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TUYEN CHON CAC BAI TOAN SO HOC VA TO HO'P TRONG Ki THI
CHUYEN NAM HOC 2024 - 2025

Bai 1 (Pé thi vao 10 - To4n chuyén - triwedng THPT chuyén Ha Long ndm hoc 2024 - 2025):

a) Cho a, b, claba s6 nguyén khac 0 théa man 2025 :%+l.
a c

Chirng minh rang abc chia hét cho 4.
b) Tim tit ca cac cap s6 nguyén té (p, g) sao cho p* —3pg+44° 1a mét s6 chinh phuong.

Bai 2 (Pé thi vao 10 - Toan chuyén - trieong THPT chuyén Ha Long nim hoc 2024 - 2025):

Viét cic s6 tw nhién lién ti€p tir 1 dén 1975 l1én bang. Ta chon hai s6 batki a,b trén bang va x6a
chiing di, sau d6 viét thém s |a — b| 1én bang. Thuc hién lién tiép nhw viy dén khi trén bang chi
con mot s6, ta goi s6 do 1a c.

a) SO ¢ c6 thé 1a 1945 hay khong? Giai thich tai sao?

b) S6 ¢ c6 thé 1a 1954 hay khong? Giai thich tai sao?

Bai 3 (Pé thi vao 10 - To4n chuyén - Thanh phé H6 Chi Minh ndm hoc 2024 - 2025)

Cho mét hinh vuéng canh 8 cm c6 chira bén trong 2024 diém phan biét. Chirng minh rang c6 thé
vé dwoc mot dwong tron ban kinh 1,5 cm c6 chira bén trong it nhit 127 diém trén.

Bai 4 (Pé thi vao 10 - To4n chuyén - Thanh phé H6 Chi Minh ndm hoc 2024 - 2025)

Cédp s6 nguyén dwong (a;b) dwoc goila cap s6 “may mdn” cia s n néu a+b=n vaton tai so

~ 2 ~ 2 7 4 4 1 N 7 - ~N o« < 2 ~
nguyén to p thoa man dang thirc — +Z =—. Tim cac cdp s6 “may man” cua so 2025.
a P

Bai 5 (D2 thi vao 10 - To4n chuyén - tinh D3k Lak n3m hoc 2024 - 2025)
Tim c4c s6 nguyén dwong x sao cho x” + x+10 1a s6 chinh phwong.

Bai 6 (D2 thi vao 10 - To4n chuyén - tinh D3k Lak n3m hoc 2024 - 2025)
Tim ba s6 nguyén dwong x; y; z dd6i mot khac nhau théa man hai diéu kién:

o xz+xy+y2+<322—z—4)(x+y)=1022—3.

e Trongbdnsd x+y+3z"—1; x+y-3;x+z ; y+z cb ding mot hop sé.
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Bai 7 (Pé thi vao 10 - To4n chuyén - tinh Nam Pinh nam hoc 2024 - 2025)
a) Chirng minh v&i moi s6 nguyén dwong n, s6 n° —6n + 33 khong 1a s6 chinh phwong.
b) Cho cac s6 nguyén dwong a, b théoa man diéu kién a +b+1 la wéc nguyén té cuia

4(a’ +ab+b*)-3. Chimg minh ring a+b—1 la wéc cla 4(a’ +ab+5*)-3.

Bai 8 (Pé thi vao 10 - To4n chuyén - tinh Nam Pinh nidm hoc 2024 - 2025)

Cho bang hinh chir nhit gom 2 dong va » cot, dwoc chia déu thanh 2n 6 vuéng don vi. Ban dau,
trong moi 6 vudng don vi ngwoi ta dit ding mot vién bi c6 kich thwdc rat nho. Ta goi moi bién déi
(T) 1a viéc thuwc hién cac thao tac sau: Chon ra hai 6 vudng don vi tlty y c6 chita bi, chuyén tir moi &
vuong d6 di mot vién bi sang 6 vuéng don vi lién ké (hai 6 vudng don vi goi la lién ké néu chiing cé
chung canh). Tim tit ca cic s6 nguyén dwong » dé sau hiru han lan chi thwc hién bién déi (T), ta cé
thé& dwa hét tit ca cac vién bi c6 trén bang lic diu vé nam trong cing mot 6 vudng don vi clia bang.
Bai 9 (Pé thi vao 10 - To4n chuyén - tinh Quang Binh ndm hoc 2024 - 2025)

Cho a, b 1a cic s6 nguyén théa man (a” +3ab)’ +(b* —ab)’ =2°"° +1.

Chtirng minh a +b chia hétcho 5.

Bai 10 (Pé thi vao 10 - Toan chuyén - tinh Hai Dwong niam hoc 2024 - 2025)

a) Cho s6 nguyén t6 1é p va s6 nguyén dwong « théa man: a” —1 chia hét cho p’.

b) Chirng minh rang a—1 chia hét cho p°.

Bai 11 (P& thi vao 10 - Toan chuyén - tinh Hai Dwong nam hoc 2024 - 2025)

Cho bang vudéng 7x7 gém 49 6 vuéng don vi nhw hinh vé.

C6 37 con robot dwoc dat vao tam cua cac 6 vuong don vi sao

cho khong c6 2 con robot ciing nam trong mot 6. Cac con B3 B3
B2

robot dwgc lap trinh dé di chuyén dong loat, véi cung toc do, Y

theo nguyén tic nhw sau: Ban dau, moéi con déu di chuyén

B2

sang tim ctia mot 6 vuong don vi bat ky chung canh v&i 6

vudng né dang dirng. Sau do, mdi khi cham vao tim ctia 6

vudng dén, n6 sé quay mot goc 90° va di chuyén ti€p theo

hwéng dé sang tAm cia 0 tiép theo va cir tiép tuc di chuyén nhw thé (mét vi du vé cach di chuyén
ctia mot con robot nhw hinh vé). Chirng minh rang du ban dau c6 dit cac con robot nhw thé nao

thi van lu6én c6 mot thoi di€ém ma cé hai con robot & chung mot 6 vudng.
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Bai 12 (P& thi vao 10 - Toan chuyén - tinh Bic Giang nim hoc 2024 - 2025)
Cho P(x) va Q(x) lahai da thirc véi cac hé s6 nguyén théa man da thikc x.P(x4)+ Q(xz) chia hét
cho da thitc x* + 2. Chirng minh 5.P(2028)+ 6.0(2022) chia hét cho 2024.
Bai 13 (P& thi vao 10 - To4n chuyén - tinh Bic Giang ndm hoc 2024 - 2025)

a) Tim t4t ca cic s6 nguyén x, y thdaman x* +xy—x-3y=7.

b) Vi mdi s8 thuce a, goi [a] 1a s& nguyén 16n nhat khong vwot qua «. Tim tit ca cac s§ nguyén

n' —4n’ +5n° -1
2

dwong » sao cho { } la mot s6 nguyén to.

4n

¢) Nhin ky niém 60 ndm ngay thanh lip, Trwong trung hoc phé thong X da chon ra 300 hoc sinh
tham gia cudc diéu hanh. Mdi em tham gia diéu hanh dwoc gan mot s6 nguyén dwong phan biét tir
1 dén 300. Ban t8 chirc x€p ngau nhién 300 em hoc sinh d6 thanh bén khéi ddi hinh. Chirng minh
rang ludn cé ba em hoc sinh thudc ciing moét khéi doéi hinh ma ba sé x, y, z dwoc gan trén cic em

hoc sinh d6 théa man x chia hét cho y va y chia hét cho z.

Bai 14 (Pé thi vao 10 - Toan chuyén - tinh Lai Chiu nim hoc 2024 - 2025)

a) Tim nghiém nguyén dwong cia phwong trinh (x+1)(y+1)=6.

b) Tim t4t ca cac s6 tw nhién » sao cho (2n+1)’ +1 chia hét cho 2°*

Bai 15 (Pé thi vao 10 - Toan chuyén - tinh Lai Chdu nim hoc 2024 - 2025)

Anh Nam 12 mot van dong vién choi co. D€ luyén tp, moi ngay anh choi it nhit mot van. D€ khoi
mét, moi tudn anh choi khéng qua 12 van. Chirng minh rang ton tai mot s6 ngay lién tiép trong dé
anh choi ding 20 van.

Bai 16 (DPé thi vao 10 - Toan chuyén - thanh phé Hai Phong nim hoc 2024 - 2025)

a) Tim tit ca cic s6 nguyén dwong x va y sao cho 2* +3” la s6 chinh phwong.

b) Trong mét hoi nghi, cic dai biu dén tlr » quéc gia, ngdi quanh mdt ban tron. Biét rang véi hai
dai biéu cung qudc gia bat ky thi ngwdi ngdi canh bén phai ciia ho luén khong cuing

quéc gia. HAi c6 nhiéu nhat bao nhiéu dai biéu?
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Bai 17 (P& thi vao 10 - Toan chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)

a) Giai phwong trinh nghiém nguyén: x* —2xy+3y—-x—-1=0.

b-1 ‘a+l
b) Tim cac cdp s6 nguyén dwong (a;b) sao cho ab " va bbai déu la cic s6 nguyén.
a+ —

Bai 18 (P& thi vao 10 - Toan chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)

Cho 5 dwdng tron cé cung ban kinh va sap x€p dé tao thanh 9 mién dwgc ki hiéula 4., 4,,..., 4,
(nhw hinh v&). Sau d6, dién vao 9 mién trén cac s6 dwoclay tir 1, 2,3, 4, 5, 6, 7, 8, 9 sao cho mdi

mién dwoc dién béi mot s6, hai mién khac nhau dwgc dién bdi hai s6 khac nhau va tong cac s6

trong moi hinh tron déu bang 14. / \/ \/ \
a) Tinh tong cac s6 & cac mién 4,, 4,, 4,, 4;.

b) Hoi c6 bao nhiéu cach dién théa man diéu kién trén? Vi sao? V \\ {/® /
Bai 19 (Pé thi vao 10 - Toan chuyén - Tuyén Quang nam hoc \ / \ /
2024 - 2025)

Trong hinh chit nhat (H)kich thwéc 6¢m x 4cm, cho nam di€m phan biét A4; 4,; 4;; A4,; A, .

Chirng minh rang:

a) Trong nam diém A4,; 4,; 4;; 4,; A, ludn ton tai ba di€ém cung thudc moét dwong tron ban kinh 2,5¢m

b) Ton tai mot dworng tron dwdng kinh 0,99 c¢mnam trong (H) va khong c6 diém chung véi bat ki
hinh tron nao trong nam hinh tron tam 4, dwong kinh 1.cm (Véi i=1,2,3,4,5)

Bai 20 (Dbé thi vao 10 - Toan chuyén - Tuyén Quang ndm hoc 2024 - 2025)

Cho 10 s6 nguyén dwong phan biét a,;a,;a,;....;a,,va p 1a mot wéc nguyén t6 bat ki clia

A=a,+2a,+3a, +...+10a,,. Chirng minh rang:

a) B=10" —10 chia hét cho p

2024 2024

b) C=a.1”" +a,2"" +a,3" +..+a,.10" lahopsé

Bai 21 (P& thi vao 10 - Todn chuyén - tinh Lao Cai nim hoc 2024 - 2025)
Goi S 12 tap hop cac s6 tw nhién c6 3 chit s6. LAy ngau nhién mot sé tir tap hop S . Tinh x4c suit

dé 1ay dwgc mot sé chia hét cho 7.
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Bai 22 (DPé thi vao 10 - Toan chuyén - tinh Lao Cai nim hoc 2024 - 2025)

a) Cho x, y la cac s6 nguyén dwong sao cho x* +2y 1a s6 chinh phuong.
Chirng minh rang x* + y 1a téng cda hai s chinh phuwong.
b) Tim t4t ca cac cdp s6 nguyén dwong (x;y) théa min (x2 + 1)(y2 + 1) +2(x—y)(1-xy)=4(1+xp).

Bai 23 (D& thi vao 10 - Toan chuyén - tinh Yén Bdi nim hoc 2024 - 2025)

a) Cho p va 2p+11a cac s6 nguyén t8, (p > 3). Chirng minh rang 2p° +7 1a hop sé.

b) Tim céc cap s6 nguyén dwong (x;y) théaman 3" +40=)’.

Bai 24 (Dbé thi vao 10 - Toan chuyén - tinh Yén Bdi nim hoc 2024 - 2025)

Mot 16p hoc ¢6 35 hoc sinh, cac hoc sinh nay tham gia mot s& cAu lac bd mdn hoc. M6i hoc sinh
tham gia ddng mot ciu lac bd. Néu chon ra 10 hoc sinh bat ki ctia 1ép thi ludn cé it nhat 3 hoc sinh
tham gia cing mot cau lac bo. Chitng minh rang c6 mot ciu lac bd gdm it nhit 9 hoc sinh

Bai 25 (Pé thi vao 10 - Toan chuyén - tinh Ha Nam nim hoc 2024 - 2025)

Tim tat ca cac sO tw nhién » sao cho 2n—1 va 3n+1 la cac s6 chinh phwong va 6rn—13 la sé

nguyén to.

Bai 26 (D& thi vao 10 - To4n chuyén - tinh Bic Kan ndm hoc 2024 - 2025)
Tim tat ca cac cdp s6 nguyén (x; y) théamén x* —xy+3x-2y° -3y -3=0.
Bai 27 (Pé thi vao 10 - Toan chuyén - tinh Thai Nguyén ndm hoc 2024 - 2025)
a) Chirng minh ring: 10 + 2024 chia hét cho 3;

b) Chirng minh rang: »n’ +2024n + 2 khong chia hét cho 10°** +2024 véi moi s6 tw nhién ».

Bai 28 (P& thi vao 10 - Toan chuyén - tinh Thai Nguyén nim hoc 2024 - 2025)

n—

e . ¥ A A . ~N A ~ rd . ~N \ 0 \ 7 ~ z
Chirng minh rang khéng ton tai so tw nhién » dé ca haisé » va déu la cac s6 chinh phuong.

Bai 29 (bé thi vao 10 - Todn chuyén - tinh Lang Son ndm hoc 2024 - 2025)

Gidi phwong trinh sau day trén tip s6 nguyén: 2x°y +8x° + y =11.
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Bai 30 (P& thi vao 10 - Todn chuyén - tinh Lang Son ndm hoc 2024 - 2025)

binh ly Wilson phat biéu & dang chia hét nhw sau: “Cho s6 nguyén dwong n>2, khi d6 » 1a sé
nguyén t6 khi va chi khi (n—1)! +1 chia hét cho »”; véiki hiéu n!=1.2.3..n 1a tich ctia » s6
nguyén lién tiép tir 1 dén » va 0!=1.

a) Str dung dinh Iy Wilson chirng minh rang: “» la s6 nguyén t8 thi (n —2)! —1chia hét cho »”".

b) Hay chitng minh chiéu ngwoc ctia dinh ly Wilson: “S6 nguyén dwong 7 >2 théa man (n - 1)! +1
chia hét cho » thi » 1a s6 nguyén t6".

Bai 31 (P& thi vao 10 - Todn chuyén - tinh Lang Son ndm hoc 2024 - 2025)

Viét cac sO nguyén dwong lién ti€p 1, 2, ..., 2022 trén bang; goi m, n la wéc nguyén t6 cta 2025,
ngudi ta thwe hién moi bwdc nhw sau: Hai s6 batki a,b & trén bang sé bi x6a di va viét thay thé
1én bang s6 |ma —nb| hodc |ma + nb|. Thuc hién lién tiép cac budc nhuw trén, hoi rdng cudi ciing
trén bang cé thé con lai duy nhit s6 2024 hay khéng?

Bai 32 (P& thi vao 10 - Toan chuyén - tinh Tuyén Quang ndm hoc 2024 - 2025)

_ 92023

a) Chitng minh rang A4 +3m’ +6n—23 chia hét cho 3 v&i moi s6 tw nhién m, n.

33m2+6n—22

b) Tim tit ca cac cdp s6 tw nhién (m, n) dé B = +4 1a mét s6 nguyén té.

Bai 33 (P& thi vao 10 - Toan chuyén - tinh Tuyén Quang ndm hoc 2024 - 2025)

Ban dau, trén bang c6 » s6 nguyén dwong dau tién dwoc viét lién tiép tir trai qua phai:
1,2,3,...,n—1, n. Ta thuc hién tro choi d6i s6 nhw sau: Moi lwot choi, 14y ba s§ dirng lién nhau
a,b, c vaddichd a voi ¢ thanh ¢, b, a. Hoi sau hiru han lwot choi nhw trén ta c6 thé thu dwoc day
s6 nguwoc lai n,n—1,..., 2,1 hay khong, néu:

a) n=35;

b) 1 =2024.

Bai 34 (Pé thi vao 10 - Toan chuyén - tinh Thai Nguyén ndm hoc 2024 - 2025)

Chitng minh ring 2025" + n” +2024n + 5 khong phai 1a s6 chinh phwong véi moi s6 tw nhién ».
Bai 35 (Dé thi vao 10 - Toan chuyén - tinh Thai Nguyén ndm hoc 2024 - 2025)

Cho tip hop S gom c6 18 s6 tw nhién khac nhau bat ky.

a) Lay ra 5 phan tir bat ky cua tap hop S. Chirng minh rang trong 5 phan tir 14y ra d6 ludn ton tai

3 phan tir c6 tong chia hét cho 3.

b) Chirng minh rang ludn ton tai 9 phan t cia tdp hop S c¢6 téng chia hét cho 9.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 6



MathExpress Education | | www.mathexpress.vn

Bai 36 (Pé thi vao 10 - Todn chuyén - tinh Lang Son ndm hoc 2024 - 2025)

1) Tim t4t ca cac cdp s6 nguyén (x;y) théa man phwong trinh x* +5x+ 6y +3xy +1=0.
2) Cho biét Pinh Ii Fermat nhd: “Cho s6 nguyén t6 p.NE&u sé nguyén x khong chia hét cho p thi

x"" =1(mod p), hay la x*"' —1ip
a) Chirng minh ring véi moi s6 nguyén « thi a’ —a:5.

b) Cho hai s6 nguyén a, b.Goi p=4k+3 (keN)Iasénguyéntdva p lawéccla a’ +b>.

Chrng minh rang p 1a wéc chungctia « va b.

3) Cho tdp hop S gdbm 2023 diém trén mat phang sao cho khéng cé ba diém nao thang hang,
khong c6 bdn diém nao nam trén cing mot dwong tron. Chirng minh rang ton tai ba diém 4, B, C

thudc tip S sao cho: bén trong dwdng tron ngoai tiép AABC c6 dung 674 diém cuatip S.

Bai 37 (Pé thi vao 10 - Toan chuyén - tinh Phd Tho nam hoc 2024 - 2025)

Tim tt ca cac cdp s nguyén (x, y)thdéa min 4x* +5y° +4xy —4x—-2y-8=0.

Bai 38 (P& thi vao 10 - Toan chuyén - tinh Phi Tho nam hoc 2024 - 2025)

Trong mot budi t6 chitc 1& tuyén dwong cho cac hoc sinh c6 thanh tich hoc tap xuit sac clia mot
tinh, ngoai trir ban Binh, hai ngu¢i bat ki déu bat tay nhau. Binh chi bit tay véi nhitng ngudi minh
quen. Biét rang mdi cip (hai ngwoi) chi bat tay khong qua mot 1an va cé tdng cong tat ca 454 cai
bat tay. Héi ban Binh cé bao nhiéu ngui quen trong budi 1é tuyén dwong d6?

Bai 39 (bé thi vao 10 - Toan chuyén - tinh Hoa Binh nim hoc 2024 - 2025)

Két thiic nam hoc 2022 - 2023, Hoa hoi Binh: “Ban cd bao nhiéu bai kiém tra dat diém 8 va diém 9
vay?” Binh tra 1oi: “S6 bai kiém tra dat diém 8, diém 9 ciia to nhiéu hon 21 va téng sé diém cua
cdc bai kiém tra do la 183". Em hiy tinh gitp Hoa xem Binh c6 bao nhiéu bai kiém tra dat diém 8
va bao nhiéu bai kiém tra dat diém 9 nhé.

Bai 40 (P& thi vao 10 - Toan chuyén - tinh Dién Bién ndm hoc 2024 - 2025)

Cho a, b, ¢, d 1a cdc s6 nguyén théa mén: |a —b|+|b—c|+|c—d|+|d —a| = a®** +2025.

Chitng minh ring a'” —1 chia hét cho 16.
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Bai 41 (P& thi vao 10 - Toan chuyén - tinh Dién Bién ndm hoc 2024 - 2025)

Mot hoi nghi tham dw c6 » nguoi (n < 75), moi ngudi dugce x€p vao m hang. Téng s6 ngudi va sd
hang cong véi tich, thwong, hiéu clia s6 ngudi va s6 hang bang 847 . Tinh s6 ngudi tham dw hoi
nghi va s6 ngwdi ciia moi hang.

Bai 42 (Pé thi vao 10 - Toan chuyén - trieong THPT chuyén Lam Son ndm hoc 2024 - 2025)

Hai ban X va Y tham gia mot tro choi. C6 mét to gidy da viét 47 s6 nguyén tir 1 dén 47 va mot hop
dung » vién bi. X 1a nguoi choi truede, Y 1a ngudi choi sau va sé hiru hop bi. Hai ngwoi luan phién
thuc hién gach s8, mdi lwot choi thi ngudi choi gach di 5 s8. Sau khi X choi xong lwot cudi cuing thi
con lai 2 s6, hai s6 d6 chénh 1éch bao nhiéu thi Y phai dwa cho X bay nhiéu vién bi. Néu Y hét bi
hodc khong du sé bi d€ dua cho X thi X thang cudc, nguoc lai néu Y con it nhat mot vién bi thi Y
thang cudc.

a) V&i n =27, chirng minh rang Y luén c6 cach choi d€ thiang cudc.

b) Véi n =26, chirng minh rang X luén c6 cach choi d€ thiang cudc.

Bai 43 (P& thi vao 10- Toan chuyén -THPT chuyén Phan Bdi Chiu Nghé An nam hoc 2024 - 2025)

a) Cho x, y, z 1a cac s6 nguyén thoa min dang thirc xy — yz —zx =3.

Chirng minh 4 = (x* —2xz —3)(y* —2yz —3)(—z" —3) 1a mot s6 chinh phwong.

b) Tim tAt ca cAc nghiém nguyén cia phwong trinh 3x’ +73xy + 2025 = 3)°

Bai 44 (Dé thi vao 10- Toan chuyén-THPT chuyén Phan B6i Chiu Nghé An nidm hoc 2024 - 2025)

Cho luc gidc déu c6 canh bang 6¢cm. Hoi c6 thé ddt vao trong luc gidc d6 7 hinh tron ¢ ban kinh
bang 2cm, sao cho bAt ki hai hinh tron nao trong 7 hinh tron dé khéng c6 diém trong chung?

Bai 45 (D& thi vao 10 - Todn chuyén - tinh Ha Tinh ndm hoc 2024 - 2025)

a) Cho phwong trinh x* + x*(ax+a—1)+ax =2-a (a 1a tham s6). Chitng minh rang néu « khéac 2

va tit ca cac nghiém ctia phwong trinh da cho 1a s6 nguyén thi 2a”> —6a+9 1a hop s6

b) Tim tat ca cic s6 nguyén dwong a,b,c thda man (a+1)(b+1)(c+1)=3abc.
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Bai 46 (Pé thi vao 10 - Todn chuyén - tinh Ha Tinh ndm hoc 2024 - 2025)

Trong hinh luc giac déu c6 canh bang 4 cho 257 diém phan biét. Chirng minh rang ton tai hinh
vudng c6 canh bang 1 chita it nhat 5 diém (c6 thé thudc canh hinh vudng) trong sé cac diém da
cho.

Bai 47 (Pé khao sat vao 10 - Toan chuyén - tredng THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025)

Giai phwong trinh nghiém nguyén dwong: 5(x° +xy + y*) = 7(x + 2y).

Bai 48 (Pé khao st vao 10 - Toan chuyén - trwong THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025)

Cho » 1a s6 nguyén dwong va d 1a wéc dwong ctia 2n°, chirng minh »n° +d khong phaila s chinh
phuong.

Bai 49 (Pé khao st vao 10 - Toan chuyén - trwong THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025)

Chirng minh rang tir 6 sd vo ti tuy y ta c6 thé chon dwoc 3 s6 a,b,c sao cho ca 3 s6

a+b,b+c, c+a déulasd vo ti. Bai todn con ding khong néu ban dau la 4 s6?

Bai 50 (bé thi vao 10 - Toan chuyén - THPT Chuyén Hung Vwrong - Phi Tho nam hoc 2024 - 2025)

a) Chitng minh rang véi moi s6 tw nhién » thi n° —9n + 54 khong chia hét cho 81.

b) Tim t4t ca cic s6 tw nhién »n sao cho P=+n+6 +yn+3v/n+6 1a sd nguyén.

Bai 51 (Pé thi vao 10 - Toan chuyén - THPT Chuyén Hung Vwong Phii Tho ndm hoc 2024 - 2025)
Trén mot dwong tron, 1dy 2024 diém phan biét, cac diém dwoc t6 mau xanh va mau do xen ké
nhau. M6i diém dwoc gan véi mot gia tri la mot s6 thwe khac khong, gia tri cia moi diém mau
xanh bang tong gia tri ctia hai di€ém mau do ké vdi nd, gia tri ctia moéi diém mau do bang tich gia tri
cda hai diém mau xanh ké v&i né. Tinh tong gia tri cha 2024 diém trén.

Bai 52 (Dé thi vao 10 - Toan chuyén - tinh Ba Ria Viing Tau nim hoc 2024 - 2025)

Tim tat ca s6 nguyén » sao cho »n’ +2n° +7n+7 chia hét cho n* +3.

Bai 53 (D& thi vao 10 - Toan chuyén - tinh Ba Ria Viing Tau nim hoc 2024 - 2025)
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Cé 6 vién bi, ban dau dwoc chia thanh mét hoic nhiéu nhém, mdi nhém it nhat 1bi. Ta thwe hién
lién tiép cac budc sau: moi Ian 14y & moi nhém 1 bi va 1ap thanh mot nhém mai.

Vi du: Néu ban dau ta c6 hai nhém v&i s6 bila 5,1 thi sau bwéc chuyén, nhém 5bi con lai 4 bi,
nhém 1 bi khéng con bi ndo, va mot nhém méi dwoc 14p véi 2 bi. Nhw vdy, sau budc chuyén ta
dwoc 2 nhém méi c6 so bi lan lwot 1a 2,4.

Chrng minh sau mét sé bwéc chia nhém nhuw trén, ta luén chia dworc cac bi da cho thanh ba nhém
véi s6 bi trong moi nhém Ian lwot1a 1,2,3.

Bai 54 (bé thi vao 10 - Toan chuyén - S& GD & BT Ha Noi ndm hoc 2024 - 2025)

a) Tim t4t ca cic s6 nguyén x, y théaman x> +4y° =2xp(x —2y)+5

b) Cho m, n 1a cdc s6 nguyén thoa man m’° —mn +4n” chia hét cho 25.

Chitng minh s6 m” + mn +4n” chia hét cho 25.

Bai 55 (Pé thi vao 10 - Toan chuyén - S& GD & BT Ha Noi ndm hoc 2024 - 2025)

Xky
x>+

Cho x, y, k 1a cac s6 nguyén dwong sao cho s6 p = la s6 nguyén t6. Tim &

Bai 56 (Pé thi vao 10 - Toan chuyén - S& GD & DT Ha N&i nim hoc 2024 - 2025)

Cho bang 6 vudng kich thuéc 6x6. O bwdc dau tién, ban Pan té dé & 6 vudng bat ky ctia bang.
Sau do6, & moi budc ti€p theo ban Pan té dé cac 6 vudng ké vé&i it nhat hai 6 da dwoc to dé (hai 6
vuong dwoc goi la ké nhau néu ching c6 canh chung)

a) Chi ra mot cach t6 dé 23 6 ctia bang & bwéc dau tién sao cho du sau bao nhiéu bwéc, ban Pan
cling khong thé t6 do dwoc tit ca cac 6 cia bang.

b) Tim gia tri nh6 nhit cta k& dé ton tai mét cach té6 dé k£ 6 vudng ban diu sao cho sau mot s6 hiru
han bwéc, ban Pan té dé dworc tit ca cac 6 vudng cua bang.

Bai 57 (DPé thi vao 10 - Toan chuyén - THPT Chuyén KHTN Ha N&i ndm hoc 2024 - 2025)

Tim c4c s6 nguyén dwong théa min ding thirc (x+ y)’ +6xp +3y° +y =8x" +9x” +1

Bai 58 (P& thi vao 10 - Toan chuyén - THPT Chuyén KHTN Ha N&i ndm hoc 2024 - 2025)

Tim t4t ca cac s6 nguyén dwong m sao cho co thé cat hinh vudng c6 canh bang m thanh ding 5
hinh chit nhit ma d6 dai 10 canh cua 5 hinh chi* nhit d6 dwoc 14y tir cac s6 1,2,3,4,5,6,7,8,9,10 va

moi s6 duoc 14y ding mot Ian.

Bai 59 (Pé thi vao 10 - Toan chuyén - THPT Chuyén Sw Pham ndm hoc 2024 - 2025)
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Gia sir ta c6 quy tic * ma véi moi cdp s6 nguyén dwong (a;b), ta luon xac dinh dwoc chi mot sé
nguyén dwong twong rng ki hiéu a*b sao cho ba diéu kién sau dwgc thoa mén:
e a*a=a v&imoiso nguyén dwong «;
e a*b=b*a v&i moiso nguyén duwong a va b;
e a*b=(a—b)*b v&imoisd nguyén dwong a >b.
a) Tinh gia tri 16%2024.
b) Chi ra mot quy tac * théa man ba diéu kién trén.
Bai 60 (Pé thi vao 10 - Toan chuyén - THPT Chuyén Sw Pham Ha Noi nim hoc 2024 - 2025)
Cho bang vuong kich thwéc 8x8 dwoc chia thanh 8 hang, 8 cot, 64 6 vuéng don vi c6 cung kich
thuéc. Ta lat kin bang d6 bang cac domino mau den va domino mau trang (m6i domino nhw thé 1a
hinh gébm 2 6 vuéng don vi c6 chung canh) théa man ba diéu kién sau:
i) M6i domino phu ding 2 6 vudng don vi cia bang;
ii) Hai domino khéng cing pht mot 6 vuéng don vi cia bang;
iii) Moi hinh vuéng gém 4 6 vudng don vi cia bang déu c6 it nhat mot 6 vuéng don vi dwgc phti
b&i mot domino mau den.
Tim s6 nguyén dwong k nhé nhat sao cho ton tai mot cach lat bang ban dau théa man ba diéu kién
trén ma trong cach lat do6 ta stt dung ding & domino mau den.
Bai 61 (P& thi vao 10 - Chuyén Tin - S& GD & DT Ha Noi nam hoc 2024 - 2025)
a) Tim t4t ca cic s6 nguyén x va y théa man 2x’ +2xy +3y=4y" +3
P _x—y
Qx+y?’  p

b) Cho cac s6 nguyén dwong x,y va s6 nguyén to p thoa man

Chirng minh p=3y+2.
Bai 62 (Dé thi vao 10 - Chuyén Tin - S& GD & DT Ha N6i ndm hoc 2024 - 2025)

2

Cho a,b va ¢ la cac s6 nguyén dwong théa man =a(a—c?).Chirng minh b =c.

Bai 63 (D& thi vao 10 - Chuyén Tin - S& GD & DT Ha N6i nam hoc 2024 - 2025)

Cho bang 6 vu6ng kich thwéc nxnva hai loai miéng ghép hinh “d4u cong”, “dau trir” nhw hinh
dwdi. Ta cAn phu kin bang 6 vuéng da cho bang cach sir dung ca hai loai miéng ghép khong dwoc
chong 1én nhau. Biét rang moi 6 vudng nhé ciia cidc miéng ghép chong khit véi mot 6 vudng nhé
trong bang va miéng ghép “dau trir” c6 thé xoay 90°.

a) Chi ra mot cadch pht kin théa mén yéu cau trén véi n=6.
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b) Tim t4t ca gia tri cha » dé€ bang 6 vudng kich thudc nxn cé thé dwoc phu kin bang cach st

dung ca hai loai miéng ghép trén.

Bai 64 (DPé thi vao 10 - Chuyén Toan - Tin - tinh Vinh Phiic ndm hoc 2024 - 2025)

a) Tim tat ca cac s6 nguyén t6 p c6 dang 4k* +1 vé&i k 1a mot s6 tw nhién

b) Chitng minh ring ton tai vo s§ s6 nguyén duwong » dé n° +1lawdcsdcia QO = 1.2.3...n

Bai 65 (D& thi vao 10 - Chuyén Toan - Tin - tinh Vinh Phiic nim hoc 2024 - 2025)

Cho tip A gobm 2025 s6 tw nhién lién ti€p. Mot tip con B ctia A dworc goi la tip con c6 tinh chit
“nodiv” néu hai phan t a, b (a > b) bat ki thudc tdp B déu théa man diéu kién a +b khong chia
hétcho a—b.

a) Chi ra mot tip con B cta A cé tinh chat “nodiv” ma B c¢6 ding 675 phan ti

b) Néu B la mét tip con cla A cé tinh chat “nodiv” thi B c6 thé c6 nhiéu nhat bao nhiéu phan t&?
Bai 66 (Pé thi vao 10 - Toan chuyén - tinh Bic Ninh ndm hoc 2024 - 2025)

Tim tAt ca cac s6 nguyén td p,q théaman p(p-1)=q(q° -1).

Bai 67 (P& thi vao 10 - Toan chuyén - tinh Bic Ninh nidm hoc 2024 - 2025)

Cho mét manh gidy hinh vudng. Manh gidy nay dwoc chia thanh hai manh gidy bang mot dwong
cat thang. LAy mot trong hai manh c6 dworg, ta lai lam nhw trén nhiéu 1an. Hoi s6 1an cat it nhat
phai 1a bao nhiéu dé c6 thé nhan dwoc 100 da giac 20 canh.

Bai 68 (Dé thi vao 10 - Toan chuyén - tinh Ha Giang ndm hoc 2024 - 2025)

Tim nghiém nguyén ctia phwong trinh (x+2y)(x—y)+5x+4y =-1.

Bai 69 (DPé thi vao 10 - Toan chuyén - tinh Quang Tri nam hoc 2024 - 2025)

Tim tit ca cac so c6 hai chit s6 ab sao cho ab + ba 1a s6 chinh phuwong.

Bai 70 (P& thi vao 10 - Toan chuyén - tinh Quang Tri nam hoc 2024 - 2025)
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Cho hai dong séi, A va B. Néu chuyén 100 vién sdi tir dong A sang déng B thi s s6i & dong B gap
do6i s6 séi & dong A. Con néu chuyén mot so vién soi tir ddng B sang dong A thi s6 s6i & dong A gip
6 1an so séi & dong B. HAi dong A c6 it nhat bao nhiéu vién séi?

Bai 71 (Pé thi vao 10 - Toan chuyén - tinh Thira Thién Hué nidm hoc 2024 - 2025)

Cho a,b 1a cac s6 hiru ti. Chirng minh \/(a2 +b*)(a—b)’ +a’bh* 1as6 hiru ti

Bai 72 (P& thi vao 10 - Toan chuyén - tinh Thira Thién Hué ndm hoc 2024 - 2025)

Cho a,b 1a cac s& nguyén dwong théa min a’ = 2b* + a°b. Chirng minh « chia hét cho 5.

Bai 73 (P& thi vao 10 - Toan chuyén - tinh Thira Thién Hué ndm hoc 2024 - 2025)

a) Tim tdt ca cac cdp s6 nguyén té (p; ¢) sao cho p’ +¢° +4pg +52 1a s6 chinh phwong.

b) Tim tit ca cac cap s6 nguyén dwong (x; y) sao cho 5* —1=4y"

Bai 74 (Pé thi vao 10 - Toan chuyén - tinh Thira Thién Hué ndm hoc 2024 - 2025)

Cho m6t bang 4x5 6 vudng gobm 4 hang va 5 cot (nhw hinh vé bén). Ta ghi cac s6 tw nhién tir 1
dén 20 vao cac 6, moi 6 chira diing mot s6 va cac s6 & moi 6 1a khac nhau. Goi d, voi i e {1;2;3;4}

la hiéu cta s6 1n nhit va s6 nho nhit & hang thi i. Goi D 1a gia tri 1én nhat trong cac gia tri

d,,d,,d,,d,.Tagoi D la“doléch” ciia hang ¢ T ﬂ f ?
a) Hay chi ra mot cach ghi dé D =4 F# # 4 Lﬂ
b) Hay chiramotcach ghidé d, =d,=d,=d, =5 (e e e )

¢) V&i moi cach ghi bat ki, ta tién hanh sdp x€p lai cac s trong bang d_ T f —9

- -

l6m nhat, s6 dwdi cing 1a nhé nhat). Chirng minh sau khi sip xép lai thi “do 1éch” ctia bAng mai

theo quy luat: &@ moi cdt, cac s6 dwoc xEp giam dan (s6 trén cung 1a

khong 1én hon “d6 1éch” cia bang ci.

Bai 75 (P& thi vao 10 - Toan chuyén - tinh Ha Giang ndm hoc 2024 - 2025)

Tim tit ca cac sO tw nhién » sao cho 2n—1 va 3n+1 la cac s6 chinh phwong va 6n—13 la so
nguyén to.

Bai 76 (Dé thi vao 10 - Toan chuyén - tinh S6c Trang nam hoc 2024 - 2025)

Tim tit ca cac s6 tw nhién x sao cho gia tri ca biéu thitc x> +3x+ 5 1a mot s6 chinh phwong.

Bai 77 (Pé thi vao 10 - Toan chuyén - tinh S6c Trang nam hoc 2024 - 2025)
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Trén ban c6 2024 vién keo, hai ban A va B tién hanh tro choi 14y vién keo. Hai ban A va B thay
phién nhau 14y keo, dén lwot choi mdi ban sé 14y 1, 2, 3 hodc 4 vién keo. Ban nao khong con keo dé
14y sé thua cudc. Néu A di trwdc thi ban nao sé 1a ngwoi dé chién thuat dé ludén thang trong tro
choi va chién thuit d6 nhw thé nao?

Bai 78 (P& thi vao 10 - Toan chuyén - thanh phé Can Tho ndm hoc 2024 - 2025)

Tim tit ca s6 nguyén x, y théamin x> -2y* —xy+2x+5y-5=0.

Bai 79 (D& thi vao 10 - Toan chuyén - thanh phé Can Tho ndm hoc 2024 - 2025)

Cho bang 6 vudng c6 kich thwdc 4 x4 nhw hinh sau:

Modi 6 trong bang nay dwoc viét mot s6 nguyén dwong sao cho 16 s trén bang

do6i mot khac nhau. Trong moi hang, mdi cot ludn ton tai mot s6 bang téng ba sd

con lai trong hang, trong c6t d6. Goi M 1a s0 1&n nhit trong 16 s6 trén bang.

Tim gia tri nhé nhat cua M.

Bai 80 (P& thi vao 10 - Toan chuyén - tinh Kién Giang nam hoc 2024 - 2025)

Tim tAt c& cic s6 nguyén dwong » va cac s6 nguyén td p,théaman:n+7p=(n-p)’

Bai 81 (P& thi vao 10 - Toan chuyén - tinh Kién Giang nam hoc 2024 - 2025)

Chia tam giac déu ABC thanh 9 tam giac con, roi dién vao mdi tam gidc con mot sé 0, nhw & hinh

dwéi day.

B C

Cho phép thay d6i cac s6 trong tam gidc ABC, theo quy tic: Moi l4n, 14y hai s6 ndm & hai tam giac
con c6 chung canh, roi ting moi s6 1én 1 don vi, hodc gidm moi sé di 1 don vi.

Hoi nho viéc thuce hién lién tiép moét s6 hiru han 1am phép thay d6i s6 néi trén, ta c6 thé lam cho 9
s6 nam trong tam giac ABC 129 s6 tw nhién lién tiép, tir 4 dén 12, hay khong? Vi sao?

Bai 82 (P& thi vao 10 - Toan chuyén - tinh Tién Giang ndm hoc 2024 - 2025)
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Cho hai s6 nguyén p,q théda man dang thitc p*> +¢° = 2(3pq —4) ™
a) Chirng minh rang c6 it nhat mét trong hai s6 p,q 1a bdi ctia 3
b) Tim tit ca cac cdp s6 nguyén (p,q) théa man (*)

Bai 83 (Pé thi vao 10-Toan chuyén-triong THPT Ning Khiéu TP H6 Chi Minh ndm hoc 2024-2025)
Véi méi s6 tw nhién #, dit a, = (2++/3)" +(2—-~/3)".

a) Chieng minh rang a,,, =4a,,, —a,, véimoi neN.
b) Tim tdt ca » sao cho a,:4.
c) Tim tat ca » sao cho q,:14.

Bai 84 (Pé thi vao 10 - Toan chuyén - Toan triwong THPT Ning Khiéu TP H6 Chi Minh ndm hoc
2024 - 2025)

Ghi 31 s nguyén duwong @, <a, <--- < a,, 1én 31 the.

a) Biét rang tdng cac sd trén 16 thé bat ky ludn 16n hon téng 15 thé con lai. Chirng minh a, > 226.
b) Biét rang 31 thé nay ghi cac s6 tir 1 dén 31. Chia 31 thé nay vao 2 hdp goila 4 va B, biét trong
hop A4 thi tdng hai s6 bit ky khéng 1a s6 chinh phwong. Chirng minh t6n tai 4 thé trong hép B,
chia ra lam 2 cip va mdi cap c6 téng 1a s chinh phwong.

Bai 85 (Dé thi vao 10 - Toan chuyén - tinh Pong Nai ndm hoc 2024 - 2025)

Gidi phwong trinh nghiém nguyén: 2x° + 4xy +3x + 6y = 4

Bai 86 (D& thi vao 10 - Toan chuyén - tinh Pong Nai niam hoc 2024 - 2025)

Tim cac s6 nguyén dwong x va y théa man lem(x, y)+ 2.gcd(x, y) =61

(véi lem(a,b), ged(a,b) 1an lwot 1a ky hiéu boi chung nho nhat, wéc chung 1én nhit cia hai s6
nguyén duwong a va b )

Bai 87 (Pé thi vao 10 - Toan chuyén - tinh Pong Nai ndm hoc 2024 - 2025)

a) Tim s6 nguyén t8 p d€ n=2" + p* 1a s6 nguyén td

b) Chitng minh rang véi moi cach chon 7 s6 bat ky trong 12 s6 nguyén dwong dau tién, ta ludn tim
dwoc haisé « va b trong 7 s6 d6 sao cho ab+1 la sd chinh phwong

Bai 88 (Pé thi vao 10 - Todn chuyén - tinh LAm DP6éng nam hoc 2024 - 2025)
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Khi ban Hoa hoi s6 cin cwéc cong dan ctia ban Binh, ban Binh cho biét: "S6 d6 dang

06820900abcd voi abed 13 s6 chinh phwong va ab —cd =1”. Em hiy gitip ban Hoa xac dinh s6 cin
cuwéce cong dan cua ban Binh.

Bai 89 (P& thi vao 10 - Toan chuyén - tinh Dk Néng nidm hoc 2024 - 2025)

Tim tat ca cac nghiém nguyén (x, y) cta phwong trinh: xy—x+3y=6.

Bai 90 (P& thi vao 10 - To4n chuyén - tinh Dk Néng nidm hoc 2024 - 2025)

Cho tap hop 4 ={201;203;...;2021; 2023} gébm 912 s tuw nhién 1. Can chon ra it nhit bao nhiéu
sO tir tAp hop 4 sao cho trong cac s6 dwoc chon ludn ton tai hai s6 c6 tdng bang 22887

Bai 91 (Pé thi vao 10 - Toan chuyén - tinh Binh Thuin ndm hoc 2024 - 2025)

Tim cac s6 nguyén duong x, y dé 4,B dong thoila cac s6 chinh phwong biét 4=x>+ y+1 va

B=y’+x+4.
Bai 92 (Pé thi vao 10 - Toan chuyén - tinh Binh Thuin nidm hoc 2024 - 2025)

Cho ban c& vua c6 646 vudng nhu hinh vé. Trong moi 6 vudéng ciia ban co ghi ngau nhién mot s
nguyén dwong nhé hon 10 dong thoi hai s6 dworc ghi trong hai 6 vuong c6 chung canh hoédc chung
dinh 12 hai s6 nguyén t6 cing nhau. Chirng minh rang trén ban c& ton tai mot s6 xuat hién it nhat

11 lAn.

Bai 93 (Pé thi vao 10 - Toan chung - tinh Ninh Thuin ndm hoc 2024 - 2025)

Tim tit ca cac cdp s6 nguyén (x;y) théa man: 2xy+2x+x+y =0.

Bai 94 (bé thi vao 10 - Toan chuyén - THPT chuyén Lé Quy Pén Khianh Hoa nidm hoc 2024 - 2025)
a) Cho p,q(p>q >5) 122 s6 nguyén t6. Chirng minh p® —¢* chia hét cho 240 .

2044

b) Tim tAt c4 s6 nguyén duwong » va s6 nguyén t6 p théa min »n**** +4n + p° chia hét cho np.

Bai 95 (Pé thi vao 10 - Toan chuyén - THPT chuyén Lé Quy P6n Khanh Hoa ndm hoc 2024 - 2025)
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Cho da giac 4,4, ... 4,,,, 1a da gidc déu 2024 dinh, trong d6 dinh 4,,, dwoc to do, cac dinh con lai
dwoc to xanh. P6i mau cac dinh ctia da giac theo quy tac:

Modi 1an chon 4 dinh cta 1 hinh chit nhat réi d6i mau dong thoi 4 dinh 4y (d6 thanh xanh va xanh
va A4

thanh do6). Héi sau mot s6 hiru han ldn d6i mau nhw viy, ¢ thé thu dwoc két qua dinh 4

2009 997

cung mau hay khong? Vi sao?

Bai 96 (P& thi vao 10 - Toan chuyén - tinh Phd Yén ndm hoc 2024 - 2025)

Hay x4c dinh » s6 nguyén dwong lién tiép, biét rang téng ctia »n s6 d6 bang 2024.

Bai 97 (D& thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)

Tim tat ca cac cdp s6 nguyén (x; y)théa min phwong trinh sau 2x* - y* +xy +2x+2y =7
Bai 98 (Pé thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)

Tim tat ca cap s6 nguyén (x;y) thoa man phuwong trinh 6x* -2y —xy+4x+2y="7.

Bai 99 (Pé thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)

Cho n 13 s6 nguyén duwong théa man v/127” +1 1a mot s6 nguyén dwong. Chirng minh

8v12n° +1+8 13 mot s& chinh phuwong.

Bai 100 (Pé thi vao 10 - Toan chuyén - tinh Binh Pinh nam hoc 2024 - 2025)

a) Chirng minh tir 5 s6 tw nhién bat ki ludn tim dwoc 3 s6 ma tong cia chiing chia hét cho 3.

b) Chirng minh tir 161 sé tw nhién bat ki luén tim dwoc 81 s6 ma tong ctia ching chia hét cho 81.
Bai 101 (Pé thi vao 10 - Toan chuyén - tinh Quang Ngii nim hoc 2024 - 2025)

a) Cho s6 nguyén «, biét o chia cho 3 dw 2 va « chia cho 7 dw 3. Tim s6 dw khi ¢ chia cho 21.
b) Tim tAt c& cac cap s6 nguyén (x;y) théamin x> —xy = —4x+2y +1.

Bai 102 (Pé thi vao 10 - Toan chuyén - tinh Quang Ngii nim hoc 2024 - 2025)

Cho s0 nguyén n > 6. Xét mot da gidc 16i » canh 4,4, --- 4 . Nguoi ta mudn ké mot s6 dwong chéo cuia
da giac sao cho cac dwong chéo nay chia da gidc thanh ding kluc giac 16i khéng cé diém trong
chung.

a) V&i n=2022 va k=505, hdy chi ra mot cach chia da giac do.

b) Véi n=2023 va k =505, ta c6 thé chia da giac dwgc khéng? Hay giai thich.

Bai 103 (Pé thi vao 10 - Toan chuyén - tinh Quang Nam ndm hoc 2024 - 2025)
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Cho ba s6 tw nhién a, b, ¢c théaman a>1, b>1, ¢>1 va abc+1 chia hétcho ab—-b+1.
Chirng minh 5 chia hét cho a.
Bai 104 (Pé thi vao 10 - Toan chuyén - THPT Lé& Quy Pén Pa Nang ndm hoc 2024 - 2025) Tim
tdt ca cac s6 nguyén dwong k sao cho ton tai cap s6 nguyén (x; y)théaman x> —kxy +y*+1=0
Bai 105 (Pé thi vao 10 - Toan chung - THPT Chuy&n KHTN Ha N6i ndm hoc 2024 - 2025)
Tim cac s6 nguyén dwong x, y, z théa man hé phwong trinh {27x3 27 +10p = (x+32)
27y +27y° +10x = (y +32)’
Bai 106 (DPé thi vao 10 - Toan chung - THPT Chuyén KHTN Ha N6i ndm hoc 2024 - 2025)
Cho bang 6 vudng kich thwdc (2023 x2023), 6 vudong c6 kich thwée (1x1) dwoc goi la 6 vuéng don
vi. Moi 6 vudéng don vi ciia bang dwoc t6 bang mot tron hai mau den hodc trang sao cho moi 6
vudng don vi td mau den dwoc ké véi it nhat ba 6 vudng don vi té mau trang (hai 6 vuéng don vi

c6 canh chung dwoc goi 1a ké nhau). Hoi s6 6 vudng don vi dwoc té6 mau den nhiéu nhat 1a bao

nhiéu?
Bai 107 (Pé thi vao 10 - Toan chung - THPT Chuyén Sw Pham Ha Noi nim hoc 2024 - 2025)
Tim s6 thwc x théa man x++/2024 va 185 _ \/2024 déu la s6 nguyén

X

Bai 108 (Pé thi vao 10 - Toan chung - THPT Chuyén Sw Pham Ha Noi ndm hoc 2024 - 2025)

Cho 45 s8 a,;a,;...;a,; sao cho moi s chi nhin mot trong ba gié tri 0, 2, 3. Biét

(a,—2)" +(a,—2)" +...+(a,; —2)* =65; (a,—3)’ +(a, —3)’ +...+ (a,; —3)’ = —280. Trong 45 s6 trén,
c6 bao nhiéu s6 nhin gia tri 0?

Bai 109 (Pé thi vao 10 hé chuyén - Toan (hé chuyén Nga - Phap - Trung) - tinh Hoa Binh ndm hoc
2024 - 2025)

Tim nghiém nguyén dwong cia phwong trinh: x* 4+5)° =12y —2xy +1

Bai 110 (Pé thi vao 10 hé chuyén - Todn Chung - Truwdng THPT Chuyén Lam Son ndm hoc 2024 -
2025)

Tim nghiém nguyén ctia phwong trinh 2x* +2y° —5xy +2x—y—3=0.

Bai 111 (Dé thi vao 10 hé chuyén - Chuyén Tin - tinh Thai Nguyén nim hoc 2024 - 2025)

Tim tat ca cac gia tri nguyén ctia tham sé m sao cho phwong trinh

x*—(m—1)x> —=2x+2m—9=0 c6 nghiém nguyén.
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Bai 112 (Pé thi vao 10 hé chuyén - Chuyén Todn - tinh Ha Giang ndm hoc 2024 - 2025)

Tim nghiém nguyén cia phwong trinh (x+2y)(x—y)+5x+4y =—1.

Bai 113 (Pé thi vao 10 hé chuyén - Todn Chuyén - Chuyén Hung Virong tinh Gia Lai ndm hoc 2024 -
2025)

Tim t4t c4 nghiém nguyén (x, y) cla phwong trinh x* —4xy+5y° =2(x—y +1)

Bai 114 (Pé thi vao 10 hé chuyén - Todn Chung - tinh Ninh Thudn ndm hoc 2024 - 2025)

Tim tat ca cac cdp s6 nguyén (x;y) théa man: 2xy+2x+x+y=0.

Bai 115 (Dé thi vao 10 hé chuyén - Chuyén Tin - tinh Binh Pinh ndm hoc 2024 - 2025)

Tim t4t ca cac cap s6 nguyén (x; y)théa man phwong trinh sau 2x* =y xy+2x+2y=17.
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HU'ONG DAN GIAI CHI TIET
Bai 1 (Pé thi vao 10 - To4n chuyén - tredng THPT chuyén Ha Long ndm hoc 2024 - 2025):

a) Cho a, b, ¢ 1aba s6 nguyén khac 0 théa min 2025 :%-i-l. Chirng minh: abc chia hét cho 4.
a c

b) Tim tit ca cac cap s6 nguyén té (p, g) sao cho p* —3pg+44° 1a mét s6 chinh phuong.

Loi giai:
a) 2025 :l+l = 2025bc = a(b+c)
a b c

Né&u b va ¢ cing1é = V& trdi 1¢, v& trai chdn (vo ly)
Néu b va ¢ cung chan = abc chia hét cho 4

Néu b va ¢ khac tinh chan 1é = bc chan = V& trai chin= a(b+ c) chinma h+c¢ 18 = 4 chan

= abc chia hét cho 4.

Ta dwoc diéu phai chirng minh

b) p*-3pg+4q>=(p’ +4°)-3(pa—4’)

Néu cd p va g déu khong chia hét cho 3 = p* =1(mod 3), ¢ =1(mod 3)
= p’—3pg+4q° = (p2 +q2)—3(pq—q2) =2(mod3),vo 1y vi p’ —3pg+4g® chinh phwong.
Vay trong hai sé p, g c6 1 s6 chia hét cho 3, ma p, g nguyén té nén p =3 hodc g =3.

Voi p=3=r’'=4¢"-9g+9(reN)

(2¢-3)" <r*<(2q—1) = 44> -9g+9=(2q—2)" = ¢ =5 (thda min)
Véi g=3=r"=p*~9p+36>p>*~10p+25=(p-5)" (do p>0)

Véi p=2,tacd r* =2>-9.2+36=22(khdng théa man).

Véi p=3,tacé r’ =3°-9.3+36=18 (khong théa man).

Véi p=5,tacéd r* =5°-9.5+36 =16 (thda man).

Véi p=7, tacé > =7"-9.7+36=22 (khdng thda min).

V6i p las6nguyéntdlénhon 7, taco: #* = p° -9p+36< p* —6p+9=(p-3)°,
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nén (p—35) <r’ <(p-3)". Dod6 r* =(p—4)’

Véi r’ :(]9—4)2:p2 ~9p+36=p° —8p+16= p =20 (khdng théa man).

Vay (piq)= {(3;5);(5;3)} théa man yéu ciu bai toan.

Bai 2 (Pé thi vao 10 - Toan chuyén - trieong THPT chuyén Ha Long nim hoc 2024 - 2025):

Viét cac sO tw nhién lién ti€p tir 1 dé€n 1975 lén bang. Ta chon hai s6 batki a,b trén bang va xdéa
chiing di, sau d6 viét thém s§ |« — b| 1én bang. Thyrc hién lién ti€p nhw vay dén khi trén bang chi

con mot s6, ta goi s6 do 1a c.
a) S6 ¢ c6 thé la 1945 hay khong? Gidi thich tai sao?
b) SO ¢ cé thé 1a 1954 hay khong? Gidi thich tai sao?

a) Tir 1 dén 1975 ¢6 (1975—1):2+1=988 (s618)

Xét cac kha ndng c6 thé xay ra:

Né&u ¢ va b clung 1é, sau phép bién ddi ta x6a di hai s6 1& va thém vao bang mot s chan

= s0 cacso 1é gidm di 2

Néu ¢ va b cung chan, sau phép bién ddi, ta xda di hai s6 chan va thém vao bang mot s6 chan

= s0 cac so 1é gitr nguyén

Néu « va b khac tinh chén 1¢, sau phép bién ddi ta x6a di mot s6 chan, mot s6 1é va thém vao mot
s6 1é = s6 s0 1é gitr nguyén

Vay sau moi lan bién déi, s6 s6 1é con lai ludn chia hét cho 2 nén sé cudi cing con lai trén bang
khong thé 1a s6 1é. Vay s cudi cung trén bang khéng thé 1a 1945.

b) Ta thuc hién cac phép bién ddi ddi véi cac cip s6 sau: (1;2);(3;4);...; (1951;1952);
(1953;1955);(1956;1957) ;....(1972;1973);(1974;1975) . Nhu vy sau 987 phép bién déi trén bang
con 986 sb 1, 1 s6 2 va so 1954. Tiép tuc bién doi cap (1;2) thi trén bang con 986 sd 1 va sé 1954.

Cac phép bién doi tiép theo véi cac cap s6 (1;1) thi sau 493 phép bién déi trén bang con s6 1954
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va toan so 0, tiép tuc thwce hién cic phép bién déi véi cdp s6 bat ki thi s s6 0 gidm dan va cudi
cung trén bang con s6 1954.

Vay ¢ c6 théla 1954.

Bai 3 (Pé thi vao 10 - To4n chuyén - Thanh phé H6 Chi Minh ndm hoc 2024 - 2025)

Cho mot hinh vudng canh 8 cm c6 chira bén trong 2024 diém phan biét. Chirng minh rang c6 thé

vé dwoc mot dwong tron ban kinh 1,5 cm ¢6 chiva bén trong it nhat 127 diém trén.
Loi giai:

Chia hinh vuéng canh 8cm thanh cac hinh vuéng nho canh 2cm (nhw hinh ve).

1 |2 |3 |4

2

3

4

2024}1 =127 (diém)

Theo nguyén ly Dirichlet sé c6 it nhdt mot hinh vuéng chira {

Hinh vudng ndy ndi tiép trong dudng tron c6 dudng kinh /2° +2° = 242 (cm).
Nhuw viy ton tai dwong tron c6 ban kinh V2 (cm) chira 127 diém trén.
Vi v/2<1,5 nén dwong tron ban kinh 1,5¢m (c6 tAm 1a tAm dwong tron trén) chiva tat ca 127 diém

trén. Ta dwgc diéu phai chitng minh

Bai 4 (Pé thi vao 10 - To4n chuyén - Thanh phé H6 Chi Minh nidm hoc 2024 - 2025)

Cédp s6 nguyén dwong (a;b) dwoc goila cdp s6 “may man” ciias6 n néu a+b=n vaton tai so

A ~N 2 ~ < ’ 1 N 7 - ~N o < ) 2 N
nguyén to p thoa man dang thirc _+Z =—.Tim cac cap sb6 “may man” ciia s6 2025.
a P

Lo giai:

Goi (a;b) la cdp s6 “may man”cha sé n=2025=a+b.
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4 4 1
Tacé: —+—=—=4ap+4bp =ab
a b p

Xét (a—b) =(a+b) —dab=2025" ~16p(a+b)=2025" —16p.2025 = 45°(2025-16p)
= 2025-16p=k* (ke Z)= (45+k)(45-k)=16p (*)

, 45+ k=2"
o Xétp=2(*= A (m>nm+n=5)
5-k=2"

D& thdy n={0;1} voli= n>1= 45=2""(2""+1) (vdli)

o Xét p=>3:16p=28p=44p=82p; Gidst 45+ k >45—k (nguwoc lai chlrng minh twong tw).

45+ k=8 k=-37 2 5
TH 1: = = (a—b) =45 .(2025—16.41):> a—b=1665
45-k=2p p=41

a=1845
i lai: — 4 :L(théamén)

Kéthop a+b=2025= . Thr lai: ——+—
b =180 1845 180 41

45+k=4p k=41 _
TH 2: = (loai)
45-k=4 peN

= (a—b)" =45%(2025-16.11) = a—b=1935

45+ k=8p k=43
TH 3: =

45—k =2 p=11

) a=1980 4 4 1 .
Kéthop a+b=2025= . Thr lai: ——+—=— (thda man)
b=45 1980 45 11

Két ludn: C6 04 (02 cdp va hoan vi) cip s6 “may man” thdoa man yéu ciu bai toan:
(1845;180) ; (1980;45) ; (180;1845) ; (45;1980)
Bai 5 (Pé thi vao 10 - Toan chuyén - tinh D3k Lik ndm hoc 2024 - 2025)

Tim cac s& nguyén dwong x sao cho x” +x+10 1a s chinh phwong.
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Lo giai:

Ta c6: 4(x* +x+10)=4x" +4x+40 =(2x+1)’ +39 la s3 chinh phwong.

Pt (2x+1) +39=a%,véi aeN=a’ —(2x+1)" =39 = (a—2x—1)(a+2x+1)=39=13.3=39.1.

Vi x nguyén dwong nén a—2x—-1<a+2x+1

Ta c6 bang:
a+2x+1 39 13
a—2x-1 1 3
x 9 2
a 20 8

Vay x =2, x =9 thda man.
Bai 6 (Pé thi vao 10 - Toan chuyén - tinh D3k Lik ndm hoc 2024 - 2025)
Tim ba s6 nguyén dwong x; y; z dd6i mét khac nhau théa man hai diéu kién:
o X +xy+y’ +(322 —Z—4)(x+y) =10z> -3.
e Trongbdnsd x+y+3z>—1; x+y-3;x+z; y+z c6 ding mot hop s6.
Lo giai:
Tacéd: x* +xy+)° +(322—z—4)(x+y)=1022 —3:>(x+y+3z2 —1)(x+y—3)=(x+z)(y+z)

Gid stt x+y+3z° -1 khonglahop s6, ma x+ y+3z>—1>1nén x+ y+3z° —1 12 s6 nguyén to.

x+z§(x+y+3zz—1) X+z>x+y+3z2-1
— ' = , . (voly).
y+z:(x+y+3z2—1) y+z=x+y+3z° -1

Vay x+ y+3z” —1 la hop s6 duy nhit trong bdn s6 da cho.

= Xx+z=p nguyéntd; y+z=gq nguyéntd; x+y+3z°-1=pgq; x+y-3=1

Vi x+y=4va x,y nguyén duong nén (x;y)=(1;3) hodc (x;»)=(3;1).
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z
Trwong hop nao ta ciing thu duoc 13—1—4(322 —z—4) =10z -3=22"-4z=0 :{
z

Vi x; y; z nguyén dwong nén z =0 khong thoa man.

Thir lai chi c6 hai bd (x;y;z)=(1;3;2), théa man.

Bai 7 (Pé thi vao 10 - To4n chuyén - tinh Nam Pinh nam hoc 2024 - 2025)

a) Chirng minh vé&i moi s6 nguyén dwong n, s6 n’° —6n+33 khong 1a s6 chinh phwong.
b) Cho cac s6 nguyén dwong a, b théa min diéu kién a +b +1 13 wéc nguyén to cla
4(a2 +ab+b2)—3. Chirng minh rang a+b -1 1a wéc cla 4(a2 +ab+b2)—3.

Lo gidi:

a) Cé n* —6n+33=(n"—n)-5n+33.

Theo dinh li Fermat c6 n’ =n (mod5) nén (n5 —n) =0 (mod5)

Do 5n=0, 33=3 (mod5) nénsuyra n’ —6n+33=3 (mod5) (*).
Mot s6 chinh phwong khi chia cho 5 chi c6 thé cho s dw thudc {0;1;4}. Vay tir (*) suy ra
n’ —6n+33 khong thé 1a s6 chinh phwong.

b) Theo gia thiét c6 0=4a’ +4ab+4b° -3=4a’ +4a(—a—1)+4(—a—1)2 —3 (mod a+b+1)
hay (2a+1)2 =0 (mod a+b+1).

Tl a+b+1las6 nguyén té suyra (2a+1)i(a+b+1).
Tac6 0<2a+1<2(a+b+1)nénxdyra a+b+1=2a+1=a=>b.

a+b-1=2a-1

H(a* +ab+b?)-3=12a* ~3=3(2a+1)(2a=1)"" " (4(a* +ab+b?)=3)i(a+b-1)

Khi dé6 co {
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Bai 8 (Pé thi vao 10 - To4n chuyén - tinh Nam Pinh nam hoc 2024 - 2025)

Cho bang hinh chi* nhit gom 2 dong va » cot, dwoc chia déu thanh 27 6 vuéng don vi. Ban dau,
trong moi 6 vudng don vi ngwoi ta dit ding mot vién bi c6 kich thwdc rat nho. Ta goi moi bién déi
(T) 1a viéc thuc hién cac thao tac sau: Chon ra hai 6 vudng don vi tlly y c6 chita bi, chuyén tir moi 6
vudng dé di mot vién bi sang 6 vudng don vi lién ké (hai 6 vuéng don vi goi la lién ké néu ching
c6 chung canh). Tim tit ca cac s6 nguyén dwong » dé sau hitru han 1an chi thwc hién bién doi (T),
ta c6 thé dwa hét tit ca cac vién bi c6 trén bang lic dau vé nam trong ciing moét 6 vudng don vi cia
bang.

Xét n laso1é:

Ta td mau cac 6 vudng don vi theo kiéu xen k& nhw ban co vua b&i hai mau den, trang. Goi B, W

Ian lwot 13 s6 bi ndm & 6 don vi mau den, sd bi ndm & 6 don vi mau trang.

- Lucdau: B=nva W =n.Nhwvay B,W lacacso lé.

Chi ra dwoc bat bién: Sau moi lAn thuc bién ddi (T) thi tinh chan 1é cha B, W 1a khong thay d6i.

- Suy ra lic nao cling c6 bi ndm & 6 den va lic nao cling c6 bi ndm & 6 trang (vi B, W ludn la s6
18), vdy khong thé don hét tat ca cac vién bi vé mot 6 vuéng don vi.

+ Xét n 12 s8 chan: Ta chi ra cAch don dugc bi theo yéu ciu.

- DAu tién ta chon hai 6 vuéng phan biét ma méi 6 vudng twong rng déu nam &

n n
cudi ciing ctia moi dong va phai c6 bi, thwc hién bién ddi (T) dé€ don hét bi tir 2 2
hai 6 nay vé hai 6 dirng lién trwéc ching. Lai thwc hién tiép bién doi (T) véi (E] (:_E:}
hai 6 don vi c6 bi ma moi 6 ndm & dau ngoai cung cia moi dong d€ don hét bi {(2‘.} (12)}
cda hai 6 nay vé hai 6 dirng lién sau chung. Tiép tuc véi hai cich chon 6 nhw (Hinh 1)

vay (chon cdp 6 c6 bi & cudi dong roi lai chon cap 6 c6 bi & dau dong) ta di dén
trang thai bi chi con ndm & bang con 2x2 & chinh gitra cia bang ban dau nhw
hinh 1 (cac chi¥ cai ghi trong ngoac la dé chi tén cda 6, cac s6 chi so lwong bi

dang cé & 0 twong &ng do).
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- Tiép theo chon cdp 6 B, C va thuc hién g lan bién dai (T) (bi tir 6 B dwa sang 6 5 0
(A) (B)
A, bittr 6 C dwa sang 6 D) thi thu dwoc trang thai nhw hinh 2. (g] “‘;}
- Tiép tuc, ta lién tuc chon cap 6 A, D cho dén khi hét bi va chuyén bi & hai 6 nay (Hinh 2)
Hinh 2

sang 0 C thi sau cung dwa dwoc 2n vién bi vé hét 6 C.
- Vay tap hop tit ca cAc s6 n cAn tim 1A tAp cac s6 nguyén dwong chin.
Bai 9 (Pé thi vao 10 - To4n chuyén - tinh Quang Binh ndm hoc 2024 - 2025)
Cho a, b 1a cac s6 nguyén théa man (a” +3ab)’ +(b> —ab)’ =2° +1.
Chirng minh a +b chia hétcho 5.
Lo gii:
Tach 2% 4+1=2%1"0 1 1=48 41 =5/15(%)
bat x=a’ +3ab;y=b>—-ab (Via,beZ=x,yel) :>x+y=(a+b)2 va x* +y° =2%0 4+ 1(*)
Tir (*) va(*) suy ra (x* +3°)i5 (1)
Xét hiéu : (x5 +y5)—(x+y):(x5 —x)+(y5 —y)
Tacod X —x= (x—2)(x—1)x(x+l)(x+2)+5x(x2 —1)
Suy ra (x5 —x)fS. Tuwong tw (y5 —y)fS
Do dé [(x5 +y5)—(x+y)]55 (2)
Tir (1) va (2) taco (x+)i5 :>(a+b)255
Ma 5 1a s6 nguyén t6 do d6 (a +b):5
VAiy a+b chia hét cho 5.
Bai 10 (Pé thi vao 10 - Toan chuyén - tinh Hai Dwong nim hoc 2024 - 2025)
a) Tim tat ca cac s6 nguyén duwong x, y thda min (x2 —x—l)(y2 +xy —9) =2x+1.
b) Cho s6 nguyén td 1¢ p va s6 nguyén dwong « théa man: a” —1 chia hét cho p’.

Chirng minh rang a—1 chia hét cho p°.
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Lo giai:

a) Tim tit ca cac s6 nguyén dwong x,y thdéa man (x2 —x—l)(y2 +xy—9) =2x+1.

Cach 1: Vi (xz—x—l)(y2+xy—9):2x+l nén (2x+1)5(x2 —x—l):>(2x+1)(2x—3)5(x2—x—l)
= (4x2 —4x—3)5(x2 —x—l):> |:4<X2 —x—1)+1}5(x2 —x—l):> lf(x2 —x—l)
:>(x2—x—l)e{—l;l}:xe{—1;0;1;2}

Ma x nguyén dwong nén x e {1;2}.

V6i x=1 thi —=(y*+y—-9)=3nén y’+y-6=0, tadwoc y=2(thda man) va y =-3 (loai).

Voix=2= )" +2y-14=0= y=-1 +/15 (loai do y nguyén dwong).
Thit lai (x;y)=(1;2) thoa man phwong trinh da cho.

Cach 2: Vi (xz—x—l)(y2 +xy—9)=2x+l nén (2x-|—1)5(x2 —x—l)

Do 2x+1>0 nén 2x+1>x*—x—-1= x> -3x-2<0.

Néu x >4 thi x* —3x2>4.1=4. (Loai). Suy ra x € {1;2;3}

Néu x=1 thi =(y*+y-9)=3nén y’+y-6=0, tadwoc y =2 (théa man) hodc y =-3 (loai).
Néu x=2 thi y*+2y—-14=0 nén y:—li\/g(loai do y nguyén duong ).

Néu x =3 thi S(y2 +3y—9):7.Méu thuan do 7 khéng chia hét cho 5

Vay cac s6 nguyén dwong théa man dé baila (x;y)=(1;2).

b) Ta c6 a” =1(mod p) do a” = (modp3)

Theo dinh Iy Fermat nhé thi a” = a(mod p). Tr d6 thi a = 1(mod p)

bat a =1+ kp v&i k nguyén duwong.

Taco a” —1=(a—1).8 v6i S=a""+a" > +-+a+l :(a”’l —1)+(a”’2 —1)+---+(a—1)+p
=(a—1)[(a”’2 +a” wa a4 (a7 va e at ) (a4 a T b a D)+

+---+(a+1)+1]+p

Vay S=(a—1)-Q+p voi Q:ap_z+2a”_3+3ap_4+---+(p—2)a+(p—1)
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Mit khac a =1(mod p) nén QEI+2+3+---+(p—1):WEO(modp)

Tirc 1a Szp(modpz),tl'rc 1a S=p+mp” suyra cz"’—lzkp(p+m]92):k]92 + kmp®

Gia st k khong chia hét cho p thi a” —1 khong chia hét cho p’ (mAau thuan gia thiét)

Diéu gia st 12 sai, suy ra k chia hét cho p hay a—1 chia hét cho p* (Diéu phai chitng minh).

Bai 11 (P& thi vao 10 - Toan chuyén - tinh Hai Dwong nam hoc 2024 - 2025)

Cho bang vuoéng 7x7 gom 49 6 vudng don vi nhw hinh vé. C6 37 con robot dwoc dat vao tam cta
cac 06 vudng don vi sao cho khdng c6 2 con robot cling nam trong mot d. Cac con robot dworc 1ap
trinh d€ di chuyén dong loat, véi cling téc do, theo nguyén tic nhw sau: Ban dau, moi con déu di
chuyén sang tim ctia mot 6 vuéng don vi bat ky chung canh v&i 6 vuéng né dang dirng. Sau do,
moi khi cham vao tAm cta 6 vudng dén, n6 sé quay mot géc 90° va di chuyén tiép theo hwdéng do
sang tim cua 0 tiép theo va ct tiép tuc di chuyén nhw thé (mét vi du vé cach di chuyén ctia mot
con robot nhw hinh vé&). Chirng minh rang du ban dau cé dat cac con robot nhw thé nao thi van

luén c6 mot thoi di€m ma c6 hai con robot & chung mot 6 vudng.

B2

B2
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Gia st ton tai mot cach xép ma véi moi thoi diém thi khong ton tai 2 con robot dirng cung 1 6.

Ta dién cach sé 1,2,3,4 cho bang 7x7 nhu sau:

1 2 1 2 1 2 1
4 3 4 3 4 3 4
1 2 1 2 1 2 1
4 3 4 3 4 3 4
1 2 1 2 1 2 1
4 3 4 3 4 3 4
1 2 1 2 1 2 1

e Nhan xét 1. Sau mdi buéc di chuyén thi d6 1a 6 con robot dirng lic sau khac tinh chan 1é véi
s6 & 0 con robot dirng luc trudc.
Chitng minh. Do cac 6 chung canh véi cac 6 s61é (1,3) déu 1a cac 6 s6 chan (2,4) va nguoc lai, néu
sau moi budc s6 & 6 con robot dirng sau thay ddi tinh chan 1é.

e Nhén xét 2. Sau 2 bwédc di chuyén thi s6 & 6 con robot di¥ng ltic sau sé bang 2 cdng vdi s6 &
con robot dirng lic trudc theo mod 4 .

Chirng minh. Xét hinh vuéng 3x3 ma c6 1 con robot lam tAm, sau 2 bwéc di chuyén thi con robot
dé6 chi c6 thé di chuyén dén cac 6 & géc ctia hinh vuéng 3x3. Ta thiy cac s6 & cac 6 goc d6 khong
bang v&i sd & tAm. Theo Nhan xét 1 thi sau 2 buéc s6 & 6 sau va trudc cung tinh chan 1é, tir do ta

c6 Nhan xét 2.

e Nhéin xét 3. Sau lwot dau tién (lwot dau tién nay cac con robot di khéng c6 quy luit) co

khéng qua 9 con robot cung dirng & cac 6 s6 1.
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Chiing minh. Gia str sau lwot dau c6 16n hon hodc bang 10 con robot ciing dirng & cac 6 c¢6 dwoc
dién s6 1. Xét 2 lwot tiép theo va sit dung Nhan xét 2 thilén hon bang 10 con robot d6 sé cung di
vao cac 6 s6 3. D€ y rang trén bang 7x7 ta chi c6 ding 9 6 dugc dién sd 3 nén theo nguyén li
Dirichlet thi ton tai mo6t 6 s6 3 ma c6 2 con robot, mau thuan véi gid st ban dau. Nén gia sir & trén
la sai, suy ra Nhan xét 3

e Nhin xét 4. Sau lwot dau tién c6 khéng qua 18 con robot dirng & vi tri cac 6 s6 1é.

Chitng minh: Ap dung Nhan xét 3 thi chi c6 nhé hon hodc bang 9 robot ditng & vi tri dwoc dién s6
1, déy thém rang chi c6 tit cd 9 6 dwoc dién sd 2 nén khi két hop lai ta thiy c6 khéng qué 18 con

robot dirng & vi tri cac 6 s6 1é.

e Nhén xét 5. Sau lwot dau tién c6 16m hon hoic bang 19 con robot dirng & vi tri cac 6 s6 chan.

Chitng minh: Ap dung Nhan xét 4 va chi c6 37 con robot nén c6 16n hon hodc bing 19 con robot

ding & vi tri cic 6 s8 chan.
Quay tré lai bai toan

Sau lwot dau tién, két hop Nhan xét 5 va Nhan xét 1 thi ngay & lwot thir 2, c6 16n hon hoic bang
19 con robot & vi tri cac 6 s6 1é. Tuy nhién diéu nay lai mau thuin v&i Nhan xét 4 nén suy ra gia st

& dau loi giai 1a sai. T d6 rut ra két luin rang véi moi cach xé&p thi ton tai mot thoi diém.
Bai 12 (P& thi vao 10 - Toan chuyén - tinh Bic Giang nim hoc 2024 - 2025)
Cho P(x) va Q(x) 1ahai da thitc véi cac hé s6 nguyén théa man da thitc x.P(x*)+Q(x*) chia hét

cho da thtrc x* +2. Chitng minh 5.P(2028)+ 6.0(2022) chia hét cho 2024.

Xét da thirc R(x) =ax"+a, x"" +..+ax+a, v&i a,, a,, .., a, € L.
Tacé R(4)-R(B)=|a,(4'~B")+a, (4" ~B"")+..+a(4-B)[{(4-B)
vi (4"-B"):(4-B),YneN

Dodé: | P(x*)-P(4) |i(x* —4) = P(x*)- P(4) [i(x* +2) vi (x* —4) = (¥ +2)(¥" -2)
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va[0(x*)-0(-2) i(x* +2)
Mitkhac, ta cé: x.P(x*)+0(x") = x[ P(x*)-P(4) |+| 0(x*) - O(-2) |+ P(4) x+O(-2)

Tacé: P(x*)-P(4), O(x*)-0(-2) va x.P(x*)+Q(x*) chia hét cho da thirc x* +2

P(4)=0  [P(x)i(x—4) [P(2028):2024 ,
nén 0 = = = 5.P(2028)+6.0(2022) chia hét cho 2024.

Q(x)f(x+ 2) Q(2022)§2024
Bai 13 (P& thi vao 10 - Toan chuyén - tinh Bic Giang nim hoc 2024 - 2025)

a) Tim t4t ca cic s6 nguyén x, y théaman x* +xy—x-3y=7.

b) V&i moi s6 thuc a, goi [a] la s6 nguyén 16n nhit khdng vt qua «. Tim tit ca cac s6 nguyén

n' —4n’ +5n° -1
4n*

dwong n sao cho { } la mot s6 nguyén to.

¢) Nhén ky niém 60 ndm ngay thanh 14p, trueong trung hoc phé théng X da chon ra 300 hoc sinh
tham gia cudc diéu hanh. Mdi em tham gia diéu hanh dugc gdn mot s6 nguyén dwong phan biét tir
1 dén 300. Ban t6 chitrc x€p ngau nhién 300 em hoc sinh d6 thanh bén khéi doi hinh. Chirng minh
rang ludn c6 ba em hoc sinh thudc cing mot khéi doi hinh ma ba sé x, y, z dwoc gin trén cac em

hoc sinh d6 théa man x chia hétcho y va y chia hét cho z.
Lo gii:
a) Tacé x2+xy—x—3y:7:>(x—3)(x+y+2):1 @)

x—3=1

x=4
= (thoéa man)
x+y+2=1 y=-5

Do x, y nguyén nén tw (*) ta c6 {

x-3=-1 x=2 .
Hoac = (thoa man).
x+y+2=-1 y=-5

Vay phwong trinh c6 hai nghiém nguyén la (x;y)=(4;-5) va (x;»)=(2;-5).
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4 403 2 2
b)Tacs: A= -2 4ol _mw 5 1
4n 4 4 4n

*Trlr(‘)’ngh(_)'pl:Xétn:2k,keN*.TacéA:(k—1)2+l— 12.
4 16k

Vi0< %— 161k2 <1,Vk eN’, nén [A] =(k —1)2 khéng phai 1a s6 nguyén to (loai).

* \ . , 2 1 1 1 1

Trudmghop 2: Xét n=2k+1, keN.Tacd A=k’ —k+————5=k(k-1)+=————
2 4(2k+1) 2 4(2k+1)

. 1 1 A

V1O<———2<1,VkeN,nen[A]zk(k—l)

2 4(2k+1)

Nén dé [4] lasd nguyén td = k(k—1)=2.1= k=2 = n=>5 (théa man).

Vaiy n =5 théa man yéu ciu de.

c) Goi Q ={1;2;3;4;..;300} va A= {20;21;22;...;28} cQ (Tap 4 c69 phan tk)

Taco 9 chia 4 dwoc 2 dw 1 nén theo nguyén ly Dirichlet khi chia Q thanh 4 tip con, ton tai it
nhit mot tip con chita it nhit 3 phin tir cia tip 4.

Goibaphantirdéla x=2%, y=2",z=2véia>b>c

Khi d6 ta thdy ba s6 théa man diéu kién 2°:2” va 2":2°

Tlr d6 suyra x:y va y:z (Diéu phai chirng minh).

Bai 14 (Dbé thi vao 10 - Todn chuyén - tinh Lai Chdu ndm hoc 2024 - 2025)

a) Tim nghiém nguyén dwong ctia phwong trinh (x +1)(y+1) =6.
b) Tim tit ca cc s6 tw nhién » sao cho (2n+1)’ +1 chia hét cho 2**.

Lo giai:

x+1=2
y+1=3

a) Ta co: =

x+1=3
y+1=2

=
I

<
I

{(1:2);(2:1)}

Vay (x.)

Il
eun i \® T NG

—
= =
Il
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b) Tacé: 2n+1)' +1:2" = (2n+2)(4n” + 20 +1):2° = 2(n+1)(4n” + 20 +1):2°"
= (n+1)(4n° +2n+1):2°" = n+1:2"  (do4n” +2n+1=1(mod2)) = n=2""k-1(keZ")

Bai 15 (P& thi vao 10 - Todn chuyén - tinh Lai Chdu ndm hoc 2024 - 2025)

Anh Nam 12 mot van dong vién choi co. D€ luyén tip, moi ngay anh choi it nhit mot van. D€ khoi
mét, moi tudn anh choi khong quéa 12 van. Chirng minh rang ton tai mot sd ngay lién tiép trong do6
anh choi ding 20 van.

Lo gidi:

Goi sd van co ma anh Nam choi ngay th& nhat, thi hai, thi ba,..., th hai mwoi trong ba tuan lién
tiép la: a,,a,,4a,...,a,, -

Xét20tong: s, = a,;;s, = a, + a,;8, = a, + a, + a;5...;8,, = @, + @, + @y + ...+ ay,

Taco: 1<5,<5,<8;,<...<5,,<35

Dé thiy ton tai s, 20 hodc (s, —s,):20 v&i 1 <m,n,k <20

Suyra s, =20 hodc s, —s, =20 v&i m > n. T day ta thu dwoc diéu can chirng minh.

Bai 16 (DPé thi vao 10 - Toan chuyén - thanh phé Hai Phong nim hoc 2024 - 2025)

a) Tim tat ca cic sO nguyén dwong x va y sao cho 2* +3” 1a s6 chinh phuwong.

b) Trong mdt hoi nghi, cac dai bi€u dén tir n qudc gia, ngdi quanh mot ban tron. Biét rang véi hai
dai biéu cung qudc gia bat ky thi ngwdi ngdi canh bén phai ciia ho luén khong cuing

quoc gia. Hoi c6 nhiéu nhét bao nhiéu dai biéu?

Lo gii:

a) Gidstr 2* +3' =z"véiz€Z".

Xét theo mod 3 ¢4 hai vé ta dwoc (—l)x =0;1 (mod 3), suy ra x chan.

Pit x=2m, m€Z",tacoé phwong trinh 4" +3" =z" =3 = (z+2"’)(z—2’”).
Do dé ton tai a,p €N saocho z+2" =3 z—2"=3"vaa>b,a+b=y.

Suyra 2" =3"—3"=3"(3"—1).Do 2" / 3 néntaphdicé b=0,a=y.
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Nhw vay 2" =3" —1.Tirdé 3° —1: 4 nén y chan.

Dat y=2n,n€Z". Taco 2" =3 —1=(3"+1)(3" —1).
VIUCLN(3"+1;3"—1)=2 nénta phdi c6 3" —1=2,3" +1=2".

Vay n=1,m=2,suyra x=4, y=2.

b) Ta chitng minh c6 nhiéu nhit »* dai biéu.

Néu c6 it nhat »n* +1 dai biéu, thi c6 qudc gia c6 it nhat n+ 1 dai bidu.

n+1 dai biu nay c6 n +1 ngwdi ngdi canh bén phai, va do chi c6 n qudc gia nén chac chan c6 hai
nguoi cung qudc gia, diéu ndy mau thuan.

Tiép theo ta chi ra cach sap x&p théa man véi n” dai biéu bing quy nap.

Ta ky hiéu tat ca cac dai bi€u cung qudc gia thit i déu bang sd i.

V&i n = 2 ta sdp x€p theo dang (1,1,2,2).

Gia st ta da sdp xép xong cho k qudc gia theo dang (al,az,...,ak2 ), trong d6 moi cdp canh nhau
dang (i, /) véi 1<i,j <k déu xudt hién ding mot lan.

Véi k+1 qudc gia, ta sap x€p théa man bang cach:

- Thay cap (i,i) thanh (i,k—i—l,i,i) v&i moi i=1,k—1.

- Thay cap (k,k) thanh (k,k +Lk+ l,k,k).

K&t luan: c6 nhiéu nhat »* dai biéu.

Cach 2: Mot cach sip xép khac théa man véi n° dai biéu 1a
(L1,2,1,3,0.,1,1,2,2,3,2,4,...2,1,3,3,4,3,5....3,n,...n —,n —1,n,n).

Bai 17 (P& thi vao 10 - Toan chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)
a) Gidi phwong trinh nghiém nguyén: x* —2xy+3y—-x—1=0.

’ h-1 ‘a+l ’
b) Tim cac cdp s6 nguyén duong (a;b) sao cho ab " va bbai déu la cac s6 nguyén.
a+ -
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Lo giai:

a) Phuwong trinh tré thanh x* — (1 + 2y)x +3y—-1=0

Xét A =(1+2y) —4(3y—1)=4y> —8y +5.

D€ x,y la cac s6 nguyén thi A_ phaila s chinh phwong

Dt A =4y -8y+5=m"> (meN) = 2y-2) -m’=-1=2y-2+m)2y-2-m)=-1

2y-2+m=1 y=1
Suy ra =
2y-2-m=-1 m=1

X
Véi y =1, thay vao phurong trinh di cho ta dwoc: x* —3x+2=0= {

Vay cac bd s6 (x;y) théa manla (1;1), (2;1).

Sp—1 bla*+1)—(b+1) b(a+1)(a’—a+1)—(b+1
b) Ta c6 a’b-1_ (a +) (b+ ): (a+ )(a a+) (b+ )=b(a2—a+1)—b+l
a+l a+l a+l a+l
a’b—
Vi . la s6 nguyénnén (b+1):(a+1) (1)
_ b3a+1:a(b3—1)+(a+1):a(b—l)(b2+b+1)+(a+l):a(b2+b+l)+a+1
b-1 b-1 b-1 b—1
3
Vi batl la s6 nguyén nén (a+1):(b-1) (2)

T (1) va(2)suyra (b+1)i(b-1)=2:(b-1) = be{2;3}.
e Vbéib=2,thayvao (1) tadwoc 3i(a+1)=a=2.
e V&i b=3,thayvao (1) tadwoc 4:(a+1)= ae{l;3}.

Vay cac cap s6 (a;b) théa man diéu kiénla (2;2), (1;3), (3;3).
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Bai 18 (bé thi vao 10 - Toan chuyén - tinh Binh Phwéc ndm hoc 2024 - 2025)
Cho 5 dwdng tron cé cung ban kinh va sap x€p dé tao thanh 9 mién dwgc ki hiéula 4, 4,,..., 4,
(nhw hinh v&). Sau d6, dién vao 9 mién trén cac s6 dwoclay tir 1, 2,3, 4, 5, 6, 7, 8, 9 sao cho mdi

mién dwoc dién bdi mot so, hai mién khdc nhau dwoc dién béi hai s6 khac nhau va téng cac so

trong moi hinh tron déu bang 14. /f__\/f_\/f_\
a) Tinh tong cac s6 & cic mién 4,, 4,, 4, 4. |

b) Hoéi c6 bao nhiéu cach dién théa man diéu kién trén? Vi sao? V \\ {/\
Loi gidi: \ /\ /
a) Goi a,,a,,...,a,1an lwot 1a cac s6 dwoc dién vao cic mién 4, 4,,..., 4, dé thdéa man diéu kién.
Moi hinh tron c6 téngla 14, suy ra ndm hinh tron c6 téngla 14-5=70.

Ta co (al +a,+a,+a,+a;+a,+a, +ag -l—ag)+(a2 +a, +ag +a8)=70

= (1+2+3+4+5+6+7+8+9)+(a, +a, +a;+a,)=70=a, +a, +a, +a, =25

b) Ta ¢6 a, + a, = ay + a, =14, suy ra ta chi c6 hai cap théa man la (9;5) va (8;6)

= a, +a, € {11;13;15;17}.

e THl: a,+a,=11=a, +a,=25-11=14.

Ma cac cdp s6 c6 tong bang 14 1a (5;9) va (6;8) (méu thuan).

e TH2: a,+a,=13=a,+a, =25-13=12.

Ma cac cdp s6 c6 téng bang 12 1a (3;9),(4;8) va (5;7) (mau thuan).

e TH3:a,+a,=15 = a,+a,=25-15=10.

Cép s6 c6 tong bang 10 théa man la (7;3). Khong mat tinh téng quat, gia st a, = 7; a, =3.

Khido: a, =8;a, =6;a, =lL;a, =7;a, =4;a, =3;a, = 2;a,, =9;a, =5
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Va l4y doi xirng lai ta dwgce cach xép thir 2 nhw bén duwéi:

N \/ N
\ Y
N

e TH4: a,+a,=17=a,+a, =25-17=8.
Ma cac cap s6 c6 tong bang 81a (1;7) va (2;6). Khi d6 tong cac s6 trong mot hinh tron 1én hon 14,

diéu nay mau thuan gia thiét (quan sat hinh vé).
XX
\JQOQ/\/[\
N ANE

Vay c6 2 cach dién cac s6 thoa man yéu cau bai toan.

Bai 19 (Pé thi vao 10 - Toan chuyén - Tuyén Quang nam hoc 2024 - 2025)

Trong hinh chit nhat (H) kich thuéc 6¢m x 4cm, cho nam diém phan biét 4; 4,; 4,; A,; A, .
Chirng minh rang:

a) Trong nam diém A4; 4,; 4;; A,; A, ludn ton tai ba di€ém cung thudc moét dwong tron ban kinh 2,5¢m

b) Ton tai mot duwong tron dwong kinh 0,99 cm nam trong (H) va khong c6 diém chung véi bat ki
hinh tron nao trong nam hinh tron tam 4, dwong kinh 1cm (V61 i =1,2,3,4,5).

Loi giai:

a) Chia hinh chit nhat (/) thanh hai hinh chir nhat con kich thwéc 3cm x 4cm khi d6 méi hinh chir
nhat con sé ndi tiép dwong tron ban kinh 2,5 cm.

Theo nguyén li Dirichle, c6 5> 2.2 nén tén tai mot hinh chir nhit con chita 3 trong 5 diém

A A, A5 Ay As

Tl d6 suy ra trong 5 di€m 4,; 4,; 4;; 4,; A; ludn ton tai 3 di€m cing thuéc mot dwong tron ban

kinh 2,5 cm
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b) Chia hinh chi¥ nhat (H)thanh 6 hinh vuong con kich thwéc 2c¢m x 2cm nhw hinh vé dwdi day

Vi c6 6 hinh vuéng con va 5 diém nén tén tai mot hinh vudéng khéng

chiradiém 4, (i=1,2,3,4,5)n3o nam trong hinh vudéng do, gia sir la

hinh vuong ABCD.

Trong hinh vudng, ta goi dwong tron (O)la dwong tron c6 tam la tam

hinh vuéng, ban kinh 0,495cm, ta sé chirng minh (O) la duwdng tron

can tim.

Goi Elatrung diém BC, dwong tron (E) c6 ban kinh 0,5¢m A B
Xét G 1a diém bAat ki khong nam trong hinh vuon A

g ABCD 9
Goi dwong tron (G)la duwong tron tam G, ban kinh 0,5¢m

Khi d6 OG > OFE =1 cm D c

R,+R;,=R,+R,=0,495+0,5=0,995cm

Suy ra (O)va (G)khoéng giao nhau, vy (O) chinh la dwong tron can tim.

Bai 20 (Pé thi vao 10 - Toan chuyén - Tuyén Quang nam hoc 2024 - 2025)

Cho 10 s6 nguyén dwong phan biét a,;a,;a;;....;a,,va p la mot wéc nguyén to bat ki ca

A=a, +2a, +3a, +...+10a,,. Chitrng minh rang;

a) B=10" —10 chia hét cho p.

2024 2024

b) C=a, 1" +a,2"" +a,3"" +.+a,.10”" lahop sb.

Lo gidi:

a)Tacé B=10" —10= 10-(101’2-l —1) - 10-(10("*”("“) —1)

+) Néu p[l0(p e P)= p €{2;5} = p|10” —10 hay B=10"" —10 chia hét cho p.

+) Néu (p,10) =1 theo dinh ly nhé Fermat:

p+l

10" =1(mod p) = (10”")"" =1(mod p) = 10" —1= 0(mod p)

Vay B =10" —10 chia h&tcho p, VpeP.

2024 2024 2024

ByXét D=C-d=(a 1" +a, 2" +a, 3" 4. +a,10"" )= (@ +2a, +3a, +...+10a,,)
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2024

= (al Sl —al)+<a2 -2° _2a2)+-"+(a10 'lopzm _loalo)

Xét k V(,)’l k :LTO_Ta C(,) kP2024 —k:k(kpm“fl _1)

+) Trwomg hop 1: (p,k)=1 (p € P). Theo dinh li nh6 Fermat:

2024 _ 2024_y

k" =1(mod p)= k" ~1=0(mod p)= p|k"" ~1 ma k"' 11 k""" ~1 nén plk""" 1.

+) Trwong hop 2: plk. Ta cling suy ra dwoc: p | k(/’c”zm’1 —1). Vay p| k(/’c”zm’1 —1) trong moi

trueong hop.

Thay &k vao D tadwoc D=C— A chia hétcho p.Ma tlr gia thiét ta c6 4 chia hétcho p suyra C
cling chia hét cho p. (1)

Mat khac ta cling cé:

p<A=a +2a,+3a,+...+10a, <a, -1 +a,-2" +a,-3" +..+a,-10" =C.(2)

2024 2024 2024

Tir (1) va (2)suyra C=a,-1” +a,-2" +a,-3" +...+a,-10" lahop sé.

Bai 21 (P& thi vao 10 - Todn chuyén - tinh Lao Cai nim hoc 2024 - 2025)

Goi S 12 tAp hop cac s6 tw nhién c6 3 chit s6. LAy ngau nhién mot sé tir tAp hop S . Tinh x4c suit
dé 1ay dwgc mot sé chia hét cho7.

Lo gidi:

Tacé §={100;101;102;...; 999} . Suy ra khong gian mau Q =5 = n(Q) =900

Goi A4 labién c6 “lay dwgc s6 chiahétcho 7” = A= {105; 112;.. .; 994}

- 994-105

= n(4) +1=128.

A
Vay xac suit xay ra bién c6 4 1la P(A4)= n(4) _128 32 :
n(Q) 900 225

Bai 22 (Dé thi vao 10 - Toan chuyén - tinh Lao Cai nim hoc 2024 - 2025)
a) Cho x, y 1a cac s6 nguyén dwong sao cho x° + 2y 1a s6 chinh phwong. Chitng minh rang x> + y

la tong cta hai s6 chinh phwong.

b) Tim t4t ca cc cdp s6 nguyén dwong (x;y) théa min (x2 + 1)(}/2 - 1) +2(x—y)(1-xy) =4(1+xp).
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Lo gidi:
a) Theo dé bai: x> +2y=m’> véi meN =2y =m’ - x°

\ N S 1, _ . mtx m—x .. . A
= m va x cung tinh chan1é = 5 ; 5 la cac s6 nguyeén.

Ta cé: x2+y:x2+m2—x2 :2<m2+x2) :(m—xj2+(m+xj2
2 4

Ta c6 diéu phai chirng minh.

b) (x2+1)(y2 +1)+2(X—y)(1—xy):4(1+xy)

x? +y2_2xy+x2y2_2xy+1+2()€—y)(l—xy):4

(x=3)"+(1=xp)" +2(x = y)(1-xy) = 4
(x—y+1-xp)’ =4

(I-p)(x+1)’ =4

(y=1)(x+1)=2 (vi x, y nguyén dwong)

n . L lx+1=2 x=1
Do x nguyén dwong = x+1>2 néntaco =

y—1=1 y=2
Vay (x;p)=(1;2).
Bai 23 (Dé thi vao 10 - Toan chuyén - tinh Yén Bai nim hoc 2024 - 2025)

a) Cho p va 2p+11a c4c s6 nguyén t6, (p > 3). Chitng minh rang 2p° 4 7 1a hop sé.

b) Tim céc cdp s8 nguyén dwong (x;y) théa min 3" +40 = )”.
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Lo gidi:

a) Taco: p las6 nguyéntd, p >3 = p=1(mod3)
p= —1(m0d3)

+ Néu p=1(mod3)=2p+1=0(mod3),2p+1>3 =2p+1 13 hop s, miu thuln véi gia thiét

2p+1 la s6 nguyén t6, (loai)

+ Do d6, p=—1(mod3)= p’> =1(mod3)=2p° +7=0(mod3),2p>+7>3=2p* +7 lahop sé.

Ta dwoc diéu phai chirng minh.

b)

*TH1: Néu x 16, 3" +1=0(mod4) = 3" +40=3(mod4) ma y* =0,1(mod4)

Suy ra trweong hop nay khong théa man.

* TH2: Néu x chdn, dit x =2n,(n € N), ta co:

3 +40= 17 (1)= 3" +40= = 3P —(3") =40= (y—3")(y+3")=40

DoneN,y€Z" nén y+3"> y—3" nénta cé bang gia tri

y=3" 1 9 4 5
y+3" 40 20 10 8
3 > 9 3 2
n Khoéng théa man 2 1 Khoéng théa man
X 4 2
Théa man Théa man

+ Véi x =2, thay vao (1)ta dwoc y =7

+ Véi x =4, thay vao (1)ta dwoc y =11

Vay, cac cdp s6 nguyén duong (x,y)can timla (2;7)va (4;11).

Bai 24 (Pé thi vao 10 - Toan chuyén - tinh Yén Bai nim hoc 2024 - 2025)

Mot 16p hoc ¢6 35 hoc sinh, cac hoc sinh nay tham gia mot s& cau lac bd modn hoc. M6i hoc sinh
tham gia ding mot ciu lac bd. Néu chon ra 10 hoc sinh bat ki ctia 1&p thi ludn cé it nhat 3 hoc sinh

tham gia ciing mét ciu lac bo. Chirng minh c6 mot ciu lac bd gom it nhit 9 hoc sinh.
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Lo giai:

Néu s6 cau lac bd mon hoc nhiéu hon hodc bang 5. Ta chon & mdi ciu lac bo 1 hodc 2 hoc sinh dé
duogc 10 hoc sinh, thi 10 hoc sinh nay khéng théa man diéu kién ludn cé it nhit 3 hoc sinh tham
gia cung mot cau lac bd.

Do d6, sd cAu lac b6 mon hoc sé nho hon 5.

Gia st tat ca cac cau lac b6 mon hoc c6 nhiéu nhat 8 hoc sinh tham gia, Iic d6 s6 hoc sinh tham gia
cac cau lac bo nay khong vwrot qua 4.8 =32 hoc sinh it hon 35 hoc sinh, dan dén gia st trén 13
sai.

Vay c6 mot cau lac bd gom it nhat 9 hoc sinh. Piéu phai chitrng minh.

Bai 25 (Dé thi vao 10 - Toan chuyén - tinh Ha Nam nam hoc 2024 - 2025)

Tim tit ca cac sO tw nhién » sao cho 2n—1 va 3n+1 la cac s6 chinh phwong va 6n—13 la so

nguyén to.

Loi giai:

Vi 6n—13 laso nguyéntova ne N nén n>3.

Ta c6 2n—1 va 3n+11a cac s chinh phwong nén 2n—1=a’; 3n+1=>b" véi a;he N
= 2b* -3a’ =5 (1)

Tacé 6n—13=32n-1)-10=3a> = 2(2b> —=3a>) =9a> —4b> = (3a - 2b)(3a + 2b) (2)

3a-1

Vi 6n—13 la s6 nguyén t0, ma 3a—2b<3a+2b néntir (2)tacd 3a—2b=1=b=

a=-1

a=3

3a-1 3a-1

2
Thay b = vao (1) ta dwoc 2( ) —3a2:5:>3a2—6a—9:0:{

Vi a e N nén a =-1 khong thoa man.

Voi a=3thi b=4,n=5 va 6n—13=17 (thdéa man).

Vay n =5 la gia tri can tim.

Bai 26 (D& thi vao 10 - To4n chuyén - tinh Bic Kan ndm hoc 2024 - 2025)

Tim tat ca cac cdp s6 nguyén (x; y) théamén x* —xy+3x-2y° -3y -3=0.
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Loi giai:

Co xz—xy+3x—2y2—3y—3:O:>x2—(y—3)x—2y2—3y+2:5
Xét phwong trinh bac hai: x° —(y—3)x—2y2 -3y+2=0
A=(By+1) =>x=2y-1,x=—-y-2

Co xz—(y—3)x—2y2—3y+2:(x—2y+1)(x+y+2)

Vay phuong trinh da cho c6 dang : (x -2y +1)(x+y+2)=5

X=—=
—-2y+1=1 =2 -2y+1=5
THL: " T =T TH2: |© - 3 (loai)
xX+y+2=5 y=1 x+y+2=1 5
X= %
3
__1¢6
x=2y+1=-5 x=-4 x=2y+l=-1 e 3 :
TH3: = THA4: = (loai)
x+y+2=-1 y=1 182 =5 5
y=—§

Vay 6 2 cdp sO nguyén (x; y)can timla: (2;1),(-4;1).

Bai 27 (Pé thi vao 10 - Toan chuyén - tinh Thai Nguyén ndm hoc 2024 - 2025)

a) Chirng minh ring 10°** +2024 chia hét cho 3;

b) Chirng minh rang n’ +2024n + 2 khéng chia hét cho 10 +2024 vé&i moi s6 tw nhién n.
Lo giai:

a) Vi 10 chia cho 3 dw 1 nén 10> chia cho 3 dw 1.

2024 chia cho 3 du 2.

Vay 10°°” +2024 chia hét cho 3. (1)

b) n’ +2024n+2=n"—n+2025n+2

= n(n—l)(n+1)+2025n+2
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Vé&i moi so tw nhién » thi n—1, n, n+1 12 3 s6 nguyén lién ti€p nén trong 3 s6 dé c6 ding mét s

chia hét cho 3.
Do d6 n(n—1)(n+1) chia hét cho 3 v&i moi s6 tw nhién .
Vi 2025 chia hét cho 3 nén 2025x chia hét cho 3 v&i moi so tw nhién x.

Do d6 n(n—1)(n+1)+2025n+2 chia cho 3 dw 2 véi moi s6 tw nhién n. (2)

T (1), (2) suy ra n’ +2024n +2 khong chia hét cho 10" +2024 véi moi s6 tw nhién ».

Bai 28 (P& thi vao 10 - Toan chuyén - tinh Thai Nguyén nim hoc 2024 - 2025)

n—

Chirng minh rang khong ton tai s6 tw nhién » dé cad hais6 » va déu 1a cac s6 chinh phuwong.
Lo gii:

=2 2 . ~N A ~ 2 . N\ n - 10
Gia st, ton tai s6 tw nhién » dé€ cahaisé » va

déu la cac s6 chinh phuwong.

n=k2 ' 19 12
Az e e n=k n==k
Khido, tontai k£, me N saocho: <19 ,= = .
3 =m n—-10=3m’ n=10+3m’

Dodd k> =10+3m” = k> -3m* =10. (1)

Suy ra k> =3m* (mod5). (2)

Ta c6 nhén xét sau: M6t s6 chinh phwong khi chia cho 5 thi s6 dw chi c6 thé 1a mét trong cac sé: 0;
1; hoac 4.

Tir d6, suy ra 3m”chia cho 5 thi s6 dw chi c6 thé 1a mét trong cac s6: 0; 3; 2. (3)
k* chia cho 5 thi s6 du chi c6 thé 1a mdt trong cac s6: 0; 1; 4. (4)

k* =0 (mod5)

Tw (2), (3), (4) suyra {3m2 _o (modS)'

Vi 3 va 5 1a hai s6 nguyén t6 cing nhau nén tir 3m° =0 (mod5) suy ra m’ =0 (mod5).
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k* =0 (mod5) {k =0 (mod5)
suy ra

Vi 5 1a s6 nguyén t6 nén tir .
m* =0 (mod5) m =0 (mod5)

| k* =0 (mod25) ) 5
Do dé suyra k- —3m" =0 (mod 25). (5)

m* =0 (mod25)
Tw (1), (5) suyra 10 = 0 (mod 25). biéu nay vo ly.
Do dé, diéu gia st 12 sai.

n_

Vay khong ton tai sO tw nhién » dé cdhaisé » va déu la cac s6 chinh phwong.

Bai 29 (bé thi vao 10 - Todn chuyén - tinh Lang Son ndm hoc 2024 - 2025)
Gidi phwong trinh sau day trén tip s6 nguyén: 2x°y +8x° + y =11

Lo giai:

2x°y+8x° +y =11 =2x*(y+4)+y+4=15 =>2x° +1)(y+4) =15

Vi x, y nguyén nén 2x” +1; y+4 lawéc cla 15, chti y 2x” +1> 0 tir dé ta duwoc

2x7 +1 15 1 3 5
y+4 1 15 5 3

x (loai) 0 1 hoac-1 (loai)
y (loai) 11 1 (loai)

Vay phuong trinh c6 cac nghiém (x; ) € {(0;11);(1;1); (—1;1)}

Bai 30 (Pé thi vao 10 - Toan chuyén - tinh Lang Son nim hoc 2024 - 2025)

binh ly Wilson phat biéu & dang chia hét nhw sau: “Cho s6 nguyén dwong n > 2, khi dé »n 1a sé
nguyén t6 khi va chi khi (n—1)! +1 chia hét cho n”; véi ki hiéu n!=1.2.3..n la tich cia n s6
nguyén lién tiép tir 1 dén n va 0!=1.

a) St dung dinh 1y Wilson chirng minh rang: “» 13 s& nguyén t6 thi (n—2)! —1chia hét cho »".
b) Hay chirng minh chiéu ngwoc cta dinh Iy Wilson: “S6 nguyén dwong n > 2 thoéa man

(n—1)! +1chia hét cho n thi n 1a s6 nguyén t&".
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a) Xét (n-1)+1=(n-1)(n-2)=(n-1)+n=(n-1)|[(n-2)"=1] +n

Theo dinh Iy Wilson, ¢6 (n—1)41in, nin= (n—1)[(n—2)'—1]n

Ma (n—1; n)=1 véimoi n nén (n—2)!- 1:n (Diéu phai chirng minh).

b) Do (n—1)!+1:n= (n—1)!=—1 (modn)

Gia stt n khong phai s6 nguyén to = n >4

V&i n=4 thi (n—1)!=3!=2 (mod4) (khong théa man)

Vé&i n >4, do n khong nguyén t6, dit n= pg voi 1< p<g<n

TH1: p<q = p;q €{2:;3;..;n—1} khi d6 = (n—1)!i pg = (n—1)!in (m4u thuln)

TH2: p=qg=n=p’

Khidé (n—1D)lp ma p>1=n—-D4+1/p= (n—1)+1/ p> = n (mau thuin)

Tl d6 ta c6 diéu gia st 1a sai. Vay ta c6 diéu phai chirng minh.

Bai 31 (bé thi vao 10 - Toan chuyén - tinh Lang Son ndm hoc 2024 - 2025)

Viét cac s6 nguyén dwong lién tiép 1, 2, ..., 2022 trén bang; goi m, n la wéc nguyén to cta 2025,
ngudi ta thwe hién moi buéc nhw sau: Hai s6 bat ki a,b & trén bang sé bi x6a di va viét thay thé
1én bang so ‘ma — nb‘ hoac ‘ma + nb‘ . Thuc hién lién tiép cic buéc nhw trén, hoi rang cudi cing

trén bang c6 thé con lai duy nhat s6 2024 hay khong?

Viban dau c¢6 2022 sé nén sé c6 1011 s6 1é

Goi s8 cac sd 1é con lai trén bang sau lan thay thé thir £ la »n, (vi du khi chwa thay thé 1an nao thi
n, =n,=1011)

Ta c6: 2025 1a s6 1é suy ra m;n 1a cac s6 1€, khi d6 ta cé cac nhin xét sau

+ Néu a, b c6 1 s6 chan, 1 s6 1é thi ma —nb va ma + nb déu la cac sé6 1é

= néu thuc hién thay thé thi s6 cac s6 1é khong doi

+ Néu a, b1a 2 s6 chdn thi ma —nb va ma+nb cung chan

= néu thwc hién thay thé thi sé cic s6 1é khong doi

+ Néu a, bla 2 sd 1é thi ma —nb va ma+ nb cing chan

= néu thuc hién thay thé thi s6 cac s6 1é gidm di 2 s6
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Nhu viy sau moi lan xda thi s6 cac s6 1é hoidc khong ddi, hodc giam di 2 s6. Nghia la sau & lan
thay thé thi tit cd cic n, déu chung tinh chit chanlé ma n,=1011 lalé nén n, 1al1é véi moi k.
= n, khong thé bang 0

Do vay néu x6a dén khi con lai s6 cudi cung thi sd d6 bat budc phai la s6 18.

Vay s cudi cung trén bang khong thé bang 2024.

Bai 32 (Pé thi vao 10 - Toan chuyén - tinh Tuyén Quang nidm hoc 2024 - 2025)

2023
=2

a) Chirng minh rang 4 +3m” +6n—23 chia hét cho 3 véi moi s6 tw nhién m, n.

2 — \ A ~ A
33022 4 4 ]a mot s6 nguyén to.

b) Tim tat ca cac cdp s6 tw nhién (m, n) dé B =
Lo giai:

a) Tach 2 =—1(mod3) = 2 = —1 (mod3). Suyra 4 =2 +3m> +6n-23=-1-23=0 (mod?3).
b) Néu X =3m* +6n—-22<0 thi B¢Z, dodé X =3m’ +6n—-22>0.

Tacé X =3(m’+2n-8)+2= X =2 (mod3) = X =3k+2 (ke N),

Dod6 B=3"*?+4=927"+4=9.1+4=0(mod13)= B =13.

Tt B=13 suyra k=0=3m’ +6n-22=2

m*+2n-8=0

5, 5 8—m’>>0 m> <8 m* =0 m=0
n=8—m" = S m?io =5 .. = = .

Vay cap s6 tw nhién can tim la (0,4), (2,2).

Bai 33 (Pé thi vao 10 - Toan chuyén - tinh Tuyén Quang ndm hoc 2024 - 2025)

Ban dau, trén bang c6 n s6 nguyén dwong dau tién dwoc viét lién tiép tir trai qua phai:
1,2,3,...,n—1, n. Ta thwc hién tro choi d6i s6 nhw sau: M6i lwot choi, 14y ba sé dirng lién nhau

a,b, c vaddichd a voi ¢ thanh c, b, a. Hoi sau hiru han lwot choi nhw trén ta c6 thé thu dwoc day
s6 ngwoc lai n,n—1,..., 2,1 hay khong, néu:

a) n=75; b) n=2024.
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Lo giai:

a) V&i n =5 tathuc hién cac buéc bién déi nhw sau:

A~ b B b~
W Wb = W W
[N NS I S IS e

1 5
1 5
3 5
3 1
5 1
O trwong hop nay ta thu dwoc diy ngwoc lai sau 5 1an bién déi.

b) V&i n = 2024 : Ta thiy rang v&i cach ddi nhw trén thi cac s6 1& ludn & vi tri 1é con s6 chdn ludén &
vi tri chan. Ban dau s6 2024 & vi tri chdn, do d6 n6 khong thé chuyén vé vi tri dau tién trong day

s6 2024, 2023,..., 2, 1 dwoc. Vi vay sé khong thu dwgc diy ngwoc lai néu n = 2024.

Bai 34 (P& thi vao 10 - Toan chuyén - tinh Thai Nguyén nim hoc 2024 - 2025)

Chitng minh rang 2025" + n” +2024n + 5 khong phai 1a s6 chinh phwong véi moi s6 tw nhién x.
Loi giai:

Ta c6 nhén xét sau: Mot s6 chinh phwong sé c6 dang 4k hoac 4k +1 véi k€ N.

Vi 2025 chia cho 4 dw 1 nén 2025" chia cho 4 dw 1 (v&éi moi sO tw nhién »n).

2024n chia hét cho 4 (v&i moi s6 tw nhién n).

5 chia cho 4 duv 1.

Vi n” 12 s6 chinh phwong nén xay ra cac truong hop sau:

Truong hop 1: n° chia hét cho 4.

Khi d6, 2025" +n*> + 2024n + 5 chia cho 4 du 2.

Theo nhan xét trén thi 2025" + n” +2024n + 5 khong phai 1a s6 chinh phwong.
Truong hop 2: n° chia cho 4 dw 1.

Khi d6, 2025" +n* +2024n+5 chia cho 4 du 3.

Theo nhan xét trén thi 2025" + n* +2024n + 5 khong phai 1a s6 chinh phwong.

Vay 2025" +n”° +2024n + 5 khong phai 1a s6 chinh phwong véi moi s6 tw nhién ».
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Bai 35 (P& thi vao 10 - Toan chuyén - tinh Thai Nguyén nim hoc 2024 - 2025)
Cho tip hop S gom c6 18 s6 tw nhién khac nhau bat ky.

a) Lay ra 5 phan tir bat ky cua tap hop S. Chirng minh rang trong 5 phan tir 14y ra d6 ludn ton tai

3 phén t c6 tong chia hét cho 3.

b) Chirng minh rang luén ton tai 9 phan tir ctia tAp hop S co téng chia hét cho 9.

a) M6t s6 tw nhién bat ky khi chia cho 3 sé c6 s6 dw 1a mot trong cac so: 0; 1; 2.

Theo nguyén ly Dirichlet, trong 5 phan t& bat ky cda tap hop S Kkhi chia cho 3 sé cé it nhat 2 s6 c6

cung soO dw. Khi d6, c6 thé xay ra cac trwong hop sau:

Trwong hop 1: C6 2 s6 chia cho 3 ¢6 cung s6 du 7, 2 s6 chia cho 3 ¢6 cung s6 duw 7, va 1 s6 chia

cho 3 c6s6 dw r,. Trong d6 r, r,, r, 1a 3 s6 d6i mot khac nhauva r, +r, +r, =3.

Khi d6, chon ra 3 s6 gom: 1 s6 chia cho 3 c6 s6 dw 7, 1 s6 chia cho 3 c6s6 dw , va 10 chia cho 3

c6 s0 dw r,. Tong cla 3 s6 do6 chia hét cho 3.

Trwdng hop 2: C6 it nhat 3 s6 khi chia cho 3 ¢6 cung s6 dw.
Khi d6, luén 14y ra dwgc 3 s6 ma khi chia cho 3 ¢6 cung sé dw. Tong ctia 3 s6 d6 chia hét cho 3.

b) Chia tap hop S thanh 3 tap hop con la: Tap hop S,c6 5 phan tit, S, ¢ 5 phan t, S, c6 8 phan

ti (S, S,, S, d6i mot khéng c6 phan ti chung).

Theo y a, ta co:

Trong S, talay ra dugc 3 phan ti c6 tong chia hét cho 3. Ki hiéu la qa,, a,, a;.
Trong S, taldy ra dwoc 3 phan ti c6 tong chia hét cho 3. Ki hiéu la a,, a., a,.
Trong S, taldy ra dwoc 3 phan tir c6 tong chia hét cho 3. Ki hiéula a., ay, a,.
S6 phan t con lai cua cactap hop S, S,, S, 1a: 9 phan ti.

Trong 9 phin tir d6, ta 1dy ra dwoc 3 phan tir c6 téng chia hét cho 3.
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Kihiéula g, a,,, a,,.

Trong 6 phén tir con lai, ta 14y ra dwoc 3 phian ti ¢ tong chia hét cho 3.

Kihiéula a,, a,, a..

Gid st @, +a, +a, =3n,;; a, +a, +a, =3n,; a, +a, +a, =3n,;

a,+a, +a,=3n,; a;+a, +a, =3n, v0i n, n,, n,,n,, n, € N.

Trong 5 s6 tw nhién n,, n,, n,,n,, n; (c6 thé c6 cac s§ bang nhau) ta 14y dwgc 3 s c6 tdng chia hét

cho 3. Khong mait tinh tong quat, gia st 3s6 d6 1a n,, n,, n,. Tacod: n, +n, +n, =3k (k € N).Khi d6
a, +a,+a, +a, +a, +a, +a, +a, +a, =3(n, +n, +n,) =9 chia hét cho 9 (diéu phai chirng minh).
Bai 36 (Pé thi vao 10 - Toan chuyén - tinh Lang Son ndm hoc 2024 - 2025)

1) Tim t4t ca cac cdp s6 nguyén (x;y) théa man phwong trinh x* +5x+6y +3xy +1=0.

2) Cho biét Pinh If Fermat nhd: “Cho s6 nguyén té p.NE&u sé nguyén x khong chia hét cho p thi
x’" =1(mod p), hay la x*"' —1ip

a) Chirng minh ring véi moi s6 nguyén « thi @’ —a:5.

b) Cho hai s6 nguyén a, b.Goi p=4k+3 (keN)Ias6nguyéntdva p lawéccia a’ +b°.
Chrng minh rang p 1a wéc chungctia a va b.

3) Cho tAp hop S gom 2023 diém trén mit phang sao cho khong c6 ba diém nao thang hang,
khong c6 bdn diém nao nam trén cing mot dwong tron. Chirng minh rang ton tai ba diém 4, B, C
thudc tip S sao cho: bén trong dwong tron ngoai ti€p AABC c6 dling 674 diém cua tip S'.

Loi giai:

1) x2+5x+6y+3xy+1:O:>(x+2)(x+3y+3):5

xX+2 1 5 -1 =5
x+3y+3 5 1 -5 -1
X -1 3 -3 -7
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y 1 -2 - 1
3
Kétluidn | Théa min Loai Loai Théa man

Vay phwong trinh c6 cac nghiém nguyén (x;y) e {(-1;1);(-7;1)}.

2)a) Néu a:5 thi a’ —a:5;

Néu a5, ap dung dinh li Fermat thi «¢* —1:5, do d6 @’ —a :a(a4 —1)55.

Ta c6 diéu phai chirng minh.

b) Néu aip,vi a’ +b° chiahétcho p nén b*:p=b:p(vi p 1as6 nguyén to).

Suy ra p la wéc chung cia o va b.

Néu alp,vi a’ +b* chiahétcho p nén b’/ p=blp.

T @’ +b* =0(mod p) = a* =—b* (mod p), chti ¥ ring pT—lz 2k +11as618,

=

1

p-1

dodé (a*) 2 =(-b")? (modp

a
theo dinh li Fermat thi {

Tl (*) va (**) thitasuyra 1=—I(mod p) = 2=0(mod p) hayla 2:p

diéunay vo livi p lasé lé.

Do d6 diéu gia st sai, tirc 1a a, b:p hayla p la wéc chung clia ¢ va b.

)= a”" =-b""(mod p) (¥)

" =1(mod p)
b"" =1(mod p)

3) Lay 2 diém A, B sao cho tat ca cic diém cta tdp S nam vé

cung mot phia cia dwong thang AB.

Nhdn xét:Voi diém X, va X, batki. Xét dwong tron ngoai tiép

tam giac ABX, (nhw hinh vé). Thé thi: X, , & ngoai dwong tron

nay khiva chikhi AX, B< AX B.

Chitng minh nhdn xét: X, & ngoai dworng tron ngoai ti€p tam

giac ABX, khiva chi khi mot trong hai dwong AX
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AX ., cat dwong tron ngoai ti€p tam gidc 4BX, tai M . Khi d6, theo tinh chit goc ngoai tam giac

thi AX , B< AMB = AX B (cac truong hop hinh vé suy bién khac c6 thé 1ap luan twong tw).

Vi 4 diém bAt ki khong nam trén dwong tron, do dé ta danh s6 cac diém con lai cia tap S (trir

4,B)la X, X,,..., X,,, saocho AX B> AX,B>..>AX B> AX B>..>AX,, B.

Chon dudng tron (A4X,sB), thi cé dung cac diém X,, X,,..., X,;, ndm trong duong tron nay.
Bai 37 (P& thi vao 10 - Toan chuyén - tinh Phi Tho ndm hoc 2024 - 2025)

Tim tat ca cac cdp s6 nguyén (x, y)théamin 4x* +5y” +4xy —4x—-2y—-8=0.

Loi giai:

Taco: Qx+y—17+4y’ =9 =9>4y> =’ S%:yz €{0;1;2}

(Thtr lai théa man).

dx—y+1=43 [x=Ly=0
Véiy220:>(2x—y+l)2:9:>{x ¢ :{x Y

y=0 x==2y =0

V6i y* =1= (2x+ y —1)* =5 = Phwong trinh khong c6 nghiém nguyén.
V6i y* =2 = (2x+ y—1)’ =5 = Phuwong trinh khong c6 nghiém nguyén
Vay (x;y) € {(1;0);(-2;0)}.

Bai 38 (P& thi vao 10 - Toan chuyén - tinh Pht Tho nam hoc 2024 - 2025)

Trong mot budi t6 chirc 1€ tuyén dwong cho cac hoc sinh c6 thanh tich hoc tap xuit sac clia mot
tinh, ngoai trir ban Binh, hai ngu¢i bat ki déu bit tay nhau. Binh chi bit tay véi nhitng ngudi minh
quen. Biét rang moi cdp (hai ngwdi) chi bt tay khong qua mot 1an va cé téng cOng tat ca 454 cai
bat tay. Héi ban Binh c6 bao nhiéu ngudi quen trong budi 1é tuyén dwong d6?

Lo giai:

Xét nhém n hoc sinh gébm tat ca cac hoc sinh ngoai trir Binh (n € N,n > 2)

Vi hai ngwdi bat ki déu bat tay nhau va bat tay khong qua 1 1an

= S0 cdi bat tay trong nhom 13 @
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n(n—1)

Do s0 ngwoi quen cia Binh khong vieot qué 7 nén 454 < +n=n2>30

Lai c6 @§454:>n§30.5uyra n=30.

30(30 1)
2

Do déd, s6 ngwdi quen ctia Binh 1a 454 — =19 (nguoi)

Bai 39 (Pé thi vao 10 - Toan chuyén - tinh Hoa Binh ndm hoc 2024 - 2025)

Két thiic nam hoc 2022 - 2023, Hoa hoi Binh: “Ban cd bao nhiéu bai kiém tra dat diém 8 va diém 9
vady?” Binh tra 1oi: “S6 bai kiém tra dat diém 8, diém 9 ciia to nhiéu hon 21 va téng sé diém ciia
cdc bai kiém tra do la 183”. Em hay tinh giip Hoa xem Binh c6 bao nhiéu bai ki€ém tra dat diém 8
va bao nhiéu bai kiém tra dat di€m 9 nhé.

Lo giai:

Goi s6 bai diém 8 va diém 9 ctia Binh dat dwoc lan lwot1a x, y (bai) (x, yeN )
Theo gia thiét x+ y > 21.

Tong s6 diém cia tit ca cac bai ki€ém tra d6 1a 183 nén ta c6: 8x+9y =183.

Ta co 183=8x+9y28(x+y):>x+y£%.

Do x+yeN va 21<x+y£% nén x+y=22.

(thoéa man).

L x+y=22 x=15
Ta c6 hé

=
8x+9y =183 =

Vay Binh dworc 15 bai diém 8 va 7 bai diém 9.

Bai 40 (P& thi vao 10 - Toan chuyén - tinh Dién Bién ndm hoc 2024 - 2025)

Cho a, b, ¢, d 1a cdc s6 nguyén théa mén: |a —b|+|b—c|+|c—d|+|d —a| = a®** +2025.

Chitng minh ring a'” —1 chia hét cho 16.
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Lovi gidi:

bata-b=x,b—c=y,c—d=z,d—a=t,khiddé x+y+z+t=0va

P =|x|+|y|+|z|+]e] = x|+ || + |x + y + 1| +]]

Ta xét cac trwong hop sau.

Trwdng hop 1: x+ y 13 s6 chdn, khi d6 |x|+|y| chan. Mat khac x+ y+¢ va ¢ cing chan hodc cling

1é nén |x+ y+¢|+|¢| chan suy ra P 1as6 chan.

Truong hop 2: x+y 12818, khi d6: |x|+|y| 1&. Mdt khac |x+ y +¢|+ ¢ c6 thé nhé4n 4 két qua sau:
x+y+2t,x+y,—x—y,—x—y—2t déulasélénén P 1asd chn.

2024

Vay a””* 42025 1as6 chdn suy ra a 12 s6 1é.

Cé: a”? —1= <a6 —1)(616 —i—l) = (a2 —1)((14 +a’ —|—1><a6 —H)

Do a lasd1é nén a” —1 chia hét cho 8 va a° +1 chia hét cho 2 nén a'> —1 chia hét cho 16 suy ra
diéu phai chirng minh.

Bai 41 (P& thi vao 10 - Toan chuyén - tinh Dién Bién ndm hoc 2024 - 2025)

Mot hoi nghi tham dw ¢6 n nguoi (n < 75), mbi ngudi dwoe xEp vao m hang. Téng s6 ngudi va sé
hang cong véi tich, thwong, hiéu ciia s6 ngudi va s6 hang bang 847 . Tinh s6 ngwdi tham dw hoi
nghi va s6 ngwdi ciia moi hang.

Lo gii:

Ta c6 phwong trinh sau: m+n+mn+n—m+ T 47 twong dwong 2n + mn + T 847
m m

Do 2n+ mn 1a s6 tw nhién nén i cling 1a s6 tw nhién suy ra n = km(k € N), thay vao phwong
m

trinh ta c6: 2km + km® +k =847 = k(m+1) =847 =71 nén m+1=11=>m=10va k=7

Vay téng c6 70 ngwdi va moi hang 7 ngudi.
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Bai 42 (Dbé thi vao 10 - Toan chuyén - trwedng THPT chuyén Lam Son ndm hoc 2024 - 2025)

Hai ban X va Y tham gia mot tro choi. C6 mét to gidy da viét 47 s6 nguyén tir 1 dén 47 va mot hop
dung n vién bi. X 1a ngudi choi truweéce, Y 1a ngudi choi sau va s¢ hiru hop bi. Hai ngwdi luan phién
thuc hién gach s8, moi lwot choi thi ngudi choi gach di 5 s8. Sau khi X choi xong lwot cudi cling thi
con lai 2 s6, hai s6 d6 chénh 1éch bao nhiéu thi Y phai dwa cho X bay nhiéu vién bi. Néu Y hét bi
hodc khong du sé bi d€ dwa cho X thi X thang cudc, nguoc lai néu Y con it nhat mot vién bi thiY
thang cudc.

a) V&i n =27, chirng minh rang Y luén c6 cach choi d€ thiang cudc.

b) Véi n =26, chirng minh rang X luén c6 cach choi d€ thiang cudc.

Lo gidi:

a) V&i n=27 thisd bi Y gitr 12 27 va c6 chién thuit dé Y thang nhu sau

+ Moi lan X x6a 5 s6 bat ki thi Y x6a 5 s bé nhat con lai, tro choi ct tiép tuc va Y sé thang.

+ Giai thich: Mdi nguoi dwoc x6a 5 s6 nén X sé duoc choi 5 luot, Y dwoc choi 4 lwot. Vi Y sé x6a

nhirng s6 bé nhit c6 thé nén chic sé c6 nhirng sd sau bixéa 1, 2, 3, 4, ..., 19,20 (s0).
Nhuw vay 2 s8 con lai sau khi thwc hién tro choi xong sé nam trong tap {21; 22; 23; ...; 46; 47}

Ma hiéu sd nay 16m nhit1a 47 - 21 = 26 tirc1a Y s& ludn con it nhAt 27 - 26 = 1 vién nén Y thiang

cuoc.
b) Véi n=26,X c6 chién thuat dé thang nhw sau:
+ O lwot d4u tién X x6a 5 s6 sau: 22, 23, 24, 25, 26

+ Chia 47 - 5 = 42 s6 con lai vao 21 nhom sau: (1; 27); (2; 28); (3; 29);...; (21; 47) cac nhdm nay

déu co hiéu gitra s6 16n va s6 bé 1a 26

+ Cit mdi lwot Y x6a 5 s6 thudc 5 nhém khac nhau thi X x6a 5 s6 con lai ctia 5 nhém dé, tredong

hop Y x6a ca 2 s cia 1 nhom thi X cling x6a 2 sd cia 1 nhém khac.
Nhuw viy 2 s6 cudi cung ludn cung 1 nhém, ching cé hiéu la 26.

Vay X thang cudc.

Bai 43 (Dé thi vao 10 - Toan chuyén - THPT chuyén Phan Bi Chdu Nghé An ndm hoc 2024 - 2025)

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 56



MathExpress Education | | www.mathexpress.vn

a) Cho x, y, z 1a cac s8 nguyén thoa min dang thirc xy — yz —zx =3. Chirng minh

A=(x>=2xz-3)(y* —2yz-3)(-z*> —3) 1a mdt s8 chinh phuong.
b) Tim tAt c& cAc nghiém nguyén cia phwong trinh 3x° +73xy + 2025 =3)°.

Lo gii:
a) Theo gia thiét, thay 3 =xy — yz — zx vao biéu thikc, ta c6 bién d6i nhw sau

A=(x"=2xz-3)y" =2yz=-3)(~z"=-3) =(x* = xz—xy + y2)(y* = yz —xy + zx)(~=z" — Xy + yz + zx)
= (2 =)@ =P =)x =)= 1 =2 =((= 1 =2)z=0)

Vi x, y, z 1a cic s6 nguyén nén (x— y)(y —z)(z—x) la s0 nguyén

Do d6 4 1a s6 chinh phwong. Bai toan dwoc chirng minh.

b) Gia st ton tai x, y nguyén théa man bai toan.

Dit y = x+d tabién d6i phwong trinh nhw sau: 3x° +73xy + 2025 = 3y’

= 3(3dx + 3dx> + d*) = T3x(x +d) + 2025 = x*(9d — 73) + x(9d> — 73d) + 3d* — 2025 = 0

Xem nhw phwong trinh bic 2 4n x, ta xét biét thirc A

A =(9d> —73d)? —4(9d —73)(3d’ — 2025) = (9d — 73)(d*(9d —73) — 4(3d" — 2025))

= (9d —73)(=3d> —73d” +2025.4) = (9d — 73)(9 — d)(3d> +100d +900)

2
Vi 3d2+100d+90023(d+?j +¥>O ma A >0 ta duoc ?Sd£9:>d:9

Thay vao phuong trinh ta dwoc 8x° + 72x+162=0=x = —% Z 7

Vay phuwong trinh vo nghiém nguyén.

Bai 44 (Dé thi vao 10- Toan chuyén-THPT chuyén Phan B6i Chiu Nghé An nidm hoc 2024 - 2025)
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Cho luc gidc déu c6 canh bang 6¢cm. Hoi c6 thé ddt vao trong luc gidc d6 7 hinh tron cé ban kinh

bang 2cm, sao cho bat ki hai hinh tron nao trong 7 hinh tron d6 khong cé diém trong chung?

Loi giai:
Ta chitrng minh két qua cta bai toan 1a phu dinh, thit vay

Xét hinh luc gidc déu ABCDEF, tAm O c6 canh bang 6.
Gia str c6 thé dat vao trong hinh luc gidc d6 7 hinh tron c6 ban kinh bang 2.

Lay cac diém 4,,B,,C,,D,,E,, F, trén - g

OA, OB, OC, OD, OE, OF thoéa min fa B,

04, = 0B, = OC, = OD, = OE, = OF, = 3,9

Goi O, 1a tam dwong trong thir i

Ky hiéu S 1a viing dién tich dwoc tao béi cac diém

A,4,B,B,,C.C,,D,D,E,E,,F,F, (dugc to bdi mau xanh

lam)

Nhan xét: O, khong thuoc § véimoii =1, 2, ..., 7

Chitrng minh: Gid st c6 O, € S,0, thudéc mién ABB 4,

Lic ndy tacé d(0,, AB) < d(AB,, AB) = A4,.sin60° =2

Dan dén (0,,2) khong ndm tron ven trong luc gidc ABCDEF (vd 1y)

Tai vi (0,,2),(0;,2) khong co6 diém trong chung v&i moi i, j nén ta cé 0,0, 24,Vi,j

Ta chia hinh luc gidc 4,B,C,D,E,F, thanh 6 hinh tam gidc déu c6 canh bang 3,9 1a: O4,B,,...,OF 4,
Theo nguyén ly Dirichlet, ton tai O,,0, cung thudc 1 hinh tam giac, gid stt1a 04,B,

Lic nay ap dung dinh ly cosin cho tam giac 00,0, ta c6

00, =007 + 00, —2¢0s00,0,.00,00, < 00} +00,* - 00,.00, (Vi cos00,0, <1) (1)

Dé chira dieu vo Iy, ta ddt OO, = x, 00, =y (x,y <3,9)
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Lucndy: x* +y° —xy<3,9x+3,9y—xy =3,9" —(x-3,9)(y-3,9)<3,9°

Tl day két hop véi (1) va 00, 24 = 4’ <3,9° (vo ly). Ta c6 diéu phai chirng minh.

Bai 45 (Dé thi vao 10 - Toan chuyén - tinh Ha Tinh nim hoc 2024 - 2025)

a) Cho phwong trinh x* + x*(ax+a—1)+ax=2-a (a la tham s6). Chitng minh rang néu « khac 2
va tit ca cAc nghiém cla phwong trinh da cho 1a s6 nguyén thi 2a° —6a+9 la hop s6

b) Tim tit ca cic s6 nguyén dwong a,b,c théoa man (a+1)(b+1)(c+1) =3abc

Lo gidi:

a)Taco:x* +x’(ax+a-D+ax=2—-a=x"(x"+D+ax(x>+1)-2(x* + D +a(x* +1)=0
S+ +ax+a-2)=0=>x"+ax+a-2=0 (vi X’ +1>0)

Tacod: A=a’—4a+8>0,Va.

Do d6 phwong trinh c6 2 nghiém phan biét véi moi ¢. Vi a#2=x#0.

X, +x,=-a

Khi do6, theo hé thirc Vi-et ta co: { =2a’-6a+9=a"+(a-3)

XX, =a—2
=(x, + x2)2 + (x,x, —1)2 = xl2 + x22 + xl2x22 +1= (xl2 + l)(x22 +1).

N \ 7 ~ A hY A xlz +1 ¢ 1
Vi x,x, lacacsénguyénva x, # x, nén y
x, +1=1

= (x,” +1)(x,> +1) [d hop s6 hay 2a” —6a+9 1a hop s6. Tir d6 ta c6 dieu phai chirng minh.

b) Khéng mét tinh téng quat gid st a>b>c.Tacod (a+1)(b+1)(c+1)=3abc (1)

=5,b=4
Néuc=1thi2ab+2a+2b=3ab:>ab—2a—2b+4=6:>(a—2)(b—2)=6:>{a 8 b3
a= , =
Néuc=2 =ab+a+b+1=2ab=(a-1)(b-1)=2=a=3,b=2
Né’uc23thi(1):>2:l+l+l+L+L+L+L<3.1+L2.3+%=1+1+L:3—7<2(v613’1)
a b ¢ ab ac bc abc 3 3 3 27 27

Vay (a,b,c) € {(5:4;1);(8;3;1);(3;2;2)} va cac hoan vi.
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Bai 46 (Pé thi vao 10 - Todn chuyén - tinh Ha Tinh ndm hoc 2024 - 2025)

Trong hinh luc giac déu c6 canh bang 4 cho 257 diém phan biét. Chirng minh rang ton tai hinh
vudng c6 canh bang 1 chita it nhat 5 diém (c6 thé thudc canh hinh vudng) trong sé cac diém da
cho.

Loi giai:

Goi (0) ngoai tiép luc giac déu canh 4

Khi d6 (0) c6 ban kinh R =4

Goi ABCD la hinh vuéng ngoai ti€p (0) = Canh hinh vuéng1a 8

Chia hinh vuéng thanh 64 hinh vudng nhé canh bang 1

C6 257 diém phan biét ma c6 64 hinh vuéng

Theo nguyén ly Dirichle ton tai 1 hinh vudng canh bang 1 chita it nhat 5 diém trong sd cac diém

da cho.

Bai 47 (Pé khao sat vao 10 - Toan chuyén - tredng THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025)
Giai phwong trinh nghiém nguyén dwong: 5(x* + xy+ y°) = 7(x + 2y).

Loi giai:
T gia thiét suy ra: 7(x+2y)§5:>(x+2y)35:>x+2y=5m:>x:5m—2y (meN*)
Thay vao phuwong trinh ta c6: (5m—2y)2 +(5m=2y)y+y* =Tm=0=3y" —15my +25m> —=Tm =0

Phuwong trinh (4n y )c6 nghiém nén A = 225m’ —12(25m2 —~ 7m) >0=75m" —84m<0=0<m< %

Do m la s6 nguyén dwong nén m=1

= (x,y) = (1,2)

x=5-2 x=5-2
Voi m=1,ta du'c_rc{ Y { 4

3y2—15y+18:o:> (y-2)(y-3)

Nhin xét. Cling c6 thé gidi cAu 3a) theo cach sau:

0
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Gidi phwong trinh nghiém nguyén dwong: 5(x° +xy + y°) = 7(x + 2y).

Vix,yeN* taco: 5(x>+xy+y°)=T(x+2y) = 5(4x" +4xy +4y°) =28(x +2y)
= 15x +5()c+2y)2 :28(x+2y) :>5(x+2y)2 <28(x+2y):>x+2y<%:>3Sx+2y§5

Tlr phwong trinh suy ra: 7(x+2y)i5= (x+2y):5 (vi (57)=1)

x+2y=5
= (x,y) =(1,2)

2

Dandén x+2y=5= )
X +xy+y =7

Vay phuong trinh c¢6 nghiém nguyén dwong: (x,y)=(1,2).

Bai 48 (Pé khao sat vao 10 - Toan chuyén - tredng THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025) Cho » 1a s& nguyén dwong va d 1a wéc dwong ciia 2n°, chitng minh »n° +d khong
phai la s6 chinh phuwong.

Lovi gidi:
5 ’ n’ +d=m’
Gia st n” +d 1a s8 chinh phuwong, ta c6 (m,k e N*)
2n° =d.k
n+d=m h
= 19,2 ., — 2+ 28— = %k 420k = mike
ko
kY kY k kY
:>k2+2k:(m—j vi keN*:{m—j eN*:m—eN*:(m—] 12 s6 chinh phwong = k* + 2k
n n n n

1a s6 chinh phwong. Nhung ta c6 k* < k” +2k < (k + 1)2 nén vo ly, din dén gia st sai.

Vay n’ +d khéng chinh phwong.

Bai 49 (Pé khao sat vao 10 - Toan chuyén - tredng THPT Chuyén Lam Son - Thanh Héa ndm hoc
2024 - 2025)
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Chirng minh rang tir 6 sd vo ti tuy y ta c6 thé chon dwoc 3 s8 a,b,c sao cho ca 3 s6

a+b,b+c, c+a déulasd vo ti. Bai todn con ding khong néu ban dau la 4 s6?

Lo gii:

Xét mot s6 A bit ky trong sau s6 dd, xét nam tong cia 4 véi nam so con lai. Ta thiy trong nam
tong nay it nhat c6 ba tong cung la s6 vo ti hoac cung la hiru ti.

*) N&u c6 it nhit ba tdng 1a vo ty chang han 4+ B;; 4+ B,; A+ B, 1a v0 ti, xét ba s6

B, + B,;B, + B,; B, + B,néu c6 mot s4 vo ty chang han B, + B, thibd ba sé (4,B,,B,) thoa man yéu
cau bai toan. Néu khong c6 s6 nao vo ti thi cd ba s6 d6 hiru ti, diéu nay dan dén
(B,+B,)+(B,+B,)—(B,+B,)=2B, hituti, vdly.

Trudng hop néu co it nhit ba téng 1a hiru ti changhan 4+ B; 4+ B,; A+ B, hitu ti

Thi ta ciing 14p ludn nhu trén d6i v6ibd (B, B,,B,).

Vay bai todan da dwoc chirng minh.
Bai toan khong con diing néu ban dau la bon s, chang han bd bén s6 sau: {a,1+a,1-a,—a} Vi a
vO ti khéng thé chon dworc ra ba sé c6 tong d6i mot vo ti.

Bai 50 (P& thi vao 10 - Toan chuyén - THPT Chuyén Hung Vwong - tinh Phi Tho ndm hoc 2024 -
2025)

a) Chirng minh ring véi moi s6 tw nhién » thi #° —9n+ 54 khéng chia hét cho 81.

b) Tim tit ca cic s6 tw nhién »n sao cho P=+n+6 ++yn+3v/n+6 1asd nguyén.
Lo gidi:
a) Gia st ton tai s6 tw nhién n dé n° —9n+54 chiahétcho 81 = n’ —9n+54:3=n:3

Dat n =3k, k € N. Khi dé: n’ —9n+54=27k>— 27k + 54 =27(k* —k +2).

Ma n’ —9n+54'81 nén k*> -k +2:3

Nhung k* —k +2=(k—1)k(k +1)+2 khong chia hét cho 3,Vk e N.

Vay véi moi s6 tw nhién » thi n° —9n + 54 khéng chia hét cho 81.
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b) Tacd P=+n+6++n+3Vn+6,PecZ.
= n+3Jn+6 :(P—\/n+6)2 =P +n+6-2PJn+6=+/n+ _P+6 o)

2
2P+3

Dodb vn+6ecQ ma n+6eZ=>~Nn+6ecZ=4\In+6 cZ.

2
4P~ +24
Co 4/n+ =—+=2P—3+ 33 .
2P+3 2P+3

Do 4Vn+6 €Z,PeZ = 2P+3 lawdccaa 33 (ma PZ\/E+\/3\/6),tatim dwoc P=15=n=43.
Vay n=43.

Bai 51 (Pé thi vao 10 - Toan chuyén - THPT Chuyén Hung Vwong Phii Tho nam hoc 2024 - 2025)
Trén mot dwong tron, 14y 2024 diém phan biét, cac diém dwoc t6 mau xanh va mau do6 xen ké
nhau. M6i diém dwoc gan véi mot gia tri la mot s6 thwe khac khong, gia tri cia moi diém mau
xanh bang téng gia tri ctia hai diém mau do ké vdi no, gia tri cia moi di€m mau dé bang tich gia tri
cda hai diém mau xanh ké v&i né. Tinh tong gia tri cha 2024 diém trén.

Lo giai:

Goi a,b lan lwot la hai gia tri dwoc gan vao hai diém mau xanh lién ké (ab # 0), khi dé gia tri duoc
gan vao diém mau doé xen ké n6 theo chiéu kim dong h6 dwoc viét dang a.b.

Theo quy ludt diém mau xanh va mau dé, ta suy ra gia tri cia 5 diém ti€p theo theo chiéu kim
dong ho thir twséla: b—ab,1- a,(l ~ a)(l —b),l —b,a(l —b).

Khi dé tong ctia 8 gia tri dwoc gan & trén 1a :
a+ab+b+(b—ab)+(1-a)+(1—a)(1-b)+(1-b)+a(1-b)=3.

Mit khac theo quy luat do, gia tri diém thir 9 theo chiéu kim déng ho 1a 4

Nhw vay 2024 gia tri trén dwoc chia thanh &824 =253 nhém, moi nhém gém 8 gia tri theo quy

luat trén.
Suy ra tong gia tri 2024 diém trén bang 253.3 =759.
Bai 52 (P& thi vao 10 - Todn chuyén - tinh Ba Ria Viing Tau nim hoc 2024 - 2025)

Tim tat ca s6 nguyén » sao cho »n’ +2n° +7n+7 chia hét cho n* +3.

Lo giai:
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Tacé n'+2n° +7n+7=(n"+3)(n+2)+4n+1.

Suy ra 4n+1 chia hét cho n* +3.

Lai c6 (4n+1)(4n—1)=16n" —1=16(n" +3)-49.

n=-2
n+3=7
Suy ra 49 chia hét cho #° +3. Do n”* +3 >3 nén ta dwoc =>|n=2
n’+3=49 2 _ 46
n =

Tht¥ lai ta dwoc n =-2 1a s6 théa man dé bai.

Bai 53 (Pé thi vao 10 - Toan chuyén - tinh Ba Ria Viing Tau nim hoc 2024 - 2025)

C6 6 vién bi, ban ddu dwoc chia thanh mot hodc nhiéu nhém, mdi nhém it nhat 1 bi. Ta thuc hién
lién tiép cac budc sau: moi Ian 14y & moi nhém 1 bi va 1ap thanh mot nhém méi.

Vi du: Néu ban d4u ta c6 hai nhém v&i s6 bila 5,1 thi sau buéc chuyén, nhdm 5bi con lai 4 bi,
nhém 1 bi khéng con bi ndo, va mot nhém méi dwoc 14p véi 2 bi. Nhw vdy, sau budc chuyén ta
dwoc 2 nhém méi c6 s bi lan lwot la 2,4.

Chirng minh sau mét sé bwéc chia nhém nhuw trén, ta luén chia dworc cac bi da cho thanh ba nhém
véi s6 bi trong moi nhém Ian lwot1a 1,2,3.

Lo giai:

T4t ca cach viét 6 thanh téng ciia mot hodc nhiéu s6 nguyén dwong la:
6=5+1=4+2=34+2+1=14+1+4=1+1+14+3=1+14+1+14+2
=14+1+14+1+14+1=14+14+242=2+2+2=3+3.

Ta c6 so do sau:

[2,LLL1] 2,2,11] —[411] - [3,3]

. d {
LLLLLY = [6] = [51] - [42] <«[3LL1] « [2,2.2]
d
B1.2]

Nén sau mot s6 budc ta sé thu dwoc 3 nhém va sd bi & méi nhém 1a 1,2,3.
Bai 54 (DPé thi vao 10 - Toan chuyén - S& GD & BT Ha Noi ndm hoc 2024 - 2025)
a) Tim t4t ca cic s6 nguyén x, y théaman x> +4y° =2xp(x —2y)+5

b) Cho m, n 1a cdc s6 nguyén thoa min m’ —mn +4n” chia hét cho 25.
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Chitng minh s6 m” + mn +4n” chia hét cho 25.
Loi giai:
a) Tacé x> +4)° =2xy(x—2y)+5 = (x—2y)’ —4—2xy(x—2y—2) =1

= (x—2y—2)(x—2y+2)—2xy(x—2y—2):1:> (x—2y—2)(x—2y+2—2xy)=1
Do x,y nguyén nén ta co6 cac trwong hop

x=2y-2=1

Truwong hop 1:
x=2y+2-2xy=1

=4-2xy=0=>xy=2vax—-2y=3=2y"+3y-2=0=y=-2;x=-1

x—2y-2=-1

Truwong hop 2:
x=2y+2-2xy=-1
=4-2xy=0=>xy=2vax—2y=1=2y"+3y-1=0 (khong thoa min)

Vaiy phwong trinh c6 nghiém duy nhit x=-1;y =-2

b) Ta c6: m* —mn+4n* = (m+2n)* —5mn:25 = (m+2n)* —=5mn’5 = (m+2n)*:5

m:5

= m+2n:5 = (m+2n)*:25 = 5mn:25 = mn:5 :{ s
n:

Néu m:5 thitt m> —mn+4n>:25=>m’ —mn+4n":5=4n*5=>n"5=ns
Néu n:5 thitt m> —mn+4n’25=>m’ —mn+4n":5 =>4m*:5S=>m’:5=>m5
Viy ta ludn cé {}:55 Suy ra m” +mn +4n>:25

Bai 55 (Pé thi vao 10 - Toan chuyén - S& GD & BT Ha Noi ndm hoc 2024 - 2025)
x'y

P+

Cho x, y, k 1a cac s6 nguyén dwong sao cho s6 p = la s6 nguyén t6. Tim &

Lo giai:

bit (x,y)=d; x=x.d, y=y.d, (d € N*) trong d6 (x,,y,) =1
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Ta co: xky:p-(x2+y2):>dk“xlk-ylZp-(xlerylz)- ™)

Ma x,y, nguyén td cing nhau véi x; +y; = pixl -y,
Hién nhién &k =1 khong théa man ( p S% )

k

TH1: x, =1;y, =1. Ta co: x:y:%:p:x:2,k:2,p:2.

TH2: x, =1;y, = p. Ta cé: x:d;y:dp:dz_:—;l;pzzp:dk” =d’+d’p’

Vi d*' =1+ p’ = p* =d"" —1=(d -1)-(d" 7 +...+1).

Néu k =2 thi p’> =d —1. Thay vao (*) théa man.
Néuk23=>d-1<d"’+..+1=>d-1=1thid=2 =d"“"'—1=3(mod 4) vd1yvi p* 1356 chinh
phuong.

TH3: x, = p; y, =1. Theo (*) khong théa man.

Vay k =2 thoéa man dé.

Bai 56 (Pé thi vao 10 - Toan chuyén - S& GD & BT TP Ha N6i ndm hoc 2024 - 2025)

Cho bang 6 vudng kich thwéc 6x6. O budec dau tién, ban Pan to d6 & 6 vudng bat ky ctia bang.
Sau do6, & moi budc ti€p theo ban Pan té dd cac 6 vudng ké v&i it nhat hai 6 da dwoc to do (hai 6
vuong dwoc goi 1a ké nhau néu ching c6 canh chung)

a) Chi ra mot cich td d6 23 6 cia bang & bwdc dau tién sao cho du sau bao nhiéu buéc, ban Pan
cling khong thé td doé dwoc tat ca cac 6 cia bang.

b) Tim gia tri nho nhit cua & dé ton tai mot cach to6 dé k£ 6 vudng ban dau sao cho sau mét s6 hiru

han bwéc, ban Pan té6 dé dworc tit ca cac 6 vuéng cua bang.

a) Ta té d6 23 6 vudng thudc hinh chit nhat 4x6 trong hinh vuéng ban dau

Dé thdy budc ti€p theo chi c6 thé td dwgc mot 6 thudc hinh chit nhat va khong thé td duoc ra
ngoai hinh chit nhit. Suy ra khong thé t6 hét hinh vuéng 6x6.

b) Ta chitng minh & > 6. That vay gid str v&i k£ <5 ton tai mot cach té théa man dé bai

Khi d6 sé ton tai 1 hang i khéng cé 6 vudng nao dwoc to tir dau (vi bang c6 6 hang)

Néu hang hodc cot nay & vi tri bién thi hang hoic cot d do6 sé khong thé t6 mau nén khong thé phua
kin hinh vudng.

Dé thay khong c6 hai hang lién ti€p nao khong cling cé 6 vudng nao dwoc td tir dau
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Néu hang nay khong phai vi tri bién thi hang nay chia bang 6 vuéng thanh hai phan trén va dwdi.
Ta tién hanh td mau riéng biét hai phan nay theo quy tac.

Sau do dé to dugc hét hang 6 vudng thi moi cap 6 vudng ddi dién nhau qua hang i phai c6 it nhit
mot 6 dwoc tdé mau dé va c6 it nhat mot cap 6 dwoc to mau do. Ta xét cac trwong hop sau (*)
TH1: Mot phén cé 1 6 va mot phan c6 4 6.

Dé thdy phan chita 1 6 1a hang & bién khong mat tinh t6ng quat gia st hang 1

Khi d6 theo (*) thi phin cha 4 6 phai td dwgc tat cd cac 6 cia hinh c6 kich thwéc 4x6 do cé it
nhit mot 6 & hang thir 6. Hai hang 4 va 5 c6 it nh4t m6t 6 nén hang th 3 c6 nhiéu nhat hai 0.
Nén ta khong thé t6 hét hang thi 3. Nén khong thé to6 hét bang 6 vudng sau htru han bude.

TH2: Mot phéan c6 2 6 va mét phan c6 3 6

Ly luin nhw trén ta thay khong thé t6 hét bang 6 vuéng sau hiru han buéc

Véi k =6 ta to theo dwong chéo bang thi thoa man dé bai.

Bai 57 (P& thi vao 10 - Toan chuyén - THPT Chuyén KHTN Ha N&i ndm hoc 2024 - 2025)

Tim c4c s6 nguyén dwong théa min dang thirc (x + y)’ +6xp+3y° + y =8x> +9x° +1

Cdch 1. Ta bién d6i phwong trinh nhw sau (x+ y)’ +6xy +3y” +y =8x’ +9x* +1
8x° —(x+y) +6x° —6xp+3x" -3y =y -1
(x—y)(7x2 +4xy+y2 +9x+3y) =y—1

Vi x,y nguyén dwong nén VP >0, kéo theo x> y.NéEu x# y thi x—y>1suyra VP=y—1>3y

hay 2y <—1volivi y nguyén dwong. Do vay, x = y kéo theo y=1.

Vay c6 ding mot cadp s6 (x;y) thoa man (1;1).

Cdch 2. Phuwong trinh da cho c6 thé viét lai thanh (x+ y)’ +3(x+ y)* +6x+ y = (2x +1)’

Suyra (x+ y)’ +3(x+ y)” + 6x + y 1a mot 1ap phwong ding.

Tacod (x+y) <(x+ ) +3(x+y) +6x+y<(x+y+2)

Nén (x+ )’ +3(x+ )’ +6x+y=(x+y+1)’

Khai trién va rat gon, ta dwoc 3x =2y +1 (1)

Honnitavi (x+ y)’ +3(x+y)’ +6x+y =(2x+1)’ nén (x+ y+1)’ = (2x +1)’ va tir diy ta c6 ngay

x+y+1=2x+1Kkéotheo x=y (2)
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Tl (1), (2) ta tim dwoc x =y =1 vacdp (x;y)=(1;1) la nghiém duy nhat ctia phuwong trinh.

Bai 58 (Pé thi vao 10 - Toan chuyén - THPT Chuyén KHTN Ha N6i nim hoc 2024 - 2025)

Tim t4t ca cac s6 nguyén dwong m sao cho co thé cat hinh vudng c6 canh bang m thanh ding 5
hinh chi* nhat ma d6 dai 10 canh cua 5 hinh chi* nhit d6 dwoc iy tir cac s6 1,2,3,4,5,6,7,8,9,10 va
moi s6 duoc 14y ding mot Ian.

Loi giai:

Goi kich thwéc cia cac hinh chir nhatla a, xb,,a, xb,,-+-,a, xb;. Thé thi 4p dung bat dang thirc AM-

GM, tacé m’ = ab, +a,b, ++--+ab; > 5yaa, ...abb,...b; = 510! >100

2 2

i i

Suyra m >11.Hon nita, vi a,b, < nén talai c6

s _al+b @b+ tal +b P +28 44107
m- < =
2

<196

Do déd, 11<m<13
+ Khi m =11, c6 thé cat hinh vudng canh 11 thanh 5 hinh chi nhat gom 1x9,2x 8,3x6,4x7,5x10,

Xem hinh vé duéi day

1x9

2x8

4x7

5x10

3x6

+ Khi m =13, c6 thé cat hinh vudéng canh 11 thanh 5 hinh chir nhat gdm 1x2, 3x7, 4x6, 5x10, 8x9.

Xem hinh vé duéi day
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3x7
4x6

1x2

5x10
8x9

Khi m =12, ta sé chitng minh m =12 khong thod man. That vy, ¢ 4 hinh chir nhat ndm & bén goc

cua hinh vuong. Xem hinh vé dwéi day

as b4=1 2-83

b;=12-a,

% l | bi=12-a4

a

O O, O
b,=12-a,; a1

MOdi canh hinh vudng dworc chia thanh hai canh c6 t6ng bang 12. Tuy nhién vi hai doan do dai 1 va
6 khong c6 canh twong (ng dé téng bang 12.
. I - . L PN 12—(a1+a3):6
Diéu nay c6 nghia la hinh chitr nhat & gitra phai la hinh 1x6. Suy ra
12—(a2 +a4) =1
Tir d6 ta tim dwoc @, +a, =6,a, +a, =11.Suy ra (a,,a,) 12 (2,4) hodc (4.2); con (a,,a,) 1a (3.8)
hoc (8,3). Khong mat téng quat c6 thé gid st (a,,a,)=(2,4). Nhungkhi d6 b, =12-a, =8, tic1a

canh c6 do6 dai 8 xut hién hai lan, trai véi yéu cau bai toan.
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Bai 59 (bé thi vao 10 - Toan chuyén - THPT Chuyén Sw Pham nim hoc 2024 - 2025)
Gia sir ta c6 quy tic * ma véi moi cdp s6 nguyén dwong (a;b), ta ludn xac dinh dwoc chi mot sé
nguyén dwong twong ng ki hiéu a*b sao cho ba diéu kién sau dwgc théa man:
e a*a=a v&imoiso nguyén dwong «;
e a*b=b*a v&i moi s6 nguyén dwong ¢ va b;
e a*b=(a—b)*b v&imoisd nguyén dwong a >b.
a) Tinh gia tri 16%¥2024.
b) Chi ra mot quy tac * théa man ba diéu kién trén.

Lo gii:
a) T gia thiét, dé thdy v&i a > kb, v&i k nguyén dwong thi

a*b=(a-b)*b=(a—2b)*b="-=(a—kb)*b

Str dung két qua nay védi chu y 2024 =126-16+8, ta duoc

16*2024 = 2024*16 = (2024—126 . 16)*16 =8*16=16* =8*8 =8

b) Ta s& chitng minh véi a,b 13 hai s6 nguyén dwong bat ky thi a*b=(a,b)

trong d6 (a,b) la wéc chung 16n nhit clia hai s6 a va b, 1a mét quy tic ctia phép todn * thoa min
yéu ciu dé bai. That vy, hién nhién a*a=(a,a)=a va a*b=(a,b)=(b,a)=b*a. Biy giv, ta sé chirng
minh (a,b)=(a—-b,b)

bat m=(a,b) va n=(a—b,b). Ta thiy riang

e Cahaisd a,b déu chia hétcho m nén a—b va b ciing chia hét cho m. Suy ra (a—b,b) chia hét

cho m, hay »n chia hét cho m.

e Cahais6 a—b,b déu chia hét cho n nén a—b+b=a va b ciing chia hét cho n. Suy ra (a,b)

chia hét cho », hay m chia hét cho ».

Nhw vay (a,b)=(a—b,b). Tir day, ta suy ra, v6i a>b thi a*b=(a,b)=(a—b,b)=(a—b)*b
Toém lai, a*b=(a,b) 1a mot quy tac ctia phép toan * thod man yéu cau bai toan.

Tém lai, a*b =(a,b) 1a mot quy tic ctia phép toan * thod man yéu ciu bai toan.
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Bai 60 (Pé thi vao 10 - Toan chuyén - THPT Chuyén Sw Pham Ha Noi nim hoc 2024 - 2025)

Cho bang vuong kich thwéc 8x8 dwoc chia thanh 8 hang, 8 cot, 64 6 vuéng don vi c6 cung kich
thuéc. Ta lat kin bang d6 bang cac domino mau den va domino mau trang (m6i domino nhw thé 1a

hinh gébm 2 6 vuéng don vi c6 chung canh) théa man ba diéu kién sau:
i) M6i domino phu ding 2 6 vudng don vi cta bang;

ii) Hai domino khong cung phti mét 6 vuéng don vi cia bang;

iii) Moi hinh vuéng gém 4 6 vuéng don vi cia bang déu c6 it nhat mot 6 vudng don vi dwoc phu
bé&i mot domino mau den.

Tim s6 nguyén dwong k nhé nhat sao cho ton tai mét cach lat bang ban dau théa mén ba diéu kién
trén ma trong cach lat do6 ta stt dung ding & domino mau den.

Lo giai:

Xét cac bang con 2x2 dwgc danh diu nhw hinh vé bén duwdi.

Trong moi bang con sé c6 it nhit mot 6 vudng dwoc t6 mau den. Do d6, s6 miéng domino mau den
can str dung khéng it hon 9, tirc £>9. Matkhac, véi k=9, cach 1at sau théa man yéu ciu dé bai (cac
doan thang mau xanh 14 ciy 1a c4c vi tri 14t cAc miéng domino mau trang).

Véy kmin = 9 -
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Bai 61 (P& thi vao 10 - Chuyén Tin - S& GD & DT Ha N§i nam hoc 2024 - 2025)

a) Tim t4t ca cic s6 nguyén x va y thdaman 2x” +2xy+3y=4y" +3

P _x-y
(2x+y)  p

b) Cho cac s6 nguyén dwong x,y va s6 nguyén to p théa man . Chirng minh

p=3y+2.
Loi giai:
a) Taco: 4x” +4xy+y° =9y -6y +1+5
2x+y) =@y—-1)+5
2x-2y+D)(2x+4y-1)=5
Do x, y nguyén nén ta cé cac trweong hop sau

2x—2y+1=1  [2x-2y=0
THl:{x ’ :{x ’

=>x=y=1
2x+4y—-1=5 2x+4y=6

Twong tw véi cac treong hop (5;1);(—1; —5);(—5;—1) ta dwoc cac nghiém (x, y) thoa man la (—2;1)
Vay hé phwong trinh c6 2 cdp nghiém (x, y) thoa man la (—2;1) va (1;1)
b)ROrang x# y = p° =(x—y)2x+y)’
T d6 p® chia hét cho (2x+ y)* nén p chia hétcho 2x+y
Vi x,y nguyén dwong nén 2x+y23=2x+y=p
Thayvao p* =(x—y)2x+y) =>x-y=1=x=y+1
Vivay p=2x+y=2(y+1)+ y=3y+2 vata c6 diéu phai chirng minh.
Bai 62 (Dé thi vao 10 - Chuyén Tin - S& GD & DT Ha N§i ndm hoc 2024 - 2025)
2

a- =a(a—c’). Ching minh h=c.

Cho a,b va ¢ la cac s6 nguyén dwong théa man

Lo giai:

2 2
Ta c6: ¢* =%:> ab+b*—atab=>b*-atab=a'b
a

Vi viy ton tai s6 nguyén dwong k sao cho a =bk.

Lic nay ta c6 dwoc b’k +b> —bk:b’k = b’k +b—k:bk

7 : bk N oA 2 2 2 2 2 2
Do dé b—k:bk = k:b:>k=b.V1vay a=b"=a-c"=0=>a=c"=kb=c=>b " =c"=>b=c.
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Bai 63 (P& thi vao 10 - Chuyén Tin - S& GD & DT Ha N6i nam hoc 2024 - 2025)

Cho bang 6 vuong kich thuwéc nxnva hai loai miéng ghép hinh “d4u cong”, “dau trir” nhw hinh
dwdi. Ta cAn phu kin bang 6 vuéng da cho bang cach sir dung ca hai loai miéng ghép, cdc miéng
ghép khong dwoc chong 1én nhau. Biét rang moi 6 vudng nho cia cac miéng ghép chong khit véi
mot 6 vuéng nho trong bang va miéng ghép “dau trir” c6 thé xoay 90°.

a) Chi ra mot cdch pht kin théa man yéu ciu trén véi n=6.

b) Tim t4t ca gia tri cha » dé€ bang 6 vudng kich thudc nxn cé thé dwoc phu kin bang cach st

dung ca hai loai miéng ghép trén.

Loi giai:
a) Ta c6 cach phu kin bang trong trudng hop n = 6 nhw sau: (phan mau trang dwoc ghép bdi cac

“ddu trir”)

b) Té mau bang n x n nhw hinh ban c& thi mot “dau trir” sé luén pha 1 6 trang, 1 6 den, mot “dau
cong” ludn ph 4 trang, 1 den hoic 4 den, 1 trang

Goi s “d4u trir” dwoc st dung 1a a, s6 “d4u cong” 4 trang - 1 den va 4 den - 1 trang lan luot duoc
str dungla b, c.

Khi do:

+ S8 6 trang dwoc phu la: a+4b+c
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+ S6 6 den dwoc phi la: a+b+4c

Ma bang t6 theo hinh ban co, nén hiéu s8 6 trang trir s6 6 den trong bang lu6én thudc {—1,0, 1} nén
3(b—c)e{-1,0,1}

Dodé b=c

Dan dén tong s6 6 trong bang 1a 2a +10b,1a mot s6 chdn, hay » phai chin.

V&i n=2, n=4 dé thiy khong thé phu dwoc.

Vi n=6 pht dwoc nén véi n chdn, n>8 batKki, ta chi cAn phii bang con 6 x 6 & mot goc nhuy 1),
phan con lai phti b&i cac “diu trir” 1a xong

Vay dé bang c6 thé phu dwoc thi » chdanva n>6.

Bai 64 (Dé thi vao 10 - Chuyén Toan - Tin - tinh Vinh Phiic ndm hoc 2024 - 2025)

a) Tim t4t ca cac s6 nguyén td p c6 dang 4k* +1 v&i k 1a mot s6 tw nhién

b) Chirng minh rang ton tai vd s& s6 nguyén dwong » dé n° +1lawécséctia O = 1.2.3...n.

Lo giai:

a) Tacé: p=4k*+1=2k* -2k +1)(2k* + 2k +1)

Vi p 1a mot s6 nguyén t6 va (2k* —2k +1) < (2k* + 2k +1) nén 2k° -2k +1=1=k € {0;1}
Thr lai, ta dwoc k=1 va p=5

Vay c6 duy nhit mot s6 nguyén t6 théa man yéu cau dé baila p =35.
2
b) Ta chon n=2k véi k chia 5 du 1, k>6. Khi dé n” +1=4k" +1=(2& —2k+1)[%j-5

2k* +2k +1

Cacs6 2k* -2k +1, ,5 1a cac s6 nguyén phan biét bé hon n=2k>. Do d6 »° +1 1a wdc cua

1-2-3---n. Ta dwoc diéu phai chirng minh.

Bai 65 (P& thi vao 10 - Chuyén Toan - Tin - tinh Vinh Phiic nim hoc 2024 - 2025)

Cho tAp A gobm 2025 s6 tw nhién lién tiép. Mot tip con B ctia 4 dwoc goi la tip con c6 tinh chit
“nodiv” néu hai phan tit a, b (a > b) bat ki thudc tap B déu théa man diéu kién a +b khong chia
hétcho a—b.

a) Chira mot tip con B clia A4 c6 tinh chat “nodiv’ ma B c6 dung 675 phan ti

o

b) Néu B 1a mot tip con ciia 4 ¢6 tinh chit “nodiv” thi B c6 thé c¢6 nhiéu nhit bao nhiéu phan tir?
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Lo giai:

a) bat 4= {n,n +1,...,n+ 2024} ,vOi n 1a sO tw nhién
Xét cac trurong hop sau:

+ TH1: n chia hét cho 3

Xéttap hgp B={n+Ln+4,n+7,..,n+2023}

Tap nay c6 675 phan tk va théa man diéu kién

b) Ta chitng minh tdp B c6 nhiéu nhit 675 phan tk
Théat vay, gid st tip B c6 khong it hon 676 phan tl

Ta chia tdp A4 thanh cadc nhém nhé nhw sau

{n,n+1,n+2}

{n+3,n+4,n+5}

{n+2022,n+2023,n+ 2024}
C6 tit ca 675 nhoém va hai s6 a;,a, phin biét bt ky & mo6i nhém déu théa man a, +a;, chia hét
cho a,—a,.Vitap B c6 khong it hon 676 phan tir nén ton tai hai phan tir ctia tap B thudc cliing
mot nhom nhd, hai phan t¥ nay sé khong c6 tinh chit “nodiv”, mau thuin
Nhuw viy tAp B c6 khong qua 675 phan ti.
Mit khac, cach xay dung tadp B nhw & ciu a théa man yéu cau bai toan
Vay tap B c6 nhiéu nhit 675 phan ti.

Bai 66 (D& thi vao 10 - Toan chuyén - tinh Bic Ninh ndm hoc 2024 - 2025)
Tim t4t ca cac s6 nguyén td p,q théaman p(p-1)=q(q’ -1).

Loi giai:

Tir gia thiét, do g +1>1va p(p-1)=q(¢°-1) = p(p-1)>q(q-1)=p>gq

Lai c6: g(¢—1)(g+1):p ,ma p las6nguyén t6, nén co it nhat 1 trong 3 s6 ¢,q —1,¢g+1 chia hét
cho p.
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Matkhac,do p>¢2>22=0<g-1<g<qg+1<p

Suyra g+l=p=¢g=2;p=3 (do p,q déulasé nguyén tf).

Thir lai thoa man, ta két luan bai toan c6 nghiém duy nhét (p;q)=(3;2).

Bai 67 (P& thi vao 10 - Toan chuyén - tinh Bic Ninh nidm hoc 2024 - 2025)

Cho mo6t manh gidy hinh vuéng. Manh gidy nay duoc chia thanh hai manh gidy bang mot dwong
cat thang. LAy mot trong hai manh c6 dworg, ta lai lam nhw trén nhiéu 1an. Hoi s6 1an cat it nhat

phai 1a bao nhiéu dé c6 thé nhan dwgc 100 da giac 20 canh.

Trwéec tién ta dwa ra mot s6 nhin xét sau (trong phong thi ban don gian chi can 14y thuéc cat gidy
nhap la sé thay nha):

Nhin xét 1: Mo6i nhat cat, s6 manh gidy ting ddng 1. Moi manh gidy dwoc cat ra déu 1a mot da giac
16i. Di€u nay hién nhién, c4n than c6 thé chirng minh bang quy nap.

Nhan xét 2: M6i nhat cit, tong s canh clia tit c cAc manh gidy tang 1én t6i da 4.

Diéu nay suy ra tir nhan xét 1, ta thdy mot dwong cat chi di qua tdi da 2 canh cia manh gidy da
giac 16, thém canh sinh ra tir dwong cat dwoc tinh 2 14n, thi chi c6 t6i da 4 canh tang thém.

Tir 2 diéu trén, ta biét rang qua & 14n cat, thi sé c6 dung k +1 manh gidy va t6i da 4 + 4k canh
trong tit ca cac manh giay.

Vay dé c6 100 da giac 20 canh, ta cin s6 1an cat k£ >99, va dong thoi

s& c6 it nhat k +1-100 = k —99 da giac khac ngoai 100 da giac 20 canh dang xét. Ta c6 bt dang
thic: 4+ 4k > 100~20+3(k—99) = k>1699.

Dén day, ta chi ra cach cat, khong qua phirc tap nhw sau. V&i da gidc » canh, ta cat duwong di qua 2
canh ké nhau, sé sinh ra dwgc da giac n+1 canh va 1 tam giac. Theo cach nay, sau 16 buéc cat dau,
ta ra dwoc 1 da giac 20 canh va 16 tam giac. Mdi Ian sau, ta dung 17 buwéc cat sé tao ra thém dwoc
1 da giac 20 canh. Ttrc cudi cung sé can: 16+17-99 =1699, thda man d4u bang. Vay can it nhat

1699 buérc cat dé thda man bai toan.

Bai 68 (Dé thi vao 10 - Toan chuyén - tinh Ha Giang ndm hoc 2024 - 2025)
Tim nghiém nguyén ctia phwong trinh (x+2y)(x—y)+5x+4y =-1.

Ta co: (x+2y)(x—y)+5x+4y:—1 :(x+2y)(x—y)+3(X+2y)+2(x—y):—1

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 76



MathExpress Education | | www.mathexpress.vn

:>(x—y+3)(x+2y+2)=5

Vi x,y€Z nén: (x—y+3;x+2y+2)={(51),(15).(-5-1),(-1-5)}.

xX—y+3=5 x=1 .
TH1: = . (Thoa man)

x+2y+2=1 y=-
r il
x—y+3=1 o 3 . L
TH2: = (Khong théa man)
x+2y+2=5 5
Yy=7
3
[ -19
X=—
x—y+3=-5 3 . , .
TH3: = (Khong théa man)
x+2y+2=-1 5
y=§

x—-y+3=-1 x=-5 ..
TH4: = (Thoa man)
X+2y+2=-5 y=-1

vay (x9)={(=1),(-5:-1)}

Bai 69 (bé thi vao 10 - Toan chuyén - tinh Quang Tri ndm hoc 2024 - 2025)

Tim tit ca cac s ¢6 hai chit s6 ab sao cho ab+ba 13 s6 chinh phuwong.

Lo gidi: Dat A=ab+ba=10a+b+10b+a=11(a+b).

Vi ab 1a's6 c6 hai chitsé nén a#0. Tathdy 1<a+b<18.

Gid sit 4 la s6 chinh phwong, thi khi phén tich 4 thanh cac thira s6 nguyén t6 thi s6 mii cac thira
s6 nguyén t6 phai chan, tiec1a gid st 4= p/" - p, ®... p", v&icac p,, p,,... p, 1a ¢ s6 nguyén td thi
a,,a,,...,a, déula s6 chan.

Do do6, néu A khong chia hét cho 11 thi s6 mii clia s6 nguyén 11 khi phan tich s& 1a 1, mau thuan.
Khi d6 a+b:11= a+b=11.Hay ta c6 cac cap gia tri sau thod man:

(a:b) €{(2:9):(3:8):(4:7):(5:6):(6:5):(7:4):(8:3)3(9:2)}

Thir lai ta thiy thoa man. VAy c6 s6 c6 hai chit s6 ab cin tim la:

ab € {29;38,47,56,65,74,83,92}.
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Bai 70 (P& thi vao 10 - Toan chuyén - tinh Quang Tri nam hoc 2024 - 2025)

Cho hai dong séi, A va B. Néu chuyén 100 vién séi tir dong A sang déng B thi s s6i & dong B gap
d6i s6 soi & dong A. Con néu chuyén mot so vién séi tir ddng B sang dong A thi s s6i & déng A gip
6 1an so séi & dong B. HAi dong A c6 it nhat bao nhiéu vién séi?

Lo gidi:

Goi s6 vién so6i & hai déng 4,B 1a x,y. Theo bai ta c6:

Néu chuyén 100 vién tir déng 4 sang déng B thisdséi & B gip 21an sb s6i & 4, tic la
2(x—100) =y +100(1).

Néu chuyén mot s6 vién tir dong B (gid strla ) sang déng 4 this6s6i & 4 gip 61ans6séi & B,
trcla x+a=6(y—a) (2)

Tir (1)(2), ¢6:

14a+300 _ _ 7a+1800

2x—y=300 |2x—y=300 ¥=6y-Ta=6-—0r7 K 1
6y-x=Ta  |12y-2x=14a 14a +300 3(a+1)
Yo yoox= =20 27 va
11
3(a+1)

Vi y nguyén nén nguyén hay a+1:11,do UCLN(11,3)=1.

x=Tk+163>7.1+163=170

Suyra a =11k -1, k 1a s6 nguyén dwong. Khi dé:
Y e ; {y =14k +26
Khi k£ =1. Thtlai véi x =170,y =40 thod man.

Vay s0 s6i it nhat cua dong 4 la: 170.

Bai 71 (Pé thi vao 10 - Toan chuyén - Thira Thién Hué nim hoc 2024 - 2025)

Cho a,b 13 céc s6 hitu ti. Chimg minh \/(a® + b*)(a—b)’ +a*b* 14 s6 hitu tf

Lo giai:

Ta co: \/(a2 +b*)a—-b) +a’b’ = \/a4 —2a’b+3a’h* —2ab’ +b* = \/(a2 —ab+b*) = ‘az —ab+ b’

Do a, b hitu ti nén a*,ab,b* hitu ti. Suy ra ‘az —ab+b2‘ hitu ti.

Vay (> +b°)(a—-b) +a’b’ hitu ti.
Bai 72 (P& thi vao 10 - Toan chuyén - Thira Thién Hué ndm hoc 2024 - 2025)

Cho a,b 1a cac s& nguyén dwong théa min a’ = 2b* + a°b. Chirng minh « chia hét cho 5.
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Lo gii:

Trwdc hét, ta sé chitng minh 4 va b cung tinh chan 1é

That vay, néu « 1 s6 1€ thi dé dang chirng minh dugc b clingla sé 1é
Né&u ¢ 12 s6 chan thi tir 26* = a°(a —b) 4 ta thu dwoc b 12 s8 chdn

Ta cé: a® =2b* +a’b = b(2b* +a*) nén a’ chia hét cho b

a > b_ [b—j va a, b cung tinh ch&n 1é nén 5*:a
a

Ngoai ra, do

Vivdy a va b c6 cung tip wéc nguyén to, gia st dé la {pl,pz,...,pn}
Dit a=p".pe..p2.b=pl.pl. . p’. Trong d6 «,, B 1a cic s6 nguyén duwong
Ta co: pr“" =a’=2b"+a’h= 21_[ pl+ pr“”ﬂf (1)

i=1 i=1 i=1

Né&u ton tai i € {1,2,...,n} sao cho ¢, < 8, chia hai vé ctia ding thikc (1) cho p*,

[T »7 =202 T1 p/”+p 1 p" @

I<j<n, ji I<j<n, j#i I<j<n,j#i
Ta nhén théy vé trai ctia (2) khong chia hét cho p, do (B, > «,)

Tir d6, ta ¢ diéu mau thuln. Viviy a, > ., véimoi i = 1,n.VAy « chia hét cho b.

Bai 73 (P& thi vao 10 - Toan chuyén - Thira Thién Hué ndm hoc 2024 - 2025)

a) Tim tit ca cac cdp s6 nguyén té (p; ¢) sao cho p’ +¢° +4pg +52 la s6 chinh phwong.

b) Tim tat ca cac cap s6 nguyén dwong (x; ) sao cho 5* -1=4y*

Lo giai:

a) Gia sir trong hai s8 p, ¢ khéng c6 s6 nao bang 2

Khi d6 p, ¢ 1a cAc s6 nguyén té nén p, ¢ 18, do d6 p> =1(mod4),q” =1(mod 4)

Cho nén p* +¢° +4pg +52 =2(mod4) khong thé 1a s6 chinh phwong, vi s8 chinh phwong chia 4
chi c6 thé c6 sd dw 1a 0 hodc 1.

Do d6 phai c6 mot s6 bang 2, gid st dola p.

Khi d6 ¢° +8¢ + 56 1a s8 chinh phwong

bat ¢> +8¢ +56=1t*(t e N)

Suyra (t—g—4)(t+qg+4)=40
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Vividy, t—qg—4 vat+g+4 déulauwéccuad40, honnitar—qg—4 < t+qg+4
Vat—g—-4,t+q+4cung tinh chan lé

Xét bang sau

t—q—4 -20 -10 2 4

t+qg+4 -2 -4 20 10

t -11 -7 11 7

q 5 -1 5 -1
Loai Loai Théa man Loai

Vay (p.q) €{(2:5);(5:2)}

b)Tacd:5  —1=4y* =5 =4y" +1=5" =2y" +1)’ = (2y)’ =5 =(2y* -2y +1)(2y* + 2y +1)

Do dé {2y2 TS beNa<batb=x)
2y° +2y+1=5"

Suyra (2y° +2y+1)i(2y° =2y +1)

Hay 4y:(2y° =2y +1) (1)

Thirvéi y =1, 2, 3 dwoc cdp (x, y)=(1,1) théa man

Vi y>3thi4y—(2y" =2y +1)=-2y(y-3)-1<0

Ma 2y* -2y +1 va 4ydéu dwong nén 2y° —2y+1 khongla wéc cia 4y maiu thuan (1)

Vay (x, y):(l, 1).

Bai 74 (DPé thi vao 10 - Toan chuyén - Thira Thién Hué nim hoc 2024 - 2025)

Cho mot bang 4x5 6 vudng gom 4 hangva 5 c6t (nhw hinh vé bén). Ta ghi cac s6 tw nhién tir 1

dén 20 vao cac 6, moi 6 chira diing mot s6 va cac s6 & moi 6 1a khac nhau. Goi d, voi i e {1;2;3;4}

la hiéu cia s6 1n nhit va s6 nho nhit & hang thi i. Goi D 1a gia tri 1én nhat trong cac gia tri

d,d,,d,,d,.Tagoi D la“doléch” cha hang

a) Hay chi ra mét cach ghi dé D =4 'T T T <+

b) Hay chira motcach ghidé d,=d, =d,=d, =5 .—%TT#‘.

¢) V&i moi cach ghi bat ki, ta tién hanh sdp xép lai cac s6 trong bang & ey ———

theo quy luat: & moi cot, cac sO dwoc x€p gidm dan (s6 trén cling 1a
quy lug . yCX€p g ( g ) W

D D U S
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16m nhat, s6 dwdi cing 1a nhé nhat). Chirng minh sau khi sip xép lai thi “d0 1éch” ctia bAng mai
khong 16n hon “d6 1éch” cia bang ci.
Lo giai:
a) Dé thiy, bang sau c6 D=4:
1 2 3 4 5
6 7 8 9 10
1T 12 13 14 15
16 17 18 19 20
b) Dé thiy, bangsaucé d, =d, =d,=d, =5

1 2 3 4 6
5 7 8 9 10
11 12 13 14 16
15 17 18 19 20

c¢) Ta danh s6 cia bdng ban dau nhw sau:

b b, .. b
by b .. b,
b, b, .. b,

Sau khi sap xép lai bang, ta c6 bang nhu sau:

a 4a, as
a4, a
Aig Qi .o Uy

Goi d, 12 hiéu s8 gitra s 1¢n nhit va s6 nhé nhit cia hang i & bang ban day;

d. 1a hiéu so gitra s6 1én nhat va s6 nho nhit ctia hang i & bang lic sau;

D'=max{d,},véi i=1,2,3,4; D=max{d, } véii=12,3,4

Gid st hang j c6 d, 1én nhat & bang lic sau, goi hai s6 1én nhat va nhé nhat lan lwotla g, q,.
Khoéng mat tinh tong quat, ta c6 dinh cdt chira s6 1én nhat ctia hang j (cot chiva s6 a,) va x€p lai vi

tri ctia cac s con lai sao cho giéng v&i ban dau.
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Khi do, gia st s6 a, dwoc thay vi tri b&i s8 b,. Do sy sap xép chi dién ra trén ciing mot cot nén q,
v0i b, cung cot.
Néu b, < a, thig,—a, <a,—-b,.Suyrad,=a,—a,<a,~b, <d',<D'.
Néu b, > a,.Gid st b, cuing hang véi b, ma b, cung c6t voi a,,tacé b, > a, > q,
Goi d, 1a hiéu gitra s6 1on nhat va s6 nho nhit cia hang chia b,, ta cé:
d,=a,—a,<b—b <d <D'
Néu q, gitt nguyénvitrithi ¢, —a, =d, = d] <D'
Vay néu hang j c6 d; l16n nhatthi d, < D'
biéu nay cho thdy D < D'. Ta dwoc diéu phai chirng minh.
Bai 75 (Pé thi vao 10 - Toan chuyén - tinh Ha Giang nim hoc 2024 - 2025)
Tim tit ca cac sO tw nhién » sao cho 2n—1 va 3n+1 la cac s6 chinh phwong va 6n—13 1a so
nguyén to.
Lo giai:
Vi 6n—13 las6 nguyéntova ne€N nén n>3.
Ta c6 2n—1 va 3n+11a cac s6 chinh phwong nén 2n—1=a’; 3n+1=>b" véi a;he N
=2b*-3a’=5 (1)
Tacé 6n-13=3(12n—1)-10=3a> -2(2b* —3a’) =9a’ —4b*> = (3a —2b)(3a +2b) (2)

Vi 6n—13 la s0 nguyén t6, ma 3a—2b<3a+2b néntwr (2)tacd 3a—-2b=1=b= Sa-l

a=-1

a=3

3a-1 3a-1

Thay b =

2
vao (1) ta dwoc 2( j —3a2:5:>3a2—6a—9:0:{

ViaeN nén a=-1 (loai)

Néu a=3thi b=4,n=5 va 6n—13 = 17 (théa min).

Viy n=>5 la gia tri can tim.

Bai 76 (Dé thi vao 10 - Toan chuyén - tinh S6c Trang nam hoc 2024 - 2025)

Tim tit ca cac s6 tw nhién x sao cho gia tri ca biéu thitc x* +3x+ 5 1a mot s6 chinh phuwong.
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Lo gii:

Gia stt x> +3x+5 1a mot s6 chinh phuwong.

Khi d6 ton tai s6 a € N sao cho x> +3x+5=a" = 4x* +12x+20=4a"
= (2x+3) —4a’ =—11 = (2x+2a+3)2x-2a +3) =11

Vi x,ae N nén 2x+2a+3>3

2x+2a+3=11 x+a=4 x=1
Do do: = =
{2x—2a+3=—1 {x—az—Z {a=3

Vay x =1 thi x* +3x+5 12 s6 chinh phwong.

Bai 77 (Pé thi vao 10 - Toan chuyén - tinh S6c Trang nam hoc 2024 - 2025)

Trén ban c6 2024 vién keo, hai ban A va B tién hanh tro choi 14y vién keo. Hai ban A va B thay
phién nhau 14y keo, dén lwot choi mdi ban sé 14y 1, 2, 3 hodc 4 vién keo. Ban nao khong con keo dé
14y sé thua cudc. Néu A di trwéc thi ban nao sé 1a nguwoi dé chién thuat dé€ ludn thang trong tro
choi va chién thuit d6 nhw thé nao?

Loi giai:

Ta thdy khi trén ban con 1, 2, 3 hoidc 4 vién keo thi ngwdi choi dén lwot minh choi sé chic chan
thang va chac chan thua néu trén ban con 5 vién keo.

Tiép tuc quan sat, ta dwoc khi trén ban con 6, 7, 8 hodc 9 vién keo thi nguoi choi dén lwgt minh
choi sé chac chdn thang va chic chan thua néu trén ban con 10 vién keo.

T d6 ta dwoc ngwdi dén lwot minh choi chac chan thua néu trén ban con 5, 10, 15,..., 2020 vién
keo. Do d6 néu & lwot choi dau ban A l1ay 4 vién keo, trén ban sé con 2020 vién keo do d6 ban B sé
chac chan thua. Vay ban A lu6n c6 chién thuat dé ludn thang.

Bai 78 (D& thi vao 10 - Toan chuyén - thanh pho Cin Tho ndm hoc 2024 - 2025)

Tim t4t c4 s6 nguyén x, y théamin x* -2y* —xy+2x+5y-5=0.

Loi giai:

¥ =2y —xp+2x+5y-5=0=(x-2y+3)(x+y-1)=2

Ta c6 cac treong hop sau

{x—2y+3=2.{x—2y+3=1_{x—2y+3=—2'{x—2y+3=—1

x+y-1=1 x+y—-1=2" |x+y-1=-1 x+y—-1=-2

Giai cac hé trén ta cac cdp sO nguyén (x;y) théa manla (1;1) va (-2;1).
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Bai 79 (D& thi vao 10 - Toan chuyén - thanh phé Can Tho ndm hoc 2024 - 2025)

Cho bang 6 vudng c6 kich thuwéc 4 x4 nhw hinh bén

Modi 6 trong bang nay dwoc viét mot s6 nguyén dwong sao cho 16 s trén bang

do6i mot khac nhau. Trong moi hang, mdi cot ludn ton tai mot s6 bang téng ba sd

con lai trong hang, trong c6t dé. Goi M 1a s0 1&n nhit trong 16 s6 trén bang.

Tim gia tri nhé nhat cua M.

Lo giai:

Goi a,,a,,a,,a, la cac s6 1én nhat trong cac cot 1,2,3,4 va goi b,,b,,...,b,, 1a cac s6 trong cac 6 con
lai. Khido6 a, +a,+a,+a,=b +b,+...+b,.

Do céac s6 trong 16 6 vudng doi mot khac nhaunén b, +b, +...+ b, >1+2+...+12=78
vaat+a,+a,+a, <M+M-1)+(M-2)+(M -3)=4M -6

Suy ra 4M —6>78 = M =21. Xay dwng mét bang 6 vuong ng véi M =21

1 |8 |12 |21
7 19 (204
101193 |6
18|12 |5 |11

Bai 80 (P& thi vao 10 - Toan chuyén - tinh Kién Giang nam hoc 2024 - 2025)

Tim tAt ca cac s6 nguyén dwong » va cac s6 nguyén td p,théaman: n+7p =(n-p)’

Lo gii:

Gia st » 1a s6 nguyén dwong va p la sé nguyén to thod man yéu cau dé bai

Khidé: n+7p=(n-p)’ D

T (1) tact: 8p=(n—p)’ —(n—p)=(n—p-1)(n-p)(n-p+1) (2)

Vi la tich cua ba s6 nguyén lién ti€p, nén vé phai cia (2) 1a mét sé chia hét cho 3. Do d6, 8p chia
hét cho 3.Ma (8,3) =1, néu p chia hét cho 3.Suyra, p=3 (do p la s6 nguyén to).

Thay p =3 vao (2), ta dwoc: (n—4)(n-3)(n-2)=24 (3)
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Do 24 c6 duy nhit cach phén tich thanh tich cia ba s6 nguyén lién tiép,1a 24=2-3-4, nén tir (3)
suyra n—4=2.Do do, n=6.

Nguworc lai, bang cach kiém tra truc ti€p, dé thdy, n=6 va p =3 théa min tit ca cic yéu cau cua dé bai.
Vay, tat cd cac s6 n, p cin tim theo yéu cdu dé baila: n=6 va p =3.

Bai 81 (Pé thi vao 10 - Toan chuyén - tinh Kién Giang ndm hoc 2024 - 2025)

Chia tam gidc déu ABC thanh 9 tam giac con, roi dién vao mdi tam giac
con mdt s6 0, nhw & hinh bén. Cho phép thay déi cac sé trong tam giac
ABC, theo quy tic: Moi lan, 14y hai s6 ndm & hai tam giac con c6 chung
canh, roi ting moi s6 1én 1 don vi, hodc gidm moi s6 di 1 don vi. Héi nho
viéc thwc hién lién ti€p mot s6 hiru han 1am phép thay doi s6 noi trén, ta
c6 thé 1am cho 9 s6 nam trong tam gidc ABC 13 9 s8 tw nhién lién tiép,

tir 4 dén 12, hay khéng? Vi sao?

Lo gii:

To6 ba tam giac con b&i mau den, nhw & hinh bén; cac tam giac
con con lai dwoc coi 1a 6 mau trang.

Khi d6, do hai tam giac con bat ki c6 canh chung la hai tam giac
khac mau, nén tir ndéi dung cua phép thay doi sé suy ra, hiéu
gitta tong cac s6 nam & cac tam gidc den va téng cac s6 nam &
cac tam giac trang khong thay déi, sau moi Ian thuc hién phép

thay d6i s6. Ma & thoi diém ban dau, trong cic s6 nam & cac

tam giic den bang tong cac s6 nam & cac tam gidc trang (vi
cung bang 0 ), nén & moi thoi diém, téng cac s6 nam & cac tam gidc den bang tdng cac s6 nam &
cac tam giac trang (¥)

Gia st, sau khi thyc hién lién ti€p mot s6 hiru han 1an phép thay d6i da cho, 9 s6 nam trong tam
giac ABC 12 9 sd tw nhién lién tiép, tir 4 dén 12. Khi d6, ki hiéu s 1a téng cic s6 nam & cac tam giac
den va 113 tong cac s6 nam & tam giac trang, theo (*), ta c6: 10+11+12>5=1>24+5+6+7+8+9
Ladieuvoli (vi 10+11+12=33 va 4+5+6+7+8+9=39).

Vi vay, cau trad 1o cho cau héi cia bai ra la "khong".

Bai 82 (P& thi vao 10 - Toan chuyén - tinh Tién Giang ndm hoc 2024 - 2025)

Cho hai s6 nguyén p,q théda man dang thitc p*> +¢° = 2(3pq —4) ™
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a) Chirng minh rang c6 it nhat mét trong hai s6 p,q 1a bdi ctia 3
b) Tim tit ca cac cdp s6 nguyén (p,q) théa man (*)

Lo giai:
a) Chirng minh rang c6 it nhat mét trong hai s6 p,q 1a bdi ctia 3

e Gia st trong hai s6 p,q khéng c6 sé nao chia hét cho 3.
e Khidb p’,g° chia 3 dw 1. Suyra:

+) p*+¢q° chia3du2;
+) Trong khi vé phai 2(3pg—4)=6pg—9+1 chia 3 dw 1, suy ra vo ly

e Do do trong hai s6 p,q phai cé it nhdt mét sé 1a boi cda 3.
b) Tim t4t ca cac cip s6 nguyén (p,q) théa man (¥)

Do vai tro cia p,q nhw nhau, khong méit tinh tong quat, gid st ¢ 1a bdi cia 3. Do ¢ nguyén t6é

nén g =3

Khidé tir (*) tacé p*+9=2(9p—4)= p’-18p+17=0= p=1hodc p=17
Do p nguyént6 nén p=17.

Vay cac cdp sb (p;q) théaman (*) 1a (p;q) e {(17;3);(3;17)}.

Bai 83 (Dé thi vao 10 - Todn chuyén - triedng THPT Nang Khiéu TP H6 Chi Minh ndm hoc 2024 -
2025)
Véi méi s6 tw nhién #, dit a, = (2++/3)" +(2—-~/3)".

a) Chirtng minhrang a, , =4a,,, —a,, véimoi neN.
b) Tim tit ca » sao cho q,:4.
c) Tim tat ca » sao cho q,:14.

Lo giai:
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a)Tacd: 4a,, —a, =42 +3)" +42-3)" = (2+/3)" —(2-3)’
=(2+\/§)"(8+4\/§—1)+(2—\/§)”(8—4\/5—1)

=(2+33)"(2+43) +(2-V3)"(2-3)°
=(2+43)"+(2-43)" =,
Vay a,., =4a,, —a,, voéimoi n € N. Ta dwoc diéu phai chirng minh.

b) Ta tinh dwgc a, =2 va a, =4 déula sd chan. Ta chitng minh «, 13 s6 chan véi moi n € N. That
vay, gia st a, va a,,, 1as6 chan (keN).Do a,,, =4a,, —a, nénsuyra a,,, la sé chan. Viy theo
quy nap suy ra a, 12 s6 chan véi moi a e N.
Ta c6 a, chia cho 4 dw 2 va g, :4.Ta chirtng minh a, chia cho 4 dw 2 véi moi » chan va a, chia hét
cho 4 v&imoi » 1é. That vdy, gia stt a,, chia cho 4 dw2va q,,,, chia hétcho 4(k eN).

e Do a,,, =44, —a, =—2=2(mod4) nénsuyra a,,,, chia cho 4 du 2.

e Do a,,,, =4a,,,—a,,, =—a,,, =0(mod4) nén a,,, chia hét cho 4.
Tir d6 theo nguyén Iy quy nap, ta suy ra @, chia cho 4 dw 2 néu » chanva a, chia hét cho 4 nén »

1é. Do d6 tat ca gia tri » théaman a, chia hétcho41a n=2k+1(k eN).

c)Véimoin=4,tacé a,,=4a,,-a,,= 4(4an+2 - c1n+1)—c1n+2 =15a,,-4a, =a,,—4a,,

=4a,, —a,—4a,, =-a,(mod7)
e Vbin=4k(keN),taduwoc a, =—a,_,=--=(-1)"a,=(-1)"-2(mod7)
o Vbin=4k+1(keN),taduoc a,,, =—a,_,=-=(-1)"a =(-1)"-4(mod7)
e Vbin=4k+2(keN), taduoc a,,,=-a,_,==(-1)'a,=(-1)" -14=0(mod7)
e Vbin=4k+3(keN),taduoc a,,=-a,  =-=(-1)a,=(-1)"-52(mod7)

Vay a, :7 khiva chikhi n =4k +2(k e N),kéthop véi a, chan véi moi n e N, ta kétludn a, 14

khi va chi khi n = 4k +2(k e N).
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Bai 84 (Pé thi vao 10 - Toan chuyén - Toan trweong THPT Nang Khi€u niam hoc 2024 - 2025)
Ghi 31 s6 nguyén dwong a, <a, <--- < a,, 1én 31 thé.
a) Biét rang tdng cac s6 trén 16 thé bat ky ludn 16n hon téng 15 thé con lai. Chirng minh a, > 226.
b) Biét rang 31 thé nay ghi cic s6 tir 1 dén 31. Chia 31 thé nay vao 2 hdp goila 4 va B, biét trong
hop A4 thi tdng hai s6 bit ky khéng 1a s6 chinh phwong. Chirng minh t6n tai 4 thé trong hép B,
chia ra lam 2 cip va mdi cap c6 téng 1a s6 chinh phwong.
Loi giai:

a,—a, =15
a)Vig <a,<...<a; nén 'a-l.g.:c.z?“Z-IS

a, —a,, =15
Suy ra (a17 +a +...+a31)—(a2 +a, +...al6) >225 hay a; +ag +...+a,, Z(a2 +a, +...al6)+225
Theo gia thiét, tacé: a, +a, +a, +...a,, > a,, +a,, +...+ay,
Do d6: a,+a,+a,+...a;s >(a, +a, +...a,) +225
Suy ra a, > 225 hay a, > 226. Ta dwoc diéu phai chirng minh.
b) Xét bo 3 s6 (6,19,30) sau: bat ky 2 trong 3 s6 nay c6 tong la sé chinh phwong, nén 4 chi chira
duwoc nhiéu nhat 1 s6 trong 3 s6 nay, dan dén B phai chira it nhat 2 trong 3 s6 trén. Ndi cach khac,
B chita mot cip cé tong 1a s6 chinh phwong. O hinh dwéi ta néi 2 s6 lai véi nhau néu né cé tong la

s6 chinh phuwong.

6 1
8
15
19 30 . 28

Xét ti€p bd 556 (1,8,28,21,15) : ta c6 2 s6 ké nhau ludn c6 tong la s6 chinh phwong va (1,15) ciing

c6 tong la so chinh phwong. Khi @6, 4 khéng thé nao chiva nhiéu hon 2 s
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trong 5 sd trén, vi ngwoc lai 4 phai chira hai s6 nam trén mot canh trong 5 canh trén, mau thuan
v&i gid sit 4 khéng chira 2 s6 ¢6 tong l1a sé chinh phwong.
Nhw vdy, 4 chi chira nhiéu nhat 2 trong 5 s0 trén va twong &rng B chira it nhat 3 so. Lap ludn
twong tw nhw trén, B phai chira mét canh trong 5 canh trén. Vibd 5 s6 (1,8, 28, 21, 15) Khac véi bd
3 56 trude (6,19,30), ta tim dwoc thém mot cdp s6 trong B c6 tong la s6 chinh phwong.
Bai 85 (P& thi vao 10 - Toan chuyén - tinh P6ng Nai nam hoc 2024 - 2025)
Giai phwong trinh nghiém nguyén: 2x* +4xy +3x+6y =4.
Lori gidi:
Cach 1: Ta c6: 2x* +4xy +3x+6y=4,v6i x,y€Z

2x(x+2y)+3(x+2y)=4

(x+2y)2x+3)=4 (1)

Vi x,yeZ nén x+2y,2x+3e7Z va 2x+31aso61é. Nén ta c6 bang sau:

2x+3 1 -1
x+2y 4 -4
X -1 -2
y 5 -1
2
Loai Théa man

Do d6 phuwong trinh da cho c6 nghiém nguyén (x; y) 1a (-2; -1)

Bai 86 (P& thi vao 10 - Toan chuyén - tinh P6ng Nai niam hoc 2024 - 2025)

Tim cac s6 nguyén dwong x va y théa man lem(x, y) + 2.gcd(x, y) = 61

(véi lem(a,b), ged(a,b) 1an lwot 1a ky hiéu boi chung nho nhét, wéc chung 1én nhit cia hai s6
nguyén duwong a va b).

Lo gidi:

Can tim x,y € N* théa man lem(x, y)+ 2.gcd(x, y) =61 (D

bat d = gcd(x,y) = { dm (m,n e N*;gcd(m,n) =1) = lem(x, y) = dmn
n

Vay 1) =>dmn+2d =61=d(mn+2)=61=
mn+2=061

(vi611as6 nguyéntd, d = ged (x, y) nén d eN* vado m,ne N* nén mn+2>2)
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m=1 x=1

n=>59 y=59
-

m=1>59 x=59

n=1 =1

Do d6 cac s6 nguyén dwong cintimla x=1va y=59, x=59 va y=1.

Vay mn =59 =

Bai 87 (P& thi vao 10 - Toan chuyén - tinh P6ng Nai niam hoc 2024 - 2025)

a) Tim s6 nguyén t8 p d€ n=2" + p’ 1a s6 nguyén td.

b) Chitng minh rang véi moi cach chon 7 s6 bat ky trong 12 s6 nguyén dwong dau tién, ta ludn tim
dwoc hai sé a va b trong 7 s6 d6 sao cho ab+1 la sé chinh phwong.

Lo gii:

a) Tacoé: n=2" + p*,voi p 12 s6 nguyén td.

Néu p =3 thi n=2’+3"=17 1a s6 nguyén t&

Néu p =2 thi n=2"+2> =8 khongla s& nguyén to

Néu so nguyéntd p>5= p=2m+1l,meN

= 27 =2*""' =2.4" ¢6 s§ dw bang 2 trong phép chia cho 3 (vi 4" c6 s6 dw bang 1 trong phép chia
cho 3, VmeN)

Visonguyéntd p>5nén p=3k+t1,keN

= p’ =Bk +1)> =3(3k” £2k)+1 cb s6 dw bang 1 trong phép chia cho 3

Vay n= (2" + p*):3 (do p>5) hay n khongla s6 nguyén t8, véi moi s6 nguyén té p>5.

Do d6 p =3 théa man bai todn

b) Goi A la tdp hop gom 12 s nguyén twong dau tién.

Vay A dwoc chia thanh 6 cap s6 gom {1;3};{5;7};{9;11};{2;4}:{6:8}:{10;12}

Nhan xét: Néu » la s6 nguyén duwong thi n(n+2)+1 1a sé chinh phwong

(Vi n(n+2)+1=n"+2n+1=(n+1)*)

= a # b 12 hai s8 trong moi cap s6 noi trén thi ab +1 1a s6 chinh phwong.

Theo nguyén ly Dirichlet, trong moi cdch chon 7 sé bat ki trong 12 s6 nguyén dwong dau tién thi
ludn ton tai it nhat 2 s6 thuéc mot trong 6 cap s6 do.

Ap dung tinh chit & nhan xét trén ta c6 diéu phai chitng minh.

Cach 2: Goi A ={1;2;...;12} la tdp hop gom 12 s6 nguyén dwong dau tién

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551 90



MathExpress Education | | www.mathexpress.vn

Theo nguyén ly Dirichlet, trong moi cdch chon 7 s6 bat ki trong A thi luon ton tai it nhat 2 s6 1a hai
s6 1& lién tiép hodc hai s chan lién tiép.

Ma 1.3 + 1 = 4 1a s6 chinh phwong, 3.5 + 1 = 16 la s6 chinh phwong, ..., 9.11 + 1 = 100 1a s6
chinh phwong.

2.4 + 1 =9 1aso6 chinh phwong, 4.6 + 1 = 25 la s6 chinh phwong, ..., 10.12 + 1 = 121 1a s6 chinh
phwong. Viy ta c6 diéu phai chirng minh.

Bai 88 (Pé thi vao 10 - Toan chuyén - tinh L4m DP6ng nam hoc 2024 - 2025)

Khi ban Hoa hoi sé can cwéc cong dan ctia ban Binh, ban Binh cho biét: "Sé dé dang

06820900abcd voi abed 13 s6 chinh phwong va ab —cd =1”. Em hiy gitip ban Hoa xac dinh s6 cin
cwdc cong dan caa ban Binh.

Lo gii:

Dt x=cd.Taco: ab=x+1.

Do abcd 1a s chinh phwong nén ton tai ¢ sao cho #* = abed

Do 1000 < abcd <10000 nén 31<7<100

Khi d6: * = abed =100-(x+1)+x=101x+100 = 101x = ~100 = (r ~10)(¢ +10)

Ta thdy 1 —10<100 ma #* —100=101x:101

=¢+10:101 ma 31<¢<100 nén t+10=101=¢=91= x=¢—-10=81. Vay abcd =8281.

Bai 89 (P& thi vao 10 - Toan chuyén - tinh Dk Néng nidm hoc 2024 - 2025)

Tim tit ca cac nghiém nguyén (x, y) clia phwong trinh: xy —x+3y =6.
Lo giai:
Tacé: xy—x+3y=6=x(y—-1)+3(y—1)=3=(x+3)(y-1)=3.

Vi x, y nguyén nén ta c6 cac trueong hop sau:

x+3 3 1 -3 -1
X 0 -2 -6 -4
y-1 1 3 -1 -3
y 2 4 0 -2
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Vay (x,y)=(-6;0),(—4;—2),(-2:4),(0;2).
Bai 90 (P& thi vao 10 - Toan chuyén - tinh Dk Néng ndm hoc 2024 - 2025)
Cho tdp hop 4 ={201;203;...;2021; 2023} gébm 912 s tw nhién 1é. Can chon ra it nhat bao nhiéu

sO tir tAp hop 4 sao cho trong cac s6 dwoc chon ludn ton tai hai s ¢6 tdng bang 22887
Lori gidi:

Xét cac cap s6 (a, b) trong tap hop A c6 tong bang 2288 la:

(2023;265),(2021; 267),(2019; 269), ..., (1147;1141), (1145;1143) *)

S6 cac cap s6 (a, b) trong tdp hop 4 c6 tong bang 2288 la: %;1145+1 =440.

S8 cac s6 trong tap hop 4 ma khong c6 s6 ghép doi dé tong bang 2288 la: 912 -2.440=32.
Chon ra 441 s8 tir (*), theo Dirichlet ton tai mét nhém chira 2 s6 c6 tong bang 2288.

Vay can chon it nhat 441+ 32 =473 s6 tir tip hop 4 ludn ton tai hai s c6 tong bang 2288.

Bai 91 (Pé thi vao 10 - Toan chuyén - tinh Binh Thuin nidm hoc 2024 - 2025)

Tim céc s6 nguyén dwong x,y dé A4,B dong thoila cic s6 chinh phwong bidt 4= x>+ y+1 va
B=y’+x+4.

Loi giai:

Voi x>y>0thi X’ <Ad=x>+y+1<x’+x+1<x’+2x+1=(x+1)>,do d6 khong ton tai x,y dé
A=x"+y+11as8 chinh phuong.

Voi y>x>0= )y’ <B=y +x+4<y’ +y+4<y’ +dy+4=(y+2)

=y’ <B<(y+2)2:>B=();+1)2M—>(y+l)2 =y’ +x+4 = x=2y-3,thay vao
A=x"+y+1=Q2y-3 > +y+1=4y> ~11y+10

Vi 4 12 s6 chinh phwongnén A=k> (k>0) =k’ =4y -11y+10 = 4y* —11y+10—k> =0 (*)

Phuong trinh (*) 4n y c6 A =16k -39

Dé 4 12 s6 chinh phwong thi A 13 s8 chinh phwong, suy ra A=a’,(a>0)=16k> -39 =a’
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4k+a=0 R i
:>(4k—a)(4k+a)=39:1.39=3.13.Do nén ta cé
4k +a >4k —a

4k —a=1 (a=19
4k +a =39 k=5

- .
4k —a=3 a=>5
4k +a=13 k=2

(4k—a)(4k+a) =39 =

Voi k=5= y=-1<0 (loai)

Voik=2=y=2=x=1

Vay chi c6 mot cap so (x;y) = (1;2)th6a man bai toan.

Bai 92 (bé thi vao 10 - Toan chuyén - tinh Binh Thuin nidm hoc 2024 - 2025)

Cho ban c& vua c6 64 6 vudng nhw hinh vé. Trong mdi 6 vudng ctia ban c¢ ghi ngdu nhién mot s6

nguyén dwong nhé hon 10 dong thoi hai s6 dwoc ghi trong hai 6 vuong c6 chung canh hodc chung

dinh 12 hai s6 nguyén t6 cung nhau. Chirng minh rang trén ban c¢ ton tai mot

s6 xudt hién it nhat 11 Ian.

Ban co vua c6 kich thwde 8x8;

Xét hinh vudéng kich thwéc 2x2 (gébm bdn hinh vuéng nho kich thwdc 1x1), trong hinh vudng nay;,
moi hinh vuéng 1x1 ludn cé chung canh hoic chung dinh vé&i ba hinh vudéng con lai, nén trong 4 sd
nguyén duwong duoc viét trong bon hinh vudng nhoé nay chi c6 nhiéu nhat mot s6 chdn (vi néu c6 2
sO chan s& mAu thuan véi gia thiét nguyén t6 cing nhau) va cling c6 nhiéu nhit mot s6 chia hét

cho 3. Do d6 trong bén hinh vudng 1x1 nay chac chan c6 it nhat hai s 1é khong chia hét cho 3,

Ban co vua c6 kich thwéc 8x8 c6 64:4 =16 hinh vudong 2x2 khong giao nhau, nén cé it nhit

2x16 =32 sé6 1é khong chia hét cho 3.

Trong 9 s6 nguyén dwong nho hon 10 chi ¢6 3 s 1é khong chia hét cho 31a 1,5,7 nén theo nguyén

li Dirichlet ton tai mét trong ba so6 1,5,7 xuat hién it nhit {%} +1=11 lan.
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Bai 93 (Dé thi vao 10 hé chuyén - Toan chung - tinh Ninh Thudn ndm hoc 2024 - 2025)
Tim tit ca cac cap s6 nguyén (x;y) théa man: 2xy+3x+y =0.
Loi giai:
Tacéd: 2xy+3x+y=0=>4xy+6x+2y=0
2x(2y+3)+(2y+3)=3
(2x+1)(2y+3)=3

Vix,yeZ nén 2x+1€Z, 2y+3e€Z

Do dé ta c6 cac treong hop sau:

2x+1=1 x=0 2x+1=-1 x=-1
TH1: = TH3: =
2y+3=3 y=0 2y+3=-3 y=-3
2x+1=3 x=1 2x+1=-3 x=-2
TH2: = TH4: =
2y+3=1 y=-1 2y+3=-1 =—2

Vay c6 4 cdp s6 nguyén théa man la: (0;0),(1;—1),(-1;,-3),(-2;-2).
Bai 94 (Pé thi vao 10 - Toan chuyén - THPT chuyén Lé Quy P6n Khanh Hoa ndm hoc 2024 - 2025)
a) Cho p,q (p > ¢ >5) 1a 2 s6 nguyén t8. Chitng minh p* —g¢* chia hét cho 240.

* 4 4n+ p® chia hétcho np.

b) Tim tat ca s6 nguyén dwong »n va sd nguyén té p théa man n
Loi giai:

a) Ta sé& chirng minh p®—¢* chia hét cho 3,5,16.

That vy, vi p 13 s6 nguyén td16n hon 5nén p=1,2 (mod 3) va p=1,2,3,4(mod 5)*

Do dé: p* =1%2° =1;4=1(mod3); p* =1%;2%;3%4* =1,16,81;256 =1(mod 5)

Twong tw: ¢ =1(mod 3) va ¢* =1(mod 5)

= p®=¢" =1(mod 3) va p* =¢" =1(mod 5)

= p® —¢" chia hét cho 3,5 (1)

Vi p 1as8 nguyén t6 16n hon 5 nén p 1¢,do d6 p* =1(mod 8)

That vy, tacé p’ —1=(p—1)(p+1) latich cta hai s6 chan lién tiép, do d6 mot trong hai s6 nay

chia hét cho 4. Vivay, p> —1 chia hét cho 8.
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Tir day ta c6 thé viét p* =8k +1(k e N')= p* =64k> +16k +1=1(mod 16)
Twong ty: ¢* =1(mod 16) = p* =4 =1(mod 16) = p° —¢* chia hét cho 16. (2)
T (1), (2) suy ra: p* —g* chia hét cho 240.

Chay: *& ddy quy woc a=b,c(modd) tircla a c6 thé dong dw véi b,c modulo d.

2024

b) Ta cé: n”* +4n+ p*inp = n +4n+p2§n:>pzfnzne{l,p,pz}.

TH1: n=1=5+p’:p=5:p= p=>5, thirlai thdy théa man.

2024

TH2: n=p= p™ +4p+p° p"=4p:ip> =>4 p= p=2=n=p=2, thirlai thiy thod man.

WML s5ptip = 5pip’ =5 p= p=5=n=p’> =25, thir lai thdy théa man.
vay (n.p) € {(1:5)3(2:2);(25:5)}

Bai 95 (Pé thi vao 10 - Toan chuyén - THPT chuyén Lé Quy P6n Khanh Hoa nam hoc 2024 - 2025)

TH3: n=p"=p

Cho da gidc A4, ... 4,,, 1a da gidc déu 2024 dinh, trong d6 dinh 4,,,, dwoc td do, cac dinh con lai
duwoc td xanh. P6i mau cac dinh cta da gidc theo quy tac: Mdi lan chon 4 dinh ctia 1 hinh chit nhat
roi d6i mau dong thoi 4 dinh 4y (d6 thanh xanh va xanh thanh dd). Héi sau mot s6 hiru han Ian
do6i mau nhuw viy, c6 thé thu dwoc két qua dinh 4,,, va 4,,, cing mau hay khong ? Vi sao ?
Lo gidi:
Vi 44,...4,,, 1a da gidc déu nén da giadc nay noi ti€p dwong tron dwong kinh tdm O, Goi 4, 1a
diém doi xrng véi 4, qua tim O:

e Duongkinh 4 4, chiadagidcdéu 44, ...4,,, thanh 2 phin bang nhau, s§ lwgng cac dinh 2

bénla 1011 dinh. Suy ra, 4, = 4,

Twr d6, ta c6 quy luat vé duwong kinh clda dwong tron ngoai ti€p da giac déu 4,4, ... 4,,, :

e 4 doixingvdi A4,, qua O: dwongkinh 4 4,,,

e Duongkinh 4,4,

e DPuongkinh 4.4, ,,,
Suy ra: 4,,, doi xrng véi 4,,, quatiam O,

Nghia 14, mot hinh chi nhat c6 dinh A4, thi 4,,, cling la dinh ctia hinh chit nhat do,
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Ma ban dau, 4,,, dwgc t6 mau xanh, 4,,, dwgc td mau dé. Vay theo quy tic d6i mau nhw trén thi
Ayp00 VA Ay, KhOng thé cing mau sau mot s6 hiru han lan déi mau.

Bai 96 (Pé thi vao 10 - Toan chuyén - tinh Phd Yén ndm hoc 2024 - 2025)

Hay xac dinh 7 s6 nguyén dwong lién tiép, biét rang téng cua n s6 d6 bang 2024.

Loi giai:

Tacé: S=1+2+3+...+nvaS=n+(n-1)+...+1.

Nén 28 = (n+ln= S = ”(”2+ D,

Gia st n s6 nguyén dwong lién ti€p thoa man yéu ciu dé bai bat dau tir s6 nguyén dwong k +1.
Taco: (k+D)+(k+2)+...+(k+n—-1)+(k+n)=2024

N n(n+1)

nk =2024

2nk +n(n+1)=4048
n(2k +n+1)=223.11

Do n, n+1 c6 tinh chan 1 khac nhau nén » va 2k +n+1 c6 tinh chan 1é khac nhau.

Do n<2k+n+1 nén ta c6 cac trweong hop sau:

n=11 n=11
i) = (nhan)
2k+n+1=368 k=178
n=16 n=16 3
ii) = (nhan)
2k+n+1=253 k=118
L. jn=23 n=23
iii) = (nhan)
2k+n+1=176 k=76

Vay cac ddy so can tim la cac day lién tiép: 119, 120, ..., 134; 179, 180, ..., 189 va 77, 78, ..., 99.

Bai 97 (D& thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)
Tim tat ca cac cdp s6 nguyén (x; y) théa man phwong trinh sau 2x* —y* + xy +2x+2y =7
Loi giai:
Taco: 2x° —y> +xy +2x+2y =7
(x+y)2x=y)+2(x+y)=7
(x+y)2x—y+2)=17
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Ta c6 cac cach phan tich 7=7.1=1.7=(-7).(-1) =(-1).(-7). Do d6 xét cac trwong hop sau:

x+y=7 x=2 x+y=1 x=2 .
TH1: = (thoa man) TH2: = (thoa man)
2x—y+2=1 y=35 2x—y+2=7 y=-1
~10 -10
x+y=-7 r= 3 x+y=-1 = 3
TH4: = (loai) TH3: = (loai)
2x—y+2=-1 —-11 2x—y+2=-7 7
J’ZT J/:E

Vay cdc cdp s6 nguyén théa man yéu cau bai todn 1a (x;y) € {(2;5);(2;—-1)}

Bai 98 (Pé thi vao 10 - Toan chuyén - tinh Binh Pinh nidm hoc 2024 - 2025)

Tim t4t ca cap s6 nguyén (x;y) théa man phwong trinh 6x* —2y* —xy+4x+2y=17.
Lo giai:

Phuwong trinh cé dang:

T=6x" -2y  —xy+4x+2y= (3x—2y)(2x+ y)+ 2(2x+ y)= (2x+y)(3x—2y + 2)

Suy ra (2x+y,3x—2y+2)eU(7)={+1;£7}, ta xét cac trudong hop:

2x+y 1 7 -1 -7
3x-2y+2 7 1 -7 -1
; ) 13 -1 17
7 7
y e 23 15 -1s
7 7 7
Thbéa man Loai Loai Loai

Vay (x;»)=(1-1) la nghiém duy nh&t ciia phwong trinh
Bai 99 (bé thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)
Cho n 1a s6 nguyén dwong théa man +12x° +1 1a mot sd nguyén dwong. Chirng minh

8v12n° +1+8 1a mot s6 chinh phwong.

Lo giai:
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Vi 7 1a s6 nguyén dwong nén 127> +1 13 s6 chinh phwong 18, tir d6 ta c6 thé dit

12n* +1= 2k +1)’,(k e Z) = 12n* = 4k* + 4k = k(k+1)=3n’

Nhung (k;k +1)=1 va phai c6 mot trong hai s6 &,k +1 chia hét cho 3 nén ta c6 thé biéu dién & va
k +1 theo cac trweong hop sau:

k =u?

*) Néu
) {k+1:3v2

Khi d6 3v* —u® =1=u* =3v* —1=-1=2(mod3) (v6 Iy vi s8 chinh phwong chia cho 3 chi du 0 hoic

D

)
*) Néu {k =3v

k+1=u’
Khi d6: 812n* +1+8=8(2k+1)+8=16(k +1) =16u" 1a s6 chinh phwong. Nhw vay, V12n° +1

nguyén thi 812n° +1+8 1a mot s6 chinh phwong. Ta dwoc diéu phai chirng minh.

Bai 100 (Pé thi vao 10 - Toan chuyén - tinh Binh Pinh ndm hoc 2024 - 2025)

a) Chirng minh tir 5 s6 tw nhién bat ki ludn tim dwoc 3 s6 ma tong ctia chiing chia hét cho 3.

b) Chirng minh tir 161 sé tw nhién bat ki luén tim dwoc 81 s6 ma tong ctia ching chia hét cho 81.
Loi giai:

a) M6t s6 khi chia cho 3 sé c6 s6 dwlala 0;1;2

TH1: Trong 5 s6 d6 c6 du 3 s6 dw khi chia cho 3, khi d6 ta chi cAn chon bd 3 s6 c6 3 s6 duw khac
nhau khi chia cho 3 la thda man bai toan.

TH2: Trong 5 s6 d6 chi c6 2 sd dw khi chia cho 3. Theo nguyén li Dirichlet chi ton tai it nhat
{%} +1=3 s0 c6 cung s6 dw khi chia cho 3. Khi d6 tong 3 s6 c6 cung sé du, khi chia cho 3 sé chia

hét cho 3.
b) Trong 161 s6 tw nhién dd, ta ludn chon dwoc 3 s6 ma téng cia ching la a chia hét cho 3.

Twong ty trong 158 s6 con lai ta ludn chon dwoc 3 s6 ma tong cia chiing la a, chia hét cho 3, ct

14p ludn nhw vay ta thé dugc cac tong a,,4,,...,as, chia hét cho 3.
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Chirng minh twong tw ciu 1 ta cling thiy dwoc trong 5 sé chia hét cho 3 ta luén chon dwgc 3 s6 ¢

tong chia hét cho 9, vi thé trong 53 s6 q,,a,,...,as, ta chon dwgc 3 s6 ma tong cla ching la b, chia
hét cho 9, twong ty trong 50 s6 con lai ta cling chon dworc 3 s6 ¢6 tong la b, chia hét cho 9. Ctk tiép
tuc nhw vay ta cling thu dwgc cac tong bb, ...b, chia hét cho 9.

Lap ludn twong ty nhw trén tir cc s6 b,,b,,...b,, ta cling chon dwoc cac tong ¢,,c,,...c; chia hét
cho 27, va trong 5 s6 ta luén chon dwoc téng d ctia 3 s6 sao cho d chia hét cho 81, ma 4 1a tong
clia 81 s0 tir 161 s6 tw nhién bat ki nén ta c6 thé két thic chirng minh.

Bai 101 (Pé thi vao 10 - Toan chuyén - tinh Quang Ngii ndm hoc 2024 - 2025)

a) Cho s6 nguyén a, biét a chiacho 3 dw 2 va a chia cho 7 dw 3. Tim s6 dw khi a chia cho 21.
b) Tim tAt c& cac cap s6 nguyén (x;y) théamin x* —xy=—-4x+2y+1.

Lo gidi:

a)Via chiacho7dw3nén a=7k+3, keZ.Pat k=3t+r(t,reZ;0<r<2)

Khi dé a :7(3t+r)+3:21t+7r+3 (t,reZ;0<r<2)

Vi a chiacho3dw2nén r=2.

Lucdo a=21t+14+3=21¢+17.Vay a chiacho21du 17.

b)Tacod x* —xy=—4x+2y+1=x" +4x—1=(x+2)y.

2
x“ +4x 1:x+2— 5

x =—2 khong théa man, suyra y =
x+2 x+2

Suy ra dwoc x+2 lawdccua 5.

Tim dwoc cac nghiém (-7;-4), (-3;4), (-1;-4), (3;4).

Bai 102 (Pé thi vao 10 - Toan chuyén - tinh Quang Ngii ndm hoc 2024 - 2025)

Cho s6 nguyén n > 6. Xét mot da giac 16i n canh 4,4, --- 4 . Nguoi ta mudn ké mot s6 dwong chéo cla
da giac sao cho cac dwong chéo nay chia da giac thanh dung £ luc giac 16i khéng cé diém trong
chung.

a) V&i n=2022 va k =505, hay chi ra mét cach chia da giac do.

b) Vé&i n=2023 va k =505, ta cé thé chia da gidc dwoc khong? Hay giai thich.

Lo giai:
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a) Ta chia dwoc nhw sau: Ké cac dwong chéo 4 4,, 4,4y, A Ay 5 -

Khi d6 da gidc nay dwoc chia thanh k& = (2022 -6):4+1=1505 mién luc giac.

b) Gia str ta c6 thé chia da giac 16i 2023 canh thanh 505 luc gidc 16i khong cé diém trong chung
bé&i cac dwong chéo clia né. Goi m1a sé giao diém clia cac dwong chéo nam trong da gidc. Do moi
dinh ctda luc giac 16i 1a dinh ctia da giac da cho hodc 1a mot trong m giao diém cta cadc dwong chéo

da néu nén téng s6 do tit ca cac goc & dinh cda cac luc giac nay 1a
m-360° +(2023—-2)-180° =180°(2m + 2021).
Téng s6 do cac gbc & dinh ctia 505 luc giacla 505-4-180°.

Ta c6 phuwong trinh 180°(2m +2021) =505-4-180° = m = —% (khong théa man).

Vay ta khéng thé thwe hién dwoc véi n=2023 va k =505.

Bai 103 (Pé thi vao 10 - Toan chuyén - tinh Qudng Nam ndm hoc 2024 - 2025)

Cho ba so tw nhién a, b, ¢c théaman a>1, b>1, ¢>1 va abc+1 chia hét cho ab—b+1.
Chirng minh 5 chia hét cho a.

Lo giai:

Ta co: (abc+1)—(ab—b+1):b(ac—a+1)

Vi (abc+1)i(ab—b+1) nén b(ac—a+1):(ab—b+1)

Vi ab—b+1=(a—1)b+1 nén ab—b+1 va b 1a hai s6 nguyén t§ ciing nhau.

Do dé6 (1)= (ac—a+1):(ab—b+1) hay (ac—a+1)=k-(ab-b+1),keN".

Ta c6: ac—a+1=a(c—1)+1>0.
Suy ra 2(ab—b+1)—(ac—a+1) =ab—ac+ab-2b+a+1 :a(b—c)+(a—2)b+a+l>0

Do do 0<ac—a+1<2(ab—b+1):>0<k.(ab—b+1)<2(ab—b+1):>k=l

Tir (2) va (3) suyra: ac—a+1=ab—b+1=b=ab—ac+a=a(b—c+1)= bia.Taduwoc diéu phai
chirng minh.

Bai 104 (Pé thi vao 10 - To4n chuyén - THPT Lé& Quy Pon TP Pa Nang nim hoc 2024 - 2025)

Tim t4t ca cac s6 nguyén dwong k sao cho ton tai cdp s6 nguyén (x; y)théa man
x*—kxy+y*+1=0

Lo gii:

Xét k dé ton tai b s6 nguyén (x; y) théa man phuong trinh.
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Ta thdy ngay cdp (x; ) théa man phwong trinh thi xy > 0.

Ma (x; y) 1a nghiém thi (—x;— y) ciing 1a nghiém

Vacé thé kiém tra x,y # 0

Vay la phwong trinh c6 mét bo nghiém (x; y) ma xy > 0.

Xét S:{(x,y):x2 —kxy+y* +1=0;x,y >O}

Do tdp S khac tap rong nén ta c thé xét bo (x,,y,) €S ma x, +y, dat gia tri nhé nhit.
Khéng mat tinh tong quat gia st x, > y,

Xét phwong trinh bac hai 4n x sau day: x* —x.ky, +y,” +1=0

Phuong trinh nay c6 mot nghiém la x, nén no6 sé c6 thém mot nghiém nira la x, va theo dinh ly Vi-

X, +x =ky
etthi{ oo e

X%, = yp +1
Do x, + x, la s6 nguyén nén x, la s6 nguyén
Do x,.x, >0 nén x, la s6 nguyén dwong
Vay (x,,x,)eS
Dodé: x,+y,2x,+y, =X, 2X,2 Y,
Néu x, >y, +1= y2 +y, < yo +1= y, <1
Ttwr day thu dwoc y, = x, =1 va thu dugc £ =3.
Tht lai thi £ =3 c6 nghiém (x, y)=(1,1)
Vay k =3 théa man
Néu x, =y, = x, =X, =y, = ¥, = ys +1 (VO 1y)

Vay k =3 la gia tri duy nhit can tim.
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Bai 105 (Pé thi vao 10 - Toan chung - THPT Chuy&n KHTN Ha N6i ndm hoc 2024 - 2025)

. . S . 27x +27x* +10y = (x +3z2)’

Tim cac s6 nguyén dwong x, y, z thoa man hé phwong trinh
27y +27y" +10x = (y +3z2)’

Lo giai:
a) Khéng mit tinh tong quat, gid st x> y
Tir gia thiét ta c6: 27x° +27x” +10y 1a s6 1ap phwong
Mat khac ta lai c6 (3x)’ =27x° <27x° +27x* +10y < 27x° +27x* +10x < Bx +2)’
Nén 27x’ +27x* +10y = (3x+1)’ hay 10y =9x +1

Khi d6 ta c6: 275" +27)7 +10x =27, +27y% 4+ 1202 710

100y —10

Theo gia thiét thi 27y° +27y* +10x 1a s6 1ap phwong nén 27y° +27y” + 12 s6 14p phwong

Mat khac ta lai cé: (3y)’ <27y +27y° +

100y9—10 <Gyiay

Nén 27y° +27y° +

M:@wlf hay y=1.

Két hop véi 10y =9x+1 ta dwoc x =1

Thay tré lai gia thiét ta tim dwoc ngay z =1.

Vay c6 duy nhit mot b sg (x, y, z) théa man yéu cau dé baila (1, 1, 1).

Bai 106 (Pé thi vao 10 - Toan chung - THPT Chuyé&n KHTN Ha Néi ndm hoc 2024 - 2025)

Cho bang 6 vudng kich thwéc (2023 x2023), 6 vudng cé kich thwéde (1x1) dwoc goila 6 vudng don
vi. Mdi 6 vudng don vi cia bAng dwoc td bang mot tron hai mau den hodc trang sao cho mdi &
vudng don vi t6 mau den dwgc ké vai it nhit ba 6 vuéng don vi td mau trang (hai 6 vudng don vi
c6 canh chung dworc goi 1a ké nhau). Hoi sé 6 vudng don vi dwoc té mau den nhiéu nhat la bao
nhiéu?

Loi giai:

Bang 6 vudng da cho c6 thé chia thanh 1022121 bang con kich thwéc 2x2

1011 bang con kich thwdc 2x1 & ria phai cia bang da cho

1011 bang con kich thudéc 1x2 & ria bén dwéi cia bang da cho va mot bang con kich thwdc 1x1 &

gbc dudi bén phai.
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Ta thdy: M6i bang con 2x2 c6 nhiéu nhat hai 6 vudng dwoc t6 mau den (néu cé ba 6 vudng duoc to
mau den thi s& c6 mot 6 den ma chi c6 khong qua hai 6 ké véi né dwoc td mau trang, mau thuan)
Mdi bang con 2x1 ¢6 nhiéu nhit mot 6 vudng dwoc td mau den (Né€u ca hai 6 vudng déu duoc to
mau den thi moi 6 s& c6 khong qua hai 6 ké véi n6 duwgce td mau trang, mau thuan)

Mdi bang con 1x2 c¢6 nhiéu nhat mot 6 vudng dwoc t6 mau den (Né&u ca hai 6 vudng déu duoc to
mau den thi mdi 6 sé c6 khong qua hai 6 ké véi né dwoc td mau trang, mau thuan)

Bang con 1x1 & géc dudi bén phai chi ¢6 hai 6 ké véi né nén dugc td6 mau trang.

Nhuw vy, s6 6 vudng dwoc t6 mau den khong vieot qua 1022121.2+1011+1011=2046264

‘..g

Mat khac, cach t6 mau sau théa man yéu cau bai toan.

Vay s6 6 vudng dwoc té6 mau den nhiéu nhat 1a 2046264.

Bai 107 (Pé thi vao 10 - Toan chung - THPT Chuyén Sw Pham Ha Noi nim hoc 2024 - 2025)

Tim s6 thwc x théa man x ++/2024 va 185 _ 72024 déu la sé nguyén.
x
Lo giai:
x++2024 =m(1)
bat <185 m,n €z

22 2024 = n(2)
X

Tw (1) ta duwoc x = m —~/2024 , thay vao (2) ta duoc
185

m—~/2024

—+/2024 = n, bién d6i ta dwgc 2209 —mn = (m —n)\2024 (3)
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TH1: m —n =0, khi d6 phwong trinh (3) c6 dang: 2209 —m” =0 = m = +47 (théa man)

TH2: m—n#0,khi dé tacé6 220" _ 2024 (4)
m-—n
2209 —mn
m-—n

Vay x e {47 —[2024;-47 - \/2024}

Bai 108 (Pé thi vao 10 - Toan chung - THPT Chuyén Sw Pham Ha Noi nim hoc 2024 - 2025)

Do m,neZ = € Z va /2024 1a s6 vo ti, nén khong ton tai m, n thda man

Cho 45 s8 a,;a,;...;a,; sao cho m6i s8 chi nhan mot trong ba gia tri 0, 2, 3. Biét
(a,—2) +(a,—2)* +...+(a, —2)’ =65; (a,—3)’ +(a,—3) +...+(a,; —3)’ =-280. Trong 45 s& trén,
c6 bao nhiéu s6 nhan gia tri 0?
Lo giai:
Goi x, y, z lan lwot l1a s6 ghi gid tri @ nhan gia tri 0,2,3 (x,y,z e N;x, y,z <45)

x+y+z=45
Ta c6: {x(0-2)> + y(2—2)* +2(3-2)* =65

x(0-3) +y(2-3) +2z(3-3)’ =-280

xX+y+z=45 xX+y+z=45 x=10

=14x+0y+z=65 = 14x+z=65 =4y=10
—27x—-y+0z=-280 —27x—y=-280 z=125

Vay c6 10 s6 nhan gia tri 0.

Bai 109 (Dé thi vao 10 hé chuyén - Toan (hé chuyén Nga - Phap - Trung) - tinh Hoa Binh ndm hoc
2024 - 2025) Tim nghiém nguyén dwong cia phwong trinh: x* +5y* =12y —2xy +1

Lo gidi

X' +5y° =12y -2xy+1= (x+ )’ +(2y-3) =10=1" +3

Vi x;y e N* nén x+ y >1. Ta c6 bang sau:

X+y 1 1 3

2y-3 3 -3 -1
X —2 (loai) 1 2
y 3 0 (loai) 1

Vay (x;p) e{(1;2);(2:1)}
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Bai 110 (Pé thi vao 10 hé chuyén - Todn Chung - Truwdng THPT Chuyén Lam Son ndm hoc 2024 -
2025)

Tim nghiém nguyén clia phwong trinh 2x° +2y*> —5xy +2x—y -3 =0.

Lo giai

Tacod 2x° +2y° —5xp+2x—y-3=0=(x-2y+1)2x—y) =3

Xét cac trurong hop sau:

2
. x-2y+1==3 [x-2y=—4 |73 o
TH1: = = (khong thoa man)
2x—y=-1 2x—y=-1 7
Y73
x=2y+1=3 x=2y=2 x=0 R
*TH2 : = = (nhan)
2x-y=1 2x-y=1 y=-1
x=2y+1=1 x=2y=0 x=2 .
*TH3 : = = (nhén)
2x—y=3 2x—y=3 y=1
X=——
x=2y+1=-1 x=2y=-2 3 . y .
*TH4 : = = (khong thoa man)
2x—y=-3 2x—y=-3 y—l

3
Vay phuong trinh c6 cac nghiém nguyén la (0;-1),(2;1).
Bai 111 (Dé thi vao 10 hé chuyén - Chuyén Tin - tinh Thai Nguyén nim hoc 2024 - 2025)
Tim tat ca cac gia tri nguyén cia tham s6 m sao cho phwong trinh x* —(m—1)x* —2x+2m—-9=0

c6 nghiém nguyén.

Loi gidi
Ta c6: x3—(m—1)x2—2x+2m—9=0

(x3 —2)6)—[(m—1)x2 —2(m—1)}=7
(x2—2)(x—m+1)=7

Vi 7=1.7=(-1).(-7) nén dé phwong trinh cé nghiém nguyén thi cé thé xay ra cac treong hop sau:
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x=3
m=x—06
xP-2=1 m:—6+\/§
Trwong hop 1: ={lx=3 = .
x—-m+1=7 x=—/3
x=-3
m=-6-+3

Céc gia tri m =—6++/3, m =—6—+/3 khong théa man yéu ciu bai toan.

_{m=3
m=x

x’-2=17 x=3

Trwong hop 2: =><¢x=3 =
x—m+1=1

-3
x=-3 {m
x=-3

Viy m =3, m =-3 théa min yéu ciu bai toan.

m=9
2 | m=x+8 {
Trwong hop 3: TTETT S lk=1 >
x—-—m+1=-7

el m="7
x=-1

Vay m =7, m=9 thoéa man yéu cau bai toan.

2-2=-7 2=-5
Trwong hop 4: * =" .
x—-m+l=-1 m=x+2

Trudong hop nay, khong cé gia tri m thoa man yéu cau bai toan.

Kétludn: m=-3, m=3, m=7, m =9 la tit ca cac gia tri nguyén ctia tham s6 m dé phwong trinh da
cho c6 nghiém nguyén.

Bai 112 (Dé thi vao 10 hé chuyén - Chuyén Toan, Tin - tinh Ha Giang ndm hoc 2024 - 2025)

Tim nghiém nguyén clia phwong trinh (x+2y)(x—y)+5x+4y=-1.

Loi gidi

Ta co: (x+2y)(x—y)+5x+4y =-1

(x+2y)(x—y)+3(x+2y)+2(x—y):—1

(x—y+3)(x+2y+2)=5
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Vi x,y € Z nén: (x—y+3;x+2y+2):{(5;1),(1;5),(—5;—1),(—1;—5)}.

Xét cac trurong hop sau:

x+2y+2= =
. —1
—y+3= -
THZ:«X yE 3 (Khéng théa man)
x+2y+2=35 5
3
x—_19
—y+3=-5 a
TH3:«x ' = 3 (Khong théa man)
x+2y+2=-1 _5
3
x—y+3=-1 x=-5
TH4: ' = (Théa man)
x+2y+2=-5 y=-—1

Vay (xy)={(-1),(-5-1)}.

Bai 113 (Pé thi vao 10 hé chuyén - Todn Chuyén - Chuyén Hung Virong tinh Gia Lai nam hoc 2024 -
2025)

Tim t4t c4 nghiém nguyén (x, y) cia phwong trinh x* —4xy +5y° =2(x—y +1)
Lo gidi

Ta c6 phwong trinh: x* —4xy +5y* = 2(x—y+1) = x> —4xy+5y° —2x+2y-2=0
= x> —2x(2y+1)+5y°+2y—2=0 (¥

Phuwong trinh (*) 1a phwong trinh bac 2 theo an x.

Tacé: A'=(2y+1)’ —(5y” +2y—2)=-y" +2y+3. D& phwong trinh (') c6 nghiém thi: A’>0

= -y’ +2y+3>0
~(y=1>+4>0
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(y-1°<4
ly-1<2
—2<y-1<2
-1<y<3

Ma y € Z nén ye{—1;0;1;2;3}

Véi y =—1 thay vao () ta dwoc: x> +2x+1=0= x=—-1. (chon)

x=1+\/§

Véi y =0 thay vao (*) ta duoc: x2—2x—2=0:>{ (loai,vi x ¢ Z )

x=1—\/§

. =1
Véi y =1 thay vao ( ) ta dwoc: x* —6x+5=0= {x (chon)
X

x=5+3

Véi y =2 thay vao () tadwoc: x* —10x+22=0= (loai,vi xg Z )
x=5-3

e V&i y=3 thay vao () ta duoc: x° —14x+49=0= x =7 (chon)
Vay phuong trinh da cho c6 nghiém la: (x;y) = (1;1);(5:1);(=1;-1);(7;3)

Bai 114 (Pé thi vao 10 hé chuyén - Todn Chung - tinh Ninh Thudn ndm hoc 2024 - 2025)
Tim t4t c4 cc cdp s6 nguyén (x;y) théa man: 2xy+2x+x+y=0.
Lo giai
Tacéd: 2xy+6x+y=0=4xy+6x+2y=0
2x(2y+3)+(2y+3):3
(2x+1)(2y+3) =3

Vix,yeZ nén 2x+1€Z, 2y+3€Z

Do dé ta c6 cac treong hop sau:

2x+1=1 x=0 2x+1=-1 x=-1
TH1: = TH3: =
2y+3=3 y=0 2y+3=-3
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2x+1=3 x=2 2x+1=-3 x=-2
TH2: = TH4: =
2y+3=1 y=-1 2y+3=-1

Vay c6 4 cip s6 nguyén théa man 1a: (0;0),(2;-1),(-1;-3),(-2;-2)
Bai 115 (Deé thi vao 10 hé chuyén - Chuyén Tin - tinh Binh Pinh ndm hoc 2024 - 2025)
Tim tit ca cac cdp s6 nguyén (x; y) théa man phwong trinh sau 2x* — y*> +xy+2x+2y =7
Loi gidi
Taco: 2x° —y> +xy+2x+2y =7

(x+y)2x—y)+2(x+y)=7

(x+y)2x—-y+2)=7
Ta c6 cac cach phan tich 7=7.1=1.7=(-7).(-1) = (-1).(-7)

Do doé xét cac treong hop sau

+y=7 =2
*) {x d = {x 5 (thoa man)
y =

2x—-y+2=1
+y=1 =2
*) Y x (thoaman)
2x—y+2= 7 y
—10
+v=
*){x I (loal)
2x— y+2——
x+y=-1 x=—
* 4 = 3 (thoa man)
2x—-y+2=-7 7
y=§

Vay céc cdp s nguyén théa man yéu cau bai toan 1a (x; ) € {(2;5);(2;-1)}
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