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TUYEN CHON CAC BAI TOAN SO HOC VA TO HQ'P
TRONG CAC KI THI CHUYEN NAM HQC 2025 - 2026
1. S6 hoc
Cau 1. (Trwong chuyén tinh Vinh Phiic nam 2025 - 2026)
a) Tim tdt ca cac cdp s6 nguyén (x,y) théa man phwong trinh
X+ (x=-1) =y +(y-1".

b) Cho hai sd nguyén dwong m,n théa mian 5" —1 chia hét cho (5" —1)*. Chitng minh rang: » chia
hét cho m(5" -1).
Cau 2. (Trwong chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)
Tim t4t c& cac cdp s6 nguyén (x,y) théaman (y+5)x* +3(x—-1)=y.
Cau 3. (Trwong chuyén tinh Bac Liéu nam 2025 - 2026)
Tim tat ca cac nghiém nguyén dwong cia phwong trinh x(x—y-1)+ y(y—1)=3.
CAu 4. (Truong chuyén tinh Bic Kan nim 2025 - 2026)
Tim tit ca cic cdp s6 nguyén (x; y) théaman x* —xy+3x—2y° -3y -3=0.
CAu 5. (Truong chuyén tinh Bic Ninh nidm 2025 - 2026)

Cho p la s6 nguyén td khac 2, hai s0 tw nhién a,b thod méan a+5 chia hétcho p,va a—»b chia hét

cho p—1.Ching minh rang a” +b" chia hét cho 2p.

Cau 6. (Trwong chuyén tinh Binh Dinh nam 2025 - 2026)

Tim tat ca cac cdp s6 nguyén (x; y) théa man phwong trinh sau:
2x* =y +xy+2x+2y=17.

Cau 7. (Trwong chuyén tinh Binh Phwéc nam 2025 - 2026)

a) Giai phwong trinh nghiém nguyén: x> —2xy+3y—-x—1=0.

3 3
b) Tim céc cdp s8 nguyén dwong (a;b) sao cho ab 11 va bba 411 déu la cac s6 nguyén.
a+ -
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Cau 8. (Trwong chuyén tinh Binh Thuan nam 2025 - 2026)

Tim céc s6 nguyén dwong x,y dé A4,B dong thoi 1a cac s6 chinh phwong biét 4=x>+y+1 va

B=y’+x+4.

Cau 9. (Trwong chuyén tinh Cin Tho ndm 2025 - 2026)

Tim tit cd s6 nguyén x,y théoamin x* —2y° —xy+2x+5y-5=0.

Cau 10. (Trudng chuyén tinh Pa Nang nim 2025 - 2026)

Tim t4t ca cac s6 nguyén dwong k sao cho ton tai cdp s6 nguyén (x;y) théaman x* —kxy+y° +1=0.
Cau 11. (Trwong chuyén tinh Pak Lak nam 2025 - 2026)

Tim c4c s6 nguyén dwong x sao cho x* +x+10 1a s6 chinh phwong.

Cau 12. (Trwong chuyén tinh Pak Lak nam 2025 - 2026)

Tim ba s0 nguyén dwong x,y,z déi mot khac nhau thod man hai diéu kién
(D). X’ +xy+y" +(Bz" —z—4)(x+y) =10z -3;

(2). Trongbdnsd x+y+3z> -1, x+y—3,x+z,y+z cb ding mot hop sd.
Cau 13. (Trwong chuyén tinh Pak Nong nam 2025 - 2026)

Tim t4t ca cic nghiém nguyén (x; y) cia phwong trinh: xy—x+3y=6.
Cau 14. (Trwong chuyén tinh Ha Giang nam 2025 - 2026)

Tim tat ca cac s6 tw nhién n sao cho 2n—1;3n+1 la cac s6 chinh phwong va 6n—13 la s6 nguyén
to.

Cau 15. (Trwong chuyén tinh Dién Bién nam 2025 - 2026)
Phuwong trinh sau c6 bao nhiéu nghiém nguyén
Y =5y+62 =(y—2)x2 +(y* =6y +8)x.
Cau 16. (Trwong chuyén tinh P6ng Nai nam 2025 - 2026)
a) Chirng minh trong 37 s6 nguyén dwong bat Ky, luén tim dwoc 7 sé c6 tong chia hét cho 7.

b) Tim tit ca cic sO nguyén t6 p sao cho v&i moi sé nguyén dwong a,b thihaisd a +8b va 6a+43b
hodc cung chia hét cho p hodc cuing khéng chia hét cho p.

Cau 17. (Trwdong chuyén tinh Ha Nam nam 2025 - 2026)

Tim tit ca cac s6 nguyén dwong x, y thod man
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(x2 —x+1)(y2 —xy—5)=2x+5.
Cau 18. (Trwong chuyén Ha N6i nam 2025 - 2026)

a) Cho a,b,c 1a cac s6 nguyén théa man 3a’ —bc,3b” —ca,3c’ —ab déu chia hét cho 4. Chirng minh
abc chia hét cho 8.

b) Tim t4t ca cip s6 nguyén (x;y) théaman 2(2x—y)(y—x)* =15x-Ty +7.
Cau 19. (Trwong chuyén KHTN Ha N6i nam 2025 - 2026)
Tim tt ca cac cdp s6 nguyén dwong (x;y) théa min

25" + (4" +1)(4x> +3x+3) = (4" +4x> +3x+4).5".
Cau 20. (Trwong chuyén Tin Ha N§i nam 2025 - 2026)

a) Cho a,b,c la cac s6 nguyén dwong thdéa man l+i _ 0 . Chtrng minh abc chia hét cho 4 .
a b+2 c+4

b) Tim t4t ca cac s§ tw nhién (x; ) théa man: x(x-2y)=y’—3y" +2y-1.

Cau 21. (Trwong chuyén Tin Ha N§i nam 2025 - 2026)

Cho a,b,c 1a cac s6 nguyén duong théa man (a+2b)(2a+c¢) = (a2 — bc)2 . Chrng minh 4ab+1 14 s6
chinh phwong.

Cau 22. (Trwong chuyén Ha Tinh ndam 2025 - 2026)

Tim tit ca cac sO nguyén to p,q saocho p+q va p+4q déula cic sé chinh phwong.

Cau 23. (Trwong chuyén Hai Dwong nam 2025 - 2026)

Tim tit ca cic s6 nguyén dwong x,y théa min (x2 —x— 1)(y2 +xy — 9) =2x+1.

Cau 24. (Trwong chuyén Hai Phong nam 2025 - 2026)

Tim tit ca cic s6 nguyén dwong a,b sao cho 8a’ +18ab+1 va 8b” +18ab +1 déu la 1ap phwong cta
s6 nguyén.

Cau 25. (Trwong chuyén Hoa Binh nam 2025 - 2026)

Tim cdp s nguyén (x;y) théa man phuong trinh: x* -3y +2xy—2x— 10y +4=0.
Cau 26. (Trwong chuyén H6 Chi Minh nam 2025 - 2026)

S6 nguyén dwong n dwoc goila so “dep” néu ton tai a,b e Z dé n=a’ +7b°.

a) Tim hai s6 dep chia hét cho 11.
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b) Chitrng minh néu » 1a s6 dep chia hét cho 11 thi %cﬁng la so dep.

Cau 27. (Trwong chuyén Thira Thién Hué nam 2025 - 2026)
a) Tim cac cdp s6 nguyén khong am (a;b) thod man (ab—5)’ —a® =b(a +b).
b) Tim céc bd s6 nguyén dwong (x;y; p) véi p nguyén t3, thod méin (x3 + X+ 3)(x2 -x+ 1) =p.
Cau 28. (Trwong chuyén Huwng Yén nam 2025 - 2026)
Tim t4t ca nghiém nguyén (x;y) ctia phwong trinh :
(x*+3)y" —(x—2p)(x+2y+1)=25x+2y +169.
Cau 29. (Trwong chuyén Khanh Hoa nam 2025 - 2026)
a) Cho p,q(p > ¢q > 5) 1a 2 s6 nguyén t8. Chitng minh p* —g* chia hét cho 240.

2044

b) Tim tAt ca s6 nguyén dwong n va s6 nguyén té p thod n*** +4n+ p* chia hét cho np.
Cau 30. (Trwong chuyén Kién Giang nam 2025 - 2026)

Tim tA4t ca cic s6 nguyén dwong n va cac s6 nguyén té p,théamin: n+7p=(n-p)’.
Cau 31. (Trwong chuyén Lai Chau nam 2025 - 2026)

Cho a,b 1a hai s6 chinh phwong 1€ lién tiép. Chirng minh ab—a—b+1 chia hét cho 192.
Cau 32. (Trwong chuyén Lang Son nam 2025 - 2026)

Chirng minh rang véi moi s6 nguyén » thi n° + n+9 khong chia hét cho 25.

Cau 33. (Trwong chuyén Lao Cai ndam 2025 - 2026)

a) Cho cac s6 nguyén a,b,c théa mam a’ +b* +c*> —2abc = 0.

Chirng minh rang &’ + b’ + ¢’ chiahétcho 12 .

b) Tim t4t ca cac cdp s6 nguyén (x;y) théa man: x* —6(x—y)* -y’ =13,

Cau 34. (Trwong chuyén LAm Pong ndm 2025 - 2026)

Cho n,m 1a cac sO tw nhién va n* + m" chia hét cho 5. Tim s6 dw khi chia »*** + m***cho 5.

Cau 35. (Trwong chuyén Nam Pinh nam 2025 - 2026)

a) Chirng minh véi moi s6 nguyén dwong n, s6 n° —6n +33 khong la s6 chinh phwong.
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b) Cho cac s6 nguyén dwong a,b thoa man diéu kién a +b+1 la wéc nguyén to cla

4(a2 +ab+b2)—3. Chirng minh rang a +b—1 1a wéc cha 4(a2 +ab+b2)—3.
Cau 36. (Trwong chuyén Nghé An nam 2025 - 2026)
a) Biétrang (12 +1)(22 +1)(32 +1)...(n2 +1) chia hét cho 1297%, véi n 1a s6 nguyén dwong.

Chtrng minh n > 649.

b) Tim cac s6 nguyén dwong a,b théa man cac diéu kién sau: @ —b 1a s6 nguyén to, ab la s6 chinh
phwong va a+b—3 chiahétcho 5 .

Cau 37. (Trwong chuyén Ninh Thuin nam 2025 - 2026)
Tim t4t ¢4 cac cdp s6 nguyén (x;y) théa man: 2xy +2x+x+y=0.
Cau 38. (Trwong chuyén Phu Tho nam 2025 - 2026)

PP

a) Cho p la s6 nguyén t6; a,b la cac s6 nguyén dwong théa man —+<-=1 va a+b chiahétcho p.
a
Chirng minh rang ath_ 4,
p

b) Chirng minh rang ton tai s6 nguyén dwong 7 >100 sao cho 2" +3" + 6" —1 chia hét cho 2026.
Cau 39. (Trwong chuyén Pha Yén nam 2025 - 2026)

Cho cac s6 nguyén a,b,c,d thod man a’ + 64b° —2024c” +2026d° =0.

Chirng minh rang (a +b+c+d)’ chia hét cho 9.

Cau 40. (Trwong chuyén Quang Binh nam 2025 - 2026)

a) Tim t4t ca cac cdp s6 nguyén (x;y) théa man phwong trinh: (x—y)(x+y)+x’(1-y)=17-2y.

2

N ~.p+l o p 1l O, .,
b) Tim tat ca cac sd nguyén to p dé P 5 va 2 la cac s6 chinh phwong.

Cau 41. (Trwong chuyén Quang Nam nam 2025 - 2026)
a) Tim tat cd cAc nghiém nguyén (x;y) cia phuwong trinh 6xy—3x+2y-8=0.

b) Cho A4 =(9m+2024n)-(2024m+9n) v&i m va n 1a hai s6 nguyén duong. Chirng minh ring néu
A chia hét cho 19 thi 4 cé it nhat mot wée s6 1a s6 chinh phwong khac 1.

Cau 42. (Trwong chuyén Quang Nam nam 2025 - 2026)
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Cho ba s6 tw nhién a,b,c théamin a >1,b>c>1 va abc+1 chia hét cho ab—b+1. Chitng minh b
chia hét cho a.

Cau 43. (Trwong chuyén Quang Ninh nam 2025 - 2026)

a) Tim cac s6 tw nhién x,y thodman y’ +3y° +3y+x* —6x =23,

b) Tim cac s6 nguyén td p,q v&i p<q thod man s6 4=2(p° +1)(5¢° +29) co thé viét dwoc dudi
dang tich cda tlr hai s6 nguyén lién tiép tré 1én.

Cau 44. (Trwdong chuyén Quang Tri nam 2025 - 2026)

a) Gia str a va b 1a cac s6 nguyén sao cho phwong trinh x* + ax +b = 0 nhin s6 hiru ti £ 1am nghiém

q
(p va g nguyén to cung nhau). Chirng minh p chia hét cho ¢.

b) Tim tat ca cic s6 hiru ti dwong x,y sao cho xy va l+l déu la cac s6 nguyén.
Xy

Cau 45. (Trwong chuyén S6c Trang nam 2025 - 2026)

Tim t4t cd cic cdp s6 nguyén (x; y) thod man diéukién x* —xy—x+2y+1=0.

Cau 46. (Trwong chuyén Thai Binh nam 2025 - 2026)

a) Tim t4t ca cAc nghiém nguyén ctia phwong trinh: 3x* —y* —2xy—2x -2y +8=0.

b) Cho s6 nguyén dwong n vabiéuthitc 4 =1° +2° +...+ n’>. Chirng minh: 34 chia hétcho 2n+1 va
244+ 2n+1

la mot s6 chinh phwong.
2n+1
Cau 47. (Trwong chuyén Thai Nguyén nam 2025 - 2026)

a) Cho sd nguyén dwong » 1a tich cia ba s6 nguyén td phan biét. Biét rang, tong tit ca cic woc
nguyén dwong clia n bang 2n—16. Chirng minh rang n—8 chia hétcho 6.
b) Cho p 1a s6 nguyén td thod man p—1 chia hét cho 4. Chitng minh rang p’ — p*> —4 khong phai
la s6 chinh phwong.
Cau 48. (Trwong chuyén Thanh Héa nam 2025 - 2026)
a) Tim tdt ca cac cdp s6 nguyén (x;y) théa man 2x° +y° +2x°y + xy° =2xy-5.

3

Xy
xX+y

b) Tim t4t ca cac b s8 (x;y; p) théa man = p, biét x,y, p 1a cic s6 nguyén dwong va p lasd

nguyén to.

Cau 49. (Trwong chuyén Tién Giang nam 2025 - 2026)
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Tim t4t c cic cdp s8 (x;y), trong d6 x va y 13 s8 nguyén t6 théa man x* +227 =",
Cau 50. (Trwong chuyén Tuyén Quang nam 2025 - 2026)

Cho p 1a s6 nguyén t8 16n hon 3. Chitng minh rang:

a) A=4"-3" -1 chia hét cho 3p.

b) 4 =4" -3” -1 chia hét cho 39p.

I. T6 hop

Cau 1. (Trwong chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)

Cho da gidc déu 4,,4,,..., 4,,,. Tai mdi dinh A, ngudi ta ghi mot sé nguyén a, (k= 1;2;---;2026)

> £72026 "

sao cho a, #a Vi, je {1;2;---;2026},1' # J va gia tri tuyét do6i ciia hiéu hai s ghi trén hai dinh ké

nhau 1a mot s6 khong 16n hon 5. Tim gia tri 16n nhat cla ‘al. —a,|;Vi, je{l;2;...;2026}.

Cau 2. (Truwdomg chuyén tinh Bac Ninh ndm 2025 - 2026)

Cho hinh thoi ABCD c6 A=60° vd AC =6 cm. Chrng minh rang, véi 25 diém bit ki trong hinh
thoi nay thi luén ton tai hai diém cé khoang cach khéng vuot qua 1 cm.

Cau 3. (Trwong chuyén tinh Binh Phwéc nam 2025 - 2026)

Cho 5 dwdng tron c6 cung ban kinh va sap xép dé tao thanh 9 mién dwoc ki hiéu 1a 4,,4,,..., 4,
(nhw hinh v&). Sau d6, dién vao 9 mién trén cac s6 dwoc 1y tir 1;2;3;4;5;6;7;8;9 sao cho moi mién
duoc dién béi mot s6, hai mién khac nhau dwoc dién béi hai s6 khac nhau va tdng cac s6 trong moi
hinh tron déu bang 14.

(/0

a) Tinh téng cac s6 & cac mién 4,, 4,, 4, 4, -

b) Hoi c6 bao nhiéu cach dién théa man diéu kién trén? Vi sao?
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Cau 4. (Trwong chuyén tinh Binh Thudn nam 2025 - 2026)

Cho ban c& vua c6 64 6 vudng nhu hinh vé. Trong mdi 6 vudng clia ban co
ghi ngau nhién mot s6 nguyén dwong nhé hon 10 ddng thoi hai s6 dwoc
ghi trong hai 6 vuoéng c6 chung canh hoac chung dinh 1a hai s6 nguyén to
cung nhau. Chirng minh rang trén ban c¢ ton tai mot s6 xudt hién it nhat
11 lan.

C4au 5. (Trwong chuyén tinh Cin Tho ndm 2025 - 2026)

Cho bang 6 vudng c6 kich thuwéc 4x4 nhw hinh sau:

Moi 6 trong bang nay dwoc viét mot s6 nguyén dwong sao cho 16 s8 trén bang do6i mot khac nhau.
Trong moi hang, moi cot ludn ton tai mot sd bang téng ba s6 con lai trong hang, trong cdt dé. Goi
M 1a s6 16n nhét trong 16 so trén bang. Tim gia tri nhé nhat ctia M.

Cau 6. (Truwong chuyén Thanh Héa nam 2025 - 2026)

Trén san truedng c6 mot bang 6 vuong kich thwérc 6 m x 5 m. C6 15 hoc sinh mac 4o mau xanh (trong
do chi c6 diing mot hoc sinh tén An va mot hoc sinh tén Bao) va 14 hoc sinh mic 40 mau triang xép
hinh thanh chit LS (viét tat chit Lam Son) sao cho mdi hoc sinh dirng & mot 6 vuéng 1 mx1 m, du
lai mé6t 6 vudng trong (danh ddu X ), hai hoc sinh mic 4o xanh tén An va Bio dirng & hai 6 vuéng
goc doi dién nhw hinh vé (bang 1).

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 8



MathExpress Education | | www.mathexpress.vn

Bang 2

Cho phép ddi vi tri cac hoc sinh trong bang theo quy tac: M6i 1an, chon mot hoc sinh dirng & 6 vudng
ké v&i 6 vudng tréng roi chuyén hoc sinh d6 sang 6 vudng tréng. Hoi bang cach thwc hién lién tiép
mot s§ hitu han IAn phép chuyén hoc sinh theo quy tic trén ddi véi bang 1 ta ¢ thé nhan dwoc cach
x€p sao cho An va Bao d6i chd cho nhau con cac hoc sinh khac gitr nguyén vi tri nhw hinh vé (bang
2) hay khong? Vi sao?

Cau 7. (Trwong chuyén tinh Pak Nong nam 2025 - 2026)

Cho tap hop 4= {201; 203;...; 2021; 2023} gébm 912 so tw nhién l1é. Can chon ra it nhit bao nhiéu s6
tir tAp hop 4 sao cho trong cac sé dwoc chon ludn ton tai hai s c6 tdng bang 22887

C4u 8. (Trwong chuyén tinh Déng Thap nam 2025 - 2026)

Trong giai bong da B-League c6 n ddi tham gia, thi ddu vong tron mot lwot (moi doi bat ky thi ddu
v6i nhau ding mét [an). O mdi tran thing - thua, ddi thing dwoc 3 diém va d6i thua khong dwoc
diém. O mdi tran hoa, méi ddi dwoc 1 diém. Két thiic giai, ngwoi ta théng ké thiy riang s6 tran thing
- thua gip 3 l4n s6 trin hoa va tong sé diém cda tit ca cac doila 330 . Tim s6 tran hoa va s6é doi
tham gia giai bong B-League.

Cau 9. (Trwong chuyén tinh Ha Nam nam 2025 - 2026)

Tim s6 nguyén dwong k nho nhat sao cho v&i moi cach 1dy £ s6 thudc S ludn ton tai hai so x, y
v&i x > y trong k s6 da ldy sao cho x+ y chia hétcho x—y.

Cau 10. (Trwong chuyén tinh Ha Noi nam 2025 - 2026)

Hai trueong trung hoc co sé 4 va B t6 chirc chung mét budi lién hoan cho cac hoc sinh tiéu biéu.
Biét rang trong budi lién hoan nay:

a) Moi hoc sinh treong 4 quen véi dung 5 hoc sinh khac cling cla truwong 4;
b) M6i hoc sinh treomg 4 quen véi ding 4 hoc sinh truomg B;

c) Mdi hoc sinh tredng B quen véi dung 3 hoc sinh trueong 4;

d) Tong s6 hoc sinh cda hai tredng tham dw khong vueot qua 80.

(1). S6 hoc sinh trwong 4 tham dy budi lién hoan c6 thé 1a 25 hoc sinh dwoc khong? Vi sao?
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(2). Tong s6 hoc sinh cta hai tredrng tham dw budi lién hoan cé thé nhiéu nhat 1a bao nhiéu? Vi sao?
Cau 11. (Trwong chuyén KHTN Ha N§i nam 2025 - 2026)

Mot tdp M céc s thuc phan biét dwoc goi la tip dac biét néu né cé nhirng tinh chat sau:

a) V6imoi x,y e M, x=y thi xy # 0,x+y # 0 va ding mot trong hai s6 xy, x+ y 1a s6 hiru ty;
b) véimdi x € M thi x” 12 s6 vo ty. Hay tim s6 phan tir 1&6n nhat cé thé co cha tip dic biét.

Cau 12. (Trwong chuyén Tin KHTN Ha Noi nam 2025 - 2026)

Xét bang 6 vudng kich thwdc nxn, véi n 1a s nguyén dwong. Biét rang bang 6 vuéng dé cé thé
dwoc phi kin béi hai loai manh ghép 1x1 va 8x8 sao cho khéng cé hai manh ghép nao chéng 1én
nhau, s6 lwong hai loai manh ghép dwoc dung 1a bang nhau va mdi 6 vuéng nhé ctia cAc manh ghép
chong khit véi mét 6 vuéng cia ban co.

a) Chirng minh » chia hétcho 5.

b) Tim gia tri nho6 nhit cta ».

Cau 13. (Trwong chuyén Hai Dwong nam 2025 - 2026)

Cho bang 6 vudéng 7x7 géom 9 6 vuéng don vi nhuw hinh vé. C6 37 con robot dwoc dit vao tim cuia
cac 6 vudng don vi sao cho khong c6 2 con robot cing nim trong mot 6. Cac con robot dwoc lap
trinh dé€ di chuyén dong loat, véi cung téc do theo nguyén tic nhw sau: Ban dau, moi con déu di
chuyén sang tAm cta mot 6 vudéng don vi bt ky chung canh véi 6 vudng né dang dirng. Sau d6, moi
khi cham vao tdm ctia 6 vudng dén, nd sé quay mot goc 90° va di chuyén tiép theo hwéng d6 sang
tAm cua 0 tiép theo va cir ti€p tuc di chuyén nhw thé (mot vi du vé cach di chuyén cia mét con robot
nhw hinh vé). Chirng minh rang du ban dau cé dit cac con robot nhw thé nao thi van ludn c6 mot
thoi diém ma cé hai con robot & cing mot 6 vuéng khong.

ds:

Cau 14. (Trwdong chuyén Hai Phong nam 2025 - 2026)

Cho tip hop S= {x eZ|1<x< 15} . Xét T 1a mot tip con ciia S va c6 tinh chat: véi a,b,c bat ki
thudc 7(a,b,c d6i mot khac nhau) thi tich abc khdngla sd chinh phwong. Hoi 7' c6 nhiéu nhat bao
nhiéu phan t&? (TAp hop 4 dwoc goi la tip con cia tAp hop B néu moi phin tir cia 4 déu la phin
tlr cia B ).
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Cau 15. (Trwong chuyén H6 Chi Minh nam 2025 - 2026)

a) Cho § la tip hop cac sd nguyén ‘a‘ <100. Lay a ngiu nhién thudc S, tinh x4c suit dé a thoa
man phuwong trinh x* —ax+2a+10=0 c6 cidc nghiém nguyén.

b) Cho 4= {1;2;3; ..... ;100} va B 1a cac tAp hop con chita 11 phin t thudc 4. Chitng minh rang B
luon chtra a,b,c d6i mot phan biét sao cho a,b,c 1a do dai ba canh tam giac.

Ciu 16. (Trwong chuyén PTNK H6 Chi Minh nidm 2025 - 2026)

Cho bang 6 vudng kich thwdc 2 X 9 va s6 nguyén dwong k<18. Hai 6 ciia bAng dwgc goi la ké nhau
néu ching c6 mot canh chung. Hai ban An va Binh choi tro “Truy Tim Tau Ngdm” nhw sau: Trwéc
khi tro choi bt d4u, An chon mét 6 trén bang va khong cho Binh biét. O mdi lwot choi:

An phai chon mot 6 ma&i, ké bén véi 6 da chon trwede do, va khong cho Binh biét;

Sau khi An chon xong, Binh chon k 6 ciia bang va hoi An: trong k 6 nay cé 6 An vira chon hay khéng?
Néu c6 thi Binh thing, néu khong thi hai ban lai choi lwot tiép theo.

a) Chirng minh rang v&i k=4. Binh c6 thé thiang sau khong qua 8 luot.
b) Chirng minh rang véi k=2. Binh c6 thé thing sau khéng qua 16 luot.
Cau 17. (Trwong chuyén Thira Thién Hué nam 2025 - 2026)

Cho bang vuéng kich thwéc 8x8 gobm 64 6 vudng, c6 8 hang va 8 cot. Ta dién vao tat ca cac 6 vudng
cua bang, moi 6 vudng dién ding mot s6 nguyén dwong thudc tap S = {1;2;3;..;64} (hai 6 vudng
khac nhau dién hai s6 khac nhau).

a) Ta goi mot thanh doc l1a hinh gbm 7 6 vuong lién ti€p thudc cing mot cot. Xét mot cach dién sao
cho moi thanh doc déu chita tdi da 3 s6 chan. Chirng minh mdi cot chira it nhit 4 sé 18.

b) V&i cach dién nhw cau a), chirng minh ton tai it nhat hai hang chita toan s6 chan.

c) Mot cap s6 goi 1a “khong than thién nhau” néu chiing ndm & hai 6 vuoéng ké nhau (1a hai 6 vuéng
c6 chung canh) va hiéu ctia ching (s6 1én trir s6 bé) 1on hon 4. Chirng minh véi moi cach dién so,
c6 thé tim dwoc mot cdp so “khéng thin thién nhau”.

Cau 18. (Trwong chuyén Khanh Hoa nam 2025 - 2026)
Cho da giac 4,4, ... 4,,, 1a da giac déu 2024 dinh, trong d6 dinh 4

dwoc to xanh. P6i mau cac dinh ctia da giac theo quy tac:

2024 Jo0e duroc to do, cac dinh con lai

Mobi Ian chon 4 dinh cta 1 hinh chit nhat roi d6i mau dong thoi 4 dinh 4y (d6 thanh xanh va xanh
thanh dé).
Hoi sau mot s6 hiru han lAn d6i mau nhw vy, cé thé thu dwoc két qua dinh 4, , va 4,,, cung mau

2009 997

hay khéng ? Vi sao ?
Cau 19. (Trwong chuyén Kién Giang nam 2025 - 2026)
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Chia tam gidc déu 4BC thanh 9 tam giac con, roi dién vao moi tam gidc con mot s6 0, nhw & hinh
dwéi day.

A

C

o

B

Cho phép thay déi cac s trong tam giac ABC, theo qui wéc: Mdi IAn, 14y hai s6 ndm & hai tam giac
con c6 chung canh, roi ting moi sd 1én 1 don vi, hodc gidm moi s6 di 1 don vi.

Nam trong tam gidc ABC 129 s6 tw nhién lién tiép tir 4 dén 12 dwgc hay khong? Vi sao?

Cau 20. (Trwong chuyén Lai Chau nam 2025 - 2026)

T6 mau moi diém trong mat phang b&i mot trong hai mau xanh hodc dé, moi diém dworc td bdi diing

mot mau. Chirng minh rang tén tai mot doan thang ma hai diu miat va trung diém ctia né dwoc to
cung mau.

Cau 21. (Trwong chuyén Lang Son nam 2025 - 2026)

Cho X 1atip hop gobm 700 s6 nguyén dwong doi mot khac nhau, méi s6 khong 1ém hon 2025. Chirng
minh rang trong tip hop X ludn ton tai hai phan t x, y sao cho x—y thudc tp hop E = {3;6;9} .

Cau 22. (Trwong chuyén Nam Dinh nam 2025 - 2026)

Cho bang hinh chi* nhat gbm 2 dong va n cot, dwoc chia déu thanh 2n 6 vuéng don vi. Ban dau,
trong moi 6 vudéng don vi ngudi ta dit ddng mot vién bi cé kich thwdc rat nhé. Ta goi mdi bién doi
(T) 14 viéc thwc hién cac thao tac sau: Chon ra hai 6 vudng don vi tlly y ¢é chira bi, chuyén tir moi
6 vudng d6 di mot vién bi sang 6 vudng don vi lién ké (hai 6 vudng don vi goi la lién ké néu ching
c6 chung canh). Tim t4t ca cic s6 nguyén duwong n dé€ sau hiru han lan chi thuc hién bién déi (T),
ta c6 thé dwa hét tit ca cac vién bi c6 trén bang liic dau vé nam trong cing mot 6 vudng don vi clia

bang.
Cau 23. (Trwong chuyén Nghé An nam 2025 - 2026)
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Trén bang c6 day s6 1;2;3;...;2025 ta thwc hién nhuw sau: Néu trén bang cé 4 s6 a;b;c;d sao cho
d=a+b+c thitaxbéa4 so dovaviét 3 s6 a+b;b+c;c+a lén bang. Gia s tai mot thoi diém trén
bang con n s6: a,;a,;...;a,. Chimg minh rng a +a; +a; +---+a’ —9 chia hétcho 12 va n>1520.
Cau 24. (Trwong chuyén Phi Tho nam 2025 - 2026)

An ¢6 10 hop dung bi, mdi hdop c6 3 vién bi. Cac vién bi dwoc t6 béi mot trong 5 mau: xanh, do, tim,
vang, nau; sao cho cac vién bi trong cung hop c6 mau khac nhau va khéng c6 2 hop nao c¢6 3 mau bi
twong rng giéng nhau.

An noéi rang minh mudn 14y ra tir moéi hop 1 vién bi. Binh nghe th4y thé khang dinh: "Sau khi An 14y
bi, chdc chan sé c6 2 hop bi ma 2 vién bi con lai trong mdi hdp c6 mau twong ng giéng nhau."

Theo em, Binh néi diing hay sai? Em hay giai thich khang dinh cua minh.
Cau 25. (Trwong chuyén Quang Ninh nam 2025 - 2026)

Ban Binh c6 18 thé g6, mdi thé dwoc ddnh mot sd bAt ki tir 1 dén 2526 (moi s6 trén moi thé 1a mot
s6 tw nhién). Chirng minh rang ban Binh c6 thé chon ra 3 thé sao cho ba s& trén 3 thé d6 1a do dai
ba canh cia mot tam giac.

Cau 26. (Trwong chuyén S6c Trang nam 2025 - 2026)

Mot cay khé c6 20 qua khé mau xanh va 25 qua khé mau vang. Mot con qua dén dn mdi ngay ding
3 qua khé. Tuy nhién ciy khé sé ra qua m&i nhu sau:

- Néu con qua dn 3 qua khé mau xanh thi ciy khé sé ralai 1 qua khé& mau xanh.

- Néu con qua an 2 qua khé mau xanh va 1 qua khé& mau vang thi ciy khé sé ra lai 1 qua khé mau
vang.

- Néu con qua an 1 qua khé mau xanh va 2 qua khé mau vang thi ciy khé sé ra lai 1 qua khé mau
xanh.

- Néu con qua dn 3 qua khé mau vang thi ciy khé sé ra lai 1 qua khé mau vang.
Cubi cung trén ciy khé con lai dung 1 qua. Héi qua khé cudbi cung mau gi? Giai thich?
Cau 27. (Trwong chuyén Thai Binh nam 2025 - 2026)

Cho da giac déu 2025 canh. Nguwoi ta son cac dinh cua da gidc bang hai mau xanh hoic dé. Chirng
minh t6n tai ba dinh dwgc son ciing moét mau tao thanh mot tam gidc can.

Cau 28. (Trwong chuyén Thai Nguyén nam 2025 - 2026)
Ban Thai viét ra bang 100 s nguyén dwong déi mot phan biét, mdi sé khong 16nm hon 2% .Déi véi
mdi cdp s6 (a;b) dwoc ban Thai viét ra, ban Nguyén viét s§ a+b—UCLN(a,b) trén bang. Ching

minh rang, c6 it nhiat mot s trong cac s6 ma ban Nguyén viét khac véi tit cd cac s6 ma ban Thai
viét.
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HUGNG DAN GIAI

1. S6 hoc

Cau 1. (Trwong chuyén tinh Vinh Phiic nam 2025 - 2026)

a) Tim t4t ca cac cdp s6 nguyén (x,y) théa man phwong trinh
¥+ (x=-1) =y +(y-1".

b) Cho hai s6 nguyén duwong m,n théa man 5" —1 chia hét cho (5" —1)’. Chitng minh rang: » chia
hét cho m(5" -1).

Lo giai

a) Tim tat ca cic cdp sO nguyén (x, y) théa man phwong trinh

X+ (x=-1) =y +(y-1".
Thu gon hai v€ cia dang thirc cho thanh

' —x=y"-2y"+3y* -2y.
Hay x> —x+1=(y>—y+1)*,suyra x’ —x+1 12 s6 chinh phwong.
bit x* —x+1=a’(a €Z) thi 2x—1)*+3 =44" hay (2a—2x+1)(2a+2x-1)=3.
Giai tim dwoc x=0, x=1.
Thay tré lai tim dwoc (x,y)€{(0,0);(0,1);(1,1);(1;0)}.
Thtr lai thay théa man.
Vay tit ca cac cap s6 nguyén théa man bai toan la (x,y)e{(0,0);(O,l);(l,l);(1;0)}.
b) Tt gia thiét c6 n>m va 5" —1 chia hét cho 5" 1.
Dit n=km+r(k,ne N,k >0,0<r<m) thi 5" —1=5"" _1=(5" —1).5" +5 —1.
Do 5" —1 chia hét cho 5" —1 nén 5" -1 chia hét cho 5" —1.
Laido 0<5 —1<5" -1 nén phdic6é 5 —1=0 hay »=0.
Suy ra n chia hét cho m nén n=mk.
Pat 5" =a (aeN*,a>1) thi ¢ -1 chia hét cho (a—-1).

Péyrang ' —1=(a-1)(a"" +a"* +...4+a+1) nén a""' +a"? +...+a+1 chiahét cho a-1
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Matkhac "' +a" +.. +a+1=1""+1"" + . +1+1=k(moda—1).

Do d6 k chia hétcho a-1.

Viy n=mk chia hét cho m(5" -1).

Cau 2. (Trwong chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)

Tim t4t ca cac cdp s6 nguyén (x,y) théaman (y+5)x* +3(x—1)=y.

Loi giai

y+5
(y+5)(x ~1)+3(x—1)+5=0

(x=1)((y+5)(x+1)+3)=-5

Déndaytasuyra 5: (x—1) nén x—1e{+1;5} hay x e {-4;0;2;6}.
L . 13 n 2 ~

V6i x=—-4 thi 16(y+5)—15=y hay y = 3 khong théa man.

V&i x =0 thi y =-3, thoa man.

Véi x=2 thi 4(y+5)+3=y hayy:—?,khéngthéa man.

Véi x=6 thi 36(y+5)+15=y hayy:—%,khéngth()a man.

Vay (x;»)=(0;-3).

Cau 3. (Trwong chuyén tinh Bac Liéu nam 2025 - 2026)

Tim tat ca cac nghiém nguyén dwong cia phwong trinh x(x—y-1)+ y(y—1)=3.
Loi giai

X —xy—-x+y’—-y=3

2x* —2xy—2x+2y"-2y=6

(x=p) +(x-D)"+(y-1)" =8

0<(x-1’<8hay 0<x-1<2 hay1<x<3

Suy ra: xe{l;2;3}

Véi x=1thi y*—y+1-y—-1=3 hay y* -2y-3=0 suyra y=3 (y=-1 loai)

Véi x=2 thi y* -3y +1=0 (loai)
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Véi x=3 thi y* —~4y+3=0 .Suyra: (x;y):(3;3) hoac (x;y):(3;1).
Vay phwong trinh c6 nghiém (x;y) € {(1;3);(3;1);(3;3)} .
Cau 4. (Truwdomg chuyén tinh Bac Kan ndm 2025 - 2026)

Tim tat ca cac cdp s6 nguyén (x; y) théaman x* —xy+3x -2y -3y -3=0.

Lo giai
X —xy+3x-2y"-3y-3=0
x*=(y=-3)x-2y’-3y+2=5
(x—2y+l)(x+y+2):5
—2y+1=1 =2 —2y+1=5 | *73
TH1: ¥~ ¥ TH2: & 3 (loai)
xX+y+2=5 y=1 x+y+2=1 5
VYo =
3
A 16
-2y+1=-5 =—4 —2y+1=-1 NS
TH3:{" T rHe T 3 (loai)
x+y+2=-1 y=1 x+y+2=-5 5
y=—§

Vay c6 2 cdp s6 nguyén (x; y)can tim 1a: (2;1),(—4; 1).
Cau 5. (Truwdomg chuyén tinh Bac Ninh ndm 2025 - 2026)

Cho p la s6 nguyén t6 khac 2, hai s6 tw nhién a,b thod man a +b chia hét cho p,va a—b chia hét

cho p—1.Chtrng minh ring a” + 5 chia hét cho 2p.
Lori giai
Ta chi cAn chitng minh o’ +5° : p do dayla 2 sd1é.
Khong mit tinh tong quat, gid st a > b.
Néu a chia hétcho p thi b ciling chia hét cho p va ta c6 diéu phai chirng minh.
Néu (a; p)=(b;p)=1 tac6 bd dé sau:
BG deé: Cho s nguyén t6 p va s6 nguyén a khong chia hét cho p.Khidé a”"' =1(mod p).

Chirng minh: Néu p =2 khang dinh hién nhién ding. Gid st p > 2.
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Néu ton tai i,/ € {1;2;--; p—1},i > j ma ia = ja(modp) thi (i—j)a : p.Do a khong chia hétcho p
nén (a;p)=1dod6 i—,j:p.Pitunaylavélido 0<i—j<i<p.

Véy cac s a,2a,---,(p—1)a Khi chia cho p s& dwoc cac s6 dw khac nhau. Trong cic s8 nay khong c6

s6 nao chia hét cho p nén p—1 sé nay khi chia cho p sé dwoc p—1s6dwlal,2,---,p—1do dé
a-(2a)---(p-1)a=1-2---(p—1) (modp)hay (p-1)la’" =(p-1)! (modp)
Do ((p - 1)!;p) =1nén " =1(modp), b6 dé dwoc chirng minh.
Ap dungbd dé tasuyra o’ =b"" =1(modp).
Ma a—b chiahétcho p—1 nén «“" =5"" =1(modp).
Tac a’ +b" =a’ +b" +(b* —b").DEY o’ +b" chiahétcho a+b chia hét cho p.
Ta cAn chirng minh b° —-b" =b" (b“‘b —1) chia hét cho p.
biéu nay dung, do do ta c6 diéu phai chirng minh.
Cau 6. (Trwong chuyén tinh Binh Dinh nam 2025 - 2026)
Tim tat ca cac cdp s6 nguyén (x; y) théa man phwong trinh sau:
2x° =y +xy+2x+2y=17.

Lo giai
Tacé: 2x* —y> +xp+2x+2y =7
(x+»)2x=y)+2x+y)=7
(x+y2x—-y+2)=7
Ta c6 cac cach phan tich 7=7.1=1.7=(-7).(-1)=(-1).(-7)

Do do6 xét cac treong hop sau

x+y=7 =2 y
(thoa man)

2x—-y+2=1 y=35

x+y=1 x=2 L
(thoa man)

2x-y+2=7 y=-1
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-10
x+y=-7 Ty
(loai)
2x-y+2=-1 _ -1l
Y73
-10
x+y=-1 Y
(loai)
2x—y+2=-7 7
y=§

Véy cac cdp s6 nguyén théa mén yéu cau bai todn 13 (x; ) € {(2;5);(2;-1)}.
Cau 7. (Trwong chuyén tinh Binh Phwéc nam 2025 - 2026)

a) Giai phwong trinh nghiém nguyén: x*> —2xy+3y—-x—-1=0.

ab-1 | ba+l
va

déu la cac s6 nguyén.
a+1 b-1

b) Tim céc cdp s8 nguyén dwong (a;b) sao cho
Lo giai
a) Ta viét lai phwong trinh thanh: x* —(1+2y)x+3y —1=0. Xem day la phwong tinh bac hai 4n x

ta phdi cé A 1a s6 chinh phwong, diéu nay twong dwong ton tai s6 tw nhién & sao cho
4y* —8y+5=k" hay (2y-2+k)(2y-2-k)=-1.

Xét cac trweong hop ta thiy chi x =1;x =2 1a théa man.

Vay phwong trinh c6 nghiém (x;y) € {(1;1),(2;1)}.

b) Diéu kién: b # 1. Ta c6 nhan xét hién nhién sau: a’ +1ia+1; b’ —1:b 1.

Khi d6 ta c6: a’b—1=—b—1(moda+1)=>b+1ia+1

Twong tw thi cé: b’a+1=a+1(modb—1)= a+1ib-1

Diéu d6 dAn dén b+1:h—1 hay 2:h—1.

Tir d6 d& dang tim dwoc cp s6 (a;5) €{(2;2).(1;3).(3;3)}.

Vay céc cap s6 nguyén théa man yéu ciu bai todn I1a (a;b) € {(2;2),(1;3),(3;3)} .

Cau 8. (Trwong chuyén tinh Binh Thuan nam 2025 - 2026)

Tim céc s6 nguyén duwong x,y dé 4,B dong thoi 1a cic s6 chinh phwong biét 4=x*+y+1 va

B=y’+x+4.
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Lo gidi
Véi x>y>0 thi X’ <A=x>+y+1<x* +x+1<x’+2x+1=(x+1)’, do d6 khong ton tai x,y dé
A=x+ y+11asd chinh phwong.

Voi y>x>0= ) <B=y +x+4<y’ +y+4<y’ +4y+4=(y+2)

=y’ <B<(y+2)2B:(y+1)2B;yz“‘”—)(y+l)2 =y’ +x+4 > x=2y-3,thay vao 4 ta duoc
A=Q2y-3 +y+1=4y’ -11y+10

Vi 4 1as6 chinh phwongnén 4=k* (k>0) hay k> =4y* -11y+10

=4y’ —11y+10—k*> =0 (*) . Phwong trinh (*) 4n y c6 A =16k —39

Dé 4 las6 chinh phwong thi A la s6 chinh phwong, suyra A = a”,(a > 0) hay 16k -39 = o’

4k+a>0 . 4
:>(4k—a)(4k+a):39:1.39:3.13.Do nén ta co
Ak +a>4k—a

Ak —a=1 [ (a=19
4k +a =39 k=

5

= )
dk—a =3 a=>5
4k +a=13 k=2

(4k—a)(4k+a) =39 =

V6i k=5= y=-1<0 (loai)

Voik=2=y=2=x=1

Vay chi c6 mot cap so {j} - thoéa man bai toan.

Cau 9. (Trwong chuyén tinh Cin Tho niam 2025 - 2026)

Tim tit cd s6 nguyén x,y théamin x* —2y° —xy+2x+5y-5=0.
Lovi giai

¥ =2y —xy+2x+5y-5=0

(x=2y+3)(x+y—-1)=2

Ta c6 cac treong hop sau

{x—2y+3:2' {x—2y+3=1. {x—2y+3=—2. {x—2y+3=—l

x+y—-1=1 x+y—-1=2" |x+y-1=-1 x+y—-1=-2
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Gidi cac hé trén ta cac cdp sO nguyén (x;y) théa manla (1;1) va (-2;1).

Cau 10. (Trudng chuyén tinh Pa Nang nim 2025 - 2026)

Tim tAt ca cac s6 nguyén dwong k sao cho ton tai cdp s6 nguyén (x;y) thdoaman x* —kxy+y° +1=0.
Loi giai

Xét k dé ton tai bd s6 nguyén (x;y) théa man phwong trinh.

Ta thiy ngay cap (x, y) théa man phwong trinh thi x,y # 0 va xy>0.

Ma (x;y) l1a nghiém thi (—x; —y) cling la nghiém Vay la phwong trinh c6 moét bo nghiém (x;y) ma
x,y>0.

Xét S :{(x;y):x2 —kxy+y* +1=0;x,y > O}
Do tap S khac rong nén ta c6 thé xét bd (x,;,) €S ma x, + y, dat gid tri nhé nhit.
Khoéng mat tinh tong quat gia st x, > y,.
Xét phwong trinh bic hai 4n x:
x*—xky, +y,. +1=0

Phuong trinh nay c6 mot nghiém la x, nén noé sé c6 thém mot nghiém nira la x, va theo dinh ly

X, + X :kyo

Viete thi { .
X, x, =y, +1

Do x, + x, 1a s6 nguyén nén x, 1a so nguyén.

Do x,.x, >0 nén x, 1a s6 nguyén duong.

Vay (x,;x,)€S.

Dodb: x, +y,2x,+y, = x 2x,2Y,.

Néu x, >y, +1= y; +y, <ys +1= y, <1.

Twr day thu duoc y, = x, =1 va thu dwoc k=3.

Thi lai thi £=3 c6 nghiém (x;y)=(1;1). Vay k=3 théa man

Néu x, =y, =>x,=x,=y, =y, =y, +1 (vo1y)

Vay k=3 la gia tri duy nhit can tim.
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Cau 11. (Trwdong chuyén tinh Pak Lak nam 2025 - 2026)

Tim cac s6 nguyén dwong x sao cho x* + x+10 la s6 chinh phwong.
Lori giai

Pit X’ +x+1=k*(k € Z)

4x* +4x +40 = 4k°

(k) —(2x+1)* =39

(2k — 2x —1)(2k + 2x +1) = 39

Nhan xét: 2k —2x—-1<2k+2x+1; 2k-2x-1€Z; 2k+2x+1eZ

Va39=1.39=3.13=-39.(=1) = —13.(=3)

Nén ta c6 cac trweong hop sau

2k-2x-1=1

= (k;x)=(10;9)
2k +2x+1=39
2k—-2x-1=3

= (k;x) =(4;2)
2k+2x+1=13

= (k;x) =(-10;9)

2k—-2x—-1=-39
2k+2x+1=-1

{2k—2x—1:—13
= (k;x) = (-4.2)

2k+2x+1=-3
Thirlai x e {9;2} thoa man.
Vay x e {9; 2} :
Cau 12. (Trwong chuyén tinh Pak Lak nam 2025 - 2026)
Tim ba s0 nguyén dwong x,y,z déi mot khac nhau thod man hai diéu kién
(D). X’ +xp+y"+Bz> —z—4)(x+y)=10z" -3;
(2). Trongb6n sd x+y+3z> —L,x+y—3,x+z,y+z c6 ddng mot hop sé.
Lo gidi
(1). Tr diéu kién (1), ta cé dwoc (x+y+3z> —D)(x+y-3)=(z+x)(z+ )

Trday déyla x+z,y+z,x+y+32"-1>0=>x+y-3>0
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Vay két hop diéu kién b ta c6 dwgc ar=pqg v6i a lahop sé p,q,r 1a s6 nguyén té
(2). T day » : pg ma r nguyénténén » : p hodc r : g
Néu r : p thi p=r dan dén a=g (v6lido a 1a hop s6)
Néu r : ¢ thi g=r dan dén a=p (vO6lido a 1a hop s6)
Véy tém lai khong ton tai bd ba (x; y;z) thod man yéu cau bai toan
Cau 13. (Trwong chuyén tinh Pak Nong nam 2025 - 2026)
Tim t4t ca cic nghiém nguyén (x; y) ciia phwong trinh: xy—x+3y =6.
Lori giai
Ta co:

xy—x+3y=6
x(y-1)+3(y-1)=3.
(x+3)(y—1)=3

Vi x, y nguyén nén ta c6 cac tredong hop sau:

x+3 -3 -1 1 3
y-1 -1 -3 3 1
X -6 —4 -2 0
y 0 -2 4 2

Vay phwong trinh c6 nghiém (x; y) € {(—6; 0), (4 -2),(-2:4),(0; 2)}

Cau 14. (Trwong chuyén tinh Ha Giang nam 2025 - 2026)

Tim tit ca cac so tw nhién n sao cho 2n—1;3n+1 1a cac s6 chinh phwong va 61 —13 1a s6 nguyén
to.

Lori giai
Vi 6n—13 las6 nguyén té va ne N nén n >3.
Taco 2n—1 va 3n+1 la cac s6 chinh phwong nén 2n—-1=a’; 3n+1=>b" véi a;be N
=2b*-3a’=5 (1)
Taco 6n—13=32n—1)—10=3a> —2(2b* —3a®) =9a* —4b* = 3a—2b)(3a +2b) (2)

Vi 6n—13 1a s6 nguyén t6, ma 3a—2b<3a+2b néntwr (2)tacd 3a—-2b=1=b= Sa-l
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a=-1 (L)

a=3

3a-1 3a—1

2
Thay b = vao (1) ta duoc 2( j —3a2:5:>3a2—6a—9:0:{

Véia=3thib=4,n=5va 6n—13 = 17 (théa mian). Vay n =5 la gia tri cin tim.
Cau 15. (Trwong chuyén tinh Dién Bién nam 2025 - 2026)
Phuwong trinh sau cé bao nhiéu nghiém nguyén

¥ =5y+62=(y—2)x"+(y* -6y +8)x.

Loi giai

Taco:
¥ =5y+62=(y-2)x* +(y —6y+8)x
(y=2)(y-3)+56=(y—2)x"+(y-2)(y—4)x
56=(y—2)[x* +(y-4x—(y-3)]
(y=2)(x-1)(x+y—3)=56

(x=1)(y=2)(x=1+y-2)=56=1.7.8=7.1.8 = (=8).1(=7) = I(-8)(~7) = (~8).7.(~1) = 7.(=8).(~1)

Bang gia tri
x—1 1 7 -8 1 -8 7
y-2 7 1 1 -8 7 -8
X 2 8 —7 2 =7 8
Y 9 3 3 -6 9 —6

Vay phwong trinh c6 6 nghiém nguyén
Cau 16. (Trwong chuyén tinh P6ng Nai nam 2025 - 2026)
a) Chirng minh trong 37 s6 nguyén dwong bat ky, luon tim dwoc 7 sé cé tong chia hét cho 7.

b) Tim tat ca cac s6 nguyén té p sao cho véi moi s6 nguyén dwong a,b thi haiso a+8b va 6a+43b
hodc cung chia hét cho p hodc cuing khong chia hét cho p.

Loi giai

a) Néu trong 37 s6 nguyén dwong nay cé du cac sé du tir 0 dén 6 khi chia cho 7, ta chon 7 so c6
s6 dw khi chia cho 7 Ian lwot tir 0 dén 6, khi d6 téng cia 7 s6 nay chia hét cho 7.

Néu trong 37 s6 nguyén dwong nay cé khong qua 6 sé dw khac nhau,

vi 37=6.6+1 nén theo nguyén ly Dirichlet, ton tai it nhit 7 s6 cé cing s6 dw khi chia cho 7. Chon 7
sO nay va khi do6 téng ctia chiing chia hét cho 7.
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b) Néu p=5,vi (6a+436)—(a+8b)=5a+35b : 5
nén 6a+43b = a+8b (mod5).
Vivay a+8b va 6a+43b hodc cung chia hét cho p hoac cung khéng chia hét cho p.

Néu p = 5, gid st ton tai hai s6 nguyén dwong a,b sao cho a+8b va 6a+43b déu chia hét cho p.
Vi 6a+43b=6(a+8b)—5b : p,ma a+8b i p nén 5b : p.Honnita (p,5)=1 nén b : p.Kéthop
voi a+8b : p,tasuyra a : p.Nhuwviy, néu a+8b va 6a+43b déu chia hét cho p thi a va b déu
chia hét cho p.

Chon b=1va a=5p-8>0,tac6 a+8h=5p—8+8=5p : p,theonhdnxéttrénthi 1 va5p-8 déu chia
hét cho p,vo ly.

Vay chi c¢6 duy nhat s6 nguyén t6 p=5 can tim.

Cau 17. (Trwong chuyén tinh Ha Nam nam 2025 - 2026)

Tim t4t ca cac s6 nguyén dwong x, y thod min (x2 —x+ 1)(y2 —xy —5) =2x+5.
Lori giai

2
Nhan xét: xz—x+1:(x—%] +%>%>0 ma x>0 nén 2x+5>0.

T d6 suy ra: y* —xy—5>0.

T phwong trinh ta co: (2x+5)§(x2 —x+1), lai c6 2x +5;x> — x +1 nguyén dwong nén
2x+5>2x" —x+1

x'=3x-4<0

(x—4)(x+1)£0
—1<x<4,két hgp diéu kién x € Z,x > 0 nén xe{l;2;3;4}

Xét cac trwong hop sau:

Trwong hop 1. x =1, thay vao phwong trinh:

yi-y-5=7

Y —y-12=0
(y—4)(y+3)=0
y=4(doy>0)
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Truwong hop 2. x =2, thay vao phwong trinh:

3(y*-2y-5)=9

Y —2y-5=3
3> —2y-8=0
(y-4)(y+2)=0
y=4(doy>0)

Trwong hop 3. x =3, thay vao phwong trinh:

7(y* -3y -5)=11
2 11 .
y —3y—5:7 (loaido yeZ)

Trwong hop 4. x =4, thay vao phwong trinh:

13(y* —4y-5)=13

Y —4y-5=1

Y —4y—-6=0

(y—2)’ =10 (Loai do 10 khong phai 1a s6 chinh phwong)
Véy tat ca cac nghiém nguyén (x;y) thoda man la (1;4),(2;4) :
Cau 18. (Trwong chuyén Ha N6i nam 2025 - 2026)

a) Cho a,b,c 1a cac s6 nguyén théa man 3a’ —bc,3b” —ca,3c’ —ab déu chia hét cho 4. Chirng minh
abc chia hét cho 8.

b) Tim t4t ca cip s6 nguyén (x;y) théamin 2(2x—y)(y—x)* =15x-Ty+7.

Lo giai
a) Gia st a,b,c déu la s¢ 1é. Khi d6 «* =1(mod4) nén: 0 =34’ —bc =3 —bc (mod4)
Suy ra bc = 3(m0d4).

Chirng minh twong tw, ta c6 ab = bc = ca =3(mod4), dan dén(abc)’ = 3 (mod4), diéu nay khong thé

Xay ra.
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Do d6 trong a,b,c c6 it nhdt mot s6 chan. Khong mat tinh téng quat gid st a chan, khi dé
0=3a’ —bc = —bc (mod4) dan dén bc:4, ma a:2 nén abc:8.

b) bat a =2x- y,b=y—x.Khido6 15x -7y =8a +b. Phwong trinh da cho tré thanh:
2ab’ =8a+b+7 hay 2a(b* —4) =b+7

Néu b* —4 =0 thi be{2;,-2},khi d6 2a(b* —4)=0 nhung b+7 # 0, mau thuln.

Dodé b* —4=0,suyra (b+7 (b2 )

Ta c6: ((b+7)(b 7)- )(b2 4 suyra —453(1)2—4).

Ma b* —4> -4 nén: (b2—4)e{ -3;-1;1;3;5;9;15;45}.

Suyra b* e {1;3;5;7;9;13;19;49} .

Ma b* 1a s6 chinh phwong nén b° € {1;9;49} , tircla b e {—7;—3;—1;1;3;7}.

Mat khac, taco a = _b+7 la sO nguyén, thir truec ti€p ta tim dwoc (a;b) € {(0; —7);(—1;—1);(1;3)}

2(p* -4)
PEyrang x=a+b,y = a+2b.Taxét cic treong hop:
Néu a =0,b=-7 thi x=-7,y =-14, thoa mén.
Néu a =-1,b=-1 thi x=-2,y =-3, théa man.
Néu g =1,b=3 thi x=4,y =7, théa man.
Vay cac cap s6 nguyén (x;y) can tim la (—7;—14);(—2; —3);(4;7).
Cau 19. (Trwong chuyén KHTN Ha N§i nam 2025 - 2026)
Tim t4t c cic cdp s6 nguyén dwong (x;y) théa man
25 + (4" +1)(4x> +3x+3) = (4" +4x7 +3x +4)- 5.
Lo giai
Ta co:
25" 4+ (45 +1)(4x% +3x+3) = (4" +dx’ +3x+4)- 5
5% 4 (4 +1)(4x% +3x+3) = (4x* +3x+3)-5" + (4" +1)-5

5°(5" —4x” =3x=3) = (4" +1)(5" —4x” =3x-3)=0
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(5" —4x* =3x-3)(5" -4"-1)=0

TH1: 5" =4"+1

V6i x=1 suyra y=1 (théa man)

V&i x>2 tacd 4" +1=1(mod8) nén 5° =1(mod8) nén y chan

Twr d6 5" =(-1)’ =1(mod3) nén 4* chia hét cho 3 (voly do 4" =1(mod3))

TH2: 5 =4x> +3x+3

Dé thdy x khong chia hét cho 3 do 5’ khong chia hét cho 3.

T d6 5 =4x* =1 (mod 3) do s6 chinh phwong chia 3 dw 0 hodc 1. Tr d6 suy ra y chan
DPit y=2k, phwong trinh tré thanh 4x” +3x+3 =(5")’ nén 4x’ +3x+ 3 14 s8 chinh phuong.
Lai c6: (2x)* <4x” +3x+3 < (2x+2)’ do x 1a s6 nguyén duong.

Do d6 4x* +3x+3=(2x+1)* suyra x=2

Thay vao ta dwoc y=2.

Vay céc cap s6 nguyén duwong (x;y) théa man la {(1;1);(2;2)} .

Cau 20. (Trwong chuyén Tin Ha N§i nam 2025 - 2026)

a) Cho a,b,c la cac s6 nguyén dwong théa man l+i £ . Chirng minh abc chia hét cho 4 .
a b+2 c+4

b) Tim t4t ca cac s§ tw nhién (x;y) théaman: x(x-2y)=y' -3y +2y-1.
Lo giai
a) Tir gia thiét tasuy ra (3a+b+2)(c+4)=>5a(b+2). Tanhan thdy néu a,b déu 1 thi vé phai 1a s&
18, nhung vé trai chan do 3a+5b+2 1a s6 chan, vo ly.
Do d6 trong hai s6 a,b phai c6 mot s§ chan.
Né&u ca hai s8 a,b déu chan thi abc chia hét cho 4.

Néu trong hai s8 a,b chi c6 ding mét s chan thi vé phai chin, suy ra vé trai chan. Ma 3a+b+2 1¢,
suy ra c+4 chan, tirc1a ¢ chan. VAy abc chia hét cho 4.

b) Tir gia thiét tasuy ra (x—y)’ =y’ -2y’ +2y—1:(y—1)(y2 —y+1)-

2
Do yz—y+1:(y—%) +%>0 va (x—y)’>0nénsuyra y—1>0.
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Ma (y—l;y2 —y+1)=(y—1;y(y—1)+1):(y—1;1)=1,néntasuyra y—1va y>—y+1 phaila haisd
chinh phwong.

Tw y—1>0tacd y>1.
Khido: y* —2y+1<y’ —y+1<y’ +2y+1
hay (y-1° <y’ —y+1<(y+1)’. Ma y* —y+1 1a sd chinh phwong nén suy ra y* —y+1=y?, hay
y=1.
Thay y =1 vao d@ baita c6 x(x—2)=-1, gidi ra dwoc x=1.
Vay (x;y)=(1;1) 1a cdp s8 tw nhién duy nh4t théa man dé bai.
Cau 21. (Trwong chuyén Tin Ha N§i nam 2025 - 2026)
Cho a,b,c 1a cac s6 nguyén dwong théa mén (a+2b)(2a+c) = (a2 —bc)2 . Chrng minh 4ab+1 12 s
chinh phwong.
Lo gidi
Tir (a+2b)(2a+c¢)= (a2 —bc)2 ta dwoc b’c’ —(2a2b +a+ 2b)c —(a+2b)2a+a* =0.
Coi phwong trinh trén la phwong trinh bic hai 4n ¢, tinh biét thirc

A=(2a’b+a+2b) —4b*[a* ~2a(a+2b)]=(a+2b) (4ab+1)

bé phuong trinh cé nghiém nguyén thi A 1a s6 chinh phwong va do dé 4ab+1 1a s6 chinh phwong.
Mot vi du vé bd s (a;b;¢) thod man bai todn 1a a =1,b=2,c =3.

Cau 22. (Trwong chuyén Ha Tinh nam 2025 - 2026)

Tim tit ca cac s nguyén té p,q saocho p+q va p+4q déula cic sé chinh phwong.
Lori giai

Gia st ton tai s6 nguyén té p,q sao cho thod min diéu kién bai toan.

bit p+g=a’,p+4q=>",trong A6 a,b 1a cic s6 nguyén duong.

Khi d6 3g=(b—a)(b+a).Tathdy b—a<b+a.

Truonghop 1: b—a=1,b+a=3qg = 2a+1=3¢q thi g 1&. Pat ¢ = 2k + 1,k nguyén duong.
Khi d6 a:?:%ﬂ va p=a’ —q=0Gk+1)" —(2k+1)= k(9% +4).

Mado p nguyéntdonén k=1,p=13,q =3.
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Treonghop 2: b—a=3,b+a=q=>b=a+3,q=2a+3.
Dodé p=a’-q=a’ —2a—3:(a+1)(a—3). Mado p nguyéntonén a=4,p=5,q=11.
Truonghop 3: b—a=q,b+a=3,vib>a=21nén b=2,a=1= g=1 (vo ly).
Thir lai ta thay (5;1 1);(13;3) thod man bai toan.
Vay (5;11);(13;3) 1a cac bd s6 cin tim ctia bai toan.
Cau 23. (Trwong chuyén Hai Dwong nam 2025 - 2026)
Tim tit ca cic s6 nguyén dwong x,y théa min (x2 - X —1)(y2 +xy — 9) =2x+1.
Loi giai
Xét x=1=—(y"+y-9)=3=(y-2)(y+3)=0=y=2=(x,y)=(1,2).
Xét x>2,néu y>3 thitaco 2x+1=(x"—x—1)()’ +xy—-9)21. 9+3y-9)=3x=x <1 (v 1),
Dod6 y<2=ye {1;2} . Ta xét hai trwong hop nhu sau:
Truomg hop 1: Voi y=1=> (x* —x—1)(x-8) =2x+1=> x’ —9x° +5x—7 =0.
Néu phwong trinh trén c6 nghiém nguyén thi nghiém dé phai la wéc nguyén dwong ctia 7.
Nhung dé thdy 1 va 7 déu khong 1a nghiém cia phwong trinh trén nén treong hop nay vo nghiém.
Trwong hop 2: Véi y=2
= (x —x-1)(2xr=5)=2x+1= 2x" =7’ +x+4=0= (x—1)(2x° =3x - 4) =0.
Dé thiy phuwong trinh 2x* — 5x — 4 = 0 khong c6 nghiém nguyén dwong nén ta thu dwoc x=1.
Véy phuong trinh c6 nghiém nguyén dwong duy nhit (x;y) =(1;2).
Cau 24. (Trwong chuyén Hai Phong nam 2025 - 2026)

Tim tat ca cac s6 nguyén dwong a,b sao cho 8a’ +18ab+1 va 8b° +18ab +1 déu la lap phwong cia
s6 nguyén.

Lo giai
8a’ +18ab+1> (2a)’ = 8a’ +18ab+1>(2a+1)’ =3b>2a+1=2a<3b-1

Suy ra (2b)’ <8b* +18ab+1<8b* +9b(3b—1)+1=28b"+27b* —9b +1.
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Ma 8b* +27b* —9b+1< (2b+3)’ (9b2 +63b+26>0 v&i b nguyén dwong) va 8b° +18ab+1 1a s6

chinh phwong nén ta xét hai kha nang sau

Truomg hop 1. 85° +18ab+1=(2b+2)’,vo livi (2b+2)’ ch8nva 8b° +18ab +1 1&.

Truong hop 2. 85° +18ab+1=(2b+1)' = 3a =2b+1 suyra 85’ +6b(2b+1)+1=(2b+1)’ 1alap
phuong clia s6 nguyén va 84’ +18ab+1=8a’ +9a(3a—1)+1=8a" +27a> =9a +1

bén diy chirng minh twong twtacé 36 =2a+1.

L o (3a=2b+1 . _,
Khi do6 ta c6 hé dandén a=b=1.
3b=2a+1

Thr lai thoa man.

Vay a=b=1.

Cau 25. (Trwong chuyén Hoa Binh nam 2025 - 2026)

Tim cdp s nguyén (x;y) théa man phuong trinh: x* -3y +2xy—2x— 10y +4=0.
Lo giai

Phwong trinh da cho twong dwong véi x* +2(y—1)x—-3y* =10y -3 =-7.

Ta coi vé trai 1a da thirc bic hai 4n x , tham so y.

Ta tinh dwoc A’ =4(y +1)° nén da thic c¢6 hai nghiém x=y+3,x=-3y 1.

Do d6 phuwong trinh trén viét dwgc thanh (x =) — 3)(x +3y+ 1) =-7.

-y-3=1 —y=4 1
Truwong hop 1: {x > = {x % 9 = {x
< Y

-3

x+3y+1=-7 x+3y=

. b — VAl x—y=2 x=3
Truong hop 2: = =
x+3y+1=7 x+3y=6 y=1

i IS -y=10 =7
Truwong hop 3: {x Y :{x a {x

=
x+3y+1=-1 x+3y=-2 y=-3

. x—y-3=-7 x—y=—4 x=-3
Truong hop 4: = =
x+3y+1=1 x+3y=0 y=1

Vay cac cap s6 nguyén (x;y) théa manla (1;,-3);(-3;1);(3;1);(7:-3).
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Cau 26. (Trwong chuyén H6 Chi Minh nam 2025 - 2026)
S6 nguyén dwong n dwoc goila so “dep” néu ton tai a,b e Z dé n=a’ +7b°.

a) Tim hai s6 dep chia hét cho 11;
b) Chirng minh néu » la s6 dep chia hét cho 11 thi %cﬁng la s6 dep.

Lori giai
a)Taco: 11=2>+7.1> va 44 =4 +7.2° 1a 2 s6 dep chia hét cho 11.

b) Gid st n 1a s6 dep chia hét cho 11; t&c 1a c6 a,b nguyén sao cho n=a’+7b°. Hon nira
a’+7b* =(a—2b)(a+2b)+116*,nén (a—2b)(a+2b):11, hay a —2bhodc a+2b chia hét cho 11.

Néu a—2b:11,ddt a—2b=11k(k €Z), ta thay a =2b+11k vao n dé dwoc

n=a>+7b" = (2b+11k) + 70 =11(b + 4bk+ 116 ) =11| (b+2k)" + 74" |.
Nhu vay % =(b+ 2k)2 +7k*cling 1a s& dep.

Néu a+2b:11, twong tw nhw trén, dit a+2b=11k(k €Z), ta thdy a=-2b+11kvao n dé dwoc

n=a’+7b" = (=2b+11k)" +7b° =11(b* = 4bk+11k") = 11| (b=2k)" +7k" |,

Nhu vay % =(b- 21{)2 + 7k’ cling 1a s6 dep . Vay ta c6 diéu phai chirng minh

Cau 27. (Trwong chuyén Thira Thién Hué nam 2025 - 2026)

a) Tim cac cdp sd nguyén khong 4m (a;b) thod man (ab—-5)* —a’ =b(a+b).

b) Tim céc bd s6 nguyén duwong (x;y; p) véi p nguyén t3, thod méin (x3 + X+ 3)(x2 - X+ 1) =p.
Lo giai

a) Tacé (ab—5) =a’ +ab+b* hay a’b’ —9ab—25=(a—b)’.

Khi do

4a*b* —36ab+100 = 4(a +b)’

(2ab—-9) +19 = (2a + 2bY’

(2a +2b—2ab+9)(2a +2b +2ab—9) = 0

Ta xét cac trwong hop sau
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. 2a+2b+2ab-9=19 ok e L
Trwong hop 1. thi a+b=5, ab=9 la dé thay khong ton tai a,b thda man.
2a+2b—-2ab+9=1

2a+2b+2ab-9=1

2a+2b-2ab+9=19

Truwong hop 2.
shop { b=>5 b=0

=0 =5
thi a+b=5, ab=0 suyra {a hoac {a

. 2a+2b+2ab—-9=-1 . _
Trwong hop 3. thi a+b=-5 (loai)
2a+2b-2ab+9=-19

2a+2b+2ab—-9=-1

9 . :
thia+b=-5 (loai)
2a+2b—-2ab+9=-1

Trwong hop 4. {

Vay phwong trinh trén c6 hai cip nghiém thod man 1a (0;5);(5;0).
b) Gia si ton tai bd s8 (x;y; p) thod man yéu ciu bai toan, trong d6 p nguyén t3.

Do tich cda x* —x+3; x> — x+1 déu 14 luy thira chia s6 nguyén td p.

x*+x+3=p°
Suy ra
X —x+1=p

Tathiy x° +x+3> x> —x+1 nén a>b>0 va a,b 1a s6 tw nhién.
Dodd (x” +x+3): (x2 —x+1) ma x’ +x+3=(x+1)(x"—x+1)+x+2
Suyra (x+2) : (x* —x+1)
Néntaco (x> —x+1)<x+2=x° —2x—1£0:>xe{1,2}
Néu x=1 thi p* =5,p" =1 hay a=1, b=0, p=5 suyra x=1, y=1, p=5
Néu x=2 thi p* =13, p” =3 suy ra khong ton tai p thod man.
Thr lai (1;1;5) la b6 thod man yéu ciu bai toan.
Vay (L,1;5) 1abd s6 nguyén dwong cin tim.
Cau 28. (Trwong chuyén Huwng Yén nam 2025 - 2026)
Tim tat cd nghiém nguyén (x; y) cua phwong trinh :
(x*+3)y" —(x—2p)(x+2y+1)=25x+2y+169.

Lo gidi
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XY 43y =X =2xy—x+2xy+4y° +2y =25x+2y+169
x’y*+7y" =x* +26x+169
(x2 +7)y2 :(x+13)2

Néu y=0 suyra x+13=0= x=-13 (thod méin)

2
x+13J

Néu y¢03x2+7:[
Y

+13
al :t(t227)tadu'(_yc;c2+7:z‘2
Y

bat

Ma x, y la cac s6 nguyén nén ¢ ciling 1a s6 nguyén
Do dé6 (1—x)(t+x)=7

Suyra t—x; t+x la cac wéc cua 7

t+x=7

. t—x=1 t=4 S
Truong hop 1: = = y =4 (thoa man)

. t—x=7 t=4 5 ; ) 3
Trwong hop 2: = =>y= > (khong thoa man)

t+x=1 x=-3

t+x=-7 x=-3

. t—x=-1 t=—4 -5 . ~
Truong hop 3: = =>y= > (khong thoa man)

. t—-x=-7 [t=-4 .
Trwong hop 4: = = y =—4 (thoa man)

t+x=-1

Vay phwong trinh da cho cé cac nghiém nguyén (—13;0);(3;4);(3;—4) :
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Cau 29. (Trwong chuyén Khanh Hoa nam 2025 - 2026)
a) Cho p,q(p > ¢q > 5) 1a 2 s6 nguyén t8. Chitng minh p* —g* chia hét cho 240.

2044

b) Tim tAt ca s6 nguyén dwong n va s6 nguyén té p thod n**** +4n+ p* chia hét cho np.
Lo giai
a) Ta sé chitng minh p* —¢* chia hét cho 3;5;16.
Thét vy, vi p 12 s6 nguyén t6 16n hon 5 nén p=1;2(mod3) va p =1;2;3;4(mod5) *
Do d6: p* =1°;2* =1;4 =1(mod3); p* =1%;2%;3*;4* =1;16;81;256 =1(mod5)
Twong tu: ¢° =1(mod2) va ¢* =1(mod5)
= p*’ =¢" =1(mod3) va p" =¢" =1(mod5)
= p® —q* chiahétcho 3;5 (1)
Vi p las6 nguyén to1én hon 5 nén p 1é,do dé p* =1(mods)
Thatvéy,tacé p’ —1=(p—1)(p+1) latich cia hais6 chan lién tiép, do d6 mot trong hai s8 nay chia

hét cho 4.Vivay, p* —1 chia hétcho 8.

Tir ddy ta c6 thé viét p* =8k +1(k e N')= p* = 64k* +16k +1=1(mod16)
Twong tw: ¢* =1(modl6) = p* =¢* =1(modl6)

= p* —¢q" chiahétcho 16 (2)

T (1), (2) suy ra: p° —q" chia hét cho 240.

2024

b) Tacé: v’ +4n+p’inp=>n"" +4n+p’ :n= p*in :ne{l;p;pz}.

TH1: n=1=5+p’ : p=5: p= p =35, thir lai thdy thod man.

2024

TH2: n=p=p™* +4p+p*:p’ =4p:p’ = 4: p= p=2=n=p=2, thirlai thdy thod man.

4048

+5p° i p’=5p°:ip’=5:p= p=5=n=p’ =25, thir lai thdy thod man.

vay (n:p) €{(1:5):(2:2)3(25:5)}

TH3: n=p>=p

Chu y: & day quy woc a = b;c(modd) ticla a c6 thé dong dw véi b,c modulo d.
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Cau 30. (Trwong chuyén Kién Giang nam 2025 - 2026)
Tim t4t ca cac s6 nguyén dwong n va cac sd nguyén té p,théaman: n+7p=(n—p)’.
Lori giai

Gid st n 1a s nguyén dwong va p la s6 nguyén t6 thod man yéu ciu dé bai. Khi do,
n+Tp=mn-py @D

T (1) tacod: 8p=(n—p) —(n—p):(n—p—l)(n—p)(n—p+l) (2)

Vi la tich ctia ba s6 nguyén lién ti€p, nén vé phai ctia (2) 1a mdt s6 chia hét cho 3.

Do d6, 8p chia hét cho 3.

Ma (8;3) =1,néu p chia hét cho 3.

Suyra p=3 (do p lasé nguyén to).

Thay p =3 vao (2), taduwoc: (n—4)(n—-3)(n-2)=24 (3)

Do 24 c6 duy nhat cich phén tich thanh tich cta ba s6 nguyén lién tiép 1a 24=2-3-4, nén tir (3)
suyra n—4=2.Dodb, n=6.

Nguorc lai, bang cach kiém tra truc ti€p, dé thdy, n =6 va p =3 théa man tit ca cic yéu ciu cla dé

bai.

Vay, tat cd cac s6 n, p can tim theo yéu cau dé baila: n=6 va p=3.

Cau 31. (Trwong chuyén Lai Chau nam 2025 - 2026)

Cho a,b 1a hai s6 chinh phwong 1€ lién tiép. Chirng minh ab—a—b+1 chia hét cho 192.
Lori gidi

Dat a=(2n-1’,b=2n+1),(neZ)

Khi do

ab—a—b+1=(a—-1)(b-1)=[@2n-1) -1][@n-1)’ +1]=16(n -1’ (n+1)’

Vi (n=Dn*(n+1)" = [(n—-Dn(n+1)]n(n+1):3

Vi (n=Dn*(n+1)’ [(n=Dn].[n(n+D](n+1)i2.2=4

Vi UCLN(3,4) = 1 nén 6(n—)n’(n+1)>:192.
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Cau 32. (Trwong chuyén Lang Son nam 2025 - 2026)
Chrng minh rang véi moi s6 nguyén n thi n° + n+9 khong chia hét cho 25.
Lori giai
Gia st phan chirng ton tai s6 nguyén n dé n’> +n+9 : 25.
Ta cé: n’ +n=16(mod25)
Nén ton tai s6 nguyén k dé n’ +n c6 dang 16+25k. Xét P(x)=x"+x—-16—-25k.
Khi d6 P(n)=0.
Xét A, =1+4-(16+25k) =100k +65
Vi n 12 s6 nguyén nén A 1a sd chinh phwong hay ton tai y d€ y* =100k +65. Dé thdy y : 5 nén
y* 125 ma 100k : 25 suyra 65 : 25 (Vo ly). Vay khong ton tai » théa man.
Do dé diéu gia st 1a sai, ta c6 diéu phai chirng minh.
Cau 33. (Trwong chuyén Lao Cai nam 2025 - 2026)
a) Cho cac s6 nguyén a,b,c théa mam a* +b* + ¢’ —2abc =0.
Chrng minh rang a’ +b* + ¢’ chia hét cho 12 .
b) Tim t4t ca cac cdp s6 nguyén (x;y) théa man: x* —6(x—y)* -y’ =13,
Lori giai
a)Via’+b’+c* =2abc tasuyra a’ +b* +c”:2.(1)
Né&u a,b,c cunglé thi a® +b° + ¢ 12 s8 1¢, diéu nay mau thuan véi (1).
Nhuw vay trong 3 s8 a,b,c c6 it nhat mot s6 chan, dan dén 2abc:4 nén o’ +b° +¢* 4. (2)

Gia slr trong ba s6 a,b,c khong s6 nao chia hét cho 3, khi d6 «* =5 =¢* =1(mod3), dan dén
a’ +b*> +c’ =0(mod3), kéo theo 2abc = 0(m0d3) , diéu nay 1a vo 1i vi 2abc khong chia hét cho 3 .
Nhuw vay trong ba s6 a,b,c ¢ mot sd chia hét cho 3, kéo theo 2abc : 3, nén a* +b* +c*:3. (3)
Tir (2) va (3) két hop v&i UCLN (3;4) =1 ta thu dwoc a” +5” +¢°112.

b) Bién ddi phwong trinh ban dau ta dwoc: (x - y)[x2 +)" +xy—6(x —y)] =13
Taco: x’ —y* =13+6(x—y)* >0.Suyra x’ >y’ nén x>y hay x—y>0.

Truonghop 1: x—y=1va x*+ )’ +xy—6(x—y)=13.
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Suyra x* +(x—1)" +x(x—1)-6=13. T d6 ta cé (x;¥)=(3;2) va (x;y) =(-2;-3).
Trwonghop 2: x—y =13 va x* +y° +xy—6(x—y):1.

Suyra x* +(x—13)’ +x(x—13)—6-13 =1.

Tir d6 ta c6 (x;y) =(3;-10) va (x;y) =(10;-3).

Vay phwong trinh c6 4 nghiém nguyén (x;y)1a (3;2), (-2;-3), (3;-10), (10;-3).
Cau 34. (Trwong chuyén LAm Pong nam 2025 - 2026)

2025 +m2025 ChO 5 3

Cho n,m la cac s6 tw nhién va n* + m* chia hét cho 5. Tim s6 dw khi chia »
Lo giai
Gia st m,n khong chia hét cho 5, suy ra m,n cé tin cungla 1;2;3;4;6;7;8;9

m* =1(mod5)

suyra m* +n* =2(mod5)
n* =1(mod>5)

Khi dé {
Do d6 m,n sé chia hét cho 5.Khi dé

— O d5 2025 = O d5
{m (mod$) _ {m (modS) iy ra m™ +n™ = 0(mod )

n =0(mod5) n» = 0(mod >5)

Vay so0 dw khi chia »** + m** cho 5 1a 0.

Cau 35. (Trwong chuyén Nam Pinh nam 2025 - 2026)

a) Chirng minh véi moi s6 nguyén dwong n, s6 n° —6n +33 khong la s6 chinh phwong.
b) Cho cac s6 nguyén dwong a,b théoa man diéu kién a +b+1 la wéc nguyén to cla

4(a2 +ab+b2)—3. Chirng minh rang a+b -1 1a wéc cta 4(a2 +ab+b2)—3.
Lo giai

a) C6 n’ —6n+33=(n’—n)—5n+33.

Theo dinh Ii Fermat c6 #° = n(mod5) nén (ns —n) = 0(mod5)

Do 57=0,33=3(mod5) nén suy ra n° — 6n +33 = 3(mod5)( *)

Mot sO chinh phwong khi chia cho 5 chi c6 thé cho s6 dw thudc {0; 1;4}

Vay tir (*) suy ra n’ — 6n +33 khong thé 12 s8 chinh phuong,

b) Theo gia thiét c6
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0=4a’ +4ab+4b’ -3 =44’ +4a(—a—1)+4(-a—1)’ —3(moda + b +1)
hay (2a+1)* =0(moda +b+1).

Tir a+b+11as6 nguyén td suyra (2a+1) : (a+b+1).

Ta co O<2a+1<2(a+b+1) nénxayra a+b+1=2a+1=a=>h.

a+b—-1=2a-1
4(a* +ab+b*)-3=12a" -3=3(2a+1)(2a-1)

Khi doé cé {
suy ra [4((12 +ab+b2)—3} D (a+b-1).

Cau 36. (Trwong chuyén Nghé An nam 2025 - 2026)

a) Biét rang (12 +1)(22 +1)(32 +1)...(n2 +1) chia hét cho 1297%, v4i n 1a s6 nguyén dwong.
Chirng minh n > 649.

b) Tim cac s6 nguyén dwong a,b théa man cac diéu kién sau: a —b la s6 nguyén to, ab 1a s6 chinh
phwong va a+b -3 chiahétcho 5 .

Lo gidi
a) Gia st a 1a s6 nguyén dwong bé nhat khac 36 sao cho a* +1 : 1297

Suyra (a® +1)-1297  1297.
Lai ¢6 (a’ +1)—1297 =a* —36* = (a+36)(a—36)

a+36 :1297

Ma 1297 1a s6 nguyén td suy ra )
% 4 L—36 1297

Néu a+36 : 1297 thi a chia cho 1297 dw 1261 suy ra a bé nhit c6 théla 1261.
Néu a—36 : 1297 thi a chia cho 1297 du 36 suy ra a bé nhit c6 thé1a 1333 .

Nhw vay (I +1)(2° +1)...(1261° +1):1297°.
Vay n > 649.
b)bat p=a-b va d:(a;b),suyra a-b:dhay p'd.

Trudomg hop 1: d = p thidit a =dx’,b=dy’, v6i x ,y nguyén duwongva (x;y)=1.

Ta c6 p=a—b=d(x2—yz)=d(x—y)(x+y):>(x—y)(x+y)=1.
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Twr day tinh duwgc x =1,y =0. (vd Iy)
Trwdng hop 2: d =1 thidit a =x*,b=)?,v6i x,» nguyén dwongva (x;y)=1.

Ta co p:a—b:(x—y)(x+y) suyra x—y=Lx+y=p.

as p+l1 p—1 . , o (p+1Y (p-1Y  pr+l
Khido6 x = 5 V= 5 .Dodbéa+b=x"+y = 5 + 5 = :

2 2
P +1_3:p 5

Maa+b-3= : 5= p>-5:5.Dovay p=5.

Khid6 x=3,y=2thi a=9,h=4.

Cau 37. (Trwong chuyén Ninh Thuin nam 2025 - 2026)

Tim t4t cd cic cdp s6 nguyén (x;y) théa man: 2xy+2x+x+y=0.
Loi giai

Taco: 2xy+6x+y=0

4xy+6x+2y=0

2x(2y+3)+(2y+3)=3

(2x+1)(2y+3)=3

Vix,yeZ nén 2x+1€Z, 2y+3eZ

Do dé ta c6 cac treong hop sau:

. 2x+1=1 x=0
Truwong hop 1:

=
2y+3=3 y=0
. 2x+1=3 x=2
Trwong hop 2: =
2y+3=1 y=-1
. 2x+1=-1 x=-1
Truong hop 3: =
2y+3=-3 y=-3
. 2x+1=-3 =-2
Trwong hop 4: =
2y+3=-1 =-2

Vay c6 4 cap s6 nguyén théa mén 1a: (0;0),(2;-1),(-1-3),(-2;-2)

Cau 38. (Trwong chuyén Phu Tho nam 2025 - 2026)
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a) Cho p la s6 nguyén t6; a,b la cac s6 nguyén dwong théa man PP _1vaa+h chiahétcho p.
a

Chirng minh rang ath_ 4,
p

b) Chirng minh rang ton tai sé nguyén dwong n >100 sao cho 2" +3" + 6" —1 chia hét cho 2026.
Lo gidi

a) Khong mét tinh téng quat, gid st a <b.

Twr dé bai, ta co:

£+£:1
a b

p(a+b):ab
(a-p)(b-p)=p’

{a—p=hb—p=p2
a-p=b-p=p

Péyriangnéu a=p+1,b=p° +p thi a+b=p° +2p+1 nén a+b khong chia hét cho p, dan dén

mau thuin.

Tedé a=b=2p néntacéngaya——irb:4.
p

b) Trwdc hét, véi mdi s6 nguyén duwong n, ta c6 ngay 2" +3" + 6" —1 chia hét cho 2.
Giotacanchira n dé H, =2"+3" +6" —1 chia hét cho 1013 .

Chon n=1011 thitacé 6H,, =3-2"%+2-3%2 + 6" —¢6

Theo dinh ly Fermat nhé, ta c6 2’ =1(mod p) v&imoi p nguyén té 1é.

Do d6, ta c ngay 2" =3"" =6"" =1(modp).

Do dé 6H,,,, =2+3+1-6=0(mod1013)

Suyra 2" +3"" + 6" —1 : 1013 nén n=1011 la s6 nguyén thoa man dé bai.
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Cau 39. (Trwong chuyén Phu Yén nam 2025 - 2026)
Cho cac s6 nguyén a,b,c,d thod man a’ +64b> —2024c” +2026d° =0.
Chirng minh rang (a +b+c+d)’ chia hét cho 9.
Lo gidi
Gid st a,b,c,d 1a céc s6 nguyén thod man o’ +64b’ —2024¢’ +2026d° =0.(")
Tacé a’ —a=(a—1)a(a+1):3 khidé a’ = a(mod3),b* = b(mod3),c’ = ¢(mod3),d’ = d(mod3).
Ta 14y mod3 hai vé ctia () thl a+b+c+d =0(mod3).
Suyra (a+b+c+d)* =0(mod9).
Cau 40. (Trwong chuyén Quang Binh nam 2025 - 2026)

a) Tim t4t ca cac cdp s6 nguyén (x;y) théa man phwong trinh: (x—y)(x+y)+x*(1-y)=17-2y.

A x e p+l PPl
b) Tim tat ca cac sd nguyén to p dé P 5 va 2 5 la cac so chinh phwong.

Lo gii
a) Gia st ton tai cdp s6 nguyén (x;y) sao cho thod man
(x=y)(x+y)+x*(1-y)=17-2y.(1)
Khi d6 (1) tré thanh 2x*> —y* —x*y+2y =17 hay (x2 +y)(2—y) =17.

Ta chuy (x2 + y) +(2-y)=x"+2>0, nén ta xét hai trwedng hop sau

2

+y =1
Trwong hop 1. {x Y thi ta thu duoc x*> =16,y =-15.

2—-y =17
Suy ra (x;y) = (4;—15) hoac (x;y) = (—4;—15).

2

+y =17
Trwong hop 2. {x 4 thi ta thu dwoc x* =16,y =1.

T — |
Suy ra (x;y)=(4;1) hodc (x;y)=(—-41).
Thir lai cac bo (4;—15),(—4;—15),(4;1),(—4;1) déu thod man.

Vay (4;,-15),(—4;-15),(4:1),(—4:1) 1a cac cdp s6 nguyén can tim.

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 41



MathExpress Education | | www.mathexpress.vn

« ) ) +1 p*+1 :
b) Gia s ton tai sO nguyén td p sao cho pT,p— déu la so chinh phwong.
. p+1=2x
Cas a2 ptl o, pi+l A oo >
Khi do, ta dat x :T,y = ,voi x,y la cac s6 nguyén dwong. Taco { p~ +1=2y
X<y<p

Tathdy p+1=p”’ +1=1(modp) nén 2x* =2y’ (modp) va hién nhién p lé.

Suy ra: (x—y)(x+ y) = O(modp).

Ma x< y < p nén y—x khéng chiahétcho p,suyra x+y chiahétcho p.Vaclingdo 0<x+y<2p
nén x+y=p.Teddtacd: p>’+1=2(p—x)’ =2p> —4px+2x> =2p> —4px+ p+1.

Hay 4x = p+1=2x?,khi d6 x=2 do x nguyén dwong.

Nhu vay x =2 thi p =7 kéo theo y=5.

Vay s6 nguyén té6 p cantimla 7.

Cau 41. (Trwong chuyén Quang Nam nam 2025 - 2026)

a) Tim tat cd cAc nghiém nguyén (x;y) cia phuwong trinh 6xy—3x+2y-8=0.

b) Cho 4 =(9m+2024n)-(2024m+9n) v&i m va n 1a hai s nguyén dwong. Chirng minh ring néu
A chia hét cho 19 thi 4 cé it nhat mot wée s6 1a s6 chinh phwong khac 1.

Lo giai
a) 6xy—3x+2y—-8=0
6xy-3x+2y—-1=7
(2y—1)-(3x+1)=7
Ké bang cac truwong hop
3x+1 —7 -1 1 7
2y—1 -1 —7 7 1

Giai cac tredng hop trén voi (x; y) la cdp s0 nguyén, ta dwoc cac nghiém cia phwong trinh da cho
la: (0;4) va (2;1).

(9m+2024n) : 19

b) Gid st (9m +2024n)-(2024m +9n) 1 19 = ,
(2024m+9n) 19

,vi 19 la s nguyén to.

Trudong hop 1: (9m+2024n) : 19
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Vi (9m+2024n)+(2024m +9n) = 2033(m+n) =19.107(m+n) : 19 nén (2024m+9n) : 19
Do d6, (9m+2024n)-(2024m +9n) i (19.19) hay 4 : 19°,
Trwdng hop 2: (2024m+9n) : 19, twong tu ta ciing thu dwoc (9m +2024n)-(2024m +9n) : 197

Vay néu A chia hét cho 19 thi 4 c6 it nhat mot wée s6 1a s6 chinh phwong khac 1.
Cau 42. (Trwong chuyén Quang Nam nam 2025 - 2026)

Cho ba s6 tw nhién a,b,c théamin a >1,b>c>1 va abc+1 chia hét cho ab—b+1. Chitng minh b
chia hét cho a.

Lori giai
Ta c6: (abc+1)—(ab—b+1)=b(ac—a+1)
Vi (abc+1) i (ab—b+1) nén b(ac—a+1) : (ab—b+1) (1)
Vi ab—b+1=(a—1)b+1nén ab—b+1 va b 12 hai s6 nguyén t6 cling nhau.
Do dé6 (1) = (ac—a+1)i(ab—b+1) hay (ac—a+1)=k-(ab—b+1),keN".(2)
Taco: ac—a+1=a(c—1)+1>0;
2(ab-b+1)—(ac—a+1)=ab—ac+ab-2b+a+1 =a(b—c)+(a-2)b+a+1>0.
Dodé 0<ac—a+1<2(ab—b+1)=0<k.(ab-b+1)<2(ab—b+1)=k=1 (3)
T (2) va (3) suyra: ac—a+l=ab—b+1=b=ab—ac+a=a(b—c+1)=bla.
Cau 43. (Trwong chuyén Quang Ninh nam 2025 - 2026)
a) Tim céc s6 tw nhién x,y thodman )’ +3y° +3y + x> —6x =23.

b) Tim cac s6 nguyén t6 p,q véi p<qg thod man s6 4 =2(p* +1)(5¢° +29) c6 thé viét dwoc dudi
dang tich cta tir hai s6 nguyén lién tiép tré 1én.

Lot giai
a) Ta co:
Y +3y* +3y+x’ —6x=23

(y+1) +(x-3)* =23

Khi dé do y+1 nguyén dwongnén (y+1)’ <33= y+1<33 = y<2
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=8
Néu y=1 thi (x—3)2=25:>{x 2::>x=8

Néu y=2 thi (x-3)’ =6 suy ra khong c6 gia tri x thod man.

Véy cdp s thod man dé baila (x;y)=(81).

b) Ta thdy néu 4 la tich cda it nhat ctia ba s6 tw nhién lién ti€p thi 4 chia hét cho 3.
Ta thdy p°,q° =0,1 (mod 3) = p*> +1,5¢> +29=1;2 (mod 3)

Nhw vdy A khéng chia hét cho 3.

Suy ra A chi co thé la tich ctia hai s6 tw nhién lién tiép.

Gia stt A =2(p* +1)(5¢* +29) = n(n+1) = 8(p* +1)(5¢* +29) + 1= 2n+1)* (1)
Taxét ¢>p>3,thi p* =¢° =1 (mod 3).

Khi d6 VT(1) =8(1+1)(5+29)+1=2 (mod 3).

Ma VP(1) 1a s6 chinh phwong, nhw vy vo ly. Khi d6 c6 it nh4t mot sé bang 3.
Néu g=3 thi p=2,tacéd A=740=n(n+1).

Ta thiy phwong trinh nady khéng c6 nghiém nguyén.

N&u p=3 thi 20(5¢> +29) = n(n+1) = 100> + 580 = n(n +1)

(20g)* +2321 = (2n +1)?

2321=(2n+1-20q)(2n +1+20q)

Ta thdy 2n+1-20g<2n+1+20g ta c6 bang sau:

2n+1+20q 2321 211

2n+1-20q 1 11
n 580 55
q 58 (loai) 6

Nhw vay ¢g=5. Thir lai thi 55.56=3080=n(n+1) :

Vay (p:;q)=(3;5) 1a b0 s ta cin tim.
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Cau 44. (Trwdong chuyén Quang Tri nam 2025 - 2026)

a) Gia str a va b 1a cac s6 nguyén sao cho phwong trinh x* + ax +b = 0 nhin s6 hiru ti £ 1am nghiém
q
( p va g nguyén to cung nhau). Chirng minh p chia hét cho ¢.

Y ~ rd 7 ~ ~ ? hY 1 1 2oy N 7 ~ A
b) Tim tat ca cac s6 htru ti dwong x,y sao cho xy va —+— deéu la cac s6 nguyén.
Xy

Lori giai
2
a) Ta thay Py nghiém cia phwong trinh x* + ax+5b =0 nén (ﬁ] +alip=0
q q q
Suy ra: p’ +apg+bq’ =0 nén p*iq ma (p;q)=1 din dén g=1.
Nhuw vdy p chia hét cho g.

b) Gia st ton tai x,y théa man diéu kién bai toan

bat x :%,y :g voi (a;b)zl, (c;d)zl, a,b,c,d 1a cac s6 nguyén duwong.
Khi dé: l+l:é+£: be+ad nguyén dwong nén bc+ad : ac
X y a c ac

|[bc+ad i a bc :a a:c
Do do: — — . 2Wa—=¢
bc+ad : ¢ ad : ¢ c:a

Ma xy=% nén ac : bc hay @’ i b= b=1do (a;b)=1

Twong tw d=1.Nhw vay x,y nguyén dwong. Ta c6 1£l+l£%+1=2
Xy
1 1 o
TH1: —+—=2=x=y=1 (thoaman)
XY
1 1
TH2: —+—=1=x+y=xy=>1=(x-1)(y—1) = x=y =2 (thoa man)
Xy

Nhuw vay cac bo (x;y) thoa man bai toan la (1;1) va (2;2)
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Cau 45. (Trwong chuyén S6c Trang nam 2025 - 2026)

Tim tdt ca cic cdp s6 nguyén (x; y) thod man diéu kién x* —xy—x+2y+1=0.
Loi giai

Tacéd x* —xy—x+2y+1=0

(x=2)y=x*-x+1(1)

Khi x =2 phwong trinh (1) tré thanh 0.y =3 (v nghiém)

Khi x # 2 phwong trinh (1) twong dwong véi

——xz —x+l ha —x+1+—3
y > yy >

Ma x, y 1a cic sO6 nguyén nén x —2 la wéc cua 3. Khi do

x—2=1hay x=3.Suyra y=7

x—2=-1hay x=1.Suyra y=-1

x—2=3hay x=5.Suyra y=7

x—2=-3 hay x=-1. Suyra y=-1

Vay phwong trinh da cho cé nghiém nguyén la (3; 7), (l; —1), (5; 7), (—1; —1).

Cau 46. (Trwong chuyén Thai Binh nam 2025 - 2026)

a) Tim t4t ca cic nghiém nguyén cia phwong trinh: 3x* —y* —2xy—-2x-2y+8=0.

b) Cho s6 nguyén dwong n vabiéuthlirc 4 =1 +2* +...+n*. Chlitng minh: 34 chia hétcho 2n+1 va
244+2n+1

la mot s6 chinh phwong.
2n+1

Loi gidi
a) 3x*—y* —2xy—-2x-2y+8=0
Y +2xy-3x"+2x+2y-8=0
(y+x)’ —4x* +2(x+y)+1-9=0
(x+y+1)7=4x>+9
(y—x+1)(3x+y+1)=9

Do x,yeZ nén y—x+1; 3x+y+1 déu la s6 nguyén
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bén day chia cic trweong hop giai hé phwong trinh ta dwoc
(%) €{(2:2)3(-2:6):(0;2)3(-2:4)5(2:-8)3 (0 -4)}
Vay phuong trinh ¢é nghigm (x;y) € {(2:2);(=2:6);(0:2);(-2:4);(2:-8);(0;—4)} .
b) A=1"+27+-+ 1’
=1(2-1)+2(3-1)+--+n(n+1-1)

=1-2+42-3+-+n(n+1)—(1+2+3+---+n)
Dit B=1-2+2-3+---+n(n+1)

=3B=1-2-3+2-3-(4=1)+-+n(n+1)(n+2-n+1)=n(n+1)(n+2)

:>3A:n(n+l)(n+2—%j

2n+1

=n(n+1)- do34eZ

=34:2n+1 (dpcm)
. 244+2n+1 8-34+2n+1

Ta c6:
2n+1 2n+1
~ 4n(n+1)(2n+1)+2n+1
- 2n+1
_4n’ +4n+1

: =(2n+1)* 1a s6 chinh phwong do n e Z*

244+ 2n+1
:>—

la s6 chinh phwong (dpcm).
2n+1
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Cau 47. (Trwong chuyén Thai Nguyén nam 2025 - 2026)

a) Cho sd nguyén dwong » 1a tich cia ba s6 nguyén td phan biét. Biét rang, tong tit ca cac woc
nguyén dwong clia n bang 2n—16. Chirng minh rang n—8 chia hétcho 6.

b) Cho p la s6 nguyén t6 thod man p —1 chia hét cho 4. Chitng minh rang p’ — p* — 4 khong phai
la s6 chinh phwong.

Lori giai
a) Gid stt n= pqr,v6i p,q,r 1a cac s nguyén t6 phan biét.

Ta c6 cac wéc dwong cta n 1a 1, p,q,r, pq,qr, pr, pgr. Theo gia thiét thi

2n—16=1+p+q+r+pq+qr+rp+pqr=(1+p)(1+q)(1+r).

Ticla (1+ p)(1+q)(1+r).2pgr—16=(1+ p)(1+4q)(1+7) : 4.

Trong p,q,r phai c6 it nhat hai s6 nguyén t§ 18. Suy ra (1+ p)(1+¢)(1+7r)=2(n-38) : 4.
Hay néi cach khac n—8 : 2. (1)

Gid strta p,q,r 1a cac s6 nguyén t& chia cho 3 dw 1, thicé p+1,g+1,7+1 chia cho 3 du 2.
Do d6 (1+ p)(1+¢)(1+r) chiacho 3 dw 2 va 2pgr chiacho 3 duw 2.

Suy ra 16 =2pgr —(1+ p)(1+¢)(1+r) chia hét cho 3. Dan dén diéu vo ly.

Nhuw viy trong ba sé ton tai mot s6 chia cho 3 dw 2.

Khi d6 (1+ p)(1+¢)(1+7r)=2(n—-8) 3 hay n—8 : 3.(2)

T (1) va (2) ta c6 n—8 chia hét cho 6.

b) Gid stt p’ — p*> —4 1a s6 chinh phwong, dit p’ - p* -4 =a".

Khi dé azz(p—Z)(p2+p+2).

bat d=U’CLN(p—2;p2+p+2).Suyra (p-2)(p+3)+8:d=8:d.
Néu d chan thi p -2 chdnvakéotheo p-11¢,volydo p-1: 4.

Néu d =1.Khid6 p—2,p° + p+2 déula sd chinh phuong.

Do p -1 chia hétcho 4 nén p-2 chiacho 4 du 3, suyra p—2 khong thé la s6 chinh phwong (do
s6 chinh phwong chia cho 4 chi dw 0 hodc 1). Nhw vay diéu gia st 1a sai.

Vay p’ — p* —4 khong thé 1a s6 chinh phwong.
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Cau 48. (Trwong chuyén Thanh Héa nam 2025 - 2026)

a) Tim tdt ca cac cdp s6 nguyén (x;y) théa man 2x° +y° +2x°y + xy° =2xy-5.
xy’

X+ y

b) Tim tét ca cac b s6 (x;y; p) théa man = p, biét x,y, p 1a cdc s6 nguyén dwong va p 1as6

nguyén to.
Loi giai
a) Taco: 2x° +y* +2x*y+xp° =2xy—5 hay (2x2 +y2)(x+y):2xy—5.
Suyra 2xy—5 : 2x* + y*. Tathdy 2xy—5=0.
Né&u 2xy—5>0 thi 2x° +* <2xy-5= x> +(x—y)’ <-5.
Néu 2xy —5<0,khidd 5-2xy : 2x* +y* thi 2x> +)° <5-2xy = (x+ )’ +x* <5.
Suyra x* <5= xe{-2,-1,0,1,2}.
Mit khac 2x° +2x°y +xy* —2xy =—y° 5.
Truomghop 1: x=—-2= 3’ =2y +12y —11=0=(y-1)(y* - y+11) =0.
Vi y’—y+11>0 nén y=1.
Truomg hop 2: x=2=>y’ +2y” +4y+21=0= (y+3)(»* -y +7)=0.
Vi y’—y+7>0nén y=-3.
Truonghop 3: x=-1=y' —y* +4y+3=0,
Tathdy -3=)" -y’ +4y=y"(y—1)+4y:2 (v ly)
Vay phwong trinh nay khong c6 nghiém nguyén.
Truonghop 4: x=1=y*+y’+7=0.Tathdy -7= )"+’ = y*(y+1):2. (vd Iy)
Vay phuwong trinh nay khong cé nghiém nguyén.
Trwong hop 5: x=0= 3’ =-5. (v0 ly do -5 khong la 1ap phwong clia s6 nguyén)
Vay (—2;1) va (2; —3) la cAc nghiém nguyén cua phwong trinh da cho.

b) Dat d =(x, ) khi d6 ton tai a,b nguyén dwong sao cho x =da, y = db v&i (a;b)=1.

3 3

Khidé p=

. Gia st (ab3,a +b) >1 va goi ¢ 1a wéc nguyén t6 cua (ab3,a +b).
a+b
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Néub’ igthia+biq, big=a:q,suyra(ab):p,volydo (a;b)=1.

Twong tw néu thisuyra a : ¢ dwgc diéu vo ly. Nhw vay (ab3;a +b) =1.

3

Suyrad’® ia+b.Tach: p= ab’.

a+b

3

Ta thdy khi »° >1 thi b’ = p,vo ly. Nhwvay b’ =1=b=1.Khido6 p= a.

a+l

3
Néu a =1 thi p:d?:>d3:2p.TaC(') d’>:2hayd’ :8=2p:id=p:2.
Nhw viy d° =4, v ly.
Néud' =a+lva p=athid’ =p+1= p=(d-1)(d* +d +1).

d—1=

=>d=2,p=7.
d>+d+1=p P

Dodé{

Suyraa=7,b=1,d=2,p=7.Hay x=14,y=2,p=7.

Thtt lai ta thdy thod man. Nhw vy bo (14;2;7) thod man yéu ciu bai toan.

Cau 49. (Trwong chuyén Tién Giang nam 2025 - 2026)

Tim tit c cic cdp s8 (x;y), trong d6 x va y 13 s8 nguyén t6 théa man x* +227 =",
L gidi

Ta xét hai trwong hop:

Trwong hop 1: x=3.Khidé: y° =3" +227 =308

Mat khac 3° <y’ <4’ nén 3< y <4 (volivi y 1a s6 nguyén).

Truong hop 2: x # 3. Khi dé: x* =1(mod3)

Suy ra x* +227 chia hét cho 3. Do d6 y° chia hét cho 3, suyra y chia hét cho 3.

Do y 1a s6 nguyén t6 nén y =3, dan dén: x'=3"-227=16

uyra x=2 (do x la s6 nguyén td).

Vay c6 mot cap s6 (x;») duy nhét théa manla (2;3).
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Cau 50. (Trwong chuyén Tuyén Quang nam 2025 - 2026)
Cho p 1a s6 nguyén td 16n hon 3. Chitng minh rang:
a) A=4"-3" -1 chia hét cho 3p.
b) 4 =4"-3” -1 chia hét cho 39p.
Lo giai
a)Tacé 4=4"-3"-1=1"-0-1(mod3)=0(mod3) suyra 4:3. (1)
Vi p 1as6 nguyén t§ 16n hon 3 nén (4;p) =(3;p) =1. Ap dung dinh Iy Fermat ta c6:
4" =1(mod p); 3" =1(mod p) = A=4"-3"-1=4-3—-1(mod p) = 0(mod p)
Hay A4:p. (2)
T (1) va (2) suyra 4 =4” —3” —1 chia hét cho 3p.
b) Vi p la sd nguyén td16n hon 3 nén p =3k +i,ie{1;2}.
Suy ra 3 =3 = 3.3 =3127" =3".1" (mod13) = 3' (mod13) = 1(mod13)
Do d6 37 —1 khéng chia hét cho 13. (3)
Khi d6: 4.(3 —1)=—(1+3" =4")(3" =1) =—(1+3 —(=9)")(3” ~1)(mod13)
= (97 +37 +1)(1-3")(mod13) =1~ (3" ) (mod13) =1-27" (mod13) = 0(mod13).
Hay 4.(3" —1)=0(mod13) (4)
Tir (3) va (4) suy ra 4=0(mod13) hay 4:13. (5)

Néu (p;13) =1 thi theo (1), (2), (5) suyra 4:39p.

Néu p =13 thita cé 4" —-3" —1=65514540 chia hét cho 39p =507.
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I. T6 hop
Cau 1. (Trwdng chuyén tinh Ba Ria Viing Tau nam 2025 - 2026)
Cho da gidc déu 4,,4,,..., 4,,,. Tai mdi dinh 4, , ngwoi ta ghi mot s6 nguyén a, (k= 1;2;--+;2026)

sao cho a, #a Vi, je {1;2;---;2026},i # j va gia tri tuyét d6i ctia hiéu hai s ghi trén hai dinh ké

nhau 1a mot s6 khong 16n hon 5. Tim gia tri 16n nhat cla ‘al. —a,|;Vi, je{l;2;...;2026}.

Lovi giai
Khéng mat tinh tong quat, gid st ¢, =0 la s6 nho nhat trén da giac, va a, 13 s6 16n nhit.
Ta thay cach dién a,;a,; -;a,,, =0;5;10;15;---;5060;5064;5059;5054;---;9;4 théa man diéu kién dé

bai va c6 max|a, —a,|=5064.

Ta chirng minh day 1a gia tri 1ém nhit c6 thé dat duoc.

Thét vy, gid st a, > 5065. C6 tong cong 2024 dinh khac a,,a,, nén ton tai mot bén (trai hodc phai

so vOi a, ) chira khong qua 1012 dinh, gia sir1a bén chira a,.

Khi dé: a, =aq, —(ak -a,_, ta_ —a_,+ - +a, —a2)2 5065-5-1012=5=a,—a, 25

Ma |a, —a,|<5 do d6 ddu béing xdy ra khi a, = 5065 va a, =5,a, =10,--- do d6 k =1014.
bén day 1ap ludn twong tw ta c6

s = Qg1 —(alo14 — Qs T Aos — Aore T T Ao —azm) >5065-5-1012 = 5a,,,, —a, 25
=5=a,, miu thuan.

Ma ‘azo% - al‘ <5 nén dau bang xay ra khi a,,,

Vay gia tri 1én nhat cia ‘ai - aj‘ la 5064 .
CAu 2. (Truong chuyén tinh Bic Ninh nidm 2025 - 2026)

Cho hinh thoi ABCD c6 A=60° vd AC =6 cm. Chrng minh rang, véi 25 diém bat ki trong hinh
thoi nay thi luén ton tai hai diém cé khoang cach khéng vuot qua 1 cm.

Loi giai

Hinh thoi 4BCD c6 canh do dai la 243.
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Ta chia tam gidc déu 4ABD thanh 4 hinh tam giac bang nhau nhw hinh. M6i tam giadc déu bang nhau
do6 c6 canh V3.

Ta chitng minh rang moi tam gidc déu dé c6 thé phua kin dugc bdi 3 hinh tron dwong kinh 1.
Xét tam giac 4XY nhuw hinh c6 3 dwong cao AP, XQ,YR thi 3 dwong tron ngoai ti€p 3 t& giac
ARHQ, XRHP, YOHP c6 dwong kinh 1a 1. Do dé ta c6 diéu phai chirng minh.

Vay hinh thoi ABCD c6 thé phu dwoc béi 24 hinh tron dwong kinh 1.

C6 25 diém trong hinh thoi, néi cdch khac c6 2 di€ém nam trong 1 hinh tron.
Khodang cach gitra 2 diém d6 cunglam1a 1.

Do d6 ta c6 diéu phai chirng minh.

Cau 3. (Trwong chuyén tinh Binh Phwéc nam 2025 - 2026)

Cho 5 dwdng tron c6 cung ban kinh va sap xép dé tao thanh 9 mién dwoc ki hiéu 1a 4,,4,,..., 4,
(nhw hinh v&). Sau d6, dién vao 9 mién trén cac s6 dwoc 1y tir 1;2;3;4;5;6;7;8;9 sao cho moi mién
duoc dién béi mot s6, hai mién khac nhau dwoc dién béi hai s6 khac nhau va tdng cac s6 trong moi
hinh tron déu bang 14.

(/0
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a) Tinh tOng cac s6 & cAc mién 4,, 4,, 4, 4,.
b) Hoi c6 bao nhiéu cach dién théa man diéu kién trén? Vi sao?

Lovi giai
a) Goi x,,...,x, lan lwgt la cac s6 dwoc dién vao mién 4,,4,,..., 4, (ai € {1;...;9},‘v’i).
Khi d6 tong cac s6 trén cad 5 dwong tron sé la 5.14 = 70. Ta c6 thé viét lai thanh:
(xl + X, +...+x9)+(x2 +x, + X, +x8) =70
Max +.+x,=1+...49=45=x,+x, +x, +x, =70-45=25
b) Ta c6 nhan xét sau: (x,,x,) va (x,,x,) chi c6 thé nhan hoan vi ctia by s§ (5;9) hodc (6;8). That
vat vi x, +x, =x,+x, =14 ma 14=9+5=8+6=7+7=6+8=5+9=4+10=..., do d6 néu khong
nhéin hai cap trén thi ton tai x, ma x, >10,v6 ly. Khido x, +x, chico thé nhan cacgia tri 11;13;15;17
. Dén day ta chi can xét cac trwong hop:
X,+x,=11=x,+x,=25-11=14=x,=0,voly
X, +x=13=x,+x, =12=9+3=8+4+7+5,dé thdy déu vo Iy do cic sd trong cip déu da st dung
X, +x,=17=x,+x, =25-17=8=147=2+6=3+5,ma x, + x, =17 thi x,,x, 1a hodn vi cia (9;8),
khi dé tong & mot vong tron vuot qua 14.
X, +x, =15=x, +x, =10 chi c6 cdp (3;7) thoa. Gia st (x,;x,)=(7;3) thi ta dé dang chon duoc
x,=8,x,=6,x,=Lx,=7,x;,=4,x, =3,x, =2,x, =9,x, =5
vabd (x,;x,)=(3;7) ta thwc hién twong tw théa man.
Vay chi c6 hai cach dién théa bai todn
Cau 4. (Trwong chuyén tinh Binh Thudn nam 2025 - 2026)

Cho ban c& vua c6 64 6 vudng nhw hinh vé. Trong mdéi 6 vudng ctia ban c& ghi ngau nhién mot s6
nguyén dwong nhé hon 10 dong thoi hai sé6 dwoc ghi trong hai 6 vuéng c6 chung canh hodc chung
dinh 12 hai s6 nguyén t6 cung nhau. Chirng minh rang trén ban c& ton tai mot s6 xudt hién it nhit
11 lan.
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Loi gidi
Ban co vua co kich thwéc 8x8;

Xét hinh vuéng kich thwéc 2x2 (gobm bén hinh vudng nho kich thwéc 1x1), trong hinh vudng nay,
moi hinh vudng 1x1 ludn c6 chung canh hodc chung dinh v&i ba hinh vudng con lai, nén trong 4 s6
nguyén duwong dwoc viét trong bén hinh vudéng nhé nay chi c6 nhiéu nhit mot s6 chan (vi néu cé 2
s6 chan s& mau thuan vi gia thiét nguyén té cing nhau) va cling ¢4 nhiéu nhit mot sé chia hét cho
3. Do d6 trong bon hinh vudng 1x1 nay chac chan cé it nhat hai s6 1é khong chia hét cho 3.

Ban c¢ vua cé kich thwéc 8x8 c6 64:4=16 hinh vuéng 2x2 khdng giao nhau, nén cé it nhat
2x16 =32 s01é khong chia hét cho 3.

Trong 9 s6 nguyén dwong nhé hon 10 chi cé 3 s6 1é khéng chia hét cho 3 1a 1;5;7 nén theo nguyén

li Dirichlet ton tai mét trong ba s 1;5;7 xuit hién it nhit [%} +1=11 Ian.

Cau 5. (Trwong chuyén tinh Cin Tho ndm 2025 - 2026)

Cho bang 6 vudng c6 kich thuwéc 4x4 nhw hinh sau:

Moi 6 trong bang nay dwoc viét mot s6 nguyén dwong sao cho 16 sd trén bang do6i mot khac nhau.
Trong moi hang, moi cot ludn ton tai mot s6 bang téng ba sé con lai trong hang, trong cot dé. Goi
M 1a s6 16n nhét trong 16 so trén bang. Tim gia tri nhoé nhat cta M.

Lori giai
Goi a,,a,,a,,a, la cac s6 16n nhat trong cac cot 1;2;3;4 va goi b,,b,,...,b, 1a cac s0 trong cac 6 con

lai. Khido a,+a, +a,+a, =b,+b, +...+b,.

Do cac so trong 16 6 vudng d6i mot khac nhaunén b, +b, +...+b, >1+2+...+12=78
vaa +a,+a,+a, <M+M-1)+(M-2)+(M -3)=4M -6
Suyra 4M -6>78= M =21.

Xay dung mot bang 6 vuong rng véi M =21

1] 8 12]21

71920 4

1019 3| 6

181 2| 5|11
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Cau 6. (Truwong chuyén Thanh Héa nam 2025 - 2026)

Trén san tredng c6 mét bang 6 vudng kich thuwdc 6 m x 5 m. Cé 15 hoc sinh mac 4o mau xanh (trong
do chi c6 diing mot hoc sinh tén An va mot hoc sinh tén B4o) va 14 hoc sinh mic 40 mau triang xép
hinh thanh chit LS (viét tat chit Lam Son) sao cho mdi hoc sinh dirng & mot 6 vuéng 1 mx1 m, du
lai m6t 6 vudng trong (danh ddu X ), hai hoc sinh mic 4o xanh tén An va Bio dirng & hai 6 vuéng
goc doi dién nhw hinh vé (bang 1).

Bang 2
Cho phép ddi vi tri cAc hoc sinh trong bang theo quy tic: M6i l1an, chon mot hoc sinh ding & 6 vudng
ké v&i 6 vudng tréng roi chuyén hoc sinh dé sang 6 vudng trong. Hoi bang cach thwc hién lién tiép
moOt s6 hitu han [An phép chuyén hoc sinh theo quy tic trén d6i véi bang 1 ta c6 thé nhan dugc cach
x€p sao cho An va Bao d6i chd cho nhau con cac hoc sinh khac gitt nguyén vi tri nhw hinh vé (bang
2) hay khong? Vi sao?

Lot giai
Tai thoi di€ém ban dau ta gan cho 29 hoc sinh ding trén sin trueong cac sé 1;2;3;...;29 nhw trong
bang sau:
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Xétday S = {al y5..3 o3 (g b 8OM CAc $8 durgre gan cho 29 hoc sinh trén san truong theo thi tw tir
trdi sang phai va tir trén xuéng dwdi. Tai thoi diém dau day S la 1;2;3;...;28;29 véi
a, =la, =2;...;a,, =28;a,, =29.

Néu sau mot s6 phép chuyén ma An va Bao d6i chd cho nhau thi ta c6 day S 1a 29;2;3;...;28:;1.
Khi do6 a, =29;a, =2;...;a,, =28;a,, =1.

Xét n 1a s cac cdp (i;j) trong dé 1<i< j<29 nhunga, >a..

Tai thoi diém dautaco n=0.

Tai thoi diém cubi cung véi day S 1la 29;2;3;...;28;1 thi ta c6 55 cap (i;j) nhw trén la
(1;2),(1;3),...,(1;28),(1;29),(2;29),(3;29).....,(28;29). Do d6 n =55.

Chu y rang véi moi phép chuyén hoc sinh sang 6 vudng trong thi chi c6 2 kha ning xay ra:

Néu hoc sinh di chuyén sang trai hodc phai trén cung 1 hang cta bang thi diy S khong thay déi,
nén n khéng thay doi.

Néu hoc sinh di chuyén 1én hang trén hodc xuéng hang dwdi thi sé6 dwoc gan cho hoc sinh d6 da tién
4 vi tri hodc 1ui 4 vi tri trong day S . Khi d6 » tang 4 hodc gidm 4 .

Vi du khi hoc sinh gan sé 8 chuyén sang 6 X thiday S méila 1;2;...;7;9;10;11;12;8;13;14;...;28;29
, ta thdy c6 thém 4 cip (i; j) trong d6 1<i< j <29 nhung a, > a, 12 (8;12),(9;12); (10;12),(1112).
Viy lic ddu n=0 thi sau mdt s6 hiru han phép chuyén khong thé nhin dwoc n=55.
Do do6 khong thé nhan dwoc cach x€p sao cho An va Bao ddi chd cho nhau con cac hoc sinh khic gitr
nguyén vi tri.

Cau 7. (Trwong chuyén tinh Pak Nong nam 2025 - 2026)
Cho tip hop 4= {201; 203;...; 2021; 2023} gbm 912 so tw nhién l1é. Can chon ra it nhit bao nhiéu s6

tir tAp hop A4 sao cho trong cac s6 dwoc chon ludn ton tai hai s6 ¢6 tdng bang 22887
Lo giai

Xét cac cap s6 (a;b) trong tip hop A c6 tdng bing 2288 1a:
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(2023;265), (2021, 267), (2019; 269), ..., (1147; 1141), (1145;1143) ()
S8 cac cdp s6 (a;b) trong tdp hop A c6 téng bang 2288 la:

2023—1145_‘_1:440.

S6 cac sO trong tAp hop 4 ma khéng c6 s6 ghép doi dé tong bang 2288 1a:
912-2.440=32.

Chonra 441 sé tir (*), theo Dirichlet ton tai mot nhém chira 2 s6 c6 tong bang 2288.

Vay cAn chon it nhit 441+ 32 =473 s6 tir tAp hop 4 ludn ton tai hai s6 c6 tong bang 2288.
C4u 8. (Trwong chuyén tinh Déng Thap nam 2025 - 2026)

Trong giai bong da B-League c6 n ddi tham gia, thi ddu vong tron mot lwot (moi doi bat ky thi ddu
v6i nhau ding mét [an). O mdi tran thing - thua, ddi thing dwoc 3 diém va d6i thua khong dwoc
diém. ' mdi tran hoa, méi doi dwoc 1 diém. Két thiic giai, ngwoi ta théng ké thiy riang s6 tran thing
- thua gip 3 l4n s6 trin hoa va tong s6 diém cda tit ca cac doi la 330 . Tim s6 tran hoa va s6 doi
tham gia giai bong B-League.

Lo giai
Goi x (trin, x € N) 12 s8 trn hoa, suy ra s6 tran thang thua 1a 3x (tran).
Tong s6 diém cta cac ddila 2-x+3-3x =11x = 11x =330 hay x =30 (thod mén)

SO tran diu cda gidi la x+3x =4x =120 tran.

Mat khac, s6 tran ddu cta n doila (n—1)+(n—2)+...+2+1=

n(n—l)
2

n=16
n:—15(l)

,n(n—l) 5
Do do 5 =120=>n" -n-240=0=>

Vay gidi diu c6 30 trdn hoava 16 do6i tham duw.
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Cau 9. (Trwong chuyén tinh Ha Nam nam 2025 - 2026)

Tim s6 nguyén dwong k nho nhat sao cho véi moi cach 1dy £ s6 thudc S ludn tbn tai hai so x, y
v&i x > y trong k s6 da lay sao cho x+ y chia hétcho x—y.

Lori giai
Xét cac treong hop:
k =1:loai
k=2:Liy 5 va 2 c6 5+2 khong chia hét cho 5-2 nén loai trweong hop nay
k=3: Ldy bo (4;,7;11) c6 7+4 Kkhong chia hét cho 7-4,11+4 khong chia hét cho 11-4,
11+ 7 kKhéng chia hét cho 11—7 nén loai treorng hop nay.
k=4:Ldy bd (1,4;7;10) ta thdy khong théa man nén loai truong hop nay.
V&i k > 5. Ta chirng minh £ =5 thda man yéu ciu bai toan ttc la ludn ton tai hai s6 x,y ma x>y
trong 5 s6 da lay sao cho x+y chiahét x—y.

Trwéce hét, ta c6 mot nhin xét: Néu ton tai hai s6 a,b thuéc S théa min a—b khong la wéc cha
a+bvéia>bthia>b+3

That vay, ta cé:

Néu a—-b=1thi a+b:l=a-b (voly)
Néua-b=2thia+b=a-b+2b=2+2b:2=a-b (VO ly)
Dodé a—b>3nén a>b+3

Gia str ton tai tap 7 ={x,,x,,x,,X,,X;} V&I x, <x, <x, <x, <x, ]atdp con cia S théa man véi moi
u,veT,u>v thi u—v khéngla wécciaa u+v

Ap dung nhan xét trén, ta thu dwoc

X, 2x,+32x,+62x,+92x +122>13 (vOly)

Tl d6, gid st sai vy nén k =35 thoa man yéu cau bai toan.
Vay k,, =5

Cau 10. (Trwdong chuyén tinh Ha N§i nam 2025 - 2026)

Hai truwong trung hoc co sé6 4 va B t6 chirc chung mét bu6i lién hoan cho cac hoc sinh tiéu biéu.
Biét rang trong budi lién hoan nay:

a) Mo6i hoc sinh treong 4 quen véi dung 5 hoc sinh khac cling cla treong 4;

b) Mdi hoc sinh trwong 4 quen véi ding 4 hoc sinh trwong B;
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c) Mdi hoc sinh tredng B quen véi dung 3 hoc sinh trueong 4;

d) Tong s6 hoc sinh cda hai tredng tham dw khong vueot qua 80.

(1). S6 hoc sinh trwong 4 tham dy budi lién hoan c6 thé 1a 25 hoc sinh dwoc khong? Vi sao?

(2). Tong s6 hoc sinh cta hai tredrng tham dw budi lién hoan cé thé nhiéu nhat 1a bao nhiéu? Vi sao?
Lo giai

Goi s6 hoc sinh trweong A tham dw budi lién hoan 1a @ (hoc sinh), s6 hoc sinh trweong B tham dw

budilién hoan 13 b (hocsinh) (a,beN’)

T khang dinh (d), ta c6 a +5 < 80.

Goi S la s6 cap hai ban hoc sinh trong buéi lién hoan quen nhau, trong dé c6 mot ban dén tir trweong
A , mOt ban dén tir truong B .

T khang dinh (b), do mdi hoc sinh truérng 4 quen ding 4 ban hoc sinh trudng B nén S =4a. T
khang dinh (c), do mdi hoc sinh tredmg B quen ding 3 ban hoc sinh trwong 4 nén S =3b. Ta suy
raS=4a=3b

Tasuy ra a chia hétcho 3.

Goi T 1a so cdp hai ban hoc sinh trong bu6i lién hoan quen nhau, trong d6 ca hai ban déu dén tir
truong 4.

Tir diéu kién (a), ta c6 moi ban hoc sinh treong 4 quen véi ding 5 ban khac cling cia trwong 4.
Mait khéac, d€ y rang moi cdp nhw vy dwgc dém 2 1an (donéu X quen Y thi Y clingquen X ), nén

i s 5 S s x A A s A . L
ta phai co T:éz. Ma T la s6 nguyén dwong nén a chan. Nhw vay, ta c6 a chia hét cho 6.

(1). S6 hoc sinh treomg A tham dw khong théla 25, do a 1a s6 chan.

(2). Tacod 4a =3b,a+b <80 nén 802a+b:a+4?a:73—a suy ra a£@<35.
Ma a : 6 theo chirng minh trén nén a < 30.

Vay a <30,b = % <40, suy ra s6 ngwoi & budi lién hoan la khéng qua 70.

Ta sé chi ra rang c6 thé c6 70 hoc sinh & budi lién hoan.

Théat vay, danh s6 30 ban hoc sinh trweong A tir 1 dén 30, danh sé6 40 ban hoc sinh trwong B tir 1
dén 40. Xét treong hop ta co:

Hai ban hoc sinh trwdng A4 c6 s6 thir tw i, j quen nhau khi va chi khi i = j(mod6),

V&imoi 1< <10, cac ban hoc sinh treong 4 c¢6 s6 thit tw i,i +10,i +20 déu quen cac ban hoc sinh
trweong B c6 sO thi tw 4i—3,4i —2,4i —1,4i.

€J | www.facebook.com/mathexpress.vn (O] 1900 633551 60



MathExpress Education | | www.mathexpress.vn

Khi d6 cac diéu kién dé bai déu dwoc théa man.
Vay c6 toi da 70 hoc sinh hai trwedrng tham du budi lién hoan.
Cau 11. (Trwong chuyén KHTN Ha N§i nam 2025 - 2026)
Mot tdp M céc soO thuc phan biét dwoc goi la tip dic biét néu nd cé nhirng tinh chat sau:
a) Voimodi x,y e M, x=y thi xp # 0,x+y # 0 va ding mot trong hai s6 xy, x+y 1a s8 hitu ty;
b) véimbi x € M thi x* 12 s6 vo ty. Hay tim s phan ti 16n nhit c6 thé ¢ cha tap dic biét.
Lori giai
RG rang tap dic biét c6 s6 phan tir 16m nhat 13 tp khac rong.
PEY x € M 1356 vo ti.
T6 mau cac phan t& trong M nhuw sau: V&i hai phan ti x va y, coi diy la cac dinh cda da giac va to
mau dé cho doan thang nay néu x+ y 1a s6 hiru ty va td mau xanh néu xy 1a sd hitu ty.

PEy clrvéi 3 s6 x,y,z € M thi cadc doan thang ndi b&i 3 dinh nay dwoc to bdi cd mau xanh 1an do.
x . 1
That vy néu x+y,y+z,z+xe€Q thi x:E[(x+y)+(z+x)—(y+z)] eQ

L@@ g
yz

Con néu xy,yz,zx € Q thi x
Trong ba dinh x,y,z € M batKki thi c6 ding mot doan thing dwgc t6 mau xanh

That vay néu xy,xz € Q thi 2=7recQ,khidé y+z=z(r+1)cQ nén zeQ
z

Gia st ‘M‘ZS, lay x,y,z,u,t € M.

Gia sir doan thang xy va da duoc td6 mau do, khi d6 doan thang da dwoc t6 mau xanh.

Khi d6 yu,yt dwoc té mau do, va tir dé xu,xt dwoc td mau xanh, khi d6 cac canh noi béi x,u,z tao
ra diéu vo ly.

Vay |M|<4, va gia tri 16n nhit cta tap dic biét bang 4.

Tap hop théa mén ching hankhi M = {1++/2;-1++/2;2-/2;-2-2}

Cau 12. (Trwong chuyén Tin KHTN Ha Noi nam 2025 - 2026)

Xét bang 6 vudng kich thwdc nxn, véi n 1a s nguyén dwong. Biét rang bang 6 vuéng dé cé thé
dwoc phi kin béi hai loai manh ghép 1x1 va 8x8 sao cho khéng cé hai manh ghép nao chéng 1én
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nhau, s6 lwong hai loai manh ghép dwoc dung 1a bang nhau va mdi 6 vuéng nhé ctia cAc manh ghép
chong khit véi mét 6 vuéng cia ban co.
a) Chirng minh » chia hétcho 5.
b) Tim gia tri nho6 nhat cua ».
Lo gidi
a) Goi k 1a s6 manh ghép moi loai duwgc dung dé phi bang nxn. Khi d6 s8 6 vudng dwoc phu la

64k + k = 65k . Ma cac miéng ghép phai phu kin bang 6 vudng, nén suy ra n’ = 65k, suy ra »n’ chia
hét cho 65=5-13, dan dén » phai chia hét cho 5 va 13.

b) Ta c6 nhan xét sau: Néu nhw n=8/+r (v&i 0<r <8 ) thibang nxn c6 thé chira t6i da /> manh
ghép 8x8.

Théat vy, danh s6 cac hang tir trén xudng dwdi, cac cot tir trai sang phai lan lwot cc sé 1;2;...;n. Goi
4] (x;y) la 6 ndm trén hang x, cét y. Ta sé td den cac 6 c6 dang (r+1+8a;r +1+8b) voi
0<a,b<I-1, c6 tong cong /> 6 den tit ca. Khong kho dé€ thidy moi miéng ghép 8x8 du dit & dau

trén bang thi phai phu chinh xac 1 6 den, cho nén s& miéng ghép t6i da c6 thé c6 trong bangla /°.
Quay lai bai toan, ta dat n = 65¢ (theo ciu a thi n phai chia hét cho 65). Khi d6 s6 manh ghép phai

2
dung mbi loai l1a T 65t
65

bat r=8u+v (véi 0<v<8 ). Khi d6 n=65= 65(8u +v) = 8(65u + 8v) +v. Khi d6, theo nhan xét
trén, s6 manh ghép 8x8 tdi da c6 thé dungla (64u +8v)°.

T d6, ta suy ra (65u +8v)* > 65t = 65(8u +v)*, twong dwong véi 64u’ >v*. Khido u>1 (néu u=0
thi v=0, suyra n=0,vo0 ly). Vay n=65(8u+v)265(8-1+0)=520.

520?

Véi bang 520x 520, ta can pht bang bai = 4160 miéng ghép mdi loai 1x1 va 8x8. Ta sé& lam

nhw sau: Do 520 = 65-8 nén ta c6 thé coi n6 nhw badng 65x 65, mdi 6 cia bang nay twong &ng v&i
mo6t miéng ghép 8x 8. Dung 4160 miéng ghép 8x8 dé phu 4160 6 vudng con ctia bang nay (lwu y
65° > 4160 nén c6 thé 1am vay). Phan con lai s& dwoc phu bdi 1x1.

Nhuw vy, min#n =520.
Cau 13. (Trwong chuyén Hai Dwong nam 2025 - 2026)

Cho bang 6 vuéng 7x7 gém 9 6 vuéng don vi nhw hinh vé. C6 37 con robot dwoc dit vao tim cia
cac 6 vudng don vi sao cho khong cé 2 con robot ciing ndm trong mdt 6. Cac con robot dwoc 1ap
trinh dé€ di chuyén dong loat, véi cung tdc do theo nguyén tic nhw sau: Ban dau, moi con déu di
chuyén sang tAm cta mot 6 vudéng don vi bat ky chung canh véi 6 vudng né dang dirng. Sau do6, moi
khi cham vao tAm cta 6 vudng dén, né sé quay mot goc 90° va di chuyén tiép theo hwéng d6 sang
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tAm cda 0 tiép theo va cit ti€p tuc di chuyén nhw thé (mot vi du vé cach di chuyén cia mot con robot
nhw hinh vé). Chirng minh rang du ban dau cé dit cac con robot nhw thé nao thi van ludn c6 mot
thoi diém ma cé hai con robot & ciing mot 6 vuéng khong.

ds:

Loi giai

Gia st ton tai mot cdch xép ma véi moi thoi diém thi khong ton tai 2 con robot dirng cung 1 6.

Ta dién cach s6 1,2,3,4 cho bang 7x 7 nhu sau:

11211

-2
—
[§=]
[

41314 |13|4]3]|4

7 A

Nhan xét 1. Sau moi buéc di chuyén thi d6 1a 6 con robot dirng ltic sau khac tinh chan 1é vi s6 & 6
con robot dirng ldc truéec.

Chirng minh. Do cac 6 chung canh véi cac 6 sd 18 (1,3) déu la cac 6 s6 chén (2,4) va ngwoc lai, néu
sau moi budc s6 & 6 con robot dirng sau thay ddi tinh chan 1é.

Nhan xét 2. Sau 2 bwéc di chuyén thi s6 & 6 con robot dirng lic sau sé bang 2 cong v&i s6 & con
robot dirng lic trwéc theo mod 4 .

Chirng minh. Xét hinhh vuéng 3x3 ma cé 1 con robot lam tdm, sau 2 bwéc di chuyén thi con robot
dé6 chi c6 thé di chuyén dén cac 6 & goc cua hinh vuong 3 x 3. Ta thiy cac s6 & cac 6 goc d6 khong
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bang v&i s6 & tAm. Theo Nhan xét 1 thi sau 2 budcc s6 & 6 sau va trwdc cung tinh chan 18, tir d6 ta
c6 Nhan xét 2.

Nhén xét 3. Sau lwot dau tién (lwot dau tién nay cac con robot di khong c6 quy luit) c6 khéng qua
9 con robot cung dirmg & cac 6 s6 1.

Chrng minh. Gia st sau lwgt dau c6 1én hon hodc bang 10 con robot cung ding & cac 6 c6 duoc
dién sd 1. Xét 2 lwot tiép theo va st dung Nhan xét 2 thi 1én hon bang 10 con robot dé sé cung di
vao cac 6 s6 3. D& y rang trén bang 7 x 7 ta chi c¢6 dung 9 6 dwoc dién sd 3 nén theo nguyén Ii
Dirichlet thi ton tai mot 6 s 3 ma c6 2 con robot, mau thuan véi gid st ban dau. Nén gia str & trén
1a sai, suy ra Nhan xét 3

Nhén xét 4. Sau lwot dau tién c6 khdong qua 18 con robot dirng & vi tri cac 6 s6 1é.

Chitrng minh. Ap dung Nhan xét 3 thi chi c6 nhé hon hoic bing 9 robot dirng & vi tri duoc dién s6 1
, d€ y thém rang chi c6 tat cad 9 6 dwoc dién s6 2 nén khi két hop lai ta thiy c¢6 khong qua 18 con
robot dirng & vi tri cac 6 s6 1é.

Nhan xét 5. Sau lwot dAu tién c6 16n hon hodc bang 19 con robot dirng & vi tri cac 6 s6 chan.

Chirng minh. Ap dung Nhan xét 4 va chi c6 37 con robot nén cé 16n hon hoic bang 19 con robot
ding & vi tri cac 6 s8 chan.

Quay tré lai bai toan

Sau lugt dAu tién, két hop Nhan xét 5 va Nhan xét 1 thi ngay & lwot thit 2, ¢ 16m hon hoic bang 19
con robot & vi tri cAc 6 s& 1&. Tuy nhién diéu nay lai mau thuan v&i Nhan xét 4 nén suy ra gia st &
dAu loi gidi 12 sai. Tlr d6 rat ra két ludn rang véi moi cach x€p thi ton tai mot thoi diém.

Cau 14. (Trwong chuyén Hai Phong nam 2025 - 2026)

Cho tip hop S= {x eZ|1<x< 15} . Xét T 1a mot tip con ciia S va co tinh chat: véi a,b,c bat ki
thudc 7'(a,b,c d6i mot khac nhau) thi tich abc khdngla sd chinh phwong. Hoi 7' c6 nhiéu nhat bao
nhiéu phan t&? (Tap hop 4 dwoc goila tip con cda tip hop B néu moi phin ti cia 4 déu la phan
tlr cia B ).

Lori giai
Ta chitng minh 7' ¢6 nhiéu nhat 10 phan tr
Déthdy tap T = {1;4;5;6;7;10;1 1;12;13;14} théa man dé bai
Ta chitrng minh tip c6 11 phin t& khong théa man dé bai.

Xét cac nhém ba s8 sau c6 tich 1a s8 chinh phuwong (1;4;9),(2;7;14),(3;6;8),(5;12;15). Vi vay tap T

théa man dé bai chi duoc chira tdi da 2 s6 moi nhém, két hop véi cacs6 10; 11; 1313 11 phan tir. Ta
chirng minh 11 s6 nay khéng théa man dé bai.

NéusSeT thi1215eT=6¢T (Vi 6-10-15=30") = 3;8¢<T.
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Ma 3-12 =6 1a s6 chinh phwong nén 7 khong thé chira s6 nao trong cac s6 1;4;9. (loai)
Néul2eT thi 5;15eT=3¢T (vi3-5-15=15") =6,8eT.Suyra 2¢7(2:5-10=10°) = 7;14T.
Ma 7-8-14 =28 (loai)
Néu 15¢7 thi 512eT=2¢T (vi 2:5:10=10° ) =7;14eT. Suy ra 8e¢T( vi
8-7-14=28")=3;6eT.
Ma 3-12 =6’ 12 s6 chinh phwong nén T khong thé chira s6 ndo trong cac s6 1;4;9 (loai)
Viy T c6 nhiéu nhat 10 phan tir
Hoan tat bai toan.
Cau 15. (Trwong chuyén H6 Chi Minh nam 2025 - 2026)
a) Cho § la tip hop cac sd nguyén ‘a‘ <100. Liy a ngiu nhién thudc S, tinh x4c suit dé a thoa
min phwong trinh x* —ax+2a+10 = 0 c6 cac nghiém nguyén.
b) Cho 4= {1; 2;3;..... ;100} va B 1a cac tAp hop con chita 11 phin t thudc 4. Chitng minh rang B
luon chtra a,b,c d6i mot phan biét sao cho a,b,c 1a do dai ba canh tam giac.

Loi giai
a) Phuwong trinh x* —ax+2a+10=0c6 nghiém nguyén thi A =a’ —4(2a+10) = a” —8a —401a mot
s6 chinh phuwong .
Dit A =k" (k € N). Bién doi ta duoc (a—4—k)(a—4+k) =56
Chu y (a—4—k)+(a—4+k) :2(a—4)nén a—4—-kva a—4+kcung tinh chan 1é. Hon nita k£ >0

nén a—-4+k>a—-4-k.Tu cac nhan xét nay ta c6 cac trweong hop sau

a—4-k a—4+k a k
) 28 19 13

4 14 13 5
—28 -2 —11 13
~14 —4 -5 5

Thi lai, cd 4 gid tri @ ndy théa man dé bai. Hon nita n(S)=201nén x4c sudt cin tim 13 %
b) Goi 11 phéan t& cia tip B da cho lan lwotla

1<a <a,<a, <. <a,, <100

Gia st trong 11 s6 nay khéng c6 ba s6 nao 1ap thanh ba canh cliia mét tam giac . Ta c6 nhan xét sau:
a, <a; < a, khong 1ap thanh ba canh cia mot tam giac khi va chikhi @, > a, +a,. Vivay ta thu dugc:
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az 2 ax + ay > 3, ay 2 az+ ax 2 9, as > ay + ag > 8,
ag 2 as + aq > 13, a7 2 ag + as > 21, ag 2> a7 + ag 2 34,
ag > ag + ay > 59, ayo > ag + ag > 39, ay > ayg + ag > 144.

biéu trén mau thun vi a,, <100. Vay diéu gia st 12 sai, ta c6 diéu phai chirng minh
Cau 16. (Trwong chuyén PTNK H6 Chi Minh ndm 2025 - 2026)

Cho bang 6 vudng kich thwdc 2 X 9 va s6 nguyén dwong k<18. Hai 6 ciia bdng dwgc goi la ké nhau
néu ching c6 mot canh chung. Hai ban An va Binh choi tro “Truy Tim Tau Ngim” nhw sau: Truwéc
khi tro choi bt d4u, An chon mét 6 trén bang va khong cho Binh biét. O méi lwot choi:

An phai chon mot 6 méi, ké bén véi 6 dd chon trwde do, va khong cho Binh biét;

Sau khi An chon xong, Binh chon k 6 ciia bang va hoi An: trong k 6 nay cé 6 An vira chon hay khéng?
Néu c6 thi Binh thing, néu khong thi hai ban lai choi lwot tiép theo.

a) Chirng minh rang véi k=4. Binh c6 thé thang sau khong qua 8 luot.

b) Chitng minh rang véi k=2. Binh c6 thé thiang sau khdng qua 16 luot.
Lo gidi

Trwdc hét ta danh toa dd cac 6 nhw hinh vé sau:

1 2 3 B 5 6 7 8 9

o

Ta ki hiéu (i;j) la 6 tai vi tri hang i coOt ;.

a) O’ cac lwot choi, ban Binh sé chon cic 6 nhw sau
Lwot 1. Chon (1;1), (1;2), (2;1), (2:2);

Lwot 2. Chon (1;2), (1;3), (2:2), (2:3);

Lwot 3. Chon (1;3), (1:4), (2:3), (2:4);

Lwot 4. Chon (1;4), (1;5), (2:4), (2;5);

Lwot 5. Chon (1;5), (1;6), (2:5), (2:6);

Lwot 6. Chon (1:6), (1;7), (2;6), (2;7);

Lwot 7. Chon (1;7), (1;8), (2;7), (2:8);
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Lwot 8. Chon (1;8), (1;9), (2;8), (2:9).

V&i moi 1<i<8, goi (a,;b,) 12 6 An chon & lwot thit i. Do hai 6 dwgc chon & hai lwot lién tiép cé
<1lvéimoil<i<7.

chung canh nén ta cé ‘b,. -b.,
Néu b, = 1 hodc b, = 2 thi Binh thing & ngay lwgt du tién.
Nguoclai, tacoé b, >2va b, <0O.

Goi i la sd nguyén dwong lén nhat sao cho b, > i+1,

Tacé b, 2b—12i+2-1=i+1vab, <(i+)+1=i+2,dod6 b, e{i+Li+2} vadluotthii+l,

+1 —
trong cac 0 Binh chon ¢6 6 An vira chon & lwot trwde dé. Vay védi cach choi nhuw trén thi Binh cé thé
chién thang sau khong qua 8 lwot.

b) Twong tw nhw ciu a), ta sé chi ra sau khong qua 16 lwot 1a Binh c6 thé danh dwoc chién thang.
O céc lwot chon, ban Binh sé danh d4u cac 6 nhu sau
Lwot 1. Chon (1;1), (2;2);

Lwot 2. Chon (1;2), (2;3);

Lwot 3. Chon (1,3), (2,4);

Lwot 4. Chon (1;4), (2;5);

Lwot 5. Chon (1:5), (2;6);

Lwot 6. Chon (1; 6), (2; 7);

Lwot 7. Chon (1; 7), (2; 8);

Lwot 8. Chon (1; 8), (2; 9);

Lwot 9. Chon (1; 2), (2; 1);

Lwot 10. Chon (1;3), (2:2);

Lwot 11. Chon (1;4), (2;3);

Lwot 12. Chon (1;5), (2;4);

Lwot 13. Chon (1:6), (2;5);

Lwot 14. Chon (1;7), (2;6);

Lwot 15. Chon (1,8), (2,7);

Lwot 16. Chon (1:9), (2:8).

Twong tw nhw trén, véi moi 1<i<16, goi (a,;b,) 1a 6 An chon & lwgt thi i. Ta xét 2 truedomg hop sau.
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Truwong hop 1. @, +b, chdn. Do & m6i lwgt, An chon mot 6 chung canh v&i 6 An chon & Iwgt ngay
trwdrc d6 nén trong trweong hop nay, ta cé a, +b, =i (mod 2) véi moi 1<i<16.Néu b, =1,taco q,
= 1 va Binh thang & ngay lwot dau tién.

Néu b, = 2,tacd a, = 2 va Binh thing & ngay lwot dau tién. Con néu b, >3 thi twong ty nhw trén,
goi i < 7 12 s6 nguyén duong 1én nhit sao cho b, > i+1,tac6 b, e{i+Li+2}. Néu b, =i+1 thi
a,, =2,connéu b, =i+2 thi a,, =1.Do Binh chon hai 6 (2;i+1) va (L;i+2) & luwot thi i+1 nén
trong ca hai trwong hop, ta déu suy ra Binh thing sau lwot thir i+1.

Trwong hop 2. a, + b, 1é. Trong trwomg hop nay, tacéd a, +b, =i +1 (mod 2) véi moi 1<i<16. Twong
tw nhw trén, néu b, = 1 hodc b, = 2 thi Binh thing ngay sau Lwot 9. Nguwoc lai, goi i 13 s6 nguyén

dwong 16m nhit sao cho b, >i-6, ta suy ra Binh thang sau lwot thivi+1.

Hoan tit bai toan.

Cau 17. (Trwong chuyén Thira Thién Hué nim 2025 - 2026)

Cho bang vuéng kich thwéc 8x8 gbm 64 6 vudng, c6 8 hang va 8 cot. Ta dién vao tat ca cac 6 vudng

cia bang, moi 6 vudng dién ding mot s6 nguyén dwong thudc tap S = {1;2;3;..;64} (hai 6 vudng
khac nhau dién hai s6 khac nhau).

a) Ta goi mot thanh doc 1a hinh gdbm 7 6 vuong lién ti€p thudc cing mot cot. Xét mot cach dién sao
cho moi thanh doc déu chita tdi da 3 s6 chan. Chirng minh mdi cOt chira it nhit 4 sé 18.

b) V&i cach dién nhw cAu a), chirng minh ton tai it nh4t hai hang chita toan s6 chan.

c) Mot cdp s6 goi 1a “khong than thién nhau” néu ching nam & hai 6 vudéng ké nhau (1a hai 6 vudng
c6 chung canh) va hiéu ctia chung (s6 1én trir s6 bé) 16n hon 4. Chirng minh véi moi cach dién so,

~

c6 thé tim dwoc mét cdp so “khong thin thién nhau”.
Lo gidi
a) LAy mot cot bat ki, xét thanh doc tir 6 thit nhat dén thit 7, chira t8i da 3 s chan, néu ta xét thém
0 thir 8, cot d6 chira t6t da 4 sd chan.
Vay moi cOt chira it nhit 4 s6 18.

b) Moi 6 trén bang 6 vudng déu chira mot s6 phan biét nén c6 32 6 chira s6 chan va 32 6 chira s6 1&.
Theo cach dién nhw vy va két qua ciu a thi mdi cot c6 4 s6 chan va 4 s6 1é. Mat khac do nbi cot co
hai thanh doc nén dé dién sao cho thod man bai toan thi, ta dién hai s6 chan & 6 s§ 1 va 8, va hai sé
chan & cac vi tri bat ki tir 2 dén 6 cia cdt. Nhw vay moi cot déu dwoc tién hanh nhw thé thi ta thay
hang 1 va hang & cta bang déu chira toan s6 chdn. Vay ta c6 it nhit hai hang chira toan sd chan.

c) Ta goi chira s6 1 1a A. 6 chira s6 64 1a B. Xét hang chira A va c6t chira 6 B. Khong mét tinh tong
quat, ta quy wéc 0 A & trén B (xét theo vi tri cac hang).

Gia str c6 mot con kién di tir A dén B va duwdng di cia né 1a L, moi bwédc chi tinh sang ngang hoic di
xuong. Xuat phat tir A dén B, v&i cach di trén thi s6 1an kién di tir 6 nay sang 6 ké né to6i da la 14.
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Gid st khéng tén tai mot cap s6 “khong than thién nhau” trén bang. Khi d6 hiéu cta hai so x, y ké
nhau khéng vuwrot qua 4, hay ‘x—y‘£4 :

Ta ki hiéu cac s6 dwoc ghi trén duwong di L ma con kién diquala x,,x,,....x,_,x,

va k<15.Nhwvay x, —x, S‘xk —xk71‘+...+‘x3 —x2‘+‘x2 —xl‘ <14.4 =56

Tl day ta c6 diéu vo ly.

Vay v&i moi cac dién s6, c6 thé tim dwoc mot cap so “khoéng than thién nhau”,
Cau 18. (Trwong chuyén Khanh Hoa nam 2025 - 2026)

Cho da giac 4,4, ... 4,,, 1a da giac déu 2024 dinh, trong d6 dinh 4

dwoc to xanh. P6i mau cac dinh ctia da giac theo quy tac:

2024 Lo0e duroc to do, cac dinh con lai

Mobi Ian chon 4 dinh cta 1 hinh chit nhat roi d6i mau dong thoi 4 dinh 4y (d6 thanh xanh va xanh
thanh dé).

Héi sau mot s6 hiru han lan d6i mau nhw vy, c6 thé thu dwoc két qua dinh 4,,, va 4,,, cing mau
hay khéng ? Vi sao ?

Lori giai
Vi A4 4, ... 4,,, 1a da giac déu nén da gidc nay noi ti€p duwong tron duwong kinh tdm O. Goi 4, la diém

doi xing véi 4 quatim O.

buong kinh 4 4, chia da gidc déu 4 4, ... 4,,,, thanh 2 phan bang nhau, s lwgng cac dinh 2 bén la
1011 dinh. Suyra 4, = 4

1013
Twr dd, ta ¢ quy luat vé dwong kinh cla dwong tron ngoai ti€p da giac déu 4,4, ... 4,,,, :
A, d6i xtirng voi 4,,,, qua O : dwongkinh 4, 4,,,,

Duwong kinh 4,4,

Duong kinh 4, 4,

+1012
N - ’ 7 . A
Suyra: 4, doixingvoi 4,,, quatam O,

Nghia la, mot hinh chit nhat c6 dinh 4,,, thi 4,,, cling la dinh cta hinh chir nhat do,

Ma ban dau, 4,,. dwoc td mau xanh, 4, ., dwoc td mau do

997 2009

Vay theo quy tac d6i mau nhw trén thi 4,,, va 4,,, khong thé cing mau sau mét s6 htru han lan dai

mau.
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Cau 19. (Trwong chuyén Kién Giang nam 2025 - 2026)
Chia tam gidc déu 4BC thanh 9 tam giac con, roi dién vao moi tam gidc con mot s6 0, nhw & hinh

dwéi day.

A

R,

Cho phép thay déi cac s trong tam gidc ABC, theo qui wéc: Mdi IAn, 14y hai s6 nam & hai tam giac
con c6 chung canh, roi ting moi sd 1én 1 don vi, hodc gidm moi sé di 1 don vi.

o=

B

Nam trong tam gidc ABC 129 s6 tw nhién lién tiép tir 4 dén 12 dwgc hay khong? Vi sao?
Lot giai
T6 ba tam gidc con b&i mau den, nhw & hinh dwéi day; cac tam giac con con lai dwoc coi la c6 mau

trang.

Khi d6, do hai tam giac con bat ki c6 canh chung la hai tam gidc khdc mau, nén tir néi dung ctia phép
thay d6i s6 suy ra, hiéu gitra tong cac s6 ndm & cac tam gidc den va tdng cac s6 nam & cac tam giac
trang khong thay ddi, sau moi IAn thuc hién phép thay ddi s6. Ma & thoi diém ban dAu, trong cac sd
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nam & cac tam gidc den bang tdng cac s6 nam & cac tam giac trang (vi cung bang 0), nén & moi thoi
diém, tong cac s6 nam & cac tam giadc den bang tong cac s6 nam & cac tam giac trang (*)

Gia stt, sau khi thuwc hién lién ti€p mot sd hitu han Ian phép thay ddi da cho, 9 s6 nam trong tam giac
ABC 129 s6 tw nhién lién tiép, tir 4 d&€n 12. Khi dd, ki hiéu S 1a téng cic s6 nam & cac tam giac den,
va I 1aténg cac s6 nam & tam giic trang, theo (*),tacod: 10+11+12>S=7>4+5+6+7+8+9

Ladieuvoli (vil0+11+12=33 va 4+5+6+7+8+9=39).
Vi vay, cau tra 11 cho cau héi cia bai ra la "khong".
Cau 20. (Trwong chuyén Lai Chau nam 2025 - 2026)
T6 mau moi diém trong mat phing b&i mot trong hai mau xanh hodc dé, moi diém dworc td bdi diing
mot mau. Chirng minh rang ton tai mot doan thang ma hai dAu mut va trung diém ctia né duoc td
cung mau.

Loi gidi
Xét bang lwédi 6 vudng 2x8 (gobm 3 dwong ngang va 9 dwong doc) giao diém cua cac dwong ngang
va dwong doc goi la nat lwéi.

A D
L 2 2
s &
B 44
® L

Xét mot cot (mdi cot c6 3 nut lwdi) moi nit lwédi cb hai cach to, do d6 mdt cot (gdom 3 nut lwdi do sé
c6 8 cach t6 mau mot cot)

A
’ v v v ¢ - ’

B¢ B - o + 4 ¢ ’

C*e . o 6 . s - )
Vi c6 9 duong ludi doc, moi dwdng lwdi doc cd 8 cach t6 mau nén theo Dirichlet phai c6 it nhat hai
dudng ludi doc 6 cach to gidng nhau, moi dwong lwdi nay cé cach to nit lwdi ciing nhau.
Gia st hai dwong lwéi d6 1a (4;B;C) va (D;E;F). Trong d6 ba diém A4,B,C c6 hai diém duoc to

cung mau, gia st 4,B dwoc to bédi mau do khi dé6 D,E cling dwoc té6 béi mau do.
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4 D
B

E
C

F

Nhw viy, ABED la hinh chit nhit c¢6 4 dinh cung mau dé. Goi M,N,P,Q lan lwot la trung diém cta
AB,BE ED,DA va I 1a giao ctia hai dwong chéo AE va BD thi ciingla giao diém ctia MP va NQ.

Néu mot M,N,P,Q,I c6 cung mau do thi ta c6 ngay diéu phai chirng minh.

N E

Cau 21. (Trwong chuyén Lang Son nam 2025 - 2026)

Cho X 1atip hop gobm 700 s6 nguyén dwong doi mot khac nhau, méi s6 khong 1émn hon 2025. Chirng
minh rang trong tip hop X ludn ton tai hai phan t& x, y sao cho x—y thudc tdp hop E = {3;6;9}.

Lori giai
Ta chia 2025 s6 nguyén dwong dau tién thanh cac tdp nhw sau:
{9k +1;9k +4;9k + 7}
{9k + 2,9k + 5;9k + 8}

{9k +3;9k + 6,9k + 9}

Voi k=1;2;..;225. Khi d6 ta c6 225-3 =675 tap nhw vay. Mat khac, tir dinh nghia tap X', ta nhan
thiy phan tir tip X thudc mét trong cac tip trén, nén theo nguyén ly Dirichlet, ton tai it nhit 1 tip

c6 it nhat: @ +1=2 phan tr cda X
625
Nhu vy, khéng mit tinh tdng quat, gia st 2 phan tir d6 thudc tap {9k +1;9k +4;9k +7}. D& thdy v6i

moi cach chon 2 s6 trong tip nay thi hiéu cua ching luén thudc tip E. VAy bai toan dwgc chirng
minh.
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Cau 22. (Trwong chuyén Nam Pinh nam 2025 - 2026)

Cho bang hinh chi* nhit gbm 2 dong va n cot, dwoc chia déu thanh 27 6 vuéng don vi. Ban dau,
trong moi & vudéng don vi ngudi ta dit ddng mot vién bi cé kich thwdc rat nhé. Ta goi mdi bién doi
(T) 14 viéc thwc hién cac thao tac sau: Chon ra hai 6 vudng don vi tlly y ¢6 chira bi, chuyén tir moi
6 vuong do6 di mot vién bi sang 6 vuéng don vi lién ké (hai 6 vuéng don vi goi 1a lién ké néu ching
c6 chung canh). Tim t4t ca cic s6 nguyén duwong n dé sau hiru han lan chi thuc hién bién déi (T),
ta c6 thé dwa hét tat ca cac vién bi c6 trén bang lic du vé nam trong ciing mot 6 vudng don vi cla
bang.

Lo giai

W 2

Xét n lasolé:

Ta t6 mau cac 6 vudng don vi theo kiu xen k& nhw ban cd vua bdi hai mau den, tring. Goi B,W lan
lwot 12 s6 bi ndm & 6 don vi mau den, sd bi ma 6 don vi mau trang.

Liuc dau: B=n va W =n.Nhw vy B,W lacacsd lé.

Chi ra dwoc bat bién: Sau mbi lan thwc bién ddi (T) thi tinh chn 1é cta B,/ 1a khong thay d6i.
Suy ra ldc nao ciing c6 bi ndm & 6 den va lic nao ciing c6 bi nam & 6 trang (vi B, ludn 1a s6 18),
viy khong thé dén hét tat cd cac vién bi vé mot 6 vudng don vi.

Xét n 1a s chdn: Ta chira cach don dwoc bi theo yéu cau.

PAu tién ta chon hai 6 vuéng phan biét ma moi 6 vudng twong (rng déu nam & cudi cung cia moi
dong va phai c6 bi, thuc hién bién ddi (T) dé€ don hét bi tir hai 6 nay ve hai 6 ding lién trwdc chiing.
Lai thuc hién tiép bién ddi (T) véi hai 6 don vi c6 bi ma méi 6 ndm & dau ngoai cing ctia mdi dong
dé don hét bi ctia hai 6 nay vé hai 6 dirng lién sau ching. Tiép tuc v&i hai cach chon 6 nhw vay (chon
cdp 6 c6 bi & cudi dong roi lai chon cdp 6 c6 bi & ddu dong) ta di dén trang thai bi chi con nam &
bang con 2x2 & chinh gitra cia bang ban dau nhw hinh 1 (cac chir cai ghi trong ngodc la dé chi tén
cda 0, cac sé chi so lwgng bi dang cé & 6 twong ng do).

n n

22|
(&) | ®)
n|n
2 2
© | ()
Hinh 1
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Tiép theo chon cdp 6 B,C va thwc hién g lan bién ddi (T) (bitird B dwasang 6 A,bitr 6 C dua

sang 6 D) thi thu dwoc trang thai nhw hinh 2.

n | 0
(A) | (B)
0 | n
© | D
Hinh 2

Tiép tuc, ta lién tuc chon cdp 6 A,D cho dén khi hét bi va chuyén bi & hai 6 nay sang 6 C thi sau
cung dwa dwgc 2n vién bi vé hét 6 C.

Vay tap hop tit cd cic s6 n cAn tim 12 tAp cac s6 nguyén dwong chan.

Cau 23. (Trwong chuyén Nghé An nam 2025 - 2026)

Trén bang c6 day s6 1;2;3;...;2025 ta thwc hién nhuw sau: Néu trén bang cé 4 s6 a;b;c;d sao cho

d=a+b+c thitaxbéa4 so dovaviét 3 s6 a+b;b+c;c+a lén bang. Gia s tai mot thoi diém trén

bang con n s6: a,;a,;...;a,. Chimg minh ring a +a; +a; +---+a’ —9 chia hétcho 12 va n>1520.
Lori giai

Ta c6 nhan xét vé bit bién nhw sau:

Tong ciabasd méila (a+b)+(b+c)+(c+a)=2(a+b+c)=a+b+c+d.

Téng binh phwong ctia ba s6 méi la:

(a+b)y +(b+c)y +(c+a)Y =a’ +b° +c +(a+b+c)Y =a’ +b* +c” +d’.
Nhu vay ta cé:

a+a,+..+a, =1+2+...+2025=M

2025.2026.(2.2025 +1)
6

al +a;+..+a =1 +2>+...+2025 = =675.1013.5051.

Mait khiéc, theo bat dang thirc Cauchy - Schwars thi

2
(a,+a,+...+a,) Sn(af +a +...+a,f)
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2
(a,+a,+...+a,)

S P it 2 >1520
a+a +..+a

2

Tathdy a —a} =a] (a,-1)(a, +1):3. Nhw vy a;,q] cung s8 du Khi chia cho 3.
Nhuvay o’ +a, +...+a., a' +a; +...+a, cung s du khi chia cho 3.

Maa’ +a;+..+a :3.

Dodé a' +a; +...+a =9 : 3 (1).

Tathdy a; —a’ =a; (a,—1)(a, +1):4.

Nhu vy a',a’ cung s& du khi chia cho 4.

Nhu vy @’ +a, +...+a’, a +a, +...+a. cung sd du khi chia cho 4.

Ma a’ +a, +...+a chia4dw 1. Suyra a' +a, +...+a, =9 i 4 (2).

Tt (1) va (2) suy ra diéu phai chirng minh.

Cau 24. (Trwong chuyén Phu Tho nam 2025 - 2026)

An ¢6 10 hop dung bi, mdi hop c6 3 vién bi. Cac vién bi dwoc t6 béi mot trong 5 mau: xanh, do, tim,
vang, nau; sao cho cac vién bi trong cung hop c6 mau khac nhau va khéng c6 2 hop nao c¢6 3 mau bi
twong trng giéng nhau.

An ndi rang minh muén I14y ra tir mo6i hop 1 vién bi. Binh nghe thiy thé khang dinh: "Sau khi An 14y
bi, chac chan sé c6 2 hdp bi ma 2 vién bi con lai trong mdi hdp ¢ mau twong rng gidng nhau."

Theo em, Binh néi dung hay sai? Em hay giai thich khang dinh cia minh.

Loi giai
DPanh s6 cdc mau xanh, do, tim, vang, ndu lan lwgt la 1;2;3;4;5 va S, 1a tdp mau cta cac vién bi hop .
Ta sé khang dinh Binh ndi sai.
Cu thé, do c6 ding 10 hop dwng bi nén khong mait tinh tong quat, giad s trang thai ban dau cta 10
hop I4n lwot nhu sau
S, ={1;2;3},8, ={1;2;4},8, ={1;2;5},8, ={1;3;4},8; = {1;3;5},
S, = {1;4;5},S7 = {2;3;4},S8 = {2;3;5},59 = {2;4;5},S10 = {3;4;5}.
Khi nay, An b6c hop 5, 6 béc bi mau 1; hép 2, 3 boc bi mau 2; hop 1, 8 béc bi mau 3; hdp 4, 7 béc bi
mau 4; hop 9, 10 bdc bi mau 5.
Khi nay, mau bi ma mdi hop con lai 1an lwot 13 12;14;15;13;35;45;23;25;24;34 nén khong c6 2 hop
nao c6 2 mau bi twong ¢ng giéng nhau. Tr nhirng li I& trén ta c6 thé khang dinh rang Binh ndi sai.
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Cau 25. (Trwong chuyén Quang Ninh nam 2025 - 2026)

Ban Binh c6 18 thé gb, m6i thé dwoc ddnh mot sd bat ki tir 1 dén 2526 (mdi s6 trén moi thé 1a mot
sO tw nhién). Chirng minh rang ban Binh c6 thé chon ra 3 thé sao cho ba s8 trén 3 thé d6 1a do dai
ba canh cila mot tam giac.

Lori giai
Gia st cic s6 dwgc ghi trén thé gb 1a a,,q,,4,,...a,, ddngthditacoi 1< q <a, <...<a,, <2526
Tathdy a, <a, <a, khonglap thanh do dai ba canh cla tam giac khi va chi khi g, +a, <aq,
Twdaysuyra a, >2,a, >a, +a, 23,a,>2a,+a, 25,...
Lap lai ddy bat dang thirc trén ta thiy la cic phin tir ctia day Fibonacci nén véi a,, > a,, > 2584

Dan dén diéu vo ly. Nhw vay ban Binh c6 thé chon ra 3 thé sao cho ba sé trén 3 thé do 1a do dai ba
canh ciia mot tam giac.

Cau 26. (Trwong chuyén S6c Trang nam 2025 - 2026)

Mot ciy khé c6 20 qua khé mau xanh va 25 qua khé mau vang. Mot con qua dén dn moi ngay ding
3 qua khé. Tuy nhién ciy khé sé ra qua m&i nhu sau:

- Néu con qua dn 3 qua khé mau xanh thi ciy khé sé ralai 1 qua khé mau xanh.

- Néu con qua an 2 qua khé mau xanh va 1 qua khé mau vang thi ciy khé sé ra lai 1 qua khé mau
vang.

- Néu con qua an 1 qua khé mau xanh va 2 qua khé mau vang thi ciy khé sé ra lai 1 qua khé mau
xanh.

- Néu con qua dn 3 qua khé mau vang thi cdy khé sé ra lai 1 qua khé mau vang.
Cubi cung trén ciy khé con lai ding 1 qua. Héi qua khé cubi cung mau gi? Giai thich?
Lori giai
Sau moi lan qua dn s6 qua khé mau vang hoic gitr nguyén hodc gidm di 2 qua
Ma s6 qua khé mau vang lic dau 1a s6 16 nén qua khé cudi cung con lai trén ciy la qua khé mau vang.
Cau 27. (Trwong chuyén Thai Binh nam 2025 - 2026)

Cho da giac déu 2025 canh. Nguwoi ta son cac dinh cua da gidc bang hai mau xanh hoic dé. Chirng
minh t6n tai ba dinh dwgc son ciing mot mau tao thanh mot tam gidc can.

Lori giai
Pa gidc déu c6 2025 canh nén c6 2025 dinh (s6 1é dinh)

— Ton tai 2 dinh ké nhaula 4 va B dwgc son cung mot mau (nguyén ly Dirichlet) gia st 2 dinh 4y
dwoc son mau do
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Do s6 dinh 1é nén t6n tai 1 diém thudc dwong trung truc canh 4B goila diém C
Néu C son mau do

= AABC can va son cling mau dé

Néu C son mau xanh

Lic do6 goi D, E la cac dinh khac nhau cta da giac ké véi 4 va B

Néu D,E cung son mau xanh

= ACDE can va cung son xanh

Néu D,E c6 1 dinh t6 mau do6 thi ADAB hodc AEAB la tam giac can cung son do
Vay ta c6 diéu phai chirng minh.

Cau 28. (Trwong chuyén Thai Nguyén nam 2025 - 2026)

Ban Thai viét ra bAng 100 s nguyén dwong ddi mot phan biét, mdi s6 khong 16m hon 2% .Déi véi
mdi cdp s8 (a;b) dwoc ban Thai viét ra, ban Nguyén viét s§ a+b—UCLN(a,b) trén bang. Ching

minh rang, c6 it nhat mot sd trong cac s6 ma ban Nguyén viét khac v&i tit ca cac s6 ma ban Thai
Viét.

Lo giai
Ta thay cac s6 ma ban Nguyén viét ra déu l1a s6 nguyén dwong. Goi 100 s6 ma Thai viét ra bang la
a, <a,<...< aloo,(ai e N’ ) Gia st khong ton tai s6 nao trong cac s6 ma ban Nguyén viét khac voi

tat ca cAc ma ban Thai viét.

Nhuw vay véimoi 1<i < j <100, thi g, +a, —UCLN(al.,aj) €S, ={a;a,;..;a,,}.
Khi d6 ay, +a,, —ged(ay,a,, ) €S . Tathly ay, < ay, +a,, —ged(dy,ay, )

Suy ra day, +a,y, — ged (g, ) = a0y < ged (g, a0 ) = gy = gy | a,0.#(1)

Bay gi0, ay, < ay, +a,, — ged(ay,ay ).

NE&U ayq + ay, — UCLN(ay,, a4, ) = a0y = dy — UCLN (g, a4y ) * ay,, do (1)

Suy ra a,, < a,, — UCLN (ay,d,, ) < dy, VO Iy.

Nhu vay d,, + ay, — UCLN (ay, a4, ) = ay, = ay ‘a99‘a100.

Bay gi0, a,, < a,, +a,, —UCLN(a,,,a,, ) = gy, + a,, —UCLN(a,,,a, ) € {a98 , Ay, ,aloo} :

Twong tw nhw trén thi a,, ‘agg ‘ Ay, | Ay -
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Ldp lai qué trinh nhw vay thita c6 g, ‘az‘...‘a%‘agg | a0 -

Taddt a,, =q,-a, voi g, € N',q, #1,Vi=1,99.
Ta thdy a,p, = ¢oGos ---9,@ =2 . M2 a,,, khong 1én hon 2*. Suy ra mau thuln.

Nhuw viy c6 it nhat mot s6 trong cac s6 ma ban Nguyén viét khc véi tit cd cdc ma ban Thai viét.
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