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TUYEN CHON CAC BAI TOAN BAT PANG THUC VA CUC TRI
TRONG CAC KI THI CHUYEN NAM HOC 2024 - 2025

Bai 1: (D@ thi vao 10 hé chuyén - Toan Chuyén - tinh Quang Ninh ndm hoc 2024 - 2025)
Cho cac s6 thuc a,b,c>1théaman a+b+c=9.

1 1 1
a+b b+c c+a

Bai 2 : (Pé thi vao 10 hé chuyén - Todn Chuyén - thanh phé H6 Chi Minh nidm hoc 2024 - 2025)

Tim gia tri l&n nhat va gia tri nhé nhit cia biéu thirc P =

Vé6i cac s6 thuc dwong a,b théamin a” +b> <2.
a) Chirng minh a+5 <2.

2024
a+b+2’

Bai 3 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh Pak Lk nim hoc 2024 - 2025)

b) Tim gia tri nhd nhat cda biéu thitc P =+/a’ +b° +

Cho da thirc bac hai P(x)=ax’ +bx+c, v6i a, b, ¢ 1a cac s8 thuc duwong. Biét P(1)=12 va
a’+a’bh+3b° ab’

ab’ @ +a’b+3b
Bai 4 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh Nam Pinh ndm hoc 2024 - 2025)

P(2)=16. Tim gia tri nhé nhit cta biéu thic: 4=

Xét x, y, z la cic s6 thwc dwong théa man xy + yz + zx < xyz. Tim gia tri nho nhit cia biéu thirc
O=xy" +yz" +zx’ —18(x—|—y+z).
Bai 5 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Quang Binh nim hoc 2024 - 2025)

c+a a+b
Bai 6 : (Pé thi vao 10 hé chuyén - Todn Chung (Pé 1) - tinh Nam Pinh ndm hoc 2024 - 2025)

Choa,b,cla cac s6 thuc dwong. Chirng minh \/bi +\/ b +\/ )
c

Xét ba s6 dwong a, b, ¢ thay d6i va thoa man diéu kién abc =1.

a n b n c
a+3 bP+3 +3
Bai 7 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh H3i Dwong ndm hoc 2024 - 2025)

Tim gia tri 1&n nhit caa biéu thirc S =

Cho x,y,z la cac s0 thuc théa man diéu kién x+ y+z=0.

Chirng minh rang: 22x—1 + 2§;_1 + 222_1 2_—3
X4+2 y 42 zZ4+2 2
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Bai 8 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Biac Giang nim hoc 2024 - 2025)

Cho cac s6 dwong x, y thda man xy > 1. Tim gia tri nhé nhat cia biéu thirc

X y 1
=+ .
I+y I+x 14xy
Bai 9 : (Pé thi vao 10 hé chuyén - Todn Chuyén - thanh phd Hai Phong ndm hoc 2024 - 2025)
Cho a,b,c 1a cac s6 thuc dwong théa man abc =1.

1 1 1
+ + .
a+b+c b +ct+a E+dP+b

Tim gia tri 1&n nhit cia biéu thirc P =

Bai 10 : (bé thi vao 10 hé chuyén - Toan (hé chuyén Nga - Phap - Trung) - tinh Hoa Binh nam hoc
2024 - 2025)
Cho cac s6 thuc dwong a, b, ¢ théaman: a” +b*> +¢* =675

15a 15b 15¢
+ +
675—bc 675—ac 675—ab

Bai 11 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Hoa Binh nam hoc 2024 - 2025)

Tim gia tri lén nhat ca biéu thic: P =

Cho cac s6 thuc dwong a, b théaman: a> +b* =a+b.

2024
(a +b)

—6a’b?

Tim gi4 tri nho6 nhit cta biéu thice: P=a* + 5" + 5

Bai 12 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)

>16.

Cho hai s6 thuc x,y >0 thdéa man xy >1. Chirng minh rang [x+2y+%][y+2x+%
X y

Bai 13 : (Dé thi vao 10 hé chuyén - To4dn Chuyén - tinh Tuyén Quang nim hoc 2024 - 2025)

Cho ba s6 thuc dwong a,b,c théa min a + b + ¢ = 3. Tim gia tri 1&n nhat ctia biéu thirc

P=+[3a+bc —|—\/3b—|—ca —|—\/3c—|—ab
Bai 14 : (bé thi vao 10 hé chuyén - Toan Chuyén - tinh Lao Cai nam hoc 2024 - 2025)

1 1 1 b
2 + 2 + 2 Sa—i_ +c'
a +bc b +ac ¢ +ab 2abc

a) Cho a, b, ¢ 1a cic s6 thuc dwong. Chirng minh rang
b) Cho x, y 1a cac s6 thwc dwong thoa man xy > 1. Tim gia tri nhé nhit cia biéu thic
1
p=— 4+ X 4+ -~
y+1 x+1 xy+1
Bai 15 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Yén Bai ndm hoc 2024 - 2025)
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Cho cac s6 dwong a,b,c théoa man ab + bc +ca = 3.
a’ b c’ 3
+ + > —
(1+b)(14+¢c) (1+c)(1+a) (1+a)(l+b) 4
Bai 16 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Ha Nam ndm hoc 2024 - 2025)

Chirng minh rang

Cho a,b,c l1a ba s6 thuc dwong théa man diéu kién abc > 1. Tim gia tri 1én nhit cla biéu thirc

1 1 1
= + + :
a’*+1+bc b*+1+ac ab(c’ +1)+1

Bai 17 : (Dé thi vao 10 hé chuyén - Todn Chung - tinh Ha Nam niam hoc 2024 - 2025)

Cho cac so6 thuc dwong a, b, ¢ théa man abc =1.

b e 9
? a* 2a+b+c)

Bai 18 : (Pé thi vao 10 hé chuyén - Toan Chung - tinh Ty Ninh nim hoc 2024 - 2025)

N\ =7 = 2 A 2 = A 7 a
Tim gia tri nho nhat cua biéu thirc P = 77 +

Cho cac s6 thuc dwong x, y,z thoa man x+ 2y + 3z =2024. Tim gia tri nhdé nhit cta biéu thirc

1 3 1 1
) 2 r T + + :
x +4y +9z° 8xy 8yz 4zx

Bai 19 : (Dé thi vao 10 hé chuyén - Chuyén Toan Tin - tinh Son La ndm hoc 2024 - 2025)
1

Cho x, y,zla cac s6 thuc dwong thoa man 1. + 1 +—=3.
i S Z

Chéng minh rang: x* + y* +z> —2xyz > 1.
Bai 20 : (Dé thi vao 10 hé chuyén - To4dn Chuyén - tinh Bac Kan ndm hoc 2024 - 2025)

2 2

Cho x, y >0 théa man x+ y <1. Chitng minh S A ! —|—x—|—y2§.
l-x 1-y x+y 2

Bai 21 : (Pé thi vao 10 hé chuyén - Toan Chung - Trwérng THPT Chuyén Lam Son tinh Thanh Hoa

nam hoc 2024 - 2025)

Cho hai s6 thuc dwong a, b théa man 8a° +2b> =1. Tim gid tri nhoé nhat ctia biéu thirc
;_4a—b—1_2a=2b+1_6a+3b—6077
140 14 2a 6a+3b
Bai 22 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Thai Nguyén ndm hoc 2024 - 2025)
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Cho x, y 1a cac s6 thuc dwong thay d6i va théa man 4x”> +9y* =10.Chirng minh rang

3
4(x" + (?)C:r 49 yz 8 =20
y x—8y+55

Bai 23 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Lang Son ndm hoc 2024 - 2025)

Cho céc s6 thwc dwong x, y, z théaman x + y + z = 3. Chitng minh cac bat dang thic sau day:

3 -
XY >4 O xp bzt >3z,

2 2 2
a) x° + +z°>3; b)) ———M
) y > ) 21 12

Bai 24 : (bé thi vao 10 hé chuyén - Chuyén Toan - tinh Lang Son ndm hoc 2024 - 2025)

Cho céc s6 thuc a,b,c. Chirng minh cac bat dang thitc sau day:

b+cc+aa+b>
a b ¢

a) 8

b) @’ +b’ + ¢’ +24abc <(a+b+c)

a b c
C) + +
\/a2 + 7bc \/b2 + 8ca \/02 +9ab
Bai 25 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Phii Tho ndm hoc 2024 - 2025)

>1

Cho c4c sé thuc x, y théa man x°y*> +4y+4 = 0. Tim gia tri 16m nhat, gia tri nhé nhat clia biéu

thitc T = ald
3y+2

Bai 26 : (Dé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Phan B6i Chau tinh Nghé An nam
hoc 2024 - 2025)

Cho a,b,c 1a d6 dai ba canh ctia m6t tam giac c6 chu vi bang 8 théa man

+ —_
at+b—c a+c—b bt+c—a 4

(4-ay (=B | (=<
(4-b)4—c) (A—-a)d—c) (A—-a)d-D)

Bai 27 : (Pé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Ha Tinh ndm hoc 2024 - 2025)

1 1 1 5
_|_

Tim gia tri I&n nhat cta biéu thirc P =

Cho a,b,c 1a cac s6 thuwc khong Am, ddi mot khac nhau. Chirng minh rang

1 1 1 S 4

+ +
(a—b) (b—c) (c—a)’  ab+bc+ca
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Bai 28 : (Dé thi khao sat vao 10 hé chuyén - Chuyén Tin - THPT Chuyén Lam Son tinh Thanh Ho4
nam hoc 2024 - 2025)

Cac s6 thuc dwong x, y thdamin: x° + y° = x — y, chitng minh x*> + * <1.

Bai 29 : (bé thi vao 10 hé chuyén - Chuyén Toan - THPT Chuyén Hung Vwrong tinh Phii Tho ndm hoc
2024 - 2025)

Cho cac s6 thuc dwong x, y,z. Tim gia tri nh6 nhit ca biéu thirc

S e |

_xy+y%+f 3xyz
Bai 30 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Ba Ria Viing Tau ndm hoc 2024 - 2025)
Cho cac s6 thuc dwong x, y, z thda man xy + yz + zx + xyz = 4.

Chirng minh xyz <1 va al + 4 + z Zx—i—y+z‘
yv+z z+x x+y 2

Bai 31 : (Dé thi vao 10 hé chuyén - Chuyén Toan - thanh phé Ha N6i ndm hoc 2024 - 2025)

Vi a,b,c 1a cac sO thuc khéng &m théaman a <2,6 <2,¢<2;a+b+c¢ =3, tim gia tri I&n nhat va

gia tri nho nhit cia bidu thitc P = \Jab(b+c +1) +Jbe(c+a+1) +Jca(a+b+1)

Bai 32 : (bé thi vao 10 hé chuyén - Chuyén Tin - S& GD&DT Ha Noi nim hoc 2024 - 2025)

Véi a,b,c 13 cac s6 thue khéng 4m théamin a <1, b <1, c<1;a> +b* +c* =2. Tim gia tri 16m nhit
4 b o

+ +
bc+2 ca+2 ab+2

Bai 33 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Vinh Phiic nim hoc 2024 - 2025)

va gia tri nho nhit cda biéu thire T =

Cho a,b,c 1a cac s6 thwe thda man diéu kién a’ +b> +c> =2(a+b+c¢)

a) Chimg minh ring a+b+c<6 va (a+1)(b+1)(c+1)<27

b) Tim gia tri nhé nhit cia F =(a+1)(b+1)(c+1)

Bai 34 : (Dé thi vao 10 hé chuyén - Chuyén Toan - tinh Bic Ninh nim hoc 2024 - 2025)

Cho a,b,c 1a cac s6 thuc khong 4m va théa man a” +b” +¢> = 8. Tim gia tri 16n nhat cia biéu

2a—|—c+2b—|—c
1+bc 1+ca

thac P =

Bai 35 : (Pé thi vao 10 hé chuyén - Chuyén Toan - tinh Hwng Yén ndm hoc 2024 - 2025)
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a>0,b>0,c>2009

Cho cac s6 thuc a,b,c thoa man
a+b+c=2025

Tim gia tri l&n nhat cta biéu thirc P = abc.

Bai 36 : (Dé thi vao 10 hé chuyén - Chuyén Toan - tinh Quéng Tri ndm hoc 2024 - 2025)
a) Chirng minh rang , /2(x2 —1) <37

¢ 2 A d 1 1 1 &) \ 7 ~
b) Tim gia tri nhé nhat ctia biéu thirc P = \/1—— +\/1—— +\/1——2,vo'1 X, Y,z la cac so thyc
z

1 YLl
,voi x> 1.

2 2

X y
khéng nho hon 1 va théa man Jx+ \/; +z = \/xyj
Bai 37 : (Pé thi vao 10 hé chuyén - Chuyén Toan - tinh Thira Thién Hué ndm hoc 2024 - 2025)
Cho cac s6 thuc dwong a,b,c théamin a+b+c=4.
a) Chirng minh 4ab + ac + bc > 4abc
2b 3c 4

+ + <
da+bc 4b+ac 4dc+ab 3

b) Chirng minh

Bai 38 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh S6c Triang ndm hoc 2024 - 2025)
Cho a,b,c 1a cac s6 thuwc dwong théa man a+b+c=3.

Chtirng minh rang @’ +b° + ¢’ —|—g+%+229
a c

Bai 39 : (bé thi vao 10 hé chuyén - Chuyén Tin - thanh phé Can Tho ndm hoc 2024 - 2025)

Cho a,b,c 1a cac s6 thwc dwong khéng nho hon 1. Chirng minh:

\/ab—l _I_\/bc—l +\/ca—1 Sa—kb—l—c'
b+c c+a a+b 4

Bai 40 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Kién Giang ndm hoc 2024 - 2025)

Cho ba s8 thuc x,y,z, théamén: (x—y)(y—z)(z—x)>2

Chirng minh rang, x*> + y° 4+ z° > 2.

Bai 41 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Tién Giang nim hoc 2024 - 2025)
Cho hai s6 thuc x va y théaméan x>1,y>1

X >,

x—1

a) Chirng minh rang
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2
N 4 . 2 . 2 (¢ ’ x
b) Tim gia tri nho nhat cta biéu thic 7 =

y—1

2

Y
x—1

+

Bai 42 : (Pé thi vao 10 hé chuyén - Chuyén Toan, Tin - tinh Long An nidm hoc 2024 - 2025)

Cho a,b,c laba sé thuwc khong am.

a) Chtirng minh ring (a+b+c¢)’ >3(ab+bc +ca).

b) Gia st @ + b+ ¢ =1. Chirtng minh rang a*> +b* + ¢ + 2/3abc <1.
Bai 43 : (Dé thi vao 10 hé chuyén - Todn Chuyén - Triedng Phé Thong Nang Khiéu TP H6 Chi Minh

nam hoc 2024 - 2025)

Cho a,b,c 1a cac s8 thuc dwong théa man a’ +b° + ¢ +3=2(ab+bc+ca).

Chirng minhrang 3<a+b+c<

2(ab—|—bc—l—ca)—|—3

3

Bai 44 : (bé thi vao 10 hé chuyén - Toan Chuyén - tinh LAm Péng nam hoc 2024 - 2025)

Cho tam giac 4ABC v&i dd dai ba canh lan lwotla a,b,c théaman a+b+c=1va

b
1—b

a C

_|_
l1—c¢

1—a

%. Chirng minh rang tam gidc 4BC déu.

Bai 45 : (Pé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Hung Vwrong tinh Gia Lai nam hoc

2024 - 2025)

Cho a, b, ¢ 1a cac s6 thuwc dwong théa man abc = 1. Tim gia tri 1&n nhat ctia biéu thirc

1

1 1 3

a’+2b*+3 b +2°+3 4247 +3 2
Bai 46 : (Pé thi vao 10 hé chuyén - Toan Chung - tinh Ninh Thuin nim hoc 2024 - 2025)

Cho hai s thuc dwong a,b théa man a.b = 1. Chitrng minh rang:

(1+a)(1+b) >

2024
27

Bai 47 : (Dé thi vao 10 hé chuyén - Toan Chuyén - Truwong THPT Lé Quy P6n tinh Khdnh Hoa nim

hoc 2024 - 2025)

<1

1. Tim t4t ca so thuc k& > 0 sao cho <
xv+2  k

2.Cho a,b,c,x,y,z>0 thdaman x+y+z=2

X +z] lu6n dang véi moi x,y > 0.

Y
1 1 1
o =|=4
a b c]
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y z

Chirng minh: + + <
8 ax+2 by+2 cz+2°

Bai 48 : (bé thi vao 10 hé chuyén - Toan Chuyén - tinh Phd Yén ndm hoc 2024 - 2025)
> 1 n 1
1+2Jxy ~14+2x  1+2y
Bai 49 : (Dé thi vao 10 hé chuyén - Chuyén Toan - tinh Quéng Ngii ndm hoc 2024 - 2025)
Cho 2 s6 dwong a, b théa man diéu kién 2024a +1011b <2023.

Cho x>0,y >0,xy < % Chirng minh rang:

Tim gia tri nhé nhit ctia biéu thirc P = 20 + % —1944a —988b.
a

Bai 50 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Quang Nam nim hoc 2024 - 2025)
x—1 N y-1 S 6 .
x+3 y+4 z+5

Cho ba s6 thuc dwong x, y, z thoa man

Tim gia tri nhé nhit cda biéu thitc P =(2x+2)(2y+3)(2z+4)
Bai 51 : (D& thi vao 10 hé chuyén - Toan Chuyén - Trudmg THPT Lé Quy D6n thanh phé Pa Nang
nam hoc 2024 - 2025)
Cho cac s6 thuc dwong a, b théoa min Jab +1<2Jb . Tim gia tri 1ém nhéit caa biéu thirc

_ Aab 2009

2024a +2025b b

Bai 52 : (Pé thi vao 10 hé chuyén - Toan Chung - Triwong THPT Chuyén KHTN nim hoc 2024 -
2025)

Vé6i a, b, c 1a cac s6 thuc dwong théa man diéu kién (a +2)b*> + (b +2)c* + (¢ +2)a’ > 8+ abc

Chirng minh rang: 2(ab +bc +ca) < a’(a+b)+b*(b+c)+c*(c+a)
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HU'ONG DAN GIAI CHI TIET
Bai 1: (Dé thi vao 10 hé chuyén - Todn Chuyén - tinh Qudng Ninh ndm hoc 2024 - 2025)

Cho cac s6 thuc a,b,c>1théaman a+b+c=9.
1 n 1 n 1
a+b b+c c+a

Tim gia tri l&n nhat va gia tri nhé nhit cia biéu thirc P =

Lovi gidi
Ap dung bat ddng thirc Bunhiacopxki dang cong mau ta c6
2 2 2 1 1 1 2
po ] S (1+1+1) _ 9
a+b b+c c+a (a—l—b)—l—(b—l—c)—i—(c—i—a) 2(a—|—b+c)

1
2
D4iu “=" khi a:b:c:3.Véygiétrinh6'nhfitcﬁaPlé%khi a=b=c=3

Khong méit tinh téng quat, gid str: 1<a<b<c,maa+b+c=9 = 3<c<7

Tacod (a—1)(b—-1)>0=ab>a+b—1

| n 1 a+b+2c 9+c < 9+c
a+c b+c (a+c)Nb+c) ab+cla+b)+c* ~ a+b—14cla+b)+c?
_ 9+c 2:9+C:>P§ 1+9—|—c
9—c—14c(9—c)+c 8c+38 9—c 8c+8
Ta di chitng minh: P = ! + Itc <§(l) voimoi 3<c<7

9—c 8c+8 4
Thatvay (1) =c> —8c+7<0=(c—7)(c—1)<0 (Pung), ddu “="xayrakhi c=7,a=b=1

VAy gia tri lén nhit cia P la % khic=7,a=b=1

Bai 2 : (Dé thi vao 10 hé chuyén - Toan Chuyén - TP H6 Chi Minh nim hoc 2024 - 2025)
Véi cac s6 thuc dwong a,b théa min o +b> <2.
a) Chrng minh a +5 <2.

2024

b) Tim gia tri nhd nhat cda biéu thitc P =+/a’ +b° + T
a

Lo gidi
a) Chirng minh a+5 <2

b 2
Chirng minh dwor : @ <a*+b%:Vab (%)
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2
Khi do: <a+2b) <@ +b <2 = (a+b) <4

Ma a, b>0 nén a+b <2 (diéu phai chirng minh)
b) Tim gia tri nhé nhit cda biéu thirc P

Ap dung (*), ta cé: Pzﬁ(a-i—b)-i— 2024 _ \/E(a+b+2)+
2 a+b+2 2

82 L 204-8V2

a+b+2 a+b+2

Ap dung bat ding thitc Arithmetic Means - Geometric Means cho hai s6 dwong:

g(a—l—b—l—Z);%i_2 vakétqua a+bh<2,tacé: P24\/§+M—\/§=\/§+506

a—+
a=>hb
a+b=2
Diu “="xdyra ={a*+b><2 =a=b=1.
1z@+b+2%:—§iz—
| 2 a+b+2

Viy. P, =~/2+506 tai a=b=1.
Bai 3 : (Pé thi vao 10 hé chuyén - To4dn Chuyén - tinh Dak Lak ndm hoc 2024 - 2025)

Cho da thtrc bac hai P(x)=ax’ 4+ bx+c, Vi a, b, ¢ 12 cac s8 thuc dwong. Biét P(1)=12 va

3 2 3 2
P(2)=16. Tim gia tri nh6 nhit cta biéu thirc: 4= e b2+ 3b +— azb <.
ab a +ab+3b
Lo gidi
P(l)=a+b+c=12
Ta cé: =3a+b=4

P(2)=4a+2b+c=16

Cach 1: (a—b) (a+3b)>0 Cach 2:
a’ +b’ +b' >3ab’
a’b+b* >2ab*

= @+ a’b+3b° > 5ab* = a’ +a’bh+3b° > 5ab>

3 2 3
:>a +ab+3b S

5.
ab’ - a +a*b+3b°
= > >5
ab
Ta co:
A_a3—|—a2b—|—3b3+ ab? _E a3—i—a2b—|—3b3+L a3—i—azb—|—3b3+ ab?
ab’ a+a’b+30° 25 ab’ 25 ab’ a +a*b+3b°

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 10



MathExpress Education | aay |www.mathexpress.vn

.1 &@+a’h+3b° ab* 1 & +a*h+3b° ab* 2

Ma —. 2 + 2 3 > 2 == 2 3 2 3 =

25 ab a +ab+3b 25 ab a +ab+3b 5
:AZ%.S—F%:?.Dﬁudﬁngthl’rcxz’iyrakhia:bzl,c:lo.

Vay gia tri nhé nhit cia 4 la %

Bai 4 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh Nam Pinh ndm hoc 2024 - 2025)

Xét x, y, z la cac s6 thuc dwong théa man xy + yz + zx < xyz. Tim gia tri nhé nhit cda biéu thirc
O=xp"+yz +zx’ —=18(x+ y + z).

Loi giai

T gia thiét c6 1> 1 -+ 1 + l Dung bat dang thirc Cauchy-Schwarz c6
x y z

I 1 1
X y z

'+t 4z >

(xy2 + yz° +Zx2)2(y+z+x)2

Suy ra QZ(x—I—y—i—z)2—18(x+y—|—z):(x—i—y—|—z—9)2—812—81.
Khi x = y = z =3 thi cac gia thiét dwgc théa man va Q = —8]1.

VAy gia tri nho nhit cia Q bang —81.

Cdch khdc: O+ 81> xy” —18y—|—ﬂ—f—yz2 —182—i—ﬂ—|-zx2 —18)6-1—E
X v z
2 2 2
:x[y—2 -l—y[z—g] +Z[x—2] >0.
x v z

Bai 5 : (Pé thi vao 10 hé chuyén - Todn Chuyén - tinh Quadng Binh nam hoc 2024 - 2025)

Choa,b,cla cac sb thuc dwong. Chirng minh \/bi _|_\/ b +\/ )
c

c+a a+b
Loi gii
H—i—l
Vé&i a,b,c > 0, Ap dung bat ddng thirc Cauchy ra cé \/b+c :\/b—|—c.1 < a2 = a+2b-|—c
a a a

> 2a .
b+c a+b+c

Suy ra
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Twong tw b > 2b > 2
ct+a a+b+c Na+b a+b+c

, a b c 2a 2b 2c
Do do + + > + + =2
b-+c c+a at+b a+b+c a+b+c a+b+tc
(b+c

a
c+a

1

DA4u “=" xay ra khi va chi khi | =l=a+b+c=0 (voli)

a+b
c

va\/“+\/b+\/c>2-
v b-+c c+a a+b

Bai 6: (Dé thi vao 10 hé chuyén - Todn Chung (Pé 1) - tinh Nam Pinh ndm hoc 2024 - 2025)

1

Xét ba s6 dwong a, b, ¢ thay d6i va théa man diéu kién abc =1.

Tim gia tri l&n nhat cta biéu thirc S = 3a - 3b + 30 :
a+3 b +3 c+3
Loi giai
a b c a b c
== +— + < + + .
a+1+1+1 b +1+1+1 ¢ +1+14+1 3a+1 3b+1 3c+l1
Ta di chirng minh 4 + b + < gé.
3a+1 3b+1 3c+1 4
Détazi,bzx,c:ivc’rix,y,z>0.
y z X
Ta cAn chitrng minh + Y + z §3:> 3x + 3y + 3z §2
3x+y 3y+z 3z+x 4 3x+4+y 3y+z 3z+x 4
1 3x 1 3y 1 3z 23_2
3x+y 3y+z 3z+x 4
2 2 2
y z_ X >§:> v Lz n X >§

+
3x+y 3y+z 3z4+x 4 3xp+y’ 3yz+z0 3zx+xt 4

2
vis ke
3xy+3yz+3zx+x"4+y 4z

2%:> x>+ y> +2z° > xy + yz + zx (ludn ding).
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“«__»

Viy S <=.Dau“="xayrakhia=b=c=1

3
4
A =7 - 7 A 2 \ 3
Vay gia trilén nhat cua S la 7

Bai 7 : (D@ thi vao 10 hé chuyén - Toan Chuyén- tinh Hai Dwong nim hoc 2024 - 2025)

Cho x, y,z la cac s6 thwc thda man diéu kién x+ y+2z=0.

Chirng minh rang: 226_1 + 25_1 + 222_1 >3
X+2 y+2 z24+2 2
Loi gidi
Trong 3 sO x, y,z lubén c6 hai s6 cung khéng 4m hodc cung khéng dwong do x+y+2z=0
2x-1 2y—-1 2z-1
2 + 2 2
X +2 y+2 z+2

Khong mat tong quat, gia st xy >0.Dat P =

2 2 2
Ap dung mors (mtn)y voi a,b >0 (khéng cin chirng minh)
a b a+b

P+3:(2x—1 +1j+(2y—1 +1j+(2z—1 +1j= (41’ D (z+1])

x*+2 Y +2 z+2 > 1aa YW+ P +2

(x+y+2)° +(z+1)2 o (x+y+2y +(z+1)2

2

P+32 > 5 > 5 >
X+y +4 42 (x+y) -2xy+4 z°+2

(x+y+2) +(z+1)2

= P+32 > >
(x+y)"+4 z7+2

(vi xy=>0)

(z—2)2 \ (Z+1)2
z2+4 2242

Do x+y+z=0nén P+3>

(z—2) +(z+1)2 J3_ (2—2)2(22 +2)+(z+1)2(22 +4)

3
Ta chirng minh P+3>=.Thatva >
& 2 T\ 22 +4 2242 2 z'+ 622 +8

53
2

=2(2" -4z +4) (2 +2)+2(2 +2z+1)(2* +4) 23(z* + 627 +8)
:>Z4—4Z3+42220:>Zz(zz—4Z+4)20:>22(Z—2)2 >0,

Diéu nay ding v&i moi z. D4u bang xay ra khi z =0 hodc z=2.

Suy ra P+32§:>P2_—3.
2 2

Diubing xdyrakhi x=y, x-y=0,z’(z-2)’=0,x+y+z=0=>x=y=2z=0.

Vay c6 diéu phai chirng minh.
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Bai 8 : (Pé thi vao 10 hé chuyén - Todn Chuyén- tinh Bic Giang ndm hoc 2024 - 2025)

Cho cac s6 dwong x, y théa man xy >1. Tim gia tri nh6 nhit cia biéu thirc

X y 1
= + + :
I+y 1+x 1+xy

Loi gii
; X y 1 1 1 1
Ta c6: K = +1|+ +1|+ —2=(x+y+1) + —
1+y 1+ x 1+ xy I+x I+y) 1+xy
Mat khac v&éi moi a,b dwong ta co: 1 + ! > 4 . D4u bang x4y ra khi va chi khi a = 5.
l4+a 1+b a+b+2
Khi d6 ta co ! + ! > 4 . D4u bang x4y ra khi va chi khi x = y.
I+x I4+y x+y+2
4 1
Do dé ta dwoc K > (x+y—|—)+ ! —2=4[1- ! + ! =
x+y+2 x4+l x+y+2) xy+1
=2+ L __ 4 :
xy+1 x+y+2
Détt:\/g,tzlvécéx—i—yzz\/atadu'(_)'c
SERSE N
r+1 t+1 2 2 41 t+1
3
S Ul B
2 20t+1)(F +1) 2

K:% khi =1, ta dwoc x = y =1. Vay gia tri nhé nhit cia K bang % khi x=y=1.
Bai 9 : (Pé thi vao 10 hé chuyén - Todn Chuyén - thanh phd Hai Phong ndm hoc 2024 - 2025)
Cho a,b,c 1a cac s6 thuc dwong théa man abc =1.

1 1 1
+ + .
a@+b*+c b +ct+a C+at+b

Tim gia tri I&n nhat cta biéu thirc P =

Loi gii

Ta c6 <a3 b 4 c)[l +1+ c] >(a+b+ c)2 (b4t dang thirc Cauchy-Schwarz).
a

1
—+14c
! a = bc+1—|—02 . Twong tw suy ra

= 3 2 S 2
a +b" +c (a—i—b—i—c) (a—i—b—l—c)

(ab+bc—|—ca)+(a—|—b—|—c)—i—3

P<0O=
0 (a+b—|—c)2
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Ta chitrng minh Q <1 :>(ab+bc+ca)+(a+b+c)+3S(a+b+c)2.

:>(a—i—b—|—c)—|—3§<a2+b2—|—cz)+(ab—|—bc+ca)

_ az—l—bz—l—czzl(a—l—b—l—c)z23abc(a+b+c):a—l—b+c

Diéu nay dung do 3 :

ab + bc+ca >33 a*b*c* =3

Vay gia tri lén nhat cia P 1a 1, dat dwoc khivachikhi a=b=c=1.

Bai 10 : (Dé thi vao 10 hé chuyén - Toan (hé chuyén Nga - Phap - Trung) - tinh Hoa Binh nim hoc
2024 - 2025)

Cho cac s6 thuc dwong a, b, ¢ théa min: a° +b> +c¢* =675

Tim gia tri l&n nhat cta biéu thirc: P = 15a + 155 4 15¢
675—bc 675—ac 675—ab
Lo gidi
2 2 2 2 2
Co 675—bcz675—b +c :675—6752 a :675;—61 ; 1561§L225

2
IS¢ _a’4225 450

= > I R
675—bc — a’ +675 a’ +675
Twngtm&gl_ 2450 ; 15¢ “h 2450
675—ca b* +675" 675—ab c® 4675
1 1 1 9 3
P <3—450- + + <3—-450- -=
- a’+675 b*+675 *+675 a+b*+c*+6753 2

D4u bang xay rakhi a =b =c=15. Vay maxP:%, dat dwgckhi a=b=c=15.

Bai 11 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Hoa Binh nadm hoc 2024 - 2025)

Cho céc s6 thuc dwong a, b théamin: a° +b* =a+b.

Tim gia tri nhé nhat cta biéu thiecc: P=a* +5b* +

Loi gii
Tacod 2<Jab <a+b; a+bs,/2(a2+b2)

Ma gia thiét cho a* +b° =a+b nén a+b<.2(a+b)=a+b<2.Trdésuyra ab<l1,
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2024 16 2008

Tacé P=(a*+b*) + —8a’h* =(a+b) + + —8(ab)’
( ) (ater)2 ( ) (aer)2 (aer)2 ( )
Tacé (a+b) + o ->2 |(a+b) 6 - =8; 2008222008=502; —8(ab)’ >-8
(a+b) (a+b) (a+b) 4
=2
Vay P >8+502—8=502.D4u dang thirc xay ra khi {a;bl =a=b=1.
ap =

Vay min P =502 dat dwoc khi a=5b=1.
Bai 12 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)

Cho hai s6 thuc x,y >0 théa man xy >1. Chitng minh rang (x+2y +L1j(y+2x+il}216.
X+ y+

Loi gii

a)Tacéd x+2y+ 2 _ x+1+ 2 I +3_y_l_
x+1 2 x+l1 2 2 2 2

Ap dung bat ding thitc Co-si ta co

X_+1+L + 14_2 +3_y_122 X_HL+2\/£Z+3_);_122+21+3__1:§+3_);
2 x+1) \2 2) 2 2 2 x+1 22 2 2 2 2 2 2 2
Suy ra x+2y+i2§+3—y.ChL’mgminhtu0’ngtL_rta cling cé: y+2x+i2§+3—.
x+1 2 2 y+1 2 2
Khi dé (x+2y+ij y+2x+i 2(§+3—yj(§+3—xj
x+1 y+1 2 202 2
25 15 Oxy
=—+—(x+y)+—
2 4( ») 2
25 15 9xy 25 15 9
>—4+— 2\ Jxy+—=>2—+—-2+—=16.
4 4 \/7 4 4 4 4

Suy ra diéu phai chitng minh. D4u “="xay rakhi x=y =1.
Bai 13 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Tuyén Quang nam hoc 2024 - 2025)

Cho ba s6 thyc dwong a,b,cthéa mén a+b + ¢ =3. Tim gid tri 1&n nhit cua biéu thirc

P =+3a+bc +~/3b+ca+~3c+ab
Loi giai
Via+b+c=3nén «3a+bc =\/(a+b+c)a+bc =\/(a+b)(a+c)
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a+b+a+c 2a+b+c
2 2

Suy ra \/3a +bc Sza%b“ (1). Twong tw ta c6 +/3b +ac S%b_kc (2) va

Ap dung bat ding thirc AM-GM ta c6 \/(a +b)(a+c) <

Se+ab < # 3)

4a+b+c) 4.3
2 2

Cong vé vai vé cac bat dang thire (1); (2); (3) tacd P< =6

D4u bang xdyrakhi a=b=c=1.
Vay gia trilén nhatcia P=6 khia=b=c=1
Bai 14 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Lao Cai ndm hoc 2024 - 2025)

1 1 1 a+b+c
+ + < .
a*+bc b*+ac cF+ab”  2abc

a) Cho a, b, c¢ 1a cac s6 thuc dwong. Chirtng minh rang

b) Cho x, y la cic s6 thwc dwong théa man xy > 1. Tim gia tri nhd nhit cua biéu thirc

= Y 1
y+1 x+1 xy+1
Lo gidi

s e 2abe 2abc 2abc
a) Bat dang thirc da cho twong dwong véi + + <a+b+c 1
) & 8 8 a’+bc b*+ac c+ab @

Ap dung b4t ding thitc Arithmetic Means - Geometric Means (AG - MG) ta c6 :

a’> +bc > 2a~bc = 2abc <\/—
a’ + bc

Twong tu suy ra gabc + 3abc 2as <+Jbc ++ac ++ab (2)
a’*+bc b*+ac +ab

Ap dung b4t déng thirc AM-GM ta c6 : a+b > 2-Jab

Twong tu suy ra Jbe +Jac +~Jab <a+b+c 3)
Tt (1), (2) va (3) suy ra diéu phai chirng minh.

“ n

Diu xayrakhia=b=c

2 2 2
b)Tacd 42 4 1 .~ v 1 bty) 1 (Bat déing thic
y+1 x+1 xy+1 xp+x xp+y xp+1 2xp+x+y xy+1

Cauchy Schwarz dang Engel)
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St dung (x + y)2 >4xy suyra:

(ty) o1 o G 1 2xty) 4
2 1— 2 2 - 2_ 2
xy+x+y  xy+ (xgy) iy (xzy) o x+y+ (x+y) +4

Dit 1= x4y >2Jxy >2

2t 3 (t—2)
+ 2= 2
(42 4472 0 2e+2)(F +4)

Ta thiy >0 ludn ding véi moi > 2

Vay minP:%taix:yzl.

Bai 15 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Yén Bai ndm hoc 2024 - 2025)
Cho cac s6 dwong a,b,c théoa man ab + bc+ca=3.
a’ b’ c’ 3
+ + 2o
(145)(1+c) (I4+c)(14a) (1+a)(1+b) 4

Chirng minh rang

Lo gii

a’ (1+0)(1+¢)

. o , 1
Ap dung bat dang thirc Cauchy cho hai s6 dwong, ta co: + —
pEune g g 2 (145)(1+¢) 16 2

2 2
a +b—|—c+bc—|—12 N a >

1 b+c+bc+1
14b)(14¢) 16 2 (1+b)(1+c¢)

1
1Y~ 1
2 T

M

2

1 cta+tca+l
——>—b— 2
(14+¢)(14a) ~ 2 16 (2)

Chirng minh twong tu:

2

. c 1 a+b+ab+1
vai-—— > —C—
(14a)(1+b) 2 16

(3)
Cong theo vé ba bat dang thirc (1) (2) va (3), ta duoc:

a2 b2 02 3 1 3
>_ - _——
75050 Hoira) (rayizs) s PTe)-qglabrbetea)=qg

Ap dung bat ddng thirc: (a+b+c)2 23(ab+bc+ca):>(a+b+c)2 >33=9=qag+b+c>3

2 2 2
a b c

1 3 3
(1+0)(1+c) (1+c)(i+a) (+a)i+b)

>33 15 3.3
8

Suy ra:
y 16 16 4

Diu“="xayrakhi a=b=c=1.
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Bai 16 : (Dé thi vao 10 hé chuyén - Chuyén Tin - tinh Ha Nam nam hoc 2024 - 2025)
Cho a,b,c 1a ba s6 thuc dwong théa man diéu kién abc > 1. Tim gia tri 1én nhit cta biéu thirc

1 1 1
= + + :
a’+1+bc b +1+ac ab(c®+1)+1

Loi giai
a b c < a b c

P= + + + +
@ +a+abc b +b+abc abc(c’ +1)+c a’+a+1 b +b+1 S Hc+l

Vx>0,talubncd (x—1)’(x+1)>0 = x —x*—x+1>0

=X +x+1>x"+2x = 3 al < ! , dang thirc xay rakhi x =1.
x+x+1 x+2

Suv ra a n b n c < 1 n 1 n 1
I e atl B ibtl Atetl at2 bi2 ct2
< 1 . 1 1 1

Ta sé chirng minh + + <1 (6)

a+2 b+2 c+2
That vay, (6) = (a+2)(b+2)+(b+2)(c+2)+(a+2)c+2)<(a+2)b+2)(c+2)
= ab+bc+ca+ abc >4
Ap dung bat ddng thirc Cauchy ta cé ab+ bc +ac > 3abbcca =3
Mat khac abc > 1= ab+bc + ca+ abc >4 nén (6) ding, suyra P <1.

Vay maxPzé khia=b=c=1

Bai 17 : (Dé thi vao 10 hé chuyén - Toan Chung - tinh Ha Nam nam hoc 2024 - 2025)
Cho cac so6 thuc dwong a, b, ¢ théa man abc =1.

b c 9
S +—+
c

Tim gia tri nhé nhit cta biéu thirc P = % - .
b a- 2(a+b+c)

Loi gii

3abc(a +b+ c) < (ab+ bc + ac)’

3 < (Ap dung bat dang thitc quen

Ta co: a—i—b—f—c:abc(a—i—b—l—c):

thuoc (x + y+z)* > 3(xy +yz + xz))

Ap dung bat dang thirc AM-GM ta dwoc: ];Lz + 1 > %; %
a c

1.1 ¢
+—=—>—; =+
b~ ¢ d*

>

9

o | =

1
a
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Cong vé cac bat dang thirc trén ta dwoc: l%—k%—i—%zl—i—ljtl:ab—i—bc—i—ac (Do abc=1)
¢ a

a b ¢
. P>abtbetact 27 2:ab—l—bc—l—ac+ab—i—bc+ac 27 223.222
2(ab+bc+ ac) 2 2 2(ab+ bc + ac) 2 2

Diu"="xadyrakhi: a=b=c=1
Vay gia tri nhé nhat ctia P la % khia=b=c=1
Bai 18 : (Pé thi vao 10 hé chuyén - Toan Chung - tinh Tay Ninh ndm hoc 2024 - 2025)

Cho cac s6 thuc dwong x, y,z théamin x+ 2y + 3z =2024. Tim gia tri nho nhit cda biéu thic

_ 1 n 3 n 1 1
x*+4y* 49z  8xy 8yz dzx

Loi gii
1 1 1 1 5

1 1 1
=— > >+ + +— + +
x +4y"+9z° 6xy 18yz 9zx 12

2xy 6yz 3zx

Theo bat dang thirc Cdsi ta co: (a-l—b—l—c-l—d)[l—l—l—l—l-l—%] >16

a b c
1 1 1 1 16 B o[ 9
= —f—4-4—>——— Tuwongty —F—+-—>——"—
a b ¢ d a+b+c+d g'a b ¢ a+b+c
Taco M >— > . 16 +i 2
x 4+4y°49z° +6xy+18yz+9zx 12(2xy+6yz+3zx
_ 16 \ 15
(x+2y+32)° +2xp+6yz+32x  4(2xy + 6yz +3zx)
2k
Mat khac ab + bc + ca Sw
=M= 16( T3 T +;5+3 2 162024”424(‘)5242:42903242
(x+2y+3z)7 4 XTEVTIZ) - WTEVTIZ) - hop4> 4 ' '
Vay M. = 03 > khix:2y:3z:%
4.2024 3

Bai 19 : (Pé thi vao 10 hé chuyén - Chuyén Toan Tin - tinh Son La ndm hoc 2024 - 2025)

Cho x, y,zla cac s6 thwc dwong théa man l—i—l —|—l =3.
X y z
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Ching minh rang: x* +y* +z> — 2xyz > 1.

Loi giai
x>+ y* > 2xy

Theo bat ding thitc AM - GM ta cé: y* +2z° >2yzt = x> +y° +2z° > xy + yz + zx.
P4 x? > 2zx

Theo gia thiét: l-|—l—|—l:3:>xy—|—yz—|—zx:3xyz = x4y 25 = 2xpz>xpz (1)
X y z

Tir gia thiét 4p dung bat dang thitrc AM - GM ta c6: 3 = l+l+l >33 L = xyz >1 (2)
X y z xyz
Tl (1) va (2) suy ra diéu phai chirng minh.
D4u bang xay ra khiva chikhi x=y=z=1.
Bai 20 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Bac Kan nidm hoc 2024 - 2025)
2 2

Cho x, y >0 théa man x+ y <1. Chttng minh * X ! —i—x—i—yzé.
l-x 11—y x+vy 2

Loi giai
x’ 1 y? 1
Ta co: = —x—1, =—-y—1
l-x 1—x -y 11—y
Bat dang thirc tré thanh: ! + : + - —22§:> 1 + ! + 1 22
I—-x 1—-y x4y 2 1—-x 1-y x+y 2

Chtrng minh bat dang thirc: (a+b+ c)[l —i—%—i—l] >9 v&éia,b,c>0
a c

Ap dung bat dang thirc AM-GM ta c6: a +b +c > 33 abc, l+%+l > 3‘3/%
a abc

c

:>(a—|—b—i—c)[l—|—%—|—l]29.Dé'ubﬁngxéyrakhi a=bh=c
a c

Ap dung bat dang thirc vira chitng minh ta c6:

1
+ +
I-x 11—y x4y

ST UL I
I—-x 11—y x4y 2

(1-x+1-y+x+y)

D4u bang xay ra khi l—x:I—y:x—|—y¢x:y:§

Bai 21 : (Dé thi vao 10 hé chuyén - Toan Chung - Trwong THPT Chuyén Lam Son tinh Thanh Hoa
nam hoc 2024 - 2025)
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Cho hai s6 thuc dwong a, b théa man 8a° +2b> =1. Tim gid tri nhoé nhat ctia biéu thirc

;_da—b-1 2a-2b+1 6a+3b—6077
1+b 14 2a 6a -+ 3b

Loi giai
bit x=2a, y=5b.Do 8a’ +2b> =1=2(x*+y*) =1
_4a-b—-1 2a-2b+1 6a+3b—-6077 2x—y—1 x—-2y+1 3x+3y—6077
140 14 2a 6a +3b 1+ 14+ x 3x+3y

_ 2x 14 2y 14 6077 - 2x n 2y n 6077
y+1 x+1 3(x+y) y+1 x+1 3(x+y)
2 2 2
_w Lyt 6077 2ty 6077
xy+x xw+y 3(x+y) 2xy+x+y 3(x+y)

Do x2+y222xy:>2xy§%

(x+1)" S2(x* + ") = x+y <J2(x* +)°) =1:>2xy—i—x—|—y§%-|-1:%

’ 4 4 202
x2S OO 5 A ey - 208,
3 3(x+y) 3 3(x+y) 3(x+y) x+y
2
2i3+%—3:2024
3 1
1
a=—
N __n 2 . 1 4
Dau“="xayrakhi x=y=—=
2 1
b=—
2
A N : 1 1
Vay MinT = 2024 khi a :Z;b B

Bai 22 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Thai Nguyén nam hoc 2024 - 2025)

Cho x, y 1a cac s6 thuc dwong thay d6i va théa man 4x*> +9y*> =10.

3
. (ijgyz <20,
4(x" + ) —4x—8y+55

Chirng minh rang

Loi gii

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551



MathExpress Education | 4 |www.mathexpress.vn

Vi x, y 1a c4c s6 thwc dwong nén ap dung bit dang thirc AM-GM ta co:
4x% +1>24x* = 4x* +1>4x.

937 +9>2./81)% = 9)* +9 >18y.

Do d6 4x° 4+9y° +10>4x+18y = 2x+9y <10. (1)

2

Ta co: 4(x2+y2)—4x—8y+55:4[x—% —|—4(y—1)2-|—50

2

L >y, 4(y—1)" >0 nén 4(x* + )’ ) —4x—8y +55>50. (2)

Vi 4[x——
2

2x+9y) ’ \
. (2x+ y) <10 _ 50, (dicu phai chérmg minh)
4(x" + ) —4x—8y+55 " 50

Tw (1), (2) suyra

D4iu “=" xay ra khi va chi khi x = % va y=1
Bai 23 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Lang Son ndm hoc 2024 - 2025)
Cho céc s6 thwc dwong x, y, z théaman x + y + z = 3. Chitng minh cac bat dang thic sau day:
a) xz%—yz—l—z2 >3;
b) %erz +y 2 >4
X +y +z
) xy—i—yz—i—zx23\/xy_z.
Loi giai
a) Ap dung bat dang thirc Cauchy ta cé x> +1>2x;)" +1>2y:2° +1>2z
Cong cc bt ding thirc v& theo vé ta dwoc x* + y° +2° +3>2(x+y+z)=>x"+) +2°+3>6

= x* + y> +z° >3,d4u bang xay rakhi va chikhi x=y=z=1.

b) Pat t = x> + y° 4 z* >3, bit dang thirc —+x" 4y +z° >4 trd thanh

2 2

X +y +z
%+t24¢3—|—t224t:t2—4t+320¢(r—1)(t—3)20

B4t dang thirc nay ding dung vi ¢ >3, ddu bang xay ra khiva chikhi x=y=z=1.
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) xy+y2+2x23\/E:>(xy—l—yz+zx)2 > Oxyz

=Xy + Y2+ + 2xyz(x +y+ Z) >Oxyz = x*y + 727 + 2°x > 3xyz

Ap dung bat ddng thitrc Cauchy ta c6 :

x*y? + 22 > 2xy°z; 2t 4 20x > 2xyz’; Zx Xyt > 2% yz

Cong cac bat ddng thirc trén trén vé theo vé ta dwoc: x°y° + y°z +2°x° > xyz(x + y +z) =3x)z
D4u bang xdy ra khiva chikhi x=y=z=1.

Bai 24 : (bé thi vao 10 hé chuyén - Chuyén Toan - tinh Lang Son ndm hoc 2024 - 2025)

Cho céc s6 thuc a,b,c. Chirng minh c4c bat dang thirc sau day:

b+cc—i—aa—|—b>
a b ¢

a) 8

b) @’ +b’ + ¢ +24abc <(a+b+c)

a b c

+ + >1
2 \/a2 +7bc \/b2 + 8ca \/02 +9ab

Loi gii

btc cta atb  2be Nea 2ab _

a b ¢  a b c

a) Ap dung bat ding thitrc Cauchy ta duoc 8

b)CO (a+b+c) =a’ +b +c +3(a+b)(b+c)c+a)
St dung bat dang thic (a +b)(b+c)(c +a) > 8abc ta c6 diéu phai chirng minh.

a b c a’ b? c

c) Tacéd + 1L - + +
\/a2 + 7bc \/b2 +8ca \/02 +9ab a\/a2 + 7bc b\/b2 + 8ca c\/c2 +9ab

2

a’ b* ¢’
= + +
\/Z.\/cf + 7abc \/Z.\/lf + 8abc \/E.\/c3 +9abc
S (a+b+c)
B \/;.\/cf + 7abc + \/E.\/b3 + 8abc + JZ.\/c3 +9abc

2
Lai co: (\/;.\/cf + 7abc + \/E.\/ b’ +8abc + \/Z.\/ c+ 9abc> <(a+b+c)a’ +b*+’ +24abe)

(B4t dang thirc Bunhiacopxki)

Str dung két qua y b), ta duoc:
(a+b+c)a’+b +c +24abc)<(a+b+c)a+b+c) =(a+b+c)
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2
= (\/Z.\/cf + 7abc —|—\/Z.\/b3 +8abc +\/Z.\/c3 —|—9abc) <(a+b+c)
= Jaa’ + Tabe —i-\/g.\/lf +8abc + e +9abe < (a+b+c)

(a+b+c) (a+b+c)2:
\/Z\/a —|—7abc+\/—\/b3—|—8abc—|—\/z\/c +9abc (Cl+b+0)2

Bai 25 : (Pé thi vao 10 hé chuyén - Chuyén Tin - tinh Phii Tho ndm hoc 2024 - 2025)

Cho cac s thuc x, y théa man x’y* 4+ 4y +4 = 0. Tim gia tri lo'n nhat, gia tri nhoé nhat cia biéu

thire T = —2
3y+2
Loi giai
22
Vix’y’ +4y+4=0=y+1= 4y
Tacé: T=—2 = nali S . A — .

3y+2 34y+4)—4 -3x*—4 3x’+4

Paitm=xy=T= =3Tm’ +4m+4T =0 (1)

3m’ —|—4
Coi (1) 1a phwong trinh bac hai &n m, T 13 tham s6. Khi d6: A'=2* —37.4T = 4(1—3T?)

N:

Pé phwong trinh c6 nghiém thi A>0 =1-37°>0= _T <T<>=

3
B E R I
3 3T 3 4 4
Y= 3 Y= 3
xy——_z\/5 'x—ﬁ
Tmax:£:>A:O:>m:__2:i\/§:> 3 = 2
3 3T 3 4 4
Y773 Y73
Vﬁy Tmin:_T\/gi (x,y):[_T\/g,_T‘I. va Tmax:? = (x)y): £ T4

Bai 26 : (Pé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Phan B6i Chau tinh Nghé An ndm
hoc 2024 - 2025)
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Cho a,b,c 12 d6 dai ba canh cia mdt tam giac c6 chu vi bang 8 théa man

1 1 1 5

+ + —
at+b—c a+c—b b+c—a 4

(4-a) | (4-b | (4o

Tim gia tri lén nhat cia biéu thirc P =
4->b)4—c) (A—c)d—a) (@A—a)d—-Db)

Loi giai
Vi a, b, ¢ 1a dd dai ba canh cia mot tam giacnén a <b+c,b<a+c,c<a+bvaa+b+c=8

nén ta dwoc a, b, c < 4.

x=4—-a
x+y+z=4 R
bat y:4—b:><[ yreE , viét lai gia thiét thanh
4>x,y,z>0
z=4—c¢
1 1 1 5 1 1 1
n n A 1 1 1wyt S
a+b—c a+c—b b+c—a 4 x y =z xyz 2
2 2) 9 2 2 2
Bién doi biéu thirc ta dwoc P = (4=a) + S + i) =X 4z

4->b)4—c) A—a)d—o0) (4—a)(4—b)_yz zx Xy

_ (x+y+2) =3(x+y+2)(xy + yz+ 2x) + 3xpz _ 64

—27
xXyz xXyz
. oo 22 , 51 1 1 4 4
Ap dung bat dang thitc Cauchy - Schwart ———=—+—> = =(z—-2)(5z—-4)<0
2 z x y x+y 4-—:z

Suyra: —=<z<2

4

5
4

Twong tu ta dwoc: E <x,y,z<2

2-x)(2-»2-2)=0

Khi d6 «(Sx—4)(5y—4)(5z—4)ZO;QSWZS%

xy—l—yz—l—zx:%xyz

Khi d6 ta dwoc 177 < P<5.Gidtrilén nhitcua P=5

D4u “="xay ra khi (x;y;z) = (1;1;2) hay (a;b;¢) =(3;3;2)
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e

Bai 27 : (Dé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Ha Tinh tinh Ha Tinh nidm hoc
2024 - 2025)
Cho a,b,c 1a cac s6 thuwc khong Am, ddi mot khac nhau. Chirng minh rang

1 1 1 S 4

+ +
(a—b) (b—c) (c—a)*  ab+bc+ca

Lo giai
Khong mat tinh tong quat, gidast a >b>c >0

1 1 1 1 1 4 4
- > = > >———
(b—c)Y b (c—a) (a—c) a’ ab — ab—+bc+ca

1
>
+a+b_2_4 (D
b a

Can chirng minh L, 1.4 [a b

(a—b)y a* b ab

_2
o DAL Coull) M S SV Y
b a ab

(1) tl'é' thénh l‘+£ Z 4
Hay #* —2¢t +1>4t—8= (t—3)* > 0 = diéu phai chirng minh

“w__n 3

a b
Diu“="xayrakhi {p g4
c=0

Bai 28 : (Pé thi khdo sat vao 10 hé chuyén - Chuyén Tin - THPT Chuyén Lam Son tinh Thanh Hoa
nam hoc 2024 - 2025)

Cac sO thyc dwong x,y théa min: x* + y° = x— y, chitng minh x* +y* <1.

Loi giai

Do x,y dwongnén x—y=x"+3)">0= x>y

Do x,ydwongnén x—y=x"+y'>x -y’ =x—y>x -y =x"+xy+ )y’ <1

Suyra x° 4+ y° <1 (diéu phai chitng minh)

Bai 29 : (Dé thi vao 10 hé chuyén - Chuyén Toan - THPT Chuyén Hung Vwrong tinh Phti Tho ndm hoc
2024 - 2025)

Cho cac s6 thuc dwong x, y,z. Tim gia tri nhé nhit cia biéu thic
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2xyz ‘x3_y3‘+‘y3_23‘+‘z3_x3‘
M = 3 3 3 + :
x+y 4z 3xyz
Lo giai
Bo dé: ‘x3 —y3‘—|—‘y3 —23‘—1—‘23 —x3‘ >x +y +2° =3xyz
Thit viy, khong méit tinh tong quat gia sit x > y > z bd dé cin chirng minh twong dwong véi

2<x3—z3)2x3—|—y3+z3—3xyz:>(x3—y3>+3(xyz—z3)20 dingdo x>y >z,

2xyz +x3—|—y3—|—z3—3xyz_ 2xyz +x3—|—y3+z3 5 +2

Ap dung: M > =
b eung X4y 47 3xyz X4y +2 3xyz 3) 3

2 3 3 3 5
Xyz +x +ty +z

Ta chirng minh = >0, diéu nay twong dwong véi

3

X4y 42 3xyz
<x3 +y 42 )2 —S(x3 +y° —i—z3)xyz—|—6(xyz)2 >0

= <x3 +y’ 42 —3xyz)<x3 +y 42— 2xyz) >0

B4t dang thirc nay ding do x’° + y° 4 z° > 3xyz (B4t dang thirc Cauchy).
Vay GTNN cua Mz% khi x=y=2z va x,y,z>0.

Bai 30 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Ba Ria Viing Tau nim hoc 2024 - 2025)
Cho cac s6 thuc dwong x, y, z théa man xy + yz+ zx + xyz = 4.

Chirng minh xyz <1 va i + Y + “ zx—i—y—i—z‘
yv+z z+x x4y 2

Lo gidi

Taco 4d=xy+yz+zx+xyz > 3«3/(xyz)2 + xyz.

Pt t = Yxyz (t>0), tadwoce £ +3r <d=(1—1)(r+2) <0=1<1.Dod6 xyz<1.

Ba s x,y,z khong thé cung 16m hon 1 hodc cung nhé hon 1. Khéng gidm tinh tong quat, gia st
x>1>y.

Ta chrng minh: x+ y +z > xy + yz + zx (¥).

Thitviy: ()= x4 y+z+mz>4= x4y +(1+m) P >4
X+y+xy

:(x—l—y)z +xy(x~|—y)—x2y2 +3xy+424(x—1—y)~|—4xy
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:>(x+y—2)2+xy(x—l)(l—y)20 (Iudn ding do x >1> y).
2 2 2 2
X y n z X n y n z (x-l—y-l-z) >x+y+z

Khi do + = > >
y+z z+x x+vy x(y+z) y(z—l—x) Z(x+y) 2(xy—|—yz+zx) 2

(diéu

phai chirng minh)
Bai 31 : (Pé thi vao 10 hé chuyén - Chuyén Toan - thanh phé Ha Néi nim hoc 2024 - 2025)

Véi a,b,c 1a cac s6 thwe khong dm théamin a <2, <2,c¢<2;a+b+c =3, tim gia tri 1&n nhit va

gia tri nhd nhét ctia biéu thirc P = \Jab(b+c +1) +Jbc(c+a+1) ++Jca(a +b+1)

Lo gii

_ J3ab(b+c+) _abta+b+l

V3 - 23

3(ab—|—bc+ca)+2(a~|—b+c)—i—3

23

3342343 _ .

Ta c6 \Jab(b+c+1)

do Cauchy.

Twong tw va cong theo tirng vé ta c6: P <

2
w::{ nén PS—
3 23

Tac6(2—a)(2—b)(2—c)>0 nén 2ab+2bc+2ca >4+ abc > 4.

Laicé ab+bc+ca <

Vithé ab+bc+ca>2.
Tacé P* >ab(b+c+1)+bc(c+a+1)+cala+b+1).
Khi d6 P* > ab* + bc* + ca® + 3abe + ab + be + ca > ab(b—|—c)—|—bc(c—|—a)—|—ca(a—|—b)—|—2.
Laico a,b,c<2nén a+b,b+c,c+a>1hay P>>ab+bc+ca+2>4.VivayP>2.
Vay gia tri nho nhit cia P bang 2 chang hankhi a =0,b=1,c = 2.
gi4 tri 16n nhit cda P bing 3+/3 chinghankhi a=b=c=1.
Bai 32 : (D& thi vao 10 hé chuyén - Chuyén Tin - S GD&DT Ha Noi nim hoc 2024 - 2025)
Véi a,b,c¢ 1a cac s6 thwe khong Am théa man a <1, b<1,c<1;a’ +b* +¢* =2. Tim gia tri 16n nhit

4 p* ot

+ +
bc+2 ca+2 ab+2

va gia tri nho nhit cda biéu thic T =

Lo giai
(@’ +b*+c%) 4
ab+bc+ca+6 ab+bc+ca+6

Theo bat dang thirc Cauchy - Schwarz tac6 7 >

Laicé a’ +b> +¢* >ab+bc+ca
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o 4 1
Theo bat dang thirc Cauchy nén ab+bc+ca<2.Vivay T = V)
Laicé (b—1)(c—1)>0=bc+2>b+c+1>b+c+a

4
a a

Cingcé a(l-a’)>20=a*<a = <

bc+2 a+b+c

a b c
+ +

=1
b+c+a c+a+b a+b+c

Twong tw va cong theo trng vé ta c6 T <

Véy%STSI

, . 1 . 2
Vay gia tri nho nhat cia 7' bang bX changhankhi a=b=c= 3

gia tri 16n nhit cia T bang 1, chang hankhi a=b=1,c=0
Bai 33 : (Dé thi vao 10 hé chuyén - Toan Chuyén - tinh Vinh Phiic nim hoc 2024 - 2025)
Cho a,b,c 1a cic s6 thuc thoa man diéu kién a° +b° +c* =2(a+b+c)
a) Chirng minh rang a+b+c¢<6 va (a+1)(b+1)(c+1) <27
b) Tim gia tri nho nhét ctia F = (a+1)(b+1)(c +1)
Lo giai

e +b+c)
Str dung bat ding thitc Cauchy - Schwartz, ta cé 2(a+b+c)=a’ +b> +c* > (atbte)y

Tir diy, ta dé dang suyra 0<a+b+c<6

Tir gia thiét, tacé 2a+2=a’+(b-1) > +(c-1)’>20=>a>-1
Twong tu ta cling c6 b=>—1Lc> -1

Suyra a+1,b+1, c+11acac s6 khong am.

Bay gio, st dung bat dang thitc AM - GM két hop véi két qua 0 < a+b+c <6 vira chirng minh &

3
a+1+b;1+c+1j <27

trén, ta dwoc (a+1)(b+1)(c+1) < (
b) Khdng mét tinh tong quat, gid st a>b>c¢
twr gia thiéttacé a+b+c>0

Vithé’aZ%bMZO
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2 2 2
Béygl(\)', ta co (b+1)(c+1):bc+b+c+1+a +b" +c 2(a+b+c)

2
_(b+c)2+a2—2a+2>a2—2a+2
2 Bl 2
. +1)(a’>—2a+2 —a’+2
Str dung bat dang thirc nay, ta dwoc Fz(“ )(az a ):a 621
a’ 4
Bay gio, str dung bat dang thirc AM - GM ta c6 7+7+52a2
—i+2 5
Do do, F > 27 =
27
2 2 25
Mat khac, véi a=b=—,c=——= F =—
3 3 27
25

Viay min F = —,
Yy 27

Bai 34 : (P& thi vao 10 hé chuyén — Chuyén Toan - tinh Bac Ninh ndm hoc 2024 - 2025)

Cho a,b,c 1a cac s6 thuc khong am va thda man a’ +5b° + ¢* = 8. Tim gia tri 1én nhat ciia biéu

2a+c+2b—|—c
1+bc 1+ca

thirc P=

Lo giai

Ta di chirng minh 14 bc > L[)Jrc

That vay, ta c6: 1+bcz%”+c = 16(1+be) > (a+b +c)* = 8+16b°" +30bc > 2a(b+c)

=a’+b° 4> +16b°c* +30bc > Za(b —|—c) =a’+(b+c) +16b°c* +28bc > Za(b +c)
Bat dang thitc cudi luén ding theo AM —GM va do a,b,c 1a cac s6 thuc khong am.

c=0

DAu bang xay ra Khi
& Xy {a:b—l—c

Chirng minh twong tw ta dwoc: 14 ca > L[Hc
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a=2
s 2a+c 2b+c 2 A .
: P< =38. =2.
Khi do P_a—l—b+c+a—|—b—|—c 8. bang thirc xay ra khi {6 =2
4 4 c=0

Vay GTNN cta P bang 8 khi (a;b;c) = (2;2;0).
Bai 35 : (Dé thi vao 10 hé chuyén - Chuyén Toan - tinh Hwng Yén nim hoc 2024 - 2025)

a>0,b>0,c>2009

Cho cac s6 thuc a,b,c thoa man
a+b+c=2025

Tim gia tri l&n nhat cta biéu thirc P = abc.

Lovi gidi
2005 —a+ b+ c 20010_ /8abc+200 8abc o, 8abc S8:8abc§512
2009 2009 2009 2009 2009
8
= abc <128576. D4u dang thirc xay ra khi: a=b= 2009 =b=28;c=2009
8

Bai 36 : (Pé thi vao 10 hé chuyén - Chuyén Toan - tinh Quang Tri nam hoc 2024 - 2025)
s 3x—1
a) Chirng minh rang ,[2(x* =1} < vhi x> 1.
) Chirng g {2(x —1) <= >

b) Tim gia tri nhoé nhit cia biéu thirc P = \/I—Lz —i—\/l —Lz —i—\/l—i2 ,VOi x,y,z 1a cac s6 thuc
x ¥ z

khong nhé hon 1 va théa man Jx + \/; ++/z = \Jxyz .
Lo gidi
a) Theo bat dang thitc AM —GM véi s6 dwong ~/2x —2,4/x+1, ta cé:

J2(¥ =) =V2r—2Jx+1< 2x_22+x+1 - 3x2_1,Vx21

D4u bing xay ra khi va chi khi v/2x—2 =Jx+1=2x—2=x+1=x=3.

b) Vé&i Vx, y,z > 1. Khi d6 két hgp véi cau a), ta co:
3x—1 3y—1 3z-1

2 2_1 2 . o o
p_Vx 1+\/y R U NG R NN R - W it W -

< = +
X y z x y z 2\2x 2\/5)/ 22z

Tir gia thiét c6 Vx ++/y +vz = oz =

11
+——t——=
Vo bz
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Theo bat dang thitc AM —GM thi:

(S SRS T 6 T R S B D e R TS TS R N O IO (O
—t—|+ ==+ || === | =+ =<

t—t——<=
@&@2x 2y z z X X y z

Tw ()tatleptucco P<— ! -lzi_ V2.

2[ 22 zﬁ_z

D4u bang xay ra khi va chi khi: x=y=z=3.

1=

Bai 37 : (Pé thi vao 10 hé chuyén - Chuyén Toan - tinh Thira Thién Hué nidm hoc 2024 - 2025)
Cho cac s6 thwc dwong a,b,c théaman a+b+c=4.

a) Chirng minh 4ab + ac + bc > 4abc

2b 3¢ 4
b) Chirng minh + + —
) & da+bc 4b+ac 4c—|—ab 3
Lo giai
, 4 1 1
a) Ta c6: 4ab + ac + bc > 4abc :>_+_+ZZ 4
c a
2
Ma 17 > CFYED” 4 pp (digu phai chimg minh)
at+b+c
. 2a 2b 3¢ 4
b) Can chirng minh: + + —
) & da+bc 4b+ac 4c—|—ab 3
2a 2b 3c 4

= + + =
(a+b+c)a+bc (a+b+c)b+ac (a+b+c)c+ab 3

2a(b—|—c)—i—2b(a—i—c)+20(a+b)<£:> Sac + 5bc +4ab <4
(a+c)b+c)a+b) 3 (a+o)b+c)a+b) 3

=15ac +15bc +12ab <4(a+c)(b+c)(c+b) = 0<4(4—a)4—b)(4—c)—(5ac+15bc +12ab)
= 0<—4abc+4ab+ ac+bc—64(a+b—+c)+256 = 4abc <4ab+ ac+ bc

B4t dang thirc cudi cung da dwoc chirng minh & ciu a)

D4u bang xay ra khi (a, b, ¢)=(1, 1, 2)

Bai 38 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh S6c Triang ndm hoc 2024 - 2025)
Cho a,b,c 1a cac s6 thwec dwong théa man a+b+c=3.

Chtirng minh rang @’ +b° +¢ +2+2+2>9

a b ¢

Lo giai
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Ap dung bat ddng thirc Cauchy, ta c6

a—l—g—a +1+1>33 ll:3a
a a a V a a

b5+2—b5+1+1>3,3/bsll=3c
b b b b b

cs—l—%:cs—l—l+123‘3/05.l.l:30
c c c cc

Khi d6: @’ + b +¢’ —i—g—i-%-i—% >3(a+ b+ c) =9 (diéu phai chirng minh)
a c

Bai 39 : (Dé thi vao 10 hé chuyén - Chuyén Tin - TP Can Tho ndm hoc 2024 - 2025)
Cho a,b,c 1a cac s6 thyc dwong khéng nho hon 1. Chirng minh:

\/ab—l +\/bc—l +\/ca—1 Sa%—b—l—c'
b+c c+a a+b 4

Lovi gidi
Theo bt ding thirc Cauchy ta c6 b+ ¢ > 2bc

Suyra\/ab—l Jab—1 _ ab /ab ___ l 1 J
b+c = e 4

\Jab—1 1
Suy ra <—|la——+ 1
Y b+c _4[ b ]( )
Twong tu, ta c6 bc—l [b——-|- ](2) “ca_lgl[c_l+l](3)
ct+a 4 c a+b ~ 4 a b

Cong vé theo vé (1), (2) va (3), ta dwoc dpcm.

DAu “=" xay ra khi a=b=c=+/2.

Bai 40 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Kién Giang ndm hoc 2024 - 2025)

Cho ba s6 thuc x,y,z, théaman: (x—y)(y—z)(z—x)>2

Chirng minh rang, x* + y° 4 z° > 2.

Lo giai

Do tinh d6i xtrng vong quanh ctia cac biéu thirc nam & vé trai cia cac bat dang thirc da néu & dé
bai, d6i v&i x, y,z, nén khong mit tinh téng quat, gid stt x = max {x, y,z}.

Khi d6, x>y suyra x— y > 0. Do d6, tir gia thiét cia bai ra, ta c6:
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(r=2)+(z=x)" _ x=p)’

2< (x—y)-
<(x—y) i J

_ 2 22
Suyra, x—y>2;vivay x’ +y" +2° > x4+ ' =x" +(-y)’ 2%27:2
Ta c6 diéu phai chirng minh theo yéu cau dé bai.
Bai 41 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Tién Giang nim hoc 2024 - 2025)
Cho hai s6 thyc x va y théaman x>1,y>1

2 2

a) Chirng minh rang al >2. b) Tim gié tri nhé nhit caa biéu thirc 7 = Sy,
x—1 y—1 x-1
Loi gii
a) Chérng minh ring —~ 1 >2.
x —

Ap dung bét dng thirc AM - GM cho hai s thuc dwong (x—1) va 1 ta dwoc:

x=(x—1)+1>2/(x—1).1=2Jx—1.

Vay al ; > 2 v&imoi s6 thwe x > 1. Pang thirc xay ra khiva chikhi x—1=1=x=2.

x J—

x2 2
b) Tim gia tri nh6 nhat cta biéu thirc 7' = h. 4
P, 91
- xZ y2
Ap dung bat dang thitrc AM - GM cho hai s6 thwc dwong " va " ta dwoc
y=1  x-
2 2 b, I
7= & * Q) =Y >222=3

y—1 x-1" ﬁ; :2'\/x—1 '\/y—l
Vay min7 =8 khi x=y =2.
Bai 42 : (Dé thi vao 10 hé chuyén - Chuyén Toan + Chuyén Tin - tinh Long An ndm hoc 2024 -
2025)
Cho a,b,c 1a ba sé thuwc khong m.
a) Chitng minh rang (a +b+c¢)* >3(ab+bc+ca).
b) Gia sit a + b+ ¢ = 1. Chirng minh ring a® + 5> + ¢* + 233abc <1.

Lo gii
a) V&i ba s6 thwc khong 4m a,b,c, ta co

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 35



MathExpress Education | [ |www.mathexpress.vn

(a—b)Y >0=a"—2ab+b*>>0=a’+b*>>2ab;
(b—c) >0=b>—2bc+c>>0=b"+c" >2bc;
(a—c)2 >0=a*—2ac+c*>0=a’+c*>2ac.

Cong vé theo vé& cac bat dang thitc trén, ta duoc: 2(a2 +b'+ cz) > 2(ab +bc + ca)

=a +b+c*>ab+bc+ca=a*+b*+c* +2ab+2bc+2ca 23(ab+bc—|—ca)

= (a+b+c)* >3(ab+bc+ca) (diéu phai chirng minh)

b) Vi a+ b+ c =1 nén bit dang thirc cAn chitrng minh dwoc viét lai nhw sau

a® + b +c* +2\Babe < (a+b+c)’

a’ +b*+¢? +2M§ a’ +b*+c*+2ab+2bc+2ca

2\/% < 2(ab+bc—|—ca)

M <ab+bc+ca

3abc < (ab + bc + ca)’

3abc(a +b+ c) < (ab)’ +(bc)* + (ca)’ +2a’bc + 2b°ac + 2c*ab

(ab)’ + (bc)’ + (ca)’ —a’bc —b*ac —c’ab >0

2(ab)’ +2(bc)* + 2(ca)’ —2a’bc —2b*ac — 2c¢*ab > 0

(ab)’ —2b*ac + (bc)’ + (bc)* —c*ab+ (ca)’ + (ca)’ —2a*bc + (ab)> >0

(ab—bc)® + (bc — ca)’ + (ca — ab)’ > 0.

, bte=1
Déu "=" xAy ra khi vachikhi {* T2 ¢ o gop=c=l
a=b=c 3

. Bat dang thic cudi ludn ding véi moi
s6 thwc khong Am a,b,c nén bat ding thirc a’ +b° + ¢* + 2+/3abc <1 dwoc chirng minh.
Cach2: Tacé a+b+c=1=(a+b+c) =1

a’+b*+c*+2ab+2bc+2ca=1
a’+b*+¢* =1-2(ab+bc+-ca).

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 36



MathExpress Education | @ | www.mathexpress.vn

Ma (a+b+c) 23(ab+bc—|—ca) (theoya)) nén ab—i—bc—i—caS%(cz—lrb—l—c)2 :%-12 zé.

T d6 suy ra 1—2(ab+bc+ca)§ 1—2%2%.
Ap dung bat ddng thirc Cauchy cho ba s thuc khong am a,b,c, ta co

a+b-+c>33Yabc =1>33abc = abc §21—7.

Suy ra 2+/3abc §2-‘/3-21—7 :%

Tw (1), va (2) suyraa’ +b* +c* +2+/3abc S%—I—% = a’ +b* +c +2{3abc <1.

Diu " = " xay ra khi va chi khi a:b:c:é.

Vay bat dang thirc dwgc chirng minh.

Bai 43 : (Dé thi vao 10 hé chuyén - Toan Chuyén - Trwomg Pho Thong Ning Khiéu TP H6 Chi Minh
nam hoc 2024 - 2025)

Cho a,b,c 1a cac s8 thuc dwong théa man a’ +b° + ¢ +3=2(ab+bc+ca).

2(ab+bc+ca)+3
3

Ching minhrang 3<a+b+c<
Lo giai

Ta co 2(ab+bc—|—ac):a2+b2+02—1—32ab—|—bc+ac+3:>ab+bc+acz3.

Do dé6 (a+b+c) 23(ab—|—bc+ac)29<:>a—i—b—l—c23.

bat p=a+b+cvag=ab+bc+ca.Tw (a+b+c)2—2(ab+bc+ca)+3:Z(ab+bc+ca),ta
dwoc p° +3=4q.

2(ab+bc+ca)+3 p’+3

Mitkhac: a+b+c < =3p<2g+3=3p< +3

=6p<p’+3+6=p —6p+9>0=(p—3)" >0 (ding)

2(ab+bc+ca)+3
3 :

Bai 44 : (bé thi vao 10 hé chuyén - Toan Chuyén - tinh LAm Péng nam hoc 2024 - 2025)

Nhwvay a+b+c <
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Cho tam giac ABC v&i dd dai ba canh lan lwotla a,b,c théaman a+b+c=1va

S b I :E.Ch&ngminhréngtamgiéc ABC déu.
l—-a 1-b 1—c 2
Lo gii
patr——% b ¢
l—a 1-b 1-—c
a b c 1 1 1
Taco: T = + + =(a+b+c + + -
b+c c+a a+b ( >b—|—c c+a a+b
YR SN
2(a+b+c) 2
Diu"="xdyrakhia=b=c

MarT= % nén diu" =" xay ra do vy a = b = ¢ hay A4ABC déu.

Bai 45 : (Pé thi vao 10 hé chuyén - Toan Chuyén - THPT Chuyén Hung Vwrong tinh Gia Lai ndm hoc
2024 - 2025)

Cho a, b, ¢ 1a cac s6 thwc dwong théa man abc =1. Tim gia tri 1ém nhat cta biéu thirc

1 1 1
= + +
a’+2b*+3 b*4+2c*+3 424 +3

3
_|__

2
Loi giai
Taco: a’ +2b> +3=(a’ +b°)+ (b +1)+2>2ab+2b+2

1 1 1

= 2 < =

a +2b°+3 " 2ab+2b+2 2ab+b+1)

1 1
< =
b*+2c*+37 2bc+2c+2  2bc+c+1)

Chlrng minh twong tw ta duoc

1 b, 1 B 1
c+2°4+3 7 2ca+2a+2 2cat+a+l)
1 1 1 1 3
=P<— + + +- (¢
" 2lab+b+1 bet+c+1 cata-+l 2 ©
Bay gi¢r ta chitng minh + ! — ! =1 **)
Y8 & ab+b+1 bc+c+1 cat+a+1
That vay ta co: + ! + !
ALvay “ab+b+1 be+c+1 cata+l
abc abc 1

= + +
ab+b+abc bc+abc’* +abec  ca+a+1
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ac a 1
= + +
act+a—+1 l4+ac+a ca+a-+1

_cata +1 _
ca+a—+1

Nhuw vay (**) da dwoc chirng minh.

Tw (*) va (**) tadwoc P <2

Diu“="xayrakhia=b=c=1

Vay gid trilén nhitcia Pla 2 khia=b=c=1

Bai 46 : (Pé thi vao 10 hé chuyén - Toan Chung - tinh Ninh Thuin nim hoc 2024 - 2025)

Cho hai s6 thuc dwong a,b théa man a.b = 1. Chitng minh rang:

2024
(1+af (1+b) > 2222,
Lo giai
a a 2 ada ’ Cl4
(14+a) = 1+—+—] >(331=2| =9.31—
22 22 16
4
11 ) 11 b*
14+b) =|=+=+b| >|33]==b| =81.5|—
(1+2) 2 2 ] ~1"\22 ] 256
4 4
(14+a) (1+5)" > 9.3/%.81.3 2—4 — %%/a“b“ = % > % (didu phai chtrng minh)

Bai 47 : (Dé thi vao 10 hé chuyén - Toan Chuyén - Truwdng THPT Chuyén Lé Quy P6n tinh Khanh
Hoa nam hoc 2024 - 2025)

N\ ~ rd ~ 2 A 7 Y .
a. Tim tat ca s6 thuc k£ > 0 sao cho <—|x+ —] luon dang véi moi x,y > 0.

1
xv+2  k y

b. Cho a,b,c,x,y,z>0 théaman x+ y+z=2 l—|—l—|—1]:4.

Chtrng minh: Ll 4= <1
ax+2 by+2 cz+2
Lo gidi

2 2.2
(o +2) i Hdwdd 2 40148 (AM-GM).
xy Xy Xy

a) Ta c6:

DAu"="xay rakhi xy =2.
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Do do: al <l[xy+2]:l[x+g];vyc,y>0

xy+2 8| vy 8 y
. X 1 2 N , L. . A
Vi <—|x+—| ludn ding véi moi x,y >0 nén 0 <k <8.
xv+2  k y

b) Ap dung cau4.1: —— 2 = Sl[’“Jerrerngerg :l(4+4)=1.
ax+2 by+2 cz+2 8 a b c) 8

DAu" = "xadyrakhi ax=by =cz =2
Bai 48 : (bé thi vao 10 hé chuyén - Toan Chuyén - tinh Phd Yén ndm hoc 2024 - 2025)

2 1 1
> +
1+2xy 14+2x 142y

Cho x>0,y >0,xy < % Chirng minh rang:

Lo giai
Cach 1:

1 1 1 1
1+2  1+2x] (1+2xp 142y

_ -2y 22w
(4201 42x) 1+ 2x)(1+2y)

N O N D N N LT ED
(4201 +2x) (1421 +2y)

_2Vx(x =)+ 20) + 2y (x =)+ 2x)

(1+2/x)(1 4+ 2x)(1+2y)
_2(6x ==y + 2y =2y
(14 2yxp) (1 +2x)(1 +2)
26 =[x =) -2 (x =)
N (1423 0)(1+ 2x)(1+ 2)

2(Vx — )21 —2x)

T (1 2o+ 231+ 29)

1o 26—y a-2xy) 4
3 " (1+2\/E)(1+2x)(1+2y)20 (1) dpem

Ta co: +

2 1 1
_ + frd
14 2/xy [I—I—Zx 1+2y]

Vix>0,y>0,xy <

DAiu “=" xay ra trong (1) khi va chi khi x =y >0 hodc x, y khéong dm va xy :%
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Cach 2: bat a = \/;,b = \/;[a,b > 0;ab g% . Ta can chi*rng minh

2 S 1 i 1
14+2ab ~ 1+2a> 1+ 2b*
S DS U
14+2ab 14+2a* ~14+2ab 1+ 2b*
az—ab>ab b’
14+ 24> — 1+ 2b*

M

(do 1+2ab > 0)

a(a—b)(1+2b%)>b(a—b)1+2a) (do 14+ 2a” > 0;1+2b>>0)
(a—b)a+2ab®> —b—2a’bh)>0
(a— b)((a —b)—2ab(a— b)) >0
(a—b)*(1—2ab)>0 (2)
Do (a—b)* >0 va 1—2ab>0 nén (2) dung = (1) ding

D4u “=" xay ra khi va chi khi x =y >0 hodc x, y khong am va xy = %

Bai 49 : (Pé thi vao 10 hé chuyén - Chuyén Toan - tinh Quang Ngii nim hoc 2024 - 2025)
Cho 2 s6 dwong a, b théa min diéu kién 2024a +1011b <2023.

Tim gia tri nhd nhat caa biéu thic P = g + % —1944a —988b.
a

Loi giai

Ta co:

P:§+%—1944a 988b

a

1

1
+4a |+ 23|
s

_ 20[_

+ b] —1944a —988b —80a —23b
a

—20[1 +4a]+23[1 —i—b] 2024a—1011b

> 20. 2‘/— 4a 4 23. Z‘f 2024a+1011b)

>20.2.2423.2—-2023 =—-1897
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2024a+1011b = 2023
Dé{u":"xéyra:><l:4a = aZE

a

i b=1

——p

Lb

Vay MinP =—1897, dat dwoc khi a = %,b =1.

Bai 50 : (Pé thi vao 10 hé chuyén - Toan Chuyén - tinh Quang Nam nim hoc 2024 - 2025)
x—1 N y—1 > 6 .
x+3 y+4 z+5

Cho ba s6 thyc dwong x, y, z théa man

Tim gia tri nhd nhat caa biéu thitc P=(2x+2)(2y +3)(2z+4)

Loi giai
Taco: 213, 0H45, 0 55 8 5 L 0 4
x+3 y+4 z+5 x+3 y+4 z45
T (yes X2y A L5 6 o, 30 0
x+3 x+3 y+4 z+5 (y+4)(z+5)
Tey 213y 0 5 4 L 0 H 2y
y+4 y+4 x+3 z+5 (z4+5)(x+3)
2044 _, 6 . 4 5 o, 20 3
z+5 z+5 x+3 y+4 (x+3)(y+4)
Nhén vé theo vé ctia (1), (2), (3) thi CXFDEy+3I22+4) o 120
(x+3)(y+4)(z+5) (x+3)(y+4)(z+5)
= (2x+2)(2y +3)(2z +4) > 960
4 5 6 x=3
, 3 y+4 z+5
Dau “=" xay ra khi N y+ 2t = y:Z
4 5 6 2
+ + =
x+3 y+4 z+5 z=4

X

Vay MinP =960 khi |y =

ool W

z
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Bai 51 : (Pé thi vao 10 hé chuyén - Toan Chuyén - Tredng THPT Lé Quy P6n TP Pa Nang ndm hoc
2024 - 2025)

Cho cac s0 thuc dwong a, b théa man vab +1< 24/b . Tim gia tri 1&n nhit cia biéu thic

_ Nab | 2009
2024a+20256 b

Loi giai
5 1
bat \/E:x,ﬁ:y.Tathu dwocngay x+y <2

Viét lai biéu thikc T theo x, y taco: T = - +2009x%)
2024x°y +2025

bit ¢ = xy, theo bt dang thirc Cauchy thi 2\/5 <x+y=c<lI

_— c 1 4049¢—2024¢* ~2005 _ (1—c)(2004c —2005) _ o
' 2024¢> +2025 4049 4049(2024c¢% +2005)  4009(2024¢ +2005) —

2009¢* <2009
Suyra T < ;—l— 2009.D4u “="xayratai a=b=1
4009

Vay T, — 2009+ ——
4009

Bai 52 : (Pé thi vao 10 hé chuyén - Todn Chung - Trwdng THPT Chuyén KHTN nam hoc 2024 -
2025)

Vé6i a, b, ¢ 1a cac s6 thuc dwong théa man diéu kién (a +2)b”> + (b +2)c” +(c+2)a” > 8+ abc
Chéng minh rang: 2(ab+bc+ca) < a’(a+b)+b*(b+c)+c’(c+a)

Lo gidi

Hoan vi vong quanh a,b,c thi bai todn khong thay d6i nén khéng méit tinh tong quat, gia st b

b’ +1

. 1
nam gitta a va ¢.Tacé: ab’ + bc’ +ca2—abc§b<a2 —l—c2)§ (a2 +cz)§§(a2 +b° —i—c2+1>2

<a2 +b° 4’ —i—l)2
8

Tir day st dung gia thiét, ta suy ra duoc: 2(a2 +b°+ cz) + > 8 hay ta c6

a’+b*+c*>3.
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Ngoaira a2—|—b2—|—02+3:<a2—|—1)—|—(b2+1>+(c2+1)22(a+b+c) nén ta co:

a+b+ct>a+b+c
Lai c6:

(a(a—l—b)+b(b+c)+c(c+a))2

2 b)+b*(b 2 >
a (a—i— )—I— ( —|—c)+c (c—i—a)_ 2(a—i—b—i—c)

((a2 +b’ —l—cz)—i-(ab—i—bc—i—ca))2
2(a—|—b+c)
4<a2 +b +cz)(ab—|—bc+ca)
2(a—|—b+c)

>2(ab+bc+ ca)

w__n

B4t dang thirc dwoc chirng minh, du “=" xay ra khiva chikhi a =b=c.
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