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TUYEN CHON CAC BAI TOAN BAT PANG THUC VA CUC TRI
TRONG CAC KI THI CHUYEN NAM HOC 2025 - 2026

Bai 1. (Trwdng chuyén tinh Vinh Phic nam 2025 - 2026)

a) Ching minh ring: 63x—1+xv/5—x> <8 véi 1<x</5.

b) Cho a,b,c 1a A6 dai ba canh ctia mot tam giac c6 chu vi bang 3. Tim gia tri 16m nhat cia biéu thirc

4 4 4 1 1 1
+

- + )
a+b b+c c+a a b c¢

Bai 2. (Trwdng chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)

Xét cac s6 thuc dwong a,b,c thay d6i va théa man ab + bc + ca + abc = 4. Chitng minh rang abc <1
va tim gia tri 1ém nhat cda biéu thirc

ab+c bc+a ca+b 3
P= 4 4 + 4 Tt 4 - .
a +b"+c b +c'+a c +a +b abc

Bai 3. (Trwdng chuyén tinh Bac Liéu nam 2025 - 2026)

Cho a,b,c dwongthéa abc(a+b+c)=1.Tim gid tri nh6 nhét cta biéu thic

a’ ) c’
= + + .
a*+3b*  b*+3c* ¢t +3d°

Bai 4. (Trwong chuyén tinh Bic Kan ndm 2025 - 2026)

2 2
Cho x, y >0 théa man x+ y <1. Chirng minh AR AR ! +x+y2§.
I-x 1-y x+y 2

Bai 5. (Trwomg chuyén tinh Bic Ninh ndm 2025 - 2026)

1 1
@ (36-1) b (3a—1)

Cho cac s6 thuc a,b 16n hon % va thod man > 3ab. Chrng minh rang

l+a+b23ab.
Bai 6. (Trwdng chuyén tinh Binh Pinh nam 2025 - 2026)
Cho nam so6 thuwc dwong a,,a,,4a,,a,,a, théa man a, +a, +a, +a, +a, =2024. Tim gia tri nhé nhat
cta biéu thirc

P (a,+a,+a,+a,)a +a,+a,)a +a,)

a,a,a,a,d;
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Bai 7. (Truwdng chuyén tinh Binh Phwéc ndam 2025 - 2026)

Cho hai s6 thuc x,y >0 théa man xy >1. Chitng minh rang (x+ 2y+ilj(y+ 2x+%) >16.
X+ v+
Bai 8. (Trwong chuyén tinh Cin Tho ndm 2025 - 2026)

Cho a,b,c la cac s6 thuc dwong khong nhé hon 1. Chirng minh:

Jab-1 ~bc—1 ~ca-1 a+b+c
+ + < .
b+c c+a a+b 4

Bai 9. (Trwomg chuyén tinh Pa Nang nam 2025 - 2026)
Cho céc s6 thuc dwong a, b théa man vab +1< 2+/b . Tim gi4 tri 1én nhit ctia biéu thic

__ Nab 2009
2024a +2025b b

Bai 10. (Trwdng chuyén tinh bak Lak nam 2025 - 2026)

Cho da thitc bac hai P(x)=ax’ +bx+c v&i a, b, ¢ 1a cac s6 thuc duwong.
Biét P(1)=12 va P(2)=16.Tim gia tri nh6 nhét ctia biéu thirc

_a +a’b+3b’ ab’

A + )
ab’ a’ +a’b+3b°

Bai 11. (Trwdong chuyén tinh Dak Nong nam 2025 - 2026)

Cho a, b 1a 2 s6 thwc dwong.
a) Chtirng minh rang /(1+a)(1+b) =1+ Jab.

b) Cho a+b=ab théamin a’ +3a—-b>0va b’ +3b—-a>0.

1 1
Tim gia tri nhé nhat cia biéu thic: P = + +.(1+a*)(1+b7).
- a’+3a-b b’ +3b-a \/( )( )

Bai 12. (Trwdong chuyén tinh Ha Giang nam 2025 - 2026)
Cho a,b,c 1a ba s6 thwc dwong thoa man diéu kién abc > 1. Tim gia tri I&n nhat cta biéu thirc

_ 1 N 1 N 1 .
a’+1+bc b’ +1+ac ab(c’ +1)+1
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Bai 13. (Trwong chuyén tinh Péng Nai nam 2025 - 2026)

a) Cho cac s6 thuc dwong a, b.Chitng minh &’ +b° > a’b+b’a.

b) Cho cac s6 thwec dwong a, b, ¢ théa man ab+bc + ca > 3. Chirng minh
2@’ +b +c’)+3abc>9.

Bai 14. (Trwdng chuyén tinh Gia Lai nam 2025 - 2026)

Cho céc s6 thuc a,b,cthéa man a+b +c =3. Chirtng minh rang:

1 1 1 at+1 b +1 ¢t +1
—4—4—> —+ —+ —.
a b c 2a 2b 2¢

Bai 15. (Trwong chuyén Ha N6i nam 2025 - 2026)

Véi cac s6 thuc a,b,c théamin a’b+b’c+c’a+16=ab* +bc* +ca’:
1) Chtirng minh (a—b)(b—c)(c—a)=16.

2) Tim gi4 tri nho nhAt cta biéu thirc P=a* +b° +c°.

Bai 16. (Truwong chuyén KHTN Ha Noi nam 2025 - 2026)

Cho céc s6 thuc x, y, z théamin 1<x,y,z<2. Chirng minh rang

(x_3+y_3+ij( x’ N y? h z’ j> 3y 3y 3=
3

v 2 XN\ X482 Y482 Z+8) ) 2 +8xy x+8yz y  +8zx

Bai 17. (Trwong chuyén Tin Ha Noi nam 2025 - 2026)

Véi a,b,c 1a cac sO6 nguyén dwong théa man a+b+c =12, tim gia tri I&n nhit va gia tri nho nhat

el Y

Bai 18. (Trwdng chuyén tinh Ha Tinh ndam 2025 - 2026)

cua biéu thic

Cho cac s6 x,y,z thod man 0< x,y,z <1. Tim gia tri nhoé nhat cta biéu thirc

P= 4 )+3(x—l)(y—1)(z—l).

(Vx+2Jy)(Va+2Vz
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Bai 19. (Trwdng chuyén tinh Hai Dwong nam 2025 - 2026)
Cho x,y,z 1a cac s6 thuc théa man diéu kién x + y + z = 0. Chitng minh rang

2x -1 N 2y-1 2z-1 S -3

+ >
X 4+2 Yy 42 242 2

Bai 20. (Trwdng chuyén tinh Hai Phong nam 2025 - 2026)
Cho x,y,z 1a cac s6 thuc dwong théa man xyz =1. Chirng minh rang

2 2 2
X z

+ + 21.
\/x3+8 \/y3+8 \/z3+8

Bai 21. (Trwdong chuyén tinh Héa Binh nam 2025 - 2026)

Cho hai s6 dwong a,b thay d6i thod man a + b +4ab = 6. Tim gia tri I&n nhit cia cta biéu thirc

_ab 1
2 \/a+b+2'

Bai 22. (Trwong chuyén Thira Thién Hué nim 2025 - 2026)

M

Cho cac s6 thwc dwong x, y, z thdbaman x+ y+z=xy+ yz+zx.
a) Chitrng minh x+y+2z>3.

. : 1 1 1
b) Chirng minh ———+——; + <1.
X+y +z Yy +z +x z+x+y

Bai 23. (Trwong chuyén Hung Yén nam 2025 - 2026)

Cho cac s6 thuc dwong x, y,z. Tim gia tri nho nhit cda biéu thic

P \/2x2+2xy+y2 +\/2y2+2yz+22 _l_\/222+2zx+x2
x+2y y+2z z+2x .

Bai 24. (Trwong chuyén Khanh Hoa nam 2025 - 2026)

. 1 2 A 2 e
a) Tim tat ca sb thuwc £ >0 sao cho r < —(x +—j lu6n ding véimoi x,y > 0.

xy+2 y
2 ~ 1 ]. 1
b) Cho a,b,c,x,y,z>0 théaman x+y+z=2 _+Z+_ =4,
a c

y z
+ + <l1.
ax+2 by+2 cz+2

Chirng minh:
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Bai 25. (Trwong chuyén Kién Giang nam 2025 - 2026)

Cho ba s6 thuc x,y,z, théa man: (x—y)(y—z)(z—x)=2.Ching minh ring, x* +y* +z° >2.
Bai 26. (Trwong chuyén Lai Chau nam 2025 - 2026)

Cho x,y,z la cac s6 thuc dwong théa man x+ y+z=3xyz. Tim gia tri nh6 nhit cia biéu thic

B=— Z 5 = 5 2 A
x(z+2y) yv(x+2z) zZ(y+2x)

Bai 27. (Trwdong chuyén Lao Cai nam 2025 - 2026)
a) Cho cac s6 thuc a,b,c >0 va théa min diéu kién a +b+c = 6. Chitng minh &’ + 5’ + ¢’ > 24,

b) Cho cac s6 thuc a >0,b>0,c >0 va théa man diéu kién a + b +c =2026.

Tim gia tri 16n nhat ctia biéu thiec M = a**b+b"c+c*a.

Bai 28. (Trwong chuyén Long An nam 2025 - 2026)

a-b b?
3a+b d*+b*+ab’

Cho a,b la cic s6 thwe dwong sao cho

a’+2ab+a+?2
2b+a+1

Tim gia tri nhé nhat cua biéu thirc P =

Bai 29. (Trwong chuyén Nam Dinh nam 2025 - 2026)

Xét x, y,z la cac s6 thwec dwong théda man xy + yz + zx < xyz. Tim gia tri nho nhat ctia biéu thirc
Q=xy"+yz* +2x° —18(x+y+z).

Bai 30. (Trwdng chuyén Nghé An nam 2025 - 2026)

Cho hai s6 thwc a va b théa man cac diéu kién sau:

i) a<b<420.

ii) V&i moi s6 thuc x, y,z théamin a<x<b, a<y<b, a<z<b,taludncéd
(x+ +Z—420)2<LXZ
4 “10577

Tim gia tri l&n nhat cha biéu thivc T =b—a.
Bai 31. (Trwdng chuyén Ninh Thudn nam 2025 - 2026)

Cho hai s thic duwong a,b théa man a.b =1. Chitng minh rang: (1+ a)2 (1+ b)4 > %
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Bai 32. (Trwong chuyén Phu Yén nam 2025 - 2026)

Cho hai sé thuc x,y thodmin 0<x< y<13 va 2xy<13x+9y.
Chtrng minh rang x* + y* < 250.

Bai 33. (Trwdng chuyén Quang Nam nam 2025 - 2026)

Cho ba s6 dwong x, y,z thod mdn x> + y* + z* =1. Chitng minh rang

2 2 2
al A >1.
I+y-x l+z-y l4+x-z

Bai 34. (Trwdong chuyén todn Quang Nam nam 2025 - 2026)
x—1 LY -1 S 6

> . Tim gi4 tri nho nhit cta biéu thic
x+3 y+4 z+5

Cho ba s6 thuc dwong x, y,z thoa min

P=(2x+2)(2y+3)(2z+4).

Bai 35. (Trwong chuyén S6c Trang nam 2025 - 2026)

Cho a, b, ¢ 1a cac s6 thwc dwong thod man a +b +c¢ =1. Chitng minh rang

Ja+2b+3b+2c +Vc+2a <3.
Bai 36. (Trwong chuyén Son La nam 2025 - 2026)

Cho x,y,z la cac s6 thyc dwong thdéa man P + 1 +l = 3. Chirng minh rang
X y z

x>y 422 =2xyz > 1.
Bai 37. (Trwong chuyén Tay Ninh nam 2025 - 2026)

Cho cac s6 thuc dwong x,y,z théaman x+2y+3z=2024. Tim gia tri nh6 nhat cta biéu thirc

1 3 1 1
M =— > -+ + + .
X +4y"+9z 8xy 8yz 4zx
Bai 38. (Trwong chuyén Thai Binh nam 2025 - 2026)
Cho a,b,c 1a cac s6 thuc dwong théoa man ab + be + ca = 3abc. Tim gia tri 1én nhit cia biéu thic

a+b b+c N c+a

= + .
a’+ab+b* b*+bc+ct F+ca+a’
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Bai 39. (Trwong chuyén Tién Giang nam 2025 - 2026)

\ 7 N 2 ~ ab bC aC
Cho a,b,c la cac s6 thuc dwong thoa man —+—+—<6.
c a
, . N ab bc ac
a) Chirng minh rang: —+—+?2 a+b+c;
c a

b) Tim gia tri nh6 nhit cta biéu thirc T = ab + be L+ ﬂ
c a b a+b+c

Bai 40. (Trwong chuyén Tuyén Quang nam 2025 - 2026)
Cho x,y 1a cac s6 thuc dwong théa man 2xy = x + y. Chitng minh rang

a) xy=>1;

b) \/x2+1+\/y2+1 2,/(x—y)2+8.
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HU'GNG DAN GIAI
Bai 1. (Trwdng chuyén tinh Vinh Phic nam 2025 - 2026)
a) Chtrng minh ring: 63/x—1+ x5—x* <8 véi 1< x <5,
b) Cho a,b,c 1a dd dai ba canh ctia mét tam giac c6 chu vi bang 3. Tim gi4 tri 16n nhat ctia biéu thirc

T = 4 + 4 + 4 —l—l—l.

a+b b+c c+a a b c¢

Lo gii

(x—1)+1 (5—x2)+1_12x_x3
A7 ) 2

a) Theo bat dang thirc Cauchy ta c6: 64/x—1+xv5-x* <6. +X.

3

Ta chirng minh Lox <8,hay (x—2) (x+4)>0 (luon dlng véi 1< x < J35).
bang thirc xay ra khi x=2. Vay ta c6 diéu phai chirng minh.

b) Tt gia thiét c6 a<b+c, b<c+a, c<a+b nén 2a<3, 2b<3, 2¢<3.Suyra 0< a,b,c< %

Ta viét lai biéu thirc T = 4 1 + 4 h ‘Rl
3—a a 3-b b 3—-¢c ¢

1

——j£2(a—l)+l,hay Qs W22 —3)

a(3—a)

<0 (ludn ding do 0 < a,b,c<%)

Ta chirng minh (
3—a a
Dang thirc xay ra khi a=b=c=1.
Vay gia tri lén nhat cta 7 1a 3 khi a=b=c=1.
Bai 2. (Trwdng chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)
Xét cac s6 thuc dwong a,b,c thay ddi va théa man ab + be + ca + abc = 4. Chirng minh rang abc <1
va tim gia tri 1&n nhat cta biéu thirc
ab+c bc+a ca+b 3
o 4 4 + 4 = 4 o .
a +b"+c b '+c'+a c"+a +b abc

Lo gidi
Ap dung bat ddng thitc AM - GM ta c6 4 = ab +bc +ca + abc > 43 a’b’c® suyra abe <1.

Ta c6 bt dang thirc quen thudc a* +b* > ab(a2 +b2) vadéyrang c=c-1>abc’ nén

at+b +c2ab(a2 +b2)+abc2 =ab(a2 + b +cz).
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Twong tw b* +¢* +a2bc(a2 +b’ +c2),c4 +a’ +b2ca(a2 +b’ +cz) nén

P<
a’+b*+¢’

1 (ab+c+bc+a+ca+bj_ 3 _a2+b2+cz+3abc_ 3
a

ab bc ca bc abc(a2 +b° +cz) abc’

Do abc <1 nén Ja’b’c’> >abc do dbé a* +b* +c¢* >33a’b*c® > 3abc.

2 2 2
atb v tdabe 3¢ oy dintgiP<t - -1 <y
a +b +c a +b” +c abc abc abc

Suy ra

D4u bang xay rakhi a=b=c=1.

Vay gidtrilénciacta Pla -1 khia=b=c=1.

Bai 3. (Trwdng chuyén tinh Bac Liéu nam 2025 - 2026)

Cho a,b,c dwongthéa abc(a+b+c)=1.Tim gi tri nh6 nhét cta biéu thic

B a6 + b6 + cG
at +3b* b +3¢t ¢t +3at

Lo gidi
a’ a’(a* +3b*")-3a’b* , 3a’b’ , 3
Ta co: = =qa - >a" ——ab 1
at +3b* a* +3b* at +3b* 4 @

3a’b* 3a’h* 3
> 240 _ d
a' +3b* 4ab’ 4 ab)

(do a* +b* +b" +b" 2 4Ya’ b* b* b =4ab’ = -

b° 3 c®
>b* —=bc (2);
b* +3c* 4 ) ¢t +3a*

Chirng minh twong tu: >’ —%ca (3)

Cong theo vé cac bat dang thirc (1), (2) va (3) ta co:

ab+bc+ca

S>a’+b*+c? —%(ab+bc+ca)2ab+bc+ca—%(ab+bc+ca): 4

Nhén xét: (ab+bc + ca)2 > 3(abzc +bc’a+ azbc) =3abc(b+c+a)=3.

Suy ra ab+bc+ca=A3.

Do dé SZ?.Dé'ub;‘ingxéyrakhi a=b=c=%.

Vay gia tri nhé nhit cia S 1a ? khia=b=c 1

e
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Bai 4. (Trwong chuyén tinh Bic Kan ndm 2025 - 2026)

2 2
Cho x, y >0 théa man x+ y <1. Chirng minh AR AR ! +x+y2§.
I-x 1-y x+y 2
Loi giai
2 2
Ta co: :L—x—l, Y :L—y—l
-x 1-x l-y 1-y
B4t dang thirc tré thanh: ! + ! + : —22§hay ! + ! + ! 22.
I-x 1-y x+y 2 I-x 1-y x+y 2

Chirng minh bit dang thirc: (a +b+c)(l+%+lj >9 voia,b,c>0 (%).
a c

Ap dung bat ddng thirc AM - GM ta cé: a+b+c23i/abc,l+%+lz3‘3/ 2 .
a c abc

:>(a+b+c)(l+%+lj29. D4u bang xdy rakhi a=b=c.
a c

Ap dung bat dang thirc (*), ta cé:

1 1
+ +
I-x 1-y x+y

! + : j29suyra

N >2,
l-x 1-y x+y 2

(1—x+1—y+x+y)(

;s 1
Dau bang xdyrakhi l-x=1-y=x+y suyra x:y:§.

Vay ta c6 diéu phai chirng minh.
Bai 5. (Trwong chuyén tinh Bic Ninh ndm 2025 - 2026)

1 1

Z(3-1) t Ga=1) > 3/ab . Chitng minh ring

7 ~ 7 1 \ rd ~
Cho cac so6 thuc a,b 16n hon 3 va thod man

l+a+b>3ab.
Loi giai
Néu ab <1, 4p dung bat ding thirc Cauchy ta c6: 1+a+b>33/a-b-1>3ab (didu phai ching minh).
Xét ab > 1, ta chirng minh bang phan chirng.

Gia st ton tai a,b sao cho 1+a+b <3ab suyra ! = 1 1

@ (36-1) a(3ab—a) a(1+b)
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1
zﬁ@a—n<bgu4y

Twong tw ta c6

Suy ra ! + ! >lab >1.
ab+a ab+b

1 1 1 1
< , < )
ab+a a+1 ab+b b+1

béy

+L>1 suyra a+b+2>ab+a+b+1 hay ab<1 (vo li).
a+l b+1

Vay
Do d6 ta c6 diéu phai chitng minh, d4u bang xay rakhi a =b =1.

Bai 6. (Trwdng chuyén tinh Binh Pinh nam 2025 - 2026)

Cho ndm s0 thwc dwong a,,a,,a,,a,,a, théba man a, +a, +a, +a, +a, =2024. Tim gia tri nho nhat
cta biéu thirc

P (a,+a,+a,+a,)a +a,+a,)a +a,)

a,a,a,a,a,
Lo giai
Déi vdi 2 s6 thuc dwong x, y ta cé bat dang thirc sau:

2
Su+w_
4

St dung bat ding thirc trén mot cach lién tuc dé€ danh gia phan mau s6 cua biéu thirc P, ta dwoc

2
(a, +a,) a +a
1 2 - 2
a,a,a,a,d; S—4 a,a,a, = v (a, +a,)a,a,a,

L@ +a,) (¢, +a,+a,) N (a,+a,)(a +a,+a,)
1 4 e 16

(al +a, +a3)'a4a5

_(a+a)(a +a,+a) (a+a,+a,+a,) »
- 16 4 ’

< (a, +a,)a +a,+a,)a +a,+a,+a,)
64

(a,+a,+a,+a,)-a

< (a, +a,)a, +a,+a,)a +a,+a,+a,) . (a, +a,+a,+a,+a,)
B 64 4

L (@ ta)a +a,+a)(a +a, +a, +a,)-2024° |
256
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Do dé6: P2 2562 __ 4 .
2024 64009
a +a,+a,+a,+a; =2024 253
a =a,=—
a, =a, 2
D4u ddng thirc xay ra khi: < a, +a, = a, suy ra {a; =253
a+a,+a,=a, a, =506
a+a,+a,+a,=a, a; =1012

4 ,dat duoc tai a, = a, zg, a, =253, a, =506, a, =1012.
09 2

Vay gia tri nho nhit cia P la
Bai 7. (Trwdng chuyén tinh Binh Phwéc ndam 2025 - 2026)

’ s 2 2
Cho hai so0 thyc x,y >0 théa man xy >1. Chirng minh rang (x+2y+—lj(y+2x+—lj >16.
X+ v+
Loi giai

a) Cach 1: Theo bat dang thirc AM - GM, ta c6:

x+2y+ 2 —(x+1+ 2 j+(§+1j+37y_122+2_1+3_y_l:3y+§

x+1 L2  x+1) (272 2 2 2 2 2
e, . , 3x 5
Mot cach twong ty ta cling c: y+2x+——>—+—.
v+l 2 2
Khi dé: VT >[22+2|[35,3 :§+1—5(x+y)+9ﬂ216.
2 2) 2 2) 4 4 4

Vay ta c6 diéu phai chirng minh.
b) Cach 2: Bit dang thitc cAn chirtng minh twong dwong:

2x 2y 4x 4y 4

+ + + + 216
y+1 x+1 x+1 ypy+l1 (x+1)(y+l)

5xy+2(x2 +y2)+

Vi x* +y* >4xy >4 nén ta chi cAn chitng minh:

X .y o 2x N 2y N 2
v+l x+1 x+1 y+l1 (x+1)(y+1)

57
2
Quy dbng va rut gon, bat dang thirc trén tré thanh:

1 1 3
Xy r=—xy>—(x+y)+=
4 2 4 2 ( y) 2
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(x+y)’
2

Taco: x* +)° > va xy >1 nén ta sé chirng minh:

(x4-y)
2

(x+y)+1<:>(x+y 2)(x+y+1)20

I\JI»—

Tuy nhién bat déng thirc cudi cing 1a ding do x+ y > 2./xy > 2.
Vay ta c6 diéu phai chirng minh.
Bai 8. (Trwong chuyén tinh Cin Tho nam 2025 - 2026)

Cho a,b,c la cac s6 thuc dwong khong nhé hon 1. Chirng minh:

\/ab—l \/bc—l \/ca—l at+b+c
+ + < .
b+c c+a a+b 4

Lo gii

Theo bit ding thirc Cauchy ta c6 b +c > 2/bc .

Jab—-1 \/ab I_1 [ab-1 1/ab—1 1 ( 1)1 1( ] 1)
Suy ra < — =— la—=|=<—|ag-=+=

b+c 2be b 2 bc 2 blc 4 b ¢
\/ab—1<l( ] 1] @

<—|la-—+—
b+c 4 b

Suy ra

~lp—=4 <z

Twong tu, ta co6 <
c+a 4 a+b 4

\/bc—1<l( 1_j(2) Jea-1 1( —l+%](3)

c
Cong vé theo vé (1), (2) va (3), ta dwoc diéu phai chirng minh.

D4u bing xay rakhi a =b=c=+/2.

Bai 9. (Trwdong chuyén tinh Pa Nang nidm 2025 - 2026)

Cho céc s6 thuc dwong a, b théa man vab +1< 2+/b . Tim gi4 tri 1én nhit ctia biéu thic

__ Nab 2009
2024a +2025b b

Lo gii

Pit Ja =x \/_ y (x,y>0).

Ta thu dwocngay x+ y<2.
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Viét lai biéu thirc T theo x, y ta co:

T= 4 +2009x%y”.
2024x°y +2025

Dbat c=xy, theo bat dang thitrc Cauchy thi 2\/5 <x+y=c<l

Ta c6: c _ 1 4049¢-2024c” 2025 _ (1-c)(2024c -2025)
" 2024c¢% +2025 4049 4049(2024024—2025) 4049(2024024—2005)

<0;

Va 2009¢” < 2009.

Suyra T < ! +2009. D4u bang xay ra khi a=b=1.
4049

khia=b=1.

Vay gia tri lén nhit cia T 1a 2009 + !
4049

Bai 10. (Trwdng chuyén tinh Pak Lak nam 2025 - 2026)
Cho da thitc bAc hai P(x)=ax’ +bx+c v6i a, b, ¢ 1a cac s6 thuc duwong.

Biét P(1)=12 va P(2)=16. Tim gi4 tri nh6 nh4t cta biéu thirc

a +a’b+3b° ab’
A: 2 + 3 2 3
ab a’ +a'b+3b
Loi giai
< a . 3 3
batt=—>0va B=t +t+—.
b t
Khi doé:
a +a’b+3b’ ab’
A: 2 + 3 2 3
ab a +ab+3b
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Dé y rang theo bat dang thirc AM - GM, ta c6
1
B="¢ +z+%= (t-1)° +3z+%—1z 3.2.‘/t.;—1= 5
Tiép tuc sit dung AM - GM, ta c6:

A:B+l:ﬁB+LB+l2ﬁ~5+2.,/L-B~l:é
B 25 25 B 25 25 B 5

D4u bang xay ra khi =1 hay a=b.
P&y P(1)=12, P(2)=16 nén a+b+c=12, 4a+2b+c=16.Do d6 a=h=1, c=10.

Vay gia tri nho nhat cia 4 :% khi a=b=1, ¢=10.

Bai 11. (Trwdng chuyén tinh Pak Nong nam 2025 - 2026)

Cho a, b 1a 2 s6 thwc dwong.

a) Chtirng minh ring /(1+a)(1+b) >1++ab.

b) Cho a+b=ab théamin a’ +3a—-b>0va b’ +3b—a>0.

1 1
Tim gia tri nhé nhit cda biéu thivc: P = + +.(1+a*)(1+b7).
glatn a’+3a-b b’+3b-a \/( )( )

Loi giai
a) V&i a,b >0, ta co:
1+a+b+ab>1+ab+2-ab
(\/g—\/g)z >0 (ludn dung véi moi a,b>0)

D4u bang xay ra khi a =b.

Vay ta c6 diéu phai chirng minh.

,ta co:

b) Ap dung bat dang thitc l+12
Xy x+y

1 1 4 4
> =
Zt3a—b b +3b-a (a* +3a—b)+(b*+3b—a) a’+b*+2(a+b)
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1 1 4 4
+ 2 =
a+3a-b b*+3b—a a*+b>+2ab (a+b)

- (Via+b=ab)

Mat khac \[(1+a*)(1+5*) 2 1+ab=1+(a+b) (theoy a)

-+1+(a+b)= 4 +a+b+a+b+7(a+b)

+1
(a+b) (a+b) 16 16 8

Suyra P>

Ap dung bat ding thitc Cauchy, ta cé:

4 +a+b+a+b23i/( 4 .a+b.a+b:%(1)

(a+bf 16 16 a+bf 16 16

(a+b)2

Tacé: a+b=ab< suy ra (a+b)2—4(a+b)20

Hay (a+b)(a+b-4)>0 suyraa+b>4 (via,b>0nén a+b>0)

7(a+b)
8

=

7
> 5 (2)

3 7 21
Tw (1), (2)suyra P>—+—+1=—.
(1), (2) suy 1t 3 2

D4u bang xdyrakhi a=b=2.
A A e 12 ol Xe 21 .
Vay gia tri nho nhat cua P:? khia=b=2.

Bai 12. (Trwdng chuyén tinh Ha Giang nam 2025 - 2026)

Cho a,b,c 1a ba s6 thuc dwong théa man diéu kién abc > 1. Tim gia tri Ién nhit cta biéu thirc

= ! + ! + ! :
a’+1+bc b’ +1+ac ab(c’ +1)+1
Loi giai
P a b c < a b c

-3 + 3 + - 3 + 3 + 3
@ +a+abc b +b+abc abc(c3+l)+c @ +a+l b +b+1 A +c+1
Véimoi x>0, taludncod (x—1)°(x+1)>0 hay x’ —x* —x+1>0

X | oo L , :
S>3 +x+12x" +2x = — < . D4u bang xay ra khi x =1.
X +x+1 x+2
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a b c < 1 1 1

5 +— +— < + +
a+a+l b+b+1 c+c+l a+2 b+2 c+2

Suy ra

+1+1£1 (*)
a+2 b+2 c+2

Thatvay, (*) = (@ +2)(b+2)+ (b +2)(c+2)+(a+2)(c+2) <(a+2)b+2)(c+2)

Ta sé chirng minh

Hay ab +bc+ca+abc>4.
Ap dung bat ding thirc Cauchy ta ¢ ab +bc+ac >3Jab-bc-ca >3
Mat khac abc >1 = ab+ bc + ca+ abc > 4 nén (*) dung, suyra P<1.
Vay gid trilén nhatcia Plal khia=b=c=1.
Bai 13. (Trwong chuyén tinh Péng Nai nam 2025 - 2026)
a) Cho cac s6 thuc dwong a, b.Chitng minh &’ +b° > a’b+b’a.
b) Cho cac s6 thwc dwong a, b, ¢ théa man ab+bc + ca > 3. Chirng minh
2(a’ +b’ +c*)+3abc>9.
Lo gidi
a) Xét hidu:
a +b—a’b-b’a=(a+b)a’ —ab+b*)—ab(a+b)
— (a+b)d® —2ab+b*) = (a+b)a—b) ()
Vi (a—b)’ =20 va a+b>0 (do a, b dwong) nén (a+b)(a—>b)* =0
T (*) ta dwoc @’ +b° > a’b+b’a (diéu phai chitng minh).
b) Ap dung y a) ta cé
2’ +b +c)+3abc=(a’ +b)+ (b’ +)+(c’ +a’)+3abc
>(a’b+ab*)+(b’c+bc’)+(c’a+ca)+3abc
=(a’b+ab’ +abc)+(b’c+bc’ +abc)+(c’a+ca’ +abc)
=abla+b+c)+bc(a+b+c)+cala+b+c)
=(a+b+c)ab+bc+ca)

Ta c6: (a+b+c)’ 23(ab+bc+ca)>9 dodd a+b+c>3

Suyra 2(a’ +b* +¢’)+3abc >3-3=9 (diéu phai chitng minh).
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Bai 14. (Trwdng chuyén tinh Gia Lai nam 2025 - 2026)

Cho céc s6 thuc a,b,cthéa man a+b +c =3. Chirtng minh rang:

1 1 1 at+1 b +1 ¢t +1
—4—4—> —+ —+ —.
a b c 2a 2b 2¢

Loi giai

Ta co:

4 : 4 4 4 4

LR B PPN B e P B Y L P

2a 2a’ 2a a 2a 2a

4 4 4 4 2 4 4

a 2+1+22a +21+2 a —l;l+1:>a +22a +12a t1+2 a JZIH

a 2a 2a a 2a 2a

(a2+1)2 a'+1 2 1Y a*+1 2 1 a'+1
=>-——F"2 —+1| =>|a+—| 2 —+1| > a+—2 —+1 (1)

a 2a a 2a a 2a

D4u bang xay ra khi a =1. Twong tw ta c6 :

_+_
p—

+1 Va d4u bang xay ra khi b =1;

G~|>~

+1
2¢°

c+ > +1 va d4du bang xay ra khi ¢ =1.

Cong vé theo v& cta cac bat dang thic (1),(2),(3)ta dwoc:

1 1 1 at+1 |[b*+1 | +1
a+b+c+—+—+—2 + —+ —+3
a b c 2a’ 2b 2c

4 4 4
3+l+l+12\/a t1+\/b —|;1+\/c t1+3 (do a+b+c=3)
a b c 2a 2b 2c

1 1 1 at+1 b* +1 ¢t +1
——+—> — —+ —.
a b ¢ 2a 2b 2¢

Vay bat dang thirc dwgc chirng minh.
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Bai 15. (Trwong chuyén Ha N6i nam 2025 - 2026)
Véi cac s6 thuc a,b,c théaman a’b+b’c+c’a+16=ab’ +bc’ +ca’:
1) Chtirng minh (a—b)(b—c)(c—a)=16.
2) Tim gia tri nho nhit cda biéu thiec P=a’ +b° +¢°.

Loi giai
1) Ta cé:
a’b+b’c+c’a+16=ab’ +bc* +ca’
(azb—ab2)+(b2c—bc2)+(c2a—ca2) =-16
ab(a—b)+bc(b—c)+ca(c—a)=-
ab(a—b)+bc(b—c)+ca(c-b+b—a)=-16
ab(a—b)+bc(b—c)—ca(b—c)—ca(a-b)=-16
[ab(a-b)—ca(a-b)]|+|bc(b—c)—ca(b—c)|=-16
a(a-b)(b—c)+c(b—c)(b—a)=-16
(a—b)(b-c)(c—a)=16 (diéu phai chitrng minh).
2) Ta trinh bay hai cach
CACH 1.Tac6 16 =(a—b)(b—c)(c—a)>0.Khdng mit tinh tdng quat gid si a = max {a,b,c}.
Néu a>b>c thi(a—b)(b—c)(c—a)<0v6liDodé a>c>b.
Ap dung bat dang thitc AM - GM, ta c6:

(a-b)’

16=(a—b)(b—c)(c—a):(a—b)(c—b)(a—c)S(a—b)-(c_b;a_cj2 = 2

Suyra (a—b)’ > 64 hay a—b>4.
2
(a=by o4
2

COP=a’*+b*+c*>a’+b* >

D4u bang xay rakhi a=2,h=-2,c=0.

Vay gia tri nhd nhitcia Pla 8 khia=2,b=-2,c=0.
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CACH 2. Gia st ¢ =min{a,b,c} thi (a—c)(b—c)20. Theo bit dang thirc AM - GM, ta c6:

b et o (a+b+c) +2(a-b) +(a3—c)(b—c)+(a—c)(b—c)

L 0+32(a-by (b—c) (c-a)’ _
= 3 B

8

D4u bang xay rakhi a =2,b=-2,c=0.

Vay gia tri nhé nhat ctia P la 8 khi a=2,b=-2,¢=0.

Bai 16. (Truwong chuyén KHTN Ha Noi nam 2025 - 2026)

Cho céc s6 thuc x, y, z théamin 1<x,y,z<2. Chirng minh rang

3 3 3 3 3 3
(x_3+_+z_j( X LY Lz )> 3xy N 3yz 9 3zx

o2 PN\ X482 Y482 2 +8) ) 2 +8xy x+8yz ' +8zx

<

Lo gidi
Dit vé trai clia bat dang thitrc 1a 4. Ap dung bat ding thirc Cauchy - Schwarz ta cé;
3 3 3 3 3 352
x z X +y +z
3 3 + 3y 3 + 3 3 2 6 6 (6 y3 3 )3 3 3.3
x+8z y +8z 48y x +y +z +8(Xy +yz +zx)

B (x3+y3-|—z3)2 A\ (x3—i-y3+z3)2 _l
(x3+y3+z3)2+6(x3y3+y323+z3x3 _(x3+y3+z3)2+2(x3+y3+z3)2 3
x3 3 ZS

Ké’th(_ypv(yi—3+y—3+—323 taco A>1.
z'

bit vé phai cia bit dang thirc 12 B. Ta cd:

§B= 28)cy N 28yz N 282x
3 zZ+8xy x +8yz y +8zx

Suy ra:

ZZ x2 y2
+ +

3—§B= S (x+y+z)

3 Z2+8xy x*+8yz Y 4+8zx X+ 4z +8(xy+ yz+zx)
_ (x+y-|—z)2 S (x—l—y+z)2 _l

(x+y+z) +6(xy+yz+zx) 3(x+y+z)> 3

T d6 ta c6 B <1. K&t hop hai bat dang thirc ta c6 diéu phai chirng minh.

D4u bang xay ratai x=y=z=1.
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Bai 17. (Trwong chuyén Tin Ha Noi nam 2025 - 2026)

Véi a,b,c 1a cac s6 nguyén dwong théa man a+b+c =12, tim gia tri I&n nhit va gia tri nho nhat
cla biéu thirc

Loi gii

D€ yrang 1< a,b,c <10.Kiém tra truc tiép, ta co:

2
MZ(X_ij 215x2—42 véimoi x 0<x<10.

25 X
Do dé:
231(a+b+c)—18 __15(a+b+c)—126
>P2> .
25 2
2754 N a2 . Ky : i, T X a2
Suy ra > P>27.D4u dang thirc thit nhit x4y ra khi (a,b,¢) 13 hoan vi cta (10;1;1), ddu ding

thikc thir hai xay ra khi (a;b;¢) = (4;4;4).

¢ ? \ 4 =7 . N ~ 2 h
Vay gia tri lén nhat cua P la , gia tri nho nhat cua P la 27 .

Bai 18. (Trwdng chuyén tinh Ha Tinh ndam 2025 - 2026)

Cho cacs0 x,y,z thodman 0< x,y,z <1. Tim gia tri nhé nhit cia biéu thic

P=

(W +2J§)4(J¥ +z&)+3("‘1)(y—1><z—1>.
Loi giai

Ta co:

(2\/;+ 2\/;+ 2\/;)2
4

(\/;+2\/;)(\/;+2\/2)g :(\/;+ y+\/;)2.

Mit khac theo bat dang thirc Cauchy - Schwarz, ta c6:

(\/;+ y+\/;)2 S3(x+y+z).
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Khi dé ta co:

4

4 )+3(x_1)(y_1)(z_1):—)—3(1—x)(1—y)(1—2).

_3(x+y+z 3(x+y+z

Theo bat dang thitc AM - GM, ta co:

(1-x)(1-y)(1-z) < B2

27
3
Détt:x+y+z.Khidé:PZi+u.
3t 9
_ 3
Ta sé chirng minh i+(t 3) Zi,thétvéy
3t 9 9
3
4, =3 4
3t 9 9
2
12+¢(t-3) —4t20
Ot
4 2
t -6t +5t+1220
Ot
(t+1)(t—3)(t—4)20
Ot
B4t dang thirc cudi dingdo 0 <t =x+y+z<3.
Dé’ubﬁngxéyrakhix:y:z:g.
A et 1 a1 4 1
VayglatnnhonhatcuaPlagkhlx:y:z:g.

Bai 19. (Trwdng chuyén tinh Hai Dwong nam 2025 - 2026)

Cho x,y,z 1a cac s6 thuc théa man diéu kién x + y +z = 0. Chitng minh rang

2x-1 2y-1 2z-1_-3
+ + >—,
X+2 Yy 42 Z+2 0 2
Lori gidi
Cong tirng s6 hang bén vé trai cia bat dang thirc v&i 1 ta thu dwoc bat dang thirc méi nhu sau:

(x+1)2+(y+1)2+(z+1)2>§
X +2 Y42 Z+2 2

Theo nguyén li Dirichlet trong 3 s6 x, y,z ludn ton tai 2 s6 cung dau.
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Tacéthé gidsir 2 s6 dola y va z.

(y+1)2+(z+1)2 >(y+z+2)2
V42 242 yr4zi44

Ap dung bat ddng thirc Cauchy - Schuarz ta cé:

(y+z+2) >(y+z+2)2
V42244 (y+2) +4

Do yz>0nén y’ +z° +4<y’ +2yz+ 2" +4=(y+z)’ +4=>

2 2
(x+1) +(y+z+2) >§

Khi dé ta chi can chirng minh: — ——>—.
X +2 (y+z)y+4 2

2 2
(x2+1)2 +(22 xi 2%
X+ X +
(x-2) >E_(x+1)2
X+4 2 xXP+2
(x=2) > (x-2)°
X’ +4 2(x2+2)

2 1 B 1

(x=2) sz +4 2(x2 +2)J20
(x—2)°x

(x2 +1)(x2 +2)

>0

D4u bang xay ra khi (x,y,z)=(0,0,0) hodc (x,y,z)=(2,-1,—1) va cac hoan vi ctia né.
Ta c6 diéu phai chirng minh.
Bai 20. (Trwdng chuyén tinh Hai Phong nam 2025 - 2026)

Cho x,y,z 1a cac s6 thuc dwong théa man xyz =1. Chirng minh rang

5 +—2 : + z >1
Jxb +8 \/y3+8 Jz' +8
Loi giai
Ap dung bat dang thitc Cauchy - Schwarz, ta cé:
x’ ¥’ z’ S (x+y+z)

+ + > :
Ve +8 |y +8 248 X +8+4) +8++/2° +8

Do do, ta can chitrng minh

(x+y+z) 2\/x3+8+\/y3+8+\/z3+8.
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That vay, ap dung bat dang thirc AM - GM, ta co:

e 7 x'—x+6
VX +8—\/(x+2)(x 2x+4)£—2 )

Bang cach ching minh hoan toan twong ty, ta cling c6
2 2
Jy +8 syTM, Nz +8 SZ—;%.

Do d6 cdng doc cac bat dang thirc cling chiéu, ta thu dwoc

x2+y2+22—(x+y+z)+18

VX +8 44y  +8 44/ +8 < 5

Nhuw vay, ta cAn chirng minh bat dang thirc chat hon nhu sau
2x+y+z)y 2’ +y +z2 —(x+y+z)+18
x4y +z +4(xy+yz+zx)+x+y+2218

B4t dang thirc cudi cing ludn ding do

x2+y2+z2 Z3W=3

xX+y+z >233xyz =3

4(xy+yz+zx) >4.33xy*z =12

Hoan tit chirng minh.
Bai 21. (Trwdng chuyén tinh Hoa Binh nam 2025 - 2026)

Cho hai s6 dwong a,b thay d6i thod man a + b +4ab = 6. Tim gia tri I&n nhit cta cta biéu thirc

[ S
2 Ja+b+2
Loi giai

bat t=a+b (¢ >0). Theo gia thiét ta cé:

6=a+b+4ab<a+b+(a+b)y’ =t+’ = +1-620=(t-2)(t+3)20=>12>2.
< Lo N a1 w . 6—t
Mat khac cling tw gia thiét ta ratra ab :T.

Khidé:M:%— I 3 ¢t 1

Je+2 408 r+2
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Ap dung bat ddng thitc AM - GM cho ba sé thwc dwong ta cé:

t+2 1 1 \/t+2 1 1 3
+ + >33 . . =—
8  Jt+2 t+2 8 Jt+2 t+2 2

[a—
W
[
[a—
W
[
[a—

Suy ra: MSE—E:O.
4 4

D4u bang xady rakhi a=b=1.

Vay gia trilén nhitcia M 1a 0 khi a=b=1.

Bai 22. (Trwong chuyén Thira Thién Hué nam 2025 - 2026)
Cho cac s6 thwc dwong x, y, z thébaman x+ y+z=xy+yz+zx.
a) Chirng minh x+y+2z>3.

b) Chirng minh — 12 +— 12 +— 12 <1.
X +y +z y 4z +x z+x+y

Lori gidi
a)Tacd (x+y+z)Y =x"+y" + 22 +2(xy + yz + 2x)
Theo bat dang thirc Bunhiacopxki ta c6
(x+y+z) <A+1+D)(x" +y* +2%)
=3[(x+y+2)" —2(xy+ yz + zx)]
6(x+y+2z)° <2(x+y+2)°
(x+y+2) 23(x+y+2)

Vix,y,z>0 nén x+y+z>0suyra x+y+z>3

DAu bang xay rakhi x=y=z=1.VAy ta c6 diéu phai chirng minh.

b) Ta ki hiéu vé tri ciia bit dang thirc cAn chitng minh1a §.
Theo bat dang thirc Bunhiacopxki ta c6
(x+y+z2) <X +y +2)1+1+2)=(x* +y* +2°)(z+2)

z+2
X +y 4z (x+y+z)

Suy ra:
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Bang cach chirtng minh twong tw ta ciing c6

1 < x+2 1 < y+2
V422 +x (x+y+2) 2 +xX7+y (x+y+2)*
’ . +y+z+
Khi d6 ta cong vé theo vé thu dwoc SSLZE.
(x+y+2)
A " , _ +y+z+6
Nhuw vay ta can chirng minh XTITITO o

(x+y+2z)°

Hay x+y+z+6<(x+y+z)’

Hay (x+y+z-3)(x+y+z-2)>0

Theo y a ta c6 dwoc bat dang thikc trén dung.

Do d6 S<1.D4u bang xay ra khi va chi khi x=y=2z=2.
Vay ta c6 diéu phai chirng minh.

Bai 23. (Trwdong chuyén Hung Yén nam 2025 - 2026)

Cho céc s6 thwc dwong x, y,z. Tim gia tri nhé nhit cia biéu thirc

B \/2x2+2xy+y2 +\/2y2+2yz+22 _l_\/222+22x+x2
x+2y y+2z z+2x .

P

Loi giai

Ta co:

\/2x2+2xy+y2 =%\/(x—y)2+(3x+2y)2 Z% (3x+2y)2 =L5(3x+2y)

Suy ra

\/2x2+2xy+y2 3x+2y
> 1)
x+2y \/g(x+2y)

\/2yz+2yz+z2 3y+2z \/222+22x+x2 3z+2x
> 2); > (3)
y+2z \/E(y+2z) z+2x \/g(z+2x)

Twong tw ta co :

Cong tirng vé cta (1),(2),(3) ta dwoc

5

PZL 3x+2y+3y+2z+3z+2x 1 14 2x N 2y N 2z .
J5 x+2y y+2z z+2x x+2y y+2z z4+2x
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, 2x 2y 2z x’ y° z°
Ta co: + + =2| — +— +—
x+2y y+2z z4+2x X +2xy y +2yz z"+2zx

S5 (x+y+z) _, atyrz)

X +2xy+y +2yz+2° +2xz (x+y+z)2

=2

Suy ra P>—(3+2) J5.

NG

Vay gi4 tri nhé nhit ctia P 12 /5. D4u bing x4y rakhi x=y=2>0.

Bai 24. (Trwong chuyén Khanh Hoa nam 2025 - 2026)

N 2 A X 1 2 N e
a) Tim tat ca s6 thuc £ >0 sao cho < —(x +—j lu6n dang véimoi x,y > 0.

xy+2 y
2 ~ 1 ]. 1
b) Cho a,b,c,x,y,z>0 théaman x+y+z=2 _+Z+_ =4,
a c
Chirng minh: 2 2 <
ax+2 by+2 cz+2
Lo1 giai

(+2)" _ X'y +dxy+4 W 44224 +4=8 (AM - GM).

Xy Xy Xy

a) Ta co:

D4u bang xay ra khi xy =2.

Do d6: —> Sl Xy +2 =l x+2 véimoi x,y>0.
xy+2 8\ y 8 y

Vi — <l x+2 luén dung vé¢i moi x,y >0 nén 0 < £ <8.
xy+2 k y

Vay 0 < k£ <8.

) A A <1(x+2+y+2+z+2j l(4+4):1.
ax+2 by+2 cz+2 8 a b c) 8

D4u bang xay rakhi ax=by =cz=2.

Viy ta c6 diéu phai chirng minh.

€3 | www.facebook.com/mathexpress.vn (O] 1900 633551



MathExpress Education | @ |www.mathexpress.vn

Bai 25. (Trwong chuyén Kién Giang nam 2025 - 2026)
Cho ba s6 thuc x,y,z, théa man: (x—y)(y—z)(z—x)=2.Ching minh ring, x* +y* +z° >2.
Lo gidi

Do tinh ddi x(rng vong quanh clia cac biéu thirc nam & vé trai cua cac bat dang thirc da néu & dé bai,
d6i v6i x, y,z, nén khéng mat téng quat, gid st x = max {x,y,z}.

Khi d6, x>y suyra x—y >0.Do d6, tir gia thiét ctia bai ra, ta co:

(=2)+(zx)P G-y

2<(x—7)-
(¥-7) 4 4

2 2
Ay A - 2
Suyra x—y2>2;vivay: x2+y2+222x2+y2:x2+(—y)22¥27:2,

Ta c6 diéu phai chirng minh theo yéu cau dé bai.
Bai 26. (Trwong chuyén Lai Chau nam 2025 - 2026)
Cho x,y,z la cac sO thuc dwong théoa man x+ y+z=3xyz. Tim gia tri nhé nhat caa biéu thirc

B=— vz i zx h xy .
x(z+2y) y(x+2z) z(y+2x)

Loi giai
. 1 1 1 R
bat x=—;y=—;z=— (a,b,c>0) va ab+bc+ca=3.
a b c
3 3 3
Khidé B — vz zx Xy a b c

. +— +— = + + :
x(z+2y) y(x+2z) z(y+2x) b+2c c+2a a+2b
Theo bat dang thirc AM - GM ta c6:

3 3 3
a +a(b+2c)22a2; b +b(c+2a)22b2; c +C(a+2b)2%c2_
b+2c 9 3 c¢+2a 9 3 a+2b 9 3

Cong vé véi vé ta duoc

B+W2§((zz+bz +C2)2§(ab+bc+ca)'

:BZ%(ab+bc+ca)=l

D4u bang xay ra khi a=b=c=1 suyra x=y=z=1.

Vay gia tri nho nhit cda B 1a 1 khi x=y=z=1.
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Bai 27. (Trwong chuyén Lao Cai nam 2025 - 2026)
a) Cho cac s6 thuc a,b,c >0 vathéa man diéu kién a +b+c = 6. Chitng minh a’ +b° + ¢’ > 24.

b) Cho cac s6 thuc a >0,b>0,c >0 va thdéa man diéu kién a + b+ ¢ =2026.

Tim gia tri 1&n nhat cia biéu thite M = b+ b c +c*a.

Lori gidi
a) Ap dung bat diang thirc Cauchy cho 3 s6 dwong, ta c6
@’ +8+8>3a’-8-8=12a.
Twongtw o> +16>12b, ¢’ +16>12c.Do d6
@’ +b’++48212(a+b+c)=>a’ +b* +c’ > 24.
Diubang xdyrakhi a=b=c=2.
Vay ta c6 diéu phai chirng minh.
b) Gid st a = max{a,b,c}, trc a > b,a > c¢. Khi do:

2005 2005
2025 2005 2005 2005 2004 ¢ a ¢ a
M =a"b+b""c+c"ala "b+ba"" ¢+

+
2 2
2005 2 2004 2
<a®™biba™e+d 4 C ™| ab+be+ L+ | = a2°°4(a+c) b+<
2 2 2 2 2
Khidé: —2 < @ .4 .. A “”-(mf).
2025 2025 2025 2025 2025 2
Ap dung bat ddng thirc Cauchy cho 2026 s8, ta duorc:
2026
a + a 4o+ a 2006
2025 2025 2025, atc . ¢ aibs 2027
M 2024 sh havs 2025 2| _ 4050
20255 2026 2026
a+b+c)
Suy ra < =
YT 00578 ( 2026 j

Do do M <2025, v6i a =max{a,b,c} thi ddu bang xdy ra khi a =2025,b= 1, ¢ =0 hodc cac

hoan vi.
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Bai 28. (Trwong chuyén Long An nam 2025 - 2026)
a-b b’

Cho a,b 1a cac s6 thwec dwong sao cho

a’+2ab+a+?2
2b+a+1

Tim gia tri nhé nhat cua biéu thirc P =

Lo giai

Tir gia thiét ta co :

a—b _ b’

3a+b a*+b*+ab

(a—b)(a’* +b* +ab)=b’(3a+Db)

a’—b’ =3ab> +b’

a’—2b’-3ab’ =0

a' +b’)~(3b' +3ab’) =0

a+b)(a2—ab+b2)—3b2(a+b)=0
az—ab—2b2):O

a*-b —ab-b")=0
(a+b)(a—b)—b(a+b)]=0

Q

+

S

p——
1 -/ —

Suyraa-2b=0 (do a,b>0),suyra a=2b.

Vo1 a =2b thi

3a+b:a2+b2+ab'

a’+2ab+a+2 4b*+4b*+2b+2 8b* +2b+2 2
P= - - =2b+———=2b
2b+a+1 2b+2b+1 4h+1 4p +
Ap dung bat ddng thirc AM - GM cho 2 s dwong 2b +lvé Tt duoc

2 2b+—
2

2b+l+ ! 122 (2b+lj- I I =2.
2 op4- 2) opy
2 2
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;s 2b+—=
Suyra P>2 —%hay P> % Dau bang xay ra khi 2  hay (thoa man).

I

[

S,
= A=

Vay gia tri nho nhét cia P la %tai (a;b) = (%&j

Bai 29. (Trwong chuyén Nam Pinh nam 2025 - 2026)
Xét x,y,z la cac s6 thuc dwong thoa man xy + yz + zx < xyz. Tim gia tri nho nhat cta biéu thirc
O=xy" +yz° +zx° —18(x+y+z).
Loi giai

Tir gia thiét c6 1> 1 + 1 + l Dung bAt dang thirc Cauchy - Schwarz c6
x y z

xp’ + yzt +zx’ 2[l+l+1J(xy2+yzz+zx2)2(y+z+x)2.
X y z

Suyra Q> (x+y+z) —18(x+y+z) =(x+y+2z-9)"-81>-81
D4u bang xay rakhi x = y =z =3,

Vay gia tri nho nhit ciia O bang —81 tai x=y=z=3.

Bai 30. (Trwdng chuyén Nghé An nam 2025 - 2026)

Cho hai s6 thwc a va b thdéa man cac diéu kién sau:

i) a<b<420.

ii) V&i moi s6 thuce x, y,z théamidn a<x<b, a<y<b, a<z<b,taludncéd
(x+y+z—420)° Sixyz
105
Tim gia tri lén nhat cha biéu thivc T =b—a.
Lori gidi
bat x=105x,, y=105y,, z=105z,, v&i a, < x,,y,,z, < b, trong d6 a =105a,, b =105b,.
Khi d6 ab, <4 va (x, +y +z —4)2 <xyz (1)

bat x, =2+x,, y,=2+y,, z,=2+2z,.
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Khi d6 (1) tré thanh
(x2+y2+22+2) (x2+2)(y2+2)(22+2)
X2+ yi 4z <x,p,2, +4 (2)
Voim=a,-2<x,,y,,z,<b-2=n.
Ta chon x, =y, =z, =m thay vao (2) thi
3m* <m’+4 hay (m+1)(m-2)* >0 suyra m>-1.
Tachon x, =y, =n, z, =m thayvao (2) vachay 2—m >0 thico
2n* +m* <mn® +4 hay (nz—m—2)(m—2)20 suyra n’ <m+2.
Néun>lthin<n’=b-a=n-m<n’-m<2.
Néun<lvaco m>-lsuyrab —a =n-m<2,
Vay gia tri 1én nhat cta b, —a, 1a 2 khi m=-1,n=1.
Hay gia tri 1én nhit cia b—a la 210.
Khi m=—-1,n=1thi a =105, =105(m +2) =105,b =105, =105(n +2) =315.
VAy gia tri 16m nhit T' 1a 210 va d4u bang xay ra khi a =105, =315.

Bai 31. (Trwdng chuyén Ninh Thudn nam 2025 - 2026)

Cho hai s6 thuc dwong a,b théa man a.b =1. Chirng minh rang: (1+a)2 (l+b)4 > %
Lo gia
Ta co:
a aY e\ at
(1+a) =|1+2+5 | 233125 | =9.3/—;
2 2 22 16

4 4 4
(+0) =[ e lip] o332 Lp | =142
22 22 256

4
Suyra (1+a) (1+5) >9,/ 81‘/24 729w/ e 1(224.

Vay ta c6 diéu phai chirng minh.
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Bai 32. (Trwong chuyén Phu Yén nam 2025 - 2026)

Cho hai s& thuc x,y thodman 0< x < y <13 va 2xy <13x+9y. Chitng minh rang x* + y* < 250.
Lo giai

Str dung Kkhi trién Abel ta c6:

2 2
250=g-yz+8—21-x2 =(y2—x2) 169+x2 £+8i > P —xP 4+ X .—169x 2+281y
y X y y X Xy

2_x2+(13x+9)’)2 > )2 -y (2xy)’ 2, .2
— 2

2 x°+ =x"+
y 2 5 y

2

(do13>2y>x>0, 2xy<13x+9y).
Vay 250 > x*> + y*>. Dau bang xay rakhi y =13,x=9.
Vay ta c6 diéu phai chirng minh.
Bai 33. (Trwdng chuyén Quang Nam nam 2025 - 2026)

Cho ba s6 dwong x,y,z thod mdn x> + y* + z° =1. Chitng minh rang

2 2 2

al LA W o >1.
l+y-x l+z-y l4+x-z
Loi giai
Tl gid thiétsuyra 0<x<1,0<y<1,0<z<1.
> 21-(-0"] P(1—y+x)(1+y-
Ta co: al > — Y == ( 4 x)( B x)=x2(1—y+x):x2—x2y+x3
I+y—x I+y—x I+y—x
(Vil>1-(y-x)*)
2 2
Twong tu: >y’ —y’z4+y; >z - x+2.
l+z—y I+x—-z

2 2 2
Dodé: ——+—2 4% >yl +] (Vix2+y2+22=1).
l+y—-x l+z-y l+x-z

Ap dung bat ddng thitc Cauchy cho 3 s§ duong, ta cé: x° +x° +° >33/x’x’y’ =3x%y
Twongtw: '+’ +2° >3y%z; 22+ 27 +x° >32°x.

Suyra 3x’ +3y° +32° 23x’y +3y’z+32°x
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x3+y3+z3 2x2y+y22+zzx
X +Y +2-xy—yz-2x>0
2 2 2 \/5

Vay R A >1.D4u bang xdy rakhi x=y=z=——.
l+y-x l+z-y l4+x-z 3

Bai 34. (Trwdong chuyén toan Quang Nam nam 2025 - 2026)

x—1+y—1 S 6

> . Tim gia tri nhé nhit cua biéu thirc
x+3 y+4 z+45

Cho ba s6 thyc dwong x, y,z théa man

P= (2x+2)(2y+3)(2z+4).

Lo giai

Tir gia thiét ta co:
x—1+y—1_ 6 >0
x+3 y+4 z+45
1- 4 +1- > 6 >0

x+3 y+4 z+5

4 + > + 6 <2
x+3 y+4 z+5
Taco: 2XF2_p % 5 5 6 S, 5 6

x+3 x+3 y+4 z+5 y+4 z+5

(B4t ding thitrc a+b>2+/ab cho hais8 a,b khong am)
Twong tu ta co:
2y+3:2_524+6224'6(2)

y+4 y+4 x+3 z45 x+3 z+5
2z+4:2_624+522 4_5(3)

z+5 z+5 x+3 y+4 x+3 y+4

2x+2-2y+3-2z+4> . 4-5-6

Nhan (1), (2) va (3) vé theo vé, ta duoc: 2
an (1), (2) va (3) vé theo vé, ta dwoc: = v ze5 a3+ a)(z49)

Suy ra (2x +2)(2y +3)(22+4) > 960 hay P> 960.
D4u bang xay rakhi x=3; y=3,5; z=4.
Vay gia tri nhé nhat ctia P 1a 960 khi x=3; y =3,5; z=4.
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Bai 35. (Trwong chuyén S6c Trang nam 2025 - 2026)

Cho a, b, ¢ 1a c4c s6 thwc dwong thod man a +b +c¢ =1. Chitng minh rang

Ya+2b+3/b+2¢c +c+2a <3.
Lo gidi
Ap dung bat ddng thirc Cauchy, ta cé:

Sla+2b) 11 4H20r2,

3

:

Sbrac) 112t

3
c+2a+2

3(c+2a).1.1£ 3

Khi d6 Y +2b + b+ 2c + Ve +2a < +3b3+ 3¢+6 _3 (didu phai chting minh).

Bai 36. (Trwdng chuyén Son La ndam 2025 - 2026)

Cho x,y,z la cac s6 thyc dwong thdéa man 1 + X +l = 3. Chirng minh rang
X y z

x>+ yr 422 =2xyz >1.
Loi giai

Ta c6 bat dang thirc quen thudc sau: x* + y* +z° > xy + yz + zx = 3xyz

Mt khc 3=L+ L+ 123, L
X y z xyz

Suy ra @21 nén xyz >1

Khi dé: x* +y° + 2 = 2xyz > xyz >1

Ta hoan tit chirng minh

Nhuw vy ddu bang xay ra khi x=y=z=1.

Bai 37. (Trwong chuyén Tay Ninh nam 2025 - 2026)

Cho cac s6 thuc dwong x,y,z théaman x+2y+3z=2024. Tim gia tri nh6 nhat cta biéu thirc

1 3 1 1
+

M =— > -+ + .
X +4y"+9z 8xy 8yz 4zx
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Loi giai
M =— 12 >+ 3 + ! + !
X +4y°4+9z° 8xy 8yz 4zx
M=— 12 2_|_1+1_|_1_|_il_|_1+1
x"+4y°+9z° o6xy 18yz 9zx 12\ 2xy 6yz 3zx
Theo bat dang thirc Cauchy ta c6:
(a+b+c+d)(l+l+l+lj216
a b ¢ d
I 1 1 1 16

=>4 -4 —4—-—2>—
a b ¢ d a+b+c+d

Tu'O’ngtl_rl+l+lZ 4
a b ¢ a+b+c

Taco: M > 16 +5( 2 j

x*+4y° +92° +6xy +18yz +9zx 12 2xy+6yz+3zx
B 16 N 15
(x+2y+32)° +2xy+6yz+3zx  4(2xy +6yz+32x)
2
Miit khac ab+be +cq < G2
=M= : 2y 432y ;5 327 1620242 " 2405242:42903242
(x+2y+3z)t 4 (F2VHIDN -y (W23 504 20247 4 '
93 2024

Vay gia tri nho nhatcia M la ———— khi x=2y=3z="".
sy’ 42024’ g 3
Bai 38. (Trwong chuyén Thai Binh nam 2025 - 2026)
Cho a,b,c 1a cac s6 thuc dwong théoa man ab + be + ca = 3abc. Tim gia tri 1én nhit cia biéu thic

a+b b+c c+a
= PR T 2
a +ab+b- b +bc+c” ¢ +ca+a

Loi gii

Véi a,b,c >0, ta co: ab+bc+ac:3abc:>l+l+l:3
c a
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P a+b N b+c N a+c
a’+ab+b* b *+bc+c® a*+ac+c?

Xét : a+b - a-lz-b Sa+b:l(l+lj
a +ab+b~ (a—b)y"+3ab 3ab 3\b a

Chilrng minh twong tu: __bte < l(l + lj’ __atc . l[l + l) .

b>+bc+c* 3\c¢ b) a*+ac+c® 3\lc a

:Psz(l+l+lj=g-3=2.
3\a b c 3

D4u bang xdyrakhi a=b=c=1.
Vay gia trilén nhatctia P la 2 khia=b=c=1.
Bai 39. (Trwong chuyén Tién Giang ndm 2025 - 2026)

\ 7 ~ 2 ~ ab bc aC
Cho a,b,c 1a cac so thuc dwong thoa man —+—+—<6.
c a
. . N ab bc ac
a) Chirng minh rang: —+—+72 a+b+c;
c a

b) Tim gi4 tri nhé nhat ctia bidu thirc 7= 42+ ¢, 4¢ 2025
c a b a+b+c

Lo giai

a) Truéc hét, ta chitng minh bd d& x* + y* +z° > xy + yz+zx v&¢imoi x, y,z.
Thatvay, tacéd: x° + y° +2° > xp+ yz + 2x

(x—=y)’ +(y-2)* +(z—x)* >0 (luon dung).
D4u bang xady rakhi x=y=z.
Ap dung bé dé trén cho cac s6 thuc dwong a,b,c, ta dwoc

(ab)’ +(bc)* + (ca)’ = a’bc +b*ac+c*ab = abc(a +b+ c)

Hay

ab bc ac
—+—+—>a+b+c.

c a
D4u bang xdyrakhi a=b=c.

Viy ta c6 diéu phai chirng minh.
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b)Patk=a+b+c.

Tlr gid thiétvaya), tadwoc 0<k <6.

Ta co:
T :%+b—c+£+ 2025 >a+b+c+ 2025 :k+—2025:k+§+—1989
c a b a+b+c a+b+c k k
59 /k-ﬁ+1989 :12+1989 212+1989:@
k k k 6 2

D4u bang xdyrakhi a=b=c=2.
A e 12 N o 1w . s 687 .
Vay gia tri nho nhat cua biéu thirc 7 bang BN khia=b=c=2.

Bai 40. (Trwong chuyén Tuyén Quang nam 2025 - 2026)
Cho x,y 1a cac s6 thwc dwong théa man 2xy = x + y. Chirng minh rang

a) xy=>1;

b) \/x2+1+\/y2+1 2,/(x—y)2+8.

Loi giai
a) Ap dung bat ding thitc AM - GM ta cé: 2xy =x+ y > 2\/;.
Vi x,y >0 nén \/E >1 suyra xy >1 (diéu phai chirng minh).

b) B4t dang thitc can chirng minh twong dwong

x* +y° +2+2\/(x2 +1)(y2 +1) >(x—y)* +8 hay 2\/xzy2 X+ +12>6-2xy
Né&u 6 —2xy <0 thi bit dang thirc ding, nguoc lai thi
X’y +xt 4+ +12(3—xy)2
X'+ +6xy-820
(x+y)2 +4xy—-8=20
(xy)> +xy—-220
(xy—l)(xy+2) >0, ludn dung vi xy >1.

Vay ta c6 diéu phai chirng minh.
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