):(a+b+c+ab+bc+ac)§b;
(a+b+ab)+c(1+a+b):(a+b+c+ab+bc+ac)3c

Suy ra (a+b+c+ab+ac+bc) chia hét cho a, b, c.
Tacé (a+1)(b+1)+(a+1)(c+1)+(c+1)(b+1)=ab+a+b+1+ac+a+c+1+bc+c+b+1
= (2a+2b+2c+ab+bc+ ac)+3 =3 (mod (a,b,c)).
Ma (b+1)(c+1)=b+c+bc+1=1(mod a) nén
(a+1)(b+1)+(a+1)(c+l) =(a+1)(b+c+2) =2 (mod a)
=b+c=a (mod a).
Ma theo gid thiét (b+c+bc)=0 (mod a), bc = 0 (mod a) hay bca.
M3 a,b,c nguyén t6, suy ra vo ly.
Suy ra a, b, c khéng déng thdi la s8 nguyén t6.
C4u IV. Cho tam gidc ABC. Mt dusng tron (O) di qua cdc diém A, B va cit cic canh CA, CB tai
céc diém L, N tuong ung (L A, C; N =B, C). Goi M la trung diém ctia cung LN cla dudng tron
(O) va M nam trong tam gidc ABC. Budng thdng AM cit cdc dudng thang BL va BN tai céc

diém D va F tugng Ung, dudng thang BM cat cdc dudng thdng AN va AL tai cdc diém E va G
tudng Ung. Goi P |a giao diém cla AN va BL.

1) Chdng minh DE//GF .

2) Néu t gidc DEFG 1a hinh binh hanh, hdy ching minh:
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a) AALP < AANC. b) DF L EG.
L&i gii

1) Xét tf gidc ADEB c6 DAE = DBE nén td gidc ADEB ndi tiép.
Suy ra EDM = ABG (cung bu véi ADE). (1)

Xét t’ gidc AGFB cé GAF = GBF nén tu gidc AGFB nbi tiép.
Suy ra ,ﬁ = ,@\G (2)

TU (1) Va3 (2) suy ra EDM = AFG.

Ma hai géc nay & vi tri so le trong nén DE // GF.

2) Vit gidc DEFG la hinh binh hanh nén ME =MG.

Xét A AEG c6 AM vlra la phan gidc via |a trung tuyén nén AM L EG hay DF L EG.

Vi DF L EG = AMB = 90° suy ra AB la dudng kinh clia dudng tron (O)

Khi d6 ALP = ANC = 90° nén A ALP déng dang véi AANC (g.g) (dpcm).

Cau V. Cho 13 diém phén biét nam trong hay trén canh cia mét tam gidc déu cé canh bang 6¢cm.
Chdng minh rang ludn tén tai hai diém trong s6 13 diém da cho ma khodng céch gilra ching
khéng vudt qua J3em.

L&i giai
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Goi M, N, P 13 trung diém 3 canh BC, AC, AB néi M, N, P chia tam gidc ABC thanh 3 tam gidc
déu bang nhau cé canh la 1,5cm.
Goi O latdm cla 1 A d6 gid st tam gidc APN.

N&i O véi trung diém ba canh A APN ta dudc 3 t& gidc bang nhau goi mét trong 3 td gidc dd 1a
AIOK thi A ABC dudc chia thanh 12 t gidc bang td gidc AIOK (nhu hinh vé).

V3

Xét t gidac AIOK cé Al=AK=IK=1,5cm; lO:OK=7cm; AO=~/3cm.

Vi c6 13 diém 12 t gidc nén theo nguyén t3c Dirichlet ton tai it nhat 2 diém thudc 1 t gidc
khodng cdch gitra 2 diém nay khéng vugt qud AO = J3 (cm) (dpcm).
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

C4u |. Cho biéu thic A = \/20a +92 ++/a* +16a” +64 va B=a" +20a® +102a” + 40a+ 200.
1) Rut gon A.

2) Tim a dé A+B=0.

L&i giai

1) Ta cé A=+20a+92 ++a* + 162’ +64 = \/20a+92 +,/(a2 +8)2

= A=+/a’ +20a+100 = /(a+10)" =[a+10|.

2) B=(a* +20a" +10a* )+ 2(a* +20a+100) = a’(a+10) +2(a+10) =(a+10) (a® +2).

A=]a+10/>0;B=(a+10) (a®+2)20= A+B20.

D4u " =" xay ra khi a=-10.

Cau Il. Hai cdng nhan cuing lam mot céng viéc 18 gid xong. Néu ngudi th nhat lam 6 gis va ngudi
thar 2 lam 12 gis thi duge 50% cbng viéc. Hoi néu lam riéng méi ngudi hoan thanh céng viéc trong
bao lau?

Lai gidi

Goi thdi gian ngudi th nhat lam mdt minh xong ca cong viéc la x (gid). Diéu kién x > 18.

Goi thai gian ngudi thit hai lam mdt minh xong cd céng viéc la y (gid). Diéu kién y >18.

1 gi¥ ngudi thd nhat lam dudc L (cong viéc); 1 giG ngudi thr hai lam dudc 1 (cong viéc).
X y

1 gid cd hai ngudi lam dudc 1 (cdbng viéc) ta cé l+l =i. (1)
18 x y 18
N, 7, ~ \ -\ \ N\, 7, \ -\ \ A LAY N 6 12 1
Nguai th nhat lam 6 gid va nguGi th 2 lam 12 gid thi dugc 50% cong viéc nén —+— :5. (2)
X Yy

1 1 1 1 1 1 1 1

X'y 18 |x'y 18 |x 36 [x=36
Tu(l)va(2tacéhe > Y XY IS LU = .

6 12 1 1 2 1 1 1 y =36

—_—t— = 4 —= - =

X vy 2 x y 12 y 36

Va&y mbi doi lam riéng 36 gis xong cdng viéc.
Céu lll. Cho Parabol y = x* va dudng thing (d) c6 phuong trinh y = mx +1.

1) Ching minh (d) ludn c3t (P) tai hai diém phan biét A; B véi moi m.
2) Goi A(xl;yl) Va3 B(xz;yz). Tim gid tri 16n nhat cta M =(yl —1)(y2 _1)_

L&i gii
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1) Xét phudng trinh hoanh d6 giao diém cda dudng thing (d) va Parabol (P) Ia
X' =mx+lex’-mx-1=0. (1)

Phuong trinh (1) c6 A=m’+4 >0 vdi moi m nén phudng trinh (1) ludn c6 hai nghiém phan biét
véi moi m
= (d) ludn cit (P) tai hai diém phan biét A; B véi moi m.

. ’ . 7 X, +X,=m
2) Theo dinh ly Vi-ét, tacé 4 * 2 )

X, X, ==1

Tacd M=(y, -1)(y,—1)=(mx, +1-1)(mx, +1-1) =m’x,x, =—-m’ <0.
Vay GTLN cha M bang 0 khi m=0.
Cau IV. Cho tam gidc ABC vdi AB=5; AC = 3\/g; BC =10. Phan gidc BK cua géc ABC cit

dudng cao AH; trung tuyén AM cla tam gidc ABC tai O va T (K e AC;H,Me BC).

1) Tinh AH.

2) Tinh dién tich tam gidc AOT.
Lai gidi

A
K
i
O
B H M C

1) it CH=x thi BH=10-x.
AH? = AB? —BH? = 25— x

Ap dung dinh If Pitago cho tam gidc vuéng ABH; ACH ta cé 5
AH? = A°C —H’C =45-(10-x)

Ta cé 25—x2:45—(10—x)2<:>25—x2 — 45 — 100 +20x — X2
< 20x=80 ©x=4 nén AH = 3.

< , o s .. AO AB 5 AO 5 5 10 1 15
2) Ap dung tinh chat phan glac m:ﬁzzﬁm:§, AOB :§SAHB :?;SABT :ESABM :T,
15 10 5
Saor = Sasr ~Sace 27_? :E (dvdt).

Ciu V. Céc s6 thuc x, y thoad man ding thic (x+\/ﬁ)(y+\/ﬁ)=1.
Ching minh x+y =0.

L& gidi

Tacé (x+m)(v+m)(x—m)=(x—m)
@_(HW)Z(X_W). (1)

Tugng tu —(x+m)=(y—m). (2)

Cong (1) va (2), ta By —1+y? —x—1+x =x-1+x* +y—[1+y*
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S -y—-x=x+y<x+y=0.

Vay x+y =0.

€3 | www.facebook.com/mathexpress.vn

(O 11900 633551

49



CLB Toan béi duéng MathExpress | J | www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2009 - 2010
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. C4c s6 thuc x, y thod man xy # \/E va Xy # —\/E.
Ching minh rdng biéu thic sau khéng phu thudc vao x,y .

:( 2\/_xy Xy — \/—] 2xy Xy
\/— 2xy+2\/_ xy+\/_ Xy — \/_

LaGi gidi
P 2\/_xy Xy — \/_ 2xy Xy
\/_ 2xy + 232 xy+\/_ xy -2
p_ 23/§xy N xy—%/i 2xy  xy
(xy+3/§)(xy—§/§) 2(xy+§/§) xy+3/§ xy—i/i
P:4§’/§xy+x2y2—2§/§xy+3/z 2xy Xy (xy+\/—) Xy Xy

2(><V+%/§)(XV—§E) .XV+%/§_XV—3/§ (xy+\/—)(xy \/_) xy+\/— Xy — \/—

CAu II. 1) Cho phudng trinh x*> +bx+c =0, trong dé cdc tham s& b va ¢ thod man dang thuc
b+c=4. Timcdcgid triclia b va ¢ dé phuang trinh c¢é hai nghiém phan biét x,, x, sao cho

X, = X5 +X,.
X,y z_
2)GiéSff(X;y;Z) I3 mét nghiém ca hé phudng trinh: 43 12 4
X vy z
—t+=+—==1
10 5 3
Hay tinh gid tricia A=x+y+2z.
L&i gidi
1) Theo gia thiét ta ¢
A=b"-4c>0
A bz 4C>0 2 A:b2—4c>0
A=b"-4c>0 X. +4
X, +X, =—b X,.=—2 bic=4
Xl.Xz—Xl—x2:4 Xz_l
b+C:4 = L = xl'x2:C
Xl.X2 =C X .X2 =C
XX, =¢ ' x,+4
5 X, =X +X, x,+4 =X +X,
x1:x2+x2 . _x2+x2 Xz_
2
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2
A=b?—4c>0 [A=b*—4c>0 A=b"-4c>0

b=-8
b+c=4 b+c=4

& IS =12
xl.xz =C )<1.X2 =C

: 2(x —2x +2)=0 |7°

, —2x,-4=0 (XZ_ )(XZ_ Xt )_ X =2

2

X, ¥ zZ_4
279y 4 4 -3z=12

2) 3 12 4 )ex+y—oz <:>7(x+y+z):42<:>A:6.
X ¥, Z_4 3x+6y+10z=30
10 5 3

Cau lIl. Ba s6 nguyén duong a, p, 9 théda man céc diéu kién:
(i): ap+1 chia hétcho q.
(ii): ag+1 chia hét cho p.

Ching minh a>—rP9
2(p+a)
L&i giai
Xét pg =1 ta cd diéu phai chiing minh.
Xét pg>1. Khidé (ap+1)(aq+1)3pq<:>azpq+ap+aq+1§pq<:>a(p+q)+13pq<:>a2&_1.
p+q
Xét hiéu pg-1 pg __pa-l >0 (Vipg>1)nén a> P9

p+q 2(p+q) 2(p+aq) 2(p+q)
Cau IV. Cho dudng tron (O) dusng kinh AB va diém C thudc dudng tron (C khdng tring véi A, B
va trung diém cung AB). Goi H |a hinh chiéu vuéng gdc cla C trén AB. BDudng tron (Ol) dusng
kinh AH cét CA tai E, dudng tron (O, ) duting kinh BH c3t CB tai F.
1) Chidng minh t gidc AEFB 13 t gidc ndi tiép.
2) Goi (03) la tdm dudng tron ngoai ti€p t gidc AEFB, D 1a diém ddi xting ctia C qua O. Ching
minh ba diém H, O,, D thdng hang.
3) Goi S Ia giao cua cdc dudng thang EF va AB, K |a giao diém th hai cda SC véi dusng tron (O).
Chdng minh KE vudng géc vdi KF.
Lgi giai

1) Ta cé t’ gidc CEHF Ia hinh chir nhat.
Ta c6 CFE —EAB (cung bang (?H\E) nén th gidc AEFB ndi tiép.
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2) Ké trung truc EF cdt HD tai O, chiing minh O, la tdm dudng tron ngoai tiép td gidc AEFB.
Chuing minh dugc CD L EF trong tam gidc CHD c¢é 10, la dudng trung binh nén 0,0 L AB.
Ma OA =0B nén 0,0 la trung tryc cla AB nén O, la tam dudng tron ngoai tiép t gidc AEFB
hay H, O,, D thdng hang.

3) BFS = BKS (cung bu g:TB) nén t gidc BFKS nbi tiép suy ra FKS = FBA.

Ma FBA = CEF nén FKS = CEF = Tu gidc CEFK noi tiép suy ra EKF = ECF = 90° hay FK vubéng
géc véi EK.

Cau V. M6t hinh vubng cé dd dai bang 1 dudc chia thanh 100 hinh chir nhit ¢ chu vi bang nhau
(hai hinh chir nhat bat ky khdong cé diém chung). Ki hiéu P |a chu vi cGa mdi hinh chir nhat trong
100 hinh chif nhat nay.

1) Hay chi ra mét cdch dé chia P =2,02.

2) Hay tim gid tri I6n nh&t cha P.

Li giai

1) Céch chia 1 canh thanh 100 phan bang nhau qua céc diém chia ké cidc dusng thang song song
canh kia ta dudc 100 hinh vudng cd chu vi bang nhau khi d6 P =2,02.

2) Chia 1 canh thanh x phan bang nhau canh con lai la y phan bang nhau (x, ye N*).

Ta cé xy =100. Goi kich thudc médi hinh chir nhat1a a, b thi a :l, b zl.
X y
2(x+
Khidé P =2 - (x+v) = XY P 16n nhét khi (x+y) 6n nhat.
Xy xy 50

Ma (xy) e {(1;100);(2:50);(4;25);(5:20);(10;10)} chi c6 cap (1;100) thod man.
Khi d6 P(max)=2,02.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. Cho biéu thic A = [g—(x

x?+1) x +6x°-x-6 | 3x*+12x-36

4_x4+1j ><3—><(4x—1)—4}. X% +29x+78
1) Rdt gon biéu thic A.

2) Tim tat cd céc gid tri nguyén cla x sao cho A cd gid tri nguyén.

L&i giai

1) Diéu kién x#-26; -6, -3; -1;1; 2.

3x-6

2x+6

Dép sé: A=

15
x+3

2) Bién d6i 2A=3-

Vay A nguyén khi

5 nguyén
X+3 '

Dép sé: x e {—2;—4;0;—8;12;—18}.

Cau Il. Cho hai dudng théng (d, ):y = (2m2 +1)x+2m—1 :(d,):y =m’x+m-2,véi m Ia tham s6.

1) Tim toa d6 giao diém | cla (dz) va (dz) theo m.
2) Khi m thay d6i, chding minh rang diém | luén thuéc mét dudng thang cé dinh.
Lai giai

1) PT hoanh d6 giao diém cla diva d; 13 (2m2 +1)x+2m—1 =m’x+m-2.

— 2 e
ﬂmduqcl[—m+l' 3m°+m 2}

m? +1 m? +1

Y, =(2m2 +1)xl +2m-1

y, =m’x, +m-2

=-x —3.

=Y 1

2) Gid su l(xl;yl),ta cé: {

Suy ra | thudc dudng thang cd dinh cé phudng trinh y = —x—3.

¢ +1l=y+
Cau lll. Gid s b0 ba s6 thuc (x; y; z) thoa man hé: XZ yrz ( )
xy+z°-7z+10=0
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1) Ching minh x*> +y? =-z*> +12z-19.
2) Tim t4t c3 cdc bd (x; y; z) théa man hé (1) sao cho x* +y? =17.
Li gidi

A . x-y=z-1
1) Hé phuadng trinh (1) <
JHep 9 () {xy:—zz+7z—10.

Suyra x? +y? =(x—y) +2xy =(z-1) + 2(-z*+72-10)=-z* +12z-19 (diéu phai chiing minh).
2) TU x> +y? =17 = z = 6. Thay vao hé phuong trinh (l) tim dudc (x;y) = (4;—1);(x;y) = (1;—4).
Vay (xv:z)=(4-16); (x;viz) = (1,-4:6).

Cau IV. Cho hinh vuéng ABCD c6 d6 dai canh bang a. Trong hinh vuéng d6 |18y diém K sao cho
tam gidc ABK déu. Céc dudng thdng BK va AD c3t nhau tai P.

1) Tinh d6 dai doan thdng KC theo a.

a3

2) Trén doan thang AD |4y diém | sao cho DI =3 céc dudng thang Cl va BP cat nhau tai H.
Ching minh t& gidc CHDP ndi ti€p mét dudng tron.

3) Goi M va L lan lugt la trung diém cua céc doan thang CP va KD. Chiing minh LM :%

L&i gidi
B E C
LI
H
M
A I D P

a\/g a(2—\/§).

1) Ké KE vudng géc véi BC, khi d6 KE =§, BE =% EC=——
T d6 KC = ay2—+/3.
2a

2) Trong tam giac vuong CDI cé Cl=— =2DI nén DCI = 30°.

7
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Mt khéc HPD — 90° — ABP = 30°.
Suy ra td gidc CHDP ndi tiép (dpcm).

3) L4y trung diém L’ clia doan KC. Do tam gidc CKD cén tai K va M I3 trung diém cta CP suy ra L
va L' d8i x(tng nhau qua KM nén LM =L'M.

Do L'M la dudng trung binh ctia tam gidc CKP nén L'M =K7P =% (diéu phai chiing minh).

Cau V. Giadi phugng trinh (x2 —Bx + 1)(x2 —4) = 6(x —1)2.
L3 gidi

Bién ddi phuong trinh vé dang (x> ~4) ~5(x* ~4)(x~1)~6(x~1)’ =0.

Vi x = 1 khdng phai la nghiém cla phudng trinh nén x =1 .

2_ 2 2_
Khi d6 PT & cho tudng dudng vdi(x 14) —5[x 14]—6=0.
X—= X -

2

x> —4 t=-1

Dit t=
t=6.

T Phuong trinh trén trd thanh t* -5t-6=0 < [
X_

Vay tap nghiém clia phusng trinh 13 S = {3+\/7;3—\/7;_1+2 21 ;_1_2 21}.

€3 | www.facebook.com/mathexpress.vn (011900 633551 55



CLB Toan béi duéng MathExpress | ‘|www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2010 - 2011
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caul. 1) Gid st @ va b 13 hai s8 dudng khac nhau va théda man a—b =~/1—b? -1 -a2.
Chiing minh ring a° +b* =1.

2) Chdng minh rang J2009% + 20092 x 20102 + 20107 13 mdt s6 nguyén dudng.

L3 gidi

1) T gid thiét, ta cé a+v1—a? =b+v1-b? = ay1-a? = b1 -b?

=a’—-a'=b’-b* :>(a2 —bz)(a2+b2—1)=0.

Vi a’>—b”> 20 (gid thi€t a=b) nén a* +b” =1.
2) Bata = 2009, ta cé
2 2 2 2 2, .2 2 2 2, .2(.2 2
2009° +2009°.2010% +2010% =a’ +a’(a+1) +(a+1) =a’ +a (a +2a+1)+(a+1)
=a4+2a2(a+1)+(a+1)2 :(az+a+1)2.
Vay bai todn dudgc chidng minh.
Cau Il. Gid st bén s6 thuc a, b, ¢, d d6i mét khdc nhau va thda man dong thdi hai diéu kién sau
(i): Phudng trinh x> —2cx—5d =0 ¢d hai nghiém a va b.
(ii): Phuong trinh cé hai nghiém ¢ va d.
Ching minh rang
l) a-c=c-b=d-a.
2) a+b+c+d=30.

L&i gidi
a+b=2c (1)
A Y |ab=-5d (2)
1) Theo dinh |i Vi-ét, ta co:
c+d=2a (3)
cd =-5b (4)

Tu(l)va(3)suyraa-c=c-b=d-a (dpcm).
2)Pata-c=c-b=d-a=mthic=a-mb=c-m=a-2m;d=a+m.
Dodé a+b+c+d=4a-2m;d=a+m.

TU (2), (4) suy ra @ —2am =-5a—5m;a* —m? = -5a+10m.

TU d38, thu dudc m? —2am =—15m.

Doa#cnén m=0 suyra m-2a=-15.

Suy ra a+b+c+d =30 (diéu phai chitng minh).

Cau lll. Gia s&r m va n 1a nhitng s6 nguyén dudng véi n> 1. Bit S=m’n?> —4m+4n.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 56



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

Chdng minh rang:
1) Néu m>n thi (mn2 —2)2 <n’S <m?’n*.
2) Néu S 1a sé chinh phuong thi m=n.
Lai giai
2
1) Tacd (mn2 —2) <n’Sen’>1<n>1 (ding)
nS? <m’n* < m> n(dlng theo gid thiét).
2) Gid st m # n, xét hai trudng hap
Vdim > n, theo 1) va do S |a s8 chinh phudng suy ra n°S = (mn2 —1)2 = 4n° =2mn?* +1 (sai)
V3i m < n khi dé
Néum=>2thin>2=2mn>4m= (mn)2 <S«< (mn+1)2 (m&u thudn véi S 1a sé chinh phuong).
NEu m =1 thi
V@i n > 2 thi (n+1)2 <S«< (n+2)2 (mAu thudn véi S la s8 chinh phuong).
Véin =2thi S = 8 khdng phai la sé chinh phuong
Vay phdicé m=n.
Cau IV. Cho tam gidc ABC véi AB > AC, AB>BC. Trén canh AB lay cdc diém M va N sao cho
BC =BM va AC=AN.
1) Chiing minh diém N nam trong doan thang BM.
2) Qua M va N ké MP song song véi BC va AQ song song vdi CA (P e CA Qe CB) .
Ching minh rang CP =CQ.
3) Cho ACB =90°, CAB = 30° v& AB =a. Hay tinh dién tich ctia tam gidc MCN theo a.
Lai giai

A M qQ A N B
1) TU CA + CB > AB = AN+BM > AN + BN = BM > BN (dpcm).
2) Do tam gidc CBM can tai B nén BCM = BMC.
M3 PMC = BMC (so le trong) nén PMC =BMC.
Tuong tu Q/I\E = m suy ra cdc diém P,,Q, d6i xing vdi diém P, Q qua cdc dudng thang CM va
CN déu thuéc ABva CP =CP,,CQ =CQ,.
Ti ACPM = ACPM; ACQN = ACQ,N = ZCP,M = ZCPM, ZCQN = ZCQ,N.
Mat khdac ACPM = ACQN (cung bu véi géc ZACB)
€3 | www.facebook.com/mathexpress.vn  (O[1900633551 |67 |




CLB Toan béi duéng MathExpress | ‘|www.mathexpress.vn

= /CPM=/CQ,N nén CP, =CQ, = CP = CQ.

3)
€
P
h
Q
A M H N B

Ta cé CB:BM:%,CA:AN:?a

o _@aJ_(@-l)a.

=>MN=BM-BN=—|a
2 2 2

3-43
Goi h 1a khodng céch tu C dén ABthi h= AZC #: Syicn :%az.

Cau V. Trén mét bang den ta viét ba sé V2:2; i Ta bat dau thuc hién mét tro chai nhu sau: Mbi

2
Ian chai ta xéa hai s6 nao dd trong ba s6 trén bang, gid su la a la b, réi viét vao hai vi tri vira xda
a-bl .
hai s6 méi 13 2 \F ‘ 5 ‘ , ddng thai gitr nguyén sé con lai. Nhu vy sau méi 1an chai trén bang

ludn cd ba s6. Chidng minh rang du ta cd choi bao nhiéu l1an di chang nira thi trén bang khéng thé

cé dong thdi ba s6 L; J2: 1442,

2./

L&i giai

V2 V2

Téng binh phudng ba s6 ban dau I3 %

2
» 2 (a+b) (l-b]) .. £ LA < - :
Do a“ +b” = + nén tong binh phudng ba s6 khong thay dbi sau maoi lan chai.

Téng binh phudng ba s6 L; J2:1+42 13 %+2\/§.

22

Nhu vay, khéng bao gid cé thé xuat hién dong thdi ba s6 L; J2: 1442

22
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

_ 2,2 _ 4 2 2
Cau |. Cho biéu thic A:(X y (X EY Yy 2]:4X +Axy+y -4 véi x>0,y >0, x#2y,

2y —x  2y? +xy —x* x> +y+xy +X
y # 2 —2x%.
1) Rdt gon biéu thic A.
2) Cho y =1, hdy tim x sao cho Az%.
Lai giai
x+1
(2y—x)(2x2 +y+2).

1) A=

2) V&i y =1 thi A=§<:>4x3—8x2+11x—7=0<:>x=1.

Cau Il. M6t nhém cdng dan dat k& hoach san xuat 200 san pham. Trong 4 ngay dau ho thuc hién
ding muc dé ra, nhitng ngay con lai ho da lam vugt mdc mdi ngay 10 sdn pham, nén d3 hoan
thanh k& hoach sém 2 ngay. Hai theo k& hoach mdi ngay nhédm céng dan can san xuat bao nhiéu
san phdm?

Lgi giai

Goi nang suat du kién 1a x san phdm mai ngéy(x € N*). Thai gian hoan thanh theo k& hoach |a

@. Bén ngay dau ho lam dudc 4x san phdm.Trong nhitng ngay sau ndng suat l1a x + 10 san
X

pham mdi ngay. S6 ngay hoan thanh s8 san pham con lai Ié&_lgx.Theo bai ra ta ¢
X+

200 200-4x
X x+10
V4y theo k& hoach mdi ngay nhém céng nhan cin san xuat 20 san phim.

+4+2 e x=20 (doxeN*).

Cau lll. Cho parabol (P) :y = x* va dudng thang (d) cy=mx-m?®+3, m |atham s8. Tim tat ca cdc
gid tri cila m d@é dudng thing (d) cét parabol (P) tai hai diém phan biét cé hoanh d6 x,, x,. Vdi

gia tri nao cia m thi x,, x, la d6 dai cac canh géc vudng clia moét tam gidc vudng cé do dai canh

huyén bang \/g

Lai giai
Phuong trinh hoanh @6 giao diém giifa parabol (P) va dudng thing (d) E
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xX=mx-m*+3 o x’—-mx+m?*-3=0 (1)
Pudng thing (d) ct parabol (P) tai hai diém phan biét khi va chi khi phuong trinh (1) ¢ hai

nghiém phan biét © A=12-3m*>0< -2<m< 2.

-2<m<?2
x>0 X, +X,=m>0 7
Ta co x,>0 < x,.x,=m*-3>0 @m:\/;.
2 2.5 2 5
X +X2—§ (xl+x2) —2x1x2=§

Cau IV. Cho dudng tron (O) dudng kinh AB=10. Day cung CD cuta dudng tron (O) vudng géc Véi
AB tai diém E sao cho AE =1. Céc ti€p tuyén tai B va C cha dudng tron (O) cat nhau tai K, AK va
CE c3t nhau tai M.

1) Ching minh AAEC«» AOBK. Tinh BK.

2) Tinh dién tich tam gidc CKM.

Lgi gidi

Trong tam gidc vudng CEO cé CE =+/CO* - OE* =3.

Do EAWE::?()TB:%&)\E; v CEA = KBO = 90° nén AAEC »AOBK.

Suy ra s =% = KB = 08 =15.
CE AE AE
2) Do ME//BK nén %:E:ME: BK-AE ZE:CM:CE—ME:E
BK AB AB 2 2
A 1 27
Vay Sq, =5 CMBE ==~ (dvdt).

Cau V. Cho hinh thoai ABCD c¢6 BAD =120°. Cac diém M va N chay trén cac canh BC va CD

tuang Ung sao cho MAN =30°. Chiing minh rdng tdm dudng tron ngoai tiép tam gidc MAN thudc
mét dudng thing cé dinh.
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L&i giai

M

D N C
Goi O Ia tAm cla dudng tron ngoai tiép tam gidc MAN.
Ta c6 MON = 2MAN = 60°; OM = ON nén OMN = ONM = 60°.
Do MON +MCN = 180°nén t& gidc OMCN néi tiép, tir & OCN = OMN = 60° .

— 120°

Ma ACN = =60°.

Suy ra A, O, C thdng hang. Vay O thudc dudng thang AC c6 dinh.
1 1

1 1
\/I+\/§+\/§+\/Z+\/§+\/E+m+—\/%+\/%>4.

Cau VI. Chiing minh b4t dang thuc
Li giai

DAt S = 1 1 1

1 1 1
L \/I+\/§+\/§+\/Z+w+\/ﬁ+\/%'sz:x/i+\/§+\/2+\/§+m+—\/%+\/a.

Khi dd, tacd S, +S, =81 -+1=8.

1 1
Lai cd: V2k =2k -1 = > =2k +1 —~/2k k>1).
' V2k +4/2k =1 2k +~/2k +1 (k=1)

Dovady S, >S,nén S, > 4.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2011 - 2012
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

1[5z 1 2
Caul.Choa==,N2+= -2,
au O a 5 \/—+8 g

1) Chling minh ring 4a ++2a—+2 = 0.
2) Tinh gid tri cGa biéu thiic S =a* ++a* +a+1.
L& gidi
1) TU gid thiét suy raa > 0 va
2
a+£=l \/E+l:>(a+£J =%(\/E+%J:>4a2+\/§a—\/§=0 (1)
\/E(l—a)

2) TU (1) suyra a* = 2

2
1- 2(1- 3)v2
=S=a"+ Q+a+1:a2+a+3=\/—( a)+(a+ )\/_zx/i
8 22 4 4
A . . x2+y2+2><y -
Cau ll. 1) Gidi hé phudng trinh X+y

Jxry =x -y
2) Cho hai s6 hitu ti a, b théa man dang thic a’b+ab® +2a’b® +2a+2b+1=0.
Chdng minh rang 1 —ab la binh phuong cia mdt sé hitu ti.
Lai giai
1) DK x + y > 0. Ta ¢ PT th( nhat cda hé tusng dudng vdi

2xy(x+y—l) o

(x+y)2—1+2xy( —1]=0<:>(x+y+1)(x+y—1)—

X+Yy X+Yy

<:>(x+y—1)(x2+y2+x+y)=0<:>x+y=1 (do x2+y2+x+y>0).

+y=1 =1 =-2
K&t hdp vdi phucng trinh th( hai cta hé ta cé: xz 4 & X hoac X
x —y=1 y=0 y=3.

2) Tacé a’b+ab’ +2a’b* +2a+2b+1=0
oab(a+b) +2(a+b)+1=0e (ab-1)(a+b) +(a+b+c) =0 (1)

a+b+1
a+b

2
TU (1) suyra a+b=0va l1-ab :( J (diéu phai ching minh).

CAu 1l Tim t4t ca cdc s6 nguyén t8 p cd dang p =a” +b” +c? Vdi a, b, ¢ |3 cdc s6 nguyén dudng

thda man a* +b* +c* chia hét cho p.
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L& gidi
Gidslfa>b>c.Tacda* +b* +c* = (a2 +b? +c2)2 —2(a2b2 +b’c? +czaz).

Vi p 13 s8 nguyén t8 va p > 3, suy ra a* +b* +c* chia hét cho p khi va chi a’b? +b?c? + c’a’ khi chia
hét cho p hay a’b? +c? (a2 +b2)3p sabl-ctpe (ab —cz)(ab+c2)5p.
Dop=a’+b’+c?>ab+c?>ab-c?>>0vaplasdnguyéntdnén ab-c>*=0=a=b=c
=p=3a°’=a=b=c=1vap=3.

Céu IV. Cho tam gidc ABC c6 ba géc nhon néi ti€p dudng tron (0), BE va CF la cdc dudng cao.
Céc ti€p tuyén véi dudng tron (O) tai Bva C catnhau tai S, cdc dudng thdng BC va OS cat nhau

tai M.
AB BS

1) Ch¢ng minh rdang — =—.
) Ching 9AE ME

2) Ching minh rang AAEM« AABS.
3) Goi N |a giao diém cha AM va EF, P 1a giao diém cla AS va BC. Ching minh rang NP L BC.

Lai giai

A
E
N
UO
F
B P\ M c
S

— —_— . —_— — A AB BS
1) Do BAE = SBM va AEB =BMS =90° nén AAEB«x»ABMS suy ra AE :W'

AB_BS g
AE ME
2) Tam gidc BME cén tai M nén MEB = MBE.

SBM + ABE = BAE + ABE (2)

Lai c6 SBM+ ABE = BAE + ABE = 90° = AEB = SBA = AEM
TU (1) va (2) suy ra AAEM«>AABS.

Ma BM = ME nén
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3) Tir két qua chu 2 ta cé BAP = EAN. M3 ABP = AEN (cling bl véi CEF) nén AAEN< AABP,
suy ra A—:& (3)

Vi AMAE «»ASAB (céu 2) va tudng tu ta c6 AMAF «»> ASAC nén AME = ZS\B AMF = ASC

EMF = BSC = SBP = MEN (do hai tam gidc can cd hai géc & dinh bang nhau).
Suy ra AEMNC/JABSP:ﬁzM (4)
PS PS

Tir (3) va (4) suy ra %z%:NP//MS ma MS L BC nén NP L BC.

Cau V. Trong hép cé chira 2011 vién bi mau (mdi vién bi chi cd diing mét mau), trong d6 cé 655
vién bi mau dd, 655 vién bi mau xanh, 656 vién bi mau tim va 45 vién bi con lai la cic vién bién bi
mau vang hodc mau trdng (m&i mau cd it nhat mét vién). Ngudi ta 18y ra tir hdp 178 vién bi bat ki.
Ching minh rang trong s6 cdc vién bi vira 18y ra, ludn cé it nhat 45 vién bi cing mau. Néu ngudi ta
childy ra tu hép 177 vién bi bat ki thi k&t ludn cla bai todn con ding khéng?

Lai giai

Néu ta chon ra 44 bi mau dd, 44 bi mau xanh, 44 bi mau tim va 45 bi mau vang hoac trdng (mbi
mau c6 it nhat 1 vién) thi tdng sb bi lay ra |a 44 + 44 + 44 + 45 = 177 vién bi.

Do dd khéng c6 45 bi nao cung mau. Vay bai todn khdng didng néu ta chi lay ra 177 vién bi

Néu 13y ra 178 vién bi thi s6 bi mau trdng va vang cd téi da 13 45, nhu vay van con lai it nhat 178 -

45 = 133 bi ¢ mau dé hodc mau xanh hodc mau tim.

Theo nguyén Ii Dirichlet sé tén tai mét mau ma cé it nhat {%} +1=45vién bi.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2 2
C4u . Cho biéu thic P = a—b a_b a+b” | giasb>0.
Jatb+va-b +Ja?—b? —a+b a2 —b?

1) Rdt gon biéu thic P.
2) Biét a—b =1. Tim gid tri nhé nhat cda P.

L&i giai
2 2
1) p= a—-b N a-b ( a‘+b J
Jatb+va-b +Ja?-b?—a+b)\Ja?-b?

P a-b N a-b ( a’ +b’ J

| Va+b++a-b \/a—b(\/a+b—\/a—b) Ja? —b?
(a-b)[4a7B o B)+(a-5)aB 5B i
- \/a—b(\/a+b+\/a—b)(\/a+b—\/a—b) [\/az—sz
_2(a—b)m a’+b® | a’+b’
~ 2bva-b L\/az_bZJ_ b
2) TUa-b=1=a=b+1.

2
Khi d6 P=W=>2bz+(2—P)b+1=0 (1).

Coi (1) la phuong trinh béc hai cla b.
Tac6 A=(2-P)*-8=P?-4P-4.

P22+2\/§

DECS b, thi A>0=>P?—4P—43>0=> .
P<2-2\2

Do P>0=>P>2+2y2 => P(min) = 2+242.

~(2-2-2\2
Khi d6 b= 2P _ | )=£:a=2+\/§.
4 4 2 2

Cau ll. Trén quang dudng AB dai 210km, tai cung mét thai diém mdt xe mdy khai hanh di tir A
vé B va mot 6 td khai hanh di tir B vé A. Sau khi gdp nhau xe may di ti€p 4 gid nlra thi dén B va 6
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td di tiép 2 gi¢ 15 phut nira thi dén A. Biét rang xe mdy va 6 td khdng thay ddi van t6c trén sudt
ch3dng dudng. Tinh van téc cla xe mdy va 6 t6.

L&i gidi

Goi van téc cha xe may la x(km/h) va van téc cla 6 t6 la y(km/h)

Diéu kién y > x > 0. (*)
1 9
DG 2 gis 15 phit = 2= == gid.
g p 17 g

x ~ Ve \ 9 \ Ve \
Cho gap nhau céch A la Zy(km) va cach B la 4x.
Vi quang dudng AB bang 210km, nén ta cd phuang trinh : %y+4x =210 (1)

o o s " . 210, .,
Thai gian xe may di tu A dén B la ——(gid).

X
Thisi gian 6t6 di tir B dén A 13 220 (gis).
y

Thai gian 6td di tir B dén A nhanh hon thdi gian xe mdy di tir A dén B 13 4—% :% (9i0).

Vay ta cé phudng trinh : E—Q:Z (2)
X y 4

gy+4x=210
Tu (1) va (2) ta cé hé phong trinh 210_210 _Z'
X y 4

=30
Gidi hé ra ta dudc s (thod man).
y =40

Vay van t6éc clia xe may la 30(km/h) va van téc cta 6 té la 40(km/h).

C3u Ill. Trong mat phang toa dé Oxy, cho parabol (P) ry =—x? va dudng thang

(d):y =mx-m-2.

a) Chiing minh rang khi m thay déi (d) luén cat (P) tai hai diém phan biét cé hdanh dd xi ; x2
b) Tim m @& |x, - x,| =+/20.

L&i giai

a) Hoanh d6 giao diém cha dudng thang (d) va Parabol (P) la nghiém cla phudng trinh

—x? =mx—m—2<:>x2+mx—(m+2):0.
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C6 A=m?+4(m+2)=m® +4m+8=(m+2)’ +4>0 véi moi m

= Phudng trinh cé hai nghiém phan biét

= Pudng thang (d) cat Parabol (P) tai hai diém phan biét cé hanh d6 x ; x,.

., X X
b) Theo viét ta cé

1x2
bé ‘xl —xz‘ -J20 & ‘xl —xz‘z =20 <:>(x1 —xz)2 =20 <::>(x1 +x2)2 —4x,x, =20.
Thay vao ta ¢6 (-m)’ —4(-m-2)=20=m’ +4m-12=0 c6 A' =16 > 0.
Vay phuang trinh cé hai nghiém m, =2 va m, =-6.
Vay v6i m =2 hodc m=-6 thi thod man diéu kién bai toan.
Cau IV. Cho tam gidc ABC dudng tron (a)) cé tdm O tiép xUc véi cdc doan thang AB, AC tudng
Ung tai K, L. Tiép tuyén (d) clia dudng tron (a)) tai E thubc cung nhd KL cat dudng thing

AL, AK tugng Ung tai M, N. Budng thang KL cadt OM tai P va cat ON tai Q.
1) Chting minh MON = 90°—%B/A\C.

2) Ching minh rang dudng thdng MQ, NP va OE clung di qua mét diém.
3) Chidng minh KQ.PL = EM.EN.

Lai giai

A M L C
1) Do tinh chat hai tiép tuyén cit nhau nén ta cé 61 = (/);; (/)\3 = (/); (1)

T gidc ALOK c6 AKO + ALO = 90° +90° = 180°.
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Suyra ISA\C+K/C-)\L:180°:>B/A\C+6: +(/); +(/);+(/)\4:180":>EB/A\C+£((/D\1 +C/)\2 +(/)\3 +(/)\4):90°
2 2

(2)

TU (1) va (2) suy ra %B/A\C+((/)\2 + (/)\3) =90°.
Hay %gA\C +MON =90° = MON = 90°—%I§A\C (diéu phai chng minh).

2) Tacé LA1 = é; = K: = T gidc OKEB néi tiép.

Mat khdc OKNE nbi ti€p dudng tron duedng kinh ON

=Nam diém O, K, N, E, P cung nam trén dudng tron dudng kinh ON
— NPO = 90° (96c nbi tiép chan nira ddng tron)

= NP LOM (1)

Chuing minh tudng tu, ta c6: MQ L ON va OE 1L MN.

Suy ra ba ddng cao MQ, NP va OE cla tam gidc OMN déng quy.

3) TU céu 2, suy ra KQ =QE va PL =PE.

T gidc ONEP nbi tiép = QNE = EPM;

Tt gidc OMEQ ndi tiép = NQE = PEM,

NE EQ
S ANQE <« APEM (g. — =—=EMEN=EQEP.
uy ra ANQ (g g) = P EM = Q

Do dé: KQ.PL =EMEN (diéu phai ching minh).
Cau V. Cho céc sb thuc dudng x, y thod man diéu kién x+y = (x—y)\/g.
Tim gid tri nhé nhat cta biéu thdc P=x+y.
Lai giai
Vi x,y >0 ma x+y=(x—y)\/E:>x>y.
C3 hai vé déu duang, binh phudng hai vé ta cé:
2 2 2 2

(x+y) =xy(x—y) :>(x+y) =xy[(x+y) —4xy]
D3t xy =X, thay P=x+y tacé P* = X(P? - 4X) < 4X* -P?X +P? = 0.
Coi @y 13 phuong trinh bac hai clia X = A =P* —-16P? = P? (P2 —16).

Dé cé nghitm X, thi A>0=P >4 (doP>O):>minP=4.
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s X:P—=2 Xy =2 x=2+\/§ . x=2—\/§
Khi 6 8 = = hoac )
P-4 x+y=4 " |y=2-42 y=2+2

x=2++2
y=2-2

Do x>y nén{

x=2+\/§
y=2—\/§.

Vay GTNN cua P bang 4 khi {
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2012 - 2013
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Gidi phuong trinh: \/x2 +2X+20x2 +2x -1 +2x* +4x -4 =0.
L& gidi
Phudng trinh da cho tudng dudng vdi

\/(mr +2(x2 +2x—l)—2=0.

t=-1
Dat t=vx*+2x-1 (tZO),tacé 2t +t-1=0< 1 -
t==
2
x=1
Vi t>0 nén t:l:x2+2x—1=l<:> 2
2 4 5
X=—=
2

Céu II. 1) Cho céc 8 a, b, ¢ d6i mét phan biét thda man: a* (b +c)=b*(a+c)=2012.

Tinh gid tri cGa biéu thic: M = ¢? (a + b).

2) Cho 5 s6 nguyén dudng ddi mét phén biét sao cho mdi s6 dudng trong ching khéng cé udc s6
nguyén t8 nao khéc 2 va 3. Ching minh rang trong 5 s6 dd tén tai 2 s6 ma tich cla chiing la mét
s6 chinh phuong.

Lgi giai

1) Tu az(b+c)=b2(c+a):> ab+bc+ca=0 (do a;tb)

= (b—c)(ab+bc+ca)=0 = b’a+b’c—bc’—ac’ =0.

Vay Mzcz(a+b)=b2(c+a)=2012.

2) Goi céc s6 dd cho la a, (1<i<5).. Biéu dién a, =2.3", vdia, B Ia céc s6 ty nhién.

Xét nam cap s6(a, 8 ) (1 <i<5) : mi cdp roi vao mét trong bdn trutng hgp (chén, chdn), (chan,
1&), (I&, chan), (I&, 18). Theo nguyén I Dirichlet, tén tai hai c3p (ai,ﬂi)vé(aj,ﬂj) (i - j) cling thudc
mot trudng hgp. Khi d6 «, +a, B + B;1a nhiing s6 chan, suy raa,.c; la mdt s6 chinh phuang.

Cau lll. Cho n s6 thuc x,, X,,..., X véi n>3.Kihiéu max{xl, X,, ..., X 1a 6 18n nhat trong céc s6
X

10 KXo eeen X

+

X =X

n-1~ 'n n 1‘

Chdng minh rang max{xl, Xy, oo

Lai giai
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x+y+h—ﬂ

Ap dung nhan xét max{x,y} = > ,tacé
X, et X, ‘Xl —x2‘+,,,+‘xn71 _Xn‘+‘xn _Xl‘ B (x1 +X, +‘X1 —xz‘)+..‘+(xn +X, +‘xn —xl‘)
n 2n 2n
max{xl,x2}+...+max {xn,xl}
= Smax{xl,....,x }
n
n
Dang thic xay ra chang han khi x, =x, =...=x .

Cau IV. Trong mét I18p hoc cé 36 ban hoc cd nhan, dugc xép thanh 4 hang va 9 c¢bt (cdc hang
dudc ddnh s8 tir 1 dén 4, cdc cdt duge danh s6 tlr 1 dén 9). ST sd hoc sinh cla I18p 1a 35. Sau mét
hoc ki ¢d gido cht nhiém x&p lai chd ngdi cho cdc ban hoc sinh trong I8p. D&i vdi mbi hoc sinh cla
I8p, gid s trudc khi chuyén chd, ban ngdi 8 hang thudc hang th m, cdt thd n va sau khi chuyén
chd, ban ngéi & hang thudc hang a, , cdt th a , ta gdn cho ban d6 s6 nguyén (a, +a,)—(m+n).
Ching minh t8ng clia 35 s& nguyén gan vdi 35 ban hoc sinh khéng vugt qud 11.

Lai giai

B6 sung mot hoc sinh “dac biét” H ngdi vao ban con tréng. Sau khi chuyén chd 35 hoc sinh cuda Ip,
ta cling chuyén hoc sinh H sang ngbi & ban tréng mdi. Gan cho H mét s6 nguyén theo quy tic nhu
ddi vdi cdc hoc sinh khdc. V&i 36 hoc sinh nay (sau khi da bé sung H), thi viéc chuyén chd chi la mot
hodn vi (i,j) (1 <i<41<j< 9)ca’c vi trf cho nhau.

Do d6 t8ng cla tat ca cdc chi sé hang va chi s6 cdt (ng véi 36 hoc sinh trudc khi chuyén chd va sau
khi chuyén ché la nhu nhau. Diéu dd cé nghia la téng s6 cédc s8 dudc gdn cho 36 hoc sinh 1a bang
0. VAy téng céc s6 dudc gan cho 35 hoc sinh cua I8p 1a —h, vdi h |a s6 dudc gan cho hoc sinh H. Rd
rang h(1+1)-(4+9)=-11. Do d6 tdng céc s8 dugc gin cho 35 hoc sinh cla Idp 1a khdng vugt
qua 11.

C4u V. Cho hinh vuéng ABCD ndi tiép dudng tron (O) Diém M thudc cung nhd CD cla (O) M
khdc C va D. MA cat DB, DC theo th( tu tai X, Z; MB c3t CA, CD theo thdtutai Y, T; CX cit

DY tai K.

a) Chiing minh rang: @ﬁ TX/\C Mv\z Z/YB va CKD 135°.

b) Chidng minh rang: KX —t— K ZT =1.
MX MY cD
c) Goi | la giao diém cha MK va CD. Chdng minh rang: XT, YZ, Ol cung di qua tdm dudng tron
ngoai tiép tam gidc KZT.
L&i gidi
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a) Do ZD\'F:)(/I\H'(: 45°) nén td gidc XDMT ndi ti€p ma DMT = 90° nén DXT = 90°.
Tam gidc AXC va XO la phén gidc trong va XO L XT nén XT la phan gidc ngoai.

— e~ -~ -

Vay MXT = TXC; MYZ = ZYD.

K& ME 1 CD, E €(0). CX c8t AD tai V, DE cit AB tai L.

D& thdy DZ =DV, DZ = AL nén DV = AL. Do @6 CV L DL. Tuong tu DY L CE .
Do vay CKD = XKY = 180° — 45° = 135°.

b) Ta c6KMX = DAM = DBM = YMO.

M3 t gidc MXOC ndi ti€ép nén MXK = MOY.

Vay AMXK > AMOY . Suy ra % = % = % (do YZ//O2Z).

Tudng tu % = %

, KX KY ZT ZD+TC+ZT
Dod6 —+—+—=——"—"—=1.
MX MY CD CD
C)GoiXTmYZ:l.TheodjnhIfThaIestacéE:mzﬂzﬁzﬂ.
IC MB AB CD CO

Mat khac TJ//CO nén |, J, O thang hang. Vay XT, YZ, Ol dong quy.

GQiEMmAB:ch],i:E:ﬂ:ﬂ:K_
0 IC_ MB MH IE
K uoT

Vay JK//OE. Suyra 2> =2 _ T

3y JKil W 5E T 10 oc

Vi OE =0C nén JK =JT =JZ. Do d4J la tAm dudng tron ngoai ti€p tam gidc KZT.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3
a-b ]
272 | +2aVa+bb
Cau . 1) Cho biéu thdc: Q = (\/g+\/g Vab -a

+
3a’ +3bv/ab ava—b/a
Chuing minh gid tri cia Q khéng phu thudc vao a, b.
2) Céc sd thuc a, b, c thdaman a+b+c=0.

véia,b>0,a%b.

Ching minh d3ng thic: (a2 +b? +c2)2 = 2(a4 +b* +c4).
L3 gidi

o R e R =S N SO N s AN

+ =
3a +3bvab aVa -bya 3a’ +3bvab Va(a-b)

_aJa-bvb-3avb+3bva+2aa+bb 1 3ava-3ab+3bla 1
3a’ +3bvab Ja++b 3a’ +3bvab Ja++b

B 3\/g(a—\/£+b) 1 a1 0
3Va(Va+vb)(a=Vab+b) vavb arvb Varvb

2)Tacd a* +b* +c* = (az +b? +c2)2 —Z(azb2 +b?c? +c2a2) (*)

1) Tacéd: Q=

b’ Te

Tu a+b+c=0,tacd ab+bc+ca= 5

(a2 +b? +c2)2

2

2
a’+b?+c?

< a’b? +b%c? +c%a’ +2abc(a+b+c)=[ > ] <:>2(a2b2 +b?*c? +c2a2)=

Thay vao (*) ta cé diéu phai chding minh.

Cau Il. Cho Parabol (P): y = x? va dudng thang (d) LY =—mx+ 21

> (tham s6 m=0).
m
1) Chiing minh réng véi m =0, (d) c3t (P) tai 2 diém phan biét.

2) Goi A(x;:y,). B(x,:y,) Ia 2 giao diém d6, tim gid tri nho nhd clia M=y +vy;.

Lai giai

2
¢ 2
> =0cd A=m +—2>O,

1) Phudng trinh hoanh dé giao diém cua (d) va (P) la x> + mx — >
m m

m = 0, suy ra diéu can ching minh.
2) Do A(x;:3y,).B(x,:y,) € (P) nén
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2 2 U4 4 _ 2 2_ 2.2 4 1 . 1 _\/_
yi+y, =X +X = (xl+x2) 2x, X, 2x;x5=m +2—4+222 m .F+2— 2+2.
m

m

Vay min(yf+y§):2+\5 khi m =+

2
Cau lll. Gid st a, b, ¢ 1a cdc s6 thuc, a # b sao cho 2 phudng trinh x*> +ax+1=0, x> +bx+c=0 cé
nghiém chung va 2 phudng trinh x? + x +a =0, x* + cx+b =0 cé nghiém chung. Tinh a+b+c.
L& gidi
Gid sU x, |3 nghiém chung cla hai phudng trinh x* +ax+1=0 (1); x? +bx+c=0 (2) (doa=b)
x, la nghiém chung cla hai phuong trinh x* + x+a =0 (3); x’+cx+b=0 (4)

c-1 a-b
i) Xz =
a-b c-1
Theo dinh If Viét suy ra x, 1a nghiém cda phuong trinh (1).

Do a#b tim dugc x, = = x,x, =1.

2 1=0
Dods {2 P27 o (a-1)(x,-1)=0.
xX;+x,+a=0
Néu a =1, thay vao phugng trinh (1) dudc x> +x+1 =0, phudng trinh nay vé nghiém (loai).
4 < . . 2+a=0
V@i x, =1, thay vao cdc phuong trinh (3) va (4) ta dudc =a+b+c=-3.
l+b+c=0

Vady a+b+c=-3.

Cau IV. Cho tam gidc ABC khéng cén, cd ba géc nhon, ndi ti€p dudng tron (O) Céc dudng cao
AA, =BB, =CC, citnhau & H, AC, cit AC tai D va X la giao diém thi 2 clia BD va (O)

1. Ching minh DX.DB =DC,.DA..

2. Goi M la trung diém AC. Chdng minh DH 1L BM.
Lai giai

1) Do B, X, A, C(0O) nén DX.DB=DADC.

Déthdy A, C,, A, C thudc dudng tron dudng kinh AC nén DADC =DC,.DA,.

Suy ra DXDB=DC,.DA,.

2) TU 1) suy ra X thudc dudng tron ngoai ti€p tam gidc BA,C, dudng kinh BH nén HX L XB.
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Goi XH(O)=K thi BK la duting kinh clia dudng tron (O) nén KC 1 BC.
Ma AA, LBC suyra KC//AA,. Tudng tu KA//CC,.

Do dé t gidc CKAH la hinh binh hanh, suy ra M, H, K, X thdng hang.

Vay H la truc tdm tam gidc BDM, suy ra DH L BM.

Cau V. Céc sé thuc x, y, z thda man:

{\/x+2011 +4Jy +2012 ++/z+2013 = \Jy + 2011 ++/z+2012 ++/x +2013

Jy #2011 +4/z+2012 +/2+2013 =2+ 2011 +/x+2012 +4Jy + 2013

Ching minhrang x =y = z.
Lgi giai
Diéu kién x>-2011,y>-2011, z>-2011.

Khéng gidm téng qudt gid s x = max {x,y,z}.

Ta c6 Vx+2013 —+/x+2012 ++/x+2012 —+/x + 2011 = \ly + 2012 —Jy + 2011

+/z+2013 =z +2012
- 1 N 1 ~ 1
Vx+2013 +4/x+2012  +/x+2012 +4/x+2011 +ly +2012 +./y +2011
1
+ 1).
Jz+2013 ++/z+2012 ®)
Do x>y, x>z nén VT(l)SVP(l).Déng thdc xay ra khi x =y = z.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2013 - 2014
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. 1) C4c sb thuc a, b, ¢ thdoa man déng thdi 2 dang thic sau:
(i): (a + b)(b + c)(c + a) =abc.

(ii): (a3 +b3)(b3 + c3)(c3 + a3) =a’b’c’.

Ching minh rdng abc =0.

2) Céc sé thuc dudng a, b thda man ab >2013a+2014b.

Chiing minh bt ding thic a+b > (y2013 +\/2014)2.

Li gidi

1) TUi) vaii) suy ra abc(a2 —ab+b2)(b2 —bc+c2)(c2 —ca+a2) =a’b’c’.

Né&u abc # 0thi suy ra (a2 —ab+ bz)(b2 —bc+ cz)(c2 —ac+ az) =a’b’c? (1)

Lai cé (az —ab+ bz)(b2 —bc+ cz)(c2 —ac+ az) > ‘abecha‘ =a’b’c?

Két hdp vdi (1) suy ra a=b=c, do dé 8a® =0 < a=0 < abc =0, mau thuan véi abc = 0.
Véay abc =0.

2) Tu gid thiétsuyra 1> 2013 + 2014 =a+b>2013+ 20é3a + 2014b +2014
a a
2
> 2013+2\/2013a.2014b +2014 = (J2013 +\/2014) .
a

) P P2y =x+4
Céu II. Tim t4t ¢4 céc cdp s6 hitu ty (x;y) thda man hé phudng trinh x , o= y2 .
6x° —19xy+15y- =1

Lai giai

V@i x = 0 thi hé phudng trinh v6 nghiém.

X (1-28)=1+4t

VGi x #0, dat y = tx(t € Q), hé phudng trinh trg thanh :
x* (15t ~19t+6) =1

1+4t 1
1-2t> 15t°-19t+6
Dodé x=12=y=+1

vy (xy) < {(Z)(22))
Cau lIl. V8i m6i s6 nguyén duang n, ky hiéu S_ la téng ctia n s6 nguyén t6 dau tién

(S1 =2,5,=2+3,S, = 2+3+5,...). Ching minh rang trong day s6 S,, S,, S, ... khéng ton tai hai

Suy ra

<:>(2t—1)(31t2—15t—5)=0<:>t=% (dote@).

s8 hang lién ti€p déu la céc sé chinh phuong.
Li gidi
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Ki hiéu p_ la s6 nguyén t6 thu n.

=k S =P kleN"
Vi S, =5,5,=10,S, =17 nén m > 4.

Tacép, =S, -S,., =(-k)(I+k).

1

GidsitontaimeN ma S__

I-k=1
l+k=p_

2
Do dé pm:21—1:2\/§—1:>8m:[pm2+1J. (1)

Dom>4nénS <(1+3+5+7+..4+p, )+2-1-9

2 2
=1"-0"+2°-1°+3*-2° +...+[(pm2+1J —[pmz_lj ]8

2 2
1 1 i
[Pt ) g [Pot ] Mau thusn véi (1).
2 2

Cau IV. Cho tam gidc ABC khdng cén, ndi tiép dudng tron (O) BD la dudng phéan giac cla géc
ABC. Butng thdng BD cét dudng tron (O) tai diém thi hai E. Budng tron (01) dusng kinh DE
c3t dudng tron (O) tai diém th( hai F.

1) Chiing minh rang dudng thang déi xiing vdéi BF qua dudng thdng BD di qua trung diém canh
AC.

2) Biét tam gidc ABC vubng tai B, BAC = 60° va bén kinh ctia dudng tron (O) bing R. Hay tinh

Suy ra {

ban kinh ctia dudng tron (O, ) bing R.

L&i giai
G
B
0
Dy \M
A C
¥ g

1) Goi G =DF n(0) thi GE la dutng kinh cta (O).
Ta ¢ EA =EC. Goi M la trung diém cta AC suyra G, M, O, E thang hang.
Do &8 ZGBE =90°, ma ZGMD =90°nén t gidc BDMG ndi tiép dudng tron dudng kinh GD.

Ta c6 MBD =DGM = FGE = FBE . Suy ra BF va BM d6i xing nhau qua BD.
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2) Khi ABC = 90°, BAC = 60° thi AB = R, BC =R/3, AC = 2R.
AB 1

Theo tinh chat phan gidc bA_AB_ 1 — DC =+/3DA.
DC BC .3

DA=(\/§—1)R;DM=R—DA=(2—\/§)R
Két hgp véi DA+DC=2R suyra .
DE = ME? + MD? = 242 -+/3R

Vay bén kinh dudng tron (O, ) bing 2y2-+/3R.

Cau V. D6 dai ba canh cla tam gidc ABC |a ba sé nguyén t6. Chitng minh rang dién tich cla tam
gidc ABC khéng thé Ia s6 nguyén.

L&i giai

Gid s a, b, ¢ 1a cdc s6 nguyén t6 va la dd dai cdc canh clda tam gidc ABC.
bat P, S thd tu 1a chu vi, dién tich cta tam gidc ABC.

Ta c6 16S° =P(P—2a)(P-2b)(P-2c). (1)

Gid si'S la s6tunhién. TU (1) suyra P=a+b+c lasd chan.

Néu a, b, c c6 modt s chdn va hai sd 1é, gid sif a chdn thi a = 2.

Néu b = c thi |b—c|22=a,v6 ly

Néub=c thi S* =b’-1=(b-S)(b+S)=1. (2)

Béng thdc (2) khéng xdy ravi b, S la céc s6 ty nhién.

Cau VL. Gid s a,, a,, ..., a,, la cdc s6 nguyén dudng I8n hon bang 2, d6i mét khdc nhau va thda
man a, +a, +..+a,, =407. Ton tai hay khéng s6 nguyén dudng n sao cho téng céc s6 du clia cac
phép chia n cho 22s6 a,, a,, ..., a,,, 4a,, 4a,, ..., 4a,, bang 2012.

L&i giai

Gid s ton tai s6 nguyén duong n thda man dé bai, ta ludn cé téng céc sé du trong phép chia n
cho a,, a,, ..., a,, khong thé vugt qua 407 —11 =396; cho cdc s6 4a,,4a

10 9 yreees

4a,, khong vugt qua
4.407 - 11 = 1617. Suy ra téng cac s6 du trong phép chia n cho cdc s6 a,,a,,....a,,,4a,,4a,,...4a
khdéng thé vugt qué 396 + 1617 = 2013. K&t hgp vdi gia thiét tdng cdc s6 du bang 2012, suy ra
khi chian cho 22 sé trén thi cé 21 phép chia cd s6 du I6n nhat va mdt phép chia cé s6 du nhd hon

s6 chia 2 daon vi.

11’ 11

Do d6 ton tai k sao cho a,,4a, thda man diéu kién trén. Khi dé mét trong haisé n+ 1;n + 2
chia hét cho a,, s6 con lai chia hét cho 4a, . Suy ra UCLN (n +1;n+ 2) > a, > 2, diéu nay khdng

ding. Vay khéng ton tai n thoa man dé ra.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Cho céc s6 thuc dudng a, b; a #b.

(a_b):—b\/g+2a\/g
(*/Q—JE) +3a+3\/£=0.

ava-b\b b-a

Ching minh rang

L&i gidi
L _—byb+2ava
Q_(\/g_\/g) +3a+3\/£
B ava-byb b-a
[Yo=b) Vo) —bb +2ava

(va-b) 3343 +b)

(V2] (e vab 1) (Vo b 42 +b]

_a a+3a\/6+3bx/g+b\/g+2ax/g_ 3\/;
(\/g—\/g)(a+\/£+b) Ja-+b

_3ava+3avb +3bva-3ava-3avb - 3bva
(\/g—\/g)(a+ ab +b)

=0 (diéu phai ching minh).

Cau Il. Quang dudng AB dai 120km. Lic 7 gi6 sdng mot xe may di tir A dén B. Di dugc % quang

dudng, xe bi hdng phai dirng lai 10 phut dé sira réi di ti€p vai van téc kém van téc lic dau

10km/h. Biét xe mdy dén B Itic 11 gi§ 40 phut trua cung ngay. Gia sif van t6c xe mdy trén 3

N

quang dudng dau khéng ddi va van téc xe mdy trén % quang dudng con lai cling khéng ddi .Hoi

xe mdy bi hdng lic may gis?
Li giai

Goi van téc trén % quang dudng ban dau la x (km/h) (x > 10).
\ A ~ A 1 ~ \ \
Thi van toéc trén 2 quang dudng sau la x-10 (km/h).

Thai gian di trén % quang dudng ban d4u I3 20 (gig).
X
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Thai gian di trén % quang dudng sau la 30 (9ig).
X

Vi thai gian di cd 2 quang dudng la 11 gis 40 phut -7 gis — 10 phdt =% (gig).

Ta cé phuadng trinh:

90 30 9 180(x-10)  ox  9x(x-10)
x x-10 2 2x(x—1o) 2x(x—1o) 2x(x—1o)
& 240x-1800 = 9x> —90x <> 9x> —330x +1800 = 0.

Gidi ra x =30 thda man diéu kién. Thai gian di trén % quang dudng ban dau % =3 (gid).

Vay xe héng ltc 10 gig.
C3u Ill. Trong mat phing toa dé Oxy, cho Parabol (P) :y = x? va dudng thing

(d) Yy = —%(m+1)x+% (m |3 tham s6 ).

1) Chiing minh ring vdi mai gid tri cila m dudng thing ( ) cit ( ) tai 2 diém phan biét.
2) Goi x,; x, a 1a hoanh db c4c giao diém (d) va ( ) dat f( ) x° (m+1)x —X.

Chdng minh rang: f(xl)—f(xz) :_71(xl —x2)3.

L&i gidi
2

y =X Y =%
y = ‘2(m+1)x+l©{3x2+2(m+1)x—1=0(1)'
3 3

1) Xét hé phuadng trinh 1

Phuong trinh (1) c6 hé s8 a va c trdi dau nén ludn cé 2 nghiém phan biét moi m nén (P) va (d)

ludn c3t nhau tai 2 diém phéan biét véi moi m.

_-2(m+1) s s
2) Theo Viét Wt = 3 2 m+1:M
X\ X, = _?1 3x,x, =-1
Taco f(xl)_f(xz):x13_x23+(m+1)(xlz—xz2)—xl+x2

=2x.°> -2x,° —3(x1 +x2)( Z_ 22)—2x1 +2x,

. 3 3 _ _ _
=-x,"+X, +3x1x2(x2 X 2 X, x2)

1
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A 1 3
Vay f(xl)—f(xz) = _E(Xl —xz) .
Céu IV. Cho t gidc ABCD ngi ti€p dudng tron (0) duting kinh AC = 2R. Goi K, M theo thi ty 1a
chan cdc dusng vubng géc ha tr A va C xuéng BD, E |a giao diém cdia AC va BD, biét K thudc
doan BE (K #B; K # E). Pudng thang di qua K song song vdi BC cit AC tai P.
1) Chiing minh td gidc AKPD ndi ti€p dudng tron.
2) Chiing minh KP L PM.
3) Biét ABD =60° va AK = x. Tinh BD theo R va x.
L&i giai

D
1) Tacé PAD = PKD (cung bang C/BTD) nén t gidgc AKPD nbi tiép.
2) Vi tit gidc AKPD nbi tiép nén APD = AKD = 90° = DPC = DMC = 90°
= MDCP I3 t(& gidc nbi tiép = MPD = MCD.
Ma MCD = ACB (cung phu vdi 2 géc bang nhau la MDC = A/C\B) béb MPD = ACB.
Lai cé APK = ACB (déng vi ) nén MPD = APK.
Mat khac MPD + MPE = 90° = APK + MPE = 90° suy ra KP 1 PM.
3) Tacé AD=RV3.
Ap dung dinh ly Pytago vao tam gidc vudng AKD vudng tai K, ta dugc KD = \/ﬂ

Xét tam gidc BAK vudng tai K cé ABK = 60° = BK = AK.cot ABK = %
3
Vay BD = BK +KD = == +~/3R? = x? (ddn vi db dai).

NE]

x(x* -56
Cau V. Gidi phudng trinh: ( ) _21x+22

4-7x x> +2

4.

Lai giai
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Diéu kién x3ac dinh: x;t;; x =32

Dét4—7x:b;x3+2=a;(a;b¢0).

g x° —56x =x>+2+8(4-7x)-34=a+8b—34

a Co: .
21x+24=—3(4—7x)+34=32—3b

a+8b-34 34-3b

Ta cé phudng trinh =4 < a’+8ab-34a-34b+3b° =4ab

a
@(a+b)(a+3b—34):0<:> a+b=0 .
a+3b=34
X=2
Vdi a+b=0 tacé x*~7x+6 =0 < (x-1)(x-2)(x+3)=0 < | x=-3 (thod man).
x=1
x=-1
Vdi a+3b=34 tacé x’ —21x+20 =0 < (x+1)(x+4)(x-5) =0« | x=-4 (thod man).
x=5

Vay tap nghiém cta phudng trinh la S = {—4;—3;—1;1;2;5}.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2014 - 2015
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caul. Gid s a, b, ¢, x, y, z la cdc s6 thuc khdc 0 thda man i+E+E=O vali Yz q
X y z a b c
2 2 2
7, . & X y z
Chdng minhrang —+—+—=1.
9 ga2 b c?
Lai giai
X y z x y z) x2 y* Z? Xy yz xz
Tacd: —+—+—=1lc|—+—+—| =l S+ >+—+2| —+—+— =1
a b c a b c a- b° ¢ ab bc ac
2 2 2
<:>x_+y_+z__‘_2 CXy +ayz+bxz 1 (*)
a®> b abc
TUE+E+E:O<:>ayz+bxz+cxy:0<:>ayz+bxz+cxy:0thayvéo (*). ta dugc
Xy z Xyz
X2 y2 ZZ
a—2+b—2+c—2:1.

CAu Il. Tim tat ca céc s6 thuc x, y, z thda man x\/l—y2 +y\/2—z2 +2J3-x° =3,

Lai giai
Diéu kién xdc dinh [x| <+/3; |y| < L[z < V2.
2 2
Ap dung bat dang thiic AB < ASE ta cé
2 2 2 2 2 3
xyyl-y? +yN2-22 +z3-x2 <2 tlovt Ly +§_Z 42 +2_X =3

x:1’1_y2 X2+y2:1 x2:1 le

Dau"="xayrakhidy=42-2> iy’ +z2°=2={y*=0<y=0 .
o S o Z2+x*=3 |22=2 |z=42
Vay cap s6 (x;y;z) thod man 3 (x;y;z) = (1;0;\/5).
2.6.10...(4n-2)
(n+5)(n+6)...(2n)

Cau lll. Chiing minh rang véi mbi s6 nguyén n>6 thisé a_ =1+ la mot s6
chinh phudng.

Li giai

2[135..(2n-1)](n+4)!  2(n+4)!

(2n) =S aean

Tacéd:a =1+
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2“.1.2.3...n(n + 1)(n + 2)(n + 3)(n + 4)

2".1.2.3.4..n
Vi n nguyén nén a_la s6 chinh phuang.

=1+

=1+ (n+1)(n+2)(n+3)(n+4)=(n* +5n+5) .

Cau IV. Cho a, b, ¢ la céc s6 thuc dudng abc =1.

Chdng minh rang ! + L ! E
ab+a+?2 bc+b+2 ca+c+2 4

Lai giai

bat a= b:X;c=£, ta céd
z

X,
y X
1 1 1 vz ZX Xy

= + + = + +
ab+a+2 bc+b+2 ca+c+2 Xy+Xxz+2yz Xy+yz+2XzZ XZ+yz+2xy

e3-p=1-— Y2 412 X
Xy +XZ+2yz Xy +yzZ+2xz XZ+YyZ+2xy

1 1 1
<:>3—P=(xy+yz+xz) + +
XY +XZ+2yZ Xy +YzZ+2XZ XZ+yz+2xy

2(xy+yz+xz) 9 =g
Axy+4yz+4xz 4

:Ps3—g=
4

AW

. s XY+ YZ+2XZ =Xy +2yZ+ XZ = 2XY +YZ + XZ

Dau " =" xay ra khi oSx=y=z=1.
xyz=1

Cau V. Cho hinh vuéng ABCD vditdm O. Goi M la trung diém AB céc diém N, P thuéc BC, CD

sao cho MN// AP. Ching minh rang

1) Tam gidc BNO dbéng dang véi tam gidc DOP va NOP = 45°,
2) Tdm dudng tron ngoai ti€p tam gidc NOP thuéc OC.

3) Ba dudng thang BD, AN, PM déng quy.

Li giai
1) Dat AB=a, ta cé AC = BD = av2. A M B
Ta cé AP//MN va BN//AD = DAP = MNB

2
. AADPANBM = BM _BN _ onpp-2-

DP  AD 2 Q
) l
M3 OB.OD = % nén OB.OD =BN.DP 0
K
oD DP

=>— BN - = ABNO« ADOP (c.g.c) N
— BON = OPD
— NOP = 180° —~BON - POD D b C

~180°—OPD —POD = ODP = 45°.
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ON _OB _0OD
OP DP DP

M3 ODP = NOP = 45° nén ADOP «AONP (ca.c)= DOP = ONP

2) Theo chiing minh trén, ta c6 ABNO« ADOP =

= DO la ti€p tuyén cla dudng tron ngoai ti€p tam gidc OPN.
M3t khdc OD L OC nén tdm dudng tron ngoai ti€p tam gidc OPN thubc OC.
3) Goi giao diém cha BD vdi MN va AP lan lugt la Q va K.
QM _BM_KP _DP _ QM _KP _ QM _QN ()
QN "BN'KA AD QN KA KP KA’
Gid sl MP cat AN tai | va KI cat MN tai H.

Ap dung dinh Ii Thales, ta c6 — HM _HN. (2)
PK KA

Ap dung tinh chat tia phan gidc, ta cé

Tur (1) va (2), suyra %:g;\\j < Q=H.

V4y ba dudng thang BD, PM, AN déng quy.
Cau VI. C6 bao nhiéu tdp hgp con A cla tap hgp {1;2; 3;4;...;2014} thda man diéu kién A cd it

2

nhat 2 phantrva néu xe A, y € A, x >y, thi eA.

x—y

Lai giai

V3Ei mbitdp A latdp concla S = {1;2; 3;...;2014} théa man dé bai, goi a va b |1an lugt la phan tu
nho nhat va I1én nhat clia A (a, beS a< b).

Ta chiing minh b < 2a, that vay, gid st b > 2a.

2

Theo gid thiét c = eA.

—a
2 2)

S < — =a, mau thudn vdi a la phan t& nhé nhat cda A.
-a a

Mab>2a=>b-a>a>0=>c= e

Vay b < 2a.
Goi d la phan ti I6n nhat cla tép B = A\{b}.

2

Ta chiing minh b > 2d. That vy gid sif b < 2d, theo gi thiét thi d <b=>e = bd <"

2

Ma b < 2d nén O<b—d<d:>e>%=d.

2

SuyraeeA nhungegB=e=b= bd

" =b=>d? =b? —bd = 5d° = 4b* — 4bd + d? :(Zb—d)z

(m&u thudn vi VP 13 s8 chinh phuang, VT khdéng la sé chinh phudng).

Vay b>2d = 2d<b<2a=d<a.

Ma a<d (a va d lan lugt la phan t& nhé nhat va I6n nhat cda B) nén a=d = b =2a.
Vay A={a;2a}.

Kiém tra lai ta thdy A thda méan dé bai.
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ViaeS va2aeS nén 2<2a<2014=1<a<1007.

Vay s6 tdp con A thda man dé baila 1007 tép.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

a b 1 1Y
b at\ab
Cau |. Cho biéu thic P =~——— véia>0,b>0,a#b.
a b” fa b
b> a*> (b a
, . 1
1) Ching minh P =—.
ab
2) Gid sUr a, b thay ddi sao cho 4a+b+ab=1.Tim gid tri nhé nhét cua P.
a b 1 1Y a’> b> ab)a-b)’
b a")\a"b) lab"ab"ab)( ab
1) Tacé: P= = J

a> b*> (a b a* b* a’b  ab’
?4-372_ —+— 5 + — +

Lai giai

2b2 a2b2 a2b2 aZbZ

[a2+b2+abj(a—b)2 (a* -b*)(a-b)

B ab a’b? B 2°b? .l
~ a*+b*-a’b-ab’ _(a3—b3)(a—b)—ab
a’b? 22b?
1
Vay P=—.
3y b
2) Ap dung BDT Cbsi cho hai s6 dudng 4a va b ta cé:
4a+b22\/4a.b=4x/£:1=4a+b+x/£25\/£<:> ab3%<:>0<ab$%:>P:ib225.
a
5 1
b=4a>0 = 10
D4u bang xay ra khi o b=4a>0 10,
da+b+ab=1  |10a=1 b_2
5
VéyminP=25<:>a=i,b=2.
10 5
X—my=2-4m

Cau Il. Cho hé phuang trinh { véi m |a tham sé.

mx+y=3m+1
1) Gidi hé phuadng trinh khi m = 2.

2) Chdng minh hé ludn cé nghiém véi moi gid tri cia m. Gia s (xo;yo) I3 mét nghiém cua hé.

Ching minh ddng thic x> +y* —5(x0 +y0)+ 10=0.
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Lgi giai
1) Thay m =2, hé phudng trinh d3 cho trg thanh:

19 8
x-2y=—6 [2x-4y=-12 [-By=-19 |Y~= % =5
dxry=7  |2x+y=7 " |2x+y=7 19 7 19

XY= Y= Y= 2x+—=7 ==
5 5
A A \ ~ /7 - A ~ 8 19
Vay hé phudng trinh da cho cé nghiém duy nhat g? .

, | x—my=2-4m X=my+2-4m
2) Ta cé:
mx+y=3m+1 m(my+2—4m)+y=3m+l

x:my+2_4m X=my+2-4m (1)
& .

m’y +2m—-4m” +y =3m+1 (m2+1)y=m+l+4m2 (2)
Phuong trinh (2) 1a phudng trinh bac nhét &n y c6 hé s6 a=m?” +1 =0, Ym nén phudng trinh (2)

2
cd nghiém duy nhat y :w, vm
m-+1

m’>+m+4m’+2(m* +1)-4m(m* +1 2 _
Thay vao (1) ta dudc: x=my+2-4m= ( ) ( ):3m 3m+2

m? +1 m?+1
2 2
Do d4: V m, hé phuong trinh da cho cé nghiém duy nhat (xo;yo) = 3m 23m+2;m+12+4m )
m-+1 m-+1

X, —my, =2-4m m(y,—4)=x,-2
Vi (xo;yo) I3 nghiém cutia hé phudng trinh d3 cho nén{ o ~MYo <:>{ ( ° ) °

mx, +Y, =3m+1 ~ |1-y =m(x,-3)
Xét m=0=>x, =2 va y, =1. Khi d6 () ding.
Xét m#0. Ta cé: m(y,—4)(L-v,)=m(x, —2)(x, =3) < —y,° +5y, —4 =x,> —5x, +6
c>x02+y02—5(x0+y0)+10=0.
Vay dang thic can chiing minh ddng véi moi m.
Cau lll. Cho a, b 1a céc s6é thuc khac 0. Biét rang phudng trinh a(a—x)2 +b(x—b)2 =0 cb nghiém
duy nhét. Ching minh [a| =|b|.
Lgi giai
Phudng trinh da cho tuang dudng vdi
a(x2—2ax+a2)+b(x2—2bx+b2)=0<:>ax2—2a2x+a3+bx2 —-2b’°x+b*>=0
& (a+b)x® —2x(a2 +b2)+a3 +b%=0.
e Xéta+b =0 b=-a, phudng trinh (1) trd thanh:
—2x(a2 +a2)+a3—a3 =0 4a’x=0=x=0 (do a;tO).

Do d6 véi a+b=0 thi (1) c6 nghiém duy nhét x =0.
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o Xét a+b 0. Khidd (1) la phudng trinh béc hai &n x.

Phuang trinh (1) c6 nghiém duy nhét khi va chi khi

A=(a +b7) —(a+b)(a® +b°) =0 & a' +2a%? +b' —(a +ab® +a%b+b*)=0

& 2a’b’ —ab’ —a’b =0« —abla—b)’ =0 <> a=b (do ab=0)

Két luan: Phuang trinh da cho c6 nghiém duy nhét khi va chi khi b = +a < [a| =|b|.

Cau IV. Cho tam gidc ABC cdé céc géc A/B\C; ACB nhon va BAC = 60°. Céc dudng phan giac
trong BB,, CC, clia tam gidc ABC cét nhau tai I.

1) Chiing minh t gidc AB,IC, ndi tiép.

2) Goi K la giao diém th( hai (khdc B) cla dudng thang BC vdéi dudng tron ngoai ti€p tam gidc
BC,I. Chiing minh tf gidc CKIB, ndi tiép.

3) Ching minh AK 1L B,C,.

Lai giai

1) Ta c6 B,IC, =BIC (hai géc déi dinh);

I§I\C=180°—I/BE—I/CE=180°—%—%:1800—w=1800—w=120°

= B,IC, +BAC =120°+ 60° = 180°.

Ma hai gdc nay la hai géc d6i nhau cla ti gidc AC,IB, nén t gidc AC,IB, la tf gidc ndi tiép.

2) Vit gidc BC,IK la td gidc ndi tiép (gid thiét) nén BKI = Kc\ll (9dc trong va gdéc ngoai dinh ddi
dién). (1)

Vit gidc AC,IB, la ti gidc ndi ti€p (chiing minh trén) nén A/C\ll = lél\C (96c trong va géc ngoai
dinh dsi dién). (2)

TU (1) va (2) suy ra IB,C = BKI =180°— CKl = IB,C + CKl = 180°.

Day la hai géc ddi clia ti gidc CKIB, nén t gidc nay la tf gidc ndi tiép.

3) Vi BC,IK I3 tif gidc ndi tiép nén BKC, =BIC, =180° - BIC = 60°

= CKC, =180°-BKC, =120° = CKC, + CAC, = 180°.

Suy ra tf gidc ACKC la t gidc ndi tiép
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= (fKTA = CTEA (hai géc ndi ti€p cling chan cung C,A)

= (iAT( = C/la< (hai géc ndi ti€p cung chan cung C K).

M3t khdc CC, I3 phan gidc C (gi thiét) nén C,CK = C,CA = C KA = C,AK.

Suy ra tam gidc C,AK cén tai C, = C,A=CK. (3)

Tuong tu ta cé: B;A=BK. (4)

TU (3) va (4) suy ra C,B, la trung tryc ctia doan thdng AK = AK L B,C, (diéu phai chiing minh).
Cau V. Tim cdc s6 thuc khéng 4m a va b théa man (az +b+%j[b2 +a+%} = [2a+%}(2b+%}
Lgi giai

2
Véi moi x, y khéng am, ta cé: (x—%) >0 X’ +%2 X. (*)

D&u " =" xay ra khi va chi khi x :%.

TU (x—y)2 >0 x> —2xy+y> 20 x> +2xy +y° 24xy<:>(x+y)2 > 4xy. (**)
Diu"="xayra x=y.

a2+b+%:(a2+%]+b+%2a+b+%>0

Ap dung BDT (*) véi x=a va x = b ta dudc
2 3 , 1 1 1

b*+a+—=|b"+= |[+a+==2b+a+=>0
4 4 2 2

2

= a2+b+i b2+a+§ > a+b+l . (1)

4 4 2
Ap dung BDT (* *) ta dudc:

2 2 2

a+b+l| =|[a+l] +[b+1] [safast|b+L]|=|2a+1][20+1] (2)
2 4 4 7y | 2 2

Tur (1) va (2) ta suy ra; 2 4br | b?rass|=(2ar 2 | 2b+2 .
4 4 2 2

D4u bang xay ra khi va chikhi a=b =%.

Vidy a=b =% 13 gid tri can tim.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2015 - 2016
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Caul.1)Choa=>0,a#1.

RGt gon bidu thitc S =6 - 42320 +14v2 +3[(a+3)Va-3a-1:| =1 1],
2(&—1)
5 ~ . X y
2)Cho x,y thdaman O0<x<1,0<y<lva —+—=1.
1-x 1-vy
Tinh gid tri cGa bidu thiic P =x+y ++/x* —xy +y~ .
L& gidi

1) Tacd S =6-4v2320+14v2 +3l(a+3)va-3a-1: _a-l

2(Va-1)
2V
=(2—\5)(2+ﬁ)+(\/5—1): 32(%’:’)1 _242-4,
2) Tacé 1>_<X+ﬁ=1<:>2(x+y)=l+3xy©x+y=1+23xy.
Thay x+vy = 1+3xy’ tacé

P=x+y+4/x> —xy+y?
2, 2
Xty ,(x+y)2—3xy=1+3xy+ 1+3xy _3>(y=1+3xy+ 1-3xy :1+3xy+|1—3xy|
2 2 2 2 2 | 2 |

Néu xy>% thi P = 2.

Néu xy <% thi P =3xy.

Cau Il. Mt xe tai c6 chiéu rong 2,4m va chiéu cao 2,5m mudn di qua mét cdi cong cé hinh parabol.
Biét khodng cdch gilta hai chdn c6ng |a 4m va khodng céch tir dinh cdng (dinh parabol) t8i mbi chan
cong la 24/5 m (bd qua d6 day cla céng)

1) Trong mat phdng toa dé Oxy, goi parabol (P) vy =ax® vdi a<0 I3 hinh biéu dién cng ma xe tai
muén di qua. Ching minh a =-1.

2) Hoi xe tai c6 thé qua cong dudc khong? Tai sao?

Li giai

1) Ap dung dinh ly Pytago ta cé M =4,
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Thay x =2, ta dudc 4 =‘x‘.4 suyraa=-1=vy=-x%

2) Thay x=1,2 tacéd y=1,44.

Khodng cdch con lai 4 -1,44 = 2,56 vay 0 t6 di qua dudgc.

C3u lll. Cho 2 s8 nguyén a, b thda man a’ +b? +1=2(ab+a+b). Chding minh a va b 13 hai s6
chinh phuong lién tiép.

Lgi giai

Ta cé a’ +b*+1=2(ab+a+b) < a’ +b’ +1—2ab+2a—2b:4a<:>(a—b+1)2 =4a la s§ chinh
phudng suy ra a |3 s8 chinh phuong a=x? (x |a s& nguyén).

Suyra (x* ~b+1) =4x* &x? ~b+1=2x o b=(x-1) .

VAay a va b 13 hai s6 chinh phuang lién tiép.

Cau IV. Cho tam gidc nhon ABC (AB <AC). M 13 trung diém cla canh BC. O 13 t&m cla dudng
tron ngoai tiép tam gidc. Cac dudng cao AD, BE, CF cla tam gidc ABC dong quy tai H. Cac tiép
tuyén vdi (0) tai B, C cdt nhau tai S. Goi X, Y Ian lugt la giao diém clia dutng thdng EF vdi céc
dusng thang BS, AO. Chidng minh rang:

1) MX L BF.

2) Hai tam gidc SMX va DHF déng dang.

3) EF _BC
FY CD
L&i giai

1) Ta cé BE, CF, AD la ba dudng cao.
Suy ra céc t’ gidc BFHD, BFEC, BFEC ndi tép
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— ACB = XFB = FBX (cung chan cung AB, gdc trong bang gdc ngoai d6i dién).

Tam gidc BXF can suy ra XF = XB.

Vi M la trung diém cldia BC nén FM la trung tuyén suy ra FM = MB.

Vay XM la trung truc BF hay MX L BF.

2) Xét hai tam gidc FHD va tam gidc XMS.

Ta cé DFH = SXM (Vi cing phu V@i hai géc bang nhau);

FDH = FBH = BSM (cung phu vdi hai géc bang nhau).

Vay hai tam gidc SMX va DHF dbéng dang.

3) Ta chidng minh dudc tam gidc AFE déng dang tam gidc ACB va tam gidc AFY déng dang tam
BC

CD’

Cau V. Trong mat phang toa dd Oxy, cho tam gidc ABC c6 cdc dinh 1a cdc diém nguyén (mdt diém

EF
iac ADC suyra —=
9 Yy

dudc goi la diém nguyén néu hoanh dé va tung dé cla diém dé |a cédc s6 nguyén). Chiing minh rang

hai lan dién tich cda tam gidc ABC la mdt s6 nguyén.

L&i giai
B
T
s C
R A
o P D N

Pat A(x2;y2); B(Xs?Vs)? C(xl;yl) thi P cé hoanh @6 1a x,; D ¢6 hoanh @b x,, N ¢ hoanh db Ia
X, R cdtungdd y,,S cdtungddlay,, T cdtungddlay,..

1 1 1
SABC = SCBNP _SABND _SADPC :E(V3 +V2)(x3 _x1)_5(y3 +V2)(x3 _xz)_z(yz +y1)(x2 _Xl)

= E(V3X3 TVYX, TYOX T YoX T VX T VX, TV X T YOX, TV X, FYLX Y X ylxl)

1 1 1
= E(_V3x1 —YX TYX, F yle) B Exl (yz - V1)+§V3 (xz _Xl)

=255 =% (yz _y1)+y3 (xz _Xl)‘
Vi céc toa db 1a cdc s6 nguyén vay dién tich hai lan dién tich tam gidc ABC la s8 nguyén.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cull. Chobiduthuc p=| Y+, 1-a It 1-Ilvsio<a<
Vi+a-+vl-a +1-a’-1+a)\Va a

Chdng minh rang P = -1.
Lai giai

Diéu kién xdac dinh cda biéu thic O<a<1

R e e

Wiraia i -1ra)Va 2

_ Jita N 1-a 1-a* 1
_\/1+a—x/1—a \/(1—a)(1+a)—(1—a) a’ a
_\/1+a—\/1—a \/(1+a)—\/1—a a a

JTraeisa Jl-a)ra) -1 (iraedisa -(Viva-Vi-a)

V1ra-1-a a Jira-1-a 2a
_ —(\/1+a—\/1—a;l(\/l+a+\/1—a) _ _zzaa N

Vay P = -1 hay bai todn dudc chiing minh.

Cau |l. Cho parabol (P) ry = —x? va dudng thing (d) 1y =2mx—1 vdi m |3 tham sé.

1) Tim toa d6 giao diém cla (d) va (P) khi m=1.

2) Chiing minh véi méi gid tri cia m thi (d) luén cdt (P) tai hai diém phén biét A B. Goi y,, v, la
tung d6 cia A, B. Tim m sao cho ‘yf —yf‘ -3.5.

Lai giai

1) Goi (xo,yo) |3 toa @6 giao diém cutia d va (P) khi m =1 . Khi dé ta cé hé phudng trinh sau:

x, =-1++2 [yo =-3+22

=
x0=—l—\/§ yO:—3—2\/§

Vay toa db giao diém clia d va (P) khi m =113 (—1 + ﬁ;—3+2ﬁ) va (-1-&;—3 —26)

2
Yo =7 =X, +2x,-1=0=
Yo =2X%,-1

2) Goi (xo,yo) |3 toa @6 giao diém cuta d va (P) Tuong tu ta ¢é x,> +2mx, -1=0
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Phugng trinh trén |a phudng trinh bac hai cé A = 4m? + 4 > 0 vdi moi m nén phuang trinh ludn cé
2 nghiém phan biét hay d luén cit (P) tai hai diém phén biét A va B.

Goi x,,x, la hoanh d6 cla A va B. Theo hé thic Viét ta céx, +x, = —2m;x,x, = -1

=2 -1
Tacé Vi = emx
y, =2mx, -1

Suy ra ‘Vlz —V22‘ -3/5 ‘(mel —1)2 —(2mx2 —1)2‘ -3/5 ‘4m(xf —xé)[m(xl + xz)—l}‘

& ‘4m(xf —xi)[m(xl + xz)—l]‘ = ‘4m(2m2 +1)(X1 —xz)

= 4(2m2 + 1)‘m(x1 - X, )‘

Ta tinh ‘xl —xz‘ = \/(xl —xz)2 = \/(xl +x2)2 —4x X, = Jam? +4 =24m? +1
Khi dé ‘ylz —yzz‘ =35 8(2m2 +1)M‘m‘. Binh phugng hai vé ta cé
v’ -v," =45 16(4m* +4m* +1)(4m* + 4m’ ) = 45
D3t 4m* +4m? =t > 0.Khi d6 phudng trinh trén tré thanh 16t +16t—-45=0<t = % (Vi t>0)

Suyra 16m* +16m°-5=0<m’ =%<:>m=ir%

Vay véi m = J_r% ta dugc ‘ylz —yzz‘ -35.

Cau lIl. Mbt ngudi di xe mdy tu dia diém A dén dia diém B cdch nhau 120km. Van téc trén

AW

quang dudng AB dau khéng déi, van téc trén % quang dudng AB sau bang % van tdc trén %
quang dudng AB dau. Khi dén B, ngugdi d6 nghi 30 phdt va trd lai A véi van téc I8n hon vén téc
trén % quang dudng AB dau tién Idc di la 10km/h. Thai gian ké tir ldc xuat phat tai A dén khi xe
tré vé A 1a 8,5 gid. Tinh van téc cha xe mdy trén quang dudng ngudi dé di tir B vé A?

Li giai

Goi x |3 van t8c xe mdy d3 di trén % quéng dudng AB sau (x> 0)

Van tdc xe mdy di trén % quang dudng AB d3u la 2x. Van tdc xe mdy di ti B trd vé A 1a 2x+10

Ta cd phuadng trinh %+§+£+1:£©£ EJF 60
2x  x  2x+10 2 2 x x x+b5

=8« (x-15)(8x+25)=0

Vi 8x+25>0 tadudc x—15=0 hay x =15.
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VAy van t6c xe may di tUr B vé A 1a 2x+10 =40 (km/h).

Cau IV. Cho ba diém A, M, B phén biét, thang hang va M nam gilta A, B. Trén cung mét nlfa mat
ph3ng bd 13 dudng thang AB, dung hai tam gidc déu AMC va BMD. Goi P |3 giao diém cda AD
va BC.

1) Chiing minh rang AMPC va BMPD |a céc tu gidc ndi tiép.

2) Chiing minh riing /CP.CB +~/DP.DA = AB.

3) Dudng thang néi tAdm clha hai dudng tron ngoai ti€p hai t& gidc AMPC va BMPD cat PA, PB
tuong Ung tai E, F. Chdng minh rang t& gidc CDFE |a hinh thang.

Lai giai

1) Ta c6 AM = CM;MD = MB: AMD = CMB

Suy ra ACMBzAAMD:ﬁA:m;@:@

Suy ra t( gidc CPMA va t gidc MPDB ndi tiép

2) Vi MPB = MDB = CMA =60°.. Suy ra 180° — CMA = 180° ~BPM = CPM = CMB lai c6 BCM

chung nén AMPC «» ABMC suy ra CP.CB = CM?

Ching minh tuong tu ta c6 DP.DA = AM?. Khi @6 +/CP.CB +VDP.DA =+ AM? +/CM? = AB
3) D& chiing minh dudc CDFE Ia hinh thang ta can chiing minh dugc CE song song vdéi DF. Dé y ta
thay EF la truc ddi xtng clia PM. Ma do ta da cé APM =BPM = 60° nén ta dé dang suy ra dudc

PEMF Ia hinh thoi. Ma theo dinh ly Talets ta cé AE = AM hay AE = MF )
AP AB AC MD

Mat khdc ta lai co CAE =PMD nén tam gidc ACE dong dang vdi tam gidc MDF.

Do d6 CFM = CEA , tUr day ta suy ra DF son song vdi CE.
Vay CEDF I3 hinh thang.
Cau V. Cho a, b, ¢ 13 ba sé thuc khdng &m vathda man a+b+c=1.

Ching minh: v/5a+4 +~/5b+4 ++/5c+4 >7.
L3i giai
TU gid thitta cé 0<a,b,c<1=a’<a;b’ <b;c? <c.Tu dé ta dudc
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V5a+4 =+a+da+4>a’+da+d=a+2

VBb+4 =+b+4b+4 >b> +4b+4 =b+2

VBe+4 =Jc+dc+4 > +4c+4=c+2

Cong theo V& c4c bat dang thic trén ta dudc V5a+4 +/5b+4 +v5c+4 >a+b+c+6=7

Véy bai todn dudc chiing minh. Dang thic xady ra tai a=1;b =c =0 va cdc hodn vi.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2016 - 2017
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau |. Chdng minh biéu thdc sau nhan gid tri nguyén duong vdi moi gid tri nguyén dudng cda n.

P:{\/n2+(n+1)2 +\/(n—1)2+n2}/4n2+2—2m.

Li giai
Bién d6i céc biéu thic trong cdn thic ta dudc
4n? +2-2an* +1=4n? +2- 2\/(2n2 +1) —an?

:2n2+2n+1—2\/(2n2+1—2n)(2n2+1+2n)+2n2—2n+1

2
=(\/2n2+2n+1—\/2n2—2n+1)

TU d6 ta dudc \/4n2 +2-2V4n* +1 =20 +2n+1 —2n* ~2n+1. Do &6
P:(\/nz +(n+1)2 +\/(n—1)2 +n2j\/4n2 +2-244n* +1

:(\/an +2n+1 +~2n7 —2n+1)(\/2n2 +2n+1—+2n? —2n+1)

=(2n2 +2n+1-2n +2n—1)=4n
Vay P nhén gid tri nguyén dudng vdi n 1a s6 nguyén duong.

Cau II. 1) Tim cdc s6 nguyén dudng x, y thda man x® —y® = 95(x2 +y2).

2 2 o
2) Tim céc sé thuc x, y thda ménu+y 4+8:4(x/x—1+ y—1).
X y

L&i gidi

1) B3t d =(x,y) khi dé x=dajy =db vdi a,beN" va (ab)=1.

Va phudng trinh trd thanh d(a—b)(a2 +ab+b2) = 95(a2 +b2)

Vi (@ +b%,a” +ab+b?)=1 nén a® +ab+b? =(a-b) ~3ab 3 udc clia 95=5.19, ubc nay chia 3

du 1 hodc 0 va I6n hon 1 nén chi c6 thé I3 19, nhu vay (a—b) ~3ab=19

a—b:1<:> 826:>d:65: x =195
ab=6 b=2 y =130
Vay cdp s6 nguyén dugng thda man bai toan I3 (x;y) = (195;130)

TU d6 ta dudc {
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2) TU hé thdc bai todn cho ta cd diéu kién xdc dinh 1a x >1;y > 1. Hé thiic d3 cho cé chia cd bién &
mau va chfa cd can thic bic hai, do dé dé tim dugc céc x, y thda man ta sé bién déi hé thic da

cho vé dang tdng céc binh phudng. Ta cé

><2_4+y2_4+8=4(\/x—1 +w/y—1)
y

X

2 / 2 _
@x—4_4x x—1+4+y -4 4y 1+4:0
y

X X y

@%(xz—4+4xﬁ+4x)+%(y2—4+4y\/yTl+4y):0
<:>1(x—2\/H)2 +l(y—2Jyj)2 =0
X y

Vix>1Ly>1néntacd %(X—lex—l)2+$(y—2\/y—l)z =0<:>{);:;/%ch>{§2;

Thi lai ta thdy (x;y)=(2;2) théa man yéu cdu bai todn.

Cau lll. Cho S 13 tip cdc s8 nguyén dudng n cé dang n = x> + 3y?, trong d4 x, y la cdc s6 nguyén.
Ching minh rang:
1) Néu a,beS thi abeS.

2) Néu Ne S va N 1a sd chan thi N chia hét cho 4 va %ES.
Lai giai
1) Tacd a,beS nén a=m?+3n? va b =p? +3g> véim, n, p, q la cic s6 nguyén. Khi dé ta cé
ab= (m2 + 3n2)(p2 + 3q2) =m?p? +3n’p? + 3m*q’ + 9n*q®
= (mzp2 +6mnpq +9n’q” ) + 3(m2q2 —-2mnpq + nzpz)
= (mp + nq)2 + 3(mq - np)2
Dovay abeS.
2) Do NeS néntacé N=x*+3y? Vdix, y la cic s6 nguyén va do N 13 s6 chdn nén x, y cé cling
tinh chan 1. Ta xét céc trusng hap sau
+ Xét trudng hdp x va y déu la s6 chan. Khi d4 dé thay N chia hét cho 4.
o . , N 2 2 A N
B3t x = 2a;y =2b(a,b € Z), khi d6 ik +3b? nén ZeS.
+ Xét trudng hdp x va y déu 1a s6 1&. Khi dé dit x =2a+ 1Ly = 2b+1(a,b e Z)

Tacé N=x*+3y? =(2a+1) +3(2b+1) =4a’ +4a+12b’ +12b+4 nén N chia hét cho 4.

M3t khdc do x, y 1a cdc s6 18 nén x* —y?:8 nén x—3y:4 hodc x+3y:4.

2 2
Véi x—3y:4 ta dudc N_[x=3y +31 XY ] hen EeS
4 4 4 4
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Véi x+3y:4 ta dudc ﬁ:(x—3y]2 +3(x—y]2 nén Nes.
4 4 4 4
Vay bai todn dudc ching minh.
C4u IV. Cho tam gidc ABC nhon cé AB< AC. Ké dudng cao AH va dudng tron (O) dudng kinh
AH cat cdc canh AB, AC tudng Ung tai D va E. Dudng thang DE cat dusng thang BC tai S.
1) Chiing minh rang ti gidc BDEC néi tiép dudng tron.
2) Ching minh ring SB.SC = SH>.
3) Dudng thang SO cit AB, AC tudng Ung tai M, N. Budng thdng DE cit HM va HN tudng Ung
tai P, Q. Chdng minh rang BP, CQ, AH déng quy.
L&i giai
1) Chiing minh rang t gidc BDEC ndi ti€p dudng tron.
Ta cé AED = AHD (cung chdn cung AD) A
v AHD = ABH (cung phu D/H\B). Do dé
suy ra AED =DBC nén td giac BDEC
ndi tiép dudng tron. I

2) Chiing minh ring SB.SC = SH?. ' 5

Xét hai tam gidc SBD va tam giac SEC

c6 DSB chung va DBS = DEC (Vita

gidc BDEC ndi tiép)
TU d6 suy ra tam gidc SBD déng dang vdi tam gidc SEC. Do d6 ta dugec SB.SC = SD.SE
Xét tam gidc SBH va tam giac SEH cé DSH chung va SHD = SEH (cung chan cung DH) nén suy
ra tam gidc SHD d6ng dang tam gidc SEH. Do d6 ta dudc SH* = SD.SE
Két hgp cdc két qud trén ta dudc SB.SC = SH?
3) Dudng thang SO cat AB, AC tuong Ung tai M, N. Dudng thang DE c3t HM va HN tucsng Ung tai
P, Q. Chiing minh rang BP, CQ, AH déng quy
Ké dudng thdng HM’ song song vdi AC (M’ thudc AB) va dudng thang HN’ song song véi AB (N’
thudc AC). Khi dé ta c6 AM’HN’ 13 hinh binh hanh. Suy ra M’, O, N’ thdng hang. Ap dung dinh Iy

Menelaus vao tam gidc ABC véi ba diém S, D, E thdng hang ta ¢é SB EC AD_ 1

SC'EA'DB

. . E HC> . DB HB* , SB HC? HA? SB HC?
Matalaicé — = va — = nén ta dugc —. . =1l=>—. =
EA HA® DA HA? SC HA? HB? SC HB?
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Ap dung dinh ly Talets ta cé E:ﬂ va HC :ﬂ nén suy ra %ﬂﬂ: 1
HB 'B HB AN' SC BM' AN'

TU d6 suy ra ba diém S, M’,N’ thang hang, do d4 M trung véi M’ va N trung véi N'. TU dé ta cé
AMHN 13 hinh binh hanh nén ta dudc PHE = HEC = 90° do d6 PHE = HDB = 90°

Ma PEH =DHB nén DBH =EPH, do dé t gidc BDPH ndi tiép. Suy ra ta dugc BPH = 90° hay BP
vuong géc AC. Chidng minh tuang tu CQ vubng géc AB.
Trong tam gidc ABC cd cdc dudng cao la AH, BP, CQ nén AH, BP, CQ déng quy.
Cau V. Giad sir méi diém clia mat phing dudc td bdi mét trong ba mau xanh, dd, vang. Chiing minh
rang ton tai ba diém clung mau la ba dinh cda mét tam gidc can.
Lai gidi

Ta xét mot dudng tron tam C . Trén dudng tron

B,
(C) I8y ra hai ngli gidc déu A A A A A va g AN
B,B,B.B,B, . Giad st C dudc t6 mau xanh. Khi dé B, B,
néu trong 10 diém A A A A ,A.BB,B.B,B, cé
hai diém dudc t6 xanh thita cé diéu phaichding Al A,
minh. Xét trong trudng hdp 10 diém chi cé
nhiéu 1 diém dugc td xanh khi dé trong hai ngii B&A“ Bs

gidc A /AAA,A, va BB,BB,B, ton tai mot
ngi gidc khéng cd diém dudc td xanh.

Gid sif ngli gidc B,.B,B.B,B, khong cé di€ém xanh khi d6 ton tai 3 dinh trong ngii gidc déu nay dudgc

t6 cung mau.

Véy ta cé diéu phai chding minh.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

3 b’
a—a—-2b—— 3 2 2
Cau I. Cho biéu thitc P = = :(a +az+abbz+ab bb] Vi a, b>0,a#b
a — a—
(1— 1+sz(a+\/a+b)
a a

va a+b=a’.

1) Chiing minh rang P =a—b.

2) Timcicsé a vab bistP=1vaa’-b’=7.
L&i gidi

1) V8i a,b>0;a=b;a+b=a”tacéd

2

b
3
a-a-2b-- _(a3+a2+ab+a2b b ]

P= a : P L s

— a_
1- 1+£ (a+\/a+b) a
Va a2

a* —a? —2ab-b? .a3+a2+ab+a2b+b(a+b)
( )(a+\/ﬂ)' (a—b)(a+b)
a (a+b) a (a b) (a+b)2
a’ (a+b) (a b)(a b)

TU détadudc P=a-b.

:[a2+a+b]:—a2a+_ab+b =a-b

2)Véi a,b>0a=ba+b=a’tadugc P=a-b.Khi P=1 va a®—b>=7 tacé hé

a-b=1 —ext a-b=1 [a=2
= =
@b =7 )[(a b) +3ab} 77 |lab=2 b=1
Két hap vdi diéu kién xdc dinh ta dudc ( ): (2;1) thda man yéu cau bai todn.

1 2
+ = .
x*+1 y*+1 xy+1

Cau ll. Gid s x, y la hai s6 thuc phan biét théda man

1 1 2
J’_

Tinh gid tri biéu thic P = — —+ )
x+1 y*+1 xy+1

Lai giai

Thuc hién bién d&i gia thiét cha bai todn ta cé
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1 1 2 1 1 1 1
+ = SN - + - =
x*+1 y*+1 xy+1 x*+1 xy+1 y°+1 xy+1

o O I b)) -0

<:>y(x—y)(yz+1)+x(y—x)(x2+1)=0<:>(x—y)2(xy—1)=0

Do x #y nén ta dudc xy =1. Két hgp véi gia thiét 21 + 21 __ 2 5
x“+1 y°+1 xy+1

1 1 2 2 2 4 4
- +

P: = + = = =
x*+1 y*+1 xy+1 xy+1 xy+1 xy+1 1+1

Vay ta dudc P=2.

Cau lll. Cho parabol (P) :y = x* va dudng thing (d) :y =—2ax—4a (vdi a latham sd).

1) Tim toa d6 giao diém cla (d) va (P) khi a= —%.

2) Tim t4t ca céc gid tri clia a dé dudng thing (d) cét (P) tai hai diém phén biét cé hoanh d6
X, X, thda man ‘xl‘+‘x2‘ =3.

L& gidi
1) Khi a= —% thi duting thang (d) c6 phudng trinh y = x+2.
Hoanh @6 giao diém cla (d) va (P) la nghiém cla phudng trinh
x’ =x+2<:>x2—x—2=0<:>xe{—1;2}
Tir d6 ta tim dugc toa d6 giao diém cta (d) va (P) la A(-1;1) va B(2:4).
2) Xét phudng trinh hoanh d6 cua (d) V3 (P) la x*> +2ax+4a=0

e va cat nhau tai hai diém phan biét thi phudng trinh hoanh do phai cé hai nghiém phan
D& (d) va (P) cdt nhau tai hai diém phan biét thi ph inh hoanh &6 phai cé hai nghiém ph3

biét .
N p 2 a<0
Tuddédtaco A'=a —4a=a(a—4)>0:> .
a>4
L, | ey , | X, +x,=-2a
Khi d6 theo hé thuc Viét ta cé
XX, =4a

/ 2 2
Tacd ‘xl‘+‘x2‘=3<:>(‘xl‘+‘x2‘) =9<:>(x1+x2) —2x1x2+2‘x1x2‘:9.

Két hgp vdi hé thiic Vi - et ta dugc 4a” -8a+[8a|=9.

+Vdéi a<0 tadudgc 4a2—8a+‘8a‘:9©4a2—16a—9:0:a=—%,th6a man
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+V4i a> 4 ta dudc 4a° —8a+‘8a‘ =9 43°=9=a= i%, khong théa man.

N 1 2 ~ A A \ . e
Vay a= -5 thoa man yéu cau bai toan.

Cau IV. Anh nam di xe dap tUr A dén C. Trén quang dudng AB ban dau (B nam gilra A va C). Anh
Nam di véi van téc khéng ddi a(km/h) va thsi gian di tir A dén B la 1,5 gid. Trén quing dudng BC
con lai anh Nam di chdm dan déu véi van téc tai thai diém t (tinh bang gis) kE tU B 13

v=-8t+a (km/h). Quang dudng di dudc tir B dén thdi diém t dé 1a S = -4t + at. Tinh quang
dudng AB biét rang dén C xe dirng h3n va quang dudng BC dai 16km.

Lai giai

Vi xe dén C difing hadn nén thdgi gian xe di tir B dén C théa man -8t+a=0=t :% do d6 quang

aZ

2
dudng BC I3 S=—4t2+at=16:—4(gJ +5 =16 a’ =256 < a=16.

Tir dé ta dudc S, , =1,5.a = 24(km) .

Cau V. Cho dugng tron (O) ban kinh R ngoai ti€p tam gidc ABC cé ba géc nhon. Céc ti€p tuyén
clia dudng tron (O) tai céc diém B, C cat nhau tai diém P. Goi D, E tudng Ung la chan dutng céc
dudng vudng gdc ké tir P xubng céc dusng thang AB va AC va M la trung diém canh BC.

1) Chiing minh rang MEP = MDP.

2) Gid st B, C c8dinhva A chay trén (0) sao cho tam gidc ABC Iudn la tam gidc c6 ba géc

nhon. Chiing minh dugdng thang DE lubn di qua mot diém cb dinh.
3) Khitam gidc ABC déu. Hay tinh dién tich tam gidc ADE theo R.
Lai giai

P

1) TU gidc BDPM c6 BDP +BMP = 90° +90° =180° nén ndi tiép dudc, suy ra MBP = MDP.

Tudng tu ta ¢ td gidc CEPM néi tiép dudng tron, do dé ta lai cd MCP = MEP.
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Mat khdc do BP va CP I3 hai tiép tuyén cat nhau nén MBP = MCP.

— -

Tu dé ta dugc MEP =MBP =MBP =MDP.

2) Ta c6 BAC + ABC + ACB =180° va CBP + ABC +PBD = 180°

Ma ta lai cé BAC = CBP nén ta dugc ACB = PBD = DMP.

Mat khac ta cé ACB = MPE nén suy ra DMP = MP\E tlr d6 ta dudc MD song song vdi PE.

Chuiing minh hoan toan tudng tu ta dugc ME song song vdéi PD.

Diéu nay dan dén t( gidc MEPD |a hinh binh hanh. Suy ra hai dudng chéo MP va DE c3t nhau tai
trung diém | ciia mdi dudng.

Do B, C ¢6 dinh trén dudng tron (0) nén PM c6 dinh, do do | ¢8 dinh. Vay dudng thing DE Iudn di
qua diém | c¢6 dinh.

3) Khi tam gidc ABC déu thita cé A, O, M, P thang hang va Al vuéng géc véi DE.

Dodétacd S, =%DE.AI. Do tam gidc ABC déu nén ta cé AB = RV3:0A =R.

R, 3R, R_OR

Do d6 ta tinh dudc AM =—;Al=—+ )
2 2 4 4
Dé thady AABC «» AADE nén ta dudc % =% =§. Do dé suy ra DE :ﬁ

9R 3RV3 _27R*\3

- (dvdt)
4 2 16

N , 1
Tuddétacéd S, =§.

. L . ) i men ea X X+, =10
Cau VI. Cac s6 thuc khdng am x; x,; ...; X, thoa man he diéu kién .
X, +2%, +...+9x, =18
Ching minh rang 1.19x, +2.18x, +3.17x, +..+9.11x, > 270.
Lgi giai

TU X, +X, + X, +....+ X, =10 ta dudc 9(x1+x2+x3+...+x9)=90. Do d6 ta c6 hé

9(x1 + X, + X, +...+x9) =90
= 19x, +29x, +39x, +..+ 99x, = 270

10(x, +2x, +3x, +..+9x,) =180
Mat khac ta cé

1.19x, +2.18x, +3.17x; +...+9.11x, = 19x, +36x, +51x, +...+99x,
= (19x, +29x, +39x, +...+ 99, ) + (7x, +12x, +15x,...+ 7, )

=270+ (7x, +12x, +15x,...+7x, )

Déytathdy 7x, +12x, +15x,...+7x, 2 0.
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Nén ta dugc 270 +(7x, +12x, +15x, +...+7x,) 2270 .

Vay ta cé 1.19x, +2.18x, +3.17x, +...+ 9.11x, > 270. D4u bang xay ra khi va chi khi

7%, +12x, +15x, +..+7x,; =0

x, =9
X, + X, + Xy + .+ X, =10
X, =X, =X, =.=X; =0
X, +2x2+3x3 +....+9x9 =18
Xy =1

19, +29x, +39x;, +...+ 99x, =270

€3 | www.facebook.com/mathexpress.vn (011900 633551

106



CLB Toan béi duéng MathExpress | ‘|www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2017 - 2018
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau . Cho cdc sé dudng a, b, ¢, d. Ching minh rang trong 4 s6 a° +—+1; b2+1+§; 2+1+%;
c c c
2 1 1 7/, ~ N ~ A 2
d +—+E c6 it nhat mot s6 khong nho hon 3.
a

Lai giai

Gid sUf ca bon s6 trén déu nhéd han 3. Khi d6 ta cé
P=a2+l+£+b2+l+l+cz+l+i+dz+i+l<12

b c c d d a a b

M3t khdc Y SN S SRS PP I S S S P S S | S S S

c c d d a a a b c

Ap dung bat dang thiic Bunhiacopxki ta chiing minh dugc
4(32+b2+c2+d2)2(a+b+c+d)2;£+l+l+lzL.
a b ¢ d a+b+c+d

Do d6 dp dung bat dang thdc AM — GM ta dudc

2
at+b+c+d
oo ) 16, 16
at+tb+c+d a+b+c+d
2
23#@+b+c+d). 16 | 16 1
4 a+b+c+d a+b+c+d

Trdi diéu gid su trén. Do vay khdng thé cé ca bén s cung nhd hon 3 hay trong bdn sé ¢d it nhat

mot s8 khdng nho hon 3.

Céu Il. Gidi phudng trinh \/(xz +2x) +4(x+1) - \/xz +(x+1) +(x2+x)" =2017.
Lai giai
Diéu kién xac dinh cla phuong trinh 13 x € R . Bién déi tudng dudng phuang trinh ta dudc

\/(xz +2x) +4(x+1) —\/x2 +(x+1) +(x* +x) =2017

VX 2 +AX? 4452 +8x+8 — X 132 +2x+ 1+ x* + 253 +x2 =2017

<:>\/(><2+2><+2)2 —\/(x2+x+1)2 —2017 & X +2x+2-x* —x—1=2017 < x = 2016

Vay phuadng trinh d3 cho cé nghiém duy nhat 13 x=2016.
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Cau lll. 1) Tim t4t ca cdc s6 nguyén duang a, b, ¢, d thda man a’ =b>; c®* =d*; a=d +98.

~ 2 Ve ~ ~ 1 1 /7 4 A ~
2) Tim tat ca cdc s6 thuc x sao cho trong 4 s6 x —+/2; x* +242; x—=; x+—= ¢ diing mot s
X X

khong phai la s6 nguyén.
Li giai

1) Gid st a=p,*.p;2.p; .0, trong d6 p,;p,;....p, la cdc s6 nguyén té x,;X,;..;x_ €N

Tuong tu d=q}*.q? .} ....q/" trong d6 q,;q,;....q, la cdc s6 nguyén td vy ;y,;....y, €N

Tacéa>1d>1.Via>=ppre..p’ =b° :>2x1;2x2;...;2x333:>xl;xz;...;x3§3:>a=x3,(er*).
Ching minh hoan toan tuong tu ta dudc d = y3,(y € Z*).
TU gid thiét a=d +98 ta dudc x° =y3+98<:>(x—y)(x2+xy+y2)=98.
Do a >d nén tasuy ra dudgc x—y >0 tUr d6 ddn dén
(x—y)2 =x* —2Xy+Y <X XY +Y D X—y <X +Xy+Y’
Do d6 ta di xét hai trudng hdp sau

x—y=1

2

X , khi d6 ta dudc
X°+xy+y° =98

+ Truong hap 1. VGi {

X=y+l X=y+1 y&Z
) , = 9 = .
(y+l) +(y+1)y+y* =98 |3y’ +3y-97=0 |xeZ

X—y=2

2

X , khi d6 ta dudc
X +xy+y° =49

+ Trudng hdp 2. Vi {

X=y+2 X=y+2 x=5y=3
= =>x=5y=3

(V+2)2+(y+2)y+y2:49<:> y’+2y-15=0 |x=-3;y=-5

Vay tUr d6 ta tinh dugc a=5° =125;d =3° =27;b =25;c =81.

2) Néu x—l;x+l nguyén thi ta co x—l+x+1:2er:>er.
X X X X

Tu dd suy ra x ~J2:x% + 242 déu khdéng la s6 hitu ty. Do vay mdt trong hai sé x—l;x+l khong
X X

13 56 nguyén khidd x-v2 e Zix* +2V2 e Z= x -2 +x* +2\2 € Z

Dit x—+2 =a,(ae Z). Khi d6 ta dugc x2+2\/§:(a+\/§)2+2\/§:az+2+2\/§(a+1)eZ.

TU d6 dan dén 2\/§(a+1)eZ:>a+1:0:>a=—1nénta duge x=+2 -1
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Thi lai ta thdy x = V2 —1 théa man yéu cau bai todn. Vy s6 can tim |a x = V2 -1,

Cau IV. Cho dudng tron (O) ban kinh R va mét diém M ndm ngoai (O) Ké hai tiép tuyén

MA, MB tdi duting tron (O) (A, B la hai ti€p diém). Trén doan thing AB I8y diém C (C khdc A, C
khdc B). Goi I; K 1a trung diém MA, MC. Budng thing KA cét dudng tron (O) tai diém thi hai D.

1) Chitng minh KO? —KM? =R?.

2) Ching minh t& gidc BCDM 13 t& gidc ndi tiép.

3) Goi E 13 giao diém thd hai ctia dudng thing MD vdéi dudng tron (O) va N 13 trung diém KE,
duting thdng KE c3t duding tron (O) tai diém thd hai F. Chiing minh rang bén diém I, A, N, F
clung nam trén mot dudng tron.

Lai giai

1) Tacéd IM=IA va KM=KC nén IK |a dudng trung binh tam gidc AMC, do d¢6 IK song song Vdi
AC.
Lai c6 MA = MB (tinh chét tiép tuyén cat nhau tai M) va OA =0B =R nén OM la trung truc ctia AB.
Do d6 ta dugc OM L AB, suy ra IK L OM. Goi giao diém cua IK va OM la H.
Ap dung dinh ly Pitygo cho cdc tam gidc vudng MHI;KHO;MHK;OHI ta cé
MI* = MH? + HI>;KO? = KH? + HO?*;MK? = MH? + HK?*;0I* = KH?* + HO?
Do IM =1A nén tu dé ta suy ra dudgc
MP? +KO* = MK? +10*> = KO?* —~KM? =10* —MI* =10* —IA* =0A* =R*
Vay ta dugc KO? —KM? = R?

2) Budng thing KO cét dudng tron (O) tai Q va P.
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Ta cé KC =KM nén suy ra KO? —-KM? =R? < KO? —KC? =R?

T d6 ta dugc KC? =KO? —OP? = (KO + OP)(KO - OP) =KQKP
Do tir gidc ADPQ noi tiép dudng tron nén ta cé KQKP =KD.KA nén suy ra KC? =KD.KA.

Ti d6 dan d&n ACKD ©> AAKD nén DCK = KAC = DBM
Vay t gidc MDCB néi tiép dusng tron.

3) Goi E |3 giao diém th hai ctia dudng thing MD véi dudng tron (o) va N 13 trung diém KE
dudng thang KE cit dudng tron (O) tai diém thd hai F. Chiing minh rang bén diém |, A, N, F cung

nam trén mot dudng tron.

—

Goi L 1a trung diém cha KD ta c6 AMKD«» AAKM nén suy ra AEM = MAK = EMK . Do d6 ta dudc

AE song song véi KM.
M3t khéc ta c6 KF.KE = KD.KA = KF.KN =KLKA nén t( gidc ANFL ndi tiép

— e~ e~ -

Suy ra ta dugc LAF = LNF =MEK = FMK (Vi KFKE =KDKA =KC? =KM?).

TU d6 suy ra KAF =KMF nén t& gidc MKFA ndi ti€p. Do d6 ta dudc AFN = AMK = AIN.

D3n dén t gidc IANF cung thubéc mét dusng tron

Cau V.
Xét hinh bén: Ta viétcdcsé 1,2, 3,4, ...,9 vao vitricta 9
diém trong hinh vé& bén sao cho mbi s8 chi xuat hién diing
mot 1an va téng ba s6 trén mdt canh cla tam gidc bang
18. Hai céch viét dudc goi la nhu nhau néu bd sé viét 8 céc

diém (A; B:C:D;E: F;G; H: K) clia mdi céch Ia trung nhau.

Hai c6 bao nhiéu cdch viét phan biét? Tai sao?
Lai giai
Céch 1: Ta thay trong day 1; 2; 3; 4; ...; 9 ¢4 hai s6 1a 8 va 9 khi
18y t6ng 2 d6 vdi s6 1 thi bang 18. Do dé ta thay tai diém
A(tuong tu B, C) khdng thé dién s8 1 vi néu trdi lai thi B va F
phdi dién cap 8 va 9, tai C va E cling phai dién cdp sé 8 va 9.
Diéu nay vé Ii vi mbi s6 chi dién vao mét diém. Tudng tu tai D,

E, F cling khéng thé dién s 1. Do d4 s8 1 dudc dién tai mot

trong céc diém H, G, K.
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Xét trudng hgp sé 1 dudc dién tai G (tudng tu tai H, K) khi d4 E dién s 8 va F dién s6 9 (hodc
ngudc lai). Gid s tai A dién a, tai C dién c, tai D dién d, tai K dién k, tai H dién k +1, tai B dién
c+1.

Khi a; d; c; c+1; k; k+1 phan biét thudc tap hdp {2;3;4;5;6;7}

a+c=9
TUuddétacd <d+k=9 =de {3;5;7}. Th{ tung trusng hdp ta dudc d = 7 théa man
d+2c=17

TU dé tasuy tadudc a=4;,c=5k=2
Nhu vay ing véi moi céch dién s8 1 va s6 2 ta cd mot cdch duy nhat dé diém cdc sé con lai. Viy
¢4 t4t cd 6 cich dién s8 thoa man yéu cau bai toan.
Céch 2: D&Y ring ta cé tat ca cic bd ba sd phan biét thudc tap hop {1;2;3;...;9} ma téng bing 18
18=9+8+1=9+7+2+9+6+3=9+5+5=8+7+3=8+7+4=7+6+5

Trong tat cd cdc vitri A, B, C, D, E, F, G, H, K thi

+ A, B, C xuat hién trong hai téng (do la giao diém cla cla hai canh).

+ D, E, F xuat hién trong ba téng (do |a giao diém cla ba canh).

+ G, H, K xuat hién trong mdt téng.
Do 1 va 2 chi xuat hién trong mot téng nén cdc vi tri A, B, C, D, E, F khéng thé dién s6 1 va sé 2.
Cdc s6 1 va 2 chi cé thé diém vao diém G, H, K. C6 tat cd 6 cach dién s6 1 va 2 va ba diém G, H, K.
Khdng mat tinh t8ng quét ta ¢d cdch dién G=1,H=2.
Do s6 9 xuat hién trong cdc tdng chifa 1 va chia 2 nén dé thay dinh F=9,suyra E=8,D=7.TU
dé dan dén K =3 va A,B,C € {4;5;6.
Laicé6 A+F+B=18,B+C+D=18C+E+A=18 nén A=3;B=5;C =6.
Nhu vay ing véi moi céch dién s8 1 va s6 2 ta cd mot cdch duy nhat dé diém cdc sé con lai.

Vay cé tat cd 6 cdch dién s thda man yéu cau bai todn.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2x —Vx+1

2 x—1

Cau I. Cho biéu thdc P (x+l)\/x+1+(x—1)\/x—1. T 1 véi x > 1.
\/x—l \/x+1
1) R4t gon biéu thuc P.
2) Tim x dé P =x-1.
L& gidi
1) Dt Vx+1 =ax-1=b , khi d6 2x =a’ +b*va
a’ +b’ a’+b”>—ab
L2 5 2 e
a+bp> 1 1 (a+b)(a2—ab+b2). a-b a’—b?
b a ab

vayp= X+l

x+l—(x—1)
2) V4i diéu kién x > 1 thi v/x+1 =x—1<:>x+1=x2—2x+1<:>x=3(dox>1).

Vay x = 3 |a gid tri can tim.

Cau Il. M6t nha mdy chuyén san xuat mét loai san pham. Nam 2015, nha mdy sdn xuat dudc
5000 san pham. Do anh hudng cla thi trudng tiéu thu nén san lugng cdia nha mdy trong cdc nam
2016 va 2017 déu gidm. Cu thé: s6 lugng san phdm nha mdy san xuat dugc trong ndm 2016
gidm x% so véi s6 lugng san phdm nha mdy san xuat dudc trong nam 2015, sé lugng san pham
nha mdy san xuat dudc trong ndm 2017 cling gidm x% so vdi sé lugng san xuat dugc ndm 2016.
Biét rang sd ludng san phdm nha may san xuit dudc trong nam 2017 gidm 51% so vdi s6 lugng
san phdm nha may san xuét dudc trong nam 2015. Tim x.

Li giai

S6 lugng san pham san xuét dudc trong nam 2016 la 5000 —5000.x% = 5000 —50x

S6 lugng san pham san xuat dugc trong ndm 2017 13

2
5000 —50x — (5000 - 50x).x% = "7— 100x +5000 = %(x - 1000)2

Theo gia thiét s6 lugng sdn phdm nha mdy san xuat dudc trong ndm 2017 gidm 51% so véi s6
lugng sdn phdm nha mdy san xuat dudc trong nam 2015 nén ta cé phudng trinh

1

L (x-1000)’ =5000-5000.51% <> = (x—100)’ = 2450 < (x~100)’ = 4900 [X =170
2 2

X =
Vi 0<x<100 nén x =30.
C4u lll. Cho phudng trinh x> —x-1=0. Gia st X, la mot nghiém ctia phuang trinh da cho.
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1) Ching minh x, > 0.

2

z .7 . 2 R ’, x _1
2) Tinh gid tri cGa biéu thiic M = =9 3 1/2x§ +3x, +2.

X0

Lai giai
1) Vi x,la nghiém ctia phuang trinh nén x5 —x, -1=0 < x2 +x2 —x, -1 =x]

<:>x§(x0 +1)—(xO +1):x§ <:>(x0 —1)(x2 —1):x§ <:>(xO +1)2(x0 —1):xg (1)

0

2
Dé thdy x, = —1va x, = 0 khong théa méan (1) nén x0—1=(><—°)2>0:>x0 >1=x,>0
X +1

0
Chi y: Day la céch chiing minh tryc ti€p x, > 1. Ta cé thé chiing minhx, > 0 bang phudng phap
phan chidng nhu sau:

Gidslr x,<0.Tacd x} —x,-1=0< x; =x, +1.

Dé thdy x, =0 khdng théa man.

Néu x, <O0thi x} <0=x,+1<0=>x,<-1=>x; >1

:xo(x§—1)<0:>xg—x0<0 (VO Iy Vi x] —x,-1=0=x3-x,=1)

Vatli x,>0=x,+1>1=x}>1=x,>1

2) Vi x, la nghiém cua phuong trinh nén x5 —x, -1=0 < x: =x, +1

Két hop vdi x, >1ta dudc

2 —

X X

0 0
= (%o —~1)y/2x% +3x, +2 =\/(><0 1) (252 + 3%, +2) = 2x¢ — X2~ 2x¢ — X, +2

=\/ZXO(XO+1)—(X0+1)—2X(2)—X0+2 :\/2x§+2x0—x0—1—2x§—x0+2 =1.

Cau IV. Cho hinh chit nhdt ABCD vdéi BC =a, AB=b. Goi M, N |an Iugt I3 trung diém cla céc
canh AB, CD. Qua diém M dung dudng thang cat dudng chéo AC cla hinh chir nhit ABCD tai
diém P va cat dudng thang BC tai diém Q sao cho B nam gitra C va Q.

1) Khi MP L AC, hay:

a) Tinh PQ theo a va b.

b) Ching minh a.BP = b.PN.

2) Ching minh MNP :qu\Q (khdng nhat thiét MP va AC vubng géc vdi nhau).

Li giai
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B C I

A D
1a) Ta cd M la truc tam giac ACQ. Suy ra BQBC =BMBA.
2 2 2 2
Twds BQ=SMBA_D _ cq_BciBQoas 222 TE
BC 2a 2a 2a

b(2a* +b’
Ta lai cé6 PQ.AC = AB.QC nén suyra PQ = ABQC _ ( )
AC  2aa’ +b?

b) Ta cd céc ti gidc BMNC, BMPC ndi tiép nén 5 diém B, M, P, N, C cung nam trén mdt dudng

— - -

tron. TU dé PBM = PNM, PAM = PMN nén céc tam gidc PBA va PNM dbéng dang.

2) Goi | 1a giao diém cha PN va BC, O |a giao diém cta AC va MN.

Tacé OM=0ON nén CI=CQ= C/QT\J ~CIN suy ra m — MNP (diéu phai chdng minh)
Cau V. Cdc s6 nguyén X, x,, X,, ..., X, thda man:
(1+x1)(1+x2)...(1+x9) =(1—x1)(1—x2)...(1—x9) =X.
Tinh P = x.x,.X,...X,.
Li giai
TU &dng thic dé bai ta suy ra (1—xf)(1—x§)...(l—xg) :(1+x1)2(1+x2)2...(1+x9)2.
Néu trong cdc s6 x,,X,,....,.X, 6 MOt s6 bang 0 thi P =0. Trong trudng hgp ngudc lai, tat ca cac
thira s & vé& trdi déu <0, do dd vé trdi <0 (cé 9 thlra s8), trong khi dd tat ca céc thira sé vé phai
khéng am, do d6 vé phai > 0. Vi hai vé bang nhau nén ta suy ra hai vé déu bang 0.
Vay x=0, suy ra P=0. Nhu vay trong moi trudng hdp ta cé P =0.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2018 - 2019
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. Cho cdc s6 thuc x, y khdng &m théa man diéu kién (x +1)(y + 1) =2.

Tinh gid tri cGa biéu thic P = \/xz +yi- \/2(x2 + 1)(y2 + 1) +2 +Xy.
Lai giai

bat S=x+y va T =xy.

TuU gid thiét,tacd S+T =1, suyra

x2+y2—\/2(x2+1)(y2+1)+2:SZ—2T+2—\/2[(1—T)2+Sz}

=5*-2(1-S)+2- 2(52+sz) - S2,

Tydstacs >t T=L

VAy gid tri cta biéu thic P can tinh 13 1.
Cau Il. Cho céc s6 thuc khdng 4m x, y, z thay d6i théa man x* +y? + z° + x’y? + y?z* + z2°x* = 6.
Tim gid tri I6n nhat va gid tri nhd nhat cda biéu thic Q=x+y +z
Lgi giai
Tim gid tri I6n nhat cha P:
SUr dung bat ddng thiic AM — GM, ta cé:
x*y? +1 > 2xy, v’z +1>2yz, z°x* +1>2zx.

Cdng céc bat dang thic trén lai theo V&, sau d6 cdng hai vé& cla bat dang thic thu dudc véi
x? +y? + 2%, ta dugc (x+y+z)2 <Xy + 22+ XYy + 222 +3=0.
Tuddsuyra Q<3.
M3t khdc, dé thay dau dang thic xdy ra khi x=y =z =1 nén ta c6 két ludn maxQ =3.
Gia tri nhé nhat cda P: Ta sé chiing minh Q > \/E vdi ddu d3ng thidc xady ra chang han khi
Q>+/6 . Sir dung bat déng thitc AM-GM, ta c6

2xy + Xy2 <Xyt Xy <xXP 4yt + 22 + Xy +y°Zt +2°X° =6,
TU d6 suy ra xyéﬁ—1<2.
Chung minh tudng tu, ta cling cé yz < 2, zx < 2.
Dodd,tacd Q® =x* +y> + 2> +2xy +2yz+2zx > X* +y* + 2> + X°y* +y’z* + 2°x* = 6.
Hay Q= J6.
Vay minQ = 6.
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(a+b)2
a’+ab’—a’b-b*’

Cau lll. 1) Cho a, b 13 hai s6 nguyén duong phan biét. Xét biéu thiic M =
Chuing minh rang M khéng thé nhan gid tri nguyén.

2) Cho a, b 13 hai s6 nguyén dudng, dat A =(a+b)2 -2a’,B =(a+b)2 —-2b%.
Chdng minh rang A va B khdng déng thdi la s6 chinh phuang.

Li giai

(a+ b)2

1) Ta cd bién d6i M = (a—b)(a2+b2)'

Gid s M la s6 nguyén, khi dé ta cé (a+b)2 chia hét cho a° +b”.
. ~ 2 2 N 2 AN 2 2 2 2 2
Suy ra 2ab chia hétcho a” +b”. Diéunayvé lydo O<2ab=a"+b —(a—b) <a +b’.
Vay M khéng thé Ia s6 nguyén.
2) Gid st tén tai céc s6 dudng a, b sao cho (a+b)2 —2a’va (a+b)2 —2b? déu I3 s8 chinh phucng.

Trong céc cap s6 nguyén dudng (a,b) nhu vy, ta xét cap sao cho a nho nhat.
= 2 2_ 2 2 2 2 4 A
bat (a+b) —2a" =x°, (a+b) —2b° =y* véi x, y nguyén duadng.

2 . 2 . ~
Tacd (a+b) —x*=2a’ nén a+b va x cung cung tinh chin 18, suy ra (a+b) —2a’ chia hét cho

4. TU d6 ta cé 2a? chia hét cho 4, suy ra a chia hét cho 2.
Ching minh tudong tu, ta cling cd chia hét cho 2, suy ra x, y chan.

2 2 2 2 2 2
Tuds, tacs | 242] —2[2] o[ 2] (28] o[ 2] (¥
2 2 2 2 2 2 2 2
Déu 13 s6 chinh phudng. Do dé cap sé (%gj cling thda man yéu cau.

Diéu nay mau thuln véi cich chon cap (a, b).
Vay véi moi a, b nguyén duong, cdc s6 A, B khdng thé déng thai la s6 chinh phuang.
C3u IV. Cho tam gidc ABC c6 ba géc nhon, AB < AC va ndi tiép dudng tron (O) Pudng tron

ngoai tiép tam gidc BOC cat cdc dudng thang AB va AC theo thd tu tai D va E. Trén dudng
tron ngoai ti€p tam gidc BOC 18y diém P sao cho AP vudng géc véi PC. Budng thdng qua B
song song véi OP cat PC tai Q. Chidng minh rang

1) PB=PQ.

2) O la tryc tdm cda tam gidc ADE.

3) PAO = QAC.

Lai giai
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1) Tacd g:’?)zB/O\C va P/QTB = CTPTQ — OBC nén cac tam gidc PBQ va OCB dbéng dang (g-g). Ma
OB=0C néntacé PB=PQ.

2) Ta cé(ﬁ:@:ﬁ,mé OBA = OAB nén EAB =EBA.

TU ddé suy ra EA=EB. Laicé OA=0B nén OE 1. AB.

Chung minh tuong tu, ta ciing c6 OD L AC nén O la truc tdm cla tam gidac ADE.

3) Goi T la giao diém th( hai ctia CP va (O)

Ta cé EAB=EBA nén PT = PB.
Ma PB=PQ nén PT =PQ.

M3 APQ =90° nén FAB:P/A\T=9O°—A/TTD=9OO-%A/6\C=6A\C.

Tir d6, ta c6 PAO = QAC.

Cau V. Cé 45 ngudi tham gia mét cudc hop. Quan st su quen thudc nhau gilta ho, ngudi ta thdy
rang: néu hai ngudi c6 s6 ngudi quen bang nhau thi lai khdng quen nhau. Goi S |a s6 cap ngudi
qguen nhau trong cudc hop (cap ngudi quen nhau khdng ké thi tu sdp x&p gilta hai ngudi trong
cap).

1) X4y dung vi du dé S =870.

2) Ching minh rang S <870.

L&i gidi

1) Chia 45 ngudi thanh 9 nhém, nhém thit i 6 i ngudsi (1 <i<9). Ta xét vi dy khi m&i ngudi & mot
nhém déu quen tat cd moi ngudi 8 nhdm khac, nhung khdéng quen ai 8 chinh nhdm minh. NGi céch
khdc, mbi ngudi 8 nhém i quen ding 45 —i ngudi khéc.

Khi dd S = %(1.44+2.43+...+9.36) = 870.
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2) Goi ala s ngudi quen diing i ngudi khdc (1 <i<44). Néumét ngusi P quen i ngudi thi anh ta

khong quen ai tronga, ngudi nay, nghia la P quen nhiéu nhat 45 -a ngudi, hay i< 45-a, suy ra
a, <45-i.Tacbé a, +....+a,, =45va

S= %(a1 +2a, +..+ 44a44) < %(36a1 +36a, +....+36a,, +37a,, +

1 1
= E(36(a1 +a, +..+ a44)+ a,, +2a,, +..+ 8a44) < 5(36.45 +18+4+27+...+ 8.1) =870.
Khang dinh dugc ching minh.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2
— | +3
a—lj L@+l 2a
1Y a-1 a-1’
alj +3

Cau l. a) Cho a la sé thuc khdc 1 va —1. Rdt gon biéu thic P = (

a+1l

b) Cho cdc sé thuc X, y, a thodn man \/x2 +3xty? +\/y2 +3y*x? =a.

Chdng minh rang 3’/x—2+€/y72:3’/a_2.

Lai giai
2 2 _ 2
(a+1) +3(a-1)
(aJrlj * o (a—l)2 (a+1)(a2—a+1)
a) Tacé P=~2" La+l 28 . _ 2a
a-1 )2 (a+1)2 (a—l)(a2+a+1) a-1
(

4(a2+a+l).(a_1)2 (a+1)(a2—a+1) a-1 a-1 a-1

4(a2—a+1) (a+1)2 (a—l)(a2+a+1) 2a a+l 23 1-
a

Vay P=-1.
b) Dat s=3/x* va t=23/y? thi ding thic d8 bai cé thé viét lai thanh v/s® + st + /£ + ts = a.

Do s, t>0 nén Vs® +s%t = ss+t, Vt° +t2s = t/s+t.
T dé tacé (s+t)Vs+t=a hay (s+’c)3 =a%,

Suyras+t= a2 . DAy la két qua can ching minh.

Cau ll. Trén quang dudng dai 20km, tai cing mot thdi diém, ban An di bt A dén B va ban
Binh di b6 tir B dén A.Sau 2 gig ké tlr ldc xuat phat, An va Binh gdp nhau tai C va cung nghi lai
15 phdt (van t6c cda An trén quang dudng AC khdng thay déi, van tdi cha Binh trén quang
dusng BC khéng thay d6i). Sau khi nghi, An di ti€p dén B vdi van téc nho hon van tdc cda An trén
qudéng dudng AC la 1 km/h, Binh di ti€p dén A vdi van téc I8n han van téc cla Binh trén quang
dugdng BC la 1 km/h. Biét rang An dén B sdm hon so véi Binh dén A |a 48 phut. Héi van téc cla
An trén quang dudng AC la bao nhiéu?

Lai giai

Goi a (km/h) 1a van t6c clia An khi di trén quing dudng AC, b (km/h) la vén téc cha Binh khi di
trén quang dudng BC.Rérang a>1,b>0.

Ta thady, dd dai quang dudng AC la 2a (km) va dé dai quang dudng BC la 2b (km).

Do AC+BC=AB nén ta cé 2a+2b=20,tlc a+b=10(1)
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Thai gian An di trén quang dusng BC Ia 2_bl (9ig).
a_

2a
b-1

Thai gian Binh di trén quang dusng AC la (gig).

Do An dén B sém haon so vdi Binh dén A la g (0i0) (48 phut = g gig)

22 b 4, a ., b 2

—————=—ha .
b+1 a-1 5 b+1 a-1 b5
,a+b+1_a+b—1 2 (2)

Mt cach tuang duang, ta cé =—.
b+1 a-1 5

Nén

TU (1),ta cé b=10-a.

11 9 2
L (a+44)(a-6)=0.

Thay vao phudng trinh (2) ta dudgc
Doa>1néntacd a=6,suyra b=4 (théda man).

Vay van t6c cda An trén quang dudng AC 1a 6 (km/h).

Cau lll. Cho céc da thiic P(x) =x* +ax+b, Q(x)=x* +cx+d vdi a,b, ¢, d la céc s8 thyc..

a) Tim 4t ca cdc gid tri cda a, b dé 1 va a 1a nghiém clia phudng trinh P(x)=0.

b) Gia s phudng trinh P(x) =0 ¢ hai nghiém phén biét x,, x, va phuang trinh Q(x) =0 ¢6 hai
nghiém phan biét x,, x, sao cho P(x3)+P(x4) = Q(xl)+Q(x2).

Chdng minh rang ‘xl —xz‘ = ‘x3 _X4‘-

Lai giai

a) D& 1 va a 13 nghiém thi ta phai cé P(1)=1+a+b=0, P(a)=a2+a2+b=0.

RUt b = —1 —a tif phuang trinh dau, thay vao phuang trinh sau, ta dudc 2a® —a—-1=0.

Tudd a=1 hoac a:—%,twng Ung b=-2 hoac b:—%.

Vay cé hai cap (a,b) thda man diéu kién dé bai la (1;—2) va (-%;-%}.

b) Do x,, x, la hai nghiém phén biét clia phucng trinh P(x) =0 nén P(x) = (x—xl)(x—x2).
Tudng ty, ta cling c6 Q(x) = (x—x,)(x—x,)-
Diéu kién dé bai cd thé viét lai thanh (x3 —xl)(x3 - X, + X, —x4)+(x4 —-X, +X, —x3)(x —xz) =0.
Hay (x3 — X, + X, —x4)(x3 — X, + X, —x4) =0.

N e e 2 2
Mot cach tuong duang, ta co (xl —xz) = (x3 —x4) hay |x1 —x2| = |x3 —x4|.
DAy chinh Ia két qud can chdng minh.
Cau IV. Cho dudng tron (O) ban kinh R, ngoai tiép tam gidc ABC cé ba géc nhon. Goi AA,, BB,
CC, la cdc dugdng cao cla tam gidc ABC (A, thuoc BC, B, thuéc CA, C, thuéc AB). Budng
thang A,C, cat dudng tron (O) tai A' va C' (A, ndm gitta A' va C,). Céc tiép tuyén cla dudng
tron (O) tai A' va C' cdtnhautai B'.
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a) Goi H la truc tam cda tam gidc ABC. Ching minh rang HC,.A,C = A C, HB,.
b) Chiing minh rang ba diém B, B', O thang hang.
c) Khitam gidgc ABC la tam gidc déu, hay tinh A'C' theo R.
LaGi giai
a) Hai tam gidc AB,H va AAC ¢6 @lzlﬂl\c =90° va chung géc H/AE1 nén déong dang vdi
HB
s

nhau (g-g). TU d6 suy ra =—,
(9-9) y AC~AC

T gide AC,AC c6 ,&ZTC = A/Al\C =90° nén ndi tiép.

Suy ra HC A, _ CAH (cung chdn cung A,C cla dudng tron (AClAlc)) va HA C, _ HCA (cung
chdn cung AC, cla dudng tron (AClAlc)).

TU d6, ta cé6 AC,A\H»AACH (g-g). Suy ra

HC, _HA )

AC, AC’

A \ HB HC
Tu (1) va (2), ta dugc A é = cl hay HB,.A,C, =HC,.AC.

1 171
D4y chinh 13 két qua can chiing minh.
b) Theo tinh chat cua tiép tuyén, tacé OB' L A'C'. (3)
Ta sé chiing minh OB L A'C', hay OB L AC,.

Do tam gidc OBC cén tai O nén O/BK1 _180° QU0 _228AC

Mét khdc, do tif gidc AC,AC ndi ti€p nén C/l'Al\B _BAC (cung bu vdi C/;AI?).

—90°—BAC.

—

K&t hgp vdi két qud & trén, ta dugc ﬁ =C,AB=90°- BAC = 90°.
Do d6 OB L A.C,,hay OB L A'C'. K&t hgp Vdi 3), ta suy ra B, B', O thdng hang.

171

c) Khi tam gidc ABC déu thi BO diqua B,, B, latrung diém cta AC va A'C' LBO.
Goi K la giao diém BO va A'C, thi K la trung diém cta A'C'.
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Do tam gidc AB,C, déuva OB L A C, nén K ciing la trung diém cta AC,.

Do tam gidc ABC déu nén O ciing la trong tdm ctia tam gidc. Suy ra OC, =%OC = %R.

Mat khdc, sif dung hé thic lugng trong tam gidc OC,B vubng tai C, ¢ C,K la dudng cao, ta cé
oc? 1

==R.
OB 4

TU day, s dung dinh ly Pythagoras trong tam giac A'KO vubéng tai K, ta cé

A'K =JOA?_OK? = R - L R? _RV1S

16 4

OC? =0OK.0OB. Suy ra OK =

Vay A'C'=2A'K =

RV15
==

Cau V. Cho céc sé thuc x, y thay déi. Tim gid tri nhd nhat cla biéu thic

P =xy(x—=2)(y+6)+13x* + 4y’ —26x + 24y + 46.
L&i giai
Biéu thiic P c6 thé dudc viét lai dudi dang P = x(x—2)y(y +6)+13x(x—2)+4y(y+6)+46.
Dt a=x(x-2)=(x-1) 1 va b=y(y—+6)=(y+3) ~9 thi ta cs
P=ab+13a+4b+46=(a+4)(b+13)—6 =[(x—1)2+3}[(y+3)2+4}—623.4—6=6.

D4&u dang thic xay ra khi va chikhi x=1 va y=-3.Vy minP=6.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2019 - 2020
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Céu I Cho hai s thuc phan biét a va b thoa man diéu kién a® +b* =a’b’ (ab-3).

Tinh gid tri cla biéuthic T=a+b-ab.

Li giai
Néua=0thitacd b>=0suyrab=0=a, v lyvia=b. Do dé a=0. Chiing minh tusng tu, ta
cling cd b= 0. T dd gid thiét cda bai todn cd thé dudc viét lai thanh %+bl—3 = —%.

a a

Pat x=1 va yzéth‘ltacé x#y va x> +y>=1-3xy.
a

St dung két qua quen thudc A® +B* +C? =(A+B+C)(A2 +B*+C? —AB—BC—CA), ta dudc
O=x3+y3—1+3xy=x3+y3+(—1)3—3.x.y.(—1)=(x+y—1)(x2+y2 +1—xy+x+y).

M3t khdc ta lai cé x2+y2+1—xy+x+y:%[(x+1)2 +(y+1)2+(x—y)2}>0.
Nén tir két qud 3 trén,tasuyra x+y=1,tdcla a+b=ab.
Vay T =0.
Cau Il. Cho céc da thic P(x) =m,x* +n,x+kj, Q(x) =m,x* +n,x+k,, R(x) =m,x* +nx +k,
véi m, n, k. 13 cdc s6 thuc va m > 0,i=1,2,3. Gid st phuong trinh P(x) =0 ¢ hai nghiém phan
biét a,, a,; phudng trinh Q(x) =0 c6 hai nghiém phén biét by, b,; phuong trinh R(x)=0 cd hai
nghiém phan biét c, c, théa man
P(e,)+Q(c,) =P(c,)+Q(c,).
P(b,)+R(b,)=P(b,)+R(b,).
Q(a1)+R al)zQ(a2)+R(a2).
Chdng minh rang a,+a,=b, +b,=c, +c,.
Lai giai

St dung dinh Iy Viét, tacé S, =a, +a, =——, S

Tacé P(cl)—P(cz)zm1 (cf —c§)+nl(c1 —cz) :(c1 -c, [ml(cl +c2)+nl]) =m, (¢, -¢,)(S,-S,)-

Tudng tu, ta cling cé Q(cl)—Q(cz)zm2 (c1 —cz)(S3 —Sz).

Do P(cl)—P(c2)+Q(cl)—Q(c2) =0 va c, #c, nén tir hai bién déi trén, ta suy ra
m,(S,-S,)+m,(S,-S,)=0.(1)

Chuiing minh tudng tu ta cling cé
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m, (S, -S,)+m,(S,-S,)=0.(2)
m,(S,-S,)+m,(S,-S,)=0.(3)
TU (1) (2) va (3) c6 thé thay vai trd clia S, S,, S, la nhu nhau. Khéng méat tinh tng qudt, ta cé
thé gid st S,=max{S,, S,, S,} . Khi d6, ta ¢6 S, -S,>0 va S-S, >0. Lai c6 m,, m, >0 nén
VT(Z) > 0. Dé xdy ra dau dang thdc nhu (2) thi ddu bang trong cdc dédnh gid phai xay ra, td ta phai
c6 S, =S, =S,. Day chinh la két qua can chiing minh.
Cau IlI. a) Tim t4t ca cdc cdp s6 nguyén (x;y) thoa man x’y? —4x’y +y® +4x* -3y* +1=0.

b) Cho ba s8 nguyén dudng a, b, ¢ théa man a®+b? +c® chia hét cho 14 . Chiing minh ring abc
ciing chia hét cho 14.
Li giai
a) Phuong trinh d3 cho c6 thé dudc viét lai thanh x?(y —2)" +y? ~3y> +4 =3
hay (y—Z)Z(x2 +y+1)=3.
2
Suy ra (y—2) =1va x*+y+1=3. Gidi ra, ta dudc x=+1 va y=1. Vy cd hai cdp s8 nguyén
(x;y) thda man yéu cau cla dé bai I3 (1;1) va (—1;1).
b) Do @’ +b’ +c® chin nén trong cdc s a, b, ¢ ¢cd it nhat mot s6 chan. TU @6 suy ra tich abe chia
hétcho 2. (1)
Gia sUr trong ba s6 a, b, ¢ khéng c6 sé nao chia hét cho 7. Ta thay rang, véi moi X nguyén khdng
chia hétcho 7 thi x=+1,+2,+3(mod7), suy ra x° =+1 (mod7).
Do d6 a° =+1(mod7), b> =+1 (mod7), ¢ =+1 (mod7).
Suyraa®+b®+c®=-3,-1,1,3 (mod7) ,tdc a® +b® +c® khdéng chia hét cho 7, mau thuan.
Vay trong ba sé a, b, ¢ phai cé it nhat mét s6 chia hét cho 7.
TU dd suy ra tich abc chia hét cho 7. (2)
Tu (1) va (2) véichdy (2;7) =1, ta cd abc chia hétcho 14.
C4u IV. Cho tam gidc ABC cé ba géc nhon ndi tiép dudng tron (O) va AB>AC. Goi D, E 1an lugt
la chdn dudng cao cla tam gidc ABC ha tir A, B. Goi F la chdn dudng vudong goéc ha tu B |én
dudng thang AO.
a) Chdng minh rang B, D, E, F 1a bén dinh ciia mét hinh thang cén.
b) Ching minh rang EF di qua trung diém cla BC.
c) Goi P la giao diém thd hai clia dudng thdng AO va duting tron (O), M va N 1an lugt Ia trung
diém cla EF va CP. Tinh s6 do géc BMN.
L&i giai
a) Tacé AFB = ADB = AEB = 90° nén nam diém A, B,D, E, F cung nam trén mét dudng tron.

Lai c6 DAE = 90°~ ACB va FAB=0AB = 120" ~A0B _ 180 —ZZACB
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Nén FAB = DAE . Day la gdbc ndi tiép chan cdc cung tusng Ung la BF va DE cla dudng tron
(ABFDE), do d6 FB = DE . Tt gidc BFDE ndi tiép va c6 BF = DE nén la hinh thang can.

b) Goi | la giao diém cla EF va BC. Do t gidc BFDE la hinh thang cdn nén Bl =IE . Suy ra tam
gidc BIE cantai |. Tu dé, ta cé IBE = IEB.

Lai c6 IBE =90°—ICE va IEB = 90°—IEC nén ICE = IEC.

Suy ra tam gidc IEC céntai |, tdc ta c6 IC =IE =IB. Vay EF di qua trung diém | cta BC.

c) Do t gidc ABFE ndi tiép nén BFE = 180°~BAC .

Lai c6 BPC = 180°~BAC (do td gidc APBC nbi tiép) nén BFE = BPC. (1)

Do BFDE la hinh thang can nén DF //BE . Ma BE L AC nén DF L AC.

Lai c6 PC L AC nén DF//PC.Suy ra BCP = BDF = BEF (2)

TU (1) va (2) ta suy ra ABEF»ABCP (g-9).

Lai c6 M la trung diém cla EF va N la trung diém cta CP nén tir két qua trén, ta cling suy ra

ABEM« ABCN. TU d6, ta c6 ANBC «> AMBE (3) va %:%. (4)

T (3),ta suy ra CBE = MBN . K&t hgp véi (4). ta dugc ABMN<>ABEC.

Do d6 BMN = BEC = 90°.
Cau V. Cho tap hgp X thda man tinh chéat sau: Ton tai 2019 tép con A, A,,.., A, ., cla X sao

* 772019

cho méi tap con A, A A, €6 ding ba phan tI va hai tap A, A, déu cé ding mdt phan ta

2974 2019
chung v8i moi 1<i< j<2019. Ching minh rang

a) Ton tai 4 tap hdp trong cdctdp hop A , A A sao cho giao cla 4 tap hdp nay cé diing mét

PARN 2019
phan tu.
b) S6 phan tir ca X phailén hon hodc bang 4039.
Lai giai

a) Xét tdp hop A, cb ba phan tif a,b,c. M6i mét tap hap A, véi i=2,..,2019 sé phai cé chung vdi
A, ding mot phan tU. Ta chia cédc tdp hgp A, Véi i =2,...,2019 tao thanh ba nhém. Nhém thd nhat
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gbm céc tp hdp chda phan ti a, nhdm thd hai gém céc tp hgp chlra phan tir b va nhém thd ba
gbm cdc tdp hgp chita phan ti ¢. Ba nhédm nay téng hdp lai ¢ 2018 tip hgp, do dé phai cé mét
nhém chifa it nhat 673 tap hgp. 673 tap hgp nay cung véi A, sé tao thanh 674 tdp hdp cé diing
m&t phan t& chung. Chi can 18y 4 tdp hdp trong ching ra sé dudc 4 tip hop thoa man yéu cau bai
todn. (Chu vy, giao clia bén tdp hop khdng thé cd qud mdt phan td).

b) Xét bon tap hop A, A, A, A, c6 chung phan tf a. Ta chiing minh tat ca cdc tap hdp con lai
déu cdé chung phan tir a. That vay, gid s ton tai tdp hop A khéng chira a. Khi dé mdi mét tap
trongcdc A, A, A,, A, sé c6 chung vdi A mét phan tf (khdc a). Vi A chi cé ba phan tif nén theo
nguyén ly Dirichlet, sé& c6 hai tap hgp trong chiing cé chung phan tif chung véi A.Chdnghan A, A,
c6 chung phan ttf b véi A. Nhung ltc nay ta cé diéu mau thuan vi khi dé A, A, cé chung hai phan
td @ va b. Vay tat ca cdc tdp hgp déu cé chung phan tlr a. Do giao cla hai tdp hdp bat ky cé ding
mdt phan t& nén tat cd cdc phan t& khdc a con lai déu ddi mdét khdc nhau, suy ra
A VA U.LUA >1+2019%x2=4039.

TU d6 suy ra s6 phan tlr cha X khéng it han 4039.

2019
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

4x + 8x_|. x-1 2 Vi x>0,x=4 va x=9.
2+\/; 4—x x—2\/; \/;

Cau |. Cho biéu thdc P :(

a) Rdt gon biéu thic P.

b) Tim tat ca céc s6 thuc m sao cho bat dang thic m(\/;—B)P > x+1 ddng véi moi x> 9.
Lai giai

a) V4i diéu kién x>0,x#4 va x#9,tacé

adx 8y Calx(2-x)eex  adx(244%) 4

20l 2ok (2K) (20 K)[2-x) ([2+3x)[2-x) 2k
Ge1 2 ko1 2 1e2(k-2) g

Va — —-——"F=—+1—— == =
2l Wx(x2) K (2] k(2K
Dods po VX . Vx=3 _ ax |
2= x(2-4x) Wx-3
A g . . 4x
Vayvéi x>0,x#4 va x=9 thi P= .
Jx -3
A ~ Y ~ 2 7 ~ ~ 2 7, 4X
b) Theo cau a), ta can tim tat ca cdc s6 thuc m sao cho bat dang thuc m(\/;—3)« \/_ >x+1
x-3
ddngvdimoix>9,haytaphéicé4m>x+1<:>4m—1>l.
X X

7 ~ ~ 7, . /. 5 \ ~ 2 7, N d ~ . . ~
Trudc hét, ta sé chiing minh véi m > 18 thi bat dang thuc trén dugc théa man véi moi sb thuc

x > 9. That vay, véi m>— thi ta cé 4m_1_32£_1_l:><—9 >0, Vx>9
18 x 9 x  9x

Tiép theo, ta sé chiing minh khdng tén tai s6 thuc m < % dé bat dang thdc (1) ding véi moi

x >9. That vay, gid s ton tai m, <% sao cho bat dang thdc (1) ddng véi moi x > 9.

thi ro rang x0>;=9.
4m, -1 4'2_1
18

R& rang 4m,-1>0.Chon x=x, =

Khi 6, theo bat ddng thuc (1), ta phai cé 4m -1 > 1_ 4m, -1, mau thuan.
>(0
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N Ve 7 A A 5 e \ - A A A \ N\ A / ~ ~ / - A e
Tu cac ly luan trén, ta suyra m> 18 chinh |a diéu kién can tim. Binh luan. Cé |é, sé cd nhiéu thi

. \ ~ 3 ’, 1 /2 ~ - N A 1 A v
sinh tUr bat dang thic 4m—-1> = véi x > 9 sé "suy ra truc ti€p" luén 4m-1> 3 Tuy nhién, viét
X

nhu vay la khéng chat ché.

3 chudng trinh cap ba, khi d3 hoc vé gidi han va lién tuc, cdc em hoc sinh cé thé suy ra két qua
nho 18y gidi han x — 9". Tuy nhién, vdi cdc em hoc sinh c&p hai, viéc trinh bay chat ché dé suy ra
diéu kién chan m > % khd vat va. Lai gidi trén st dung phuang phdp phan ching dé cé mét I5i
gidi chat nhu vay.

C4 thé thay ciu nay "gai" khd hiém hdc, cé & sé cb nhiéu thi sinh bi trlr diém khi lam ciu nay.
Céu Il a) Trong hé truc toa d6 Oxy, cho hai dudng thdng (d, ):y =5x+9 va

(dz) Yy = (m2 —4)x+ 3m voi m la tham s8. Tim tat ca céc gid tri cia m dé hai dudng thang (dl)
va (dz) song song Vvdi nhau.

b) Cho phudng trinh x? —2(m—1)x+2m—5 =0 véi m la tham s8. Tim tat ca cic gid tri cia m dé
phuang trinh trén cé hai nghiém thuc x ,x, théa man (xf —2mx, +2m —1)(x2 —2) <0.

c) Hai 6 t6 cung khdi hanh mét ldc trén quang dusng tr A dén B dai 120 km. Vi méi gis 6 t6 thu
nhat chay nhanh hon 6 t6 thd hai Ia 10 km nén 6 t6 thd nhat dén B trudc 6 t6 thd hai la 0,4 gid.
Tinh vén t6c cha mdi 6 t6, biét rang van tdc clia méi 6 t6 la khdng ddi trén cd quang dusng AB.
L&i gidi

m’ -4 =5,

a) Bé (dl) V3 (d2) song song véi nhau thi ta phai cé: {3m N

Hé nay c6 duy nhat mét nghiém 1a m = -3. Vay c6 duy nhat mét gid tri m théa man la m=-3.
b) Phuang trinh da cho la phudng trinh béc hai an x. Vi biét thic cia phuong trinh

A'=(m-1Y -(2m-5)=(m-2) +2>0

véi moi m nén phuang trinh luén cé hai nghiém phan biét x,,x, .

Do x, la nghiém cla phudng trinh nén ta cé x? —2(m - 1)xl +2m-5=0, hay

X2 —2mx, +2m—1=-2x, +4=-2(x, -2).

Do dd, diéu kién da cho cd thé dugc viét lai thanh —2(x, —2)(x, -2)<0, hay (x, —2)(x, -2)=0.
Mot cach tuang dudng, ta phai cé: x,x, —2(xl + x2)+4 >0.

Ap dung dinh Iy Vieta, ta c6 x, +x, =2(m—-1) va x,x, =2m-5. Do d6, bat ddng thic (1) c6 thé

dugc viét lai thanh 2m-5-4(m—-1)+4 >0, tir d6 ta phai c6 ms%

A 3 e \ . A RAY A \
Vay mSE chinh la diéu kién can tim.

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 128



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

c) Goi vén t6c clia 6 t6 thd hai la x( km/h) (diéu kién: x >0 ). Khi d6, vén t6c cla 6 t6 thdf nhat I

x+1o( km/h). Khi dd,

o\

gIc.

Thdi gian d€ 6 t6 thd nhat ditlr A dén B la 1
X+

Vi 6 16 th nhat dén sém hon 6 t6 thd hai 0,4 gis nén ta cd
120 120 1200 2

—= =04 ————~ == x(x+10)=3000 < (x+5)* =3025.
x x+10 x(x+10) 5

Tu dd x+5=55, tlc x= 50( km/h), thda man diéu kién x > 0. Vay van téc cla hai 6 td da cho
lan lugt 1a 60( km/h) va 50( km/h).

Cau Ill. Bdc An muén lam mét clra s6 khudn gd, phia trén ¢ dang nira hinh

tron, phia dudi cé dang hinh chir nhét. Biét rang dudng kinh cla nira hinh

tron ciing 1a canh phia trén cla hinh chir nhat va tdng d6 dai cdc khuén gé

(cdc dudng in ddm trong hinh vé bén dudi, bd qua dé rong cta khudn gd) la

8 m. Em hay gilp bdc An tinh dd dai cdc canh cla hinh chir nhat dé cira sé

c6 dién tich I8n nhat.

Li giai

Goi a( m) la dudng kinh cha nira hinh tron (diéu kién: a > 0). Goi b( m) la d6 dai canh con lai cla
. . A i . ar z
hinh chit nhat. Theo gia thiét, ta cé 2b+a+7 =8, hay (1+§ja+2b =8.
Dién tich cla clra s6 ma bdc An mudn lam 13
2
S:ab+l a z=a Za+b =la Za+2b :la Tars-|1+2|a :la 8-|1+% |a
2\ 2 8 2 \4 2 |4 2 2 4

2
SUr dung bat ddng thiic AM-GM dang xy < (x;y] ,ta cé

2

g

Dodd al8-|1+Z |a|< Le = 64 .
4 147 T+4

Tu day,tasuyra S<

2 . D4u d3ng thuc xay ra khi va chi khi (1+%]a = 8—[1+%ja , tuc
8

(m).

a= 16 (m)~Khid‘é 2b=8-1+Z |la=8-|1+2Z | 16 __16 , tic b=
T+4 2 2) r+4 rn+4 r+4
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32

T+

Vay dién tich ctfa s6 bac An mudn 1am 16n nhat 13 ( mz), diéu nay dat dudc khi va chi khi

16 N 8
a=7r+4(m)vab= (m)

Cau IV. Cho dudng tron (O) va mot diém A nam bén ngoai dudng tron. Qua A, ké tiép tuyén

AB dén dutng tron (O) ( B la tiép diém). Ké dudng kinh BC cta dutng tron (O ). Trén doan CO

,1dy diém | khdc C va D.Budng thdng IA cit duting tron (O) tai hai diém D va E (D ndm giifa

A va E ). Goi H la trung diém cla doan DE.

a) Chdng minh rang AB-BE =BD-AE.

b) Dudng thang d di qua diém E song song vdi dudng thdng AO cit dudng thdng BC tai diém

K . Chitng minh rdng HK//CD.

L&i giai

a) Hai tam gidc ABD va AEB c6 géc chung BAD vi ABD = AEB (9dc tao bdi ti€p tuyén va day

cung bang géc ndi ti€p cung chan cung dd) nén tam gidc ABD dong dang vdéi tam gidc AEB. Suy
AB AE

a = ,hay AB-BE=BD-AE.
BD BE

b) Theo dé bai, ta c6 ABO = 90°(AB 2 tiép tuyén cta (O) ) va AHO =90° ( H Ia trung diém day
cung DE cta (0) ) nén ABO = AHO = 90°, suy ra tdf gidc ABHO ndi tiép dudng tron dudng kinh

AO. T d6 OBH = OAH..
M3t khéc, véi chii y EK// AO , ta c6 KEH = OAH = OBH = KBH . Suy ra t gidc BEKH ndi tiép. Két

— e~ e~ -

hdp vdi t gidc BECD ndi tiép, ta c6 HKB =HEB =DEB =DCB. Suy ra HK//CD.
c) Goi Y la giao diém cla EK va CD,X la giao diém cta EC va AO. Vit gidc BEKH ndi tiép nén

— e~ e~ -

EKB = EHB.. Khi d, hai tam gidc EKC va BHD c6é ECK = ECB = EDB = HDB va

EKC = 180°—EKB = 180° —EHB = BHD nén déng dang vdi nhau (g-g). Suy ra % :%.
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Vi KCY =BCD = BED = BEH v CKY = EKB = EHB nén hai tam gidc CKY va EHB déng dang véi

KY HB
nhau (g-g). Suyra —=——.
(9-9). Suy C - HE
Vi H Ia trung diém DE nén HB :%. Do d6 5:ﬁ suy ra KE =KY . S dung dinh ly Thales,
HE HD KC KC

véichldy EY //XP (do EK//AO )va KE =KY, tasuy ra OP =0X. Do d4, t gidc BPCX la hinh
binh hanh, suy ra BP//CX hay BP//CE.Ma CE L BE nén BP LBE. Do F la giao diém cha BP va
EO nén EBF =90°, d4n dén EF I3 dudng kinh clia (0). Vay td gidc BFCE la hinh chif nhat.

Cau V. Tim tat ca cdc s6 thuc x,y,z véi 0<x,y,z<1 thda man

X N y N z 3
l+y+zx 1+z+xy 1+x+yz x+y+z

Lai giai
Cach 1. Tl gid thiét, ta c6 1+y +2x 2 x* +xy +xz=x(x+y +z). Suy ra

X X 1
< p—

1+y+zx_x(x+y+z)_x+y+z'

y < 1 z 1

Chuiing minh tuang tu, ta cling cé: < , & .
l+z4+xy XxX+y+z l4+4x+yz X+y+z

X y z 3
+ + < .
l+y+zx 1+z4xy l4+x+yz X+y+z

Do dé:
M3t khdc, theo gid thiét thi ddu d3ng thic trong bat dang thic trén phai xay ra. Nghia I3, dau dang
thic trong tiing ddnh gid phu cling phai xay ra, tdc ta phaicé x=y =z=1. Th{ lai, ta thdy thda
man.

Vay cé duy nhat mét bod sé (x,y,z) thda man yéu cau 1a (1,1,1).

X

Ca’rch2.Tijgié\thié’c,taco’(1—x)(1—z)20,hay1+x22x+z.Tijd‘c’>suyra1 X < .
+y+2zX  X+y+z

z z
y <

14 <

Chuing minh tudng tu, ta cling cé < ,
l+z+xy x+y+z l+x+yz

X+y+2z

X y z
+ <1.
l+y+zx 1+z+xy 14+x+yz

Mat khdc, ta cling cé Lzl. Do dé a + 14 + z slsL.
X+y+z l+y+zx 14+z+xy 1+x+yz X+y+z

Mat khdc, theo gia thiét thi ddu ddng thic trong bat ddng thdc trén phai xay ra. Nghia 13, ddu dang
thic trong titng ddnh gid phu cling phai xay ra, tlc ta phdicé x=y =z=1.Th( lai, ta thdy thdéa

Cdng ba bat dang thuc trén lai theo V&, ta dudc

man. Vay cé duy nhat mot bd sé (x,y,z) thda man yéu cau |3 (1,1,1).

€3 | www.facebook.com/mathexpress.vn (O]1900 633551 131



CLB Toan béi duéng MathExpress | ‘|www.mathexpress.vn

S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2020 - 2021
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 150 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. Cho ba s6 thuc x,y,z thda man céc diéu kién sau:

2x* =3y* =47
J2x2 +3y> +422 =2+312+36
xy.z>0

Tinh gid tri cha biéu thidc P :l+1+1.
X y z
Li gidi
Pat 2x* =3y* =42° =t
Tacé: t* =24(xy.2)’ =>t>0=x,y,z>0.

= Y2x? +3y? +42° :3t(l+l+lj Matkhdc, 32-x=33.y=34.2=%t.

X y z

:»z+%+%:%(%+%+%):yz@+l+l].y;

y z
iy

:l+l+1=l.(Dot>O vz‘al+l+l>0).
Xy z 2 X vy z

C3u 1. Xét phudng trinh bac 2:ax? +bx +c = 0(1), trong d6 a,b,c 1a céc s6 nguyén dudng. Biét

rang cdc diéu kién sau dugc thda man: phuang trinh (1) ¢é nghiém; s6 a2020b chia hét cho 12 ;
s6 c® +3 chia hét cho c+ 3. Hay tim gid tri I6n nhat cla téng a+b+c.
Lgi giai

Vi a2020b chia hét cho 12 nén

{afb+453 —be({4:8 =b<8.

Lai c8, b* —4ac>0 nén ac<16 = c <16 (Vi a la s& nguyén dugng).

Ma c®+3ic+3;c® +3=c>+27-24=(c+3)(c’ ~3c+9)-24 nén 24ic+3.

Vi ¢ la s6 nguyén duongva c<16 néntacd c+3 ¢ {4;6;8;12} =ce {1;3;5;9} .
Xét cac trudng hdp sau:

b8 th ac<16
B I a53;CE{1;3;5;9}

Khi dé a+c 18n nhat khi (a;c)=(9;1):> a+b+c=18.
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2) b=4 thi ac<4
) b= I azl(mod3);ce{l;3;5;9}
Trong trudng hgp nay chi cé cdp (a;c) 1a (1;1),(1;3),(4;1) thoa man; khi d6 a+c 16n nhét khi
(a;c)=(4;1) =a+b+c=9.
Vay gid tri I6n nhat cla a+b+c=18.
Cau ll. Tim s8 nguyén a bé nhat sao cho: x* +2x? —4x+a >0 vdi moi s6 thuc x.
Li giai

4 /. . ~ / 1 /7
Do x* +2x* —4x+a>0 ding vdi moi s6 thuc x. Xét XZE ta cé:

4 2
1 +2 1 -4. L +a>0
2 2 2
:az%:azZ (do a nguyén).
Ta ching minh a =2 thda man diéu kién bai todn,

That vy, ta cé: x* +2x> —4x+2 = (x2 —1)2 +(2x-1)* >0 (dung).

Vay a_ =2.

Céu IV. Cho tam gidc ABC nhon ngi ti€p dutng tron (0) c6 AB > BC. Mot dudng trdn di qua hai
dinh A,C cla tam gidc ABC Ian lugt cit cdc canh AB,BC tai hai diém K,N ( K,N khdc cdc dinh
cla tam gidc ABC ). Gia st dudng tron (O) va dudng tron ngoai ti€p tam gidc BKN ct nhau tai
giao diém thd hai la M(M khac B). Chiing minh rang:

a) Ba dudng thdng BM,KN,AC déng quy tai diém P

b) T& gidc MNCP néi tiép

c) BM? -PM? = BK.BA —PC.PA

Lai giai

a) Goi P 13 giao diém ctia KN véi AC,BP cit (o) tai M'.

Do t gidc ABM'C nditi€p =aPCM' ~aPBA(g.g) = E—(B: = % — PBPM' =PAPC.

Chdng minh tuong tu, ti gidc AKNC ndi ti€p = PA.PC = PK.PN
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:PK.PN:PB-PM':E—;:m

= APKB«APM'N(c.g.c) = PM'N = PKB
= KBM'N la t gidc ndi tiép = M' =M = BM,KN,AC déng quy tai P

b) Do AKNC néi tiép = CNP = BAC.

Do ABMC néi tiép = CMP = BAC .

TU day suy ra CNP = CMP = CNMP I3 td gidc ndi tiép.

c) Ti CNMP I3 tf gidc ndi tiép, ta c6 BMBP =BN.BC (do saBNM ~aBPC )
M3t khéc, BN.BC = BKBA (do ABKB« ABCA ) = BM.BP =BK.BA

TU cau a ta cé: PM.PB = PC.PA

— BK.BA - PC.PA =BMBP — PM.BP

=BP.(BM—-PM) = (BM+PM)-(BM-PM) = BM* - PM? (dpcm)

Cau V. Cho hai s6 A,B cung cé 2020 chir sé. Biét rang: s6 A cé ding 1945 chir s6 khéc 0, bao
g6m 1930 chif s6 ngoai cung vé bén trdi va 15 ch{r s6 ngoai cung vé bén phai; s6 B c6 ding 1954
chir s6 khdc 0, bao gom 1930 chir s6 ngoai cung vé bén trdi va 24 chif sé ngoai cung vé bén phai.

Ching minh réing UCLN (A,B) la mbét s8 b khdng quéd 1954 chir sé.
Lai giai

Viét A=x00...0y va B=2z00...0t. V3i x,z c6 1930 chirsé va y c6 15 chir s, t c6 24 chir sé.

Tacd: A=10"x+y va B=10"z+t.
B4t d =UCLN(A,B) ta cd x-B-2zA chia hét cho d = xt —yz chia hét cho d.

D& thdy xt >yz nén xt—yz>0=d<xt-yz<xt.
Lai cé: x <10™%°,t <10** nén d <10™*°.10* =10 = d cb khong qud 1954 chif s6.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phuit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau l. Cho P:[ véi (a>0;b>0;a#b).

b-a _a\/g—b\/gj_(\/g—\/g)2+\/£
b-va ab | arib
a) Rutgon P.

b) Chitng minh réang P>0.

Lai giai

a)Véi a=0,b>0,a#b, ta cé:

P—[ b-a a\/gb\/g].(\/g_\/g)Z_’_@
b-va a-b ) Ja+b
(b a5 +43) (2 b (o ab 5]

N~ (Vb (¥ +vb)

_ \/5+\/E_a+\/£+b .a—\/%er
Ja+vb ) Ja++b
2
~ (\/g+\/5) —(a+\/£+b) \/ng\/g
\/g+\/5 'a—\/%+b
_ a+2\/£+b—a—\/£—b \/g+\/5
\/54.\/6 'a—\/%+b
i asdb
\/;+\/B.a—\/£+b
a—x/%er
b) Chidng minh rang P>0.
Jab >0
Véi a>0,b>0,azb=
a—\/£+b=(\/g—\/g)2+ ab >0
Suy ra P:LZO.
a—\/%+b

Vay P >0 (dpcm).
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Cau Il. a) Chitng minh rang: Vi moi m, it nhat mét trong hai phuong trinh sau cé nghiém:

X —2m+1)x+m*+3=0 (1); x> —mx+4m-11=0 (2)

b) Mét tdm bién quang cdo c6 dang hinh tron tdm O, bdn kinh
bang 1,6m. Gia st hinh chir nhit ABCD ndi tiép dudng tron tdm
O bén kinh bang 1,6m sao cho BOC = 45° (Hinh bén). Ngugai ta
can son mau toan bd tdm bién quang cdo va chi son mét mat
nhu 8 hinh bén. Biét muc chi phi sén phan td ddm la 150 nghin
déng/m? va phan con lai 1a 200 nghin dong/m?2. Hai s6 tién (lam

D
tron dén dan vi nghin déng) dé son toan bd bién quang cdo bang

bao nhiéu? Cho T = 3,14.
Lgi giai

a) Phuong trinh: x> —(2m+1)x+m”+3=0 (1) |a phudng trinh bac hai 4n x, cé biét thic

A, =(2m+1)* —4(m* +3)=4m-11.

Phuong trinh: x> —mx+4m-11=0 (2) la phuong trinh bac hai 8n x, cd biét thic

A, =m?—4(4m-11) =m’ —16m+ 44

Khi dé: 4A, +A, =4(4m-11)+(m* —16m+44)=m* >0 ;Vm

TU d6 suy ra it nhat mot trong hai s6 4A,, A, 18n hon hodc bang 0 hay ft nhat mét trong hai s6
A,, A, 18n hon hodc bang 0.

Do vay it nhat mdt trong hai phuang trinh bai cho cé nghiém (dpcm).

b)

Ké AH L BDtai H (nhu hinh vé).

42

Khi d6, ta c6: AH = AO.sinAOH = 1,6.sin45° = =om)

1 1
Suyra S,  =—AHOD==.
y AOD 2 2

4\/5.1,6= 16\/E(mz)
5 25

Vi BOC =45° nén AOB =135°. Khi d6 ta c6

€3 | www.facebook.com/mathexpress.vn (011900 633551 136



CLB Toan béi duéng MathExpress | |www.mathexpress.vn

135
Shinn quat AOB = 7. 1,62.% ~ 3,0144(m2)

Vi SBOC = SAOD » Shinh quat COD = Shinn quat AOB

1642
5

nén ta c6 S;s aam = 2(2—+ 3,0144} ~7,839(m?%)

Khi d6 Sknong t5 aam = Shinh tron = Sto aam = 3,14.1,6” =7,839=0,1994(m’

V4ay, s6 tién can dé son toan bd bién quang cdo la:

7,839.150 + 0,1994.200 =~ 1216(nghin déng).

Cau lll. Cho 3 diém A,B,C cd dinh sao cho A,B,C thang hang,B nam gilta A va C. Goi (d) la
dudng thang di qua C va vudng géc véi AB. Lay diém M tuyy trén(d) . Dudng thing di qua B
vudng géc véi AMcit céc dudng thing AM,(d) |an |udt tai cic diém | va N. Budng thing MB cit
ANtaiK.

a) Chiing minh rang t gidc MIKN ndi tiép.

b) Chidng minh rang CM.CN = AC.BC.

c) Goi Ola tdm cla dudng tron ngoai tiép tam gidc AMN. V& hinh binh hanh MBNE. Goi H 1a
trung diém clia doan thdng BE . Chiing minh réing OH vudng géc vdi duting thing (d) va

OH:lAB.
2
Lai giai
M
&
c
A
H
0
E
N

a) Xét tam gidc AMN cé hai dudng cao la AC va Nlcat nhau tai B nén suy ra B la truc tAm cha tam
gidc AMN  Suy ra MBcat va vudng géc véi ANtai K . Do dé MKN = MIN = 90%suy ra Kva |
cung thudc dudng tron dudng kinh MN . Vay t( gidc MIKN ndi ti€p dudng tron dusng kinh MN.

b) Ching minh rang CM.CN = AC.BC
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Ta cé AMKN vudng tai K suy ra

BMC = 90°~ ANM vd AACN vudng tai C suy ra NAC = 90°— ANM

— BMC = NAC (cung phu Véi m).
Xét AMBC va AANC cé:

MCB = ACN =90° (Vi AC L MN)
BMC = NAC

suy ra AMBC+~ AANC (g9.9)

CM_CB

= — = CM-CN=AC-BC.
CA CN

¢) Ching minh ring OH vudng géc véi dudng thing (d) va OH :%AB.

Vi BMEN la hinh binh hanh = ME//BN

m3 BN L AM = ME 1 AN = AME = 90°
suy ra AE I3 dudng kinh cda (O)

suy ra O la trung diém cta AE.

Vi BMEN la hinh binh hanh, H |a trung diém cta BE

nén H cling |a trung diém cta MN.

Xét AABE cé H la trung diém cta BE, O |a trung diém cta AE

OH//IAB

suy ra OH la dudng trung binh cia AABE = 1 .
OH = EAB

Vi OH//AB ma AB L MN = OH L MN hay OH L(d).

) y . x* +y? —4x =57 (1)
Cau IV. a) Gidi hé phugng trinh sau: D031 2000
=1 +x=2] (2)
b) Cho a va b Ia hai s6 hitu ti. Chéing minh rang néu av2 + b3 cling lasé hitutithi a=b=0.
Li giai
2020

2021 2020

a) Cach 1.Tacd [x—1[" > 0;[x -2 20 va [x-1["" + |x~2]

2021 2020

nén |x-1 " <1va [x-2[" <1.
TUd6 [x-1|<1 va |x-2|<1,

Suy ratuosnging 0<x<2 va 1<x<3.
Két hdp lai, ta dugc 1 <x<2.

Néu 1< x<2 thi O<‘x—1‘<1 va O<‘x—2‘<1.Dodc’>
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2021 2020

‘x—l‘ +‘x—2‘ <‘x—1‘+‘x—2‘:x—1+2—x=1 (m&u thuan).
Vdy x=1 hoac x=2.

Thirlai x =1 hoac x =2thdéa man phudng trinh (2)
e Thay x =1 vao phuang trinh (1) ctia hé, ta dudc y* =60 < y = +/60.

e Thay x =2 vao phudng trinh (1) ctia hé, ta dudc y> =61 <y =+/61.
V3y hé phuong trinh &3 cho cé bdn nghiém (x;y) E

(165) (-0} 2 21

Céch 2. Dit x—2 = a thi phudng trinh (2) trd thanh \a\ml tla+1]

2020

=1
Tudé suyrafa|<1 va la+1<1

Hay -1<a<lva-1<a+1<1

Suyra: -1<a<0

2021 2020

Tacd ‘a‘ +‘a+1‘ S‘a‘+‘a+l‘:—a+a+1=1.

D4&u dang thic xay ra khi va chikhi a=0 hodc a=-1.
Suyrax=2 hodac x=1

e Thay x=1 vao phudng trinh (1) clia h§, ta dudc y* =60 < y = i\/@.

e Thay x =2 vao phudng trinh (1) clia hé, ta dugc y* =61 <y = i\/ﬁ.
Vay hé phuang trinh d cho c6 bdn nghiém (xy) la (1\/@) (1—@)(2@)(2—@)
b) Ta dét:ax/5+b\/§=CGQ

=c?=(a 2+b\/§)2=2a2+3b2+6ab£e@

— 2 —2a% —3b? =6ab\/6ecQ

2 5.2 aR2
NE&u 6ab = 0 = +/ =C263—b3b 13 56 hifu ti, v Iy.
a

N&u 6ab=0= |2~
b=0
Trusng hop 1: a=0=b\V3 e Q=b=0 (do beQ).

TrudngthZ:b:0:>a\/§e@:>a:O (do aeQ).
Vay a=b=0 (dpcm).
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2021 - 2022
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang

1+\/§
>

Caul. Cho a =

a) Tim mét da thic bac hai Q(x)véi hé s8 nguyén sao cho « |3 nghiém cua Q(x).
b) Cho da thic P(x)=x® - x* —x+1.Tinh gi tri cia P(a).

Lai giai

a) Tacé 2a =1++/5 nén (20:—1)2 =5 hay a’-a-1=0

TU d6 suy ra « 13 nghiém cua Q(x) =x?—x-1.

b) Ta cd P(x)=(x2—x—l)(x3+x+1)+x+2.

5+\/g

2
Cau Il. Cho A,B la hai diém c8 dinh ndm trén dudng tron tdm O, bdn kinh R. Gid st C la diém c6
dinh trén tia d6i ca tia BA . M6t cét tuyén thay d6i qua C cdt dudng tron (O) tai D va E (D

Vay P(a)=a+2=

nam gitra C,E). Cdc dudng tron ngoai tiép cdc tam gidc BCD va ACE cat nhau tai giao diém th
hai M. Biét rang bdn diém O,B,M,E tao thanh t& gidc OBME . Chiing minh rang:

a) TU gidc OBME ndi tiép.
b) CD.CE = CO? —R?.
c) M lubn chuyén ddng trén mdt dudng tron cé dinh.

L&i gidi
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a) Vi AEMC,BCMD,EABD la céc t gidc ndi tiép nén

— — e — -

Suy ra OBME I3 t( gidc ndi tiép.
b) Qua diém O ké dudng thdng ON vudng gdc vdi dudng thang DE taiN. Khi dé N |a trung diém
cla DE,tacé

CE.CD = (CN + NE)(CN —DN) = (CN + NE)(CN - NE) =CN? —NE? =C0O? - OE? =C0O? -R?.

c) Ta c6 céc t gidc OBME,AEDB,BDMC ndi ti€p suy ra

—_— e - 1 —

OMC = OMB +BMC = OEB+BDC = OEB + BAE =OEB+%BOE=90°.

Ma O,C c¢6 dinh nén M nam trén dudng tron dudng kinh OC cd dinh.

Cau lIl. Tim tat ca céc s8 nguyén dusng N sao cho N cd thé biéu dién mot cdch dang duy nhat &
2

dang X +y
xy +1

L&i giai

véi x,y la hai s& nguyén ducng.

V4i N =1 thitathdy x=y—1 thda man do dé N cé vd s cdch biéu dién. V6 Ii nén loai N=1.

V@i N > 2 ta sé chitng minh N cd thé biéu dién duy nhat. That viy

2

No Xty
xy+1

SNxy+N=x>+y < x> —Nxy+y-N=0 (1)

Phuang trinh (1) la phudng trinh bic 2 dn x.

DE& phuang trinh cé nghiém nguyén thiA = (Ny)2 —4y + 4N phai la s8 chinh phuadng.

(Ny-1)" =(Ny)’ ~2Ny +1<(Ny) —4y +1<(Ny)" +4N <(Ny+2)".

Ma A= (Ny)2 (mod2) nén A :(Ny)2 suyra y=N, trdé x=N? do x la s& nguyén dudng.

Do dd phuang trinh chi cd nghiém duy nhat (NZ,N) nén N cling chi cé mdt cdch biéu dién duy nhat.

Vay N>1.

Cau IV. Cho a,b,c |1a 3 s6 nguyén dudng sao cho mbi sé trong ba s6 dé déu biéu dién dudc 3 dang
IGy thira cta 2 vdi s8 mi tu nhién. Biét rang phudng trinh bic hai ax®> —bx +c¢ =0 (1) cé hai nghiém
déu la s6 nguyén. Chiing minh rang hai nghiém cla phuadng trinh (1) bang nhau.

L&i giai

TU gid thiét, tacd a=2",b=2",c =2° vdéi m,n,p la s8 tu nhién.

Vi phudng trinh (1) cé nghiém nguyén nén ta cé: A =b? —4ac = 2" —2™"*2 phaila s6 chinh phudng.

D3t 22" —2™P2 = 2 vdi u tu nhién, khi dé ta cé: (2" —u)(2" n u) —2mP2(2)

Gidsttu>0. TU (2),tasuyra 2"—u va 2" +u déu la Iy thira cta 2.

Pat 2"—u=2" va 2" +u =2 Vi k,I |3 cdc s6 tu nhién (k<l), khi d6 ta cé
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2m =2 420 =25 (2% +1).

Suyra 2™ +1 13 Ity thira cta 2, mau thudn vi 27 +1 13 s nguyén & 16n hon 1.
Nhu vay, ta phadicd u=0.Suyra A =0, tdc la phudng trinh (1) cé nghiém kép.
Do d6 hai nghiém clha phuadng trinh (1) bang nhau
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

xtdx+l 11 ) 1
x+x-2 x-1 x+2) x-1

a) Rdt gon biéu thuc A.

Caull. ChoA:( véi x>0 va x=1.

b) Tim tat cd cdc s6 nguyén x sao cho % la s6 nguyén duong.
Li giai
a) Bang bién ddi truc tiép, dé dang chiing minh dudc véi x>0 va x#1 thi A= (\/;+1)2.

va N
A Wx+1p

TUu dé (\/; +1)> =1, hay x=0 (thda man). Vay x =0 |3 gia tri duy nhat thda man yéu cau.

b)Tacél>O Sl.\fllIésé’nguyéndwngnénlzl
A A A

C3u . a) Trong mat phing toa d6 Oxy, hay viét phudng trinh dudng thang (d) 'y =ax+b biét
dung thdng (d) di qua diém A(2,-1) va song song vdi duting thing y = -3x+1.

b) Mét clra hang kinh doanh dién mdy sau khi nhip vé chiéc tivi, d3 ban chiéc tivi d4; cira hang thu
dugc tién 13i 13 10% cla gid nhip vé. Gid s clfa hang tiép tuc ndng gid ban chiéc tivi d6 thém

5% cua gid da ban, nhung bdt cho khdch hang 245000 déng, khi d6 clfa hang sé thu dudc tién 13i
la 12% cua gid nhap vé. Tim gid tién khi nhap vé cua chiéc tivi dé.

Lai giai

a) Do dudng thing (d) song song véi dudng thidng vy =-3x+1 nén a=-3 va b= 1. M3t khac, do
dung thdng (d) di qua diém A(2,-1) nén —-1=2a+b=-6+b,tirdé b=5 (théaman b=1).
Vay phuang trinh clia duting thdng (d) cantim Ia (d):y =-3x+5.

b) Goi x (d6ng) la gid tién cha chiéc tivi Itc nhdp vé. Ré rang x > 0. Ta cé tién |3i cla chiéc tivi dé
X . x 1lx , _,
khi bdn 1a 10%x = -— (ddng), suy ra gid bdn cla chiéc tivi la x+-— === (dong).
x=15 (dong), suy ra g 1010 (d6ng)

Né&u clra hang nay nang gia cla chiéc tivi thém 5% so vdi gid da ban thi s6 tién |3i thém la

%-5% = —;(1); (@6ng). Thé thi, sau khi tang thém 5% gid da ban thi gid mdi cla chiéc tivi (khi

11x 11x 231x

0 + 200~ 200 (déng). Khi gidm cho khdch hang 245000 déng thi gid bén 1a

chua gidm gid) la

2310x —245000 (d6ng). VEi gid nay thi clfa hang thu dudc 13i 12% cla gid nhap Vé, tlc bang

12%x = % (@dng). Nhu vy, ta cé
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231X 5 45000 |- x = 3X.
0 25

Giai phuang trinh nay, ta dudgc x = 7000000. Vay gid nhdp vé cla chiéc tivi la 7000000 dong.
Cau lll. Cho tam gidc déu ABC ndi tiép dudng trdn (O), diém D thugc cung nhd AB ( D khic A
va B). Céc ti€p tuyén vdi duting tron (O) tai cdc diém B va C cit duting thing AD theo thi ty
tai E va G. Goi | la giao diém cla hai dudng thang CE va BG.

a) Chiing minh rang hai tam gidc EBC va BCG déng dang.

b) Tinh s do gdéc BIC . TU d6, hay chiing minh rang t& gidc BIDE ndi tiép.

c) Goi K 3 giao diém cla hai dudng thing DI va BC . Ching minh riing BK? =KI-KD.

Lai giai

a) Do tam gidc ABC déu nén AB=BC = CA,E?A\C - ABC = ACB = 60° , tAm dudng tron ngoai tiép
O cling la truc tdm cla tam gidc ABC. Do @6 BO L AC. Lai cé BE 13 ti€p tuyén tai B cla (O)
nén BE 1L BO, tu dé BE//AC.

Tuong tu, ta cling c6 CG//AB.Suyra AEB = GAC va BAE = AGC (cdc géc ddng vi). TU d6

AAEB« AGAC (g-g), dan dén BE _ % Ma AC = AB=BC nén BE :E. Tu day, két hap vdi
AC CG BC CG

EBC = GCB = 120°, ta dugc AEBC «»»ABCG (c-g-c).

b) T (1), ta c6 BEC = CBG . T &6 ACEB» ACBI, din dén CIB = CBE =120°. Suy ra
BIE =180°—BIC = 60°.
Do t gidc ADBC ndi tiép (O) nén BDE = BCA = 60°, suy ra BIE = BDE.

T gidc BIDE cé BIE = BTIiE ma hai géc nay cé dinh ké nhau cling nhin canh BE nén t& gidc
BIDE 13 t& gidc ndi tiép.
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c) Do t gidc BIDE néi tiép nén BDI = BEI (hai gdéc ndi ti€p cung chan cung Bl ), ma BEC = CBG

nén KBI = KDB.. Xét hai tam giac KBI va KDB cé géc K chung va KBI = KDB nén hai tam giac nay

déng dang (g—g).Suy ra %z%,tifdé KB? =KI-KD.

Binh ludn. Bai hinh ra giéng dé thi vong 2 cla chuyén Su pham nam 2004-2005. C4u a) gay khé
khan cho hoc sinh khi phai tim ra hai tam gidc déng dang gdéc gdéc thi méi chitng minh dugc cap
tam gidc dé bai ra. Hai cdu b) va ¢ ) lai khd nhe nhang khi chi can dung y trudc |a cé thé lam dudc
ngay.

CAu IV. a) Tim tat ca cdc s6 thuc x thdaman a=x++2 va b=x>+ 572 13 hai s6 hitu t.

b) Cho cdc s6 thuc a,,a,,.. b,.b,,....b,.,, théa man mdi phudng trinh x* +ax+b. =0 déu cé

o a2022’ 1772022

hai nghiém thuc phan biét x, va x, vdimoi i=1,2,...,2022.

X1+X2+-"+X

Chdng minh rang sé thuc o = 2022 13 nghiém cda phudng trinh bac hai

2022
X2 4 9 T3+t A, X 4 by +b, +-+byy, -0
2022 2022

Li giai
a) Tacod x=a—x/§,do dé
b=x3+5\/§=(a—\/5)3+5\/§:a3+6a+3\/§(1—a2).
Vi a,b la céc s6 hitu ti nén 3\/5(1—a2) la s6 hituti. Suyral1-a° =0, tlc a==+1.TUu day, ta cd

x=1-2 hoac x=-1 2. Tha lai, ta thay cdc gid tri nay déu thda man yéu ciu. Vay, cd hai gid
tri x thda man yéu cau bai toan Ia x=1-2 va x=-1-+/2.
b) S&r dung dinh ly Vieta, ta cé x, +x. =—a, va x,x, =b, v8imoi i=1,2,...,2022. Tu dé suy ra

—(a1+a2+---+a2022):2022x0+(x1+x2+---+x2022):2022(x0+a)
va
by +b, +-e 4 by, = Xo (X, X, 0+ Xy, ) = 2022%,0.
b.+b +--+b
Nhu vay, x0+a:_al+az+ * 302 v X0 = I 77
2022 2022

Do dé, theo dinh ly Viet ddo, ca hai s6 x, va a déu la nghiém ctia phuang trinh

. a, +a, +-+a,,, i b, +b, +--+b,,,, 0
2022 2022
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2022 - 2023
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

Cau I. a) Khéng st dung mdy tinh, hiy tim gid tri cia biéu thic P =37 +5v2 + Y7542 .

b) Cho da thic P(x) =ax? + bx+c Vdi a= 0. Chiing minh ring, néu da thic P(x) nhan gid tri
nguyén vdéi mdi s8 nguyén x thi 2a,a+b,c déu la nhirng s8 nguyén. Sau dé, chidng td rang néu ba
s 2a,a+b,c la nhitng s8 nguyén thi P(x) cling nhan gid tri nguyén véi mbi sd nguyén x.

Lgi giai

a) Tacé P=3(L+v2) +31 -2 =142 +1-+2=2.

sd nguyén. Suy ra a—b+c,c,a+b+c lacdcsé nguyén. Ttdétacd a+b= (a+b+c)—c la s8
nguyén va 2a = (a+b+c)+(a b+ c) 13 s6 nguyén. VAy 2a,a+b va c |a cic s nguyén.

Bay gid, gid si 2a,a+b va c la cdc s6 nguyén. Khi dd, ta cé

x(x—l)

P(x)=a(x2—x)+(a+b)x+c=2a'—+(a+b)x+c

x(x—l)
2
Cau ll. Cho tam gidc déu ABC ngoai tiép dudng tron (O) Cung nho OB cla dudng tron ngoai

I3 s6 nguyén vdéi moi x nguyén.

ludn nhéan gid tri nguyén véi moi s6 nguyén x, do

tiép tam gidc OBC cét dudng tron (O) tai diém E. Tia BE cit dudng tron (O) tai diém thi hai F.
a) Chudng minh rang tia EO 13 tia phan gidc cla géc CEF.

b) Chidng minh rang t& gidc ABOF ndi tiép.

c) Goi D la giao diém thd hai cia dudng thdng CE va duting tron (O). Chiing minh réng ba diém
A,F,D thdng hang.

L& gidi

a) Do dudng tron (O) nbi ti€p tam gidc déu ABC nén BAC = CBA = ACB = 60° va AO,BO,CO I3
cdc dudng phan gidc clia tam gidc ABC.

Do t& gidc OEBC néi tiép nén OEF = OCB = 30° va OEC = OBC = 30°. Suyra OEF = OEC nén
EO I3 tia phén gidc caa CEF.

b) Vi tam gidc OEF céan tai O nén OFE = OEF = 30°. Do BAO = BFO = 30° nén td giac ABOF ndi
tiép.
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c¢) Hai tam gidac OED,OEF c6 OE =OF =0D va OEF = OED nén chidng bang nhau. Suy ra

ED =EF. Tu @4, tam gidc DEF cén tai E. Ma DEF = 60° nén tam gidc nay la tam gidc déu. Bay
gi%, vdi chd v riing td gidc ABOF ndi tiép, ta cé: AFB+BFD = AOB+EFD = 120° + 60° = 180°.
Vay ba diém A,F,D thing hang.

Cau lll. Cho a,b,c,d la céc s6 nguyén duong théa man ab = cd. Chiing minh rang sb

N = a2022 +b2022 +C2022 +d2022 I\a hdp 56.

L&i gidi
2022 d2022 X X
TU gid thiét, ta c6 —5> = —>=— V4i x,y la cdc s6 nguyén duang nguyén té cling nhau. Do — I3
c b2022 y y
phan s6 t8i gidn nén ton tai cdc s6 nguyén dusng m,n sao cho a*°** =mx, ¢ =my,d**? =nx va

b*?? =ny . T d6, ta c6: N =mx+ny +my +nx =(m+n)(x+y) la hgp s6, do m+n va x+y la cic

s6 nguyén duong I6n hon 1.

Cau V.
Ta viet mudi sd 0,1,2,...,9 vao mudi 6 tron trong
hinh bén dudi, méi s6 dugc viét ding moét Ian.
Sau dd, ta tinh tdng cla ba s& trén mbi doan
thang dé nhan dudc sdu tdng. C6 hay khéng mét
céch viét mugi s8 nhu thé sao cho sdu tdng nhén
dudc la bang nhau?
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Li gidi
Gid s ton tai mot cach dién s thda man yéu cau dé bai. Goi cic sé dugc dién la a,, a,,...,a,, nhu

hinh vé.

Khi 6, ta cé

6S = (al+a5+a2)+(a2+a7+a3)+(a3+a6+a) (a +a, +a,

+(a +a +a) (a +ag +a;

)

)

= 2(a,+a,+a,+a,)+(a, +a, +a,+a, +a, +a, +a, +a, +a, +a,)
= 2(a,+a,+a,+a,)+(0+1+2+3+4+5+6+7+8+9)
= 2(a1+a2+a3+a4)+45.

Suy ra 45 |a s8 ch8n, mau thuan. Vay khéng ton tai cdch dién s6 thda man yéu cau dé bai.

Cau V. a) Trong mat phiang cho nam diém sao cho khdng cé ba diém nao thang hang. Ching

minh rang ton tai it nhat mét tam gidc tu ¢b cdc dinh dudc 18y tir nam diém da cho.

b) Trong mat phang cho 2022 diém sao cho khéng cé ba diém nao thang hang. Chiing minh rang

tén tai it nhat 2018 tam gidc tU ma mdi tam gidc tu d6 cé cdc dinh dugc 18y tir 2022 diém da cho.

Li giai

a) Xét nam diém A A, A, A, A, trén mat phang sao cho khéng cé ba diém nao thdng hang. Cé

thé thay rang bao 16i C cla ndm diém nay phai 1a mét ngli gidc 16i hodc mot td gidc 16i hodac mét

tam gidc.

e Trudng hop 1: Bao 16i C cia nam diém nay la mdt ngl gidc 16i. Khdng mat tinh téng quat,

gid st ngligiacdd la A A A.A A_. Khi dé, ta cé

17727 37 4" 57

ZAAA + ZAAA + ZAA A+ ZAAA + ZAAA, =540

2° 3" 4 3" 4" 5 4" 5" 1 5" 1" 2

Suy ra, trong cac géc A AA, AAA, L AAALAAA va ALAA,, phai cd mot géc én hon 90°.

177270 '3 20 73T 4T 3T g s 57 '1° "2
TU d6, ta c6 diéu phai chdng minh.
e Trudng hdp 2: Bao 16i C cla nam diém nay la mét t gidc 16i. Khdong mat tinh téng quat, gia
sU i gidc d6 la A A A A, . Khi dd, diém A, phai nam trong t gidc A,AA A, . Ta cd

273" 4" 5"

ZAAA + ZAAA, + ZAAA + ZAAA =360, Do d6, gée I8n nhat trong cac géc

271" 3 4" 1°'5

AAALAAAAAA va AAA, phdicé s6 do khdng nhd hon 90°. Néu gée nay ¢ s6

2717 37 30 17 4

do bang 90° thicd bon géc AJA A, AA A, AAAAAA, déuphdibang nhau va bang

27717 3773717 407 4T 1T s
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907, suyra LAA A+ AAA, =180, tdcba diém A,. A ,A, thdng hang, mau thuan.

2717 3
Nhu vay, géc I8n nhat trong cdc géc AL A AL AL A A, AA A, va ALA A, phailagdctu. Ta
cd diéu phai ching minh.
e Trudng hdp 3: Bao 16i C cla nam diém nay la mét tam gidc. Khdng mat tinh tdng quat, gia
sif tam gidc dé la A A A, . Khi dd, hai diém A, va A, phadi nam trong tam gidc nay. Suy ra
ZAAA + ZAAA, + ZAAA =360, T d6, géc I8n nhat trong ba géc ALA A AA A,

360 _ 120° > 90°. Ta cd diéu phai chiing minh.

va A,A A, phaicé sé do khdng nho han

b) Ta sé chitng minh ménh dé tdng quat sau bang quy nap theo n : V38i n+4 diém trén mat
phdng cho trudc, sao cho khdng cd ba diém nao thdng hang, ton tai it nhat n tam gidc tu ma méi
tam gidc tu dd cé céc dinh dudc 18y tUr n+ 4 diém da cho.

Theo két qua cdu a), ménh dé didng vdi n=1. Gid st ménh dé ding dén n =k vdi k nguyén
dudng, ta sé chiing minh ménh dé ciing ding véi n=k+1. Xét k+5 diém A, A,...... A, trén
mat ph3ng sao cho khéng cé ba diém nao thdng hang. Khi d4, véi ndm diém

A AL AL ALLAL theo cdu a), ta tim dugc mbt tam gide tl cd cdc dinh dugc lay ti ndm
diém nay. Khong mat tinh téng qudt, gia stf tam gidc A A A . tu. Bé qua diém A, va xét
k+4 diém A A,,....,A_,. Theo gid thiét quy nap, tir k+4 diém dang xét, ta tim dugc k tam gidc
tl cé cdc dinh dudc lay tif k+4 diém nay. Nhu vay, tU k+5 diém A, A,,...,A ., tatim dugc k+1
tam gidc tu cd cdc dinh dugc 1ay tir k+5 diém dang xét. Khang dinh cling ding véi n=k +1. Theo
nguyén ly quy nap, ta cé khang dinh ding véi moi n nguyén duadng.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian 1am bai: 90 phuit

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang

2
Cau I. a) Rat gon biéu thic A= X +8x +2x+\/7 16-4x véi x > 0.

x—2Ix+4  Ix  Ix+2

b) M6t khay nudc cé nhiét dé 125°F khi b3t dau cho vao ta dd. G trong td dd, ci sau mdi gid, nhiét
d6 khay nudc lai gidm di 20%. Hai sau bao nhiéu gid, nhiét dé khay nudc chi con la 64°F?

L&i gidi
a) VGi x>0, tacé
x? +8x 2x—|—\/_ 16 —4x \/;(X\/;+8)+\/;(2\/;+1)_4(X—4>
v—2dx 44 x Atz x—2uxta Jx Jx 42
\/—(\/_+2)(x 2yx +4] 4(Vx+2)(Vx-2]
+2x +1-
x—2x+4 Jx +2

=Vx(Vx+2) 1 2V +1-4(Vx = 2) = x+ 2x + 2x +1- 4k + 8 =x+9.
Vay véi x>0 thi A=x+09.
b) Cach 1:
Nhiét d6 cia khay nudc sau gid thit nhét I3 125 —125.20% — 80%.125 = 100 (°F).

A_

Nhiét do clia khay nudc sau gid thd hai la

100 —20%.100 = 80%.100 = 80 (°F).
Nhiét d6 ctia khay nudc sau gid th ba Ia

80 —20%.80 = 80%.80 = 64 (°F).

Dé& thady sau X gig, v6i x > 3 thi nhiét d6 clda khay nudc la nhé hon 64°F (khéng théa man)
Véy sau 3 gidi, nhiét dé nudc trong khay chi con la 64°F.
Cach 2:
Goi t (t>0, don vi: gid) la thai gian dé sau t gid d6 nhiét dd nudc trong khau chi con la 64°F .
Gid st x (°F) la nhiét d6 cta khay nudc khi bt ddu cho vao ta dd.
3 trong t0 d3, cf sau mai gid, nhiét d6 ctia khay nudc lai giam 20%.
Do d6 sau mét gid, nhiét d6 cta khay nudc la x —20% = 80% x .
Sau hai gid, nhiét dé cia khay nudc I3 x —20% = 80%x — 20% = 80%x. (1 — 20%) = (80%) x

Sau t gid, nhiét do ctia khay nudc 3 (80%) x
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V@i x =125°F va sau t gid, nhiét d6 cda khay nudc la 64°F, ta cé:

. 4 t 4 3
(80%) .125=64 hay [EJ :{g] .Dodé t=3

Vay sau 3 gidi, nhiét d6 nudc trong khay chi con la 64°F .

Cau II. a) Cho phugng trinh: x? —(2m —1)x —(m2 + 1) =0. (1)

Chdng minh rang v4éi moi gid tri cia m, phuang trinh (1) ludn cé hai nghiém x,, x,. Tim hé thdc
lién hé gilta x,, x, sao cho hé thic dé khéng phu thudéc vao m.

b) Cho Parabol (P) ty = ax? (a ; O) di qua A(—l;%} Tim toa d6 diém M trén Parabol (P) sao cho

khodng céch tir M dén truc tung gép hai lan khodng céch tir M dén truc hoanh.
L&i giai
a) Xét phuang trinh (1) co

A:[—(zm—l)r —4.1.[—(m2 +1)]:8m2 —4m+5:2{2m—%]2 +§>0 véi moi m.

Suy ra véi moi gid tri cia m, phuadng trinh (1) ludn cé hai nghiém x,, x,.

X, +x,=2m-1 m:sz+1
Theo hé thuc Viét, ta cé 5 & 2
XX, = —(m + 1) 5

X, X, =-m"—1

X +x +1
Thay m= s vao x,x, = -—-m’ —1 ta dudc: x,x, = —
2

X, +%, +1 2_1:_(x1+x2+1)
2 4

Suy ra x? + x2 +6x,x, + 2x, +2x, +5=0
Vay biéu thic gitta hai nghiém x,, x, khéng phu thudéc vao m la:
X2 + X5 +6x,X, +2%, +2x,+5=0.

b) Vi Parabol (P):y:ax2 (a:cO) diqua A —1;l nén l:a.(—l)2 =N a:l.
2 2 2
Khi dé (P):y:lxz.

2
Vi Me(P):y:lx2 nén M k;lk2 .

2 2
Khodng céch tir M dén truc tung la ‘k‘

Khodng cdch tir M dén truc hoanh la

lk2
> K

k=0

@‘k‘:kZ@kZ:k4<:>k2(k2—1):0<:) :
k=-+1

Theo gia thiét, ta cé phudng trinh ‘k‘ = 2‘%k2
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Vay toa d6 cdc diém M can tim la M, (O;O); M, [—1;%]; M, [1%]

Cau IIl. Cho hinh binh hanh ABCD c¢6é ABC = 120°, BC = 2AB. Dung dudng tron tam O dudng
kinh AC. Goi E, F |an lugt |a giao diém th( hai cda AB, AD vdi dudng tron (O) Dudng thing EF
1an lugt c3t cdc dudng thang BC, BD tai H, S. Chiing minh:
a) Tam gidc ABD la tam gidc vuodng.

b) T gidc OBEH la t gidc ndi tiép.

c) SC Ia ti€p tuyén cda dudng tron (O).

Lai gidi

a) Goi K Ia trung diém cla doan AD

Ta cé tam gidc ABK déu (do AB=AK =a va BAK — 60°)
Suy ra ZI_BT< =60° (1)

Tam gidc KBD cén tai K va BKD = 120°

Suy ra K/BTD =30° (2)

T (1) va (2) suy ra ABD = 90°
Vay tam gidc ABD la tam gidc vuong tai B.

b) Do d6 OB L AE va OA=O0E, suy ra B la trung diém clha AE.
Xét tam gidc EAF cd B la trung diém cha AE va BH// AF nén H la trung diém cla EF .

Suyra OH LEF.
T gidc BEHO cé OBE = OHE = 90° td gidc BEHO 13 t¢ gidc ndi tiép.

c) Ta cé: CHS = BHE. Do td gidc BEHO nbi ti€p nén BHE = BOE =BOA =COS.
Suy ra SCO = SHO = 90°. Vay SC la ti€p tuyén cla dudng tron (O)

2
Cau IV. Cé hay khéng cédc s6 nguyén a, b sao cho (a + b\/2023) =2024+2023420237
L&i giai
2
Tacé (a + b\/2023) =2024 +2023+/2023

& a? 4 2aby/2023 +2023b2 = 2024 +2023+/2023
& (a2 +2023b? — 2024) +(2ab - 2023)\/2023 —0.

a2 + 2023b2 —2024=0 32 + 2023b2 =2024
Vi a, b nguyén nén N
I {Zab —2023=0 ab— 20223
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Ma a, b nguyén nén ab nguyén.

Suy ra khéng tén tai cdc cap sé nguyén a, b thod man diéu kién bai todn.

C4u V. Trén bang ta viét da thuc: P(x) =ax? +bx+c (a * O).

P(x+1)+P(x-1)
2

P (x+1)+P,(x-1)
2

Ta viét da thitc mdi: P, (x) = r6i x0d da thic P(x).

Ta viét da thic mdi: P, (x) = réi xod da thic P, (x)

Ta tiép tuc lam thé nhiéu Ian.

Chdng minh rang néu cd lam nhu vay nhiéu |an thi d&n mdt Idc nao d6 ta nhan dugc mét da thic
khong cé nghiém.

Lgi giai

Ta cé: P(x):ax2 +bx+c

P(x+1):a(x+1)2+b(x+1)+c:ax2+Zax+a+bx+b+c
P(x—1>:a<x—1)2+b(x—1)+c:ax2—2ax+a+bx—b+c
éP(erl)JrP(x—l):Zaxz+2bx+2a+2c

P(x+1>+P(x—1)

:>P1(x): > —ax®’ +bx+a+c.

Tuong ty, ta tinh dugc: P, (x) =ax’ +bx+2a+c P, (x) —ax’+bx+3a+c

Lam nhu vay dén lan thd n, ta nhan dudc da thic: P, (x) =ax’+bx-+na+c véi neN".
Khidé A =b*— 4a(na + c) = (b2 A 4ac) —4a°n.

Xét cdéc trudng hap:

+) Néu P(x) v6 nghiém thi b* —4ac <0= A < 0=-Dathic P, (x) vO nghiém.
+) Néu P(x) c6 nghiém thi b? —4ac =k > 0. Khi d6 véi n duIén thi A =k —4a’n <0
= Da thic P, (x) v6 nghiém.

Vy ta ¢ diéu phai chiing minh.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2023 - 2024
Mén: TOAN (VONG 2)
| DE CHINH THUC | Thai gian 1am bai: 120 phdt

(Khéng ké thdi gian giao dé)

Dé thi gébm 01 trang
Cau |. a) Chiing minh rang tich cGa bén s& nguyén lién tiép céng vdi 1 1a binh phudng clia mot sd
nguyén.
< A . A s . 2xy —-x=10

b) Tim cdc cdp s8 nguyén (x;y) 1a nghiém cta hé phudng trinh: { Y .
X+y+xy=11

Li giai

a) Goibén sé nguyénlan,n+1,n+2,n+3 (n € Z).

Xét A:n(n+1)(n+2)(n+3)+1 :(n2 +3n)(n2 +3n+2)+1
=(n2+3n)2+2(n2+3n)+1:(n2+3n+1)2.

TU d6 ta cd diéu phai chiing minh.

2xy —x =10 {X(Zy—1)=10

x+y+xy=11 (x+1)(y+1)=12'

b) Tacé {
Vi x, vy nguyénva 2y —1 13 s6 1& nén ta cé er(lO); x+1le U(12) va x |3 s8 chan.
Suy ra x € {~10;-2;2,10} va x+1e{-3;-1;1;3}.

=2

X
e D Thay vao hé phudng trinh, ta chi tim dudc cap { _3 thod man.

X
Do dé {
Vay (x;y) = (2;3) la c3p s6 can tim.
Cau ll. a) Cho a, b 1a céc s6 thuc khdng dm, ¢ |a sé thuc dudng thda man dang thuc:

\/_—\/a+b—c =\/B+\/Z.

Chdng minh riing Ya+3b-Yc =a+b—c.
s
V5 +4b

1a s& hitu ti.

b) Tim cdc s6 nguyén dudng a va b sao cho
LaGi giai
a) Tacéd Ja—va+b—c=+b ++c. (1)

Trudng hop 1: Néu b=c thi Va —+a =+/c ++/c = c =0 (mau thuan vdi gia thiét).

—(a+b- -
Trudng hop 2: Néu b = ¢, ta cé Ja-Vatrb-c=+vb+vc = 2 (a C) b-c

\/5+\/a+b—c 2\/5—\/;
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—(b—C) b-c
Q\/g+\/a+b—c N \/_:>\/5+\/a+b c = /b ++c. (2)

Tir (1) va (2), suyra f:ﬁ:{zf%f:fﬁ%.

Suy ra diéu phai chdng minh.

b)Dt\/\/:I:j—_ véi mne N’ va (mn)=1.
Tacé \/\/§+://: M 3 +n'a=m/5 +mb (*)

o 3 —mib = m5 —mfa < 3n? = 2mn3b + bm? = 5m? — 2mn+/5a + an?
< 2mm/Ba — 2mn+/3b = 5m? +an? — 3n? — bm?

= 2mn\/5—2mn\/% la s6 hitu ti = \/5—\/% la s& hitu ti.
Trudng hop 1: @—@:0:%

\/\/:://_— £+\/\/: ﬁkhonglasohdutl

Trudng hdp 2: J5a —+/3b # 0.
M3 (\/5—\/%)(\/5+\/£)=5a—3b I3 56 hitu ti nén +/5a +~/3b 13 8 hitu ti.

Do d6 \/5a va /3b 13 céc s6 hitu ti.

_b L VikeN.
5

Khi d

Dat J5a =2 véi x, y e N' va (x,y)zl.
y

2

Ta cé x? =Bay’ = x*iy%. Ma (x,y):l nén y:lja:%

2

Chuing minh tudng tu, ta cé b = ? y e N".

Thay vao (*), ta dugc: m3+ X —m\/_+ <:>\/_(3n my) \/§(Sm—nx).

P 3n-my=0 3n=m
Ma \/5\/5 la cac s6 vo ti nén 4 o y:>xymn=15mn.
5m-nx=0 5m = nx

M3t khdc m, ne N’ nén xy =15.
TU d3, ta tim dudc céc cip sé (x;y) va thf lai thay (x;y) = (5;3) théa man. Suy ra (a;b) = (5;3).

Vay (a;b)=(5;3).
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Céu lll. Cho tam gidc ABC. Budng tron (1) ndi ti€p tam gidc ABC lan lugt ti€p xdc céc canh
BC, CA, AB tai céc diém D, E, G. Hai dudng thdng DE, DG I4n lugt cit dudng phan gidc ngoai
cha géc BAC tai M, N. Hai dudng thang MG, NE cat nhau tai diém P. Chdng minh:

a) EG//MN.

b) Biém P nadm trén dudng tron (1).

L&i giai

a) Vi | 13 tAm dudng tron ndi tiép tam gidc ABC nén Al |a phan gidc trong clia géc BAC. Ma AM
la phan gidc ngoai ctia géc BAC nén MN L Al
Do AE,AG la hai ti€p tuyén cla dudng tron (1) nén EG L Al. Vay EG L Al

b) Ta cé GDE = GEA (gdc ndi tiép va gdc gilra tiép tuyén vdi ddy cung cung chdn mét cung)
M3 GEA — EAM (So le trong) suy ra GDE — EAM. Do d6 ti gidc AEDN ndi tiép. Vi thé
NED = NAD.

Chuiing minh tugng tu ta cé t& gidc AGDM néi tiép. Suy ra MAD = MGD.

—_— - -

Ta cé DEP +DGP = DEN +MGD = NAD + I\TATD =180°
Suy ra t gidc DEPG ndi tiép. Vay diém P nam trén dudng tron (l)

Cau IV. Bay luc gidc déu dudc sdp x&p va té mau bang 2 mau trdng, den nhu Hinh 1. Méi 1an cho
phép chon ra mét luc gidc déu, ddi mau cla luc gidc dé va cla tat ca céc luc gidc déu cé chung
canh vdi luc gidc d6 (trang thanh den hodc den thanh trdng). Chdng minh rang du cé thuc hién
céch trén bao nhiéu lan di nifa cling khéng thé nhin dudc céc luc gidc déu dudc td mau nhu 3
Hinh 2.
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Hinh 1 Hinh 2
Lgi gidi

Gid sl ta dénh s8 céc luc gidc déu nhu hinh veé.

Hinh 1
Xét 4 luc gidc déu G vitri s 3; 4;6; 7.
Khi thuc hién d6i mau cha mot luc gidc va tat ca céc luc gidc c¢d chung canh vdi luc gidc dé thi 4
luc gidc s6 3; 4; 6; 7 ludn cé 2 luc gidc hodc ca 4 luc gidc nay déu déi mau.
Suy ra s8 luc gidc dudc té mau trong 4 luc gidc nay khdng thay ddi tinh chan |&.
Ban dau c6 2 luc gidc dudc t& mau nén ta khéng thé cé budc thuc hién dé Iic sau cd 1 luc gidc
dudc t6 mau nhu Hinh 2.
Vay ta cé diéu phai chiting minh.
CAu V. Chiing minh ring tén tai mdt s6 nguyén dudng n > 107* sao cho téng t4t ca céc s6
nguyén t8 nhd han n 1a mét sd nguyén t6 cung nhau véi n.
Li giai
Goi p,; P,; Pyi-i Py; - |a céc s6 nguyén t6.
bat S, =p, +p, +p; +...+p,.
Gid sif khong ton tai s6 n thdéa man dé bai. Goi p, la s6 nguyén t6 I8n nhat nhoé hon n. Nhu vay
véi moi i thi p, cling khong théa man.
Xét p, khong thda man dé bai. Khi d6 do p, la s6 nguyénté nén S ip..
MaS =p, +p,+p;+..+p_, +P, =S, +p, nén S :p.
Tudng tu, ta chiing minh S:ip, va S ip ;.
Ma p, va p,, la hai s nguyén t& lién ti€p nén (p,,p,, ) =1
=S,:pp,,- (*)

1+2+3+4+.+p +p +1
2

+p +1
P, gr ~nén S =p,+p, +..+p,=2+3+5+...+p, <

Mat khac do p, <
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AL D

TU (*) Va3 (* *) suy ravdi i duldn (dé p,, >p, >10°°%) thiva I1.

Hay sé ton tai n = p, hodc n=p,, thoa man.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN DAI HOC SU PHAM
HA NOI NAM HOC 2024 - 2025
Mén: TOAN (VONG 1)
| DE CHINH THUC | Thai gian Iam bai: 90 phdt

(Khéng ké thdi gian giao dé)

Dé thi gom 01 trang

Bai 1 (3,0 diém)

a) Cho A= \/11—6\/5 +\/11+6\/E . Tim gid tri cha A®.

b) Cho b,c 13 hai s8 thuc thda man 24b + ¢ = -523. Biét phudng trinh x*> +bx+c =0 cdé hai
nghiém 13 hai s6 nguyén duong. Tim hai nghiém dé.

Lgi giai

a) A=\11-6V2 +11+6v2 ={(3-V2)* +1(3 ++2) =(3-V2) +(3++2) =6

Vay A®=6°=216.
b) Goi hai nghiém cla phudng trinh x* +bx+c=0 (1) 1ap,q.

Theo dinh If Vi-ét, ta cé: p+g=-b va p.g=c.

Dé thay: b = —(p +q).

Do 24b+c=-523 nén -24(p+q)+pq=-523.

Hay pq—24p—-24q=-523

& (pa-24p)—(24q-247) =247 -523

© p(q-24)-24(q-24)=24-523

< (p-24)(q-24)=53=153=(-1)-(-53) (*)

Khéng mét tinh téng quat, ta cd thé gid sl p<q.Suyra q—24 >p-24 (**)
p-24=1, g-24=53
p-24=-53,q9q-24=-1
Xétp—-24=1vaq-24=53:Suyrap=25vaq=77.
Xét p—-24=-53 va q—24=-1:Suyra p=-29<0 (Loai).
Vay phudng trinh (1) cé hai nghiém la 25 va 77.

TU (*) Va3 (**) suy ra

Bai 2 (1,5 diém). Ban Hanh lam mot ngdi sao 6 céanh cé dang hinh
ph3ng td ddm nhu hinh bén theo cdch nhu sau: Trén tg gidy, ban vé
dudng tron bdn kinh 2 cm , ngoai ti€p mét luc gidc déu. Sau d6, mbi cung
tron nhé cang day cung la mét canh cla luc gidc déu dudc |y d6i xing
qua canh dé. Hinh phang té ddm gidi han bdi 6 cung tron vira dugc vé
tao thanh ngdi sao ban dinh lam. Em hay gidp ban Hanh tim dién tich

ngdi sao 6 cdnh d4 (1y gid tri cha 7 la 3,14 va gid tri cha J3 13 1,73).
L&i giai
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Hinh tron ¢ bén kinh bang 2 nén dién tich cta hinhtron dé 1a S, .. =7+ 2.
Vitaldygidtricda 7 133,14nén S .. =3,14.4=12,56.

hinh tron

Do luc gidc ABCDEG |a déu nén tam gidc OAB |3 tam gidc déu c6 canh bang 2.

243

SuyraSAOB:EZ— f\/ltalayglatrlcua\/_Ia173nenS =1,73.

Suyra S =6S,,;=6-1,73=10,38.

Do d6 phan hinh tron (mau trdng) nam ngoai luc gidc déu ABCDEG c6 dién tich Ia
12,56-10,38=2,18.

Suy ra phan hinh tron (mau trdng) nam ngoai ngdi sao 6 cdnh cd dién tich 1a 2,18.2=4,36

Vay ngdi sao 6 cdnh cé dién tich 13 12,56 — 4,36 = 8,2 (cmz).

ABCDEG

Bai 3 (3,0 diém). Cho tam gidc ABC cantai A.Trén canh BC |4y diém D sao cho DB=2DC.
Pusng thang qua D song song véi AC c3t canh AB tai E. Budng thdng qua E song song vdi
BC c3tcanh AC tai F. Dudng tron ngoai tiép tam gidc AEF cat AD tai M ( M khéc A).

a) Chdng minh t& gidc BDME va t gidc CDMF 13 hai td gidc ndi tiép.

b) Ching minh MB =2MA..

c) Ching minh BMD = 2CMD.

Li giai

¢
¢
a

=y H
a) Do t gidc AEMF ndi tiép nén AME = AFE.
Do EF//BC nén AFE = ACB.
Ma tam gidc ABC céntai A nén ACB=ABC.Suyra AME = ABC.
Vy t gidc BDME la t& gidc nbi tiép.
Bang céch chidng minh tudng tu, ta cd t& gidc CDMF la t& gidc ndi tiép.
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b) Do td gidc BDME ndi tiép nén BME = BDE . Do DE // AC nén BDE = BCA.
Do EF//BC nén BCA = EFA.
Theo chiing minh & cdu a), ta cé AME = AFE. Suy ra BME = AME..

Do dé ME la dudng phan gidc cla tam gidc AMB. Suy ra MA = %
MB EB’
Ap dung dinh If Ta-1ét cho tam gidc ABC véi DE//AC, ta cé: — EA_DC_1
EB DB 2°
Suy ra MA_DC_1 .Vay MB = 2MA..
MB DB 2

¢) Tt gidc BDME ni tiép nén BMD =BED.

T gidc CDMF ndi ti€ép nén CMD = CFD.

Goi H |a trung diém cda BD, suy ra BH=HD =DC.

Do tam gidc EBD cén tai E nén EH la dudng phan gidc clda @ suy ra BED = 2HED.
Xét hai tam gidc EDH va FCD, ta cé:

DE = CF (do CDEF I3 hinh binh hanh) ; EDH = FCD ; DH = CD.

Suy ra AEDH = AFCD (c.g.c). Do d6 HED = DFC.
Vay BMD = BED = 2HED = 2DFC = 2CMD.

Bai 4 (1,5 diém). Tim sé thuc x sao cho cdc s6 x++/2024 va @—\/202 4 déu la céc s6

nguyén.
Lai gidi

bat a=x++2024 va b—18—5—\/202

Thay x=a—+/2024 vao b,tacé: b= _ 185, —2024 hay (a b)\/202 =2209-ab.

a—\/2024
Néu a#b thi /202 _%bab Diéu nay la v If (vi /2024 13 s6 vd i, M 13 s6 hitu ti
a- a-—

do a,b 1a cdc sé nguyén).
Suyra a=b va ab=2209 (1).
TU (1) suy ra a=47 hodc a=-47

Do d6 x =47 —+2024 hodc x =—-47 —2024.

Bai 5 (1,0 diém). Cho 45 sb a,,a,,..., mdi s6 chi nhan mét trong ba gid tri 13 0; 2; 3. Biét rang

45’
(a,-2) +(a,~2) +...+(a —2) =65 va (a, ~3) +(a, ~3) +...+(a,, ~3)” =-280.

Héi trong 45 s6 néi trén cd bao nhiéu s8 bang 0?
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L&i giai
Gid sif trong 45 s6 a,,a,,...,a,, €6 m s bang 0, cé n s6 bang 2, céd p s6 bang 3.
Khidéd m+n+p=45
Suyra (a,-2) +(a, ~2) +...+(a,; ~2) =(0-2) -m+(2-2) -n+(3-2)" -p=4m+p,
do dé 4m+p =65 hay p=65-4m.
Thay p=65-4m vao (1),ta cé: 45=m+n+p=m+n+65-4m=-3m+n+65=3m-n=20. (2)
Tuadng tu ta co: (al—3)3+(a2—3)3+...+(a45—3)3=(0—3)3-m+(2—3)3-n+(3—3)3-p=—27m—n
nén -27m-n=-280 hay 27m+n=280.(3)
Tu (2) va (3) ta cé hé phuadng trinh {3m—n=20 = 30m=300=>m=10
27m+n =280
Vay trong 45 s8 da cho ¢6 10 s8 bang 0.
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S3 GIAO DUC VA PAO TAO KY THI VAO LGP 10 CHUYEN BAI HOC SU PHAM
HA NOI NAM HOC 2024 - 2025
[ DE CHINH THUC | Mén: TOAN (VONG 2)
Thai gian lam bai: 120 phat
Pé thi gam 01 trang (Khéng ké thdi gian giao dé)

Bai 1 (3,0 diém). a) Cho hai s6 thuc a,b thda man céc diéu kién sau: \a\ < 2024,\b\ <2024 va

Ja+2024 ++/2025-a —~/2024 —a = /b +2024 ++/2025-b —+/2024 b .
Tinh gid tri cGa biéu thic M =a**** +a?%%° —p?* _p?9%°,

b) Ton tai hay khéng céc s6 hiru ti dudng a,b sao cho Ja+b = \/m ?
Li gidi

a) Didu kién: —2024 < a < 2024,-2024 <b <2024 Ta cé:

Ja+2024 +/2025-a-+/2024 —a =+/b+2024 +~/2025—-b —+/2024 -b

<:>(\/a+2024 —x/b+2024)+(\/2025—a —\/2025—b)+(\/2024—b —\/2024—3):0

<:>(a—b)~[ L . L ; L J:o(*).
Ja+2024 +b+2024 2025-a3+2025-b /2024-b++2024 -2
1 1
Do - >0 nén
V2024 —a ++/2024-b 2025-a3++/2025-b
1 1 1

> 0.

+ -
Ja+2024 +Vb+2024 2024 -a++/2024-b +/2025—a ++/2025-b
Do dod, tir (*) suyra a=b.
Vi a=b thi M = g20%4 | 52025 _ 2024 _ 2025 _

b) Gid sUr ton tai cdc s6 hitu ti duong a,b sao cho Ja++b = \N2024 .
Ta c6: Va ++vb =v2024 = a+ b+ 2+/ab =+/2024

= 2y/ab =+/2024 — (a+b)

— 4ab=2024+(a+b) ~2(a+b)v2024 (¥)
Tur (*) vaa>0,b>0, tasuy ra:
2024+[(a+b)2 —4abJ

().
2(a+b)
2024 + [(a +b)? - 4ab]
2(a+b)

Vay khéng ton tai cic s6 hitu ti duong a,b sao cho Ja++b = \\2024 .

2(a+b)V2024 =2024 + [(a +b) - 4ab} = /2024 =

Tu (**), ta nhan dugc mau thudn vi v2024 13 s6 v ti, con la s6 hitu ti.
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Bai 2 (2,0 diém). Gia s ta c6 quy tic * ma vdi mbi cap s8 nguyén dudng (a;b), ta ludn xac dinh

dugc chi mét sé nguyén ducdng tucng Ung ki hiéu |a a*b, sao cho ba diéu kién sau dudc thda man:

i) a*a=a véi moi s6 nguyén dudng a;

ii) a*b =b*a vdi moi s6 nguyén dudng a va b;

iii) a*b:(a—b)*b vdéi moi s6 nguyén dudng a va b ma a>b.

a) Tinh gid tri cla 16*2024 .

b) Hay chi ra mét quy tic * thoa man ba diéu kién trén.

LaGi giai

a) Ta c6: 16%2024 = 2024*16 = (2024 -16)*16 = (2024 -2.16)*16 = ... = (2024 -126.16)*16
-8*16=16*8=(16-8)*8=8*8=8.

b) Xét quy tic * cho tuang tng mdi cdp s6 nguyén dusng (a;b) véi UCLN (a,b).

Tic la a*b=UCLN(a,b).

Ta thay:

i) Do UCLN (a,a) =a nén a*a=a vdi moi s6 nguyén dudng a;
i) Do UCLN (a,b) = UCLN(b,a) nén a*b =b*a vdi moi s6 nguyén dudng a,b;
i) Xét a,b nguyén dudng théa man a>b : Do UCLN (a,b) =UCLN (a—b,b) nén a*b = (a—b)*b.

Vay quy tdc * xdc dinh nhu trén thda man yéu ciu cla bai todn.

Bai 3 (3,0 diém). Cho duting trdn (O;R) va déy cung BC c6 dinh khéng di qua tdm O. Diém A di
dong trén (O;R) sao cho tam gidc ABC nhon va AB = AC. Cac dudng cao AD,BE,CF cua tam
gidc ABC cit nhau tai diém H. Dudng thang EF cit (O;R) tai hai diém P va Q (diém F nim
gitra hai diém P va E ). Goi M 13 trung diém cGa canh BC . Chitng minh:

a) AP = AQ* = AH-AD.

b) B&n diém P,Q,M,D cling thudc mdt dudng tron (a))

c) TAm | cla dudng tron (a)) chay trén mét dudng tron cd dinh.

L&i giai
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a) Do tU gidc BCEF ndi tiép nén KFE) - ACB.
Suy ra deB +sdPB= sd@, tdc la Z\a — AP (cung 6 day ta hiéu la cung nhd).
Vithé AP = AQ.

Do AADBwAAFH nén 2B _AH
AD AF

Xét hai tam gidc AFP v3 APB, ta c6: FAP = PAB : APF = ABP (do AQ=AP ).

= AB-AF=AD-AH.

Suy ra AAFP« AAPB, do dé £:E:AB-AF:APZ.
AF AP

Vay AP? = AQ? = AD-AH.
b) Goi S la giao diém cla dudng thang EF va BC . Do t gidc BCQP ndi ti€p nén ASPB« ASCQ,

suy ra % = g = SP.SQ=SB.SC.

Do t& gidc BCEF ndi tiép nén ASBF « ASEC, suy ra % = E—E = SB-SC =SF-SE.

Do d6 SP.SQ = SF.SE (1).

Do tam gidc CFM can tai M nén BMF = 2BCF .

Do t gidc BCEF ndi tiép nén FEB = BCF.

Do t gidc CDHE néi tiép nén HED = BCF .

Suy ra DEF = HED +FEB = 2BCF . Do dd D/fvwzzB/W:ng\F,

Suy ra bén diém D,M,E,F nam trén mdt dudng tron.

Do bdn diém D,M,E,F nam trén mét dudng tron nén ASDF «» ASEM, suy ra

SD_SE L sr.sE-sD-sM ().
SF SM

TU (1) va (2) ta cé: SP.SQ =SD.SM. V4y bén diém P,D,M,Q n3m trén cung mét dudng tron.
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c) Do AP =AQ nén AO la dudng trung truc cdia doan thang PQ. Ma PQ Ia ddy cung cta dudng
tron (a)) nén diém | nam trén dudng thang AO.
Do DM la day cung cla dudng tron (a)) nén diém | nam trén dudng trung truc cha doan thing

DM.
Do t’ gidc ADMO Ia hinh thang vudng véi hai day la OM,AD nén dudng trung truc clia doan
thang DM di qua trung diém cda doan thang AO.

Do d4 | la trung diém cha doan thdng AO. Suy ra Ol =%OA =%R.

Vay | chay trén dusng tron tdm O ban kinh %R.

Bai 4 (1,0 diém). Vdi ne N', ta ddt f(n) Ia téng cdc chir s6 clia s6 3n” +n+1 (Vidu: véi n=3 thi
3n”+n+1=31va f(3)= 4) . Tim gid tri nhoé nhat cé thé cda f(n)(n e N*).

Li gidi

Vi 3n’+n+1=2n° +n(n+1)+1 |a s6 1& nén chi s8 hang dan vi clia né khdc 0 .

M3 3n’+n+1>1 nén f(n)zz.

Néu f(n) =2 thi 3n +n+1 cé dang 10...01, trong dé chi s dau va chif s6 cudi béng 1, cdc chit
s8 con lai (néu cd) phdi bing 0. Do d6 3n* +n+1=10“+1 véi k nguyén duang

= 3n’ +n =10 =n(3n+1) =10".

Vi (n; 3n+ 1) =1 nén ta co céc trusng hgp sau:

Trudng hop 1: n=1,3n+1=10 = 4 =10" : Biéu nay la v Ii.

Trudng hop 2: n=2%,3n+1=5*= 3.2 +1 =5,

Néu k=1 thi 3.2+1=5 :Diéunay lavé .

Néu k>2 thi 5 >4 =2.2>4.2¥=3.2+ 2> 3.2 +1 : Biunay la Vo Ii.
Vay ta ludn cé f(n)>2,tL’rc f(n)23. M3t khdc, ta cé: f(8):3.

Vi thé gid tri nhd nhét cda f(n) 1a 3.

Bai 5 (1,0 diém). Cho bang vudng kich thudc 8x8 dudc chia thanh 8 hang, 8 cbt, 64 6 vudng dan
vi c6 cling kich thudc. Ta Iat kin badng dé bang cdc domino mau den va domino mau trdng (moi
domino nhu thé |3 hinh gém 2 6 vudng don vi cé chung canh) thda man ba diéu kién sau:

i) M&i domino phu didng 2 6 vudng don vi clia bang;

ii) Hai domino khdng cung phtd mét 6 vuéng dan vi clia bang;

iii) Moi hinh vudng gém 4 6 vudng dan vi cla bang déu cd it nhat mét 6 vuéng don vi dudc phu bai
mdt domino mau den.

Tim s8 nguyén dudng k nhd nhat sao cho tén tai mot cdch 14t bdng ban dau théa man ba diéu

kién trén ma trong cdch Iat dé ta sif dung ding k domino mau den.
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Li giai
Ta ddnh ddu x vao mdt sé 6 vubng dan vi cla badng da cho nhu sau:
X X
X X
XXX | X | X[ X|X|X
X X
X X
XXX X | X | X|X| X
X X
X X

Phan bang con lai gdm céc 6 vudng don vi khéng dudc dédnh dau la hgp cha 9 hinh vudng 2x2, ta
goi cdc hinh vudng nay la hinh vudng "dep". Ta ki hiéu 9 hinh vuéng "dep" nay la H ,H,,....H, .
Xét mot cach Iat thoa man yéu ciu. VSi mbi hinh vudng "dep" H., ta goi d. la s6 domino mau den
phU it nhat mot 6 vudng don vicliandé. Xét T =d, +d, +...+d,.

Theo gid thiét, tacéd: d >1,vi=1,2,...,.9,suyra T >9.

Do khéng thé ¢4 domino mau den dudc 14t nao lai phd 1én ¢ hai hinh vudng "dep" khdc nhau nén
s8 domino mau den can dung I6n hon hodc bang T .

Vay s6 domino mau den can s dung dé |13t dudc theo yéu ciu I18n han hodc bang 9.

Ta chi ra cdch 13t v3i 9 domino mau den va 23 domino mau trang thda man dé bai.

N

Budc 1: Ta Iat 9 domino mau den nhu hinh vé.
Budc 2: Ta I4t kin phan con lai cla bang bdng 23 domino mau trang.

VAy gid tri nhd nhat cta k 1a 9.
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